Lecture Notes in Mathematics 1907

Editors:

J.-M. Morel, Cachan
F. Takens, Groningen
B. Teissier, Paris



Martin Rasmussen

Attractivity and Bifurcation
for Nonautonomous
Dynamical Systems

@ Springer



Author

Martin Rasmussen

Institut fiir Mathematik

Lehrstuhl fiir Angewandte Analysis
Universitit Augsburg

86135 Augsburg

Germany

e-mail: martin.rasmussen @math.uni-augsburg.de

Library of Congress Control Number: 2007925370
Mathematics Subject Classification (2000): 34Dos, 37B235, 37B55, 37D10, 37G35

ISSN print edition: 0075-8434

ISSN electronic edition: 1617-9692

ISBN-10 3-540-71224-0 Springer Berlin Heidelberg New York
ISBN-13 978-3-540-71224-4 Springer Berlin Heidelberg New York

DOI 10.1007/978-3-540-71225-1

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations are
liable for prosecution under the German Copyright Law.

Springer is a part of Springer Science+Business Media
springer.com
© Springer-Verlag Berlin Heidelberg 2007

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.

Typesetting by the authors and SPi using a Springer IXTEX macro package
Cover design: design & production GmbH, Heidelberg
Printed on acid-free paper SPIN: 12027767 VA41/3100/SPi 543210



To Professor Bernd Aulbach
and my parents



Preface

This book has been developed from my dissertation, which I wrote at the
University of Augsburg from 2002 to 2005. I first became acquainted with
several definitions of attractor for nonautonomous dynamical systems when I
was preparing my diploma thesis, and the question arose whether a nonau-
tonomous bifurcation theory can be founded based on suitable notions of
nonautonomous attractor (and repeller).

At the beginning of my time as a Ph. D. student, I developed local no-
tions of attractor and repeller for several time domains (the past, the future,
the whole time and finite time intervals), and I distinguished between two
bifurcation scenarios. The first scenario describes the loss of attractivity
and repulsivity, and the second one deals with transitions of attractors and
repellers. All definitions are introduced in Chapter 2 of this book. As a test
for the new definitions, I then considered asymptotically autonomous differen-
tial equations; these are systems whose behavior becomes autonomous when
time tends to the past or the future. I found conditions for the occurrence of a
nonautonomous bifurcation in case the underlying autonomous system admits
a bifurcation (see Chapter 7). Moreover, I developed nonautonomous counter-
parts for classical one-dimensional bifurcation patterns (see Chapter 6).

The remaining part of my work was focussed on the study of qualitative
properties of the local notions of attractivity and repulsivity. I showed that
these are suitable to describe the global asymptotic behavior via Morse
decompositions (see Chapter 3), and for linear systems, I introduced notions
of dichotomy and dichotomy spectra for the four different time domains (see
Chapter 4). Furthermore, I constructed invariant manifolds of nonlinear sys-
tems for the different time domains in order to obtain attractivity and repul-
sivity from the linearization (see Chapter 5).

Writing this book would not have been possible without the aid of many
people to whom I would like to express my gratitude. First of all, I would like
to thank my supervisor Professor Bernd Aulbach, who unfortunately suddenly
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and unexpectedly passed away on January 14, 2005, at the age of 57 years.
I am grateful for his longstanding support while writing my diploma thesis and
dissertation. I benefited from his great ability to explain complicated facts very
clearly and lucidly, and I am thankful to him for many fruitful discussions.
Moreover, I am greatly indebted to Professor Fritz Colonius who became
my advisor after the death of Professor Aulbach. He was very interested in
the details of my work, and I was very encouraged by his positive attitude
to my ideas and suggestions. Furthermore, I am grateful to Professor Lars
Grine for his interest in my work and for being a referee for my dissertation.
I would also like to thank Dr. Stefan Siegmund for many useful discussions
and remarks, especially in the first year of my work. Special thanks go to
my friends and colleagues Dr. Christian Potzsche and Dr. Ludwig Neidhart
for reading the manuscript and making useful comments. I also thank the
Deutsche Forschungsgemeinschaft for the financial support I received from
them, when I was a member of the Graduiertenkolleg “Nichtlineare Probleme
in Analysis, Geometrie und Physik” in the department for mathematics and
physics at the University of Augsburg. Finally, I would like to thank my
parents for making it possible for me to study mathematics and for their
support during all these years.

Augsburg, February 2007 Martin Rasmussen
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1

Introduction

The mathematical concept of dynamical system is founded on the fact that
motions of many application processes are subjected to certain rules. In New-
tonian mechanics, in other natural sciences and even in an economical and
social context, these laws are given implicitly by a relation that determines
the state of a system for all future times just by the knowledge of the present
state. A dynamical system therefore consists of the following two components:
the space of states and the rule which, given an initial state, allows the pro-
jection of the state of the system in the future.

Historically, the notion of dynamical system was derived as an abstraction and
generalization of ordinary differential equations. It was first used in 1927 by
the American mathematician George D. Birkhoff (1884-1944) in his homony-
mous book [31]. Birkhoff was strongly influenced by the French mathemati-
cian Henri Poincaré (1854-1912), who is regarded—together with the Russian
mathematician and engineer Aleksandr M. Lyapunov (1857-1918)—as the
father of the so-called qualitative theory of dynamical systems. The goal of
the qualitative theory is to understand the behavior of solutions from a more
geometrical and topological point of view. In this book, we mainly address
two aspects of this theory: the theory of attractivity and the theory of bifur-
cation. These fields are strongly related, since bifurcations from a dynamical
viewpoint are associated with loss or gain of attractivity.

The theory of attractivity has its origin in the thesis The General Problem
of the Stability of Motion [110, 112, 113], where Lyapunov introduced several
definitions and methods to analyze the dynamical behavior in the vicinity
of an equilibrium or—more generally—an arbitrary solution of an ordinary
differential equation. The term attractor was first used by Coddington and
Levinson [48] and Mendelson [119]. In the article Attractors in Dynamical
Systems [23], Auslander, Bhatia and Seibert considered attractors consisting
of more than one point. In 1967, Stephen Smale introduced in Differential
Dynamical Systems [175] a new type of attractor, the axiom A attractor.
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A new highlight in the theory of attractor was reached in 1971, when Ruelle
and Takens regarded so-called strange attractors as a reason for the turbulent
behavior in fluids (On the Nature of Turbulence [148]). This notion of attractor
allowed the connection of the attractor theory and the upcoming chaos theory.
Similar ideas have formerly been used by Edward N. Lorenz in Deterministic
Nonperiodic Flow [108]. In Isolated Invariant Sets and the Morse Index [53],
Charles C. Conley introduced in 1978 a very natural notion of local attractor
which allowed the construction of so-called attractor-repeller pairs and Morse
decompositions, and Ruelle modified this concept by considering so-called
pseudoorbits in Small Random Perturbations of Dynamical Systems and the
Definition of Attractors [147].

The fundamental ideas and elements of bifurcation theory go back to Poincaré
[137] and Lyapunov [111]. Poincaré first used the term bifurcation to describe
the splitting of asymptotic states of a dynamical system in his article Sur
Uequilibre d’une masse fluids animes d’un mouvement de rotation [135, §2
Equilibre de bifurcation, p. 261]. In 1937, a great step towards a formalization
of bifurcation theory was undertaken by the definition of structural stability
by Andronov and Pontryagin (Systemes grossiers [4]). Since the 1960s, the
bifurcation theory was fast-paced. One reason for this development was the
introduction of the center manifold theory by Pliss [132] and Kelley [92], which
allowed systems of high dimension amenable to a low-dimensional bifurcation
analysis. Moreover, the normal form theory, which dates back to the thesis of
Poincaré [134] and Birkhoff [31], became a field of intensive research.

In many cases, the notion of dynamical system is not general enough to model
real world phenomena, since it is often indicated to assume that the underlying
rules are time-dependent. For biological processes, for instance, it is more
realistic to take evolutionary adaptations into account, and sometimes it is
unavoidable to consider random perturbations such as white noise or to model
the control of a process by a human being. The appropriate class to treat
such problems are the so-called nonautonomous dynamical systems. Another
reason to consider nonautonomous dynamical systems is given by the fact
that the investigation of states of dynamical systems which are nonconstant
in time leads to nonautonomous problems in form of the equation of perturbed
motion. The notion of nonautonomous dynamical system was created in the
1990s from the studies of both topological skew product flows and random
dynamical systems. The theory of topological skew product flows was founded
in the late 1960s by George R. Sell and Richard K. Miller (see [120, 165, 166,
167]), and the notion of the random dynamical system is based on research by
Baxendale, Bismut, Elworthy, Tkeda, Kunita, Watanabe and many others (see
[25, 32, 65, 83, 100]). Further progress in this field was achieved by Ludwig
Arnold and his “Bremen Group”.

The nonautonomous theory of attractivity has been stimulated in the last
fifteen years by the introduction of the notions of pullback attractor, for-
ward attractor, random attractor and weak random attractor. In particular,
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questions of existence, uniqueness, perturbation and discretization have been
addressed. These contributions were made by Cheban, Crauel, Flandoli, Kloe-
den, Ochs, Schmalfufl and others (see [40, 41, 58, 96, 123]; cf. also Subsec-
tion 2.4.3). Nonautonomous bifurcation theory is a new branch which has been
developed quite independently for topological skew product flows (see Fabbri,
Johnson, Kloeden, Mantellini [67, 85, 86, 87]; cf. also Subsection 2.6.2) and
random dynamical systems (see Arnold, Sri Namachchivaya, Schenk-Hoppé
[6, 8, 156, 176]; cf. also Subsection 2.6.3) so far.

The philosophy behind the
present bifurcation theory of
nonautonomous dynamical sys-
tems is based on a given struc-
ture of nonautonomy such as
quasi-periodicity or the exis-
tence of an invariant measure,
and the question arises how to
describe bifurcations in a more o — —
general nonautonomous con-
text. Recently, Langa, Robinson Ale)

and Sudrez discussed an answer 4 — — —
to this question by defining a
bifurcation of a nonautonomous
differential equation as a merg- r r

ing process of two distinct so- T

lutions with different stability

behavior (see [103, 105]; cf. also Fig. 1.1. Pitchfork bifurcation
Subsection 2.6.4). In this book, other possible approaches are pursued, which
are explained demonstratively in the following.

Since the basic understanding of nonautonomous bifurcations in this book
is based on phenomenological observations from the autonomous bifurcation
theory, it is useful to look exemplarily at an autonomous bifurcation. For a
real parameter «, consider the ordinary differential equation & = :c(a + xz),
which is a prototype of a pitchfork bifurcation as indicated in Figure 1.1. For
a > 0, there is only one equilibrium, which is given by zero and which is
repulsive. By letting the parameter « pass through zero in negative direction,
this equilibrium becomes attractive, and two other repulsive equilibria, given
by £+/—a, are bifurcating.

In order to establish a nonautonomous bifurcation theory, consider this sce-
nario in the following way: For a < 0, the trivial solution is attractive, and the
domain of attraction A(«) is given by the open interval between the two other
equilibria. Now, the main point is that this domain of attraction undergoes
a qualitative change from a nontrivial to a trivial object in the limit a ~0.
Moreover, A(«) is also a repeller, and therefore, also a repeller changes qual-
itatively for a,70. We call the shrinking of a domain of attraction (repulsion,
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respectively) a bifurcation, whereas the case of a changing repeller (attractor,
respectively) is denoted as a transition.

To implement this idea in

the nonautonomous context,
| I 1 | 3 locally defined notions of
past finite-time future attractive and repulsive solu-
tions, domains of attractiv-
ity and repulsivity, as well
all-time as attractor and repeller are
needed. This book distin-
guishes between four points
of view concerning different
time domains. The new concepts are introduced for the past (past attrac-
tivity, repulsivity, bifurcation and transition), the future (future attractivity,
repulsivity, bifurcation and transition), the entire time (all-time attractivity,
repulsivity, bifurcation and transition) and compact time intervals (finite-time
attractivity, repulsivity, bifurcation and transition) (see Figure 1.2).

i)

s
N

Fig. 1.2. Time domains

The second chapter of this book is devoted to notational preparations and
the introduction of nonautonomous dynamical systems, and it contains all
relevant notions of attractivity, repulsivity, bifurcation and transition. Sev-
eral examples illustrate these definitions, and fundamental questions such as
existence and uniqueness are discussed. Moreover, the relationship to other
notions of attractivity and bifurcation is examined.

Chapter 3 is devoted to Morse decompositions, which were introduced by
Charles C. Conley in 1978 to describe the global asymptotic behavior of
(autonomous) dynamical systems on compact metric spaces (see [53]). Their
components, the so-called Morse sets, are obtained as intersections of attrac-
tors and repellers. It is shown that the notions of past and future attractivity
and repulsivity are designed to establish nonautonomous generalizations of
the Morse decomposition. The dynamical properties of these decompositions
are discussed and nonautonomous Lyapunov functions which are constant on
the Morse sets are constructed explicitly. Moreover, Morse decompositions of
linear systems on the projective space are examined, and a nonautonomous
analogon to the Theorem of Selgrade (see [164]) is proved.

In Chapter 4, methods for the analysis of linear systems with respect to the
notions of attractivity and repulsivity are introduced. First, several notions
of dichotomy are defined, and it is shown that the ranges and null spaces
of the corresponding invariant projectors form repellers and attractors of the
linear system on the projective space. Furthermore, for the different time
domains, dichotomy spectra are introduced which are based on the analysis
of the entire time by Sacker and Sell (see [154]) and Siegmund and Aulbach
(see [172, 171, 19]). It is also shown that the so-called spectral manifolds
give rise to a Morse decomposition on the projective space. This chapter is
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concluded with a discussion of the relationship to the Lyapunov spectra and
some roughness results.

Chapter 5 is devoted to the development of the qualitative theory with respect
to the notions of attractivity and repulsivity for nonlinear systems. First,
nonautonomous invariant manifolds are constructed, and methods are derived
to obtain attractivity and repulsivity from the linearization. Moreover, as an
application to bifurcation theory, it is shown that the zero is contained in
the dichotomy spectrum of a bifurcating solution, and the relationship of
the concept of finite-time bifurcation to the bifurcation theory of adiabatic
systems is discussed.

The aim of Chapter 6 is to develop counterparts for the classical one-
dimensional transcritical and pitchfork bifurcation patterns in the context
of nonautonomous bifurcations and transitions. The sufficient conditions are
formulated in terms of Taylor coefficients for the right hand side of ordinary
differential equations. It is shown that the results are proper generalizations
of the autonomous bifurcation scenarios.

In the last chapter of this book, asymptotically autonomous systems are dis-
cussed. It is supposed that the underlying autonomous system admits a one-
dimensional bifurcation of saddle node, pitchfork or transcritical type or a
two-dimensional Hopf bifurcation. Sufficient conditions are obtained for the
transfer of this bifurcation behavior to the asymptotically autonomous system.

In order to keep this book self-contained, some basic facts about ordinary dif-
ferential equations and projective spaces are noted in the Appendix. Further-
more, the definitions and results are formulated—whenever it was possible—in
a very general form. However, to provide reading fluency, attention is restricted
to continuous time in Chapter 5, 6 and 7. Extensions for the discrete time can
be obtained similarly. Please note that for future reference, the definitions in
Chapter 2 are also formulated for noninvertible systems, although invertibility
is supposed in all other chapters.

Chapter 2 is necessary for the understanding of all the other chapters, since
it contains both basic facts and the notions of attractivity and bifurcation.
The other chapters can be read quite independently of each other. Please note
that in Chapter 4, the assertions concerning the Morse decomposition require
Chapter 3, and in Chapter 6, results concerning linearized attractivity and
repulsivity from Chapter 5 are used.

Finally, please note that—although the applications in this book are mainly
of low dimension—the concepts of bifurcation and transition also apply in a
higher dimensional setting, since the definitions of attractivity and repulsivity
are given in a very general form. The main tool for the analysis of such systems
is the method of center manifold reduction (cf. Example 7.14). The basic
idea is to detect a bifurcation of the system restricted to a center manifold.
For instance, consider again the motivating example & = x(a + mQ) with an
additional second equation, given by ¥ = Ay. In case A > 0, the trivial solution
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is not attractive for @ < 0, in contrast to the one-dimensional system, and
therefore, we have no bifurcation of attraction areas but only a transition
of repellers. For A < 0, the trivial solution is attractive, and thus the two-
dimensional system admits a bifurcation of attraction areas, but no longer a
repeller transition. Restricting the attention to the lower dimensional invariant
manifold R x {0}, however, yields the original one-dimensional system, and
for this system we obtain both a bifurcation and a transition.
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Notions of Attractivity and Bifurcation

In this chapter, new concepts of (local) attractivity and repulsivity (in
Section 2.3) and bifurcation and transition (in Section 2.5) are introduced for
nonautonomous dynamical systems. By a bifurcation and transition, a qualita-
tive change of attractivity or repulsivity is meant. Due to the nonautonomous
framework, it is distinguished between four distinct points of view concern-
ing different time domains. The notions of attractivity and repulsivity—and
for this reason also the notions of bifurcation and transition—are introduced
for the past (past attractivity and repulsivity), the future (future attractivity
and repulsivity), the entire time (all-time attractivity and repulsivity) and the
present (finite-time attractivity and repulsivity) of the system.

Since the definitions in this chapter are new to a broad extent, the relationship
to well-known concepts is discussed in Section 2.4 (in case of attractivity and
repulsivity) and Section 2.6 (in case of bifurcation and transition).

Before introducing the concepts of attractivity and bifurcation, the first sec-
tion of this chapter is devoted to elementary definitions and notational prepa-
rations, and in Section 2.2, nonautonomous dynamical systems are treated.

2.1 Preliminary Definitions

As usual, we denote by Z and R the sets of all integers and reals, respectively,
and we define R := RU{—00,00}. RM*¥ is the set of all real M x N matrices,
and we write 1 for the unit matrix and 0 for the zero matrix. Given an
arbitrary set A C R and x € R, we define A* := {az ER:z€Ador —x € A},
AT = AN(0,00), A} := AN[k, ), A~ := AN(—00,0) and A, := AN(—o0, K.
Moreover, we set N := ZT. For T = R or T = Z, a T-interval is given by the
intersection of a real interval with T.

Let f: X — Y be a function from a set X to a set Y. Then the graph of f is
defined by graph f := {(z,y) € X x Y :y = f(z)}.
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Given a metric space (X, d) and ¢ > 0, let Us(z0) = {z € X : d(z,z9) < €} be
the e-neighborhood of a point zg € X, and we write U.(A) = UzeaU.(x) for
the e-neighborhood of a set A C X. The set of all inner points of a nonempty
set A C X is denoted by int A; we write cls A for the closure of A and 0A for
the boundary of A. We define the distance of a point z € X to a nonempty
set A C X by d(z,A) := infycad(z,y) and the Hausdorff semi-distance of
two nonempty sets A, B C X by

d(A|B) := sup d(z, B).
r€A

In addition, if both A and B are empty, we set d(A|B) := 0. The Hausdorff
distance of A and B is defined by

du (A, B) :==max {d(A|B),d(B|A)}.
Moreover, for A, B C X with B C int A, we define
d(A|B) := sup {r>0:U,(B) c A}.

By diam(A) := sup {d(z,y) : =,y € A}, the diameter of a nonempty set
A C X is given, and additionally, we define diam(() := 0.

If X is a vector space, A, B C X and = € X, the following notations will be
used:

zr+A={r+a:ac A} and A+B:={a+b:ac Abc B}.

With the Euclidean norm

l(z1,...,2n)| = ZxQ for all (zy,...,zx) € RN,

induced by the Euclidean scalar product (-, -}, defined by

N
(x,y) :=inyi for all z = (z1,...,2Nn),y = (y1,...,yn) € RY,
i=1

the RY is a normed vector space.

Let I be a T-interval (T = R,Z) and v € R. We call a function g : I — R¥
v -quasibounded if T is unbounded above and sup,cy+ [lg(t)[le™7* < co. Accor-
dingly, we say, a function g : I — RY is 4~ -quasibounded if I is unbounded
below and sup;¢;- ||g(t)|le™7* < co. The (N — 1)-sphere of the RY is defined
by SVt :={z e RV : ||z]| = 1}.

Given a differentiable function f : X ¢ RN — RM we write Df : X — RMXN
for its derivative and D;f : X — RM for its partial derivative with respect
to the i-th variable, ¢ € {1,..., N}. Higher order derivatives D™ f or DI f are
defined inductively.
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2.2 Nonautonomous Dynamical Systems

The notion of nonautonomous dynamical system emerged in the late 1990s
as an abstraction of both continuous skew product flows (see, e.g., MILLER
[120] and SELL [165, 166, 167]) and random dynamical systems (see, e.g.,
the monograph ARNOLD [5]). The definition is given as follows (see also the
conference proceedings COLONIUS & KLOEDEN & SIEGMUND [52]).

Definition 2.1 (Nonautonomous dynamical system). A (local) nonau-
tonomous dynamical system (NDS for short) on a metric space X with a time
T (:R,Rar, Z,Zar) and base set P is a pair of mappings

(0:T*xP—P¢:DCTxPxX—X)

with the following properties:

(i) The so-called base flow or driving system 6 is a dynamical system, i.e.,
we have the relations

0(0,p) = p and O(t + s,p) = 0(t,0(s,p)) forall p€ P andt,s € T*.

(ii) The maximal interval of existence D,,q.(p,x) := {t eT: (t,px) € D}
for p € P and x € X 1is either empty or an open T-interval which
contains 0 € T.

(iii) ¢ is a cocycle over 0, i.e., for all t,s € T and (p,x) € P x X fulfill-
ing both 8 € Dpar(p,x) and t + s € Dinas(p, ), we have the relations
t € Dinaz(0(s,p), (5,0, 7)),

©(0,p,z) =z and @(t+s,p,x) =t 0(s,p),¢(s,p,x)).

(iv) ¢ is continuous with respect tot € T and xz € X.

X is called phase space, and P x X is called extended phase space. We say,
a NDS (0, ) is invertible f T =R or T = Z and ¢t € Dypas(p,x) for some
p € Pand z € X implies —t € Dynaz(0(¢, ), (t, p, x)). Throughout this book,
we will only consider invertible nonautonomous dynamical systems, except in
Subsection 2.3.2, where the relevant definitions of attractivity and repulsivity
are stated for the noninvertible case.

For simplicity in notation, we also write 6;p instead of (¢, p) and ¢(t, p)x for
o(t,p, x).
A standard example of a nonautonomous dynamical system, which is of main
interest in this book, is provided by a nonautonomous ordinary differential
equation

z = f(t,x) (2.1)
with f: D C R x RV — RY (see Appendix A.1). Here T = R, and the base
set P can simply be chosen to be R with base flow (¢,s) — t + s. In case
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{p} x X {eph X {0r4ap} x X

s,p)x

o(t+s,p)
@(t,0sp)p

8

—~

0t+sp

Fig. 2.1. The cocycle property of Definition 2.1

the function f is fulfilling special conditions, the nonautonomous differential
equation (2.1) gives rise to a general solution A : @ C R x R x RY — RY (see
Proposition A.3), and ¢ can then be defined by

o(t, )z := A(t+s,s, ) for all (t,s,7) € RxRxRY such that (t+s,s,z) € Q.

Without further notice, we assume that all ordinary differential equations
considered in this book fulfill conditions of local existence and uniqueness of
solutions.

A similar construction is also possible for nonautonomous difference equations
of the form x,,11 = f(n,z,), T =P =Z.

In both cases above, however, P is noncompact, which may cause difficulties.
This can be avoided for a special class of right hand sides f by considering
the Bebutov flow on the hull of f (see, e.g., BEBUTOV [26] and SELL [167]).

Apart from deterministic also random and stochastic differential and differ-
ence equations (see, e.g., ARNOLD [5]) and some other types of equations such
as functional differential equations or nonautonomous evolutionary equations
generate nonautonomous dynamical systems.

Remark 2.2.

(i) Normally, one has additional structures concerning the driving system
0. In the deterministic case, the base set P is a metric space and 6
is continuous; in case of random dynamical systems, 6 represents an
ergodic dynamical system. For a discussion of the relationship of these
two concepts, see BERGER & SIEGMUND [28].

(ii) In the literature, one usually considers global nonautonomous dynam-
ical systems, i.e., D = T x P x X. The above definition of a local
nonautonomous dynamical system stems from AULBACH & SIEGMUND
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& RASMUSSEN [16] (see also RASMUSSEN [144]; in case of random dy-
namical systems, see ARNOLD [5] and ARNOLD & NAMACHCHIVAYA &
SCHENK-HOPPE [8]).

Let 0 be a base flow on P. For an element p € P, we define the forwa,rd orbit of

pby Ot (p) :={60ip : t > 0}, the backward orbit of pby O~ (p) := {6 : t < 0},
the T'- orbzt of p, T € T*, by OT(p) := {Qtp tel0,T]N T} and the orbit of
p by O(p) := {th te Ti} Two elements p1,p2 € P are called equivalent

(p1 ~ pg) 1f p1 € O(p2). We denote the set of all equivalence classes [p] by
P/~

Definition 2.3 (Nonautonomous sets). We consider a nonautonomous
dynamical system (0, ) on a metric space X with a base set P. For an arbi-
trary set M C P x X, we define the so-called p-fibre of M by

M(p) := {x €X:(pzx)e M} forall pe P,

and we denote by P*(M) := {p € P: M(p) # (Z)} the set of all base elements
leading to nonempty ﬁbres M s called

(i) past nonautonomous set if O~ (p) C P*(M) for allp € P*(M),

(ii) future nonautonomous set if O (p) C P*(M) for all p € P*(M),
(iii) all-time nonautonomous set if O(p) C P*(M) for all p € P*(M),
(iv) (p,T)-nonautonomous set if O (p) C P*(M).
We say that M is

(i) invariant if (t,p)M(p) = M (0:p) for all p € P*(M) and t € T with
etp S (M) ’

(ii) closed if M(p) is closed for all p € P*(M),
(iii) compact if M (p) is compact for all p € P*(M).

Remark 2.4.

(i) An all-time nonautonomous set is a past, as well as a future nonau-
tonomous set. The reversal is certainly not true.

(ii) In the literature, an all-time nonautonomous set M with P*(M) = P is
called nonautonomous set.

The following definition is adapted from AUBIN & FRANKOWSKA [12] (see
also AKIN [3, Exercise 1.5, p. 9] and ELSTRODT [64, p. 9]).

Definition 2.5. For a past nonautonomous set M C P x X and p € P*(M),

we define
lim Sup M6 m U M(6

t— r>0t>T
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and

htrggolfM U ﬂM

T>0t>T

Given a future nonautonomous set M C P x X and p € P*(M), we define

hmsup M (6:p) : ﬂ U M (6;p)

T>0t>T

and
hmmf M(0;p) : U ﬂ M(6:p) .

T>0t>T

It is easy to show that the following characterizations hold:
e limsup,_,, M(0_p)={z e X:Vr>0:3t>7:2€ M(O_p)},
e liminf, .o M(6_yp)={z € X:I7>0:Vt>7:2€ M(0_p)},
e limsup, , . M(0:p) = {JUEX Vr>0:3t>71: xEM(th)}
e liminf; ., M(0;p) = {Q:EX dr>0:Vt>r71: xEM(th)}

2.3 Attractivity and Repulsivity

This section is divided into six subsections. First, several notions of attractor
and repeller are introduced for invertible (in Subsection 2.3.1) and non-
invertible (in Subsection 2.3.2) nonautonomous dynamical systems. In Sub-
section 2.3.3 and 2.3.4, the theoretical background to analyze the strength
of attractivity and repulsivity is established, and in Subsection 2.3.5, proper-
ties of the definitions under time reversal are studied. Finally, criteria for the
existence of attractors and repellers are formulated in the last subsection, and
the question of their uniqueness is discussed.

Throughout this section, let (9 :TXxP—-Pp:DCTXxPxX — X) be
an invertible nonautonomous dynamical system with an arbitrary base set P
and a metric space (X, d).

2.3.1 Definitions

We begin with the definitions concerning the past of the system. In addition to
the important notions of past attractor and past repeller, also M-past attrac-
tors and repellers are introduced, which are generalizations of past attractors
and repellers, respectively. Please note that past attractors are local forms of
pullback attractors (see also Subsection 2.4.3).
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Definition 2.6 (Past attractivity and repulsivity). Let A and R be
invariant and compact past nonautonomous sets and M be a collection of
past nonautonomous sets.

(i) A is called past attractor if there exists an n > 0 such that for all
p € P*(A), there exists a p € [p] N P*(A) with

tlim d((p(t7H,T,tﬁ)Un(A(G,Tftﬁ))‘A(GfTﬁ)) =0 forall 7>0.

(ii) R is called past repeller if there exists an n > 0 such that for all p €
P*(R), there exists a p € [p] N P*(R) with

Jim d(o(—=t,0_p)Uy(R(O—1p))|R(O—r—ep)) =0 for all 7> 0.

(iii) A is called M-past attractor if for all M € M, we have P*(M) C P*(A)
and

Jim d(p(t, 0-p)M(0-sp)|[A(p)) =0 for all p € P*(M).

(iv) R is called M-past repeller if for all M € M, we have P*(M) C P*(R)
and

lim d(p(—t,p)M(p)|R(0_p)) =0 for all p € P*(M).

t—oo

SD(t7 0—T—tﬁ)

:ﬂM

\

3

X

\/-
P—

e a

Fig. 2.2. Past attractor

It follows directly from the definitions that the empty set is both a past
attractor and a past repeller. If X is compact and D = T x P x X, then
P x X is also both a past attractor and a past repeller.
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)

Fig. 2.3. Past repeller

Remark 2.7.

(i)

(iii)

The notions of Definition 2.6 represent the behavior of (0, ¢) in the
past. This can be seen by considering another nonautonomous dynamical
system (0,9 : D C T x P x X — X) with the following property: For
all p € P, there exists a p € [p] with

o(t,p)x = @(t,p)x  for all (¢,p,z) € D fulfilling p,0,p € O~ (p).

Then for any past attractor (repeller, respectively) A of (6, ), there
exists a past attractor (repeller, respectively) A of (0, ) such that for
all p € P, there exists a p € [p] with

A(p) = A(p) forall pc O (p).

Let A be a past attractor with n given as in Definition 2.6 (i). Then for
all p € P*(A), we have

Alp) = limsup @(t, 0-p)Un(A(6-ep)) = liminf (2, 0-p)Uy (A(0-1p)
The notions of M-past attractor and repeller are generalizations of past
attractors and repellers, since a past attractor A is an {M }-past attrac-
tor for some past nonautonomous set M fulfilling the following prop-
erty: There exists an > 0 such that for all p € P*(A), there exists a
p € [p] N P*(A) with

U, (A(0_¢p)) C M(6_p) forall t>0.

Moreover, a past repeller R is an {M }-past repeller for some past non-
autonomous set M fulfilling the following property: There exists ann > 0
such that for all p € P*(R), there exists a p € [p] N P*(R) with

U, (R(0_,p)) € M(6_p) forall t>0.
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(iv) Due to the continuity of ¢, one can derive the following equivalent char-
acterization: An invariant and compact nonautonomous set A is a past
attractor if and only if there exists an > 0 such that for all p € P*(A),
we have

Jim d(p(t.0-p)Uy(A(-p)| Alp) =0.

Such a reduction is not possible for past repellers.

Before proceeding with the case of future attractivity and repulsivity, the
definitions for the past are illustrated by means of the following two examples.

Example 2.8. We consider the linear nonautonomous differential equation
= a(t)x (2.2)

with a continuous function a : R — R, which generates a nonautonomous
dynamical system with T = P = R (see Section 2.2). It is easy to see that
every invariant and compact past nonautonomous set is a past attractor if

and only if
0

lim a(s)ds = —oo
t——o0 t

and a past repeller if and only if

0

lim a(s)ds = 0.
t——o0 J,

Ezxample 2.9. The nonautonomous differential equation
@ = a(t)r + b(t)z® = x(a(t) + b(t)z?) (2.3)

with continuous functions a : R — R and b: R — R} for some x > 0 generates
a nonautonomous dynamical system with T = P = R (see Section 2.2). For
simplicity, we define

w(t) == fbl— for all ¢ € R with a(t) < 0.

Then, for fixed ¢ € R with a(t) < 0, the zero set of the right hand side is
{0, £w(t)}; for all t € R with a(t) > 0, this zero set is the singleton {0}. An
elementary discussion of the sign of the right hand side of (2.3) yields that
R x {0} is a past attractor if lim inf, ,_ o, —a(t)/b(t) > 0, and R x {0} is a past
repeller if limsup,_, ., —a(t)/b(t) < 0. These conditions are only sufficient for
attractivity or repulsivity of R x {0} but not necessary.

In the following definition, the notions of future attractivity and repulsivity
are explained. Please note that future attractors are local forms of forward
attractors (see Subsection 2.4.3 for further information).
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Definition 2.10 (Future attractivity and repulsivity). Let A and R be
imvariant and compact future nonautonomous sets and M be a collection of
future nonautonomous sets.

(i) A is called future attractor if there exists an n > 0 such that for all
p € P*(A), there exists a p € [p] N P*(A) with

Jim d((t, 0:p)Up(A(0:9))|A(6744P)) =0 for all 7>0.

(ii) R is called future repeller if and only if there exists an n > 0 such that
for all p € P*(R), there exists a p € [p] N P*(R) with

Jim d((—t,0- D) Uy (R(0r44P))| R(6,P)) =0 for all 7> 0.

(iii) A is called M-future attractor if for all M € M, we have P*(M) C
P*(A) and

Jim d(o(t,p)M(p)| A(6:p)) =0 for all p € P*(M).

(iv) R is called M-future repeller if for all M € M, we have P*(M) C P*(R)
and

lim d(p(—t,0:p)M(0:p)|R(p)) =0 for all p € P*(M).

t—oo

/\n{%
Ty

Fig. 2.4. Future attractor

It follows directly from the definitions that the empty set is both a future
attractor and future repeller. If X is compact and D = T x P x X, then
P x X is also a future attractor and future repeller.
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X L10(_757 97+tﬁ)
b~/
a'rﬁ R 07'+tﬁ P

RA

Tt—»oo

/

Y

\

Fig. 2.5. Future repeller

Remark 2.11.

(i)
(i)

(iii)

As seen in Remark 2.7 (i) in case of past attractivity and repulsivity, the
notions of Definition 2.10 represent the behavior of (6, ¢) in the future.

There are important analogies in the concepts of past and future
attractivity and repulsivity. This question is treated in Section 2.3.5.
It is shown that a past attractor corresponds to a future repeller, and a
past repeller is related to a future attractor.

Let R be a future repeller with 7 given as in Definition 2.10 (ii). Then
for all p € P*(R), we have

R(p) =lim sup (L, 01p)Uy (R(6:p)) = lim inf (L, 01p)Uy (R(6:p)) -
The notions of M-future attractor and repeller are generalizations of
future attractors and repellers, since a future attractor A is an {M}-
future attractor for some future nonautonomous set M fulfilling the fol-
lowing property: There exists an 77 > 0 such that for all p € P*(A), there
exists a p € [p] N P*(A) with

U,(A(6:p)) C M(0:p) forall t>0.

Moreover, a future repeller R is an {M }-future repeller for some future
nonautonomous set M fulfilling the following property: There exists an
n > 0 such that for all p € P*(R), there exists a p € [p] N P*(R) with

U, (R(0:p)) C M(6:p) forall t>0.

Due to the continuity of ¢, one can derive the following equivalent char-
acterization: An invariant and compact nonautonomous set R is a future
repeller if and only if there exists an > 0 such that for all p € P*(R),
we have
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Jim d(p(—t, 0up)Uy (R(0:p))| R(p)) = 0.

Such a reduction is not possible for future attractors.

The following two examples illustrate the notions of future attractivity and
repulsivity.

Ezample 2.12. We consider again the linear nonautonomous differential equa-
tion (2.2) from Example 2.8. Then each invariant and compact future nonau-
tonomous set is a future attractor if and only if
t
lim a(s)ds = —o0
t—o00 0
and a future repeller if and only if

t

lim [ a(s)ds=o00.
t—oo Jo

Ezample 2.13. Let (2.3) be the scalar nonautonomous differential equation
from Example 2.9. Analogously to the observations in this example, one can
see that R x {0} is a future attractor if liminf, ., —a(¢)/b(t) > 0 and a future
repeller if limsup,_, . —a(t)/b(t) < 0.

In the following definition, the notions of all-time attractivity and repulsiv-
ity are explained. First, note that an all-time attractor is a local form of a
uniform attractor as discussed, e.g., in CHEPYZHOV & VISHIK [44] (see also
Subsection 2.4.3).

Definition 2.14 (All-time attractivity and repulsivity). Let A and R
be invariant and compact all-time nonautonomous sets.

(i) A is called all-time attractor if there exists an n > 0 with
lim  sup d(p(t,p)Uy(A(p))|A(9:p)) = 0.

t—o0 pGP*(
(ii) R is called all-time repeller if there exists an n > 0 with
lim  sup d(gp(ft,p)Un(R(p))‘R(G_tp)) =0.

t—o00 pEP*(R)

It follows directly from the definitions that the empty set is both an all-time
attractor and an all-time repeller. If X is compact and D =T x P x X, then
P x X is also an all-time attractor and all-time repeller. An all-time attractor
(all-time repeller, respectively) is also both a past attractor (past repeller,
respectively) and a future attractor (future repeller, respectively), since in
the above definition, p can be replaced by 6_;p.

We look again at the two examples for the attractivity and repulsivity of a
linear and nonlinear scalar differential equation.
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Ezample 2.15. Consider the nonautonomous differential equation (2.2) from
Example 2.8. Then each invariant and compact all-time nonautonomous set
is an all-time attractor if and only if

T+t
lim sup/ a(s)ds = —o0

t—00 rcR

and an all-time repeller if and only if

T+t
lim sup/ a(s)ds = o0.

t—00 1R

Ezample 2.16. Consider the nonautonomous differential equation (2.3) from
Example 2.9. Analogously to the observations in this example, one can see
that R x {0} is an all-time attractor if inf;eg —a(t)/b(t) > 0 and an all-time
repeller if —a(t)/b(t) <0 for all ¢ € R.

Finally, the definitions of finite-time attractivity and repulsivity are intro-
duced.

Definition 2.17 (Finite-time attractivity and repulsivity). For p € P
and T > 0, let A and R be invariant and compact (p,T)-nonautonomous
sets.

(i) A is called (p,T)-attractor if

lirzl\sgp %d(w(Tm)Un(A(p))lA(@Tp)) <1.

(ii) R is called (p,T)-repeller if

1ir7r71\s(1)1p %d(gp(—T, GTp)U,,(R(QTme(p)) <1.

Remark 2.18. In contrast to the above definitions in case of past, future and
all-time attractivity and repulsivity, the notions of finite-time attractivity and
repulsivity are not invariant with respect to a change of the metric d to an
equivalent metric.

The following two examples illustrate the notions of finite-time attractivity
and repulsivity.

Ezample 2.19. Consider again the nonautonomous differential equation (2.2)
from Example 2.8, and let p € R and T' > 0. Then each invariant and compact
(p, T)-nonautonomous set is a (p, T')-attractor if and only if
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A

X
n <nforn—0
o
A =
D Orp P

Fig. 2.6. (p, T)-attractor

Y

’—\—/\/
gl WA
R

Fig. 2.7. (p, T)-repeller

p+T
/ a(s)ds <0
P

and a future repeller if and only if

p+T
/ a(s)ds > 0.
P

Ezample 2.20. Let (2.3) be the scalar nonautonomous differential equation
from Example 2.9, p € R and T" > 0. Analogously to the observations in this
example, one can see that R x {0} is a (p, T)-attractor if —a(t)/b(t) > 0 for
all t € [p,p+T)] and a (p, T)-repeller if —a(t)/b(t) <0 for all ¢t € [p,p+ T.

We will often consider invariant nonautonomous sets which are solutions of
the nonautonomous dynamical system (6, ¢).
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Definition 2.21 (Solution). Let P C P be nonempty with P c O(p) for
some p € P. A function u: P — X is called solution of (0, ) if graph u is
mvariant.

The attractivity and repulsivity of solutions are defined by considering the
graph of the solution as an invariant nonautonomous set.

Definition 2.22 (Attractivity and repulsivity of solutions). Let i be a
solution of (0,¢).

(i) w is called past (future, all-time, (p,T)-, respectively) attractive if
graph(p) is a past (future, all-time, (p,T')-, respectively) attractor.

(ii) p is called past (future, all-time (p,T)-, respectively) repulsive if
graph(u) is a past (future, all-time, (p,T)-, respectively) repeller.

Concluding this subsection, we state the following proposition, whose obvious
proof will be omitted.

Proposition 2.23. A past (future, all-time, (p,T)-, respectively) non-
autonomous set can never be both a past (future, all-time, (p,T)-, respectively)
attractor and a past (future, all-time, (p,T)-, respectively) repeller.

2.3.2 The Noninvertible Case

Although, noninvertible systems are not considered in this book, the notions
of repulsivity are introduced for not necessarily invertible nonautonomous
dynamical systems (9 :T*xP - P,p:DCTxPxX — X) in the following
definition. In case of invertible systems, these definitions are equivalent to
the definitions of the previous subsection.

Definition 2.24 (Repulsivity in the noninvertible case). Given p € P
and T > 0, and let A and R be invariant and compact past (future, all-time,
(p,T)-, respectively) nonautonomous sets.

(i) R is called past repeller if there exists an n > 0 such that for all p €
P*(R), there exists a p € [p] N P*(R) such that for alle >0 and 7 > 0,
we have a t* > 0 with

O(t,0_rp)Uc(R(O_7—:p)) D U, (R(0—7p)) forall t > t".

(ii) R is called M-past repeller if for all M € M, we have P*(M) C P*(R),
and for all M € M, p € P*(M) and € > 0, there exists a t* > 0 with

o(t,0_p)U-(R(0_¢p)) D M(p) for all t >1t*.
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(iii) R is called a future repeller if there exists an n > 0 such that for all
p € P*(R), there exists a p € [p] N P*(R) such that for all ¢ > 0 and
7 > 0, we have a t* > 0 with

o(t,0:p)U:(R(0:9)) D Uy (R(0-44p)) for all t >1t".

(iv) R is called M-future repeller if for all M € M, we have P*(M) C
P*(R), and for all M € M, p € P*(M) and € > 0, there exists a t* >0
with

o(t,p)U:(R(p)) D M(0:p) for all t > t*.

(v) R is called all-time repeller if there exists an n > 0 such that for all
€ > 0, there exists a t* > 0 with

o(t,p)U:(R(p)) D Uy(R(0:p)) for all p e P*(R) and t > t*.

(vi) R is called (p,T)-repeller if

liminf < d(o(T.)U, ()| R(Orp) > 1.

2.3.3 Radii of Attraction and Repulsion

Since the local dynamical behavior of nonautonomous sets is studied in the
definitions of the preceding subsections, it is useful to know something about
the range of attractivity or repulsivity. In this subsection, notions of radii of
attraction and repulsion are introduced.

Definition 2.25 (Radii of attraction and repulsion). We define the
radius of past attraction of a past attractor A by

A% = sup {77 > 0: For all p € P*(A), there exists a p € [p| N P*(A) with
Jim d(i(t, 0 p)Uy (A(0—- D)) |A(6_+5)) =0 for all 7> o}

and the radius of past repulsion of a past repeller R by

Ry = sup {n > 0: For all p € P*(R), there exists a p € [p] N P*(R) with
lim d(ip(—t,0_-p)Uy (R(0—-p))| R(O——1p)) =0 for all 7> o} .

The radius of future attraction of a future attractor A is defined by

R, = sup {77 > 0: For all p € P*(A), there exists a p € [p| N P*(A) with
lim d(io(t, 0-p)Uy (A(6-9)) | A(Br4-5)) =0 for all 7> o} :

and the radius of future repulsion of a future repeller R is defined by
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Ry = sup {77 > 0: For all p € P*(R), there exists a p € [p] N P*(R) with
Jim d(ip(—t, 0+ P)Uy (R(071.9)) | R(6-5)) = O for all 7> o} .

The radius of all-time attraction of an all-time attractor A is defined by

Ry = sup {17 >0: lim sup d(ap(t7p)U,7(A(p))|A(9tp)) = 0} ,
t—o00 peEP*(A)

and the radius of all-time repulsion of an all-time repeller R is defined by

MRy = sup {77 >0: lim sup d(¢(—t,p)U,(R(p))|R(0_p)) = 0} .
t=00 pep=(R)

The radius of (p, T)-attraction of a (p, T)-attractor A is defined by

AP = sup {1 > 0 : d(o(T, p)Un(A(p))|A(Orp)) < 7i for all 7 € (0,7)},

and the radius of (p, T)-repulsion of a (p, T)-repeller R is defined by

RET = sup {n > 0: d(p(~T,07p)Us (R(Orp)) |R(p)) < 7
for all € (0,n)}.

When considering a solution p of (,¢) which is either past (future, all-
time, (p, T')-, respectively) attractive or repulsive, one of the above definitions
applies for graph u. We write 2, := 2graph u or Ry = Rgrapn . and proceed
similarly with further notation (concerning, e.g., the domains of attraction
and repulsion introduced in the next subsection).

2.3.4 Domains of Attraction and Repulsion

The radii of attraction and repulsion defined in the last subsection are positive
real numbers. However, if X is a Banach space and in case of past, future and
all-time attractivity and repulsivity, we will, in addition to the radii of attrac-
tion and repulsion, consider domains of attraction and repulsion as subsets of
the phase space.

We begin with some auxiliary definitions for the extended phase space. Given
a past attractor A, we define for all p € P*(A),

Ay (p) == {x € X : There exists a neighborhood U of x such that
Jim d(p(t,0-p) (A(0-) + U)|A(p)) = 0},

and for a past repeller R, we define for all p € P*(R),
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Ry (p) = {a: € X : There exists a neighborhood U of x such that
Jimd(p(~tp)(R(p) + U)| R(O-1p) = 0}

Given a future attractor A, we define for all p € P*(A),

A7 (p) == {z € X : There exists a neighborhood U of x such that
Jimd(p(t,p)(Ap) + V)| A(0:p)) = 0},

and for a future repeller R, we define for all p € P*(R),

RE(p) = {x € X : There exists a neighborhood U of x such that
Jim d(io(—t,0p)(R(Op) + U) | R(p) =0}

Some properties of these sets are derived in the following proposition.

Proposition 2.26. The following statements are fulfilled:

(i)

(ii)

(iii)

(iv)

Given a past attractor A, the set A% (p) is open for all p € P*(A), and
we have A% (p) = A5 () for all p € [p] N P*(A). Furthermore, for all
p € P*(A) and compact sets C C A5 (p), the relation

p)

Jim d(p(t,0-p)(A(0—p) + C)|A(p)) =0

1s fulfilled.

Given a past repeller R, the set Ry (p) is open for all p € P*(R). Fur-

thermore, for all p € P*(R) and compact sets C C R (p), the relation
Jim d(g(—t,p)(R(p) + C)|R(0—p)) =0

1s fulfilled.
Given a future attractor A, the set A} (p) is open for all p € P*(A).
Furthermore, for all p € P*(A) and compact sets C C A} (p), the rela-
tion

Jim d(p(t,p)(A(p) + C)[A(0ip)) =0
1s fulfilled.

Given a future repeller R, the set R (p) is open for all p € P*(R), and
we have Ry (p) = R (p) for all p € [p] N P*(R). Furthermore, for all
p € P*(R) and compact sets C C Ry (p), the relation

Jim d(p(—t, 0ip)(R(6:p) + C)|R(p)) =0

18 fulfilled.
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Proof. (i) The openness of A% (p) is a direct consequence of its definition, and
the second assertion follows from Remark 2.7 (iv). Let us now assume that
there exist p € P*(A), a compact set C C A5 (p), an € > 0 and sequences
{Zp}nen in C and {t,}nen in T such that lim, . ¢, = oo and

d(cp(tn,ﬁ_tnp)(A(ﬁ_tnp) + xn)|A(p)) >¢ forall neN.

Since C is compact, we assume w.l.o.g. that {x,}n,en is convergent with
lim,, oo &, = xp. Since xg € C C A% (p), there exists a neighborhood U
of xg such that

lim d(p(t,0_p)(A(0_ip) + U)|A(p)) = 0.

t—o0

This is a contradiction.

(ii) Asin (i), the first assertion is clear. Suppose now, there exist a p € P*(R),
a compact set C C R (p), an € > 0 and sequences {z, }nen in C and {t,, tnen
in T such that lim,,_, o t,, = co and

d((—tn, p)(R(p) + xn)|R(0—¢,p)) > forall n€N.

Since C' is compact, we assume w..o.g. that {z,},en is convergent with
lim,, 00 2, = xp. Since z9 € C C Ry (p), there exists a neighborhood U
of xg such that

Jim d(e(—t,p)(R(p) + U)|R(6—p)) = 0.

This is a contradiction and finishes the proof of (ii).
The proofs of (iii) and (iv) will be omitted, since they are similar to (i) and
(i). O

For simplicity in description, it is our aim to characterize the strength of
attractivity or repulsivity not by the above defined fiber-wise sets, but by
subsets of the phase space. This reduction is done by the following definition.

Definition 2.27 (Domains of attraction and repulsion).

(i) The domain of past attraction of a past attractor A is defined by
Ay =it [ lim inf A% (0-p) .
peP(4)
(ii) The domain of past repulsion of a past repeller R is defined by
Ry =int [ lim inf R (6¢p).
pEP*(R) =
(iii) The domain of future attraction of a future attractor A is defined by

Ay = int ﬂ 1itm inf A7 (6:p) .
peP(4)
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(iv) The domain of future repulsion of a future repeller R is defined by

RE :=int ﬂ liminf RE (6:p) .
t—oo
pEP*(R)
(v) The domain of all-time attraction of an all-time attractor A is defined
by

Ay = {x € X : There exists a neighborhood U of x such that
lim sup d(p(tp)(A(R) +U)|A(6p) = 0}

t=00 pepr(A)

(vi) The domain of all-time repulsion of an all-time repeller R is defined by

Ry = {x € X : There exists a neighborhood U of x such that

Jim sup d(e(~t,p)(R(p) + U)| R(0-wp) = 0} .
°° peP*(R)

Remark 2.28.

(i) It can be seen immediately from the definitions that all above defined
domains of attraction and repulsion are open neighborhoods of zero.

(ii) The relations

Wy =d(Ax[{0}), Ay =d(A7[{0}), %F =d(RF[{0}) and
Ry =d(R[{0}), A7 =d(AT[{0}). My =d(R7|{0})

are fulfilled.

(iii) Given a past attractor A, from Proposition 2.26 (i), the relation

Ay =int [ Az (p)

pEP*(A)

follows. Moreover, Proposition 2.26 (iv) implies for a future repeller R,

RE =it [ RE().
pEP*(R)

Ezxample 2.29. We consider again the linear nonautonomous differential equa-
tion (2.2) from Example 2.8. We have already derived criteria for the attractiv-
ity and repulsivity of an invariant and compact nonautonomous set in several
examples in Subsection 2.3.1. An easy calculation yields that the correspond-
ing domains of attraction and repulsion are maximal for this example, more
precisely, an invariant and compact nonautonomous set M C R xR is a

o past attractor (Aj; = R) if and only if , lim j;o a(s)ds = —c0,
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o past repeller (Rj; = R) if and only if tlir—noo fto a(s)ds = oo,
e future attractor (A;; = R) if and only if Jim fot a(s)ds = —0,
o future repeller (R;; =R) if and only if tlirglo fg a(s)ds = oo,

e all-time attractor (Aj; = R) if and only if flim sup fTT-H a(s)ds = —o0,
‘T reR

o all-time repeller (Ry; = R) if and only if lim sup f:H a(s)ds = oo,

=00 1R
(p,T) _ . . rptT
o (p,T)-attractor (A, = oo) if and only if fp a(s)ds <0,

o (p,T)-repeller (%%’;’T) = o0) if and only if f§+T a(s)ds > 0.

Ezxample 2.30. In Subsection 2.3.1, we have also analyzed the attractivity and
repulsivity of the nonlinear differential equation (2.3). By elementary discus-
sions of the sign of the right hand side of this equation, we are also able to
give estimates for the corresponding domains of attraction and repulsion. The
trivial solution of (2.3) is

e past attractive with

( — liminf w(¢), liminf w(t)) CAy C ( — limsup w(t), limsup w(t))

t——o0 t——o0 t——00 t——00
if liminf; ,_ o —a(t)/b(t) > 0,
e past repulsive with R{™ = R if limsup,_,_ . —a(¢)/b(t) <0,

e future attractive with

( — liminf w(¢), liminf w(t)) C Ay C ( — limsup w(t), limsup w(t))

t—o00 t—o0 t—o00 t—o0
if liminf; . —a(t)/b(t) > 0,
e future repulsive with Ry” = R if limsup,_, . —a(t)/b(t) <0,

e all-time attractive with

( - tlgﬂf@ w(t), ggﬂf@ w(t)) CAy C ( - igﬂg w(t), igﬂ}g w(t))

if infiep —a(t)/b(t) > 0,
e all-time repulsive with R§” = R if —a(t)/b(t) <0 for all t € R,
e (p,T)-attractive with

inf  wt) <APD < su w(t
te[p,p+T] ( )< 0 N tE[p,pI—)i-T] ()

if —a(t)/b(t) >0 for all t € [p,p+T],
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e (p,T)-repulsive with i)‘{gp’T) =o0 if —a(t)/b(t) <0 forallt € [p,p+T].

These conditions are only sufficient for attractivity or repulsivity of the trivial
solution but not necessary.

Proposition 2.31. The following statements are fulfilled:

(i) Let p: O~ (p) — X be a past repulsive solution. Then the past non-
autonomous set with the 6_;p-fibres R, (6_p) + p(0—4p), t > 0, is in-
variant.

(ii) Let u : OF(p) — X be a future attractive solution. Then the future
nonautonomous set with the Oip-fibres A7 (0ip) + pu(0ip), t > 0, is
1nvariant.

Proof. (i) We choose 7 € T§, # € TN (—o0, 7] and = € Ry, (0_rp) + pu(0_.p).
Let U be a neighborhood of x — j(6_,p) such that

Jim d(p(—t,0—-p)(u(0—rp) + U) [{n(0——1p)}) = 0. (2.4)

Then the set ¢(7,0_p)(1(0—rp) + U) is a neighborhood of ¢(7,0_,p)z, and

we have

Jim d(p(—t, 0 —+p) (7, 0—-p) ((0—-p) + U))[{1(07—r—p)})

(2.4)

= lim d(p(~t,0-7p)(u(0-rp) + U)[{u(0-r-1)}) =" 0.
This means that ¢(7,0_,p)z — u(0z—-) € R, (07—-p).
The assertion (ii) can be proved analogously. O

2.3.5 Properties of Time Reversal

As the reader may have observed, there are important analogies in the
concepts of, say, past repulsivity and future attractivity. The aim of this sub-
section is to study these relationships.

In addition to the nonautonomous dynamical system (8, ¢), we also consider
the system under time reversal, denoted by (9_1,g0_1) and defined by the
relations

0= (t,p) := 0(—t,p) for all (t,p) € T x P,
gofl(t,p, x) = @(—t,p,z) for all (¢, p,x) with (—t,p,z) € D.

The pair (0, p) ! = (9’1, gp’l) is indeed a nonautonomous dynamical system,
since we have

@71(t +s,D, LC) = <)0(_t - 5D, :L') = (p(_ta 0(_Sap)a @(_Sap,x))
= ' (t,07 (s,p), ¢ (5,p, 7))
forallt,s € T, (p,x) € Px X with —s € Dypar(p,z) and —t — s € Dypaz(p, x).
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Proposition 2.32 (Properties of time reversal). Let M be a subset of
P x X. Then the following statements are fulfilled:

(i) M is a past attractor of (0,¢) if and only if M is a future repeller of
(0,0)~1. We have Ay; = Ry} If, in addition, X is a Banach space, then
also Ay = Ry is fulfilled.

(ii) M s a past repeller of (0,¢) if and only if M is a future attractor of
(0,0)71. We have Ry, = 3} If, in addition, X is a Banach space, then
also Ry; = Ay is fulfilled.

(iii) M is an all-time attractor of (0, ) if and only if M is an all-time repeller
of (0,0)~t. We have Ry, = Ay;. If, in addition, X is a Banach space,
then also Ry; = Ay is fulfilled.

(iv) M is a (p,T)-attractor of (0,) if and only if M is a (67p,T)-repeller
of (6, 90)_1- We have QIE\Z’T) - g{S&Tp,T)'

Proof. (i) Let M be a past attractor of (6, ), i.e., there exists an 7 > 0 such
that for all p € P*(M), there exists a p € [p] N P*(M) with

tlim d(cp(t,9_T_t]§)Un(M(9_T_tﬁ))|M(0_Tﬁ)) =0 forall 7>0.
This is equivalent to
Jim d(o7 (=407 (7 4+ 9) Uy (M (077 + 1,9)) [M(07 (7)) ) = 0

for all 7 > 0, and this means that M is a future repeller of (6, )~!. In case
X is a Banach space, the relation Aj; = Ry, follows from

Ay (p) = {x € X : There exists a neighborhood U of x such that
Jim (i (¢, 0-p)(M(O-1p) + U)|[M(p)) = 0}
= {:13 € X : There exists a neighborhood U of = such that

Tim d(@l(ft,e*l(t,p)) (M (672 (t,p)) + U) ’M(p)) - 0}

t—o0o

= R (p)

for all p € P*(M). The relation 2j; = R;; follows analogously.
The proofs of (ii), (iii) and (iv) are similar to that of (i); we therefore omit
them. O

2.3.6 Existence and Uniqueness

In this subsection, criteria for the existence of attractors and repellers are
formulated, and the question of their uniqueness is discussed.
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First, the notions of past absorbing and future rejecting sets are introduced
(these definitions are derived from FLANDOLI & SCHMALFUSS [68] and KLOE-
DEN [94, 95]).

Definition 2.33 (Past absorbing and future rejecting sets).

(i) Let B be a past nonautonomous set and M be a collection of past non-
autonomous sets. Then B is called past absorbing with respect to M if
for all M € M, we have P*(M) C P*(B), and for all M € M and
p € P*(M), there exists a t* > 0 such that

o(t,0_p)M(0_yp) C B(p) forall t>1t". (2.5)

(ii) Let B be a future nonautonomous set and M be a collection of future
nonautonomous sets. Then B is called future rejecting with respect to
M if for all M € M, we have P*(M) C P*(B), and for all M € M
and p € P*(M), there exists a t* > 0 such that

p(—t,0:p)M(0p) C B(p) for all t >1t*.

Remark 2.34. In case the past absorbing set is compact (which is a hypothesis
of the next theorem), Definition 2.33 (i) is a nonautonomous generalization of
the notion of a dissipative dynamical system (see, e.g., HALE [77]).

The following existence result is adapted from FLANDOLI & SCHMALFUSS
[68] (for related results in the context of random attractors, see also CRAUEL
& FranNDoLl [58, Theorem 3.11], SCHENK-HOPPE [159, Theorem 4.2] and
SCHMALFUSS [160, 161)).

Theorem 2.35 (Existence of M-past attractors and M-future
repellers). The following statements are fulfilled:

(i) Let M be a collection of past nonautonomous sets and B be a com-
pact past absorbing set with respect to M. Then there exists an M-past
attractor A fulfilling the representation

A(p) = ﬂ cls U o(t,0_p)B(0_yp) for all pe P*(B).
>0 t>7

If, in addition, A € M, then A is uniquely determined. In case B € M,
the relation A C B is fulfilled.

(ii) Let M be a collection of future nonautonomous sets and B be a compact
future rejecting set with respect to M. Then there exists an M-future
repeller R fulfilling the representation

R(p) = ﬂ cls U o(—t,0:p)B(0yp) for all p € P*(B).
>0 t>7

If, in addition, R € M, then R is uniquely determined. In case B € M,
the relation R C B is fulfilled.
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Proof. For assertion (i), see FLANDOLI & SCHMALFUSS [68, Theorem 3.5], (ii)
follows from (i) using Proposition 2.32. O

In case the collection M of the above theorem contains a neighborhood of the
set B, existence results for past attractors and future repellers follow directly.

Corollary 2.36 (Existence of past attractors and future repellers).
The following statements are fulfilled:

(i) Let M be a collection of past nonautonomous sets, B be a compact past
absorbing set with respect to M and n > 0 such that the past non-
autonomous set B, defined by

B(p) :=Uy(B(p)) for all p € P*(B)

lies in M. Then the M-past attractor of Theorem 2.35 (i) is also a past
attractor.

(ii) Let M be a collection of future nonautonomous sets, B be a compact
Juture rejecting set with respect to M and n > 0 such that the future
nonautonomous set B, defined by

B(p) := Uy(B(p)) for all p € P*(B)

lies in M. Then the M-future repeller of Theorem 2.35 (i) is also a
future repeller.

Proof. The assertions follow directly from the definitions (cf. also
Remark 2.7 (iii) and Remark 2.11 (iii)). O

In the following proposition, the question of local uniqueness and nonunique-
ness for nonautonomous attractors and repellers is discussed.

Proposition 2.37 (Local uniqueness and nonuniqueness). The follow-
ing statements are fulfilled:

(i) Let Ay and Ay be past attractors such that Ai(p) # Aa(p) for allp € P.
Then we have

liminf dy (A1(9,tp),A2(€,tp)) > min {QlZI,QIZ2} forall pe P.
t—oo

(ii) Let Ry and Ry be future repellers such that Ry (p) # Ra(p) for allp € P.
Then we have

liminf dg (R1 (0:p), R2(9tp)) > min {9‘{37’1,9‘{3?’2} for all p € P.
t—o0
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(iii)

(iv)
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Let Ry be a past repeller. Then, for oll p € P*(R1) and § € (0,9‘3‘;1),
there exists a p € [p] N P*(Ry) such that for all T > 0 and compact sets
Ry (0_.p) C X with

R1(0_+p) C Ro(0_,p) C clsUs(R1(0-+D)),
the past nonautonomous set Ro, defined by

o o(~t,0_p)Ro(0_rp) : Pp=0_r_yp for some t €Ty
)= { 7 . pe PR\ [p) o

—

is also a past repeller with Ry = Ry .

Let Ay be a future attractor. Then, for allp € P*(A1) and § € (O,Qljl),
there exists a p € [p] N P*(A1) such that for all T > 0 and compact sets
Ay (0-p) C X with

A1(0-p) C A2(0-p) C clsUs(A1(0-p)),
the future nonautonomous set As, defined by

=) e— Sp(t7 a'rﬁ)AQ(eTﬁ) : p=10;4p for some t € T§
A) '_{ A1(p) e P (A)\[p) o

is also a future attractor with Ay = Ay .

Remark 2.38.

(1)

(i)

(iii)

(iv)

The form of (local) nonuniqueness of past repellers and future attractors
is weak in the sense that, for instance, the past repellers Ry and Ry from
(iii) fulfill

tlim dy (Rl(e,tp),Rg((‘Ltp)) =0 forall peP.

Since all-time attractors (repellers, respectively) are past attractors
(future repellers, respectively) (cf. remark after Definition 2.14), they
also fulfill a uniqueness result similar to (i) ((ii), respectively).

Concerning finite-time attractors and repellers, it is not possible to
show uniqueness and nonuniqueness results. More precisely, the situa-
tion that in every neighborhood of a (p, T)-attractor lies another (p, T')-
attractor and an invariant (p,T)-nonautonomous set which is not a
(p, T')-attractor can occur.

In case X is a Banach space, in (iii) ((iv), respectively), not only the
relation My = Ny, (AL, = A, respectively) but also Ry, = Ry,
(A}, = AZ,, respectively) holds.

Proof (Proposition 2.37). We will only prove the statements (i) and (iii), since
the proofs of (ii) and (iv) are similar.
(i) Assume to the contrary that there exists a p € P with
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litrggf dp (A1(0—4p), A2(0—;p)) < min {2A5 A, .
Hence, there exist a § < min {2[‘;1,9(‘;2} and a sequence {t,}nen such that
lim,, oo t,, = 00 and

Ag(0_;,p) C Us(A1(8_y,p)) forall neN.

Due to Definition 2.25, this implies the existence of a 7 > 0 with

Jim d(p(tn —7.0-1,p)A2(0—1,p) [A1(0—-p)) = 0.

= Az(0—-p)

This means that d(A2(60—_,p)|A1(0—,p)) = 0, and hence, d(A2(p)|A1(p)) = 0.
Analogously, one can show d(A(p)|Az(p)) = 0. This implies A1 (p) = Az(p),
since A1(p) and As(p) are compact, and this contradiction finishes the proof
of (i).

(iii) We choose p € P*(R;) and 6,7 € (0, EREI) arbitrarily and define

8= %(max {6,n} + Ry,) € (max {6, n}, R, ).
Due to Definition 2.25, there exists a p € [p] N P*(Ry) such that
Jim d((—t,0_p)Us(R1(0—+p))|Ri(0—r—¢p)) =0 forall 7>0. (2.6)
We choose 7 > 0 and a compact set Ra(6_.p) C X with
Ri(0_p) C Ro(0_,p)  cls Us(Ry(0—,p))

and define the nonautonomous set Ry as stated in the proposition. Because
of (2.6), there exists a t* > 0 such that

—

m _
AP0 ) Ral0—) [ Ra(0r—p) < 2" orall 124",
= R2(97T7t2§)

Since %(%El — ﬂ) +n < B, this implies using (2.6) the relation

thm d((ﬁ(—t, 9—T—sﬁ)U”](R2(9—T—Sﬁ))|R1 (G—T—S—tﬁ)) =0 forall s 2 .
Because of Ry C Ry, we obtain

lim d(go(ft, G_T_Sﬁ)Un(RQ(H_T_Sﬁ))|R2(0_T_s_tﬁ)) =0 forall s>t*,

t—o0

and this means that Ry is a past repeller with Ry > 7 (please note that
Ri(p) = Ra(p) for all p € P*(Ry) \ [p]). Hence, My, > Ry, (n has been
chosen arbitrarily). The relation Ry, < Ry can be obtained from

Jim d(Ra(0-p)|R1(0—1p)) =0.

This finishes the proof of this proposition. O
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In the following lemma, domains of attraction (repulsion, respectively) of
attractive (repulsive, respectively) solutions lying in repellers (attractors,
respectively) are analyzed.

Lemma 2.39. We suppose that X is a Banach space. Then the following
statements are fulfilled:

(i)

(ii)

(iii)

(iv)

Let R be a past repeller and p : O~ (p) — X be a past attractive solution
with
w(0_¢p) € int R(6_p) forall t>0.

Then we have
liminf (R(0-p) — p(6-:p)) > A, -

Let A be a past attractor and pn: O~ (p) — X be a past repulsive solution
with
w(@_sp) € A(O_yp) forall t>0.

Then the relation A(0_p) — p(0—cp) O R, (0—4p) holds for all t > 0,
and we thus have

liminf (A(6-ep) — p(6-ep)) > Ry

Let A be a future attractor and p : OF(p) — X be a future repulsive
solution with
w(0:p) € int A(6p) for all t > 0.

Then we have
litrgior.}f (A(Oep) — u(bp)) DR,

Let R be a future repeller and p @ Ot (p) — X be a future attractive
solution with
w(0:p) € R(Oip) for all t > 0.

Then the relation R(6:p) — pu(0:ip) D A, (01p) holds for allt > 0, and we
thus have
litrgirolf (R(0:p) — u(6:p)) D A,

Remark 2.40.

(i)

(i)

This lemma implies that (past and future) attractors or repellers con-
taining repulsive or attractive solutions, respectively, are nontrivial, i.e.,
their fibers are not singletons.

Since the notions of all-time attractivity and repulsivity are stronger
than those of past and future attractivity and repulsivity (cf. remark
after Definition 2.14), the assertions of the above lemma are also ap-
plicable for all-time attractors and repellers.
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Proof (Lemma 2.39). Because of Proposition 2.32, it is sufficient to show the
statements (i) and (ii).
(i) We choose = € A;". Due to the hypotheses, there exists an 7 > 0 such that

o(—t,p)Uy(1(p)) C R(0—yp) forall t>0.

Since z € A, there exists a 7 > 0 with

o(t, 0_ip)((0—sp) + ) € Uy(u(p)) forall t > 7.

Hence, we have

w(0-ep) +x = p(—t, p)(t,0—p)(u(0—¢p) + x) € R(6_sp) forall t >7.

Therefore, € liminf; .o (R(0—p) — p(0—p)).
(ii) We choose z € R, (p) and ¢ > 0 arbitrarily. Since y lies in A, there exist
n > 0 and 7 > 0 such that

o(t,0_p)Uy,(u(0—tp)) C Us(A(p)) forall t > 7.

Since € R, (p), there exists a 7 > 0 with

o(—t,p)(u(p) + x) € Uy(u(0_ip)) for all t > 7.

Hence, with ¢ := max {r, 7}, the relation

w(p) +x = @(t,0_p)o(—t,p)(u(p) + =) € Us(A(p))

holds. Since § has been chosen arbitrarily and A(p) is compact, we have u(p)+
r € A(p), and therefore, u(p)+R; (p) C A(p) is fulfilled. The assertion follows
directly from Proposition 2.31 (i). O

In the following theorem, sufficient conditions are derived to guarantee the
existence of a nonautonomous attractor (repeller, respectively) which contains
a nonautonomous repulsive (attractive, respectively) solution.

Theorem 2.41 (Existence of nonautonomous attractors and
repellers). Assume, X is a Banach space. Then the following statements

are fulfilled:

(i) We suppose that p: O~ (p) — X is a past attractive solution such that

A is bounded and there exist € > 0 and s > 0 such that for all T > s,

Jim d(p(=t,0_rp)Ue (u(0—rp) + A7) [p(0—r—ip) + A7) = 0. (27)

Then there exists a 3 > 0 such that the invariant and compact past
nonautonomous set R, defined by

R(0_i—sp) = p(—t,0_sp) clsUg(u(0—sp)) for all t >0,
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(ii)

(iii)

(iv)
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s a past repeller fulfilling

A C limint (RO-p) ~ u(0-)
C limsup (R(0_¢p) — pu(0_1p)) C cls Ay,

t—oo

We suppose that p : O~ (p) — X is a past repulsive solution such that
R, is bounded and there exists an n > 0 such that for all e > 0, there
exists an s > 0 such that for all T > s, there is a T > 0 with

ot 0_rp)Uyn (1(O0—r—1p) + R;,) C Uc(p(0—7p)+R; ) forall t >T.
Then there exists a past attractor A C O~ (p) x X fulfilling
R, C liminf (A(0-¢p) — u(0-:p))
C limsup (A(0_¢p) — p(0_p)) C clsR;, .

t—oo

We suppose that j: OF (p) — X is a future repulsive solution such that
R, is bounded and there exist € > 0 and s > 0 with

tllglo d(e(t,0-p)Us (1(07p) + R, ) |(Ogrp) + R) =0 forall 7> 5.

Then there exists a B > 0 such that the invariant and compact future
nonautonomous set A, defined by

A(Or15p) = p(t,0sp) clsUs(p(0sp))  for all t >0,
s a future attractor fulfilling
R, C liminf (A(6:p) — p(6ep))
C limsup (A(6:p) — p(0ip)) C clsR,” .
t—o0
We suppose that ji : OF (p) — X is a future attractive solution such that

A is bounded and there exists an m > 0 such that for all € > 0, there
exists an s > 0 such that for all T > s, there is a T > 0 with

(=t 0r1p)Uy (10 4ep) + Ay) C Ue(u(0rp) + A7) forall t>T.
Then there exists a future repeller R C O%(p) x X fulfilling
A, < liminf (R(0:p) — p(0p))
C limsup (R(6;p) — p(6:p)) C cls A

t—oo
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Proof. Due to Proposition 2.32, it is sufficient to show the statements (i) and
8;) We choose a 8 > 0 with cls Ug(0) C Uc(A;;) and define
R(0_s_ip) := o(—t,0_sp) clsUg(p(0—sp)) forall t>0.
This means that
R(0_s—1p) C o(—t,0_sp)Uc(n(6—-sp) + A;7) forall £ >0. (2.8)
Moreover,
Jim d(R(0-p)|u(0-1p) + A7)

(2.8) _ .\ (27
< Jim d(p(—t,0_ap)Ue (u(0-sp) + A7) |1(0-s—ip) + A) =70

is fulfilled, and therefore,

limsup (R(0_ip) — p(0_¢p)) C cls A

t—o0

holds. Next, we show that R is a past repeller. Suppose that
§ :=liminf d(p(6—¢p) + A5 |R(6—p)) >0 (2.9)
t—oo

is fulfilled. Since cls. A}~ is compact, there exist an n € N and elements
Ti,...,T, € cls A such that

cs A, C U Usja(w;) .
i=1
For all i € {1,...,n}, we choose arbitrary elements
yi € Usya(zi) VA,

Then the set C':= {y1,...,yn} is a compact subset of A;~ which fulfills

d(A;7|C) <

N >,

. (2.10)

It follows from Proposition 2.26 (i) that there exists a > 0 such that
@(t,0_s_yp) (W(0—s—sp) + C) C Us(u(6—_sp)) C R(O_sp) forall t > 1.
Hence, due to the invariance of R, we obtain

tlir&d(u(@,tp) +C|R(0-4p)) =0.

Using Lemma A.9, this implies
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liminf d(u(0_¢p) + A5 |R(0_:p))
t—o0

< liminf (d(u(9 ) + A [p(0—ip) + C) + d(p (9-tp)+C\R(9-tp)))
(2.10) §
<

This is a contradiction to (2.9). Therefore,

Jim d(pu(0-ip) + A [R(0-p)) =0 (2.11)

is fulfilled. Furthermore, there exists a t > 0 with

d(R(G—s—Tp) |,u(0—5—7p) + ‘AAT)

(2.8) _ NG
< d(p(=7,0-p)Ue ((0-p) + A7) [1(0—o—sp) + A7) < =

O |

for all 7 > £. Hence, we have

Ue (1(0—s—rp) + A7) D Usjo (Uea(n(0—s—rp) + A7)
D U.j2(R(0-s—1p)) forall 7>1¢. (2.12)

For all 7 > ¢, the inequality

Jim d(p(—t, 0 p)Ue o (R(O—s—-0)) | R(O—s—r—1p))

(2.12)
< tliglo d(‘ﬁ(_tv Q,S,Tp)UE (,U(G,S,Tp) + A:) |R(675777tp))

Lemma A.9 . - P
< tliglo d((p(ft, Q—S—Tp)UE( (a—s—Tp) + A )|N(0—S—T—tp) + Au )

+ lim d(p(0—s—r—ep) + A |R(O-s—7—1p))

(2.7), (2.11) 0

holds, and this means that R is a past repeller. The relation

lim inf (R(0—p) — u(0-1p)) > A

follows from Lemma 2.39 (i).
(ii) We define the past nonautonomous set M by its fibers

M(0_sp) :=Uy(pu(t)+R;7) forall t>0.

Due to the hypotheses, the fibers of a compact past absorbing set B with
respect to {M} can be defined with the following property: For all £ > 0,
there exists a 7 > 0 such that

R+ u(0-ep) C B(0_yp) CU(R;, +pu(0—sp)) forall t>7. (2.13)
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Therefore, Theorem 2.35 yields the existence of an { M }-past attractor A C B
fulfilling

_ ] (2.13) _
limsup (A(0—¢p) — p(0_sp)) C limsup (B(0_ip) — p(0_sp)) C clsR; .

t—o0 t—o0

Due to Corollary 2.36, A is also a past attractor. The relation
litrg(i;}f (A(O-tp) — p(0-p)) DR,

follows from Lemma 2.39 (ii). O

2.4 Other Notions of Attractivity and Repulsivity

In this section, other notions of attractivity and repulsivity from the litera-
ture are discussed with respect to their relationship to the definitions of the
previous section. In the first subsection, the well-known theory of stability in
the sense of Lyapunov is treated, and in Subsection 2.4.2, it is indicated that
the notions of past (future, all-time, respectively) attractor and repeller are
generalizations of the concept of attractor and repeller introduced in CONLEY
[53]. Finally, the last subsection is devoted to the theory of nonautonomous
attractors.

2.4.1 Stability in the Sense of Lyapunov

Several different forms of stability are examined in the literature. Most arti-
cles in this area, however, deal with the concept of stability in the sense of
Lyapunov, which has been introduced by LYAPUNOV in his thesis [110] (see
[112, 113] for translations into French and English). We shortly review the
basic definitions of this theory in the context of nonautonomous differential
equations (see also the classical books from CESARI [39] and HAHN [74]).
An analogous theory exists for nonautonomous difference equations (see, e.g.,
AGARWAL [2]). Let

i= f(t,z) (2.14)

be a nonautonomous differential equation with a function f: D C R x RN —
RY satisfying conditions guaranteeing local existence and uniqueness of solu-
tions (see Appendix A.1). The general solution of (2.14) is denoted by A. A
solution 1 : (7,00) — R¥ is called Lyapunov-stable if for all ty > 7 and ¢ > 0,
there exists a 6 = §(tg,e) > 0 with

)\(15, to, Ug(ﬂ(t(]))) C Ue(ﬂ(t)) for all t > tg.

Furthermore, a solution yx : (1,00) — R is called Lyapunov-attractive if for
all tg > 7, there exists an nn = n(tg) > 0 such that
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tlim At to, ) — p(t)]| =0 for all x € U,(u(ts)) .
—00

There exist counterexamples in dimensions greater than one which show
that not every Lyapunov-attractive solution is Lyapunov-stable (see, e.g.,
AULBACH [14, Beispiel 7.4.16, p. 325] and BHATIA & SzEGO [30, p. 59]).
However, if a solution is both Lyapunov-stable and Lyapunov-attractive, we
call this solution Lyapunov-asymptotically stable. If in the definition of the
Lyapunov-stable solution, ¢ is independent of ¢y, we call this solution uni-
formly Lyapunov-stable. In case 7 is independent of t; in the definition of
the Lyapunov-attractive solution, we call this solution uniformly Lyapunov-
attractive. A solution which is both uniformly Lyapunov-stable and uniformly
Lyapunov-attractive is called uniformly Lyapunov-asymptotically stable (see,
e.g., SELL [167, p. 130]).

The concept of uniform asymptotically stability is a very strong form of sta-
bility in the sense of Lyapunov. It is easy to prove that any future attractive
solution of (2.14) is uniformly Lyapunov-asymptotically stable.

2.4.2 Autonomous Attractors and Repellers

There are many different notions of attractor and repeller for (autonomous)
dynamical systems (see SIENZ [174] for a summary). Many authors use various
properties such as irreducibility, topological transitivity or connectivity in
their definitions. As stated below, the concept of nonautonomous attractor
and repeller in this book is closely related to the autonomous definitions used
in CONLEY [53]. There, the main building blocks of attractor and repeller
are invariance, compactness and local attractivity and repulsivity. We shortly
review the definitions. Let ¢ : T x X — X be a discrete (i.e., T = Z) or
continuous (i.e., T = R) dynamical system on a metric space (X, d). A compact
set A C X is called attractor of ¢ if A is invariant, i.e.,

p(t,A)=A forall teT,

and if A is the w-limit set of some neighborhood V of A4, i.e.,
A=w(V):=()o(t,o),V).

t>0

An invariant and compact set R C X is called repeller if it is the a-limit set
of some neighborhood W of R, i.e.,

R=a(W):=)o((—o,1,W).

<0

One easily verifies that the definitions of past (future, all-time, respectively)
attractor and repeller are indeed proper generalizations of this concept of at-
tractor and repeller. In case of finite-time attractors and repellers, the situa-
tion is more subtle, since, given T' > 0, not every attractor is a (0, T)-attractor.
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However, given an attractor A, there exists a 7 > 0 such that for all T' > 7,
A is a (0, T)-attractor.

2.4.3 Nonautonomous Attractors

Since the 1990s, the attractivity of nonautonomous sets is intensively dis-
cussed. In particular, the notions of pullback attractor and forward attrac-
tor have been introduced (see, e.g., CHEBAN & KLOEDEN & SCHMALFUSS
[40, 41] or KLOEDEN & KELLER & SCHMALFUSS [98]). Pullback and for-
ward attractors whose attraction rate is uniform with respect to the time
are called uniform attractors (such attractors are discussed in the monograph
CHEPYZHOV & VISHIK [44]). Closely related to pullback attractors are the
so-called random attractors (see, e.g., ARNOLD [5], CRAUEL & DEBUSSCHE &
FrLANDoOLI [56], CRAUEL & FLANDOLI [58] and SCHENK-HOPPE [159]). The
most general form of a pullback attractor (see, e.g., ARNOLD [5, Definition
9.3.1, p. 483]) coincides basically with the notion of the M-past attractor as
introduced in Definition 2.6 (iii). In the literature, M is called the attraction
universe. Global pullback attractors are considered often, e.g., in CHEBAN &
KLOEDEN & SCHMALFUSS [41, Definition 2.4]. In this case, the universe M
is supposed to contain all fiber-wise constant and compact nonautonomous
sets. The past attractor as introduced in Definition 2.6 (i), however, is a local
form of a pullback attractor. Here, the universe contains a neighborhood of
the attractor itself. Another form of a local pullback attractor is introduced
in LANGA & ROBINSON & SUAREZ [103, 105].

In contrast to pullback attractors, forward attractors play a minor role in
the literature. Usually, only global forward attractors are considered (for an
exception, see AULBACH & RASMUSSEN & SIEGMUND [16, Definition 3.4]).
The M-future attractor of Definition 2.10 (iii) provides a very general form
of a forward attractor. By choosing M as the set of all fiber-wise constant
and compact nonautonomous sets, one obtains the usual definition of a global
forward attractor. A local form of a forward attractor, however, is provided
by the future attractor as introduced in Definition 2.10 (i).

Apart from these classes of attractors, pullback and forward attractors which
are allowed to be noncompact are introduced in AULBACH & RASMUSSEN &
SIEGMUND [16, Definition 3.4]. Instead to be compact, attractors of this type
are supposed to be “compactly generated”. This notion includes some classes
of noncompact nonautonomous invariant manifolds (see AULBACH & RaAs-
MUSSEN & SIEGMUND [17, 18]), but is no proper generalization of a compact
attractor, since a compact attractor is not compactly generated in general.
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2.5 Bifurcation and Transition

This section is devoted to the introduction of various nonautonomous
concepts of bifurcation and transition based on the notions of attractivity
and repulsivity from Section 2.3.

Throughout this section, let (0 :TXP—P,py: Dy CTXPxX — X),
a € (of, oﬁ), be a family of nonautonomous dynamical systems with a base
set P and a metric space (X, d).

2.5.1 Definitions

In addition to the four different time domains (past, future, all-time and
finite-time), we also distinguish between bifurcations of radii of attraction and
repulsion and transitions of attractors and repellers. Attractor transitions are
studied in, e.g., MA & WANG [114], or see KLOEDEN & SIEGMUND [99], where
also nonautonomous attractors are considered.

We begin with the definitions concerning the past of the system.

Definition 2.42 (Past bifurcation and transition). Let ap € (o™, a™).
We say, (0, pa) admits a supercritical past bifurcation at aq if there exist an
& > ag and a continuous function p: D C O(p) X (o, &) — X such that one
of the following two statements is fulfilled:

(1) wp(-, @) is a past attractive solution of (8, pq) for all a € (ap, &), and

lim &, =0

oag HG@)
18 fulfilled. In case X is a Banach space, we call this bifurcation total if

lim d(A5. ]{0}) =0

.o u(a)

holds, otherwise, we call this bifurcation partial.

(ii) p(-, ) is a past repulsive solution of (6,¢q) for all a € (ap, &), and

lim R o) =0

aN\.ag

18 fulfilled. In case X is a Banach space, we call this bifurcation total if

lim d(R;. . |{0}) =0

oo n(-a)

holds, otherwise, we call this bifurcation partial.

We say, (0, ¢.) admits a supercritical past attractor (past repeller, respec-
tively) transition at ag if there exist an & > oy and past attractors (past
repellers, respectively) My, of (6, pa) for a € (g, &) with
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lim limsup diam M, (0_p) =0 forall pe P.

aNQO  t—eo

Accordingly, subcritical past bifurcations and past attractor (past repeller,
respectively) transitions are defined by considering the limit a~«v.

The following definition is devoted to the introduction of future bifurcations
and transitions.

Definition 2.43 (Future bifurcation and transition). Let ap € (o™, a™).
We say, (0, pq) admits a supercritical future bifurcation at ag if there exist
an & > ag and a continuous function p: D C O(p) X (g, &) — X such that
one of the following two statements is fulfilled:

(1) wp(-, @) is a future attractive solution of (0, pa) for all o € (e, &), and

lim 27 ) =0

N\, o

1s fulfilled. In case X is a Banach space, we call this bifurcation total if

lim d(A, ,[{0}) =0

a\, o
holds, otherwise, we call this bifurcation partial.

(ii) u(-, ) is a future repulsive solution of (0, ) for all a € (ap, &), and

[eANeT)]

18 fulfilled. In case X is a Banach space, we call this bifurcation total if

lim d(R. .[{0}) =0

oo u(-a)
holds, otherwise, we call this bifurcation partial.

We say, (0,¢,) admits a supercritical future attractor (future repeller,
respectively) transition at g if there exist an & > «g and future attractors
(future repellers, respectively) M, of (0, ) for a € (qg, &) with

lim limsup diam M, (6;p) =0 for all p € P.

aNa@  t—oo
Accordingly, subcritical future bifurcations and future attractor (future
repeller, respectively) transitions are defined by considering the limit aay.

In the next definition, the notions of all-time bifurcation and transition are
explained.

Definition 2.44 (All-time bifurcation and transition). For a given
ap € (a™,a™), we say, (0,pq) admits a supercritical all-time bifurcation at
ag if there exist an & > ag and a continuous function p : O(p) X (g, &) — X
such that one of the following two statements is fulfilled:
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(i) w(,a) is an all-time attractive solution of (0,vs) for all a € (ag, &),
and
lim Ql:(_’a) =0

N\, o

18 fulfilled. In case X is a Banach space, we call this bifurcation total if

lim d(Arf | {0}) =0

Peagro w(-

holds, otherwise, we call this bifurcation partial.

(ii) p(, ) is an all-time repulsive solution of (6, ¢,) for all o € (ag, &), and

lim R ) =0

aN\.ago

18 fulfilled. In case X is a Banach space, we call this bifurcation total if

lim d(R;(..[{0}) =0

N\, o

holds, otherwise, we call this bifurcation partial.

We say, (0,¢q) admits a supercritical all-time attractor (all-time repeller,
respectively) transition at «q if there exist an & > ag and all-time attractors
(all-time repellers, respectively) My, of (6, pa) for a € (g, &) with

lim sup diam M, (p) =0.
ANQO pep

Accordingly, subcritical all-time bifurcations and all-time attractor (all-time
repeller, respectively) transitions are defined by considering the limit o ~«.

Finally, the following definition treats the concept of finite-time bifurcation
and transition.

Definition 2.45 (Finite-time bifurcation and transition). For a given
ag € (a™,a™), we say, (0,0,) admits a supercritical (p, T)-bifurcation at g
if there exist an & > ag and a continuous function pu : OT(p) x (ag, &) — X
such that one of the following two statements is fulfilled:

(i) u(-, @) is a (p, T)-attractive solution of (68, ps) for all a € (o, &), and

lim A®D —o

aN.ap F‘("O‘)
18 fulfilled.
(ii) (-, ) is a (p,T)-repulsive solution of (6, ) for all a € (ap, &), and

lim m(”’“) -0

aN.ag p(se

holds.
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We say, (0, o) admits a supercritical (p, T)-attractor ((p, T)-repeller, respec-
tively) transition at «g € (aﬂa*) if there exist an & > «g and (p,T)-
attractors ((p, T)-repellers, respectively) My, of (8, pq) for a € (ag, &) with
lim diam M, (p) =0.
a\, o
Accordingly, subcritical (p,T)-bifurcations and (p,T)-attractor ((p,T)-
repeller, respectively) transitions are defined by considering the limit aay.

2.5.2 Examples

In this subsection, two nonautonomous differential equations are discussed
which are closely related to standard examples of equations admitting an
autonomous bifurcation. The first example is of pitchfork type and leads to a
total nonautonomous bifurcation; the second one is of transcritical type and
gives rise to a partial nonautonomous bifurcation.

Ezample 2.46 (Nonautonomous pitchfork bifurcation). We consider the non-
autonomous differential equation

i = aa(t)z + b(t)z® = z(aa(t) + b(t)z?) (2.15)

depending on a real parameter o with continuous functions a : R — R and
b:R — R for some x > 0. The equation (2.15) is a nonautonomous version
of the well-known autonomous differential equation

a'czax+x3:ac(a+x2),

which admits a pitchfork bifurcation (see, e.g., GUCKENHEIMER & HOLMES
[72, p. 150]). For fixed o € R, (2.15) has already been discussed in Exam-
ple 2.30, where we have derived sufficient conditions concerning the attractiv-
ity and repulsivity of the trivial solution. The following statements are direct
consequences of these observations. The above nonautonomous differential
equation admits a

e total supercritical past bifurcation at o = 0 if

t t
ltiinigaf(lj((t;>0 and 1121820p22t))<00,

e total subcritical past bifurcation at o = 0 if

t t
1&nig§2§£>0 and 111381iopz((t§<oo,

e total supercritical future bifurcation at a = 0 if

t t
litniiorgf _(l:ét; >0 and h{rib;lip _ZEt; < 00,
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e total subcritical future bifurcation at o« = 0 if

litrggclfz((:;>0 and 1i?lsololpz((g<oo,

e total supercritical all-time bifurcation at o« = 0 if

. a(t) a(t)
f ——= Sup ———~
%IellR 0] >0 and 2161]12 0 < 00,

e total subcritical all-time bifurcation at o = 0 if

. oat) a(t)
f —~ d —
ik pp 0 and sup gy <o,

e total supercritical (7, T)-bifurcation at o = 0 if

—@>O for all ¢t € [r,7+T],

b(?)

e total subcritical (7, T)-bifurcation at o = 0 if

a(t)

—= >0 forall te|r,7+1T].

0 [ ]
A generalization of this equation is discussed in Section 6.2. It is also shown
there that this example admits attractor and repeller transitions.

Remark 2.47. A special form of the above example (for constant functions a)
is discussed in LANGA & ROBINSON & SUAREZ [103, Proposition 3.1] and
CARABALLO & LANGA [37, Subsection 4.1].

Ezample 2.48 (Nonautonomous transcritical bifurcation). We consider the
nonautonomous differential equation

@ = aa(t)z + b(t)z® = z(aa(t) + b(t)z)

depending on a real parameter o with continuous functions a : R — R and
b:R — R} for some k > 0. This equation is a nonautonomous version of the
well-known autonomous differential equation

i=ar+2°=z(a+x),

which admits a transcritical bifurcation (see HALE & Kog¢Ak [78, Exam-
ple 2.3, p. 28]). Analogously to Example 2.46, we see that the above non-
autonomous differential equation admits a
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e partial supercritical and subcritical past bifurcation at aw = 0 if
t t
lim inf & >0 and limsup @ < 00,
t——oco | b(t) t——oo | D(t)

e partial supercritical and subcritical future bifurcation at o = 0 if
t t
lim inf @ >0 and limsup @ < 00,
t—oo | b(t) t—oo | (1)

partial supercritical and subcritical all-time bifurcation at a = 0 if

. |a(t) a(t)
f|—= d —Z
0] R 4 170] el

partial supercritical and subcritical (7, T)-bifurcation at a = 0 if

a(t)

—=1 >0 forall te|r,7+1T].
0 ‘ T [, 7 ]
A generalization of this nonautonomous differential equation is discussed in
Section 6.1.

2.6 Other Notions of Bifurcation and Transition

In this section, several notions of bifurcation for (nonautonomous) dynamical
systems are discussed with respect to their relationship to the concept of
bifurcation and transition introduced in the previous section.

In the first subsection of this section, the autonomous bifurcation theory is
treated. As mentioned in Section 2.2, the notion of the nonautonomous dy-
namical system is an abstraction of both topological skew product flows and
random dynamical systems. In the recent studies of bifurcations of nonau-
tonomous dynamical systems, one should also distinguish between topologi-
cal skew product flows (cf. Subsection 2.6.2) and random dynamical systems
(cf. Subsection 2.6.3). So far, there are only few approaches to the non-
autonomous bifurcation theory without imposing special hypotheses on the
base set P such as compactness or existence of an invariant measure (cf. Sub-
section 2.6.4).

Please note that in Section 5.4, a relationship between the concept of finite-
time bifurcation and the bifurcation theory of adiabatic systems is pointed
out.

2.6.1 The Autonomous Case

As mentioned in CHOW & HALE [46] and MARSDEN & HUGHES [116], there
are two distinct aspects of autonomous bifurcation theory: static and dy-
namic. The static point of view is concentrated on the qualitative changes in
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the structure of the set of zeros of a function as parameters are varied. The
dynamic bifurcation theory, however, is concerned with dynamical changes
that occur in invariant sets (such as equilibria, periodic orbits, heteroclinic
orbits and invariant tori).

Since the concept of bifurcation and transition used in this book is based on
notions of attractivity and repulsivity, the static approach is too narrow in
our situation, and we hope that the center manifold theory, which had been so
fruitful in dynamic bifurcation theory, will be a method for future research in
a higher dimensional nonautonomous bifurcation theory (cf. Example 7.14).
It is not clear a priori to what extent the method of Lyapunov-Schmidt (see,
e.g., HALE [76, Section 1)) is able to give a contribution in the nonautonomous
context.

In the Introduction (Chapter 1), an easy example already indicated that
autonomous bifurcation phenomena can be described in terms of the con-
cepts of nonautonomous bifurcation and transition. Please note also that
in Chapter 6, one-dimensional nonautonomous bifurcations are studied, and
Example 6.3 shows that the nonautonomous patterns are applicable also in
the autonomous context. Moreover, it is shown in Chapter 7 that the classi-
cal bifurcation scenarios of saddle node, pitchfork, transcritical or Hopf type
can be transferred to asymptotically autonomous equations. By regarding an
autonomous system which admits a bifurcation of this type as an asymptoti-
cally autonomous system, one sees that the autonomous situation fits well
into our context.

Interesting books on the topic of autonomous bifurcation theory are CHOW &
HALE [46], GUCKENHEIMER & HOLMES [72], HALE & KogAK [78], KUZNET-
sow [101] and Luo & WANG & Zuu & HAN [109]. For a brief introduction,
see also CRAWFORD [60].

2.6.2 Topological Skew Product Flows

In the bifurcation theory of nonautonomous dynamical systems where the
base set is supposed to have a certain topological structure, one distinguishes
between attractor-repeller bifurcations and bifurcations of solutions.

An attractor-repeller bifurcation either occurs if a nontrivial attractor or
repeller, respectively, shrinks down to a trivial object by variation of the
parameter (this corresponds to the notion of transition), or if an attractor
bifurcates from a repeller in the sense of Hausdorff distance. Please note that
the attractors and repellers under consideration are autonomous objects of
the skew product flow.

In JOHNSON & MANTELLINI [86], FABBRI & JOHNSON & MANTELLINI [67]
and FABBRI & JOHNSON [66], for one-dimensional nonautonomous differential
equations with strictly ergodic time dependence (e.g., quasi-periodic equations
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are of this type), attractor-repeller bifurcations are considered. Bifurcations
of attractors and repellers are also studied in JOHNSON & KLOEDEN &
PAVANI [85] and JOHNSON [84] for deterministic counterparts of the Two-Step-
Bifurcation-Pattern. These considerations are based on the studies of Ludwig
Arnold and his coworkers in the context of stochastic differential equations
(see ARNOLD [5]). In GLENDINNING [70], a bifurcation of nonchaotic strange
attractors of a quasi-periodic differential equation is verified, both numerically
and analytically.

A bifurcation (of pitchfork and transcritical type) of almost periodic solutions
of an almost periodic ordinary differential equation is examined in KLOEDEN
[97].

We also mention autonomous bifurcations of invariant sets on which the
dynamics of the system is nonperiodic, because the analysis requires—by
means of the equation of perturbed motion—mnonautonomous techniques. In
JOHNSON [84] and JOHNSON & Y1 [87], former studies concerning the bi-
furcation of invariant tori (see, e.g., SELL [169] and CHENCINER & I00SS
[42, 43]) are continued. The authors consider for an autonomous differential
equation the loss of stability of an invariant set (which is, for instance, the
closure of a nonperiodic and bounded trajectory). The bifurcation theory of
tori with quasi-periodic flows whose frequencies satisfy the Diophantine con-
dition is well-developed (see BROER & HUITEMA & TAKENS & BRAAKSMA
[36], BROER [35] and BRAAKSMA & BROER [33]).

2.6.3 Random Dynamical Systems

To study bifurcation phenomena of random dynamical systems, two different
concepts have been pursued so far: the so-called phenomenological approach
(P-bifurcation) and the dynamical approach (D-bifurcation). For fundamental
explanations and comparisons, we refer to ARNOLD & NAMACHCHIVAYA &
SCHENK-HOPPE [8], ARNOLD [5, 6] and SCHENK-HOPPE [156, 157] (see also
SCHENK-HOPPE [158, 159]).

P-bifurcations describe changes in stationary probability densities in special
families of random dynamical systems. For instance, these densities exhibit
transitions from one-peak to two-peak or crater-like structures. The concept
of P-bifurcation can be formalized using the notion of equivalent probabil-
ity densities, introduced by ZEEMAN [185, 186], which gives rise to a notion
of structural stability. There are many drawbacks to this phenomenological
approach, which are mentioned, e.g., in ARNOLD [5, Subsection 9.2.2]. Since
P-bifurcations are static in the sense that there is no connection to stability
properties obtained by Lyapunov exponents, we cannot expect a relationship
to the concept of bifurcation introduced in this chapter.

Recently, the study of random bifurcation phenomena concentrated on
D-bifurcations. A D-bifurcation occurs if from an invariant reference measure,
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another invariant measure bifurcates in the sense of weak convergence. It has
been shown that this concept links the local bifurcation of invariant measures
with the stability determined by the Lyapunov exponents.

2.6.4 General Nonautonomous Dynamical Systems

So far, there have been two approaches in the study of bifurcation phenomena
of nonautonomous dynamical systems where no special hypotheses concerning
the base set are made.

In KLOEDEN & SIEGMUND [99], a nonautonomous bifurcation is understood as
a (continuous or discontinuous) transition from a nontrivial (global) pullback
attractor to a trivial pullback attractor.

In LANGA & ROBINSON & SUAREZ [103], for nonautonomous differen-
tial equations, notions of Lyapunov pullback-stable and Lyapunov pullback-
unstable solutions are introduced, and bifurcations in form of merging
processes of two distinct solutions with different stability behavior are studied
by means of relatively simple examples. In their recent paper [105], the three
authors found sufficient conditions for the Taylor coefficients of the right hand
side of one-dimensional differential equations which guarantee the existence
of such bifurcations. These conditions, however, are of a quite different form
than the results obtained in Chapter 6 (cf. also the introduction of Chapter 6).
Note that in CRAUEL & IMKELLER & STEINKAMP [59], also one-dimensional
bifurcation patterns are studied, but in the context of random dynamical sys-
tems. Necessary and sufficient conditions are obtained for stochastic pitchfork
and transcritical bifurcations.



3

Nonautonomous Morse Decompositions

The global asymptotic behavior of dynamical systems on compact metric
spaces can be described via Morse decompositions. Their components, the
so-called Morse sets, are obtained as intersections of attractors and repellers.
In this chapter, nonautonomous generalizations of the Morse decomposition
are established with respect to the notions of past and future attractivity
and repulsivity. The dynamical properties of these decompositions are dis-
cussed, and nonautonomous Lyapunov functions which are constant on the
Morse sets are constructed explicitly. Furthermore, Morse decompositions of
one-dimensional and linear systems are analyzed.

For a discussion of elementary properties of Morse decompositions, we refer to
the original work of CONLEY [53] and to RYBAKOWSKI [149, Chapter 3] (see
also CoLoNIUS & KLIEMANN [50, Appendix B2], ROBINSON [146], AKIN [3]
and SCHMIDT [162]). Recently, OcHS [123] used the notion of weak attractor
to construct Morse decompositions for random dynamical systems (see also
CRAUEL & Duc & SIEGMUND [57]).

In this chapter, we suppose that (§ : Tx P - P, p: Tx P x X — X) is an
invertible nonautonomous dynamical system with an arbitrary base set P and
a compact metric space (X, d). Note that invertibility implies that T = R or
T = Z. Moreover, we assume that all (past or future) attractors and repellers
M under consideration fulfill either P*(M) = P or M = {).

Since Morse decompositions for the future are obtained via time reversal from
Morse decompositions for the past, only the results concerning past Morse
decompositions are proved in this chapter.

3.1 Attractor-Repeller Pairs

In this section, it is analyzed if for a given nonautonomous attractor, there
exists a corresponding nonautonomous repeller and vice versa.
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Due to the Axiom of Choice, there exists a set P* C P such that [p] N P*
is a singleton for all p € P. We write P* = Py U P with P; containing all
periodic points in P*, i.e., p* € Py if and only if there exists a 7 € T+ with
p* =0,p*, and P := P*\ P;.

Let R be a past repeller, i.e., there exists an n > 0 such that for all p* € P*,
there exists a t*(p*) > 0 with

tlim d(o(=t,0_-p*)Uy(R(O—-p*))|R(O—7—p*)) =0 for all 7> t*(p").

(3.1)
For ¢ € (0,7], we define the compact nonautonomous set B¢ by
sy . JXNUA(RO-p™)) -t =7 (p7) M—
B (0_ip*) :== { % <t () forall p* € Py andt e T

and
Be(0-ip*) == X\ Uc(R(0—4p*)) forall p* € Py andt €T,

Theorem 3.1 (Existence of a past attractor-repeller pair). Let R be
a past repeller, and set M = {B¢ : ¢ € (0,n]} with B; defined as above.
Then there exists a uniquely determined M-past attractor R* C B,,, which is
also a past attractor. Furthermore, R* is the maximal past attractor outside
of R in the following sense: Any other past attractor A 2 R* has nonempty

intersection with R. We call (R*, R) a past attractor-repeller pair.

Fig. 3.1. Past attractor-repeller pair

Proof. We show that the hypotheses of Theorem 2.35 (i) are fulfilled by setting
B := B,,. Thereto, let ¢ € (0,n] and p € P. In case B(p) = X, the condition
(2.5) certainly holds, otherwise, there exist p* € P* and 7 > t*(p*) with
6_,p* = p. Due to (3.1), there exists a £ > 0 with
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d(o(—t, p)Uy(R(p)| R(O—ep)) < g for all ¢ > 1.

This means that o(—t, p)Uy,(R(p)) C U 2(R(0_¢p)) for all t > . Thus, we
have

¢(—t,p)By(p) = X \ o(~t,p)Uy(R(p)) D Be(6—yp) forall t >1.

This implies the desired relation ¢(t,0_,p)B¢(6_p) C B(p) for all t > L.
Therefore, Theorem 2.35 (i) guarantees the existence of an M-past attractor
R* C B,,. Due to Corollary 2.36, R* is also a past attractor. Let A 2 R* be
another past attractor. Then there exists a p € P with A(p) 2 R*(p). We
choose an x € A(p) \ R*(p). Since A > (p, x) is a past attractor, there exists
an 1 > 0 with

Jim d(ep(t, 0-p)Uz(p(—t.p)z) |A(p)) = 0.

Due to limy—o d(¢(—t,p)z, R(0_¢p)) = 0 (we will see this in Theorem 3.5
(ii)), there exists a sequence {y, }nen in R(p) with

lim d(y,,A(p)) =0.

n—oo
Since R(p) and A(p) are compact, this implies that their intersection is non-
empty. O

Based on Proposition 2.32, the construction of a future attractor-repeller pair
is not difficult.

Corollary 3.2 (Existence of a future attractor-repeller pair). Let A
be a future attractor. Then there exists a uniquely determined future repeller
A* C (P x X)\ A, which is the maximal future repeller outside of A in the
following sense: Any future repeller R 2 A* has nonempty intersection with
A. We call (A, A*) a future attractor-repeller pair.

Proof. Because of Proposition 2.32, A is a past repeller of (6, )~t. Due to
Theorem 3.1, there exists a corresponding past attractor A* of (0, ¢)~!. Then
A* is a future repeller of (6, ). The property that A* is the maximal future
repeller outside of A follows easily from Theorem 3.1. a

It is natural to ask if a past attractor implies the existence of a past repeller
and, equivalently, if a future repeller implies the existence of a future attractor.

The following example shows that this does not follow.

Ezample 3.3. The nonautonomous differential equation

i = f(t,z) (3.2)
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/() 1) IRAGD)

t>0 t<0 t — —o0

Fig. 3.2. The right hand side of (3.2)

with the function f : R x [0, 1] — R, defined by

2z — 1| —1 : t>0and z€[0,1]
flt,m) = 22 — 1] —1 : t<Oandze€ (0,3
)= 2-2t)(z—4)-1 : t<0andx€[%,%]
0 : t<0andx€( tl]
generates a nonautonomous dynamical system with P = R and X = [0, 1].

The invariant nonautonomous set A := R x {0} is a past (as well as a future
and an all-time) attractor. Assume, there exists a past repeller A* C Rx (0, 1].
Due to the invariance of A*, the form of the right hand side implies that there
exist v > % and 7 < 0 with

A*(t) C (v,1] forall t <.
Thus, there exists a 7o < 7 with
A*(s) = A*(t) and f(t,[v,1]) ={0} forall t,s <7y.

This contradicts the fact that A* is a past repeller.

Remark 3.4. This example shows that there is no possibility to construct
an all-time attractor-repeller pair: The past attractor A is also an all-time
attractor, and no corresponding all-time repeller exists, since this would be
also a past repeller. Furthermore, A is an all-time repeller for the system under
time reversal (see Proposition 2.32), and there is no corresponding all-time
attractor, since this would be an all-time repeller for the original system.

Now, some properties of nonautonomous attractor-repeller pairs are derived.
Theorem 3.5 (Properties of nonautonomous attractor-repeller

pairs). Let (R*,R) be a past attractor-repeller pair. Then the following
statements are fulfilled:
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(i) Past isolation. There exists a 3 > 0 such that for all p € P, there exists
a T >0 with

Usg(R*(0—tp)) NUs(R(0_ip)) =0  for all t > 7.

(ii) Backward convergence. Let p € P and C C X \ R*(p) be a compact set.
Then we have

lim d(io(~t,p)C| R(6-p)) = 0.
(iii) Pullback convergence. For all p € P and all functions v : TT — X with
liminf d(+(t), R(0—p)) >0,

we have
Jim d((t,0-p)r(t), B (p) = 0.

Let (A, A*) be a future attractor-repeller pair. Then the following statements
are fulfilled:

(i) Future isolation. There exists a § > 0 such that for all p € P, there
exists a T > 0 with

Us(A(:p)) NUs(A*(6ip)) =0 forall t > 7.

(ii) Forward convergence. Let p € P and C C X \ A*(p) be a compact set.
Then we have

Jlim d(p(t,p)C|A(0wp)) = 0.

(iii) Pushforward convergence. For all p € P and all functions v : TT — X
with
liminf d(v(t), A(6:p)) > 0,

t—oo
we have
lim d(p(—t,6:p)7(t), A*(p)) = 0.

t—o0

Proof. Let (R*, R) be a past attractor-repeller pair with n and M defined as
in the introduction of this section.

(i) Theorem 3.1 implies R* C B,,. The assertion follows by choosing /3 := 1/2.
(ii) Let p € P and C' C X \ R*(p) be a compact set. Since R* is an M-past
attractor and thus a {B, }-past attractor, there exists a 7 > 0 such that

CnNo(t,0_ip)B,(0_p) =0 forall t>r1.

Hence, for all ¢ > 7, the relation p(—t,p)C' N B, (6_;p) = 0 is fulfilled, and
therefore, we have limy . d((—t,p)C, R(0_p)) = 0.

(iii) We set ¢ := §min {n,liminf, .o d(y(t), R(6_¢p))} and see that there
exists a 7 > 0 with

v(t) € Be(0—yp) forall ¢t > 7.
This finishes the proof, since B, € M and R* is a M-past attractor. O



56 Chapter 3: Nonautonomous Morse Decompositions

Fig. 3.3. Backward convergence

Y
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Fig. 3.4. Pullback convergence

Theorem 3.1 implies that, given a past repeller R, the set R* is the uniquely
determined past attractor outside of R with the property of pullback conver-
gence as described in Theorem 3.5 (iii). It is easy to see that such a uniqueness
result is not valid for past repellers, i.e., it is possible that (A, Ry) and (A, Rs)
are past attractor-repeller pairs with Ry # Rs. The following proposition says
that in this case, Ry and R are converging to each other when time tends to
the past.

Proposition 3.6 (Form of nonuniqueness of nonautonomous
attractor-repeller pairs). Let Ry and Rs be past repellers with Ry = Rj.
Then we have

tlim di (R1 (G,tp),Rg(Q,tp)) =0 forallpeP.

— 00
Let Ay and Az be future attractors with Ay = A%. Then we have

tlim di (A1(0:p), A2(6p)) =0 forall pe P.
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Proof. Suppose, there exist a p € P and sequences {t, }nen in T and {v, }nen
in X with lim,,_,o t,, = 0o and ~,, € R1(0_¢, p) such that

liminf d(v,, Ro(0_¢,p)) > 0.

n—oo

Hence, Theorem 3.5 (iii), applied to the attractor-repeller pair (Rj, Ra),
implies that

lim d(¢(tn,0—¢,p)7n, R3(p)) = 0.

n—oo

Since @(tn,0-¢,p)yn € Ri(p) and R; and RY = R} are compact non-
autonomous sets, we obtain R;(p) N Ri(p) # (. This is a contradiction. O

3.2 Morse Decompositions

In this section, the notion of the attractor-repeller pair is generalized by con-
sidering Morse decompositions.

Definition 3.7 (Nonautonomous Morse decompositions). A family
{My, Ms,...,M,} of nonautonomous sets, the so-called Morse sets, is called
past Morse decomposition if the representation

M;=R;NR,_1 forall ie{l,...,n}
holds with past repellers
PxX=Ry2Ri2--2R,=0
fulfilling0 = R C R C---CRE=Px X.
A family {My, M, ..., M.} of nonautonomous sets, the so-called Morse sets,
is called future Morse decomposition if the representation
M, =A;NA;_, foralie{l,...,n}
holds with future attractors
N=A A S -CA, =PxX
fulfilling P x X = Ay 2 A5 2 --- 2 A; = 0.
Remark 3.8. Let (A, R) be a past (future, respectively) attractor-repeller pair

such that the relation § C A C P x X is fulfilled. Then {A, R} is a past
(future, respectively) Morse decomposition.
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Proposition 3.9 (Basic properties of nonautonomous Morse
decompositions). The Morse sets of a past Morse decomposition
{My,...,M,} are nonempty, invariant, pairwise disjoint and past isolated,
i.e., there exists a B > 0 such that for all 1 < i < j < n and p € P, there
exists a T > 0 with

Us(Mi(0_sp)) NUs(M;(0_sp)) =0 for all t> 7.

The Morse sets of a future Morse decomposition {Mj, ..., M,} are nonempty,
invariant, pairwise disjoint and future isolated, i.e., there exists a § > 0 such
that for all1 <i < j<mn and p € P, there exists a T > 0 with

Up(M;(0:p)) N Ug(M;(0:p)) =0 for all t > 7.

Proof. Let M; = R; N R;_1 be a Morse set. Since R} | C R, we can choose a
p € Pand an z € Rf(p) \ Ri_,(p). Since R} > (p,x) is a past attractor, there
exists an n > 0 with

Jim d(p(t,6-p)Uy (0(—t, p)a) | R} (p)) = 0.

Due to lim; o d(p(—t,p)2, Ri—1(0_¢p)) = 0 (cf. Theorem 3.5 (ii)), this means
that there exists a sequence {yn tnen in R;—1(p) with

lim d(yn, R;(p)) =0.

Since R;_1(p) and Rf(p) are compact, this implies M; = Rf N R;_1 # 0.
Furthermore, M; is the intersection of two invariant nonautonomous sets and
thus invariant. Choose another Morse set M; = R} NR;_1. W.Lo.g, we assume
7 > 4. Then we get

M; ﬂMj = R;k NR;_1 QR; ﬂijl = R;—il ﬂijl C R;,l N Rj71 =0.

The fact that the Morse sets are past isolated is an easy consequence of
Theorem 3.5 (i). a

As in the autonomous case, nonautonomous Morse decompositions are not
uniquely determined.

Definition 3.10. We say, the past Morse decomposition {My,...,M,} is
finer than the past Morse decomposition {Ml, . ,Mm} if

m

U Mi(e_tp)> =0 forallpeP

i=1

Jim d ( Ql M;(0—p)

is fulfilled.
We say, the future Morse decomposition { My, ..., My} is finer than the future
Morse decomposition {Ml, . ,Mm} if
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m

U Mi(ﬁtp)> =0 forallpeP

i=1

is fulfilled.

Remark 3.11.

(1)

The above definition is a generalization of the notion of a finer (auto-
nomous) Morse decomposition. In the autonomous case, a Morse decom-
position {My,...,M,} is called finer than the Morse decomposition
{]\th...,]\;[m} if for all j € {1,...,m}, there exists an 7 € {1,...,n}
such that M; C M; (see, e.g., COLONIUS & KLIEMANN [50, p. 542]). It
is easy to see that this is equivalent to

d(OMi 01\%) =0.
=1 =1

The additional limit in our nonautonomous context is motivated by
Proposition 3.6.

There are different forms of nonuniqueness for the Morse sets. As seen
in Proposition 3.6, two past attractor-repeller pairs are converging to
each other in case the past attractors are equal. One can find exam-
ples to show that such a (weak) form of nonuniqueness is not valid for
arbitrary Morse decompositions (i.e., those consisting of more than two
sets). However, in the special cases of one-dimensional and linear systems
(cf. Section 3.4 and 3.5), one obtains similar results as in Proposition 3.6
(cf. Proposition 3.18 and 3.23).

The following theorem shows that Morse sets are important for the asymptotic
behavior of nonautonomous dynamical systems.

Theorem 3.12 (Dynamical properties of nonautonomous Morse
decompositions). Pullback convergence. Let {M;, ..., M,} be a past Morse
decomposition obtained by the finite sequence of past repellers Ry D --- D R,,.
Then, for all p € P and all functions v : TT — X with

liminf d { 7(t), (] OR;(6-p) | >0,
j=1

we have
Jim d | o(t,0-p)r (1), Ule (n) | =0.
=
Pushforward convergence. Let {Mj, ..., My} be a future Morse decomposition

obtained by the finite sequence of future attractors Ag C --- C A,. Then, for
all p € P and all functions v : TT — X with
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litrgii)rolf d (), LJl 0A;(0:ip) | >0,
=

we have
lim d | o(~t,6:p)7(t), U1 M;(p) | =0.
j=
Proof. We assume w.l.o.g. that there exists an ¢ € {1,...,n} with

v(t) € Ri—1(0—:p) and ~(t) ¢ R;(6_p) forall ¢ >0.
Then liminf; o d(y(t), OR;(0—¢p)) > 0 yields
htniiogfdh(t)’ Ri(6_:p)) > 0.
Therefore, Theorem 3.5 implies that
Jim d(e(t,0-1p)7(1), B (p)) = 0. (3.3)

Assume, there exist € > 0 and a sequence {t,, }nen in T with lim,, . £, = 00
and
d(o(tn,0-1,p)V(tn), Mi(p)) > & forall n € N. (3.4)

W.lLo.g., the sequence {(p(tn,ﬁ_tnp)y(tn)}neN in R;_1(p) is convergent with
limit 29 € R;—1(p) (Ri—1(p) is compact). Moreover, zo € R} (p), since (3.3)
holds and R (p) is compact. Thus, zg € M;(p) = Rf(p) N R;—1(p). This
contradicts (3.4) and finishes the proof of this theorem. O

Remark 3.13. In contrast to attractor-repeller pairs, backward and forward
convergence conditions as described in Theorem 3.5 do not hold for arbi-
trary Morse decompositions. However, in the special cases of one-dimensional
and linear systems (cf. Section 3.4 and 3.5), one obtains similar results as in
Theorem 3.5 (cf. Theorem 3.17 and 3.22).

If the backward (in case of a past Morse decomposition) or forward (in case
of a future Morse decomposition) convergence holds, the following unique-

ness result concerning the past attractors or future repellers, respectively, is
fulfilled.

Proposition 3.14. Let {My,...,M,} be a past Morse decomposition
obtained by the finite sequence of past repellers Ry O -+- D R,. We assume
that the backward convergence holds, i.e., for all (p,x) € P x X, there exists
ani € {1,...,n} with

t—oo
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Then the representation

R =< (p,x)e Px X : tlim d | o(—t,p)z, U M;(0_p) | =0
j=1

holds for all i € {1,...,n}, i.e., the past attractors of the past Morse decom-
position are uniquely determined.

Let {My,...,M,} be a future Morse decomposition obtained by the finite
sequence of future attractors Ay C --- C A,. We assume that the forward
convergence holds, i.e., for all (p,x) € P x X, there exists an i € {1,...,n}
with

Then the representation

A=< (pr) e Px X : tlim d | o(t,p)x, U M;(0:p) | =0
j=it1

holds for all i € {1,...,n}, i.e., the future repellers of the future Morse
decomposition are uniquely determined.

Proof. (C) Let (p,z) € Ry. We choose j € {1,...,n} such that
0= lim d(p(—t,p)z, M;(0-4p)) = lim d(p(—t,p)z, Rj—1(0-1p)) -
The assumption 5 > ¢ leads to
Jim d(p(—t,p)z, Ri(6—p)) = 0.

This contradicts Theorem 3.5 (i), since p(—t,p)x € R (0_:p) for all ¢t € T.
(D) Let (p,z) € (P x X) \ Rf. Then Theorem 3.5 (ii) implies

lim d(p(—t,p)z, Ri(0—p)) = 0. (3.5)

The assumption

Jim d @(—t,p)&Ule(ﬁftp) =0
=

leads to
Jlim d((~t,p)a, R; (0-p)) =0,

since M; C R for j € {1,...,i}. Because of Theorem 3.5 (i), this is a contra-
diction to (3.5). O
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3.3 Lyapunov Functions

In this section, nonautonomous Lyapunov functions which are constant on the
Morse sets and which strictly decrease outside them are obtained explicitly.
A similar construction is used in CONLEY [53, §5 and §6 of Chapter II] (see
also FRANKS [69, §1], ROBINSON [146, Chapter X] and NORTON [122]), and
this technique has also been adapted in KLOEDEN [94, 95] and ARNOLD &
SCHMALFUSS [7] in the nonautonomous setting.

First, the case that the nonautonomous Morse decomposition is given by a
nonautonomous attractor-repeller pair is treated.

Lemma 3.15. Let (A, R) be a past (future, respectively) attractor-repeller
pair. Then there exists a function L : P x X — [0,1] which is continuous
with respect to x € X such that L|4 =0, LI =1 and

L(0:p, o(t,p)x) < L(p,x) for all t >0 and (p,z) € (P x X)\ (AUR)

is satisfied.

Proof. In case of a past attractor-repeller pair, R* = A is fulfilled, and we
define the function V : P x X — [0,1] by

d(z, R*(p))

V(p,x) := for all (p,x) € Px X .

P G o) + (e Ri) ©)

This function is continuous with respect to € X and fulfills V|g« = 0,
Vlg = 1, but is not necessarily decreasing along solutions. Therefore, we

define by

V*(p,x) = ;I>1f(; V(0_sp,o(—s,p)x) forall (p,x) € Px X

a function V* : P x X — [0, 1], which obviously satisfies V*|g- =0, V*¥|g =1
and V* (Htp,gp(t,p)x) < V*(p,z) for all t > 0 and (p,z) € P x X. To prove
that V*(p,-) is continuous for all p € P, we first choose £ € X \ R*(p) and
£ > 0. Then there exists a 6 > 0 such that C := cls U;(§) € X\ R*(p). It
follows that

lim ingv V(0_sp,o(—s,p)x) =1,

§—00 €

since lim,_.o d((—s,p)C, R(0_sp)) = 0 (cf. Theorem 3.5 (ii)) and there exist
a >0 and an § > 0 such that d(¢(—s,p)C, R*(0_.p)) > /2 for all s > §
(cf. Theorem 3.5 (i), (ii)). Thus, there exists an sy > 0 such that

: _ _ > g
3}1612 V(0_sp,p(—=s,p)x) >1—¢ forall s> s

Due to the continuity of V(9(~7p),<p(-,p,~)) : Tx X — R, there exists a
Je (0,3) such that
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|V(9—spa @(*S,p)f) - V(o—spv @(75,p)$)| <e

for all x € Us(€) and 0 < s < s¢. This implies that V*(p,-) is continuous in
& ¢ R*(p). The continuity of V*(p,-) in £ € R*(p) follows directly from the
continuity of V. Please note that V' is not strictly decreasing along solutions
in (P x X)\ (R*UR). Therefore, we define L to be a weighted average of V*
over the backward solution:

L(p,z) := / e V™ (Q_Sp,go(—s,p)a:) ds for all (p,z) e Px X.
0

This function is obviously continuous with respect to z € X, and we have

L(th,w(t,p,x))Z/ e V*(0_s0ip, o(—s,0,p)p(t, p)x) ds
0
= / eV (0:0—sp, @(t, 0_sp)p(—s,p)x) ds
0

< / e *V* (H,Sp7 <p(—s,p)x) ds = L(p, ) .
0

To prove that this function is also strictly decreasing along solutions in the
set (P x X)\ (R*UR), we assume that L(Otp,tp(t,p)x) = L(p, z) for some
t>0and z € (P x X)\ (R*UR). Then we have

V*(0_sp, p(—s,p)x) = V*(01—sp, (t — s,p)z) forall s>0.

This is impossible, since we have both limg_, o V* (9_Sp, o(—s,p, x)) =0 and
V*(p,x) € (0,1). 0

In the following theorem, the above Lyapunov function for attractor-repeller
pairs is extended to Morse decompositions.

Theorem 3.16 (Lyapunov functions for nonautonomous Morse
decompositions). Let {M;,..., M,} be a past (future, respectively) Morse
decomposition. Then there exists a function L : P x X — [0, 1] which is con-
tinuous with respect to v € X such that L|y, = =% forie€ {1,...,n} and

n—1

L(Htp, @(t,p)x) < L(p,x) forall t >0 and (p,z) € (P x X)\ U1 M;
is satisfied.
Proof. Let PxX = Ry 2 Ry 2 --- 2 R, = 0 be the sequence of past repellers
leading to the given past Morse decomposition, i.e.,
M;=R!NR;—; forall ie{l,...,n}.

Furthermore, let L;, i € {1,...,n— 1}, be the Lyapunov function correspond-
ing to the past attractor-repeller pair (R}, R;) as introduced in Lemma 3.15.
We define
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1 n—1
L(p,z) := p— z; Li(p,z) forall (p,z)e P x X.
1=

Choose (p,z) € M; arbitrarily, and let j € {1,...,n — 1}. Then (p,x) € R; if
and only if j € {1,...,i—1}, and (p,z) € R} if and only if j € {i,...,n —1}.
This implies L|p;, = £=% for all i € {1,...,n}. Now choose (p,z) € (P x X)\
(MyU---UM,). Then there exists a j € {1,...,n} with (p,x) ¢ RjUR;. This
means that L; (Otp, go(t,p)x) < Lj(p, ) for all t > 0 and finishes the proof of
this theorem. O

3.4 Morse Decompositions in Dimension One

In this section, Morse decompositions of nonautonomous dynamical systems
whose phase space is a compact interval are studied. In this special case,
stronger results concerning the convergence behavior of the system and the
nonuniqueness of the Morse sets are obtained.

Let I C R be a compact interval and (QSTXPHP,QOZTXPXHHH) be a
nonautonomous dynamical system.

Theorem 3.17 (Dynamical properties of nonautonomous Morse
decompositions in dimension one). Let {M;,...,M,} be a past Morse
decomposition obtained by the finite sequence of past repellers Ry O --- D R,,.
Then the following statements are fulfilled:

(i) Pullback convergence. For all p € P and all functions v : TT — T with

t—o0

liminf d { 4(t), | OR;(6-4p) | >0,
j=1

we have

Jim d | o(t,0-p)y(t), | M;(p) | =0.
j=1

(ii) Backward convergence. For all (p,z) € P x I, there exists an i €
{1,...,n} with

Let {My,...,M,} be a future Morse decomposition obtained by the finite
sequence of future attractors Ay C --- C A,. Then the following statements

are fulfilled:
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(i) Forward convergence. For all (p,z) € PxI, there exists ani € {1,...,n}
with
Jim d(e(t, p)a, Mi(0,p)) = 0.

(ii) Pushforward convergence. For all p € P and all functions v : T+ — T
with

liminf d | (t), | ] 04;(6:p) | >0,
j=1
we have

t—o0

lim d | o(—t,0p)Y(t), U M;(p) | =0.
j=1

Proof. (1) This assertion is also valid for general Morse decompositions and
was proved in Theorem 3.12.
(ii) Choose (p,x) € P x I arbitrarily. Then there exists an i € {1,...,n} such
that

we Ri(p) and x ¢ R (p).
In case x € R;_1(p), the asserted limit relation follows, since then = € M;(p)
and M; is invariant. We therefore assume x ¢ R;_1(p) from now on. Due to
the topology of 1, ¢ is order preserving in the following sense: For fixed t € T,
exactly one of the following two statements is fulfilled:

* y1 <yz implies (¢, p)y1 < (L, p)y2

* y1 <yz implies (¢, p)y1 > ¢(t,p)ya -
Since limy—.o d(p(—t, p)z, Ri—1(0—;p)) = 0 (cf. Theorem 3.5 (ii)), this implies

that there exists a y € R;,_1(p) such that
Jim |o(—t, p)w — p(—t,p)y| =0. (3.6)

Because R} is a past attractor, there exists an 7 > 0 such that

R; (p) = limsup o(t,0_p)Uy, (R; (0—:p))

t—oo

(cf. Remark 2.7 (ii)). This implies limsup,_, ., ¢(t,0-:p)U,(p(—t,p)z) C
R;(p). Due to (3.6), this leads to y € R} (p). Hence, y € M;(p), and this
finishes the proof of this theorem. O

In our special situation, Proposition 3.6 can be generalized.

Proposition 3.18 (Form of nonuniqueness of the Morse sets). Let
{My,...,M,} and {Ml, . ,Mn} be past Morse decompositions obtained by

the finite sequences of past repellers Ry O --- D R, and Ro DD Rn We
assume that
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R:=R' forallic{l,...,n—1}.
Then the relation

tlim dy (Mi(ﬁ_tp),Mi(G_tp)) =0 forallie{l,...,n} andpe€ P

is fulfilled. . R
Let {My,...,M,} and {Ml, cel Mn} be future Morse decompositions
obtained by the finite sequences of future attractors Ag C --- C Ay, and

Ay C--- C A,. We assume that
Af = Ay forall ie{l,...,n—1}.
Then the relation
tli)rgo dH(Mi(Qtp),]\Zli(Otp)) =0 foralie{l,...,n} andp€ P

is fulfilled.

Proof. Choose i € {1,...,n} and p € P arbitrarily. W.l.o.g., we only show
the relation )
tlgrolo d(Mi(e—tp)‘Mi(e—tp)) =0.

The proof is divided into three steps. -
Step 1. There exists a past repeller R;_1 D R;—1 with R} | = R}_; such that

M;(p) == R;(p) N Ri—1(p) for all p € [p]

has only finitely many connected components.
Since R} is a past attractor, there exists an 1 > 0 such that

R (p) = limsup o(t, 0_p)Uy (R (0-p))
(cf. Remark 2.7 (ii)). Since ¢ is continuous and U, (R} (6_.p)) has only finitely
many connected components for ¢ € T, this implies that R} (p) has only finitely
many connected components. Because R;_; is a past repeller, there exists a
B > 0 such that

Jim d(p(—t,p)Us(Ri-1(p))|Ri-1(0—1p)) = 0.
Hence, the nonautonomous set R;_1, defined by

5 . Jot,p)clsUg(Ri—1(p)) : p=0p forsome teT
Ratp) = { 7P - P¢ b

is also a past repeller fulfilling R}, = R}, (cf. Proposition 2.37 (iii)). More-
over, for all p € [p], the set R;_1(p) has only finitely many connected com-
ponents, since ¢ is continuous and clsUg/2(R;—1(p)) has only finitely many
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connected components. This implies the assertion.
Step 2. For all connected components C' of M;(p), we have

tlggo d((p(—t,p)O|Mi(9—tp)) =0.

Let C' = [c1, c2] be a connected component of M;(p), and choose £ > 0 arbit-
rarily. Due to Theorem 3.17 (ii), there exists a 73 > 0 such that we have

d(cp(—t,p)cj,Mi(G,tp)) < for all t > 7 and j € {1,2}. (3.7)

| ™

Furthermore, because of Proposition 3.6, there exists a 7o > 7 with

dH (Ri_l(é’_tp),}?i_l(e_tp)) S for all t Z T2 . (38)

DO ™

Let t > 75 and = € p(—t,p)C. In case

N ™

min {|z — @(—t,p)c1|, |z — @(—t, p)ea| } <

the inequality (3.7) implies that d(x,M,-(G_tp)) < e. Otherwise, since we

have # € R;_1(f_p) and due to (3.8), there exists a y € R;_1(f_¢p) with
|z —y| < e/2. Obviously,

y € ¢(—t,p)C C o(—t,p)M;(p) C R} (0_¢p)

is fulfilled. Hence, y € M;(6_;p), and thus, d(z, Mi(Q,tp)) < e. This finishes
the proof of this step.
Step 3. The relation

lim d(M;(6_p)|M;(6_1p)) =0

t—oo
is fulfilled.
Since M;(p) has only finitely many connected components, this assertion
follows from Step 2 and the fact that M; D M;. O

3.5 Morse Decompositions of Linear Systems

In this section, Morse decompositions of linear nonautonomous dynamical
systems are analyzed. Under the assumption that the base space is chain
recurrent, such (autonomous) Morse decompositions of the corresponding
skew product flow have been studied in SELGRADE [164], SALAMON & ZEHN-
DER [155] and CoLoNIus & KLIEMANN [50, Chapter 5] (see also COLONIUS
& KLIEMANN [49, 51] and BRAGA BARROS & SAN MARTIN [34]).
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Given N € N, and let (G:TXPHP,ga:TXPXRNHRN) be a linear
nonautonomous dynamical system, i.e., for all o, € R, t € T,p € P and
z,y € RY, we have

o(t,p,ax + By) = ap(t,p,x) + Bo(t,p,y).

Thus, there exists a function @ : T x P — RN*N with &(t, p)xr = ¢(t,p, )
forallt € T, p € P and x € RY. We suppose that (6, ¢) is invertible, which
implies T=Ror T = Z.

For our purpose, RY is equipped with the Euclidean norm | - ||, induced by
the Euclidean scalar product (see Section 2.1). The NDS (6, ¢) canonically
induces a nonautonomous dynamical system (0, P®) on the real projective
space PV~1 of the vector space R by defining

Po(t,p)Px ;= P(®(t,p)x) forall t € T,pc P and x € RY

(see COLONIUS & KLIEMANN [50, Lemma 5.2.1, p. 149]). For basic properties
of the projective space and notation, we refer to Appendix A.3.

The main observation of the following lemma is that past attractors and fu-
ture repellers in PV ! are linear nonautonomous invariant manifolds in R™ (cf.
Definition 4.1). For a similar result, see SALAMON & ZEHNDER [155, Propo-
sition 2.9] and CoLoNIUS & KLIEMANN [50, Lemma 5.2.2., p. 149].

Proposition 3.19 (Past attractors and future repellers in PV ~1). Let
A be a past attractor of (0,PP). Then, for all p € P and all compact sets
C c SN\ P 'A(p), we have

i SWPoesv-10p-1a(p) [PtV _
t—o0 il’lfweC ||@(_tvp)w||

Moreover, P~1A is a linear nonautonomous invariant manifold in RY, i.e.,
P~1A is an invariant nonautonomous set and for all p € P, the set P~1A(p)
is a linear subspace of the RY.
Let R be a future repeller of (6,P®). Then, for all p € P and all compact sets
C Cc SN\ P~ R(p), we have

ey SPvesy 1021 r) 1P P)U]
t—o0 inmeC ||¢)(t7p)w||

Moreover, P™'R is a linear nonautonomous invariant manifold in RV .

Proof. Let A be a past attractor of (6, P®), and choose a p € P and a compact
set C C SV=1\ P~1A(p) arbitrarily. First, we define for 0 # v € P~1A(p) and
w € C the two-dimensional linear subspace L, ., C RY by

Ly = {rv—|—sw:r,s€R}.
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The proof of this proposition is divided into five steps.

Step 1. For all 0 # v € P~YA(p) and w € C such that Pv is a boundary point
of A(p) NPL, 4, relative to PL, ., we have

(=t p)ofl

lim =
t—oo || @(—t, p)u|

Since A is a past attractor, there exists an n > 0 such that

i d(PE(,0-)Uan(A-2)) | A) = 0. (39)

Due to Lemma A.11, there exists a § € (0, 1) such that for all 0 # uy,us € RY
with )
wua)” s
[ [?]|uz ]2
we have
dp(Puy,Pug) < 7.

We argue negatively and suppose that there exist a v > 0 and a sequence
{tn }nen with lim, . t,, = —oco such that

|2 (tn, p)w|
<~ forall neN.
[ (tn, p)v]|

For nonzero ¢ € R with |c| sufficiently small, this implies that for all n € N,

(D (tn:p)(cwv),P(tn,p)v)*
12 (tn,p) (cw+v)[[2 |2 (tn,p)v]I?

(D ()W, P(tn ,p) 1) +26|| (b ,p) 0 | (D (b1 )W, P (E 1 ) V) +[| Pt p)0 ]|
([ D (tn,p)w?[[2(tn,p)v[>+2¢|2(tn,p)v][* (P (tn,p)w, D (tn ,p)v) +[|P(tn.p)v[*

>1-9

holds. Hence, for |c| > 0 sufficiently small, we have
dp (PD(t,,, p)P(cw + v), A(6;,p)) <n forall n € N.
This implies
dp(P(cw +v), A(p)) = lim dp (P(cw +v), A(p))
= lim dp(PD(—ty,,0;,p) PO(tn, p)P(cw + v), A(p))

n—oo

EU2y (A(0:,,p))
@9y,
This is a contradiction, since Pv is a boundary point of A(p)PL, ,, in PL,, ,,
and thus, the first step of this proof is finished.
Step 2. For all nonzero v € P~YA(p) and w € C, the set A(p) NPL,., is a
singleton.
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Please note that any point in PL, ,, \ {Pv} is given by P(w + cv) for some
¢ € R. Tt follows from Step 1 that
. (B (t,p) (wcv),d(t,p)w)>
lmy— —co 3G p)(w+en) PP T0(E Pl
— lim |2 (t.p)wl|*+2¢]| P(t,p)w](P(t,p)v,P(t,p)w) +c* (P(t,p)v,D(t,p)w)*
t= =00 @ (t.p)wl*+2c[S(t,p)wl2(D(t.p)v,B(t,p)w) +Z[S(t,p)v[2[[S(t,p) w2
=1

in case Pv is a boundary point of A(p) NPL, ,, relative to PL, ,,. This implies
with Lemma A.11 that

tlim dp (PP(—t, p)P(w + cv), P®(—t, p)Pw) =0,

and hence, P(w + cv) ¢ A(p). Therefore, A(p) N PL, ,, consists of a single
point.
Step 3. For all nonzero v € P~ A(p) and w € C, we have

P(—
et
5 || @(—t,p)ul

This follows directly from Step 1 and Step 2.

Step 4. P~LA(p) is a linear subspace of RY.

We have shown that for any two-dimensional linear subspace L, ,,, the set
A(p) NPL,,, is either empty, equals PL,, ,, or consists of a single point. This
implies that P! A intersects each fiber in a linear subspace.

Step 5. We have

lim SUPyesN-1AP-1 A(p) ||q-5(*t,p)’0|| _

t—o0 inwaC’ ||§Zj(7t,p)w||
We assume to the contrary that there exist sequences {¢, }nen in R, {v,, }nen in
SN=1NP~1A(p) and {wy, }nen in C such that lim,, . t, = —00 and, w.l.o.g.,
lim,, 00 v, = v and lim, o w, = w for some v € P~1A(p)NSV L and w € C,
and the following property is fulfilled: There exists a v > 0 such that

Bt p)uwr
@G, p)onll o e N
|D(tn, p)val|

We write @, := P(t,,p). Similarly to Step 1, for nonzero ¢ € R with ||
sufficiently small, this implies that for all n € N,

<d5n(cwn +vn),q'5nvn>2
@ (cwn + vn) |12 || Prun|?
- c2<@nwn,@nvn>2 + 2cHd5nvn||2<d5nwmd5nvn> + || Pt
2| Dnwy 2] Brvnl|? + 2] B vn ||2{Bpwn, Prvn) + [[Bnvn ||t
1-9

v
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holds, with ¢ € (0,1) chosen as in Step 1. Hence, for |¢| > 0 sufficiently small,
we have

dp (PD(ty, p)P(cwy, + vy,), A(6y,p)) <n forall n€N.

Since P(cw + v) ¢ A(p) (due to Step 2, A(p) NPL, ,, is a singleton), there
exist an ng € N and a 3 > 0 such that cw,, +v,, € P~1Ug(A(p)) for all n > ny.
Similarly to Step 1, using (3.9), this implies a contradiction. a

Concerning past repellers and future attractors, we can not expect that their
fibers give rise to linear subspaces, since they are intrinsically nonunique
(cf. Proposition 2.37). The following lemma, however, says that for any past
attractor or future repeller, a linear counterpart in form of a past repeller or
future attractor, respectively, can be found easily.

Proposition 3.20 (Past repellers and future attractors in PV —1). Let
A be a past attractor of (0,P®) and R C P x PN~1 be an invariant nonau-
tonomous set such that P~ R(p) is a linear subspace of the RN and

P tA(p) P 'R(p)=RY foral peP.

Then R is a past repeller, and the relation A = R* is fulfilled.
Let R be a future repeller of (0,P®) and A C P x PN~ be an invariant
nonautonomous set such that P~1A(p) is linear subspace of the RY and

PtA(p) ®P'R(p) =RY  forall pe P.

Then A is a future attractor, and the relation R = A* is fulfilled.

Proof. The proof of this proposition is divided into five steps.
Step 1. For all p € P and compact sets C C PN~ with CN A(p) = (), we have

D(— P(—

t=co oveb—1C || B(—t,p)vll = gzpeprio 1B(—tp)oll

)

where v = v, + v, with v, € P7YA(p) and v, € P~1R(p).
The first assertion follows from

M oo Bt p)o]
-1
. |6 (~t, p)va
> 1 T +1
- (Jﬁ% opverrc |[B(—tp)or]
loalll|@(~t,p)p2ep ]|\
= lim sup - 4+1
(t—’oo veB-1C,va 0 |[vr[l[| (¢, p) TorT |
Propi?).lg

1
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t—00 oLyeP-1C

and
N oL
t—oo 0zveP-1C || P(—t,p)v]|
d(—t,p)va|l |\
. (hm - 1_H<P>v||>

||¢(_t7p)v7“||

[vall]|@(—t, p) HvaH | >

- ||Ur||Hq)(_t p Her

= lim sup
t—00 yep-1(, vq 70

Prop;3.19

1.

Proposition 3.19 is applicable, because the set {v, : v € P7'C NSV} is
compact and the set {v, : v € P7!'C NSN~!} is bounded away from zero.
This is due to the fact that the projector @ € RV*Y with range P~ A(p) and
null space P~1R(p) satisfies

{va:veP NSV} =P 'CNnSYTY) and
{v,:veP'CNsSV =1 -Q)(P'CnsNT)

(cf. also Step 3 of the proof of Lemma 4.14). The assertion

; [#(—t. ] _
im  sup =
t—oo gzpep-1c ||P(—1, p)v||

follows analogously.
Step 2. For all p € P and compact sets C C PN~ with C N A(p) = 0, we have

Jlim dp (PO(—t,p)C| R(6-p)) = 0.

With v, and v, defined as in Step 1, for all t > 0 and v € SV "1 NP~1C, we
consider the expression

(B(=t,p)v,B(=t,p)vr)*  _ (B(=t,p)va,B(=t,p)vr)+(B(=t,p) vy, B(—t,p)vr))?
l2(=t,p)vl?[[o(—t,p)vrI? le(=t.p)vll?llo(—t,p)vrl?
_ (B(=t,p)va,B(=t,p)vr) >+ B(=t,p)vr ||*+2(P(—t,p)va, B(=t,p)vr) | B(=t,p)v ||
[2(=t,p)v[*|P(—t,p)vr[?
— (@(—t7p)va74‘>(—t,p)yr)2 + HQS(—tp)vT“Z + 2(P(= t,p)va7tb( t,p)Ur)
[e(—t.p)vl?[lo(—t,p)vr? le(—t,p)vl? le(—t,p)v]I?

Using the Cauchy-Schwartz inequality, we obtain the following relations:

2
D(—t,p)vg, P(—t,p)v
0<lm  sup (@(~t,p) o (=t,p)vr) : -
t=00 yegn-1pp-ic [|B(=t, p)v[?[[@(—t, p)or |
lim sup ||Q3(ft,p)va||2 Proposit:ion 3.19

0
=00 yesv—imp-ic [[@(=t,p)vll?
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and

2(P(—t,p)vg, P(—t,p)v,
0 < lim sup |< (=t.p) ( 5 P) >|
t—=00 LegN-1Ap-1C [&(—t, p)v|
[2(=t, p)vall |P(—t, p)v.||

< lim sup 2
t=o0 yesv-ipp-ic ([Pt p)oll [|@(—t, p)o]
Ste:p 1 lim sup 2”45(7157}7)@(1“
t—oo yegnv-1np-1c [|P(—t,p)v||
Proposition 3.19 0

Hence, we obtain

2
Ii <¢(_t7p)v7@(_tvp)vr>
1m 1mn
t=o0 vesN=inp-1C [|B(—t, p)v|]2(|P(—t, p)u|]?
2
— lim inf (B(—t,p)va, B(—t,p)vy)” [|B(~t,p)v, ||
t—oo pesN-inp-1c \ [|®(—t,p)v|]2||®(—t,p)v.|? [®(—t, p)v|2
+ 2<dj(_t7p)va7@(_tvp)vr>
[@(=t,p)v|?

Step 1
x0T,

Using Lemma A.11, this implies the assertion.
Step 3. A and R are past isolated, i.e., there exists a 3 > 0 such that for all
p € P, there exists a 7 > 0 with

Us(A(0—ip)) NUz(R(O_p)) =0 for all t > 7.

Since A is a past attractor, there exists an 1 > 0 such that for all p € P, we
have

Jim dp (PO(t, 0_1p) Uy (A(0-p))| A(p)) =0

(cf. Remark 2.7 (iv)). Defining 8 := 7/2 and using the invariance of R, this
implies the assertion.

Step 4. R is a past repeller.

This is a direct consequence of Step 2 and Step 3.

Step 5. The relation A = R* is fulfilled.

We define n > 0, P* and B¢ for ¢ € (0,7] as in the introduction of Section 3.1.
We also consider the collection M := {BC : ¢ € (0, 77]} Due to Theorem 3.1, it
is sufficient to show that A is an M-past attractor. Thereto, we fix an element
¢ € (0,n] and p € P*. Furthermore, we choose £ > 0 arbitrarily and consider
the compact set C :=PVN~1\ U.(A(p)). Due to Step 2, we have

Jlim d(Pe(~t,p)C| R(0-p)) = 0.
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This implies that there exists a 7 > 0 such that P®(—t,p)C N B¢ (0—p) = 0
for all ¢ > 7. Thus,

dp(PD(t,0—¢p)Bc(0—1p)|A(p)) <& forall t >,

and hence, A is an M-past attractor. This finishes the proof of this proposi-
tion. O

Lemma 3.21. For all n € N, let {0} € W, € V,, € RY be nontrivial
linear subspaces. Furthermore, let {x,}nen be a sequence in RN such that
the following hypotheses are fulfilled:

(i) z, ¢V, foralln eN,
(ii) lim,_ o dp(Px,,PV,) =0,
(iii) there exists an € > 0 such that dp(Px,,PW,) > ¢ for alln € N.
For all n € N, we define C,, := W, @ {Ax,, : A € R}. Then the limit relation

lim dp(PC,|PV;,) = 0

n—oo
is fulfilled.
Proof. W.lo.g., we assume that |[x,|| = 1 for all n € N. Due to Hypothesis
(ii), there exists a sequence {v,}neny with v, € V, and |jv,| = 1 for all
n € N such that lim,, o ||2n — vn|| = 0. Since PC,, is a compact subset of

PN—1, there exists a sequence {c, }nen With ¢, € C, for all n € N such that
dp(PC,|PV,,) = dp(Pc,,PV,,). W.lo.g., we assume that ¢, is of the form

Cp = Tp +w, forall neN,
where {wy, }nen is a sequence with w,, € W, for all n € N, and we define
Tp =0V, +w, forall neN

and By, = (@, wy), O := (U, wy) and v, := (zp,vy,) for all n € N. Then, for
all n € N, we have

(Cn,Tn)?
lenllllrnll?
=:{n =:Tn
_ '7721 + ﬁrzz + 5721 + HwnH4 + 2’YonnH2 + 28,05 +2(ﬁn + 5n)(||wn||2 + 'Yn)
1+ 2||wn||2 + ||wn||4 + 48,00 +2(8n + 5n)(||wnH2 + 1)

=: En =1

)

and it is easy to see that we have lim, .07, = 1, lim, o0 &,/& = 1 and
hmn—>oo nn/ﬁn =1. ThlS lmphes that
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(CnyTn)?

n=—oo ||cn |2 [|rn?
under the condition that ||¢,||||7 ]| is bounded away from 0 in the limit n — oo.

To see that this is fulfilled, we need Hypothesis (iii), which says that there
exists a 6 € (0,1) with

(T, w)
[[wll

<4 forall neNand weW,

(cf. Lemma A.11). This means that for all n € N and w € W,,, we have
lzn = wl* =1 = 2(zn, w) + lwl* > 1 = 28]w] + [Jw]* > v

for some v > 0, and using lim, . ||x, — vn|| = 0, this finishes the proof of
this lemma. O

In our special situation, convergence in both directions to the Morse sets is
satisfied.

Theorem 3.22 (Dynamical properties of nonautonomous Morse
decompositions of linear systems). Let {Mi,...,M,} be a past Morse
decomposition obtained by the finite sequence of past repellers Ry O --- D R,
such that P~ R;(p) is a linear subspace of RN fori € {1,...,n—1} andp € P.
Then the following statements are fulfilled:

(i) Pullback convergence. For all p € P and all functions vy : T+ — PN-1
with

liminf dp (), J OR;(0-ep) | >0,
j=1
we have

t—o0

lim dp | PO(t,0_p)v(t), | J M;(p) | =0.
j=1

(ii) Backward convergence. For all (p,x) € P x PN~1 there exists an i €
{1,...,n} with

thm d]P’ (P@(_tap)‘rv Ml(gftp)) =0.

Let {My, ..., M,} be a future Morse decomposition obtained by the finite se-
quence of future attractors Ag C --- C A, such that P=1A;(p) is a linear
subspace of RN fori € {1,...,n — 1} and p € P. Then the following state-
ments are fulfilled:

(i) Forward convergence. For all (p,x) € P x PN~! there exists an i €
{1,...,n} with

lim de (PP(t, p)z, M;(0:p)) = 0.

t—o0o
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(ii) Pushforward convergence. For all p € P and all functions v : Tt —
PN=1 with

hm mf dp | (¢ U ;i(Op) | >0,

we have

Jlim de | PO(—t,6:p)y U

Proof. (i) This assertion is also valid for general Morse decompositions and
was proved in Theorem 3.12.
(ii) Choose (p,x) € P x PN~! arbitrarily. Then there exists an i € {1,...,n}
such that

vERI(p) and z¢ R, (p).

In case x € R;—_1(p), the above limit relation follows, since then x € M;(p) and
M; is invariant. We therefore assume = ¢ R,_1(p) from now on. To obtain a
contradiction, we also assume that there exist an € > 0 and a sequence {t,, }nen
in R with lim,, ., t,, = oo such that

dp (PP(—ty,p)z, M;(0_y,p)) > forall n €N,
We define C := P~ M;(p) & P~1{x}. Since

tll{go d[P(P@(—t,p),I, Ri—l(a—tp)) =0
(cf. Theorem 3.5), Lemma 3.21 implies
lim  dp (P®(—t,, p)PC|Ri—1(0_,p)) = 0. (3.10)

We define C := P~'R;_;(p) ® P~*{z}. Then

dim (CNP™'R;_,(p)) = dimC +dimP~'R}_, (p) — dim (C + P~'R}_,(p))
=N+1-N=1.

Let y = v + w be a nonzero element of C NP~'R? |(p) with v € P~1{x}
and w € P71R;_1(p). Since y and v are in P71 R} (p), w is also an element of
P~1R?(p). Hence, w € P~ M;(p). This implies y € C, and hence, we get from
(3.10) the relation

lim dp (P&(—tp, p)Py, Ri1(6-1,p)) = 0.

n—oo

This is a contradiction, since Py € R} ;(p) and R;—; and R} ; are past
isolated (cf. Theorem 3.5 (i)). O

In our special situation, Proposition 3.6 can be generalized.
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Proposition 3.23 (Form of nonuniqueness of the Morse sets). Let
{My,...,M,} and {Ml, ce Mn} be past Morse decompositions obtained by

the finite sequences of past repellers Ro O -+ D R, and Ry D --- D R, such
that P71 R;(p) and P~ R;(p) are linear subspaces of RN fori e {1,...,n—1}
and p € P. We assume that

R: =R forallic{l,...,n—1}.
Then the relation

hm de(M (0_:p), M; (9_tp)) =0 foralie{l,...,n} andp€ P

is fulfilled. R R
Let {My,...,M,} and {Ml,.. M, } be future Morse decompositions
obtained by the finite sequences of future attractors Ay C --- C A, and

Ay € -+ C A, such that P~ A;(p) and P~YA;(p) are linear subspaces of
RN forie€ {1,...,n—1} and p € P. We assume that

Ar=Ar forallie{l,...,n—1}.
Then the relation
tlg& dpy (Mi(ﬂtp),Mi(th)) =0 forallie{l,...,n} andpe P
is fulfilled.

Proof. For i € {1,n}, the above limit relation follows from M; = R} = R =
M1 and from Proposition 3.6, since M,, = R,,_1 and M = Rn 1. We argue
negatively and assume w.l.o.g. that there exist an i € {2,...,n — 1} and a
p € P such that

lim sup dﬂ»(Mi(thp)‘Mi(Gftp)) >0.

t—oo

Since Proposition 3.6 implies that
A dpg (Ri—1(0—4p), Ri—1(0_4p)) =0,

and Ei,l D ]\Zfi, this means that there exist a v > 0 and sequences {t, }nen
(with limy,—e0 tn, = 00) and {z, }nen (With z, € R;—1(0—¢,p) \ M;(0_+,p))
such that

dp(xn, Mi(e_tnp)) >~ forall neN

and .
lim dp(zy, M;(6—,p)) =0.

n—0o0

The last formula implies lim,, ., dp (:cn, R (0_¢, p)) = 0. We define
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Cp =P 'M;(6_,p) P {z,} forall necN.
Due to Lemma 3.21, the relation
lim dp(PCy|R; (0—1,p)) = 0
holds. Since R is a past attractor, we thus get

lim dp(P®(tn, 60—, p)PCyr|R; (p)) =0. (3.11)
Due to Lemma A.12, we have dp(P®(t,, 60—, p)PCy|M;(p)) = V2 for all n €
N, since P71P®(t,,,0_;, p)PC,, has a higher dimension than P~!M;(p). This
means that there exists a sequence {y, }neny With

Yn € PB(ty,,0_,,p)PC,, and  dp(yn, Mi(p)) > 1 forall neN. (3.12)

Since y, € R;—1(p) for all n € N, we assume w.l.o.g. that this sequence is
convergent with limit y € R;_1(p). Due to (3.11), we also have y € R!(p).
Hence, y € M;(p), and this contradicts (3.12). O

For the rest of this chapter, attention is restricted to the situation P = T
and 0(t,s) = t+ s for all t,s € T. As described in Section 2.2, this setting
includes arbitrary nonautonomous differential and difference equations. Under
this assumption, an analogon to the Theorem of Selgrade (see SELGRADE
[164, Theorem 9.7] and CoLONIUS & KLIEMANN [50, Theorem 5.2.5]) can be
proved.

Theorem 3.24 (Finest nonautonomous Morse decomposition). We
suppose that P = T and 0(t,s) = t+ s for all t,s € T. Then the follow-
ing statements are fulfilled:

(i) There exists a finest past Morse decomposition {My, ..., My}, i.e., any
other past Morse decomposition {Ml, e ,Mm} fulfills

6 Mi(t)> =0.

Moreover, we haven < N, and the following decomposition in a Whitney
sum holds (cf. the definition on p. 82):

t—oo

lim d]p< M;(—t)
=1

P M- P M, =T xRV,

(ii) There exists a finest future Morse decomposition {My,..., M,}, i.e.,
any other future Morse decomposition {Ml, e Mm} fulfills

Jimdp ( O M;(t) O ]\Zfi(t)> =0.
i=1

i=1
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Moreover, we have n < N, and the following decomposition in a Whitney
sum holds:
PMy @ @P M, =T xRV

Proof. First, we prove that any past attractors A and A either fulfill
ACA or ADA.
Supposing the contrary, due to P = T, there exist a 7 € T and elements
2 e SNTIN (PA(T) \PTA(7)) and 2 € SNTIn (PTLA(r) \PTA(T)).
Because of Proposition 3.19, we obtain

P TG
5 [@(—t, )] 5 |@(—t, )]

This is a contradiction. Proposition 3.19 also implies that the fibers of past
attractors correspond to linear subspaces. Thus, there are at most N + 1 past
attractors of (6, P®), namely

@ZAO’C,_A1’CI_~'~QA7L:TXPN71

with n < N. Due to Proposition 3.20, it is possible to choose a sequence of
past repellers T x PN~! = Ry D Ry 2 --- 2 R,, = ) such that R} = A; for
i € {0,...,n}. We denote by {Mi,...,M,} the corresponding past Morse
decomposition. Let {]\;[17...7]\;[,”} be another past Morse decomposition,
obtained by the sequence T x PN~1 = R, 2 Ry 22 R, = 0 of past
repellers. Then, for each ¢ € {0,...,m}, there exists an n; € {0,...,n} such
that Rf = A,,,. We consider now the past Morse decomposition {Ml, . ,Mn}
which is obtained by the past repellers R,,, ..., R,,, . Due to Proposition 3.23,

we have
Jlim degy ( L_JlMi(—t) U Mi(—t)> =0.

i=1
Moreover, it is easy to see that U}, M; C U;’;lMi holds, and this finishes the
proof of the first assertion of this theorem. To show

P M@ ®P M, =T xRV,

we first note that for 1 < i < j < n, we have P~1M; OIP”le =T x {0}
(cf. Proposition 3.9). Furthermore, Proposition 3.20 and Lemma A.10 implies
TxRY =P 'R} +P 'R,
=P "M+ (P'RiN(P'R; + P 'Ry))
=P 'M;+ (P'RiNP'R;) + P 'Ry
=P My +P My + PR,
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It follows inductively that
TxRY =P 'My+.---+P M, +P 'R, =P 'M; +---+P'M,.

This finishes the proof of this theorem. a

Remark 3.25. A finest past Morse decomposition {My,...,M,} is not
uniquely determined, but it follows directly from the above theorem that any
other finest Morse decomposition {Ml, ceey Mm} satisfies

lim degy ( SRACONE, Mi(—t>> =0.

i=1

Moreover, the relation n = m is fulfilled. A similar statement holds for finest
future Morse decompositions.



4

Linear Systems

In the qualitative theory, the study of linear systems is very important, since
a comprehensive analysis of nonlinear systems via perturbation techniques
requires linear theory. This is due to the fact that in many cases, stability
properties of solutions can be derived from the linearization along the solution,
the so-called variational equation. In this chapter, methods are provided for
the analysis of linear systems with respect to the notions of attractivity and
repulsivity which have been introduced in Chapter 2.

Throughout this chapter, let (0 : Tx P — P, ¢ : Tx P x RY — RY) be a
linear nonautonomous dynamical system, i.e., for all o, € R, t € T,p € P
and z,y € RY | we have

o(t,p)(az + By) = ap(t,p)r + Be(t,p)y .-

We suppose that (6, ¢) is invertible, which implies T = R or T = Z. Moreover,
let @ : T x P — RY*N be the matrix function with (¢, p)z = ¢(t,p,x) for
allt€T,p€ Pand z € RV,

4.1 Notions of Dichotomy

In this section, several notions of dichotomy are introduced for the diff-
erent time domains. The classical concept of expomnential dichotomy for
nonautonomous linear differential equations has been established by PERRON
[130, 131] in the late 1920s. In the sequel, many authors developed the the-
ory; for fundamental work on this topic, we refer to COPPEL [55], DALECKIT
& KREIN [61], MASSERA & SCHAFFER [118], PALMER [125, 126, 127] and
SACKER & SELL [151, 152, 153, 150] (see also PAPASCHINOPOULOS [129] for
difference equations). The noninvertible case is treated in HENRY [79, Section
7.6], KALKBRENNER [89], AULBACH & KALKBRENNER [15] and AULBACH &
SIEGMUND [20].
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Definition 4.1 (Linear nonautonomous invariant manifold). An in-
variant nonautonomous set M C P x RN is called linear nonautonomous
invariant manifold of (0, ) if M(p) is a linear subspace of R for all p € P.

Given linear nonautonomous invariant manifolds M7, Ms of (6, ¢), the sets

My N My = {(p,§) € P xR : £ € My(p) N Ma(p)} and
My + My = {(p.§) € P x RY : ¢ € Mi(p) + Mo(p) }
are also linear nonautonomous invariant manifolds of (6,¢). A finite sum

My +-- -4 M, of linear nonautonomous invariant manifolds is called Whitney
sum My & --- & M, if the relation M; N M; = P x {0} is satisfied for i # j.

Linear nonautonomous invariant manifolds can be described via invariant pro-
jectors.

Definition 4.2 (Invariant projector). An invariant projector of (0, ) is
a function Q : P — RNXN with

Qp) = Q(p)? forall pe P,
Q(0:p)2(t,p) = P(t,p)Q(p) forallpe P andt e T.

Remark 4.3. In case the nonautonomous dynamical system (6, ) is a topo-
logical skew product flow, i.e., P is a topological space, one usually supposes
additionally that an invariant projector is continuous (see, e.g., SACKER &
SELL [151]).

The range
R(Q) = {(p.§) e Px RV : £ € R(Q(p)) }

and the null space

N(@Q) = {(p.§) e PxRY : £ € N(Q(p))}
of an invariant projector ) are linear nonautonomous invariant manifolds of
(6, ) such that R(Q) & N(Q) = P x RV,

Next, several notions of dichotomy are introduced for the linear system (6, ).

Definition 4.4 (Notions of dichotomy). Let Q : P — RY*Y be an invari-
ant projector of (0, ).

(i) We say that (0,¢) admits a past exponential dichotomy with constants
a>0,K > 1 and projector Q if for all p € P, there exists a p € [p] with
|®(t,0_p)QO_.p)|| < Ke™® forall T>t>0,
|@(—t,0_-p)(1 — Q(6—-p))|| < Ke™*"  for all 7,t>0.
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(ii) We say that (0, ) admits a future exponential dichotomy with constants
a>0,K > 1 and projector Q if for all p € P, there exists a p € [p] with

1D(t,0:)Q(0-p)|| < Ke™®"  for all 7,t >0,
| 2(—t,6:p)(1 — Q6-p))|| < Ke™**  forall 7>1t>0.

(iii) We say that (0,¢) admits an all-time exponential dichotomy with con-
stants a > 0, K > 1 and projector Q if for all p € P, we have

|2(t,p)Q(p)|| < Ke™**  forall t >0,
[2(~t,p)(1 — Q(p))|| < Ke™*  forall t > 0.

(iv) Givenp € P and T € T", we say that (0,¢) admits a (p, T)-dichotomy
with projector Q if we have

IP(T, p)l < lIE]l - for all 0# & € R(Q(P))
1P(=T,0rp)¢|l < lIE]l for all 0# & € N(Q(6rp)).

Having these definitions at hand, some remarks are in order.

Remark 4.5.

(i) In the literature (see the references cited in the introduction of this
section), an all-time exponential dichotomy is simply called ezponential
dichotomy.

(ii) In case the nonautonomous dynamical system (6, ¢) is generated by a
nonautonomous differential or difference equation, i.e., P = T, a past
or future exponential dichotomy is called exponential dichotomy on half
line Ry, Zg or Ry, Zd, respectively (see, e.g., COPPEL [55] and Propo-
sition 4.16).

(iii) In contrast to past, future or all-time exponential dichotomies, the notion
of (p, T')-dichotomy is not invariant with respect to a change of the norm
to an equivalent norm (cf. also Remark 2.18).

(iv) In the scalar case (N = 1), (6, ¢) admits a (p, T')-dichotomy if and only
if [9(T, p)]| # 1.

In the following proposition, the relationship between the above introduced
notions of dichotomies is examined.

Proposition 4.6. The following statements are fulfilled:

(i) If (8,¢) admits an all-time exponential dichotomy, then it also admits a
past exponential dichotomy and a future exponential dichotomy.

(ii) Suppose, (0,¢) is generated by a nonautonomous differential or differ-
ence equation, i.e., P = T, and (0,p) admits a past exponential di-
chotomy and a future exponential dichotomy with the same invariant



84 Chapter 4: Linear Systems

projector Q : T — RN*N . Then (0, ) also admits an all-time exponen-
tial dichotomy.

Proof. Statement (i) is obvious; for (ii), see COPPEL [55, p. 19]. O

Definition 4.7 (Nonhyperbolic dichotomies). Let v € R, and consider
the linear nonautonomous dynamical system (8, ), defined by

oy (t,p,x) = e Mo(t,p,x) forall te T,pe P andz € RN,

We say that (0, ) admits a nonhyperbolic past exponential (future exponen-
tial, all-time exponential, (p, T')-, respectively) dichotomy with growth rate -,
constants o > 0, K > 1 and projector @Q if (0, ) admits a past exponential
(future exponential, all-time exponential, (p,T)-, respectively) dichotomy with
constants o > 0, K > 1 and projector Q.

Remark 4.8. The nonautonomous dynamical system (,¢) admits a non-
hyperbolic past exponential (future exponential, all-time exponential, (p, T')-,
respectively) dichotomy with growth rate v = 0 if and only if it admits a past
exponential (future exponential, all-time exponential, (p,T)-, respectively)
dichotomy.

Lemma 4.9 (Criteria for nonhyperbolic dichotomies). Suppose, (6, )
admits a nonhyperbolic past exponential (future exponential, all-time expo-
nential, (p,T)-, respectively) dichotomy with growth rate v and projector Q..
Then the following statements are fulfilled:

(i) If Q4 = 1, then (0,¢) admits a nonhyperbolic past exponential (future
exponential, all-time exponential, (p,T)-, respectively) dichotomy with
growth rate  and projector Q¢ = 1 for all { > 7.

(ii) If Q4 = 0, then (0,¢) admits a nonhyperbolic past exponential (future
exponential, all-time exponential, (p,T)-, respectively) dichotomy with
growth rate ¢ and projector Q¢ =0 for all < 7.

Proof. The assertions follow directly from the monotonicity of the exponential
function. 0

We make use of the following equivalent characterizations of nonhyperbolic
dichotomies.

Proposition 4.10 (Equivalent characterizations of nonhyperbolic
dichotomies). Let Q : P — RY*N be an invariant projector of (0, ). Then
the following statements are fulfilled:
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(i) (0,¢) admits a nonhyperbolic past exponential dichotomy with growth
rate v € R, constants a > 0, K > 1 and projector Q if and only if for
all p € P, there exists a p € [p| with

|D(t,0_p)QO_p)|| < Ke =t forall 7>t>0,
|6(—,0_p)(1 — Q(O_rp))|| < Ke=O+ for all 7.t > 0.

(ii) (8,¢) admits a nonhyperbolic future exponential dichotomy with growth
rate v € R, constants a > 0, K > 1 and projector Q if and only if for
all p € P, there exists a p € [p| with

|®(t,0.9)Q(0,p)|| < KeO="  for all 7,t >0,
|@(—t,6,p)(1 — Q(6,p))|| < Ke O forall 7>t>0.

iii) (0 admits a nonhyperbolic all-time exponential dichotomy with growth

(iii) (0, ) yp P y with g
rate v € R, constants a > 0, K > 1 and projector Q if and only if for
all p € P, we have

|8t p)Qp)|| < Ke'=  forall t >0,
H@(ft,p)(]l — Q(p))” < Ke~(rtot forall t>0.

(iv) Givenp € P andT € T, (0, ¢) admits a nonhyperbolic (p, T)-dichotomy

with growth rate v € R and projector Q if and only if we have
le(T.p)Ell < elIEll for all 0# € € R(Q(p)).
(=T, 0rp)¢|| < e T[]l for all 0 # & € N(Q(6rp)) -

For v € R, we define
S, :={(p,§) € P x RN : &(-, p)€ is v*-quasibounded }

and
Uy = {(p,&) € P x RN : &(-, p)€ is 7~ -quasibounded } .

It is obvious that S, and U, are linear nonautonomous invariant manifolds of
(0, ¢). Given v < (, the relations S, C S¢ and U, D U, are fulfilled.

We now discuss the important relationship between the projectors of non-
hyperbolic exponential dichotomies with growth rate v and the sets S, and
U,.

Proposition 4.11 (Dynamical properties). If (6, ) admits a nonhyper-
bolic past exponential dichotomy with growth rate 7y, constants a > 0, K > 1
and projector Q, then we have N (Q) = U, and for all p € P, there exists a
P € [p] with

|B(t,0_p)E]| < K[|Ell™ for all 0<t <7 and & € R(Q(O—rp)). (4.1)



86 Chapter 4: Linear Systems

If (0, ¢) admits a nonhyperbolic future exponential dichotomy with growth rate
7, constants o > 0, K > 1 and projector Q, then we have R(Q) = S,, and for
all p € P, there exists a p € [p] with

|&(—t,0,p)¢|| < K||€|le™" for all 0 <t <7 and £ € N(Q(0,p)).

If (0, ) admits a nonhyperbolic all-time exponential dichotomy with growth
rate v and projector Q, then N(Q) = U, and R(Q) = S, are fulfilled.

Proof. Suppose, (0, ) admits a nonhyperbolic past exponential dichotomy
with growth rate -, constants a > 0, K > 1 and projector . Due to Propo-
sition 4.10, for given p € P, there exists a p € [p] with

D(t,60_p)QO_p)|| < Ke'™t  forall 7>1>0,
| @(—t,0_p)(1 — Q(O—_rp))|| < Ke= O forall 7,t>0.

The first inequality implies (4.1). Choose ¢ € T such that f;p = p. We now
prove the relation NV (Q) = U,.

(D) We choose (p,€&) € U, arbitrarily. This implies H@(ft,egp)@(f,p)ﬁH <
Ce " for all t > 0 with some real constant C > 0. We write @(f, p)§ =6LH+6
with & € R(Q(p)) and & € N(Q(p)). Hence, for all ¢ > 0, we get

6]l = [|@(t, 0-1p)P(—t, D) QB)P(E, p)E||
< KeO=|o(—t, p)o(t, p)é|| < CKe e = CKe ™.

The right hand side of this inequality converges to zero in the limit t — oo.
Therefore, & = 0, and &(Z,p)¢ € N(Q(p)). Due to the invariance of N(Q),
we finally obtain (p,£) € N(Q).

(C) We choose (p,€) € N(Q). Thus, for all ¢ > 0, the relation

|2(—t,p)D(E,p)|| = || @(—t, ) (1 — Q(p))D(E, p)é| < Ke™ T (¢, p)E||

is fulfilled. This means that @(-, p)¢ is v~ -quasibounded, i.e., (p,§) € U,.
The assertions concerning the future exponential dichotomy are treated anal-
ogously. In case (6,¢) admits an all-time exponential dichotomy, Proposi-
tion 4.6 (i) yields that (6, ¢) also admits a past exponential dichotomy and a
future exponential dichotomy. Hence, we obtain N (Q) = U, and R(Q) = S,.
O

Remark 4.12. According to this proposition, an invariant projector is uniquely
determined only in case of a nonhyperbolic all-time exponential dichotomy.
In addition, the null space of a projector of a past exponential dichotomy
and the range of a projector of a future exponential dichotomy are uniquely
determined. For further information about the kind of nonuniqueness of ranges
of projectors of past exponential dichotomies and null spaces of projectors of
future exponential dichotomies, we refer to Lemma 4.19.
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This section is concluded by pointing out several evidences that the notions
of dichotomy are consistent to the concepts of attractivity and repulsivity.

Theorem 4.13 (Nonhyperbolic dichotomies and the notions of
attractivity and repulsivity). Suppose, (6, p) admits a nonhyperbolic past
exponential (future exponential, all-time exponential, (p,T)-, respectively) di-
chotomy with growth rate v and invariant projector Q. Then the following
statements are fulfilled:

(i) If v < 0 and tkQ(p) > 1 for all p € P, then every trivial solution of
(0, ) is not past (future, all-time, (p,T)-, respectively) repulsive.

(ii) If v > 0 and tkQ(p) < N — 1 for all p € P, then every trivial solution
of (8, ) is not past (future, all-time, (p,T)-, respectively) attractive.

(iii) If v <0 and Q = 1, then every trivial solution of (0, ) is past (future,
all-time, (p,T)-, respectively) attractive with Ay = co.

(iv) If v > 0 and Q = 0, then every trivial solution of (0, ) is past (future,
all-time, (p, T)-, respectively) repulsive with Ry = oo.

Proof. These assertions are direct consequences of Proposition 4.10 and 4.11.
O

For the rest of this section, the studies are concentrated on the induced
nonautonomous dynamical system (#, P®) on the real projective space PV~!
(cf. Section 3.5).

Lemma 4.14. The following statements are fulfilled:

(i) We suppose that (6,p) admits a mnonhyperbolic past exponential
dichotomy with invariant projector QQ. Then there exists a 5 > 0 such
that for all p € P, there exists a p € [p] with

Us (BR(Q(0—1))) N Us (PN(Q(0-15))) =0 for all t >0

(i.e., PR(Q) and PN (Q) are past isolated ). Moreover, for allp € P and
compact sets C C SN2\ N(Q(p)), we have

lim SUP,esN-1nA(Q(p)) H@(—t,p)vH _
t—00 inf,eo ||2(—t, p)w||

(ii) We suppose that (0,¢) admits a nonhyperbolic future exponential
dichotomy with invariant projector QQ. Then there exists a § > 0 such
that for all p € P, there exists a p € [p] with

Us (PR(Q(0:))) N Us (PN (Q(6:5))) =0 for all t >0

(i.e., PR(Q) and PN(Q) are future isolated ). Moreover, for all p € P
and compact sets C C SN =1\ R(Q(p)), we have
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lim supve.sN,lmR(Q(p)) ||¢(t7p)v|| o
e infuec |(t, p)wl|

(iii) We suppose that (0,¢) admits a nonhyperbolic all-time exponential
dichotomy with invariant projector Q. Then there exists a 3 > 0 with

Us(PR(Q(p)) NUs(PN(Q(p))) =0 for all pe P
(i.e., PR(Q) and PN (Q) are all-time isolated ),

lim sup —PrESN IOV (Q(p)) lo(—t.p)ol
t—00 pep infy,esn-1Ap-10, EPRQM))) [®(—t, p)w|

and

lim sup SUPyesN —1NR(Q(p)) HQS(t,p)UH _
t=00 pep infyesv-1mp-1u,en Q) 120 P)w]

Proof. (i) Suppose that (#,¢) admits a nonhyperbolic past exponential
dichotomy with growth rate -y, constants a > 0, K > 1 and projector Q.
We define 3 := 1/(3K), fix an arbitrary p € P and choose p € [p] as in Defi-
nition 4.4 (i). The remaining proof of (i) is divided into four steps.

Step 1. The sets PR(Q) and PN (Q) are past isolated.

Assume, for some ¢t > 0, we have Ug (PR(Q(6—.p))) N Ug (PN (Q(6—:p))) # 0.
Hence, there exist © € PR(Q(0—_:p)) and y € PN (Q(6—_:p)) with dp(x,y) < 20.
Due to the definition of dp (cf. Appendix A.3), there exist # € S¥ "1 NP~ 1{x}
and § € SN"L NP~1{y} such that || — 7| < 23. This yields

1Q(O—p)( — ) Izl o 1 _ 3K

1z = gll CllE-gl T2 27

and this is a contradiction, since Definition 4.4 (i) implies ||Q(0—:p)| < K.
Step 2. We have

1
|&(—t,0_.p)x| > Ee‘”‘“””x” for all 7,¢t >0 and = € R(Q(0_,p)) .
The assertion follows from

[zl = (@@ 0-r—p)P(~t,0_D)Q(O—rp)x|
Def. 4.4 (i)
< KOO d(—t,0_p)z]|.

Step 3. Let M C SN=1\ N(Q(p)) be a compact set. For w € M, we write
w = w, + wy, with w, € R(Q(P)) and w, € N(Q(p)). Then

Wy (M) :={w, :we M} =Q(p)M

is bounded away from zero, and the set
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Wi (M) :={w, :we M} = (1-Q(p)M

is bounded.

Assume, the set W,.(M) = Q(p)M is not bounded away from zero. Then it
contains 0, since it is compact, and thus, there exists a w € M with w €
N(Q(p)). This is a contradiction. Moreover, the set W,,(M) = (1 — Q(p))M
is bounded, since it is compact.

Step 4. For all compact sets C C SN\ N(Q(p)), we have

i SPoesy-1an@ep) [19(= PVl
t— 00 inf,cc ||P(—t,p)w||

=0.

Choose 7 € T such that p = 6,p. Defining C := ¢(r, p)C, it is sufficient to

show A
bupueSN @) 12(=t,p)v||

lim =0.
t—o0 ce 12(—t, p)w]|
We have
Supvesw 1w @) [12(=t D)ol
nf o [[2(=t, pw]|
Def. 4.4 (i K —(y4a)t Ke— (vta)t
of: 44 () Sup,csv-1n7Q(p) Ke [[vll [o(—t.)w,]
< - - - < sup )
inf, .o |D(=t, p)w, + P(—t, D)wnll ~ ,co |1 — Hqﬁ(( t7p§wn\‘||
t,p)w,

Please note that for the last inequality, we require w, 7 0 for all w € C. This
is fulfilled, since W,.(C) is bounded away from zero (cf. Step 3). Furthermore,
using

Ke—(rto)t Step2 e~ (vF+a)t K2e—2at
- < = ,
|@(—t, p)w-|| #e~ (= Jw, | ([l
we obtain
1 Ke_(7+a)t 0
im sup —————— =0,
t=00 el [(—t, p)w,||

since W,.(C) is bounded away from zero. Moreover, due to

|1S(—t, p)wy|| Pef- 44 D: Step 2 Ke~ Ot || K22 Juw,|
[@(=t, p)wr|| - xe " w | el
we get
b sup 12CEDwl
=00 el ||45( ,ﬁ)er

(please note that Step 3 says that W, (C‘) is bounded and W, (C’) is bounded
away from zero). This implies the assertion.
(ii) can be proved similarly to (i).
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(iii) Suppose that (6,¢) admits a nonhyperbolic all-time exponential di-
chotomy with constants o« > 0, K > 1 and projector Q). We define § :=
1/(3K). The remaining proof of (iii) is divided into five steps.

Step 1. The sets PR(Q) and PN (Q) are all-time isolated.

Assume, there exists a p € P such that Uz (PR(Q(p))) NUs(PN(Q(p))) # 0.
Hence, there exist x € PR(Q(p)) and y € PN (Q(p)) with dp(x,y) < 26. Due
to the definition of dp (cf. Appendix A.3), there exist # € SY"1NP~1{z} and
g € SN=1NP~1{y} with || — §|| < 28. This yields

Q)@ —ol _ Il 1 _ 3K

1z = gll lz—gll =28 2~

This is a contradiction, since Definition 4.4 (iii) implies |Q(p)| < K.
Step 2. We have

1
|&(—t, p)z|| > Ee_(“’_a)tHxH forall pe Pt >0 and z € R(Q(p)) .

The assertion follows from

Def. 4.4 (iii) ()t
=] = 18(t,0—p)2(—t, p)QP)z| < Ke7™*"||o(—t,p)x.

Step 3. Forp € P and w € SN"'NP~1U(PR(Q(p))), we write w = w? + w?
with wf € R(Q(p)) and wP € N(Q(p)). Then

W, :={wl:peP,weS" NP 'U(PR(Q()))}
is bounded away from zero, and
W, = {wk :peP,we SV ' NP 'Us(PR(Q(p)))}

s bounded.
To show that W, is bounded away from zero, assume for contradiction, there
exist sequences {py fnen in P and {w(")}neN in SV such that

w™ e SN NPTIU (PR(Q(pn))) for all n € N

and lim,,_, .. w™P" = 0. Hence, we have lim,, ... dp (w™ PN(Q(pn))) = 0,
and this is a contradiction to Step 1. Furthermore, because we have for all
p€Pand we SN NPUZ(PR(Q(p))) the relation

Def. 4.4 (iii)

[whll =1 -Qwhw]| < K,

the set W,, is bounded.
Step 4. The relation

lim sup SUPvesN 10N (Q(p)) |2(—t,p)v|| _
t—00 pep Infy,esh—10p-10,BR(Q())) |®(—t, p)w]|
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is fulfilled.
For p € P, we have

SupveSNflmN(Q(p)) ||¢(—t vl

infyesv-1np-10, BRQK))) 1P(—1, p)wl|
Def. 4.4 (iii) SUD, 5N -1 A/(Q(p)) Ke*(“YJra)tHvH
infyesn 1010, FR(Q()) ||P(—L P)WE + B(—t, p)wi|
Ke—(ta)t
< sup [&(—t,p)wl]]
- N—1 1 ¢ (- tvp)wnH '
weSN—INP~1Uz(PR(Q(p))) |1 — CZemmAl

Please note that for the last inequality, we require that w? # 0 holds for all
w € SN NP~1UG(PR(Q(p))). This is fulfilled, since W, is bounded away
from zero (cf. Step 3). Furthermore, using

Ke— (o)t Step2 e~ (Yt+o)t K2e—2at
[e—tpf] = Fetorud] ~ [l
we obtain
Ke—(yto)t

lim sup sup
% peP weshinp-1UsPR@)) | P(—6PUT]

since W, is bounded away from zero. Moreover, due to

Hqs pr Def. 4.4 (iii), Step 2 Ke_(VJ”O‘)tngH B K2e —2at||w£H
[2(=t, pyut| - e 07wt lw?ll
we get
2=t pwh]| _

lim sup sup
=00 peP weSN-1np— LU (PR(Q(p))) ng —t p H

(please note that Step 3 says that W, is bounded and W, is bounded away
from zero). This implies the assertion.
Step 5. The relation

SUP,esv 1R (Q(p)) IP(E )|

lim sup =
t—co pep infy,esv—10p-10, N (QE)) |9 P)w]
1s fulfilled.
See proof of Step 4. a

The following theorem says that ranges and null spaces of invariant projec-
tors give rise to nonautonomous repellers and attractors. Similar questions
are treated in PALMER & SIEGMUND [128, Proposition 3.1], where so-called
generalized attractor-repeller pairs on the projective space are examined.
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Theorem 4.15 (Ranges and null spaces of invariant projectors as
nonautonomous repellers and attractors). We suppose that (0, ) admits
a nonhyperbolic past (future, all-time, respectively) exponential dichotomy with
projector Q and consider the nonautonomous dynamical system (6, PP) on the
real projective space PN 1. Then the following statements are fulfilled:

(i) PR(Q) is a past (future, all-time, respectively) repeller,
(ii) PN(Q) is a past (future, all-time, respectively) attractor,

(iii) in case of a nonhyperbolic past exponential dichotomy, we have PN (Q) =
PR(Q)*, and in case of a nonhyperbolic future exponential dichotomy,

PR(Q) = PN(Q)* is fulfilled.

Proof. In case of a nonhyperbolic past exponential dichotomy, the fact that
PR(Q) is a past repeller can be proved as in Proposition 3.20 (Step 1
to Step 4), where instead of Proposition 3.19 and Step 3 one should use
Lemma 4.14 (i). Moreover, the proof that PA/(Q) is a past attractor and
PN(Q) =PR(Q)* is analogous to Step 5 of the proof of Proposition 3.20.
The assertions concerning the case of a nonhyperbolic future exponential
dichotomy are now easily obtained by using Proposition 2.32.

In case (0,¢) admits a nonhyperbolic all-time exponential dichotomy, we
now prove that PR(Q) is an all-time repeller. First, we choose § > 0 from
Lemma 4.14 (iii). The remaining proof is divided into two steps.

Step 1. We have

i lecto)
= lim in in A oo
t—oo peP 0£veP—1Us(PR(Q(p))) ||P(—t,p)v]]
lle¢=t.pyez]

= lim sup sup ,
t=00 peP 0£0eP—-1U(PR(Q(p))) |®(—t,p)v]|

where v = vl + vP with v2 € R(Q(p)) and vE € N(Q(p)).
The first assertion follows from

e [®(—t, p)o?
1m Hlf —_—_—
t—00 pEP 0£veP—1Us(PR(Q()) ||P(—t,p)v|
-1
. |®(—t,p)vt]|
> 1 2R
- (ti{& bEP 0o 1R |2t D)V
-1
I oo gy |
= tli)m sup sup n +1
o pEP veP~ U (PR(Q(p))),vh #0 HUITOH HQS(_LL’p) |Z§ | H
L. 4.14(iii) 1

and
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S . llet=t. p)er]|
t—00 pEP 0£veP—1Us(PR(Q()) ||P(—t,p)v||
< lim sup sup HQ) L UPH
1250 peP ovep- 1 U(PRQEY) | ||P(—t p)0F]|
-1
ol e |
= lim sup sup 1- .
t=00 peP veP-1U5(PR(Q(p))), w5 #0 ||UPH ‘
L. 4.14(iii) 1

In both relations, the last equality holds, because the sets
{v2 v e P'UG(PR(Q(p)))} forall pe P
are compact and the sets
{v? v e PT'US(PR(Q(p))} forall pe P
are bounded away from zero (cf. also Step 3 of Lemma 4.14 and Step 1 of
Proposition 3.20). The assertion
HQ” (=t p)or|
1= lim sup sup e
t=00 peP 0£veP-1U,(PR(Q(p)) || P(—1, )|

follows analogously.
Step 2. We have

lim sup dz (PS(—t,p)Us (PR(Q(p))) [PR(Q(0-p))) =0,

t—o0 peP

i.e., PR(Q) is an all-time repeller.
With v2 and v? defined as in Step 1, the relation

(®(—t, p)v, B(—t,p)v)"
& (~t,p)oll?|[@(~t, p)o

B (D(—t, p)vE, d(— tpvp> |2( tpfuf”2 2(D(—t, p)vk, B(—t,p)vP)
(- tpv|| |®(—t,p)o?|*  ®(=t,p)v]? [@(=t,p)vl|?

holds for all t > 0,p € P and v € SY "' NP~1U(PR(Q(p))) (cf. Step 2 of the
proof of Proposition 3.20). Using the Cauchy-Schwartz inequality, we obtain
the following relations:
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2
. <¢(_t7p)vg7ds(_tap)/u£>
0 < lim sup sup 5
1700 peP wesN-1nP-1Us (PRQ()) [|B(—t, p)vl|?||B(—t, p)or ||

2
. [@(—t, p)va|
< lim sup sup I TArEs e
=00 peP yesN-1nP-1U,(PR(Q(p))) ||P(=t: D)Vl
L. 4.14(iii) 0

and
2(B(—t, p)uE, B(—t, p)o?
0 < lim sup sup ‘< (=t pJos, 5 p)v >‘

=00 peP yeSN-1NP-1U5(PR(Q(p))) [@(—t, p)v]|

. |2ty [2(t.p)02]

T 20 peP yesN-1np-10,(PR(QGp)  I1P(=t, D)ol (|D(—t, p)v]|

Step 1 li 2||@(_t,p)’(}£’|

= im sup sup _

t—00 peP yeSN-1AP-1U4(PR(Q(p))) [&(—t, p)v
L 414G

Hence, due to Step 1, we have

. . . <¢(—t,p)1}, Q(_t7p)v£>2
lim inf inf 5
(=00 pEP veSNTINPIUs (PR(Q(P) ||B(—t, p)v||2||B(—t, p)o? ||

. . . <Q3(_tap)v£7¢(_tap)vf>2
= lim inf inf 5
t—o0 peP veSN-1NP-1Uz(PR(Q(p))) ||Sl3(—t,p)v||2||Q5(—t,p)vf||

|B(—t,p)o?|*  2(®(—t,p)om, B(~t, p)o?)
[&(—t, p)v]? 1&(—t, p)v]®

=1.

Using Lemma A.11, this implies that PR(Q) is an all-time repeller.
Moreover, with Proposition 2.32, it is easy to show that PA/(Q) is an all-time
attractor. This finishes the proof of this theorem. O

4.2 Dichotomy Spectra

In the previous section, notions of dichotomy have been introduced by localiz-
ing attractive and repulsive directions. To classify the strength of attractivity
and repulsivity of linear systems, the concept of the dichotomy spectrum is
essential. For linear skew product flows with compact base sets, the so-called
Sacker-Sell spectrum (see SACKER & SELL [154]) has become widely accepted.
In SIEGMUND [172] and AULBACH & SIEGMUND [19], this spectrum has been
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adapted for arbitrary classes of linear differential and difference equations,
respectively (for the noninvertible case, see AULBACH & SIEGMUND [20]). In
addition to this dichotomy spectrum, in this section, three other kinds of spec-
tra are introduced with respect to the notions of past, future and finite-time
attractivity and repulsivity. Thereby, attention is restricted to the following
situation.

Standing Hypothesis. We suppose that (6, ) is generated by the non-
autonomous differential equation

= A(t)z, (4.2)
P =T =R, or the nonautonomous difference equation
Tpi1 = A(n)z, , (4.3)

P =T =17, where A : T — RV*¥ is a continuous function. The base flow
fulfills the relation 0(¢,7) =t + 7 for all t,7 € T (cf. Section 2.2).

This restriction is necessary, since we do not want to make assumptions con-
cerning the structure of the base flow 6 and the base set P such as compact-
ness, minimality, chain recurrence or invariant connectedness.

We consider unbounded and closed T-intervals I, i.e., I is of the form T,
T} or T for some xk € T. We say, (0, ) admits a nonhyperbolic exponential
dichotomy on I with growth rate v € R, constants @ > 0, K > 1 and invariant
projector @ if

|D(t, T)Q(T)|| < Ke“' =t forall 7€l,t>0with7+tel,
|o(~t,7)(1 - Q(7))|| < Ke=O)*" forall 7 €l,t>0with7—tel.

The following proposition says that this definition coincides with the notions
of nonhyperbolic exponential dichotomy from in the previous section.

Proposition 4.16. Let k € T and v € R. Then the following statements are
fulfilled:

(i) (8,¢) admits a nonhyperbolic exponential dichotomy on T, with growth
rate v if and only if (0,¢) admits a nonhyperbolic past exponential
dichotomy with growth rate 7,

(ii) (0,¢) admits a nonhyperbolic exponential dichotomy on T with growth
rate v if and only if (0,¢) admits a nonhyperbolic future exponential
dichotomy with growth rate ~y,

(iii) (0,¢) admits a nonhyperbolic exponential dichotomy on T with growth
rate v if and only if (0,¢) admits a nonhyperbolic all-time exponential
dichotomy with growth rate ~.
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Proof. (i) (=) The conditions of Proposition 4.10 (i) are fulfilled by choosing
P = K.

(<) Suppose, (0, ¢) admits a nonhyperbolic past exponential dichotomy with
growth rate 7, constants «, K and projector ). Thus, there exists a p € T
such that the two conditions in Proposition 4.10 (i) are fulfilled. In case p > «,
the assertion follows immediately. Otherwise, we define

K := max { max {[|(t, 7)Q(7)|| : t,7 € [p, k] N'T with ¢t > 7},
max { || (¢, 7)(1 — Q(7))|| : t,7 € [p, k] N T with ¢ < T}} .

Then (¢, ¢) admits a nonhyperbolic exponential dichotomy on T, with growth
rate v and constants a, K K.
(ii) can be shown analogously to (i), and (iii) is obviously fulfilled. O

In this section, we make use of these alternative characterizations instead of
Definition 4.7.

Remark 4.17. In case the function A of the differential equation (4.2) or diffe-
rence equation (4.3) is only defined on an interval of the form T}, or T for
some k € T, respectively, the nonautonomous dynamical system generated by
this equation does not fulfill the hypotheses of this chapter. Due to Proposi-
tion 4.16, however, we are able to use the notions of past or future exponential
dichotomy and the notions of past and future dichotomy spectrum (see Defi-
nition 4.20 below) also for these types of equations.

Given an invariant projector @, the fibres of R(Q) and N (Q), respectively,
have the same dimension, since the base set P is a trajectory of base flow 6.
We therefore define the rank of @) by

k@ :=dimR(Q) := dimR(Q(¢)) forall teT,

and we set

dimN(Q) := dim N (Q(t)) forall teT.

Proposition 4.18. Suppose, both Q and Q are invariant projectors of a non-
hyperbolic past exponential (future exponential, all-time ezponential, (r,T)-,
respectively) dichotomy with growth rate vy. Then 1k Q =1k Q) is fulfilled.

Proof. In case of a nonhyperbolic past (future, all-time, respectively) ex-
ponential dichotomy, the assertion follows directly from Proposition 4.11.
Arguing negatively, we suppose that (6,¢) admits a (7, T)-dichotomy with
two invariant projectors () and Q such that rk @ < rk Q Thus,

dim (M(Q) NR(Q)) = dimN(Q) + dimR(Q) — dim (M (Q) + R(Q))
> dim N (Q) + dim R(Q) — dim (M(Q) + R(Q)) > 0.



4.2 Dichotomy Spectra 97
Hence, there exists a nonzero element & € N'(Q(7)) NR(Q(7)). We obtain
1D(T, m)Ell < €]l = [|@(=T, 7 + T)B(T, 7)€ < |8(T, 7)é]l,

since 0 # ¢ € R(Q(T)) and 0 # &(T,7)¢ € N(Q(7 + T)). This contradiction
finishes the proof of this proposition. a

As indicated in Remark 4.12, an invariant projector is uniquely determined
only in case of a nonhyperbolic all-time exponential dichotomy. The degree
of nonuniqueness of projectors of past and future exponential dichotomies is
described in the following lemma, which is adapted from AULBACH & SIEG-
MUND [20, Lemma 2.4].

Lemma 4.19. The following statements are fulfilled:

(i) We assume that (0,p) admits a nonhyperbolic past exponential
dichotomy with growth rate v and projector @, and Q is another in-
variant projector with

sup Q)] <0 and N(Q) =N(Q).

teT,

Then (0, ) also admits a nonhyperbolic past exponential dichotomy with
growth rate v and projector Q.

(i) We assume that (0,p) admits a nonhyperbolic future exponential
dichotomy with growth rate v and projector @, and Q is another in-
variant projector with

st;g HQ(t)H <oo and R(Q)= R(Q) .

Then (0,¢) also admits a nonhyperbolic future exponential dichotomy
with growth rate v and projector Q.

Proof. (1) Suppose, (6, ¢) admits a nonhyperbolic exponential dichotomy on
T, with growth rate v, constants o > 0, K > 1 and projector @, and let Q
be given as above. First, we observe that SUD, e~ Q)] < K, and we define

M := sup HQ(t)H
teTy

The relation N (Q) =N (Q) implies the two equations
1-Q)=1-Q)(1-Q) and Q=(1-Q+Q)Q.

The first equation yields for all 7 € T;; and ¢ > 0,
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[®(—t,7)(1 = QM) = [ #(~t, 7)(L - Q1)) (L - Q7)) |
< |[@(=t, )L - M) |1 - Q)|
< K(1 4 M)e~ 0+t

Using the invariance of ) and Q, the second equation implies

|8, M)Q(T)|| = [|#(¢,7) (1 - Q(r) + Q7)) Q(7)]|
<L = Q(r + 1)+ Q(r + 1)) || |&(t, 1)Q(7)]|
<K+ K+ M)t

forall 7€ T, and t > 0 with 7+t € T .
The assertion (ii) can be proved similarly. O

It is crucial for the definition of the dichotomy spectra, for which growth
rates, the linear nonautonomous dynamical systems (6, ¢) admits a nonhyper-
bolic dichotomy. In case of a past (future, all-time, respectively) exponential
dichotomy, we will not exclude growth rates v = foo from our considerations.
We say, (6, ¢) admits a nonhyperbolic dichotomy with growth rate oo if there
exists a v € R such that (6, ¢) admits a nonhyperbolic dichotomy with growth
rate v and projector P, = 1. Accordingly, we say that (6, ¢) admits a non-
hyperbolic dichotomy with growth rate —oo if there exists a v € R such that
(0, ») admits a nonhyperbolic dichotomy with growth rate v and projector
P, =0.

Definition 4.20 (Dichotomy spectra).

(i) The past dichotomy spectrum of (0, ¢) is defined by

Yy = {’y € R: (0,¢) does not admit a nonhyperbolic past

exponential dichotomy with growth rate 'y} .
(ii) The future dichotomy spectrum of (0, ¢) is defined by

X3 = {’y €R:(0,¢) does not admit a nonhyperbolic future

exponential dichotomy with growth rate 'y} .
(iii) The all-time dichotomy spectrum of (0, @) is defined by

Yy = {7 €R: (0,¢) does not admit a nonhyperbolic all-time

exponential dichotomy with growth rate 7} .

(iv) Given 7 € T and T € T, the (r,T)-dichotomy spectrum of (6, ¢) is
defined by

Eg’T) = {y €R:(6,p) does not admit a nonhyperbolic
(,T)-dichotomy with growth rate v} .
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The corresponding resolvent sets are defined as follows:

Pa ::R\Z]g’ Pe ::@\E;’
py =R\ Xy and pg’T) ::@\Eg’T).

In regard to the Standing Hypothesis, also the notation X4 and p4 is used for
the dichotomy spectra and resolvent sets of & = A(t)r and z,+1 = A(n)zy,,
respectively.

Remark 4.21.

(i) The all-time dichotomy spectrum without {—o0, 0o}, i.e., 5" NR, coin-
cides with the dichotomy spectrum for differential equations introduced
in SIEGMUND [172] (see also SIEGMUND [171]). In case of linear differ-
ence equations, exp (X5 NR) is the dichotomy spectrum introduced in
AULBACH & SIEGMUND [19].

(ii) In contrast to the past, future or all-time dichotomy spectrum, the
notion of (7,T)-dichotomy spectrum is not invariant with respect to
a change of the norm to an equivalent norm (cf. also Remark 4.5 (iii)
and Remark 2.18).

(i) From Proposition 4.6, we obtain directly X5~ C X5 and Xz C X3,

The aim of the following lemma is to analyze the topological structure of the
resolvent sets.

Lemma 4.22. We suppose that pg := pg,p;,p‘g,pg’n, respectively. Then
pe N R is open, more precisely, for all v € pg N R, there exists an € > 0
such that U-(y) C pg. Furthermore, the relation tk Q¢ = rk Q is fulfilled for
all ¢ € Ue(y) and every invariant projector Q~ and Q¢ of the nonhyperbolic
dichotomies of (0, ) with growth rates v and ¢, respectively.

Proof. We first treat the case ps = pg , p3 , P and choose v € pg arbitrarily.
Since (6, ¢) admits a nonhyperbolic exponential dichotomy on I = T, T(J{, T
with growth rate -, respectively, there exists an invariant projector ), and
constants a > 0, K > 1 such that

|D(t, 7)Q~(7)| < KeO™t  forall 7€l,¢t>0with7+tel,

|@(—t,7)(1 — Q,(7))]| < Ke 0+t forall rel,t>0withr—tel.
We set € := «/2 and choose ¢ € U(7y). Thus,

|D(t, 7)Q~ (7)) < Kels=/Dt  forall 7€, t >0 withr+tel,
|@(—t,7)(1 — Q,(1))]| < Ke (&+/2t forall 7€, t>0withr —tel.
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This yields ¢ € pg. Since Proposition 4.18 says that the ranks of the projectors
of nonhyperbolic exponential dichotomies on I with the same growth rate are
equal, we have 1k Q¢ = 1k @, for any projector ()¢ of the nonhyperbolic
exponential dichotomy on I with growth rate . In case of finite-time intervals
and v € pg, there exists an invariant projector () such that

Io(T, T)Ell < e?Tléll for all 0# & € R(Q,(7)).

|@(=T, 7+ T)E|| < e 7Tl¢]| for all 0# & e N(Qy(T+T)).
We define

PR— o) Iﬂﬂﬂm}<1

m ) max
{O#ER@W(T)) e TlEl Torgen(@ () T
and set € :=In3/(2T). Thus, for all ¢ € U.(y), we have

IB(T, )¢l < e<TlIE]l for all 0% & € R(Q4(7)),
|B(—T, 7+ T)E|| < e <T||g]| for all 0+ € N(Qy(r+T)).

This implies ( € pg. The equality of the ranks of the invariant projectors
follows from Proposition 4.18. O

Lemma 4.23. Assume, the resolvent is of the form pg := pg,pg,pg,pg’T),
respectively, let v1,v2 € ps NR with v1 < v2, and choose invariant projectors
Q+, and Q, for the corresponding nonhyperbolic dichotomies with growth

rates y1 and 2. Then we have 1k Q,, < rkQ~,. Moreover, [y1,72] C pe is
fulfilled if and only if Tk Q, =1k Q~,.

Proof. We first prove the relation rk @,, <rk@,,. In case ps = p3 ,p5 , P35
respectively, this is a direct consequence of Proposition 4.11, since S, C S,
and U,, D U,,. In case of finite time intervals, we observe that the relation
R(Q~+,) NN(Q+,) =T x {0} holds, because 0 # £ € R(Q~, (7)) NN (Q~, (7))

would satisfy
gl = (=T 7 + T)B(T, 7)&|| < e " || (T, 7)8|| < e e g < Ilg]] -
This yields
0 = dim (R(Q~,) NN (Q+,))
=1k Qy, + dimN(Q,,) — dim (R(Qy,) + N (Q)) ,
and therefore,
tk Qy, =1k Q,, + N — dim (R(Q,) + N(Q+,)) > 1k Q- .

Assume that [y1,72] C pe. Arguing negatively, suppose that rk Q,, # rk Q,,.
We choose invariant projectors @) for the nonhyperbolic dichotomies of (6, ¢)
with growth rate v for all v € (y1,72) and define
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o :=sup {C € [11,72] 1tk Q¢ #1kQs, } .

Due to Lemma 4.22, there exists an € > 0 such that rkQ¢, = rkQ for all
¢ € U:({o). This is a contradiction to the definition of {y. Conversely, let
rk Q~, =1k Q,,. We first treat the case ps = pg . Because of tk Q,, =1k Q,,
Proposition 4.11 yields that N(Q,,) = N(Q,,). Due to Lemma 4.19, Q., is
an invariant projector of the nonhyperbolic past exponential dichotomy with
growth rate ;. Thus, we have

[D(t, 7)Q, (1) < K1e =2t for all t > 0,7 <0 witht+7 <0

for some K7 > 1 and a; > 0. Q,, is also projector of the nonhyperbolic past
exponential dichotomy with growth rate .. Hence,

H@(—t,T)(]l — Qn, (T))H < Kypem 022t forall £ >0,7<0

is fulfilled for some Ky > 1 and ay > 0. For all v € [y1,72], these two
inequalities imply by setting K := max {K1, K>} and « := min {a1, a2} that
|B(t, 7)Qr, (7)]] < K™t forall t>0,7 <0 witht+7<0,
|@(—t,7)(1 — Q,(7))]| < Ke~ 0+t forall t >0,7<0.
This means v € pg, and therefore, [y1,72] C ps. The case ps = pz,ps
is treated analogously. It remains to show the implication for the (7,T)-
resolvent set. We have already seen at the beginning of this proof that
R(Q~,) NN(Q~,) = T x {0}. Since 1k Q,, = rk@,,, this implies the exis-
tence of an invariant projector @ with N'(Q) = N (Q,) and R(Q) = R(Q~, ).
Thus, for all v € [y1,72], we have
(T, T)E < eTéll  for all 0# € € R(Qqy) (7)) s
[@(=T, 7+ 7)€l < e T[]l for all 0# & € N Qo) (7 +T).

This implies [y1,72] C pg and finishes the proof of this lemma. O

For arbitrarily chosen a € R, we define

[—00,a] := (—o00,a] U{—00}, [a, 0] := [a,00) U {0},
[—00, —o0] := {00} [00, 00] := {00},
and [~00,00] = R.

We now state the main result of this section.

Theorem 4.24 (Spectral Theorem). We consider dichotomy spectra of the
form X = Eg,E;,Eg’,Eg’T). Then there exists ann € {1,..., N} such
that

E@s = [al,bl] U---u [an,bn]

with —00 < a3 < by < ag < by < -+ < ap < by < 00. In case Lp = X5,
we have —oo0 < ay and b, < co.
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Proof. Due to Lemma 4.22; the set pg N R is open. Therefore, Y3 N R is
the disjoint union of closed intervals. In case X = Eg’T), the boundedness
of Yg is obvious, and if Y = X5, X5, X5, respectively, then the rela-
tion (—o0,b;] C Xg implies [—o00,b1] C X, because the assumption of the
existence of a v € R such that (0, ¢) admits a nonhyperbolic dichotomy with
growth rate v and projector Q4 = 0 leads to (—o0,v] C ps using Lemma 4.9.
This is a contradiction. Analogously, it follows from [a,,c0) C Xg that
[an,00] C Xp. To show the relation n < N, we assume that n > N + 1.
Thus, there exist
(<@<-<(NEps

such that the N + 1 intervals
(—OOaC1) ) (C17C2) PR (CNaOO)

have nonempty intersection with the spectrum Xg. It follows from Lemma 4.23
that
0<1kQ¢, <tkQe, <+ <1kQ¢y <N

is fulfilled for invariant projectors Q¢, of the nonhyperbolic dichotomy with
growth rate (;, ¢ € {1,...,n}. This implies either rtkQ¢, = 0 or tkQ¢, = N.
Thus,
[—00,(1]NEe =0 or [(n,00]NXe=10,

and this is a contradiction. To show n > 1, we assume that Y = (). This
implies {—o00,00} C pg. Thus, there exist ¢1,{a € R such that (6,¢) ad-
mits a nonhyperbolic dichotomy with growth rate ¢{; and projector Q¢, = 0
and a nonhyperbolic dichotomy with growth rate (; and projector Q¢, = 1.
Applying Lemma 4.23, we get ((1,(2) N Xg # 0. This contradiction yields
n > 1 and finishes the proof of this theorem. ]

In the following example, spectra of scalar linear differential equations are
studied.

Ezxample 4.25. We consider scalar differential equations of the form
z=a(t)r,

where a : R — R is a continuous function. We have
T+t
P(t,7) = exp (/ a(s) ds) for all t,7 € R.

The Spectral Theorem says that the past, future, all-time and (7,T)-
dichotomy spectra consist of exactly one closed interval. Furthermore, due
to Remark 4.5 (iv), the (7, T)-dichotomy spectrum fulfills

s = {|e(T,7)]} -

The following examples show that the past, future and all-time dichotomy
spectra can be more complicated.
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Yo =Xy =25 = {oo} for a(t) := |t| for all t € R.
Proof. For v € R, we have

T+t
D, (t, 7) =exp (/ (Is| =) ds) for all t,7 € R.

Since for all s € R with |s|] > v 4 1, the relation [s]| — v > 1
is fulfilled, (#,®,) admits a nonhyperbolic exponential dichotomy on
R:M—l and R\?IH with growth rate 0, constants « = 1, K = 1 and
invariant projector 0. Moreover, Proposition 4.16 (i), (ii) implies that
Yy = Xz = {oo}. The remaining assertion X5 = {oo} is a conse-
quence of Proposition 4.6 (ii).

Yo ={-o00}, ¥z ={oo} and X3 =R for a(t) :=t for all t € R.
Proof. The assertions concerning the past and future dichotomy spec-
trum are proved analogously to (i). Concerning the all-time dichotomy
spectrum, we assume to the contrary that there exists a v € R such
that &, admits an all-time exponential dichotomy. Please note that the
relation

1
D, (t,7) = exp (21?2 + 7t + Vt) for all t,7 € R

holds. For the corresponding invariant projector ), there are only the
possibilities ¢}y = 0 or @, = 1. In case )y = 1, the dichotomy estimate

1
®.,(t,0) = exp (2t2 + w) < Ke ™ forall t>0

yields a contradiction in the limit ¢ — co. Analogously, the case Q, =0
is treated.

Yy =[-00,0], X3 ={f} and Xy = [—o0, 5] for

I} s t>-1
B—n+n(t+22"+1) : te[—-2""—1,-22"]
a(t) := B—n Dote [ =22t 22 ]
B—n(t+22T 1) : te[—22tl 1 22
B o te [—22nHD) _gntl ]

In all cases above, n € Nj.

Proof. The statement concerning X3 is clear. To compute X3 , assume
to the contrary that for some v < 3, the linear nonautonomous dynam-
ical system (0, $,) admits a past exponential dichotomy with projec-
tor (). In the one-dimensional context, there are only the possibilities
Qy=0or @, =1.1In case @, = 1, we have the dichotomy estimate

T+t
D, (t,T) = exp (/ (a(s) =) ds) <Ke™™ forall 0<t< —7
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for some K > 1 and a > 0. Let n € Ny with K exp (—a (2" - 1)) < 1.
Then

_o2nt+1_7q

&, (22n+1 —1, 722(n+1)) = exp / (B—)ds | >1.
—922(n+1) N

This is a contradiction. In case (), = 0, we have the dichotomy estimate

T—1
D, (—t,T) =exp (/ (a(s) —7) ds) < Ke @ forall 7<0,t>0

for some K > 1 and a > 0. We choose an integer n € Ny such that
K exp (*01(22" — 1)) <land 8 —n—v<0. Then

_g2n+t1

@, (-2, —2%" — 1) = exp / (f—n—vy)ds| >1.
92N ] Ne———
<0

This is also a contradiction. It is easy to see that for v > 3, the lin-
ear nonautonomous dynamical system (6, $,) admits a past exponential
dichotomy with projector @, = 1. Hence, we have X5 = [—o00, §]. Due
to Remark 4.21 (iii), X5 D X5 U X; = [—oo, (] is fulfilled. It is also
easily shown that for v > 3, (0, $,) admits an all-time exponential di-
chotomy with projector ), = 1. Thus, we obtain X3 = [—o0, ].

Yo ={B}, X3 =[B,00] and X5 = [B, 00| for

15 : t<1
B+ n(t —2") : te [227,2%" 4 1]
a(t) := B+n ©ote [22n 41,22
B+n—n(t—22F) o te 22t 22t 4]
B oot [22th 41,2200 D)]

In all cases above, n € Nj.
Proof. See proof of (iii).

Y5 ={8}, Xz =1[8,9] and X5 =[5, 9] for
3 s t<1
B+ (t—22")(6 - B) €[22, 22 + 1]
a(t) := 5 € [227 + 1,227 ]

|
S+ (t—2"T)(B—0) : te |22t 220l 4]
B c [22n+1 + 1’22(n+1)]

In all cases above, n € Ng.
Proof. See proof of (iii).
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The following theorem says that each interval of the past (future, all-time,
respectively) dichotomy spectrum corresponds to a linear nonautonomous in-
variant manifold.

Theorem 4.26 (Spectral manifolds). Let
Yp = 2572572$ = [a17bl] Uu---u [a’nvbn]a

respectively, define the invariant projectors @, = 0, Q,, = 1, and for
integers © € {1,...,n — 1}, choose v; € (b;,a;41) and projectors Q, of the
nonhyperbolic dichotomy of (0,¢) with growth rate ;. Then the sets

Wi :=R(Q,) NN(Q+,_,) forall ie{l,...,n}

are linear nonautonomous invariant manifolds, the so-called spectral mani-
folds, such that
W@ @W, =TxRY

and W; # T x {0} forie {1,...,n}.

Proof. The sets Wy,..., W, are obviously linear nonautonomous invariant
manifolds. We suppose that there exists an ¢ € {1,...,n} with W; = T x {0}.
In case ¢ = 1 or i = n, Lemma 4.9 implies either [—oco,v1] N X = 0 or

[Yn—1,00] N Xg = 0, and this is a contradiction. In case 1 < i < n, due to
Lemma 4.23, we obtain

dim Wl = dlm (R(Q’Yz) mN(Q'Yi—l))
= rk Q% + N —rk Q’Yi—l — dim (R(Q‘h) +N(Q’Yi—1)) >1,

and this is also a contradiction. We now prove W; & --- @ W, = T x R¥.
Wlo.g, we assume Y = X5, X5 . For 1 < i < j < n, due to Proposi-
tion 4.11, the relations W; C R(Q,,) and W; C N(Q+,_,) C N(Q,) are
fulfilled. This yields

Wi NW; C R(Q~,) NN(Qy,) =T x {0}
Moreover, Lemma A.10 implies that

T x RN - Wl +N(Q"/1) = Wl +N(Q’Y1) N (R(Q’Yz) +N(Q’Yz))
=W +N(Q’Yl) ﬂR(Q“{z) +N(Q’Y2) =W+ W, +N(Q’Y2)

holds. It follows inductively that
TxRY =W+ + Wy + N(Qy,) = Wi + -+ W,

This finishes the proof of this theorem. a
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In case of the past and future dichotomy spectrum, the spectral manifolds
give rise to a Morse decomposition on the projective space.

Theorem 4.27 (Spectral manifolds and Morse decompositions). Let
245 = 2572; = [a'17b1] U---u [a'TubTL]?

respectively, define the invariant projectors Q,, = 0, Q,, = 1, and for
integers i € {1,...,n — 1}, choose ~y; € (b;,a;41) and projectors Q, of the
nonhyperbolic dichotomy of (0,¢) with growth rate ;. Then the sets

M; :=P(R(Q,) NN(Q,_,)) forall i €{1,...,n}

are the Morse sets of a past (future, respectively) Morse decomposition of
(0, Pp).

Proof. This is a direct consequence of Theorem 4.15. O

Remark 4.28. 1t is possible that the above Morse decomposition defined by
the spectral intervals is coarser than the finest Morse decomposition of The-
orem 3.24 (see also COLONIUS & KLIEMANN [49]).

4.3 Lyapunov Spectra

In this section, the so-called Lyapunov spectra are introduced, and their
relationship to the past and future dichotomy spectrum is examined. As in
the previous section, we restrict to the case that (0,¢) is generated by a
nonautonomous differential or difference equation, i.e., P = T = R,Z and
O(t,7)=t+ 7 forallt,7 €T.

Definition 4.29 (Lyapunov exponents and spectra). For 0 # ¢ € RV,
the numbers

1 1
AL (§) = limsup n In||®(—t,0)¢|| and AT() = litm inf n In ||2(—¢,0)&||
t—oo 0

are called upper and lower Lyapunov exponent for t — —oo. Considering the
future, the numbers

1 1
AL (&) = limsup n In||@(t,0)¢|| and AZ(§) = litminf n In ||2(t, 0)¢]|
t—o0 —00

are called upper and lower Lyapunov exponent for ¢ — oo. The Lyapunov
spectrum for ¢t — —oo is defined by
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op = |J D2@©AT©)]
0#LERN
and the Lyapunov spectrum for ¢ — oo is defined by

o7 = |J PZ©.A7)].

0#££€ERN

It is well-known that there exist numbers n~,nt € {1,...,N} and
& ... 6 &0, € € RY such that

o5 = [AT(&), AT (E)] U U AT (6 ) AT (6n-)]
and
05 = [AT(&) AT (€)] U U AT (60+), AT ()]
(see, e.g., BARREIRA & PESIN [24] and DIECI & VAN VLECK [62, 63]).
In the following, the relationship between the dichotomy spectra and the Lya-

punov spectra is discussed.

Theorem 4.30 (Relationship to the past and future dichotomy
spectrum). The relations —og5 C X5 and oz C X5 hold.

Proof. Let A € —og . Thus, there exists a £ € RY with —\ € [AT(£), 7 (§)].
Initially, we suppose that A € R. Arguing negatively, we assume, (0, ) ad-
mits a nonhyperbolic past exponential dichotomy with growth rate v := A,
constants K > 1, > 0 and invariant projector @, i.e.,

[0(t, 7)Q~(1)|| < Ke =t forall 7 <0<twithr+t<0,
[0(—t, 7)(1 — Q(7))|| < Ke )" forall 7<0<t.

We write £ = & + & with & € R(Q4(0)) and & € N (Q(0)). In case & = 0,
we have

AL (&) = li?isczgp %ln”@(—t,())g” < h?isololp %ln (Ke*W*a)t)
= —y-—a=-A-a<A (§-a.
This is a contradiction. Otherwise (§; # 0), we observe that for all t > 0,
€]l = 11Q+(0)¢]l = [|@(t, —)P(—t,0)Q~ (0)¢]| = [|D(t, —t)Q~ (—t)P(~t, 0)¢]|
< KO d(—t,0)¢|

is fulfilled. Thus, |®(—t,0)¢|| > K~ te~(7=2)?||&|| for all t > 0, and therefore,

1 1
AZ () = liminf —In [ @(—t,0)¢]| > liminf —In (K~"e~ O, ])
=a—-y=a—-A>a+A2(§).
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This is also a contradiction, and hence, A € X5 . We now treat the case A ¢ R,
w.lo.g., A = co. Assume that —oco ¢ X5 . Thus, there exist vy € R, K > 1 and
a > 0 with

[@(—t,0)|| < Ke~ Tt forall t >0,

and this relation implies the contradiction
. 1
limsup = In (|&(—¢,0)[|) < =7y — a < co.
t—oo T
Hence, A € Y3 . The remaining assertion oz C Xz can be proved analo-

gously. O

The following example shows that the Lyapunov spectra do not coincide with
the dichotomy spectra.

Ezxample 4.31. We consider the scalar linear nonautonomous differential equa-
tion

@ = (tsin(t) — cos(t))z,
which generates a linear nonautonomous dynamical system with P = R. We
have

®(t,7) =exp (—(t + 7)cos(t + 7) + T cos(r)) forall t,7 €R.

An easy calculation yields 0 = 05 = [—1, 1]. Choosing
™ ™ T 7r
t1 ::§,t2 =g, T ::2k7r—5,7'2 ::2k7r+§ forall k€ Z,
we obtain

&(t1, 1) = D(t2, 72) = exp(2km) .

Hence, for any v € R, this system does not admit a nonhyperbolic past
exponential dichotomy with growth rate . This implies X5 = R. Analo-
gously, one can show that X7 = R is fulfilled.

4.4 Spectra of Autonomous Linear Systems

It is well-known that an autonomous linear differential equation
T = Ax (4.4)

with a matrix A € RV*Y admits an exponential dichotomy on I = Ry, R{,
R, respectively, if and only if the real part of every eigenvalue of A is unequal

to zero (see, e.g., KALKBRENNER [88, Satz 1.1.3.2, p. 24] and SACKER &
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SELL [151, p. 430(1)]). Therefore, the corresponding past, future and all-time
dichotomy spectra satisfy

Yy =2y =23 ={ReX: \is an cigenvalue of A} .

A relation of this kind does not hold for the (, T')-dichotomy spectrum. Never-
theless, by letting T tend to oo, we obtain the following statement.

Theorem 4.32 (Spectra of autonomous linear systems). Consider the
linear system (4.4). Then the limit relation

lim fo’T) = {Re)\ : A is an eigenvalue of A}

T—o0

holds with respect to the Hausdorff distance.

Proof. There exist n € {1,..., N} and reals A\; < Ag < -+ < A, with
{Re/\ : A is an eigenvalue of A} ={M\,.. ., ).

It is sufficient to show that for all € > 0, there exists a 7 > 0 with
Dy A} C UL (2540’”) and £ < | JU.(\) forall T>7. (4.5)
i=1

Let € > 0. It is an elementary result in the theory of linear differential equa-
tions (see, e.g., COPPEL [54, p. 56]) that there exist nontrivial linear subspaces
Ur,..., U, CRYN with U; & --- @ U, = RY and a real constant K > 1 such
that for all i € {1,...,n},

lette]| < Kexp (Xi+7)t) €]l forall ¢eia - @ U andt 20,
(4.6)

1 5
HeAtSH > T P (()\Z - Z) t) €l forall E€Ui@---@Uyandt >0
(4.7)
is fulfilled. We choose 7 > 0 and T > 7 with K exp(—e7/4) < 1.

To prove the first condition of (4.5), we choose an i € {1,...,n} and assume

to the contrary that U.(\;) N fo’T) = (). Thus, there exists an invariant

projector Q(x,—c/2) With
[e*7¢]| < eX=/ATY¢|| for all 0# & € R(Qur,—e/2)(0)) (4.8
and an invariant projector Q(x, ¢ 2) with

He_ATgH < e_(’\i+€/2)T||§H forall 0 # ¢ € N(Q(AiJrE/g)(T)) . (4.9)
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Because of Lemma 4.23, we have tk Qx, _c/2) = 1k Q(x,4¢/2) =: 7. In the case
r > dim Uy +- - +dim U;, we have dim (R(Qx,—c/2)(0)N(U;®---®U,)) > 1.
Then there exists a nonzero element £ € R(Q(Ai,a/g) (O)) NU; - dU,),
and this leads to the contradiction

€Il = ef(Aifa/z)Te(/\fs/z)T”5” (4>8) 67()\1-—5/2)TH6AT§||

NI eryay -1
> e T eCemeT ]| = (K<) gl > el -

If r <dimUj +- - +dim U;, then dim (N(Q(x,+e/2)(0)) N (U1 ®---®U;)) > 1.
Thus, there exists a nontrivial element & € N (Q(x,42/2)(0)) N (U1 & - & Uy),
and this also yields the contradiction

€] = |le4TeAT¢|| (4<9) e~ (/DT || AT | (456)

= Ke~*T/¢|l < €]l

ef()\i+s/2)TKe()\i+a/4)T”5”

To prove the second condition of (4.5), let A ¢ UP_,U-(\;). We set Ag := —o0
and Ap41 := co. There exists a ¢ € {0,...,n} such that

A> N\ +e and )\S/\i+1_5~
Now, we define the invariant projector @) by
RQO)=U1®---0U; and N(Q0)=Uit1® - @ U,.

Thus, for all nonzero £ € R(Q(0)), we have

CONN _
[e4T¢|| < KePite/DT g < KeP3/VT|¢|| < X le

and for all nonzero £ € N (Q(T)),

(4.7) o B B
JemATe]| "< KemCneT g < Fem ATl < e g
is fulfilled. Hence, A ¢ Eff’T), and this finishes the proof of this theorem. 0O

Remark 4.33. Using Floquet Theory (see, e.g., CODDINGTON & LEVINSON
[48, pp. 78-80] or CHICONE [45, Section 2.4, pp. 162-197]), one can extend
the above theorem to periodic linear differential systems of the form

@ =Alt)z, (4.10)

where A : R — RYXN fulfills A(t) = A(t + w) for all t € R with some
w > 0. We denote the transition operator of (4.10) by A. For the past (future,
all-time, respectively) dichotomy spectrum, we obtain
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Yy =Xy =27 ={In|Al: Xis an eigenvalue of A(w,0)} .

The matrix A(w,0) is called monodromy matriz of (4.10). The (0,T)-
dichotomy spectrum fulfills the limit relation

Tlim ES)’T) = {In|A| : A is an eigenvalue of A(w,0)}
in the sense of Hausdorfl distance.

Ezample 4.34. For fixed T > 0, we want to compute the (0,7)-dichotomy

ff’T) of system (4.4), where

o3l

spectrum Y/

Specifically, in this example, we use the norm | - ||; : R? — Ry, defined by
(1, z2)||1 := |z1| + |z2|. Please note that, for v € R, the relation
SA—DT _ e(1=NT 7cA-T
- 0 e(1—-NT

is fulfilled (see, e.g., AULBACH [14]). Hence, for all £ = (&,&) € R? with

I€]l1 = 1, we have
< He(z‘\—vl)i (51) < He(A—“ﬂl)i (O)

)

= (=17 = Tel=T 4 A=7T

1

The term Te(!=M7T 4 ¢1=NT is strictly monotone decreasing in v € R, and

therefore, there exists a uniquely determined v, = ~.(T) > 1 such that
Tel=7)T 4 o(1=7)T — 1,
Using these observations, it is easy to see that Ej(f’T) = {1,7.}, since
e for v < 1, the linear system (4.4) admits a nonhyperbolic (0, T')-dichotomy
with growth rate v and invariant projector Q4 =0,

o for v € (1,7.), the linear system (4.4) admits a nonhyperbolic (0,T)-
dichotomy with growth rate v and invariant projector -, determined by

R(Q~(0)) ={B(1,0) : B € R} and N(Q,(0)) = {8(0,1) : B € R}.
o for v > #,, the linear system (4.4) admits a nonhyperbolic (0,T)-
dichotomy with growth rate « and invariant projector @~ = 1,

e for v € {1,7.}, the linear system (4.4) admits no nonhyperbolic (0,T)-
dichotomy with growth rate .

Please note that Theorem 4.32 implies that limp_, o v.(T) = 1.
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4.5 Roughness

We consider the nonautonomous linear differential equation
z=A(t)x (4.11)

with a continuous function A4 : R — RV*N

@ = (A(t) + B(t))x (4.12)

and a perturbed system

with a continuous function B : R — RY¥*¥_ The transition operators of (4.11)
and (4.12) are denoted by A and A*, respectively.

Theorem 4.35 (Roughness Theorem for nonhyperbolic exponential
dichotomies on I). Let I be an unbounded and closed interval, and suppose,
(4.11) admits a nonhyperbolic exponential dichotomy on I with growth rate -,
constants o, K and invariant projector Q. If the relation
«
0:=s Bt)|| < —
sup IBOI < 1702
is fulfilled, then also the perturbed system (4.12) admits a nonhyperbolic expo-
nential dichotomy on 1 with growth rate vy, constants (a — 2K6), 5K?/2 and
an invariant projector @, more precisely, we have

A K?
||A*(t, s)Q(s)H < 57 eV (@=2K0))(t=5)  tor qll t,s € T witht > s,

2
| A% (¢, s)(1 - Q(s)) | < % eHa=2K0)(t=s)  for gl t,s € T witht < s.

In case I = R, the invariant projector Q has the same range as @, and if
I = R} holds, then @ has the same null space as Q. Finally, if I = R is
fulfilled, we get Tk Q = rk Q.

Proof. See COPPEL [55, Proposition 1, p. 34] or COPPEL [54]. O

Remark 4.36. The perturbations considered in this theorem are perturbations
with respect to the uniform topology, generated by the norm

| Alloc :=sup ||A(t)|| for all A€ C(IL,RN*N),
tel

where C(L RV*N) := {X : T — RV*N : X is continuous}. It is possible to
weaken this condition on the perturbation (see, e.g., POTZSCHE [139] or PLISS
& SELL [133]). For instance, considering the topology of uniform convergence
on compact sets, i.e., lim, ., A, = Ag if and only if

lim sup ||An(t) — Ao(t)]| =0 for all compact sets J C I,
N0 te]

one can derive a similar but more stronger perturbation result as Theorem 4.35
(see also SACKER & SELL [154, Section 5, Remark on p. 346]).
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Theorem 4.37 (Roughness Theorem for nonhyperbolic (7,7)
-dichotomies). Suppose, (4.11) admits a nonhyperbolic (7,T)-dichotomy
with growth rate v and projector Q). Then there exists an € > 0 with the
following property: If
sup [|B(t)[| <e,

te[r,7+T)]
then also the perturbed system (4.12) admits a nonhyperbolic (,T)-dichotomy
with growth rate v and projector Q.

Proof. This statement follows directly from the continuity of the general
solution (cf. Proposition A.3). 0






5

Nonlinear Systems

In the study of nonlinear systems, invariant manifolds play a central role,
since they help to understand the often complicated dynamical behavior near
an equilibrium, a periodic solution or—in the nonautonomous context—an
arbitrary solution. The construction of stable and unstable invariant manifolds
goes back to POINCARE [136] and HADAMARD [73]. In the sequel, the theory
was extended from hyperbolic to nonhyperbolic systems, from finite to infinite
dimension and from time-independent to time-dependent equations.

To mention only few references of the comprehensive amount of literature
for autonomous differential equations, we refer to CARR [38], CHOW & LI &
WANG [47], HirscH & PUGH & SHUB [80], KELLEY [91, 92], KIRCHGRABER
& PALMER [93], PLIss [132], SHUB [170], VANDERBAUWHEDE [180] and WIG-
GINS [183]. In the nonautonomous context, see AULBACH [13], AULBACH &
WANNER [21], SELL [168], WANNER [181] and Y1 [184].

In the first section of this chapter, invariant manifolds are constructed which
apply to different time domains. It suffices to extend the results of AULBACH
& WANNER [21] and SIEGMUND [171] slightly. Also, the relationship to the
notions of attractivity and repulsivity is discussed. In Section 5.2, these results
are applied in the context of nonautonomous bifurcation theory. It is shown
that under special assumptions, zero is contained in the dichotomy spectrum
of the linearization of a bifurcating solution. In Section 5.3, properties of
attraction and repulsion for nonlinear systems are derived from the study
of the linearization, and finally, Section 5.4 is devoted to the relationship
between the bifurcation theory of adiabatic systems and the concept of finite-
time bifurcation.
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5.1 Invariant Manifolds

Let T be an unbounded interval of the form R, R or R}, respectively. In this
section, we consider a nonlinear differential equation

& =Alt)r + F(t,x) (5.1)

with a continuous function 4 : I — R¥*N and a C!-function F : Ix U — RV,
where U is an open neighborhood of 0 and F'(¢,0) = 0 for all ¢ € I. The general
solution of (5.1) will be denoted by A. In addition to (5.1), we consider the
corresponding linear differential equation

i=A(t)z (5.2)

with transition operator A : I x I — RV*N_ Let Q4 : I
invariant projector of (5.2). Then Q_ : T — RV*N Q_(¢) :
all t € [, is also an invariant projector.

— RM*N be an
=1-Q+(t) for

Please note that in the following, the symbol @+ simultaneously stands for
Q4+ and @Q_, respectively. We proceed similarly with our further notation in
this section.

Next, we introduce a nonautonomous counterpart of an invariant manifold for
(5.1).

Definition 5.1 (Nonautonomous invariant manifolds). Assume that for
an interval I C R and a neighborhood V of 0, C'-functions s* : 1 x V — RN
satisfy

(i) s£(t,0)=0 forallt €,
s (t,2)

[
(iii) st(t,z) = sT(t,Q4(t)x) € R(Qx(t)) for allt €T andx € V.
Then the graphs

St = {(r,6+55(1,8) e IxRY : £ € R(Qu(7)) NV}

(ii) limg_q =0 uniformly int el,

are called (local) nonautonomous invariant manifolds of (5.1) if

for all (7,€) € S* and t €1 such that

(£ 7,6)) € S* Ar+c(t—7),78) €V forall ce0,1].

We call S* global nonautonomous invariant manifolds if V = RN .

Now, existence results for nonautonomous manifolds of (5.1) are proved and
applications are discussed with respect to the notions of attractivity and
repulsivity introduced in Chapter 2. Before doing so, some hypotheses on
the linear part and the nonlinearity are needed.

We assume, the following hypotheses hold:
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e Hypothesis on linear part. The linear system (5.2) admits a nonhyperbolic
all-time (past, future, respectively) exponential dichotomy, more precisely,
there exists an invariant projector Q4 : I — R¥>*¥ such that the inequal-
ities

|A(t, 8)Q4 (s)]| < Ke*=%) forall t>s,
At 8)Q_(s)|| < KePt=%) forall t<s
hold with real constants K > 1 and a < (.

e Hypothesis on nonlinearity. There exists a monotone increasing function
I':(0,1) — R with limyo I'(s) = 0 and

sup  sup ||DoF(t,z)|| < I'(s) forall s€ (0,1).
zeU, ||z]|<s tel

Remark 5.2. The hypothesis on the nonlinear part of (5.1) is equivalent to
lim, .o sup,e; [[D2F (t,2)|| = 0. In the above description, the function I" is
needed to explain the dependence of some constants in the next theorems
concerning the rate of this limit process.

First, the case of all-time invariant manifolds of (5.1) is treated.

Theorem 5.3 (All-time invariant manifolds). In case I = R, there exist
p >0 and C-functions s* : R x U,(0) — RY such that the graphs

St = {(r,e+5T(1,6) eRx RN : £ € R(Q+(7)) NU,(0)}

are local monautonomous invariant manifolds. Furthermore, the following
statements are fulfilled:

(i) Case o < 0 and rk @4 > 1 (Trivial solution is not all-time repulsive).
For all ¢ > 0, there exists an r > 0 such that for all (1,€) € ST with
€]l < 7, the solution (-, 7,€) is (o + &) -quasibounded and we have
A(t,7,8) € Uy(0) for allt > 7.

(ii) Case >0 and rk@Q_ > 1 (Trivial solution is not all-time attractive).
For all € > 0, there exists an r > 0 such that for all (1,€) € S~ with
l€ll < r, the solution A(-,7,€&) is (B — €)™ -quasibounded and we have
A(t,1,8) € Uy(0) for allt < 7.

(iii) Case a < 0 and Q4 = 1 (Trivial solution is all-time attractive).
There exists an r = r(a, K, I') > 0 with

lim sup d(A(7 +¢,7,U,(0))[{0}) = 0.

t—00 rcR

(iv) Case 8 > 0 and Q_ = 1 (Trivial solution is all-time repulsive).
There exists an r =r(8,K,I") > 0 with

lim sup d(A(7 —¢,7,U,(0))[{0}) = 0.

t—00 rcR
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Proof. The proof is divided into two steps.

Step 1. Eristence of S*.

In case Q4 = 0 or Q, = 1, the manifolds ST are trivial, and nothing has
to be shown. Therefore, we assume Q4 # 0 and @+ # 1. In AULBACH &
RASMUSSEN & SIEGMUND [18, Lemma 6.1] (see also RASMUSSEN [144, Lemma
6.3.7], COPPEL [55, Chapter 5] and SIEGMUND [173, Lemma 2.3]), it is shown
that there exists a function T': R — RYX¥ of invertible matrices such that
the so-called Lyapunov transformation y = T'(t)x of system (5.1) leads to the
following system with decoupled linearization:

j= (Bg(t) Bo(t)) Y+ THF (T ),
—_————

—:B(t) =Gty

where Bt : R — RN *N" and B~ : R — RN *N™ with N+ := rk @4 and
N~ := 1k @Q_. The transition operators ¥ and ¥~ of the linear differential
equations ¢y = B*(t)yy and y_ = B~ (t)y_, respectively, fulfill

@ (t,s)|| < 2K?e*=%) forall t>s and
T~ (¢,5)| < 2K2e8t=5) forall t<s.
It is also shown that
IT(#)| < V2K and ||[T7'(t)|| < V2 forall t €R. (5.3)
us, the othesis on nonlinearity implies the limit relation
Thus, the hypothesi li ity implies the limit relati

lim sup || D2G(¢,y)|| =0. (5.4)
y—0 teRr

We fix a smooth cut-off function x : RN — [0,1] (see, e.g., ABRAHAM &
MARSDEN & RATIU [1, Lemma 4.2.13]) such that

x(x) =1 for all z with [|z|| <1 and x(z)=0 for all x with ||z| > 2.

For any ¢ > 0 with Us, (0) C U, we define the function G, : R x RY — R¥
by

g

Gt z) = x(£)G(t,z) forall t €Rand z € U
o\h &)= 0 forall teRand x ¢ U’

Due to the mean value inequality (see, e.g., LANG [102, Corollary 4.3, p. 342]),
the relation G(-,0) = 0 leads to

|G(t,z)|| < ||| sup || D2G(t,sz)| forall z € RY and ¢t € R.

s€[0,1]

Since DyGo(t,x) = x(£)D2G(t,z) + 2Dx(2)G(t,z), for all t € R, we have
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sup || D2Go(t, z)||
r€RN

1
< sup  [[DoG(t2)]| + — sup Dx(x) sup | lz]| sup [[D2G(t sz)] |-
el <20 7 flali<2 el <20 s€l0,1]

Hence,

sup ID2G,(t, x)| < (1 + 2 sup Dx(x)) sup |D2G(t, ).
(t,x) ERXRN zERN [|z]|<20,teR

Due to (5.4), this implies

lim sup | D2Go(t, )| =0,
o—0 (t,z) ERXRN

and thus, there exists a p > 0 such that
¥ =Bty +Gp(ty) (5.5)

fulfills the (global) hypotheses of SIEGMUND [171, Satz 4.16 and Satz 4.30].
Denoting the general solution of (5.5) by A, this means that there exist C''-
functions 5% : R x RY — RY fulfilling

Y8 =5t (&, &n+.0,...,0)) € {(0,...,0)} xRN c RN
and
5 (HE) =5 (,(0,...,0,En 441, En)) RV x {(0,...,0)} C RN
for all t € R and ¢ € RY such that the graphs
St i={(r,e+5(1,6)) eRx RN : ¢, =0 fori > N*}

and ~
ST ={(ré+5 (1) eRxRY:§=0fori <N}

are global nonautonomous invariant manifolds with

+
St .= {(T, ) eRx RNV A, 7€) is (oz;Lﬂ) —quasibounded}.

We define §* : R x RY — RY by
§(t,x) :=Tt) '8, T(t)x) forall t € R and z € RV .
Then §* leads to the nonautonomous sets S*, which also can be defined by

SE(t) :=T(t)"'8§*(t) forall t eR. (5.6)
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Let A denote the general solution of the system
= At)x +T{t) G (t, T(t)z), (5.7)

which is obtained via the transformation z = T'(t) "'y from system (5.5). Then
the representation

+
St = {(T, £) eR xRN : A(-,7,€) is <a—;—ﬂ> —quasibounded}

is fulfilled (see RASMUSSEN [144, Satz 6.3.8] or AULBACH & RASMUSSEN &
SIEGMUND [18]), and due to AULBACH & WANNER [21, p. 83-84, formulae
(69), (70)] and (5.3), there exists an M; > 1 with

a+p3

At 7, 8)| < Miliglle™= "7 forall t > 7 and £ € ST(7) (5.8)
and
Hj\(t,T, O < M1H§||e#(t_7) forall t <7 and € € S™(7).
Because of (5.3),

there exists a p > 0 such that the systems (5.7) and (5.1)

coincide on ¢t € R and z € U;(0) . (5.9)

Moreover, there exists an My > 0 such that ||§% (¢, z)|| < Ma||z|| for all t € R
and 2 € RY (see the definition of §*, (5.3) and SIEGMUND [171, Satz 4.16 (c)]).
This implies the existence of a p > 0 such that with the functions

sEIRxU,0) = RN, sE(t,x):=55(t,x) forall t € Rand z € U,(0),
the sets
St .= {(T,§—|— Si(T, f)) ERXxRYN : £ e R(Q(7)) N UP(O)}

are subsets of R x U;(0). Furthermore, S* are local nonautonomous invariant
manifolds of (5.1), since the conditions of Definition 5.1 are easily verified (S*
are global nonautonomous invariant manifolds, and (5.9), (5.6) and (5.3) are
fulfilled). For further reference, please note that (5.8) and (5.9) imply

s for all t > 7 and £ € ST(7) with
IAE 7 < Miflglle™ 7 A7+ et — 7),7,€) € Up(0) (5.10)
for all ¢ € [0,1].

Step 2. The statements (i)—(iv) are fulfilled.

(i) Suppose that « < 0, and choose ¢ > 0 arbitrarily. W.l.o.g., assume that
a + e < 0. By applying Step 1 with the constants « and min {3, o + 2¢}
instead of o and (3, we get another local nonautonomous invariant manifold
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ST, obtained as graph of a function 57 : R x U;(0) — RN with 0 < p < p.
Then, because of (o + a + 2¢)/2 = a+ ¢, (5.10) reads as

s for all + > 7 and & € S*(7) with
IA(E 7, Il < Myjgllem™{=50F=EE N7 4 et — 7), 7€) € Up(0)
for all ¢ € [0,1].

Due to a + € < 0, this means that there exists an r > 0 such that

At 7€) €U,(0) and [|A(t, 7, &)|| < My|¢lemm{ =55 ete=m)
for all (7,¢) € ST N(R x U.(0)) and t > 7.

Thus, for (1,¢) € ST N (R x U.(0)), A(-,7,&) is ((a + B)/2)T-quasibounded
and (a +¢)T-quasibounded. From the ((a+ 3)/2)"-quasiboundedness, we get

SN (R x U,(0)) =S+ N (R x U,(0))

from the dynamic characterization (of the global manifolds) in Step 1. Thus,
the proof of (i) is finished.

(ii) can be shown analogously to (i).

(iii) We choose an L > 0 such that a + KL < 0. Let x denote the cut-off
function from Step 1. Then we define for any o > 0 with Us,(0) C U the
function F, : R x RY — R by

Fo(t,z) = x(£)F(t,z) forall t€Randz €U
o\hT) = 0 forall te Rand x ¢ U~

Analogously to Step 1, the relation

lim sup  [[DeFy(t,2)[| =0
o—0 (t,z) ERXRN

follows, and the limit behavior only depends on I' and x. This means that
there exists an 7 = 7(«, K, I', x) > 0 such that

y = A(t)y + Fx(t,y) (5.11)

fulfills the hypotheses of AULBACH & WANNER [21, Lemma 3.4, p. 70] with
the constants «, K and L. We denote the general solution of (5.11) by A.
Then, due to [21, Lemma 3.4, p. 70], we obtain

Hj\(t,r,f)H < K||¢]le” 7-(=7) for all t > 7 and £eRN.

We define r := —. Since (5.11) coincides with (5.1) on R x Uz(0), we get

ot KL (4 1)

A7 O < Kl[€lle™

for all ¢ > 7 and £ € U,.(0).

This implies the assertion.
(iv) can be proved similarly to (iii) using Lemma 3.7 of AULBACH & WANNER
[21] instead of Lemma 3.4. O
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Remark 5.4. An alternative way for the construction of nonautonomous
invariant manifolds for the ODE (5.1) without applying the Lyapunov trans-
formation as in Step 1 of the preceding proof can be found in POTZSCHE
[138].

By applying the preceding theorem, in the next two theorems, the existence
of past and future invariant manifolds is proved.

Theorem 5.5 (Past invariant manifolds). In case I = R, there exist
p >0 and C-functions s* : 1 x U,(0) — RN such that the graphs

St = {(r,e+5T(1,6) € IxRY : £ e R(QL(7)) NU,(0)}

are local monautonomous invariant manifolds. Furthermore, the following
statements are fulfilled:

(i) Case oo < 0 and rk@, > 1 (Trivial solution is not past repulsive).
For all € > 0, there exist r > 0 and M > 1 such that for all (1,£) € ST
with ||€]] < r and for all kK >t > 7, we have A(t,T,&) € U,(0) and

IAE 7, €| < MeHIED ]|

(ii) Case 8> 0 and rk@_ > 1 (Trivial solution is not past attractive).
For all € > 0, there exists an r > 0 such that for all (1,&) € S~ with
l€ll < 7, the solution A(-,7,§) is (B — €)~ -quasibounded and we have
A(t,7,8) € Up(0) for allt <71 < K.

(iii) Case a < 0 and Q4 = 1 (Trivial solution is past attractive).
There exists an r = r(a, K, I') > 0 with

tlim sup d(A(,7 —t,U,-(0))|{0}) = 0.

— rel

(iv) Case 0> 0 and @Q_ = 1 (Trivial solution is past repulsive).
There exists an r = r(8,K,I") > 0 with

lim sup d(A(7 —¢,7,U,(0))[{0}) = 0.

t—00 ¢

Proof. We first observe that all assertions of Theorem 5.3 also hold in case
(5.1) is a differential equation of Carathéodory type, since equations of this
form are treated in SIEGMUND [171] and AULBACH & WANNER [22]. This
is important, because we want to apply this theorem to the Carathéodory

differential equation
&= B(t)z+ G(t,z) (5.12)

with functions B : R — RN¥*N and G : R x U — RY defined as follows. Let
C € RY*N be the matrix fulfilling

Cr=ax forall z€ R(Q4(k)) and Cz=pz forall x € R(Q_(k)).
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Then we define the functions B and G by

Alt):t <k F,z):t<k,zeU
B(t)::{ é’):t;n and G(taw)::{ (O ):t>/~@ relU’

It is easy to see that equation (5.12) fulfills the hypotheses of Theorem 5.3
with the invariant projector @, : R — RN¥*¥ defined by

L [(Qe) t<k
Q+'_{Q:(m):t>ﬁ'

Then there exist nonautonomous invariant manifolds of (5.12) which, by re-
striction to R x R, are nonautonomous invariant manifolds of (5.1). The
statements (i)—(iv) follow directly. O

An analogous statement is fulfilled by considering R, instead of R .

Theorem 5.6 (Future invariant manifolds). In case I = R, there exist
p >0 and C-functions s* : 1 x U,(0) — RN such that the graphs

St = {(r.6+s5(1,€) e IxRY : £ e R(Qx (7)) NU,L(0)}
are local monautonomous invariant manifolds. Furthermore, the following

statements are fulfilled:

(i) Case oo < 0 and rk Q4 > 1 (Trivial solution is not future repulsive).
For all € > 0, there exists an r > 0 such that for all (1,€) € ST with
€]l < r, the solution (-, 7,&) is (o + &) -quasibounded and we have
A(t,7,6) € Uy(0) for allt > 7 > k.

(ii) Case >0 and rk@_ > 1 (Trivial solution is not future attractive).
For all e > 0, there exist r > 0 and M > 1 such that for all (1,£) € S~
with ||&|| < r and for all kK <t < 1, we have A(t,T,&) € U,(0) and

IA(E 7, &) < M@=

(iii) Case a < 0 and @4 = 1 (Trivial solution is future attractive).
There exists an r = r(a, K,I") > 0 with

lim sup d(A(7 +¢,7,U,(0))[{0}) = 0.

=00 ¢

(iv) Case 8> 0 and @Q_ =1 (Trivial solution is future repulsive).
There exists an v = r(3,K,I") > 0 with

lim sup d(A(7, 7+t U.(0))[{0}) = 0.

=00 ¢

Proof. See proof of Theorem 5.5. O
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Remark 5.7.

(i)

The sets ST and S~ of the above theorems are also denoted as all-time
(past, future, respectively) pseudo-stable and pseudo-unstable invariant
manifolds of (5.1), respectively. To be more specific, ST describes an
all-time (past, future, respectively)

center-stable 5>0
stable inwvariant manifold in case { a <0< .
strongly stable 6<0

Accordingly, S~ describes an all-time (past, future, respectively)

center-unstable a<0
unstable inwvariant manifold in case ¢ a <0< [ .
strongly unstable a>0

This terminology corresponds to the autonomous situation of invariant
manifolds considered, e.g., in CHOW & L1 & WANG [47]. Center mani-
folds are obtained as intersections of center-stable and center-unstable
invariant manifolds.

In the hyperbolic situation (o < 0 < ), the all-time invariant mani-
folds S of Theorem 5.3 are uniquely determined. Easy examples (see,
e.g., HALE & Kogak [78, Example 10.13, p. 322]), however, show that
center-stable, center-unstable or center manifolds are nonunique in gen-
eral. Since global invariant manifolds are uniquely determined, different
cut-off-techniques (as used in the proof of Theorem 5.3) lead to differ-
ent manifolds. In the situation of Theorem 5.5 and Theorem 5.6, the
question of nonuniqueness is more subtle. In the hyperbolic case, only
the pseudo-unstable manifold S~ of Theorem 5.5 and the pseudo-stable
manifold ST of Theorem 5.6 are uniquely determined. This corresponds
to Remark 4.12 in the linear situation.

5.2 An Application to Bifurcation Theory

In autonomous bifurcation theory, it is necessary that at least one eigenvalue
of the linearization in a bifurcating equilibrium crosses the imaginary axis.
In this section, this fact is generalized with respect to the notions of past,
future and all-time bifurcation. For a similar result in the context of random
dynamical systems (concerning the Lyapunov exponents of ergodic invariant
measures), we refer to ARNOLD & Xu [9] and ARNOLD [5, Theorem 9.2.3,
p. 471].

Let I be an unbounded interval of the form R, R} or R, respectively. In this
section, we consider a nonlinear differential equation
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T =A(t, a)r+ F(t,z,a) (5.13) 4

with a continuous matrix-valued function A : Ix (a_,ay) — R¥>*N and a C*-
function F : IxU x (a_, oy ) — RY, where U is supposed to be a neighborhood
of 0. Furthermore, we assume that F'(t,0,a) = 0foralla € (a_,ay) and t € L.

Theorem 5.8 (Linearization and bifurcation). We suppose that the triv-
ial solution of (5.13), admits a past (future, all-time, respectively) supercritical
bifurcation at the parameter value ag € (o—, ay) and there exists an & > o
with

lim sup |D2F(t, z, )| =0 (5.14)
=0 el aefan,d]
and
lim sup ||A(t, ) — A(t,a0)]| =0. (5.15)
N0 el
Then we have
0e EX(-,aO)v EZ’(H&O), EX’(_’QO), respectively .

An analogous statement is fulfilled in case of a subcritical bifurcation.

Proof. We only treat the case of an all-time bifurcation, since the other proofs
are similar. Arguing negatively, we suppose that zero is not contained in
E:(_’ao). We distinguish the following two cases.

Case 1. There exists an & € (ap, &) such that the trivial solution of (5.13)4 is
all-time attractive for all a € (o, &).

First, assume that X7, /N (0, 00] # 0. Since 0 ¢ Z o)
the linear differential equation & = A(t, ap)z admits a nonhyperbolic all-time
exponential dichotomy with growth rate v > 0 and an invariant projector
Qa, such that tkQ,, < N (please note that due to Theorem 4.24, the all-
time spectrum is closed). Due to Theorem 4.35 and (5.15), there exists an
a1 > ag such that for all @ € (ap, ), the linear differential equation

this means that

z=A(t, )z

admits a nonhyperbolic all-time exponential dichotomy with growth rate ~
and an invariant projector @, such that rk @, < N. Hence,

Zhtay N (y,00 # 0 for all a € (ag,a1).

This means that at least one spectral interval of ZX’(,’Q), a € (ap,a1), lies
in (v,00], and hence, Theorem 5.3 (ii) is applicable with 3 = v > 0 and
rk@_ = N —rk@, > 1. This implies that the trivial solution of (5.13), is
not all-time attractive, which is a contradiction to the hypothesis of Case 1,
and thus, there exists a § < 0 with
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E::(',ao) = [700’6)

(again, we use the fact that all-time dichotomy spectra are closed). Because
of Theorem 4.35 and (5.15) (cf. the argumentation above), there exists an
ag € (ap, o) with

S3tm) C [=00,0] for all o € [ap, ).

We apply Theorem 5.3 (iii) and obtain that, since due to (5.14), the function
Ir:,1) — R can be chosen independently of «, the lower bound 7 of this
theorem for the radius of all-time attraction 20;” is also independent of «.
Hence, A" does not converge to zero in the limit a~p. This contradiction
finishes the proof of this case.

Case 2. There exists an & € (ag, &) such that the trivial solution of (5.13), is
all-time repulsive for all a € (ag, @).

This case is treated analogously to Case 1. ]

5.3 Linearized Attractivity and Repulsivity

In Section 5.1, properties of attractivity and repulsivity for a nonlinear system
have been derived already by studying the linearization. In contrast to these
considerations, in this section, more quantitative results are obtained, and
furthermore, C''-differentiability is not assumed but only continuity.

We first concentrate on the notions of past, future and all-time attractivity
and repulsivity.

Theorem 5.9 (Linearized attractivity and repulsivity, part I). Con-
sider an unbounded interval 1 of the form R, RY or R, respectively, and
let

& =At)r + F(t,x) (5.16)

be a nonautonomous differential equation with continuous functions A : 1 —
RN*N gnd F : IxU — RN, U C RY a neighborhood of 0, such that F(t,0) = 0
for allt € 1. Let X denote the general solution of (5.16) and A : TxT — RNXN
denote the transition operator of the linearized equation = A(t)x. Then the
following statements are fulfilled:

(i) In case there exist 5 <0, K >1 and § > 0 such that
| A(t, s)|| < KBt forall t > s
and

|E(t, )| < % ||| for all t €1 and x € Us(0), (5.17)
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we have
d()\(t,T, U(;/K(O)) ‘{O}) < 5B for qll 7t €1 with T < t,

i.e., the trivial solution of (5.16) is past (future, all-time, respectively)
attractive.

(ii) In case there exist 5> 0, K > 1 and 6 > 0 such that
[ A(t,s)|| < KB forall t <s

and

|1E(t,z)| < b lz]|  for all t €T and x € Us(0), (5.18)

2K

we have
d(X(t, 7, Us;k (0))[{0}) < 6eB/DET) forall 7t € Twitht < 7,

i.e., the trivial solution of (5.16) is past (future, all-time, respectively)
repulsive.

Proof. We only prove (i), since (ii) can be shown analogously. Given 7 € I

and ¢ € U;(0), we now prove an estimate for the general solution under the
additional assumption

At,7,€6) € Us(0) forall t> 7. (5.19)

The solution A(-, 7, &) of (5.16) is also a solution of the inhomogeneous linear
differential equation
T =A@t)x + F(t, \(t,7,8)).

Thus, the variation of constants formula (Proposition A.6) implies
¢
Mt 7€) = At T)E+ / A(t, $)F (s, A(s,7,€)) s for all £ > 7,
and hence,
¢
AT O < AE I +/ 1A, s)I || F (s, A(s, 7,€)) | ds
(5.17) t _
< KPP g —|—/ Keﬁ(t_s)£||)\(s,7'7 &)||ds forall t > 7
is fulfilled. This implies

_ t
e PN, T, 6)|| < Ke PT||¢|| + Tﬁ/ e P N(s,7,€)||ds forall t>7.
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Hence, Gronwall’s inequality (cf. Lemma A.8) yields the estimate
IA(t,7,6)| < KeB/DED| el for all > 7. (5.20)

We define n := §/K. Since §/2 < 0, for all 7 € Tand £ € U, (0), the assumption
(5.19) is fulfilled, therefore, (5.20) holds for such 7 and &. This implies

d(A(t, 7,U,(0))[{0}) < Kne@PE=) for all 7,t € [ with 7 < ¢.

From this inequality, the required conditions for the past (future, all-time,
respectively) attractivity are easily obtained. O

In case of finite-time attractivity and repulsivity, the following result is
obtained.

Theorem 5.10 (Linearized attractivity and repulsivity, part IT). Con-
sider a compact interval I := [7,7 + T| for some 7 € R and T > 0, and let

&= At)z + F(t, ) (5.21)

be a nonautonomous differential equation with continuous functions A : 1 —
RN*N gnd F : IxU — RN, U c RN a neighborhood of 0, such that F(t,0) = 0
for allt € 1. Let A denote the general solution of (5.21) and A : TxT — RN*N
denote the transition operator of the linearized equation & = A(t)x, and define

Ky =sup{||At,s)||:T<s<t<T+T}
and

K_:=sup{||A(t,s)]| : T <t<s<71+T}.
Then the following statements are fulfilled:

(i) In case
|A(T+T,7)|| <1

and there exist 6 > 0 and 8 > 1 with

In (8[| A(T + T, 7)l)

F < —
1)) < .

lz|| for all t €1 and x € Us(0),

(5.22)
there exists an n > 0 such that

N+ T, 7,8l < B7HIEN for all € € Uy (0),

i.e., the trivial solution of (5.21) is (1,T)-attractive.

(ii) In case
A(r, 7+ T)| <1

and there exist § > 0 and § > 1 with
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n (Bl A(r, 7+ T)])
TK_

1
|1F(t,z)|| < — llz|| for all t €1 and x € Us(0),

(5.23)
there exists an n > 0 such that

X, T+ T, < B7HIEl for all € € U, (0),

i.e., the trivial solution of (5.21) is (7,T)-repulsive.

Proof. We only prove (i), since (ii) can be shown analogously. Due to the
continuity of the general solution (cf. Proposition A.3), there exists an n < §
with

[IA(t, 7, &)l <o forall telandé& e Uy0).

We choose ¢ € U,(0) arbitrarily. Then the solution A(-,7,&) of (5.21) is also
a solution of the linear differential equation

T =A@t)x + F(t, A\, 7,8)).
Thus, the variation of the constants formula (cf. Proposition A.6) implies
t
Mt 7€) = A(t,r)£+/ A(t, $)F (s, \(5,7,€))ds forall £ 1.

Hence, for all ¢ € I, the relation

IAGE 7 O < [[AE, T)E]] +/ 1ACE, )| F (s, A(s,7,€))]| ds

1 Ar+T,7
< tel - i, MOV ELDD Fyyir gas
1 AT+ 1T,
el el - 5 CL [ s, e as.

We apply Gronwall’s inequality (cf. Lemma A.8) and obtain for all £ € U,(0),
A+ T, 7, )l < [ A(r + T, )| gl exp (—In (8[| A(r + T, 7)]]))
=671 éll-

This finishes the proof of this theorem. O

Remark 5.11.

(i) Concerning Theorem 5.9 and Theorem 5.10, the past (future, all-time,
(7, T)-, respectively) dichotomy spectrum of the linearization & = A(t)x
is a subset of R™.
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(ii) The conditions (5.17), (5.18) of Theorem 5.9 and (5.22), (5.23) of
Theorem 5.10 are fulfilled if we have

F(t
lim sup M =0.
2=0 ter |

This limit relation is only sufficient but not necessary for the above
mentioned conditions.

5.4 Bifurcation Theory of Adiabatic Systems

In this section, a relationship between the bifurcation theory of adiabatic
systems (see, e.g., BENOIT [27], BERGLUND [29] or LEBOVITZ & SCHAAR
[106, 107]) and the concept of finite-time bifurcation is pointed out.

The bifurcation theory of adiabatic systems is usually called dynamic bifur-
cation theory (see title of BENOIT [27]). We will not employ this term here,
since it is unfortunately used in a different sense both in autonomous bifur-
cation theory (as opposed to static bifurcation theory, cf. Subsection 2.6.1)
and random bifurcation theory (as opposed to phenomenological bifurcation
theory, cf. Subsection 2.6.3).

Let I be an open interval and D C RY be an open set, and consider an
autonomous differential equation

z = f(a,z), (5.24)

depending on a parameter a with a C'-function f : I x D — RY. To mimic
the situation of a slowly varying parameter, for ¢ > 0, we also look at the
system

T = f(é‘t, 1‘) y
which can be transformed via the slow time t — &t into the so-called adiabatic
or stngularly-perturbed system

= é F(t,z). (5.25).

The central question of the bifurcation theory of adiabatic systems is: How
do solutions of (5.25). behave in the limit e\,0 in case (5.24), admits an
autonomous bifurcation?

We assume that (5.24), admits a bifurcation of the following type.

Standing Hypothesis. For fixed a_ < oy € I, we consider two different
continuous functions sy, 3 : [, ay] — D such that

si(a-) =so(a-) and f(a,s1(a)) = fays2(a)) =0 for all « € [a—,aq].

We suppose that
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e s; describes attractive equilibria of (5.24),, i.e., for all € (a_, ay], the
eigenvalues of D f(«, s1(«)) have a negative real part,

e 5 describes hyperbolic equilibria of (5.24),, i.e., for all @ € (a_, a,], the
eigenvalues of Dy f(a, s2(«)) have a non-vanishing real part.

The existence of such a bifurcation implies that Dy f(«—, s1(a—)) has an eigen-
value with vanishing real part.

In the bifurcation theory of adiabatic systems, the occurrence of the following
two possibilities is discussed:

(a) There exists a family of solutions v, : [a_,a;] — D of (5.25)., ¢ > 0
small, which converge to the attractive equilibrium branch in the limit
e—0.

(b) There exists a family of solutions v, : [a—,a;] — D of (5.25)., ¢ > 0
small, which follow for some time interval (which does not depend on ¢)
the equilibrium branch s, and then jump to the stable branch s;.

The phenomenon (b) is called bifurcation delay or delayed exchange of stabili-
ties. The corresponding solutions are said to be canard solutions. The property
(a), which we will discuss in this section, is generalized by the following defi-
nition.

Definition 5.12 (Adiabatic solutions). Let ap < a3 € I. A continuous
function s : [ag, 1] — D with

fla,s(a)) =0 for all a € [ag, aq]

is called equilibrium branch which admits adiabatic solutions if there exist
€ >0 and a function v : [ag, aq] X (0,€) — D such that v(-,€) is a solution of
(5.25)c and

lim sup |jv(a,e) —s(a)|| =0.

eNo0 a€lag,o]

In case the equilibria of (5.24), described by the function s are hyperbolic, the
existence of adiabatic solutions follows from the following theorem. A proof
can be found, e.g., in BERGLUND [29, Theorem 5.1, p. 140].

Theorem 5.13 (Existence of adiabatic solutions). Let oy < a1 € I, and
consider a continuous function s : [ag, a1] — D such that

fla,s(a)) =0 and Dsf(a, s()) is hyperbolic  for all a € [ag, aq].

Then the equilibrium branch s admits adiabatic solutions.

In the next lemma, linearizations near a branch of stable equilibria are
examined.
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Lemma 5.14. Given ag < oy € I, let s : [ag,a1] — D be a continuous
function such that f(o, s(a)) =0 and Daf(c, s(a)) has only eigenvalues with
negative real part for all a € [ag, o). Then there exist constants § > 0, K > 1
and v < 0 such that for all continuous functions h : [ag, ] — RY with

Ih(a) = s(a)|| <6 for all a € [avg, 1],

the transition operator Ac of the linear system
.1
T = 7D2f(t7 h(t)) €z
€

fulfills
|4-(a1,00)] < K exp (2 (a1 - a0)) -

Proof. We define A(a) := Dsf(a, s(a)) for all @ € [ag,a1]. Since A(-) is
continuous on the compact interval [ap, ;] and all eigenvalues of A(«a) for
a € [, 1] have negative real part, there exist K > 1 and 4 < 0 with

HeA(“)tH <Ke' forall t>0and ac [, 1] .

Due to the uniform continuity of Dy f(-,+) on compact sets, there exists a
d > 0 such that for all @ € [ag, 1] and = € Us(s()), we have

0
16 K2

I1D2f (e, x) = Daf(a, s(a)) || < (5.26)
———

Ala)

Since A(-) is uniform continuous on [ag, o], there exist n € N and constants
Bi € [ag, 1], 4 € {0,...,n}, with ag = Bp < 81 < -+ < By = a such that for
all i € {1,...,n}, we have

JA(Bi—1) — A(a)]| < — 16}{2 for all o € [Bi_1, 0] (5.27)

Let h : [ag, a1] — RY be a continuous function fulfilling
|h(a) — s(a)]] < § forall « € [, ],
and consider the linear system
& = Dof(et,h(et))x (5.28)

for fixed € > 0. The transition operator of (5.28) is denoted by .. Due to
(5.26) and (5.27), for fixed ¢ € {1,...,n},

[ Daf (et het) = ABio)| < — L5 forall te [

61’*1 ﬁ:|

7
9 9
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is fulfilled. Therefore, Theorem 4.35 implies

(2
3

Hence, the relation

oo (2. 2)] < (352 e (- ) 25)

=: Kexp (g(al — ao))

)| ()

Bi—1
€

holds. This implies the assertion, since A¢(aq, ) = P (al/e, ozo/s). O

Using the preceding lemma, we are able to prove the following relationship
between adiabatic solutions of attractive equilibrium branches and the concept
of finite-time attractivity.

Corollary 5.15. Let g < a3 € I, and consider an equilibrium branch
s : [ag,c1] — D which admits adiabatic solutions such that all eigen-
values of Daf(a, s(e)) have negative real part for a € [ag,0n]. Moreover,
let p: [ag, a1] x (0,€) — RN be a function describing corresponding adiabatic
solutions. Then there exists an € > 0 such that for all € € (0,€), the solution
u(-e) is (ap, a1 — ag)-attractive.

Proof. Lemma 5.14 implies the existence of 6 > 0, K > 1 and v < 0 with the
properties mentioned in the lemma. We choose €* > 0 such that

sup ||p(a,e) —s(a)]| <6 forall e € (0,e)

a€lag,a1]

and
Kexp (g(al - ao)) <1.

By applying Lemma 5.14, we obtain that the transition operator A. of the
variational equation

b= LD (1, u(t,€)) @

satisfies ||Ac(a1,a0)|| < 1. Hence, Theorem 5.10 implies that there exists
an € € (0,e*) such that for all € € (0,€), the solution u(-,¢) is (o, a1 — ap)-
attractive (due to Remark 5.11 (ii), the condition on the nonlinearity is fulfilled
for small €). O

For the main result of this section, recall the Standing Hypothesis from the
beginning of this section.
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Theorem 5.16 (Relationship to the concept of finite-time
bifurcation). We assume that the equilibrium branch sy admits adia-
batic solutions, i.e., there exists a function p : [a_,ay] x (0,&8) — RY such
that p(-,€) is a solution of (5.25). and we have

lim  sup (e, e) = s1(a)]| = 0.
N0 aefaaq]

Then, for sufficiently small« > a_ and e > 0, p(-, ) is (a, ay —a)-attractive,
and the limit relation

1i i m(a,a+7a) -0
e TSP (e

is satisfied.

Proof. Since lim,—,o_ s1(a) = lim,—o_ s2(a), there exists an & € (a,,aJr)
with

[Is1(a) — s2(@)]| < % ls1(ay) — s2(ay)| for all a € [a_,d]. (5.29)

Now, we prove the following statement which is obviously sufficient for the
assertion: For all a € («_, @], there exists an € > 0 such that for all € € (0, &),
the solution u(-,€) is (o, ay — «)-attractive and

(04 —a)

3
(o) < Zsi(@) — sa(a)]

is fulfilled. We choose @ € (a_, &| arbitrarily. It follows from Theorem 5.13
that there exists a function v : [a, o] x (0,8) — RY such that v(-,¢) is a
solution of (5.25). and

lim sup |v(a,e) —s2(a)|| =0.
eno &E[a1a+]

Thus, there exists an € > 0 such that for all € € (0,£), we have

~ - 1
sup [[1(@ €) = s2(@)l| < 7 llsi(a) = sa(@)ll,
a€o, 0]

sup [[u(@,€) = si(@)] < i [s1(a) = s2(

aeo,o4]

and p(-, ) is (o, ay — a)-attractive (cf. Corollary 5.15). For all € € (0, £), this
implies the relations
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and

| delarso,v(0,0) ~plas, | > 3 lsi(os) —sales)]

v(ay,e)

(5.29) 3
> Dsi(@) s,

where \. denotes the general solution of (5.25).. This finishes the proof of this
theorem. 0
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Bifurcations in Dimension One

The aim of this chapter is to develop nonautonomous counterparts for the
classical one-dimensional bifurcation patterns such as the transcritical and
pitchfork bifurcation, both for nonautonomous bifurcations and transitions.

In this chapter, only the continuous case of ordinary differential equations
is treated. For analogous results in the context of difference equations, see
RASMUSSEN [145].

Recently, LANGA & ROBINSON & SUAREZ [105] also studied the occurrence
of one-dimensional nonautonomous bifurcations, which they understand as
merging processes of two distinct solutions with different stability behavior.
As in this chapter, their theorems are formulated in terms of Taylor coefficients
for the right hand side of an ordinary differential equation. These conditions,
however, are of a quite different form than the results obtained in this chapter.
This difference is due to fact that, in [105], explicitly solvable models are used
to formulate these conditions.

Stochastic versions (in the sense of a D-bifurcation, cf. Subsection 2.6.3)
of the transcritical and pitchfork bifurcation are examined in the thesis of
STEINKAMP [177] (see also CRAUEL & IMKELLER & STEINKAMP [59]).

6.1 Nonautonomous Transcritical Bifurcation

In this section, nonautonomous generalizations of the classical transcritical
bifurcation are derived. First, the case of unbounded time domains is treated.

Theorem 6.1 (Nonautonomous transcritical bifurcation, part I). Let
- <0<z and a_ < ay be in R and I be an unbounded interval of the
form R, RE or R, respectively, and consider the nonautonomous differential
equation

&= a(t,a)r + b(t,a)x® + r(t,z,a) (6.1)q
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with continuous functions a : I x (a_,ay) = R, b:Ix (a_,ar) — R and

roIx(xo,xq)x (-, ay) — R fulfilling r(-,0,-) = 0. Let Ay : IxI — R denote

the

transition operator of the linearized equation & = a(t,a)z, and assume,

there exists an ag € (a—, ay) such that the following hypotheses hold:

e Hypothesis on linear part. There exist two functions 81, B2 : (a—, ) — R

which are either both monotone increasing or both monotone decreasing
and K > 1 such that limg_.q, f1(a) = limy_.q, f2(a) =0 and

Ay(t,8) < KePr@E=s) forqll a € (a_,ay) and t,s € T witht > s,
Ao(t,8) < KeP2(@E=9) forqll o € (a_,ay) and t,s € T witht < s.

e Hypothesis on nonlinearity. The quadratic term either fulfills

0 < liminf inf b(¢, a) < limsup sup b(t, @) < oo (6.2)
a—ag tel a—aqg  tel
or
—oo < liminf inf b(t, o) < limsup sup b(t,a) <0, (6.3)

a—aqg tel a—ag  tel

and the remainder satisfies

t
lim sup sup w =0 (6.4)
z—0 a€(ag—|z|,a0+|z|) t€l |$‘
and
2K|r(t, x, a)|

lim sup lim sup sup

a—ap  x—0  tel |x|max{—ﬁl(a)7ﬁ2(a)} <1. (6.5)

Then there exist G < 0 < &y such that the following statements are ful-
filled:

(i)

(ii)

In case the functions 01 and B2 are monotone increasing, the trivial
solution is past (future, all-time, respectively) attractive for o € (&—, ap)
and past (future, all-time, respectively) repulsive for a € (ag, ). The
differential equation (6.1), admits a past (future, all-time, respectively)
bifurcation, since the corresponding radii of past (future, all-time, respec-
tively) attraction and repulsion satisfy

lim AF =0 and lim KRG =0.

a g aNao
In case the functions (B, and (B are monotone decreasing, the trivial
solution is past (future, all-time, respectively) repulsive for o € (&—, )
and past (future, all-time, respectively) attractive for o € (ap, Gy). The
differential equation (6.1), admits a past (future, all-time, respectively)
bifurcation, since the corresponding radii of past (future, all-time, respec-
tively) repulsion and attraction satisfy

lim R =0 and lim AF =0.

a o [eANeTs)
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Proof. First of all, we assume w.l.o.g. that K > 1. Let A\, denote the general
solution of (6.1),. We will only prove assertion (i), since the proof of (ii) is
similar. The functions 8; and (5 are therefore monotone increasing. W.l.o.g.,
we only treat the case (6.2). We choose &_ < ag < d such that

0< inf b(t,a) < sup b(t,a) < o0 (6.6)
O‘e(dfﬂi‘#)ateﬂ ae(df,éuk),teﬂ

(cf. (6.2)) and

limsup sup |T(t,$,0{)| < — min {,31(04),—ﬂ2(a)}
z—0  tel || 2K

for all a € (G—,day)

(cf. (6.5)). Because of these two relations, Theorem 5.9 can be applied, and
the attractivity and repulsivity of the trivial solutions as stated in the theorem
follows. Assume to the contrary that

n := limsup A7 >0
[e Do)
holds. Due to (6.6) and (6.4), there exist a_— € (&—,ap), & € (0,n) and
L€ (0,£/(4K)) with

2K?’
(6.7)
We fix & € (&_, ap) such that 2§ > ¢ and fa(a) > B := —2KL/¢ > —1/2.
For arbitrary 7 € I, the solution p,(-) := Aa (-, 7, &) of (6.1)4 is also a solution
of the inhomogeneous linear differential equation

b(t,a)z® +r(t,z,a) > L forall tel, a € (a_,aq) and x € { 3 ] .

& = alt, &)z +b(t, &) (ur(t))? + r(t, pe (1), ). (6.8)

Since AS > & = py(t) for all ¢ € I, there exist 7,7 € I, 7 < 7o, such that
pr(m2) < €/(2K?). We choose 7o minimal with this property, i.e., we have
wr(t) > €/(2K?) for all t € [1,72]. Furthermore, we choose 71 € [, 2] such
that

£

2}(274 for all ¢ € [y, 72].

pe(m) = 55 and ur(t)e[

Therefore, and due to (6.7) and the variation of constants formula (cf. Propo-
sition A.6), applied to (6.8), the relation

M-,—(TQ) = A@(TQ,Tl)p,T(Tl) + /T2 Ad(TQ,t)(b(t,d)(uT(t))2 +T(t7u7(t),d)) dt

€ Blra-m) L/Tz B(ra—1)
> eP\ 27T L e”\T27Y) d¢
2K? K/,

— B(r2—71) 3 _|_i _i: 67
2K2  Kg K3 2K?

=0
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holds (K > 1 implies 71 < 72). This is a contradiction and proves
limg -, A§ = 0. Analogously, one can show limq. o, R = 0 and treat the
case (6.3). O

Remark 6.2.

(i) In the limit o — «p, the attractivity or repulsivity of the trivial solu-
tion is only lost in one direction, i.e., nonautonomous transcritical bifur-
cations are partial bifurcations. For instance, in case the functions 31, 32
are monotone increasing and (6.2) is satisfied, there exists a v < 0 such
that (v, 0] is attracted by the trivial solution of (6.4), for o € (G_, ap)
in the sense of past, future or all-time attractivity, respectively.

(ii) The hypothesis on the linear part implies that the past (future, all-
time, respectively) dichotomy spectrum of the linearization & = a(t, o)z
converges to {0} in Hausdorff distance in the limit o — ap.

(iii) Condition (6.5) is only used to obtain the attractivity or repulsivity
of the trivial solution by applying Theorem 5.9. Alternatively, one can
directly postulate that the trivial solution changes the stability at the
parameter value g from, say, attractivity to repulsivity.

(iv) Please note that the above bifurcation result is essentially the combina-
tion of two scenarios which are independent of each other. This means
that it is possible to consider (6.1), only for o > g or o < g, respec-
tively, in order to obtain the results which apply for these parameter
values.

The following example shows that Theorem 6.1 is indeed a nonautonomous
generalization of the well-known autonomous result.

Ezample 6.3. Let = < 0 < 24 and a_ < 0 < a be in R, and consider the
autonomous differential equation

= f(z,a), (6.9)
where the C*-function f : (v_,74) X (a_,a;) — R satisfies the following
assumptions:

(i) f(0,a)=0 forall o € (a_,a),
(ii) D1f(0,0) =0,
(iii) D1D2f(0,0) # 0,
(iv) D2£(0,0) #0.
Please note that (i) implies D7 f(0,c) = 0 for all @ € (a_, 1) and n € N.
Then (6.9) admits an autonomous transcritical bifurcation (see, e.g., WIGGINS

[182, p. 265 f.] and AULBACH [14, Satz 7.10.6]), i.e., there exist a neighborhood
U x V of (0,0) in R? and a C'-function h: U — V with h(0) = 0 and
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flz,h(x)) =0 forall ze€U.

Except the trivial equilibria and the equilibria described by h, there are no
other equilibria in U x V. Now, we will show that this example fulfills the
hypotheses of Theorem 6.1. Thereto, we write the second order Taylor expan-
sion of f (see, e.g., LANG [102, p. 349]):

f(z,a) = D1Dyf(0,0)cx + 1fo(O,O) 22 +r(z,a),

=:b(a)

where

11 _p2
r(z, a) :/ ( 5 ) (D} f(tz, ta)a® + 3D7 Do f (tz, ta)z?a+
0
3D1D§f(tx, ta)aca2 + Dgf(tx, ta)a3) dt.

The hypothesis on the linear part is fulfilled (with 8i(a) := B2(a) := a(«a)
and K := 1), and (6.2) or (6.3) holds, since the above defined function b is
constant. Furthermore, the representation for the remainder implies that

Ir(z,a)|

lim sup =0

220 ae(—lzllzl)  |TI?

and

1 2
1—t
lim sup T(bﬁa” < a2/ %(|3D1D§f(0,ta)| +t|D1 D3 £(0,ta)al) dt.
z—0 X 0

This means that (6.5) holds, since max{ -0 (a),ﬁg(a)} depends linearly
in «. Therefore, all hypotheses of Theorem 6.1 are fulfilled, and thus, this
example shows that Theorem 6.1 is a proper generalization of the well-known
autonomous transcritical bifurcation pattern.

In case of compact time domains, the following result is obtained.

Theorem 6.4 (Nonautonomous transcritical bifurcation, part IT). Let
- <0< zy and a— < ay bein R and I := [1,7 + T, and consider the
nonautonomous differential equation

& = a(t,a)r +b(t, )z + r(t,z, ) (6.10)

with continuous functions a : I X (a_,ay) = R, b: I x (a_,ar) — R and
riIx (x_,zy) X (a_,aq) — R fulfilling r(-,0,-) = 0. Let Ay : I xI - R
denote the transition operator of the linearized equation & = a(t,a)x. We
define

K(a) :==sup {Aq(t,s) : t,s €I} forall o € (a—, )

and assume, there exists an ag € (a—,ay) such that the following hypotheses
hold:
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e Hypothesis on linear part. We either have

Ao(T+T,7) <1 forall o € (a_,a) and

Ao(T+T,7) > 1 forall o € (g, 4) (6.11)
or
Ao(7+T,7) > 1 forall o € (a_, ) and (6.12)
Ao(T+T,7) <1 forall a € (ag,ay). ’
e Hypothesis on nonlinearity. The quadratic term either fulfills
liminf inf b(¢, ) > 0 (6.13)
a—ao  tel
or
lim sup sup b(¢, ) <0, (6.14)
a—ao tel
and the remainder satisfies
t
lim sup sup M =0 (6.15)
=0 ae(ao—|a|,ao+|z|) tel ||
and
. . TK(a)|r(t,z,a)l
lim sup limsup sup — <1.
a_)aop x_)op teIHD |z|In (min { Ao (7 + T,7), Ao (7,7 +T)})
(6.16)

Then there exist G < 0 < &y such that the following statements are ful-
filled:

(i) In case (6.11), the trivial solution is (7,T)-attractive for a € (G_,ap)
and (7,T)-repulsive for a € (v, é&y). The differential equation (6.10),
admits a (1,T)-bifurcation, since the corresponding radii of (7,T)-
attraction and repulsion satisfy

lim A =0 and lim MG =0.
a ag aNao

(ii)) In case (6.11), the trivial solution is (1,T)-repulsive for a € (&_, o)
and (1, T)-attractive for a € (g, ). The differential equation (6.10),
admits a (7,T)-bifurcation, since the corresponding radii of (7,T)-
repulsion and attraction satisfy

lim RG =0 and lim AF =0.

a o [eNeTs)

Proof. Let A, denote the general solution of (6.10),. We will only prove asser-
tion (i), since the proof of (ii) is similar. Therefore, (6.11) is fulfilled. W.l.o.g.,
we only treat the case (6.13). We choose &_ < 0 < d&y such that

inf  b(t,a) >0 (6.17)

a€(é-,by4), tel
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and for all o € (&_, &), we have

lim sup sup WGERD < 771D(min{Aa(T+T, T)7Aa(T,T+T)})
em0 vel 2] TK(a)

for some v € (0,1). Because of these two relations, Theorem 5.10 can be
applied, and the attractivity and repulsivity of the trivial solutions as stated
in the theorem follows. We define

K_:=inf {A,(t,s):t,s e o € [a—, aq]} € (0,1).
Assume to the contrary that

n = limsup A7 >0

[e Do)

holds. Due to (6.17) and (6.15), there exist a_ € (&, ), & € (0, K_n) and
L > 0 with

b(t,)x® +r(t,z,0) > L forall tel, ac (a_,ag) and = € [K_g, ¢ } .

K_
(6.18)
We fix & € (&, ap) such that A§ > ¢ and
K_LT
Aa(T+T,7)>1— . (6.19)

For arbitrary 7 € I, the solution p,(-) := Aa (-, 7, &) of (6.10)4 is also a solution
of the inhomogeneous linear differential equation

&= a(t, &)z + b(t, &) (ur (t)* + r(t, pr(t), &) . (6.20)

Since 2% > ¢, we have
u(r+T)<E. (6.21)

Moreover, from the definition of K_ and (6.18), we directly get
pr(r+t) > K ¢ forall tel0,T]. (6.22)

We distinguish two cases.
Case 1. There exists a t € (0,T] such that

,LL7'(7_+E>:i

-
We choose t maximal with this property. Due to (6.21), this means that
u(r +1t) < §/K_ for all t € [, T]. Then the variation of constants formula
(cf. Proposition A.6), applied to (6.20), implies the relation
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pr(T+T)
A4 Tr D=

T+T
+ / Aa(r + T, 8) (b(t, &) (s (8)? + 7 (2, 11 (£), &) dt

+1
(6.18)
> ¢+ K L(T—-1)>¢.

This contradicts (6.21).
Case 2. For allt € (0,T], we have

NT(T+E><i‘

In this case, the variation of constants formula, applied to (6.20), yields

pr(T+T)
A& (T + Ta 7_)5 +

T+T
+ / Aa(r 4+ T, 1) (b, ) i (8))2 + 7t pir (£), 6))

(6.18), (6.19) ( K_LT
> 1-—

> Jerrir—c.
This contradicts (6.21) also, and thus, lim,, .o, A§ = 0 is proved. Analogously,
one can show limg. o, R§ = 0 and treat the case (6.14). O

Remark 6.5.

(i) The hypothesis on the linear part implies that the (7, T')-dichotomy spec-
trum of the linearization & = a(t, @)z converges to {0} in Hausdorff
distance in the limit o — ag.

(ii) Condition (6.16) is only used to obtain the attractivity or repulsivity
of the trivial solution by applying Theorem 5.10. Alternatively, one can

directly postulate that the trivial solution changes their stability at the
parameter value «q from, say, attractivity to repulsivity.

6.2 Nonautonomous Pitchfork Bifurcation

In this section, nonautonomous generalizations of the classical pitchfork
bifurcation are derived. First, the case of unbounded time domains is treated.

Theorem 6.6 (Nonautonomous pitchfork bifurcation, part I). Let
r—- <0< zy and a_ < ag bein R and I be an unbounded interval of the
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form R, R or R, respectively, and consider the nonautonomous differential
equation

& = a(t,a)r +b(t, )z +r(t,z, ) (6.23)4
with continuous functions a : I X (a_,ay) = R, b: I x (a_,a;r) — R and
roIx (x_,2y) X (a_,aq) — R fulfilling r(-,0,-) = 0. Let Ay, : IxI — R
be the transition operator of the linearized equation & = a(t, a)x, and assume,
there exists an ag € (a—, ay) such that the following hypotheses hold:

e Hypothesis on linear part. There exist two functions 81, B2 : (a—,ay) — R
which are either both monotone increasing or both monotone decreasing
and K > 1 such that limy— o, f1(a) = limg—q, B2(a) =0 and

Ay(t,s) < KePr@E=s) forall o € (a_,a) and t,s € T witht > s,
Ao(t,8) < KeP2@=9) for qll o € (a_,ay) and t,s € T witht < s.

e Hypothesis on nonlinearity. The cubic term either fulfills

0 < liminf inf b(¢, o) < limsup sup b(t, o) < 0o (6.24)
a—ao  tel a—aq tel
or
—oo < liminf inf b(t, ) < limsup sup b(t,a) <0, (6.25)

a—ag tel a—ag  tel

and the remainder satisfies

t
i sp s Ml (6.26)
=0 ae(an—a2,a0+a2) tel ||
and _—
lim sup lim sup sup |7(t,z, )] L

a—ag x—0 tel |Z‘| max { _61 (Oé), /62 (Ot)}

Then there exist & < 0 < &y such that the following statements are ful-
filled:

(i) In case (6.24) and the functions [ and B2 are monotone increas-
ing, the trivial solution is past (future, all-time, respectively) attractive
for a € (&—,ap) and past (future, all-time, respectively) repulsive for
a € (ag,ay). The differential equation (6.23), admits a past (future,
all-time, respectively) bifurcation, since the corresponding radii of past
(future, all-time, respectively) attraction satisfy

lim A5 =0.

aag
If, in addition, T = R}, then, for a € (G_, ), there exists a nontrivial
future repeller R, C IXR, and we have a future repeller transition, since

lim dp(Ra(t),{0}) =0 forall t€l.

o ag
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(ii) In case (6.25) and the functions B1 and P2 are monotone increasing,

the trivial solution is all-time (past, future, respectively) attractive for
a € (&—,ap) and past (future, all-time, respectively) repulsive for
a € (ap,Gy). The differential equation (6.23), admits a past (future,
all-time, respectively) bifurcation, since the corresponding radii of past
(future, all-time, respectively) repulsion satisfy

lim Ry =0.

aN.aq
If, in addition, I = R, then, for a € (ag,dy ), there exists a nontrivial
past attractor A, C I xR, and we have a past attractor transition, since

lim dpy(Aa(t),{0}) =0 forall tel.
a\, o

(iii) In case (6.24) and the functions 81 and B2 are monotone decreasing,
the trivial solution is past (future, all-time, respectively) repulsive for
a € (a—,ap) and past (future, all-time, respectively) attractive for
a € (ap,by). The differential equation (6.23), admits a past (future,
all-time, respectively) bifurcation, since the corresponding radii of past
(future, all-time, respectively) attraction satisfy

lim A5 =0.

a0
If, in addition, I = R*, then, for a € (o, d), there exists a nontrivial
future repeller R, C IxXR, and we have a future repeller transition, since

lim di(Ra(t),{0}) =0 forall tel.
aN.ag
(iv) In case (6.25) and the functions (1 and (2 are monotone decreasing,

the trivial solution is past (future, all-time, respectively) repulsive for
a € (&—,ap) and past (future, all-time, respectively) attractive for
a € (ag,a4). The differential equation (6.23), admits a past (future,
all-time, respectively) bifurcation, since the corresponding radii of past
(future, all-time, respectively) repulsion satisfy

lim RG =0.

[ePge7s)
If, in addition, T =R, then, for a € (&_,aq), there exists a nontrivial
past attractor A, C I xR, and we have a past attractor transition, since

lim dp(Aa(t),{0}) =0 forall tel.

[e D7)

Proof. The first part of this theorem concerning the bifurcation of the attrac-
tion or repulsion areas, respectively, can be proved using the same methods
as in the proof of Theorem 6.1. We write a_ and & for the constants &_ and
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G4 used in this proof. For the proof of the attractor and repeller transitions,
w.l.o.g., we only consider the case (ii), i.e., I = R, condition (6.25) holds
and the functions 8; and ( are monotone increasing. We denote the general

solution of (6.23), by A, and define

sup b(t,a) < 0.
tel, ac(a—,ay)

N =

b+ =

Due to (6.26), there exists a p > 0 such that
Ir(t,z,a)| < —by|z* forall € [—p,pl,a € (ag— 2% ap+2°) and t € L.

The remaining proof is divided into two steps.
Step 1. For given x1,x2,x3 < p such that 0 < z1 < x9 < x3/(2K), there exists
a uniquely determined constant

o = a*(z1,22,23) € (g, min {ag + 27,y }]

with the following properties:
o We have A\ (t, T, [—x2,x2]) C (—x3,23) forallT <t <k and a € (ap, a*),
o there exists a T* > 0 such that for all @ € (g, ) and 7 < k — T*, there
exist ty,t_ € [0,T*] with
Aa(THte,mx0) =21 and MNo(T+1_,7,—22) = —21,
e a* is chosen maximal, i.e., for all bigger o*, one of the two above prop-
erties is violated.
We will only prove the existence of a constant a* such that
(a) for all 7 <t < k and « € (v, @*), we have A\, (¢, 7, 22) < a3,

(b) there exists a T* > 0 such that for all @ € (ag,a*) and 7 < kK — T™,
there exists a t4 € [0, T*] with Ao (7 + t4, 7, 22) = 1,

since the extension to the above assertion follows similarly and by taking the
supremum of all such o*. We first note that for arbitrary 7 € I, the solution
wr(2) = A (s, T, 22) of (6.23), is also a solution of the inhomogeneous linear
differential equation

i =a(t,a)z +b(t,a)(u: (1) +rt, u-(t), ). (6.27)
Concerning the expression

b3
s(a,T) = KeP (g, 4 %T for all « € (ag, 1) and T >0,

there exist o* € (ao, min {aoer%, d+}] and T > 0 such that for « € (g, a*],
we have



148 Chapter 6: Bifurcations in Dimension One
s(a, T*) <0 and s(a,T) < 2Kz forall T €[0,T7].

This follows by choosing T* such that (b3 /K)T* < —2K x5 and o* such that
exp (ﬂl (a*)T*) < 2. Choose a € (ag,a*] and 7,7* < k with 7 < 7*. Assume
that z1 < p,(t) < g forall ¢t € [, 7*]. Then the variation of constants formula
(cf. Proposition A.6), applied to (6.27), yields the relation

wr(7%) = Ao (7%, 7)x2 +

+ / Aa(r's)  (bs,0)(r(5))® + (s, pir(s), @) ) ds

> & exp(B2(a)(r* —s)) <byad<0

. | _
< Kb _T)m2+/ ?ema)(r ), 2 ds

T

" b3 "
_ KA, b e g
2 Kﬁg(a)( )
B1(a)(r* —7) biaf .
< Ket To + 7 (" —71)=s(a, 7" — 7).

Since s(a,T) < 2Kxy < x5 for all T € [0, 7], the assumption pu,(t) < xg for
all ¢t € [r,7*] is justified. This proves (a). Because of s(a,T*) < 0, also (b) is
fulfilled.

Step 2. There exists an &4 € (ao, &) such that for all o € (o, by), there
exists a nontrivial past attractor A, C I xR of (6.23), which fulfills

lim dy(Aa(t),{0}) =0 forall tel.

N\, o

For 23 := p/K and x5 := x3/(2K), we consider v : (0, z2) — (o, a4 ), defined
by
v(x1) == a*(x1, 22, x3) for all zy € (0,22),

where a* stems from Step 1. We set & := y(x2/2) and define
§(a) :==inf {z; € (0,22) : v(x1) > o} forall a € (ag,a].

Due to ag < a*(z1, 72, 73) < g + 2%, we have lim,, o v(z1) = ap, and since
« is monotone increasing, this implies that 0 is monotone increasing, §(a) > 0
for all o € (g, @] and

lim §(a) =0. (6.28)

We define
Z3(a) :=3Kd(a) and Za(a) :=Z1(a) := gé(a) for all a € (g, @]
and consider the function ¥ : (g, @] — (ap, ay), defined by

Y(a) == o™ (z1(a), T2 (), T3(er))  for all o € (ap, ],
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where o is taken from Step 1 again. Moreover, we define
M :=[—x9,22] and B, :=[-Z3(a),Z3(a)] forall o€ (ag,q]

and fix a f € (ap,a] and an «a € (ao,min{ﬁ(ﬁ),ﬂ}). Since a < (§ and
x2 > 36(3)/2 and due to the definition of §, there exists a T* > 0 such that
for all 7 < k —T™, there exist t,t_ € [0,T*] with

A(¥,7,22) = 56(5) = 22(0) and Aa(t7,7, —2) = —36(8) = ~72(6).
Moreover, since a < 5(3), we have

Aa (8,7, [-Z2(8), Z2(B)]) C (—Z5(B),Z5(B)) forall T <t <k.

This means that, considering equation (6.23),, Bg x I is past absorbing with
respect to { M xI}. Then, due to Theorem 2.35 (i), there exists a past attractor
A, C Bg x L. The past attractor is nontrivial due to Lemma 2.39. The limit
relation

lim dy(Aa(t),{0}) =0 forall tel

[e DT}
follows from A, C Bg x I for all @ < min{%(8), 8} and (6.28). By setting
Gy :=7(@), all assertions of this theorem are proved. O

Remark 6.7.

(i) In the limit & — «p, the attractivity or repulsivity of the trivial solution
is lost in both directions, i.e., no situation as described in Remark 6.2 (i)
can occur. This means that nonautonomous pitchfork bifurcations are
total bifurcations.

(ii) The hypothesis on the linear part implies that the past (future, all-
time, respectively) dichotomy spectrum of the linearization & = a(t, o)x
converges to {0} in Hausdorff distance in the limit o — ap.

(ili) As in Example 6.3, one can show that Theorem 6.6 is a proper gener-
alization of the well-known autonomous pitchfork bifurcation (see, e.g.,
WIGGINS [182, p. 267 {.] and AULBACH [14, Satz 7.10.8]).

(iv) Please note that the above bifurcation result is essentially the combina-
tion of two scenarios which are independent of each other. This means
that it is possible to consider (6.23),, only for @ > ag or a < «, respec-
tively, in order to obtain the results which apply for these parameter
values.

We now compare case (i) of the above theorem with the equivalent
autonomous bifurcation.

Ezample 6.8. Let v < 0 < x4 and a_ < 0 < a4 be in R, and consider the
autonomous differential equation
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T = f(:z:,oz) ) (629)

where the C*-function f : (v_,74) X (a_,a;) — R satisfies the following
assumptions:

(i) f(0,0)=0 forall € (a_,ay),
(ii) D1f(0,0) =0,
(iii) D1D2f(0,0) >0,
(iv) Dff(0,0)=0,
(v) D{f(0,0) > 0.

Then (6.29) admits an autonomous pitchfork bifurcation (see, e.g., WIGGINS
[182, p. 268 f.], and see Figure 1.1 for the bifurcation diagram). There exist
a neighborhood U x V of (0,0) in R? and a C?-function h : U — V with
h(0) =0 and

f(z,h(z)) =0 forall z €.

Except the trivial equilibria and the equilibria described by h, there are no
other equilibria in U x V', and the function h is maximal at x = 0. It can be
verified that this situation fits into case (i) of Theorem 6.6: The functions £y
and (2 can be chosen to be increasing, since DD, f(0,0) > 0 by (iii), and
(6.24) holds, since D3 £(0,0) > 0 by (v). Due to (iii), the trivial equilibrium
of (6.29) is attractive for & < 0 and repulsive for o > 0, and this carries
over to nonautonomous notions of attractivity and repulsivity. The function h
describes repulsive equilibria of (6.29), and these equilibria are the boundary
of the domain of attraction of the trivial equilibria. Since lim,_,¢ h(x) = 0, we
have a nonautonomous bifurcation in form of a shrinking domain of attraction.

The case of compact time intervals is treated in the last theorem of this
chapter.

Theorem 6.9 (Nonautonomous pitchfork bifurcation, part II). Let
2o <0< zy and a- < ag bein R and 1 := [1,7 + T], and consider the
nonautonomous differential equation

&= a(t,a)r +b(t,a)x® +r(t,z,a) (6.30)

with continuous functions a : I X (a_,ay) = R, b: I x (a_,a;r) — R and
roIx (x_,2y) X (a_,aq) — R fulfilling r(-,0,-) = 0. Let Ay, : IxI — R
denote the transition operator of the linearized equation & = a(t,a)x. We
define

K(a):=sup{Aa(t,s):t,s €I} forall a € (a_,ay)

and assume, there exists an oy € (a—, a4) such that the following hypotheses
hold:
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Hypothesis on linear part. We either have

A7+ T,7) <1 forall a € (a_,ap) and

Ao(T+T,7) > 1 forall o € (g, y) (6.31)
or
Ao(T+T,7)>1 forall o € (a—,p) and (6.32)
Ao(T+T,7) <1 forall o € (g, 0y). '
e Hypothesis on nonlinearity. The cubic term either fulfills
liminf inf b(¢, ) > 0 (6.33)
a—aq  tel
or
lim sup sup b(¢, ) <0, (6.34)
a—ag  tel
and the remainder satisfies
t
lim sup sup Lxga)‘ =0 (6.35)
z—0 a€(ap—z2,a0+22) tel |$|
and
TK t
lim sup lim sup sup — - (@)lr(t, @, @) <1.
a—ao  x—0  tel |m|ln(m1n {Aa(T+T, T),AQ(T,T—l—T)})
(6.36)

Then there exist G < 0 < &y such that the following statements are ful-
filled:

(i)

(ii)

(iii)

In case (6.31) and (6.33) is fulfilled, the trivial solution is (1,T)-
attractive for o € (&—,ap) and (7, T)-repulsive for a € (g, éy). The
differential equation (6.30), admits a (7,T)-bifurcation, since the corre-
sponding radii of (1,T)-attraction satisfy

lim A5 =0.

aruo 0
In case (6.31) and (6.34) is fulfilled, the trivial solution is (1,T)-
attractive for a € (G, ap) and (7,T)-repulsive for a € (ag, ). The
differential equation (6.30), admits a (7,T)-bifurcation, since the corre-
sponding radii of (1,T)-repulsion satisfy

lim %9 = 0.

aN.q
In case (6.32) and (6.33) is fulfilled, the trivial solution is (7, T)-repulsive
for a € (G_,a0) and (7,T)-attractive for a € (ag,dy). The differen-
tial equation (6.30), admits a (7,T)-bifurcation, since the corresponding
radii of (1, T)-attraction satisfy

lim A7 =0.

a\, o
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(iv) In case (6.32) and (6.34) is fulfilled, the trivial solution is (1, T)-repulsive
for a € (G_,a0) and (7,T)-attractive for a € (oo, by). The differen-
tial equation (6.30), admits a (1,T)-bifurcation, since the corresponding
radii of (1, T)-repulsion satisfy

lim Rg =0.

[ePgeTs]

Proof. This theorem can be proved using the same methods as in the proof
of Theorem 6.6. O

Remark 6.10.

(i) The hypothesis on the linear part implies that the (7, T')-dichotomy spec-
trum of the linearization & = a(¢,a)z converges to {0} in Hausdorff
distance in the limit o — .

(ii) Condition (6.36) is only used to obtain the attractivity or repulsivity
of the trivial solution by applying Theorem 5.10. Alternatively, one can
directly postulate that the trivial solution changes the stability at the
parameter value aq from, say, attractivity to repulsivity.



7

Bifurcations of Asymptotically Autonomous
Systems

A nonautonomous differential equation

i = f(t,z) (7.1)

is called past (future, respectively) asymptotically autonomous with limiting
equation

z=g(x) (7.2)

if lim, oo f(t,2) = g(x) (limy—oo f(t,2) = g(z), respectively) holds uni-
formly for every element x of the domain of the function g. This chapter deals
with the question of transferring bifurcation phenomena from the autonomous
differential equation (7.2) to the nonautonomous differential equation (7.1).

The study of asymptotically autonomous differential equations goes back to
MARKUS [115]. Markus discusses properties of nonautonomous w-limit sets
and generalizes the Theorem of Poincaré & Bendixson (see, e.g., PALIS &
DE MELO [124] and HIRSCH & SMALE [81, Chapter 11]) to asymptotically
autonomous planar systems. His work has stimulated the qualitative theory of
nonautonomous differential equations (see, e.g., SELL [165, 166, 167]). Further
fundamental work on asymptotically autonomous systems was achieved by
STRAUSS & YORKE [178], ARTSTEIN [10, 11], THIEME [179] and MISCHAIKOW
& SmitH & THIEME [121] in the context of differential equations (see also
KATO & MARTYNYUK & SHESTAKOV [90]); for difference equations, we refer
to SCHONEFUSS [163].

It is not clear a priori under which assumptions certain behavior carries over
from the autonomous to the nonautonomous system. In fact, in THIEME [179],
several examples of asymptotically autonomous systems are studied that be-
have quite differently from the limiting equations. In LANGA & ROBINSON &
SUAREZ [104], however, it is shown that the pullback and forward behavior of
a special asymptotically autonomous Lotka-Volterra system is consistent to
the underlying autonomous system.
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In the first section of this chapter, some basic properties of asymptotically
autonomous systems are prepared for later use. In Section 7.2, one-dimensional
bifurcations such as the pitchfork, transcritical and saddle node bifurcation
are discussed. Section 7.3 is devoted to study the Hopf bifurcation scenario.

Whenever considering a nonautonomous differential equation in this chapter,
its general solution is denoted by A. For the flow of an autonomous differential
equation, we write ¢.

7.1 Basic Properties of Asymptotically Autonomous
Systems

In this section, some useful lemmata are derived for asymptotically au-
tonomous differential equations. The first two lemmata deal with the question
of controlling the distances of the time evolutions of both systems on compact
time intervals.

Lemma 7.1. Consider an open set D C RN, a nonautonomous differential
equation

&= f(t,x)
with a C*-function f : (—00,0) x D — RY and an autonomous differential
equation

&= g(x)
with a C-function g : D — RN. We assume that

1t_l}r_noo flt,x) = g(z) wuniformly for x € D. (7.3)

Furthermore, let K C D be a compact and convex set. Then the following
statements are fulfilled:

(i) For allT > 0 and e > 0, there exists a 79 < =T such that for all T <T
and v € K with

o(t,x) € K forall te [0,T],
the relation
INT +t,7,2) —o(t,z)|| <e forall T <719 andt € [O,T’]

1s fulfilled.

(ii) For allT > 0 and € > 0, there exists a o < 0 such that for all T <T
and v € K with

o(—t,x) € K forall t € [0,T'],
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the relation
N7 —t,7,2) — ¢p(—t,2)|| <e forall T <79 andte [0,T"]
18 fulfilled.
Proof. (i) Since D is open, there exist a compact and convex set K and an

n > 0 such that U,(K) C K. We choose T > 0 and ¢ > 0 arbitrarily and
define M := max_ z [|Dg(z)||. Due to (7.3), there exists a 7o < —T" with

min {e,n}

12+ T,) - glo)l < P22

forall t<7pand x € D.

For the rest of this proof, we fix arbitrary numbers 7 < 79, 7" < T and z € K
fulfilling
o(t,x) € K forall te [0,T].

Since for all ¢t € [07 T’L we have

At +7,712) — ¢(t,x) = /0 (f(s +71,ANs+7,7,2)) — g((b(s,x))) ds,

it follows from the mean value inequality (see, e.g., ABRAHAM & MARSDEN
& RATIU [1, Theorem 2.4.8, p. 87]) that

||A(t + 7,7, x) - ¢(t7 x)”

S/ Hf(s—l—T,)\(s—i—T,T,x))—g(qb(s,x))“ds
0

< [ (W6 4776+ 7,700 = 9005 + 7 +

lgrs +7.7,2)) = g(6(s,2)]|) ds

< t min {e, n}

t
ToMT +M/ IA(s + 7,7, 2) — &(s,x)|| ds.
€ 0

Assume, there exists a ¢ € (0,7") with | A(t + 7,7,2) — ¢(t, z)|| > min {e, n}.
We define
T* :=min{t € (0,7) : [A(t+ 7,7,2) — ¢(t,2)|| > min{e,n}} <T".

Hence, from Gronwall’s inequality (Lemma A.8), we obtain

" " T*min{e,n - .
INT* 47, 7,2) — (T", 2)|| < %eﬂﬁ < min {e,n}.

This is a contradiction and finishes the proof of this lemma.
(ii) See proof of (i). O
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Lemma 7.2. Consider an open set D C RN, a nonautonomous differential
equation

= f(t,x)
with a C'-function f : (0,00) x D — RY and an autonomous differential
equation

i =g(x)
with a C'-function g : D — RN. We assume that

tlim f(t,z) = g(x) wuniformly forx € D.
—00

Furthermore, let K C D be a compact and convex set. Then the following
statements are fulfilled:

(i) For ollT > 0 and € > 0, there exists a 70 > 0 such that for all T <T
and v € K with
¢(t,x) € K forall t€[0,T],
the relation

N7 +t,7,2) = o(t,x)| <e forall 7> 19 and t € [0,T]

18 fulfilled.
(ii) For all T > 0 and € > 0, there exists a 1o > T such that for all T' <T
and x € K with
¢(—t,z) € K forall te [0,T],
the relation

N7 —t,7,2) — ¢(t,x)| <& forall 7> 1 and t € [0,T]

18 fulfilled.
Proof. See proof of Lemma 7.1. O

In case of the classical autonomous bifurcations for ordinary differential equa-
tions (such as pitchfork, transcritical, saddle node and Hopf bifurcation), after
the bifurcation, the phase space can be separated into three invariant parts.
Therefore, we restrict attention to the following situation: Let D C RY be an
open and convex set and

& = g(z)

be an autonomous differential equation with a C'-function ¢ : D — RY. We
suppose that D is the disjoint union of

e a bounded and open set S* (inner area),
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(a) Zo (c)
S'i
(b) o
gi

Fig. 7.1. The situation in case of a (a) pitchfork bifurcation, (b) transcritical or
saddle node bifurcation, (c¢) Hopf bifurcation.

e an open set S° (outer area),
e a compact set S = 95" = 5° with int .S = 0.

The occurrence of one of the above mentioned autonomous bifurcations means
that (exactly) one of the following two hypotheses holds:

e Hypothesis (Hy). The following conditions are fulfilled:

(i) The inner area S° is forward invariant, i.e.,
p(t,x) € 8 forall t>0and z e S,

and there exists an attractive equilibrium 29 € S* such that for all
compact sets K C S*, we have

tlirgo d(c;b(t,K)‘{xo}) =0.
(ii) The outer area S° is backward invariant, i.e.,
o(t,z) € S° forall t <0 and ze€ S,
and S is a repeller, i.e., there exists an n > 0 with
Jim d(g(—t, Uy (8))|S) =0.
(iii) S is invariant, i.e.,
¢(t,x)e S forall teRandz € S.

e Hypothesis (Hz). The following conditions are fulfilled:

(i) The inner area S? is backward invariant, and there exists a repulsive
equilibrium zy € S* such that for all compact sets K C S*, we have

Jim d(¢(—t, K)[{xo}) =0.

(ii) The outer area S° is forward invariant, and S is an attractor, i.e.,
there exists an n > 0 with

lim d(¢(t,Uy(S))]S) =0.

t—oo
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(iii) S is invariant.

Some easy consequences of Hypothesis (H;) are derived in the following
lemma.

Lemma 7.3. Under Hypothesis (Hi ), the following statements hold:
(i) For alld > 0, there exists a T' > 0 such that for x € D with d(z,5) > 4,
there exists a T € |0,T) with
d(ng(T, x),S) >n.
(ii) For all v > 0, there exists a & > 0 with

o(—t,Us(S")) Cc U,(S") forall t>0.

Proof. (1) We choose 6 > 0 arbitrarily. Due to the hypotheses, there exists a
T > 0 with
¢(—T, Un(S)) - U(;/Q(S) .

This implies the assertion.
(i) We choose v > 0 arbitrarily. Since S is repulsive and S = 95, there exists
a T > 0 with

o(—t,Uy(S)) CU,(S") forall t>T.

Arguing negatively, we assume that for all n € N, there exist ¢, € [0,7] and
Tn € Uryn (S’) with

d((b(—tn,xn),Si) = d(qﬁ(ftn,:cn),S) > .

Since S is compact, we assume w.l.o.g. that the sequence {x, }nen is conver-
gent with limit z € S. Due to the continuity of the flow ¢ and the invariance
of S, there exists a 8 > 0 such that for all y € Ug(z) and t € [0,T], we have

d((b(*t, y)a S) <

o2

This is a contradiction and finishes the proof of this lemma. ]

Remark 7.4. In case the outer area is forward invariant, statement (i) of the
above lemma can be simplified as follows: For all § > 0, there exists a T > 0
such that for all z € D with d(z,S) > 0,

d(¢(T,x),8) >
is fulfilled.
The following two lemmata deal with the question of determining past (fu-

ture, respectively) attraction areas of past (future, respectively) attractive
solutions.
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Lemma 7.5 (Attraction areas of past attractive solutions). We sup-
pose that Hypothesis (Hy) is fulfilled and consider the nonautonomous differ-
ential equation

&= f(t,) (7.4)
with a Ct-function f : (—00,0) x D — RY such that

lim f(t,z) = g(x) wuniformly for allx € D.

t——o0

Furthermore, for some 7 < 0, let u : (—oo,7) — RN be a past attractive
solution of (7.4) with lim;—, _ oo pu(t) = x9. Then we have

A: = Sl — g .
If, in addition, S* is bounded, then there exist s < T and a past repeller
R C (—o00,58) x D with

St c ltim_inf R(t) C limsup R(t) C cls S°.

t——o0

Proof. The proof of this lemma is divided into four steps.
Step 1. A D S" — xp.
Since p is past attractive, there exists a v > 0 such that for all s < 7, we have

Jlim d(A(s. U (u() |u(s)) = 0. (7.5)

We choose y € S* arbitrarily. Let C' be a neighborhood of y such that there
exists a § > 0 with cls Us(C) C S Since lim;_, _, pu(t) = xo, there exists a
t1 < 7 such that

p(t) € Unin {4/3,53(20) for all £ <ty

Due to the attractivity of xq, there exists a T' > 0 such that
d(#(T, Us(C) {o}) < 3

Since it is possible to choose a compact and convex superset K C D of S* (D
is convex), Lemma 7.1 (i) implies that there exists a ty < t; — T with

v

A+ T,t,z) — p(T,x)| < 3 for all ¢t <ty and z € u(t) +C —xo .
—_——

CUs(C)
Hence, for all t <ty and x € u(t) + C — xp, we have
IAG+ T, t2) — (e + 7))
<AE+ Tt 2) = ¢(T, )| + |o(T' ) = wol| + [0 — p(t + T)

Yo7
3 T3 T3 =

A
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Thus,
i d(A(ta, u(t) + C = 2o) [{u(t2)})
= dim_ d(A(ba,t+ T+ T8, (1) + C = 0) ) [{u(t2)}) 0.

CU (u(t+T))

—

., » and since y € S% has been chosen arbitrarily, we

This implies y — z¢p € A
have A/~ D St — x.
Step 2. A~ C 5" — xo.
We choose y € S° and 8 > 0 with Ug(z) C S* and define § := d(y, S) > 0.
Due to Lemma 7.3 (i), there exists a 7' > 0 such that for all z € S° with
d(z,S) > min {6/2,1/3}, there exists a T’ € [0, T] with

d(¢(T,z),S) >n and ¢(T,z) € S°. (7.6)
Moreover, there exists a t; < 7 with
11(t) € Umings/2,n/3,8/43 (o) C S* for all ¢ <ty .

Let K be a compact and convex superset of U,(S). Then, because of
Lemma 7.1 (i), there exists a t; < t; such that for all T e[0,T) and z € K
with ¢(t,z) € K for all t € [O,T], we have

H)\(f—i—t,f, m) - qﬁ(t,x)” < min {g, g} for all £ <ty and t e [O,T] . (7.7)

We argue negatively and suppose that
holds. Therefore, since pu(t2) € Ug/4(x0), there exists a t3 < tp with

A(t2, 3,y — 20 + p(ts)) € Ugja(zo) . (7.8)

We define

5= max{t € [ts,to] : d()\(t7t3,y — 9 —l—u(tg)),S) > min{g, g}
and /\(t,tg,y—xo —&—u(t;;)) € SO} )

This implies the relations d(A(s,t3,y — zo + p(t3)),S) = min{n/2,6/2} and
)‘(Sa t37 Yy —To+ M(tB)) € 5.

We distinguish two cases.

Case 1.t —s<T.
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Case 1.1. For all t € [0,t2 — s], we have ¢(t, A(s,t3,y — xo + p(t3))) € K.
Due to (7.7), we have for all t € [0,t2 — 3],

M\Q

|6, (s, ta,y — w0 + p(ts))) — A(t + 5,3,y — o + p(ts)) || <

Since ¢(t, A(s,t3,y — xo + p(ts))) € S° for all t € [0,t5 — s], this leads to

> H¢ to— 5, \(s,t3,y — o + pu(ts))) —on—
[A(t2.t3,y — 20 + u(ts)) — ¢ (t2 — 5, A(s,t3,y — 20 + pu(ts))) ||
ﬁ _B

2"

(

H/\(t Jt3,y — o + plts)) —J:OH
(
(

> p—
This is a contradiction to (7.8).
Case 1.2. There exists at € [0,ty — s| with Qﬁ(f, )\(s,tg,y —x0 + ,u(tg))) ¢ K.
By defining
=inf {t € [0,t2 — 5] : ¢(t, A(s, 13,y — xo + pu(t3))) ¢ K} >0,
we obtain d(¢(3, (s, t3,y — zo + u(t3))),S) > n. Due to (7.7), the relation

H)‘(§ + Sat?ny — X + IU/(t?))) - ¢(§) )‘(Sati’ny — X0 + ,U/(t3)))H S

w3

holds, and hence, we have both d()\(é + 8,t3,y — T + M(tg,)), S) > 2n/3 and
)\(é + 5,13,y —xo + /.L(tg)) € S°. This is a contradiction to the definition of s.
Case 2. to —s>T.

Case 2.1. For all t € [0,T], we have qb(t,)\(s,tg,y — T +,u(t3))) e K.
Because of d(\(s, t3,y—zo+pu(t3)), S) = min{§/2,7/2} > min{s/2,7/3} and
(7.6), there exists a T € [0, T] with

d(¢(T, M(s, ts,y — xo + p(t3))),S) = n,

and (7.7) yields

||¢(T, (s ts,y — zo + plts))) — )\(T + 8,t3,y — o + p(ts)) H <

w\d

Together, this implies

d()\(T+S,t3,y—$()—i—/l(t?,)),S) 2 n

W Do

and .
)‘(T+57t37y71‘0 +‘U,(t3)) €5°.

This is a contradiction t0~the definition of~s.
Case 2.2. There exists a t € [0,T] with qS(t, )\(s,tg,y —x0+ u(tg))) ¢ K.
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This case is treated analogously to Case 1.2 (by writing 7" instead of t3 — s).
Consequently, we have y—zo ¢ A, This leads to the assertion, since S = as°,
int S = () and A;; is open.

Step 8. For all k < n, there exist T > 0 and t; < 7 such that for all to < t1
and t > T, we have

Aty —t,t2, Us o (As + p(ta))) C Uswys (A5 + pulte —t)) .

We choose x < 7 arbitrarily. By applying Lemma 7.3 (ii), there exists a § > 0
with ‘ .
qS(—t, Us (S’)) c U,i/4(5’1) for all t >0. (7.9)

Due to the repulsivity of S, there exists a T' > 0 with

¢(—t,Us(S")) C Usja(S") forall t>T.

By choosing K as a convex and compact superset of Ute[o,T]¢(—t7 Uk (Si)), we
can apply Lemma 7.1 (ii), and we therefore get a t; < 7 with

At —t,te,z) — d(—t,2)|| < g for all z € Uy (S"),t2 <t and t € [0, 7]
and  ||u(t) — zol| < g for all t < t;. (7.10)
Thus,
Ata = T,t2,U(S")) C Us(5") CU,pa(S") forall to <ty (7.11)

is fulfilled. Because of (7.9), this leads to
(=t M(ta = T, 12,U(S%))) CUyxya(S") forall ty <ty andt>0.
Due to (7.10) and 6/2 < /4, we have
Atz — t,t2,Ux(S")) CUyp2(S") forall ty <ty and t € [T,27].

Suppose now, there exist ¢ > 27 and fo < t; with

d(A(f2 — 112, UL (57))]57) > 5.
We define
si=inf {t > 2T d(Mf2 — 1,62, UL (57))[8") = 5} > 2T
and set ty := ty — s + T < t;. Consequently,
s — 5,82, Un (5%)) = A(ta — T to, Mt i, Un (57))) 2 Una(S7)

CUx/2(87)
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holds. This is a contradiction, i.e., for all ¢t; < t; and ¢ > T, we have
Ata = t,t2,Ux(S")) CUxp2(57).
Since pu(t) € Uy /6(x0) for all t < 1, the relation

A(ta —t,t2, Useys (Ar 4 p(ta))) C Uswys(A; + plta —t))

is fulfilled for all t, < t; and t > T.
Step 4. Existence of the past repeller.
Repeated usage of Step 3 implies

tim _d (A (t,7, Usyyo (A5 + (7)) |45+ (t) =0 forall 7 <t

t——o0

Due to Theorem 2.41 (i), there exist s < 7 and a past repeller R C (—o0, s)x D
with

A, Climinf (R(t) — pu(t)) C limsup (R(t) — p(t)) Ccls AL

t——o0 t——o0
Since lim;—, o p(t) = x, we have

St c ltimjnf R(t) C limsup R(t) C cls S".

t——o0

This finishes the proof of this lemma. ]

Lemma 7.6 (Attraction areas of future attractive solutions). We sup-
pose that Hypothesis (Hy) is fulfilled and consider the nonautonomous differ-
ential equation

i = f(t,x) (7.12)

with a C'-function f : (0,00) x D — RN such that

lim f(¢t, z) =g(x) uniformly for allz € D.

t—oo

Furthermore, for some T > 0, let pu : (1,00) — RY be a future attractive
solution of (7.12) with limy_,oc p(t) = xo. Then we have

A::Si—ﬂﬁo.

If, in addition, S° is bounded, then there exist s > T and a future repeller
R C (s,00) x D with

St c litm inf R(t) C limsup R(t) C cls S*.

t—oo
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Proof. The proof of this lemma is quite similar to that of Lemma 7.5, but this
is not clear a priori and there are important differences. In the following, the
entire proof is therefore written down.

Step 1. A D St — 2.

Since p is future attractive, there exists a v > 0 such that for all s > 7, we
have

Jim d(A(t, 5, U (u(s))) (1)) = 0. (7.13)

We choose y € S* arbitrarily. Let C be a neighborhood of y such that there
exists a 6 > 0 with clsUs(C) C S*. Since lim;_, o, pu(t) = xp, there exists a
t1 > 7 such that

p(t) € Unin {4/3,5y(20) for all £ > ;.

Due to the attractivity of xg, there exists a T' > 0 such that
g
d(é(T,Us(C)[{wo}) < 3

Since it is possible to choose a compact and convex superset K C D of S* (D
is convex), Lemma 7.2 (i) implies that there exists a to > ¢; with
IANE+T,t,z) — (T, 2)| < % for all ¢t >ty and z € p(t) + C — g .
—_———

CU(;(C)
Hence, for all t > t5 and x € u(t) + C — o, we have
A+ Tt ) — p(t + T
<AE+ T8, 2) = ¢(T, )| + |o(T' ) = wol| + [0 — p(t + T)

T
<3+3+3 .

Thus, for all s > t5, we have the relation
tli)rgo d(A(t,s, pu(s) + C — xo)|{u(s)})

= lim d(A(t,s + T, A(s + T, t, u(s) + C — zo) ) {u(t)})

CU, (u(s+T))

13

—

.. » and since y € S% has been chosen arbitrarily, we

This implies y — zp € A
have A" D St — xo.
Step 2. A C S' — .
We choose y € S° and 5 > 0 with Ug(z¢) C S* and define § := d(y, S) > 0.
Due to Lemma 7.3 (i), there exists a T > 0 such that for all € S° with

d(z,S) > min{8/2,n/3}, there exists a T' € [0,T] with
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d((;S(T,x),S) >n and gb(T,z) € .5°. (7.14)
Moreover, there exists a t; > 7 with
w(t) € Umings/2,n/3,8/43 (o) C St forall ¢t >t .

Let K be a compact and convex superset of U,(S). Then, because of
Lemma 7.2 (i), there exists a ty > ¢; such that for all 7' € [0,7] and z € K
with ¢(t,z) € K for all t € [0,7], we have

[A(E+t,E 2) —o(t, z)|| < min{g,g} for all £ >ty and t € [0,T]. (7.15)

We argue negatively and suppose, there exists a t3 > to such that the relation
Jim [[A(E s,y — 20 + pts) = u(t)]| = 0
holds. Therefore, since lim; . p(t) = xo, there exists a t4 > t3 with

AMta, ts,y — zo + p(ts)) € Ugya(zo) - (7.16)

We define

$ 1= max {t € [ts,t4] : d()\(t,tg,y —x0+ u(tg)),S) > min {;’, g}

and At ts,y — xo + plts)) € SO} .

This implies the relations d(A(s, 3,y — zo + p(t3)), S) = min {n/2,6/2} and
)\(S,tg,y —x0 + /L(t;;)) S

We distinguish two cases.

Case 1.ty —s<T.

Case 1.1. For all t € [0,t4 — 5], we have ¢(t, A(s,t3,y — xo + p(t3))) € K.
Due to (7.15), we have for all ¢t € [0,%4 — ],

M\Q

H¢(t,>\(87t3,y — T+ M(t?)))) - )\(t + 87t37y —Zo+ /*L(t3)) H <

Since ¢(t,\(s,t3,y — o + pu(ts))) € S° for all t € [0, ¢4 — s], this leads to
> || o(ta — 5, A(s, t3,y — mo + p(ts))) — wol|—

| A(ta, s,y — z0 + p(ts)) — d(ta — s, A(s,ts,y — zo + p(ts)))||
_B_B
2 2

(

| A(ta,ts,y — 20 + p(ts)) — xol|
(
(
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This is a contradiction to (7.16).
Case 1.2. There exists at € [0,t4 — s] with (i)(t, )\(s,tg,y —x0+ ,u(tg))) ¢ K.
By defining
§:=inf{t €[0,t4 — 5] : ¢(t, A(s, 3,y — o + p(t3))) ¢ K} >0,

we have d(¢(§, )\(s,tg, Yy —xo+ M(tg))), S) > 1. Due to (7.15), the relation

IA(8+ s,ts,y — zo + plts)) — &(8, A(s, ts,y — w0 + plts))) || <

w3

holds. Hence, we have both d()\(§ + s,t3,y — xo + ,u(tg)),S) > 2n/3 and
)\(§ +s,t3,y —xo + ,u(tg)) € 5°. This is a contradiction to the definition of s.
Case 2.ty —s>T.

Case 2.1. For all t € [0,T], we have gb(t,)\(s,tg,y —xo+ ,u(tg))) e K.
Because of d(A(s, t3,y —xo+u(ts)), ) = min{d/2,1/2} > min{5/2,n/3} and
(7.14), there exists a 1" € [0, T] with

d(p(T, \(s,tz,y — w0 + p(ts))), S) =1,

and (7.15) yields

H¢(Ta )‘(svtSvy — T + :u’(t3))) - )‘(T +s,t3,y —xo + u(tB)) H <

w3

Together, this implies

; 2
(T + .13,y — 20+ u(ts)). §) = 5n
and

)\(T + 5,13,y — xo + ,Lt(tg)) € .5°.
This is a contradiction to the definition of s.
Case 2.2. There ezists a t € [0,T] with ¢(t, A(s, t3,y — xo + p(ts))) ¢ K.
This case is treated analogously to Case 1.2 (by writing T instead of t4 — s).
Consequently, we have y—x¢ ¢ A This leads to the assertion, since S = 0S°,
int S = () and A" is open.
Step 3. For all k < n, there exist T > 0 and t; > 0 such that for all to > t;
and t > T, we have

At ta + 1, Usy (A + plts +1))) C Usyz (AL + ult2)) -

We choose x < 7 arbitrarily. By applying Lemma 7.3 (ii), there exists a § > 0
with

¢(—t,Us(S")) CUygya(S*) forall t>0. (7.17)

Due to the repulsivity of S, there exists a T' > 0 with
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¢(—t,Ux(S")) C Usja(S) forall t>T.

By choosing K as a convex and compact superset of Ute[O,T]qﬁ(ft, Uy (Si)),
we can apply Lemma 7.2 (ii), and we therefore get a t; > 7 with

A(ta, ta +t,2) — d(—t, )| < g for all @ € U,(S"),t2 > t; and t € [0, 7]
and [|pu(t) — @ol| < g for all ¢ > t; . (7.18)
Thus,
Ata, t2 + T,U.(5%)) C Us(S*) CUyxya(S") forall ty >ty (7.19)

is fulfilled. Because of (7.17), this leads to
(=t A(t2 — T, t2,Ux(S))) C Uyya(S*) forall ty >t andt > 0.
Due to (7.18) and 6/2 < /4, we have
A(ta,ta +t,Ux(S)) CUy,p2(S") forall ty >ty and ¢ € [T,27].
Suppose now that there exist £ > 27" and 5 < t; with

d(\(fs b2 +1,U.(57))]S7) = 5

We define

si=inf {t > 27 d(M(2, B2 + 1, UL (57))[87) = 5} > 2T

and set ty 1=ty + s — T > t;. Consequently,

)\(tAQ,tAQ + S,UH(Si)) = )\(1?27t27>\(t2,£2 + s, UH(SZ)) ) € Un/4(5i)

T (s7)
holds. This is a contradiction, i.e., for all t5 < t; and t > T, we have
Mot + 1, U (7)) C Uy (S
Since u(t) € Uy 6(x0) for all ¢ > ty, the relation
A(ta,ta 4+, Us 6 (S* + p(ta + 1)) C Usyyz(S" + u(t2))

is fulfilled for all t5 > t; and t > T.

Step 4. Existence of the future repeller.

Repeated usage of Step 3 implies that for all € > 0, there exists an s > 0 such
that for all 7 > s, there exists a T > 0 with
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M7+ 6,Uy (A +p(m+1))) CU(A, +p(r)) forall t>T.

Because of Theorem 2.41 (iv), there exists an s < 7 and a future repeller
R C (s,00) x D with

A C litnigf (R(t) — p(t)) C limsup (R(t) — pu(t)) Ccls A, .

t—oo

Since lim;_ o 11(t) = 9, we have

St c litm inf R(t) C limsup R(t) C cls S*.
—00

t—o0

This finishes the proof of this lemma. O

Please note that similar lemmata can be derived for the determination of past
(future, respectively) repulsion areas of past (future, respectively) repulsive
solutions.

7.2 Bifurcations in Dimension One

In this section, one-dimensional differential equations are studied which ex-
hibit pitchfork, transcritical or saddle node bifurcations. It is shown that under
special assumptions, this bifurcation behavior is transferred to asymptotically
autonomous systems.

Let —co < z_ < x4 < oo and g < a1, and consider an autonomous differ-
ential equation
z = g(z,a) (7.20)

depending on a parameter o with a C'-function g : (x_,7,) x (g, 1] — R.
We assume that there exists an zg € (x_,z4) with

g(xg,a) =0 and Dig(xg,a) #0 forall a € (ag,aq].

In the next four lemmata, conditions for the existence of nonautonomous
counterparts for the equilibrium x( are studied. In a first instance, we restrict
the parameter area to compact subintervals of (ag, ay].

Lemma 7.7 (Existence of past attractive solutions). Let a_ < ay be
in (ap, 1], and consider the nonautonomous differential equation

= f(t,x, ) (7.21),
with a Ct-function f: (—00,0) X (z_,24) X [a—,ay] — R. We assume that

, lim f(t,z,a) = g(z,a) and , lim Dy f(t,z,a) = Dig(z, )
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hold uniformly for all x € (x_,zy) and o € [a—, ay]. Furthermore, we sup-
pose that
Dig(xg, ) <0 for all a € [a—,ay].

Then there exist a T < 0 and a continuous function p : (—oo, 7] X [a_,ay] = R
such that u(-, «) is the uniquely determined past attractive solution of (7.21)
which fulfills

lim p(t, o) = .

t——o0
In addition, for fixzed a € [a—, 4], the following statements are fulfilled:

(i) If there exist x; < xo and xg > zo with
9(zg,a) = g(ag,@) =0, Dig(zy,a) >0 and Dig(zg,a) >0,
and g(x,a) #0 for all x € (J:O_,xo) U (xo,xa'), we have
:(ﬂ) = (130_ — :co,xa' - a:o) .
Furthermore, there exists a past repeller R(«) of (7.21), with

(zg.2g) C l)fimjnf R(a,t) C limsup R(a,t) C [y, 2] .

t——o0
(i) If there exists an x, < xo with
g(a?a,a) =0 and Dlg(ma,a) >0,
and g(z,a) # 0 for all x € (x67x0) U (:co,au), we have
i(a) = (zg — w0, 24 — T0) .
(iii) If there exists an x§ > ¢ with
g(xa',a) =0 and Dlg(:var,a) >0,
and g(z,a) #0 for all x € (z_,xo) U (:co,aca'), we have
/T(,,a) = (:L'_ - xo,xa' - :L'o) .

Remark 7.8. The statement (i) of above lemma corresponds to the au-
tonomous pitchfork bifurcation, where after the bifurcation, there are three
equilibria, and (ii) and (iii) describe the situation after a transcritical or saddle
node bifurcation.

Proof (Lemma 7.7). The proof is divided into three steps.

Step 1. There ezxist a 7 < 0 and a continuous function f : (—oo, T]x[a_, at] —
R such that u(-,«) is the uniquely determined past attractive solution of
(7.21)o which fulfills limy—, _ o p(t, o) = xo.
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Due to the hypotheses (please note that [a_, @4 ] is compact and g is uniformly
continuous on compact sets), there exist 5 > 0,7 < 0 and 7 < 0 with

f(t,$0*6,04)>0,f(t,$0+ﬂ,0&)<0 and DQf(t#L'?a)Sﬁy

for all @ € Usg(xg), t < 7 and a € [a—,ay]. We fix an a € [a_, ay] for the
rest of this step. The sets

My :={x € clsUg(xo) : There exists a t < 7 with A(t, 7,2, ) < zo — B}
and
My := {z € clsUg(wo) : There exists a t < 7 with A(t,7,z,a) > z¢ + 8}

are obviously nonempty and due to the continuity of the general solu-
tion (cf. Proposition A.3) relatively open in clsUg(zo). Hence, we have
My, U My C clsUg(zg). Therefore, there exists a y € Ug(zg) such that
u(t, o) == A, 7,y,a) € Ug(xg) for all ¢ < 7. To show that this solution
is past attractive, we study the differential equation of the perturbed motion

i = h(t,z,0) == f(t.a+ p(t,a),a) - f(tplt,a)a),

whose general solution will be denoted by A. Due to the mean value theorem
(see, e.g., LANG [102, Theorem 4.2, p. 341]), we have

1 1
h(t,z,a) = x/ Doh(t,0x, ) df = :17/ sz(t,Gx + u(t, a),a) deo.
0 0

This implies

h(t,z,a) > yx forall t <7 and z € (—3,0)
and h(t,z,a) <~yx forall t <7 and z € (0,0).

We therefore obtain

lim d(\(7,t,Us/2(0),a)[{0}) =0,

t——o0

and consequently,

t_lér_noo d()\(T7t7 Uga(p(t, ), a) |{/1,(T7 a)}) =0
holds (cf. Proposition A.7). Thus, the solution (-, o) is past attractive. More-
over, the limit relation lim;_, _ o, u(t, &) = x is obviously fulfilled. The unique-
ness of p(-, «) follows directly from Proposition 2.37 (i).
Step 2. p is continuous.
First, we consider the function d : [a—, ay] — (x_, x4 ), defined by

d(a) := pu(r,a) for all a € [a_,aq].
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We suppose that there exist a & € [w_,a4] and a sequence {&p}neny with
lim,, 0o Gy, = & such that {d(ay) }nen does not converge to d(&). Since this
sequence is bounded, we assume w.l.o.g. that it is convergent with the limit
T € clsUg(wg), ¥ # d(a). Because of Step 1, there exists a £ < 7 such that
At,7,2,a) ¢ clsUg(zo). The continuity of the general solution implies the
existence of a neighborhood V of (Z, &) such that

Mt 7,2,a) ¢ clsUg(wo) for all (z,a) € V.
In particular, there exists an n € N with (d(&,), &) € V. This implies
/i(f, dn) = )\(f, T, (T, ), dn) = )\(f, T, d(an), o?n) ¢ clsUg(xo) .

This is a contradiction, and therefore, the function d is continuous. To prove

the continuity of 41, we choose a sequence { (,,, &, ) }neN in (—oo, 7] X [a—, a4]

with lim,,_, o (fn, dn) = (f, d). The continuity of u follows from
lim u(fn,ézn) = lim /\(tn,T w(r, én), & )

n—oo n—o0

= lim /\(tn,T d(dm), )

=\, 7,d(6),a) = p(t,a).
Step 3. The statements (i), (ii) and (iii) are fulfilled.
The asserted relations for A;T(»g) and the existence of a past repeller follow

directly from Lemma 7.5 if we define the repulsive set S as {zg,z{ } in case

), {zg } in case (ii) or {z{ } in case (iii), respectively (cf. also Figure 7.1).
O

Lemma 7.9 (Existence of future attractive solutions). Let o < ay be
in (oo, 1], and consider the nonautonomous differential equation

= f(t,z, ) (7.22)4
with a Ct-function f: (0,00) X (x_,74) x [a_,ay] — R. We assume that

tlim ft,z,0) =g(z,a) and tlim Dyf(t,z,a) = Dy1g(z, @)

hold uniformly for all x € (x_,x4) and o € [a_, ay]. Furthermore, we sup-
pose that

Dyg(zg, ) <0 forall a € [a—, a4 ].
Then there exist 7 > 0 and 3 > 0 such that every solution A(-,T,x,q) for
x € Ug(zo) and a € [a—, a] is future attractive with

lim A(t,7,2,a) = x¢ .

t—oo

Let v : [1,00) — R be such a solution of (7.22), for fixed a € [a—, a4]. Then
the following statements are fulfilled:
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(i) If there exist x; < o and vg > zo with
g(aca,oz) = g(xg',oz) =0, Dlg(acg,oz) >0 and Dlg(xa',a) >0,
and g(x,a) #0 for all x € (a:o_,xo) U (xo,xa'), we have
A = (ma — 20, 78 75170).
Furthermore, there exists a future repeller R(a) of (7.22), with

(zg,2g) C litIE;l)Ef R(a,t) C limsup R(a,t) C [zg, 2] .

t—00
(i) If there exists an x5 < xq with
g(zg,2) =0 and Dig(zg,a) >0,
and g(z,a) # 0 for all x € (x5, 20) U (0,2 ), we have
A = (zg — @0, 24 — 20) -
(iii) If there exists an xg > xq with
g(z$,a) =0 and Dig(zf,a) >0,
and g(z,a) # 0 for all x € (z_,20) U (0,27 ), we have
Ay = (2= — o, 2§ — 20) -

Proof. Due to the hypotheses (please note that [a_, a.] is compact and g is
uniformly continuous on compact sets), there exist § > 0,7 < 0 and 7 > 0
with

f(t,Iofﬂ,Oé)>O7f(t,I0+ﬁ,Oé><O and DQf(f,IL',Ol)S’Y

for all z € Ugg(mg), t > 7 and a € [a_,ay]. We fix & € Ug(zg) and
a € [a_,a] and consider for the rest of the proof in particular the solution
v(-) = A, 7,2, a) of (7.22), on the interval [1,00). Obviously, the relation
lim; o v(t) = xo holds. To show that this solution is future attractive, we
study the differential equation of the perturbed motion

i =h(t,z,a) = f(t,x+v(t),a) - f(t,v(t),a),

whose general solution will be denoted by X. Due to the mean value theorem,
we have

1 1
hit,z,a) = x/ Doh(t,0x,a)dd = 9:/ Dgf(t7 Ox + v(t), oz) deé.
0 0
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This implies
h(t,z,a) > ~vx forall t > 7 and z € (—4,0)
and h(t,z,a) <~z forall t>7and z € (0,0).
We therefore obtain

tlirglo d(S\(t,s,Uﬂ/g(O),a)HO}) =0 forall s>,
and consequently,

lim d(A(t,s,Uga(v(s)), ) {v(t)}) =0 forall s>r

t—o0

holds (cf. Proposition A.7). Thus, the solution v is future attractive. The
asserted relations for A and the existence of a future repeller follow directly
from Lemma 7.6 if we define the repulsive set S as {z, 2] } in case (i), {zg }
in case (i) or {§ } in case (iii), respectively (cf. also Figure 7.1). o

Under the assumption Djg(xg,«) > 0 for all « € [a_, a4 ], analogous state-
ments are obtained for past (future, respectively) repulsive solutions.

Lemma 7.10 (Existence of past repulsive solutions). Let a_ < ay be
in (ao, 1], and consider the nonautonomous differential equation

z=f(t,x,q) (7.23) 4
with a Ct-function f: (—00,0) x (z_,x4) X [a_,as] — R. We assume that
, lim f(t,z,a)=g(z,a) and . lim Dy f(t,z,a) = Dig(z, a)
hold uniformly for all x € (x_,z4) and a € [a_,ai]. Furthermore, we sup-

pose that
Dig(zg, ) >0 forall a € [o—, a4 ].

Then there exist 7 < 0 and B > 0 such that every solution A(-,T,z,«) for
x € Ug(zo) and a € [a_, a] is past repulsive with

lim A(t,7,2,0) =20 .
t——o0

Let v : (—oo,7] — R be such a solution of (7.23), for fixzed o € [a_, a].
Then the following statements are fulfilled:

(i) If there exist x; < xo and xg > zo with
g(zo_,a) = g(:cg',a) =0, Dlg(xa,a) <0 and Dlg(xa',oz) <0,

and g(z,a) # 0 for all z € (g ,20) U (20,27 ), we have
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R, = (CCO_ — 20,78 — a:o) .
Furthermore, there exists a past attractor A(a) of (7.23)a with

(zg,2g) C ltan_nélof A(a, t) C limsup A(e, t) C [z, 2] .

t——00
(ii) If there exists an x, < xo with
g(:z:a,a) =0 and Dlg(xo_,a) <0,
and g(xz,a) #0 for all x € (mg,mo) U (xo,x+), we have
R, = (:vg — X, T4 — :Eo) .
(iii) If there exists an xf > x¢ with
g(xa',a) =0 and Dlg(zg,a) <0,
and g(x,a) #0 for all x € (x_,xo) U (xo,aja'), we have
Ry, = (z- — To, Td — 9) -
Proof. The assertions follow from Proposition 2.32 and Lemma 7.9. O

Lemma 7.11 (Existence of future repulsive solutions). Let a_ < ag
be in (g, 1], and consider the nonautonomous differential equation

z = f(t,z, ) (7.24),
with a Ct-function f: (0,00) x (v_,24) x [a_,a;] — R. We assume that

lim f(t,z,a) =g(z,a) and tlim Dsf(t,z,a) = Dig(z, )

t—o0o

hold uniformly for all x € (x_,zy) and a € [a_,a]. Furthermore, we sup-
pose that
Dyg(zo, ) >0 forall a € [a—,a4].

Then there exist a 7 > 0 and a continuous function p : [1,00) X [a—, 4] — R
such that u(-, «) is the uniquely determined future repulsive solution of (7.24),
which fulfills

lim p(t, ) = xp.

t—oo
In addition, for fized o € [a—, 4], the following statements are fulfilled:

i) If there exist x, < xo and T > xo with
0 0

g(xg,a) = g(x(ia) =0, Dlg(:ra,a) <0 and Dlg(xar,a) <0,
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and g(x,a) #0 for all x € (zo_,xo) U (xo,:ca'), we have
R;E_,a) = ({Ea — 20,28 — mo) )
Furthermore, there exists a future attractor A(a) of (7.24), with

(zg.2g) C litm inf A(a,t) C limsup A(a,t) C [zg, 27 ] .

t—00
(ii) If there exists an x, < xo with
g(a:g,a) =0 and Dlg(xg,a) <0,
and g(x,a) #0 for all x € (xo_,xo) U (xo,x+), we have
R;E,,a) = (xa — X, T4 — xo) )
(iii) If there exists an x§ > x¢ with
g(xg,a) =0 and Dlg(xar,a) <0,
and g(z,a) #0 for all x € (x_,xo) U (mo,xa'), we have
;(,70‘) = (z_ — xo,xg' — xo) .
Proof. The assertions follow from Proposition 2.32 and Lemma 7.7. O

In the following, we observe that pitchfork bifurcations of (7.20), give rise to
total nonautonomous bifurcations. Transcritical and saddle node bifurcations,
however, lead to partial nonautonomous bifurcations.

First, the attention is restricted to the situation that the autonomous dif-
ferential equation (7.20), admits a supercritical pitchfork bifurcation at
(z0, o). More precisely, there exist a monotone increasing continuous func-
tion h; : (g, 1] — (z—,z4) and a monotone decreasing continuous function
ha : (o, 1] — (z—, x4 ) such that for all « € (ap, 1], we have

hl (a) < Ty < hg(a) y
g(hi(a), @) = g(zo, ) = g(ha(a),a) =0,
Dyg(hi(a), @) # 0, Di1g(xo, ) # 0, D1g(ha(a), ) # 0.

Moreover, for all & € (ap, aq] and x € (h1(a), zo) U (20, ha(a)), g(x, ) # 0 is
satisfied, and we have limg_,q, b1 (@) = limy—q, h2(a) = xo.

Theorem 7.12 (Total past bifurcation). We suppose that (7.20), admits
a pitchfork bifurcation as described above and consider the nonautonomous

differential equation
&= f(t,z, ) (7.25)4
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with a Ct-function f: (—00,0) x (z_,24) X (g, 1] — R. We assume that

, lim f(t,z,a) = g(z,a) and , lim Dy f(t,z,a) = Dig(z, )
hold uniformly for all x € (x_,x4) and o € (ap,a1]. Then the following
statements are fulfilled:
(i) If Dig(xo,1) < 0 is satisfied, then there exists a continuous function
w:D CR X (ag,a1] — R such that u(-, ) is a past attractive solution
of (71.25),. We have a total past bifurcation, since

lim d (A ] {0}) =0.

N\, o

Furthermore, for all a € (ap, 1], there exists a past repeller R(ca). Due
to

lim d <lim sup R(mt)‘{xo}) =0,

aNao t——o00
we also have a past repeller transition.

(ii) If D1g(zo,1) > 0 is satisfied, then there exists a continuous function
w:D CR X (g, 1] — R such that u(-, &) is a past repulsive solution
of (7.25),. We have a total past bifurcation, since

lim d (Ri.[{0}) = 0.

a\, o

Furthermore, for all o € (o, a1], there exists a past attractor A(a). Due
to

lim d (lim sup A(a,t)){xo}) ~0,

aN Qo t——o0
we also have a past attractor transition.
Proof. We define the compact intervals Iy := {& € (g, 1] : hy () < g — 1}
and

1 1
I, = , th — —,z0 —
{a € (ap, 1] : hi(a) € [azo - o i

]} for all n € N.

(i) For all n € Ny, we restrict (7.25), to the parameter area I,, and apply
Lemma 7.7. Then there exists a continuous function p,, : (—oo,7,] x I, = R
which describes uniquely determined past attractive solutions. We define

w(t, o) == pp(t,a) forall ¢ <0 and o € (ap, ] with a € I, and ¢t < 7, .

Due to the uniqueness of the p,, the so-defined function u: D — R for some
D C R x (ap,a1] is well defined, and the continuity of p follows directly.
The existence of the past repellers and the limit relations are consequences of
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Lemma 7.7 (i).

(ii) For all n € Ny, we restrict (7.25), to the parameter area I, and ap-
ply Lemma 7.10. It is obvious that one can construct a continuous function
w: D C R X (ag,1) — R which describes past repulsive solutions. The
existence of the past attractors and the limit relations are consequences of
Lemma 7.10 (i). O

Theorem 7.13 (Total future bifurcation). We suppose that (7.20), ad-
mits a pitchfork bifurcation as described above and consider the nonau-
tonomous differential equation

z=f(t,x,q) (7.26)
with a Ct-function f: (0,00) x (x_,x4) x (ag, 1] — R. We assume that

tlim ft,z,0) = g(z,a) and 75lim Dyf(t,z,a) = Dy1g(z, @)

hold uniformly for all x € (x_,x1) and o € (ap,a1]. Then the following
statements are fulfilled:

(i) If D1g(zo, 1) < 0 is satisfied, then there exists a continuous function
w:D CRx (o, 1] = R such that p(-, a) is a future attractive solution
of (7.26),. We have a total future bifurcation, since

lim d( ‘{0}) =0.

aNQ

Furthermore, for all a € (ag, ], there exists a future repeller R(c).
Due to

lim d <hmsup R(a,t) ’{mo}) =0,
aN\, o t—o00
we also have a future repeller transition.

(ii) If D1g(zo, 1) > 0 is satisfied, then there exists a continuous function
p: D CR X (ag,a1] = R such that u(-, o) is a future repulsive solution
of (7.26),. We have a total future bifurcation, since

lim d (Ry.[{0}) =0

aN.ago

Furthermore, for all a € (e, 1], there exists a future attractor A(a).
Due to

aNao t—o0o

lim d <hmsup A(a,t) ’{x0}> =0,

we also have a future attractor transition.

Proof. See proof of Theorem 7.12. O
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In the following example, which is a special case of POTZSCHE & RASMUSSEN
[142, Example 4.1], the center manifold reduction (see, e.g., CARR [38] and
HALE [75, Chapter 4] in the autonomous context) is used to verify past and
future bifurcations and transitions in an asymptotically autonomous version
of the Lorenz system.

Ezxample 7.14. We consider a nonautonomous version of the famous Lorenz
equation (see, e.g., LORENZ [108] and KuzNETSOW [101, pp. 166, 249]), given
by the three-dimensional system

&1 = 0q(t) (22 — 21)
i’Q = pa(t)l'l — T2 —X1X3 .
Z“3 = —ﬁa(t)xg + 2122

In our situation, o4, ps, Ba are perturbed nonautonomously, i.e., we assume
that the functions o4, pa, B : R — (0,00) are given by

Galt) == 0o +ao(t), palt) =1+ po+ap(t), Bult):=fo+aB(t)

with real constants og, pg, By > 0, bounded C3-functions o, p, 3 and o € R,
which will be the bifurcation parameter. It is our goal to study the stability
of the equilibrium z = 0 for different values of «. From the linearization of
the trivial equilibrium, which is given by

—0g Op 0
Po -1 0 )
0 0 —fo

we see that in case a = 0 (i.e., in case of the autonomous Lorenz system),
the origin is attractive for pg < 0 and repulsive for pg > 0. More interesting
is the nonhyperbolic case py = 0, where an autonomous pitchfork bifurcation
occurs as pg passes through 0 (see KuzNETSOW [101, p. 249]). To mimic this
situation, we assume py = 0 from now on. Before proceeding, we formally
append the trivial equation & = 0 and—to simplify our calculations—apply
the transformation

Y1 —0y 010 Iy
Y2 L 1 010 Io
Ys T 0 100 I3
Y4 0 001 «@
This implies the system
y=Ay+ F(t,y) (7.27)

with A := diag(—oo — 1,—0p,0,0) and the nonlinearity
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ST YY2 — wyl?ﬂ - ‘,Olﬂ Y2ys + U’;(Jr)l Y3Ya
Flt) —ooyi + (1 — o0)y1ys — B(E)y2ya + v3 + 2u3
( ’y) T o3 o(t)+oo(o(t)=oop(t)) gop(t)
o1 V1Y2 t ootl Y1Ya — UO+1y2y3 t ot Y34

0

Thus, we can apply Theorem 5.3 to (7.27) to show that there exists a local
two-dimensional all-time center-unstable manifold S~, given as graph of a
function s~ : V x R — R?, where V' C R? is a neighborhood of 0. The ansatz

2— 1 5%7”‘(1&) 2 23
s~ (Y3, yat Z?J Y4 s%_“(t) + O {\/y3 +vi

yields that the equation reduced to the all-time center-unstable manifold S~
is given by

g0
(o) + 1

vy = ap(t)ys — s3,0(t)y3 + O(ay3, a’ys,3) .

Using POTZSCHE & RASMUSSEN (142, Theorem 3.1], we obtain s3 o (t) = 1/0o,
and consequently, the one-dimensional bifurcation equation is given by

o
00+1

js = ap(t)ys — zy3 + O(aw3, a®ys, y3) - (7.28)
We henceforth assume that our system is past (future, respectively) asymp-
totically autonomous, i.e., the limits ¢ — +oo of the functions o, p and 3 exist.
We define

+ . _ + . £ ._
oti= dipm o), o= i o) and 5F= N 60).
The autonomous limiting equations of the bifurcation equation are then given
by
0o
op+1

It is easy to check that this equation admits a pitchfork bifurcation, i.e., the
equilibrium 0 is attractive for @ < 0 and repulsive for a > 0. For small a > 0,
there are two additional attractive equilibria branching from the origin. One
can show that the convergence of the right hand side in (7.28) is uniform in
a neighborhood of 0, and also the derivative with respect to ys of (7.28) con-
verges locally uniformly to the corresponding derivative in (7.29). Thus, The-
orem 7.12 or Theorem 7.13, respectively, is applicable, and therefore, system
(7.28) admits a total past or future bifurcation and a past or future attractor
transition, respectively. Please note that not only the reduced equation (7.28)
gives rise to a nonautonomous transition but also the nonautonomous Lorenz
equation itself. This is due to the fact that there exists an asymptotic phase for
the center manifold (see AULBACH & WANNER [22, Theorem 3.3]), i.e., every

js = apTys — 5-95 + O(ay3, a’ys, u3) - (7.29)
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solution approaches a solution lying in the center manifold in forward time
exponentially. Therefore, for small a > 0, there also exists a past or future
attractor of the three-dimensional system, respectively, which shrinks down in
the limit a~,0. However, the three-dimensional nonautonomous Lorenz equa-
tion does not admit a past or future bifurcation, since due to the asymptotic
phase, the trivial solution is not past repulsive for a > 0.

To obtain partial nonautonomous bifurcations, we assume that the differential
equation (7.20), admits a supercritical transcritical or saddle node bifurcation
at (xo, ). This means, there exists a strictly increasing continuous function
h:(ag,a1) — (x_,xy) such that for all a € (ag, o), we have

h(a) < zq,
g(h(a), ) = g(z0,2) =0,
Dig(h(a), ) # 0, Dig(zo, ) # 0.

Moreover, for all & € (ap,aq) and z € (h(a),zo), the relation g(z,a) # 0
is satisfied, and we have lim,_, o, h(a) = 2. Please note that in case of a
saddle node bifurcation, one has to transform the greater equilibrium into x.
In case of a transcritical bifurcation, we assume that the bigger equilibrium
equals xg. This can be also reached by a transformation.

Theorem 7.15 (Partial past bifurcation). We suppose that (7.20), ad-
mits a transcritical or saddle node bifurcation as described above and consider
the nonautonomous differential equation

= f(t,x, ) (7.30) 0
with a Ct-function f: (—00,0) x (z_,x4) X (g, a1] — R. We assume that

. lim flt,z,a) = g(z,a) and . lim Dsf(t,z,a) = Dig(z, )
hold uniformly for all x € (x_,x4) and o € (ap,1]. Then the following
statements are fulfilled:

(i) If Dig(xo,1) < 0 is satisfied, then there exists a continuous function
w:D CR X (ag,a1] — R such that u(-, ) is a past attractive solution
of (7.30)n. We have a partial bifurcation, since

Jim %70 =0.

(ii) If D1g(zo, 1) > 0 is satisfied, then there exists a continuous function
p:D CRX (ag,a1] = R such that u(-, ) is a past repulsive solution
of (7.30)n. We have a partial bifurcation, since

lim R, y=0.

aag | kG T
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Proof. See proof of Theorem 7.12. O

Theorem 7.16 (Partial future bifurcation). We suppose that (7.20), ad-
mits a transcritical or saddle node bifurcation as described above and consider
the nonautonomous differential equation

&= f(t,z, ) (7.31)4
with a C'-function f : (0,00) x (z_,24) X (g, 1] — R. We assume that

lim f(t,z,a) =g(z,a) and tlim Dsf(t,z,a) = Dig(z, )

t—o0o
hold uniformly for all x € (z_,x4) and a € (ap,a1]. Then the following
statements are fulfilled:

(1) If Dig(zo,0n) < O is satisfied, then there exists a continuous function
p: D CRX(ag,a1] = R such that u(-, «) is a future attractive solution
of (7.31),. We have a partial bifurcation, since

lim A7, =0.

aN Qo

(ii) If D1g(wo, 1) > 0 is satisfied, then there exists a continuous function
pw:D CR X (ag,a1] = R such that u(-, ) is a future repulsive solution
of (7.31),. We have a partial bifurcation, since

lim R ;. ,,=0.

o~ag | HGQ)

Proof. See proof of Theorem 7.12. a

7.3 Bifurcations in Dimension Two

In this section, two-dimensional differential equations which exhibit Hopf bi-
furcations are studied (see, e.g., MARSDEN & MCCRACKEN [117]). As in the
previous section, this bifurcation behavior is transferred to asymptotically
autonomous systems.

More precisely, we consider the autonomous differential equation

T = 91($7y,a)

_ (7.32)4
v = g2(z,y, )

with a C'-function ¢ : (z_,24) x (y—,y+) X (g, @1] — R? which admits a
supercritical Hopf bifurcation at (xg,yo, o), i.e., for all « € (ag, a1], we have
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o) =0t D aatan ) = (4] 1)

with continuous functions a : (ap,1] — R and b : (ap,a;] — R which
fulfill a(e) # 0 and b(«) # 0. Furthermore, let S(a) be an attractive (in
case a(a) < 0) or a repulsive (in case a(a) > 0) periodic orbit of (7.32),,
respectively, which depends continuously on a with respect to the Hausdorff
distance and converges to (zg,yo) in the limit @« — ap. We denote the inner
area of S(a) by S(a).

As in the previous section, in the next four lemmata, conditions for the exis-
tence of nonautonomous counterparts for the equilibrium (g, yo) are studied.
In the first instance, the parameter area is restricted to compact subintervals
of (ap, a1].

Lemma 7.17 (Existence of past attractive solutions). Consider the
nonautonomous differential equation

T = fl(tvxayva)

7.33)a
y:fQ(tvzvyva) ( )

with a C-function f : (—00,0) x (z_,24) X (y—,y+) X [a_,ay] — R%. We
assume that

tl}rpm f(t,l‘,y, O[) = 9(%% Oé) ) t—I}Ifnoo D(2,3)f(taxa yva) = D(1,2)9($7y7 Oé)

hold uniformly for all x € (x_,z4), y € (y—,y+) and o € [a—, ay]. Further-
more, we suppose that

ala) <0 forall a€la_,ay].

Then there exist T < 0 and a continuous function u : (—oo, 7] X [a—, ay] — R?
such that u(-, «) is the uniquely determined past attractive solution of (7.33)
which fulfills

lim p(t, o) = (x0,90) -

t——o0
Moreover, we have
Ao = Si(a) — (z0,y0) for all a € [a_,ay].
Furthermore, there exists a past repeller R(«) of (7.33)q with

Si(a) C ltiminf R(a,t) C limsup R(a,t) CclsS*(a) for all a € [a_,ay].

- t——o0

Proof. For simplicity, we assume w.l.o.g. that (xo,y0) = (0,0) in this proof.
The proof is divided into three steps.
Step 1. There exist a T < 0 and a continuous function p : (—oo, 7] X [a—, ay] —
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R? such that p(-,«) is the uniquely determined past attractive solution of
(7.33) which fulfills lim;_,_ oo p(t, &) = (0,0).

Due to the compactness of [a_, a4 ] and the uniform continuity of g on com-
pact sets, there exist 8 > 0 and v < 0 with

dg1 092 g1
— <2y, — <2 ——
ax (:137 y’ a) —_ 77 ay (:Ij’ y’ a) —_ 77 ay (x’y’ a) +

0
%, o<
for all (z,y) € clsUz3((0,0)) and « € [a—, a4]. This implies the existence of
a 7 < 0 with

8f1 an

I < = <

o (t,z,y,a) <7, oy (t,z,y,a) <
and

af Of2 04

ZJ2 ZJ2 < _1

ay (t7$7y’a)+ al‘ (tam?y7a) — 2
and 5

[1(£0,0,0)| + |2(¢,0,0,0)| < =22

for all t <7, x,y € clsUsp((0,0)) and o € [a_, a4]. For the rest of this step,
we fix an @ € [a_,a]. For all t <7 and z,y € clsUag((0,0)), the mean value
theorem implies

1
f(t7 z,Y, Oé) = f(t7 0,0, a) + / D(2,3)f(ta 91'7 0?]7 a) ’ (SL‘, y) dg.
0
It follows that for all t < 7, a € [a_, ;] and z,y with 22 + y% = 32,

<f(t7x7yaa)a (I7y)> = fl(taxa:%a)‘r + f2(t7177y704)y
= f1(t,0,0, )z + f2(¢,0,0,a)y +

179 2, Of2 2
/0 ((%(t,ﬂw,g%a)m +6—y(t,9x,0y,a)y +

%—f;(t, Ox, 0y, a)xy + %(t,&x, Oy, a)xy) de
V3 ' 2 2 7 V3

< -1 - = do < —

< - +/O (79: + 7y 2\931/\) <-4 <0

holds. Therefore, the subset clsUg((0,0)) of the phase space is forward in-
variant in the following sense: For all t~ < t* < 7 and a € [a_,a], we

have
At t7,clsUs((0,0)),a) C clsUs((0,0)).

Thus, the set
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M := {(z,y) € clsUg((0,0)) : There exists a t < 7 such that
IA(t, 7,2, y, @) || = 8 and
At, 1z, y,«) # (3,0) and
At 7,2,y @) # (—6,0) }

is nonempty and due to the continuity of the general solution relatively open
in clsUs((0,0)). This means that M := clsUg((0,0)) \ M is closed. The sets

M := {(x,y) € M : There exists a t < 7 such that
[A(t, 7,2, y, )| = B and
)\(tu T,T,Y, OZ) = (B’ 0)}

and

My = {(l‘,y) € M : There exists a t < 7 such that
||>\(t,7,x,y,a)|| = and
)‘(tu T, 95721701) - (—ﬁ,O)}

are obviously nonempty and due to the continuity of the general solution
relatively open in M. This implies that M; U Ma - M. Therefore, there exists
a (£,9) € Ug(0,0) with

p(t,a) == At,7,&,9, ) € Ug((0,0)) forall t <.

To show that u is past attractive, we study the differential equation of the
perturbed motion

T = h1<t7xay7a) = fl (t,x—|—,u1(t,a),y—|—,u2(t,a),a) - fl(t7u(t70¢)70¢>
y = h2(ta$7yaa) = fg(t,l‘+M1(t,0€),y+/.l/2(t,04),a) - f?(tvl’é(tva)7a) .

Due to the mean value theorem, for all ¢ < 7 and (z,y) € Ug((0,0)),
1
h(tvxa:%a) = / D(Z,S)h(taaxaayaa) ’ (xay) d¢
0

1
— [ Dy (1,00 + m(t.0). 0y + palt, ). ) - (2.9) 40
0
is fulfilled. Thus, for all (r,¢) € (0,3) x [0,27) and t < 7, we have
hi(t,r cos ¢, rsin ¢, ) cos ¢ + ha(t,r cos ¢, rsin ¢, o) sin ¢

—/ ( h (t,0r cos ¢ + pi(t, o), 0rsing + pa(t, o), a)r cos® o+
0

Of2

oy (t,0rcos ¢ + p1(t, o), Orsin g + pa(t, o), )rsin2¢—|—
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%—J;l(t,ﬂrcoscé + p(t, ), 0rsing + po(t, ), @) r cos ¢sin g +
O (1,01 cos+ (), 0rsin 6 + (s a>,a)rcos¢sin¢> 40
g

1
g/ (7rcos2¢+7rsin2¢—%TCOS¢Sin¢> dégrg.
0

Applying polar coordinates (see AULBACH [14, Satz 5.2.1, p. 192]), we see
that wp(-,a) is past attractive. Moreover, the relation lim; o p(t, ) =
(0,0) is obviously satisfied. The uniqueness of pu(-,«) follows directly from
Proposition 2.37 (i).

Step 2. p is continuous.

See Step 2 of the proof of Lemma 7.7.

Step 3. The assertions concerning A:(,’a) and the past repellers are fulfilled.
This follows directly from Lemma 7.5. a

Lemma 7.18 (Existence of future attractive solutions). Consider the
nonautonomous differential equation

T = fl(t7$7y704)

7.34)4
y:fQ(tvxvyva) ( )

with a Cl-function f : (0,00) X (z_,24) X (y_,ys) X [a_,ay] — R%. We
assume that

tli>Holo f(tvxvya Oé) = g(ﬂc,y, Ot) ) tli>r£o D(2,3)f<t7xa %04) = D(1,2)g($7ya Oé)

hold uniformly for all x € (x_,2z4), y € (y—,y+) and o € [a—, a]. Further-
more, we suppose that

ala) <0 forall a € [a_,ay].

Then there exist 7 > 0 and 8 > 0 such that for (xz,y) € Ug((zo,y0)) and
a € [a_,ay], the solution \(-, 7, z,y,«) of (7.34)4 is future attractive with

lim )‘(t’ T,T,Y, Oé) = (.ﬁo, yO)
t—oo
and

A;E-,T,$7y7a) = Sl(a) - (‘/I;O’yo) .
Furthermore, there exists a future repeller R(a) of (7.34), with

Si(a) C litm inf R(a,t) C limsup R(a,t) C clsS*(a) for all a € [a_,ay].

t—o00

Proof. For simplicity, we assume w.l.o.g. that (x0,y0) = (0,0) in this proof.
Due to the compactness of [«_, a4 ] and the uniform continuity of g on com-
pact sets, there exist 8 > 0 and v < 0 with
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991
dy

%(x,y,a) S 2"/7 %g;(x:yva) S 2"/7 (x,y,a) + %(m,y,a) S -

for all (z,y) € clsUs3((0,0)) and « € [a—, a4]. This implies the existence of
a 7 < 0 with

afl afg

- <y, 222 <

8I(t,rc,y,a)_% 8y(t,w,y,a)_v
and of of

1 2 y

a9y (t,z,y,a) + o (t,z,y,a)| < 5
and 5

[£1(2,0,0,0)] + |f2(t,0,0,0)] < — 7

forallt > 7, z,y € clsUss((0,0)) and a € [a—, ay]. For the rest of this proof,
we fix an @ € [a_,a]. For allt > 7 and z,y € cls Uag((0,0)), the mean value
theorem implies

1
f(t..p0) = £(4.0.0,0) + [ Lu(t,60.09.0) - (a,3) do.
0
Thus, for all ¢t > 7 and z,y with 22 + 3% = 32, we have

(ft,z,y,a),(z,y) = fi(t,z,y, @)z + folt,z,y, )y
= fl(taoaova)x + f2(t,0,070l)y+
df1

1 afg
~J 2 YJz 2
/0 (ax (t, 0,0y, a)x” + 9y (t, 0,0y, a)y“+
df1

dfs
8—y(7§7 Oz, 0y, a)xy + %(t,é?x, Oy, a)xy) do

V62 V62
1

1
§———|—/ (7x2+7y2—1\xy\)d9§—<0.
1, 2

Therefore, the subset cls Ug((0,0)) of the phase space is forward invariant in
the following sense: For all tT > ¢t~ > 7, we have

At t7,clsUs((0,0)),a) C clsUs((0,0)).

We choose (£,3) € Ug((0,0)) arbitrarily and consider for the rest of this
proof in particular the solution v(:) := A(-, 7, &, §, @) on the interval [, 00). It
is obvious that lim;_, . v(¢) = (0, 0) holds. To show that v is future attractive,
we study the differential equation of the perturbed motion

z=hi(t,x,y,a) = f (t,x—|— v(t),y + Vg(t),oz) - f (t,u(t),a)
y = hz(t,x,y,a) = f2(t,£L’+ Vl(t)ay+ VQ(t)’a) - f?(t7l/(t)aa) .

Due to the mean value theorem, we have for all ¢ > 7 and (z,y) € Us((0,0)),
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1
h(tvxa:%a) = / D(2,3)h<t79xa9y7a) ’ (xay) de =
0

1
/ Dis.gy (8,02 + pn(t, @), 0y + palt, ), @) - (2, ) 6.
0

Thus, for all (r,¢) € (0,5) x [0,27) and ¢t > 7, we have

hi(t,rcosd,rsin g, o) cos ¢ + ha(t, T cos ¢, rsin ¢, ) sin ¢

1
= / (aaj;l(t, Or cos ¢ + p1(t, @), Orsing + pa(t, @), a)r cos? p+
0

%(t, Or cos @ + p1(t, @), Orsin g + po(t, a),a)rsin2 o+

Y

%(t, Or cos @ + p1(t, @), Orsin @ + po(t, a),a)rcoscbsingb +
Y

Of2

%(t, Or cos ¢ + p1(t, ), Orsin ¢ + po(t, o), a)r cos g sin d)) de

1
S/ (’yrcoszqﬁ+’yrsin2¢—%rcosgbsin(b) d@ﬁr%.
0

Applying polar coordinates, we see that v is future attractive. The asserted
relations concerning A:(, ) and the existence of the future repellers follow
directly from Lemma 7.6. O

Lemma 7.19 (Existence of past repulsive solutions). Consider the
nonautonomous differential equation

T = fl(t7377y704)

7.35)a
:l'/:fg(t7$,y,a) ( )

with a Ct-function f : (—00,0) X (x_, 24 ) X (y_,ys) X [a_,ay] — R We
assume that

t—I}I—noo f(t7x7ya Oé) = g(xaya Oé) ) tl}IElm D(2,3)f(ta'r7 yaa) = D(1,2)9($7ya Oé)

hold uniformly for all x € (x_,z4), y € (y—,y+) and o € [a—, ay]. Further-
more, we suppose that

a(a) >0 forall a € [a_,a].

Then there exist T < 0 and 8 > 0 such that for (z,y) € Ug((zo,y0)) and
a € [a_, aq], the solution A(-, 7, z,y, ) of (7.35)y is past repulsive with

lim (tﬂ"%%a) = (95072/0)
t——o0

and
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RBT('NU%%G) = S'(a) — (20, 90) -
Furthermore, there exists a past attractor A(a) of (7.35)s with

S'(a) C 1tim inf A(a,t) C limsup A(a,t) C clsS*(a) for all a € [a_,ay].

- t——o0

Proof. The assertions follow directly from Proposition 2.32 and Lemma 7.18.
O

Lemma 7.20 (Existence of future repulsive solutions). Consider the
nonautonomous differential equation

T = fl(tamvyva)

7.36)q
y:fQ(t7x,yva) ( )

with a C'-function f : (0,00) x (z_,24) X (y_,ys) X [a_,ay] — R%. We
assume that

tliglo f(t,l',y, a) = g(l’,y, a) ) tliglo D(2,3)f(t7xa yva) = D(1,2)g(xvy7 a)

hold uniformly for all x € (x_,z4), y € (Yy—,y+) and o € [a—, a]. Further-
more, we suppose that

ala) >0 foral a€la_,ai].

Then there exist a T > 0 and a continuous function y : [1,00) X [a_, ay] — R?
such that u(-, «) is the uniquely determined future repulsive solution of (7.36)4
which fulfills limy_, o0 1(t, @) = (z0, y0). Moreover, we have

Ryt oy = S'(a) = (z0,50) for all o € [a_, ay].

Furthermore, there exists a future attractor A(a) of (7.36)q with

Si(a) C litm inf A(a,t) C limsup A(a,t) C cls S(a) for all a € [a_,a,].

t—o0

Proof. The assertions follow directly from Proposition 2.32 and Lemma 7.17.
O

As in the previous subsection, these four lemmata lead to the existence of
total nonautonomous bifurcations and transitions.

Theorem 7.21 (Past Hopf bifurcation). We suppose that (7.32), admits
a Hopf bifurcation as described above and consider the nonautonomous differ-
ential equation

= fi(t,z,y,a)

7.37)a
y:fQ(t7x,yva) ( )
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with a C*-function f : (—00,0) x (z_,z4) X (y—,y+) x (g, 1] — R%. We
assume that

tl}IPm f(t,ﬂ?,y, Oé) = g(xvya Oé) ) tl}gloo D(Q,?))f(taxa y,O&) - D(1,2)g(:r7y7 O[)

hold uniformly for all v € (x_,z4), y € (y—,y+) and o € (g, a1]. Then the
following statements are fulfilled:

(i) If a(aq) <0, there exists a continuous function p: D C R x (ap, 1] —

R? such that u(-,«) is a past attractive solution of (7.37),. We have a
total past bifurcation, since

lim d (A;(,ya)\{o}) = 0.

N\, o

Furthermore, for all a € (g, 1], there exists a past repeller R(a). We
also have a past repeller transition, since

lim d <limsup R(oz,t)‘{(xo,yo)}) =0.
aN\ o t——o0

(ii) If a(ay) > 0, there exists a continuous function p: D C R X (ag, 1] —
R? such that u(-,«) is a past repulsive solution of (7.37),. We have a
total past bifurcation, since

lim d (Ri.[{0}) = 0.

aN Qo

Furthermore, for all a € (ag, 1], there exists a past attractor A(«). We
also have a past attractor transition, since

lim d (limsup A(a,t)’{(xo,yo)}> ~0.

aNao t——00

Proof. See proof of Theorem 7.12. ad

Theorem 7.22 (Future Hopf bifurcation). We suppose that (7.32), ad-
mits a Hopf bifurcation as described above and consider the nonautonomous
differential equation

&= fl(t7m7y7a)

y = fQ(tvxvyaa)
with a C*-function f : (0,00) x (x_,24) x (y_,y+) X (g, 1] — R2. We
assume that

(7.38)a

tliglo f(t7='137y7 a) = g(ﬂc,y, Oé) ) tliglo D(2,3)f(t7xu y7a) = D(1,2)g(x7y7 CY)

hold uniformly for all v € (x_,z4), y € (y—,y+) and a € (g, a1]. Then the
following statements are fulfilled:
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(i) If a(a1) < 0, there exists a continuous function p: D C R X (ag, 1] —
R? such that u(-,«) is a future attractive solution of (7.38).. We have a
total future bifurcation, since

ah\Igo d (A;E~,a) HO}) =0
Furthermore, for all « € (ag, 1], there exists a future repeller R(a). We
also have a future repeller transition, since

lim d <limsup R(a,t)‘{(:ro,yo)}> ~0.

aN o t—o00

(ii) If a(ay) > 0, there exists a continuous function p: D C R X (ag, 1] —
R? such that p(-, ) is a future repulsive solution of (7.38),. We have a
total future bifurcation, since

Jm, (Rl 00) =0
Furthermore, for all o € (ag, 0], there exists a future attractor A(«).
We also have a future attractor transition, since

lim d (limsup A(a,t)’{(wo,yo)}> ~0.

aN\ oo t—o0
Proof. See proof of Theorem 7.12. a
This chapter is concluded with the following famous example.

Example 7.23. We consider a nonautonomous version of the unforced Duffing-
van der Pol equation

flzxz

Ty = —x1 + afB(t)ry — 23 (21 + 22)

depending on a real parameter a. We assume that 3 : R — Rt is a O'-
function. This differential equation describes a nonlinear oscillator. It is well-
known (see, e.g., HOLMES & RAND [82] or MARSDEN & MCCRACKEN [117])
that in case the function § is constant and positive, i.e., the system is au-
tonomous, the equilibrium (0, 0) is attractive for o < 0. At a = 0, the system
undergoes a Hopf bifurcation: The equilibrium (0,0) becomes repulsive and
an attractive periodic orbit appears. As a consequence, we also have a bifur-
cation of autonomous attractors (see AULBACH & RASMUSSEN & SIEGMUND
[16]): For values o < 0, the singleton {(0,0)} is an attractor. If « is small and
positive, then the interior of the bifurcating periodic orbit is an attractor of
the system.
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We assume that the nonautonomous system is past (future, respectively)
asymptotically autonomous, i.e., the function § fulfills

8= ti}gloo B(t) > 0.
Then the differential equation fulfills the hypotheses of Theorem 7.21 or
Theorem 7.22 in some neighborhood of (0,0), respectively, and we have a
nonautonomous bifurcation and transition as described in these theorems.






A

Appendix

This supplementary appendix contains well-known definitions and results used
in this book which—to provide reading fluency—are not stated before.

The first section of this appendix is devoted to fundamental facts about
ordinary differential equations. In Section A.2, some useful lemmata are
stated, and in the last section, basic properties of projective spaces are treated.

A.1 Ordinary Differential Equations

We begin with the definition of an ordinary differential equation in the Euclid-
ean space RV,

Definition A.1 (Ordinary differential equation). For given N,M € N,
let D C R xRN x RM be an open set and f : D — RN be a function. Then

the equation
z = f(t,z, ) (A1),

is called (nonautonomous) ordinary differential equation which depends on a
parameter «.. For fivred & € RM | we say, a differentiable function p : 1 — RY,
I an open interval, is a solution of (A.1)a if (¢, u(t),&) € D for allt € T and

a(t) = %(t) = f(t,p(t),&) forall tel

is fulfilled. The combination of the differential equation (A.1)s and an initial
value condition (1) = £ is called initial value problem. We say, a solution u
of (A.1)s solves this initial value problem if u(r) = &.

For the uniqueness of solutions of ordinary differential equations, the concept
of Lipschitz continuity is appropriate.
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Definition A.2 (Lipschitz continuous function). For given N, M € N,
let D C RM*NTM gnd g: D — RY be a function. We say that g is (globally)
Lipschitz continuous if there exists a constant L > 0 with

lg(t, z, 0) = g(t,y, )| < Lllw =yl for all (t,2,a),(t,y, @) € D.

g is called locally Lipschitz continuous if for all (t,z,a) € D, there exist
neighborhoods V' of t and W of « such that the restriction of g to V. x W x {a}
is globally Lipschitz continuous.

The proof of the following proposition can be found, e.g., in AULBACH [14,
Definition 2.6.2, Satz 7.2.2].

Proposition A.3 (General solution). Let N,M € N, D C RxRY xRM pe
open and f : D — RYN be a locally Lipschitz continuous function, and consider
the nonautonomous differential equation (A.1),. Then there exist an open set
QCRxRxRY xR and a continuous function X : Q — RN such that
for fixed (1,€,&) € D, the function A(-,7,£,&) is a non-continuable solution
of the initial value problem (A.1)a, x(7) = £. The function X is called the
general solution of (A.1),.

Remark A.4. In case the differential equation (A.1), does not depend on «,
the fourth argument of the general solution is omitted.

Definition A.5 (Transition operator). Let I C R be an interval, and con-
sider the nonautonomous linear differential equation

i = A(t)z (A.2)

with a continuous function A : 1 — RN*N_ The (uniquely determined) func-
tion A: 1 x I — RVNXN with

A(t,T)E = Nt,7,€)  for all t,7 €1 and £ € RY,

where A denotes the general solution of (A.2), is called transition operator
of (A.2). In case (A.2) is autonomous, i.e., A = A(t) for allt € I =R with
a matriz A € RY*N | the matrix exponential function et : R — RN*N g
defined by

et = A(t,0) forall t €R.

Inhomogeneous linear differential equations are solved by the variation of con-
stants formula.

Proposition A.6 (Variation of constants formula). Let I C R be an
interval, and consider the nonautonomous inhomogeneous linear differential
equation
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&= A(t)z + b(t) (A.3)

with continuous functions A : T — RN*N and b : T — RN. Let \ denote the
general solution of (A.3) and A denote the transition operator of & = A(t)x.
Then we have the representation

t
At,7,8) = A(t, 7)€ +/ A(t,s)b(s)ds  for all t,7 €1 and € € RY.
This equation is called the variation of constants formula.

Proof. See, e.g., COPPEL [54, p. 45]. O

For the analysis in the vicinity of a given reference solution, the differential
equation of perturbed motion is of great importance.

Proposition A.7 (Differential equation of perturbed motion). For
given D C Rx RN, let f: D — RN be a locally Lipschitz continuous function,
and consider the nonautonomous differential equation

i = f(t,z) (A4)

with o solution \ : I — RN, I an interval. Then the so-called differential
equation of perturbed motion

i = f(t, x4+ At) — f(t,A()) (A.5)
has the following properties:

(i) If v:J — RY is a solution of (A4) and J C 1, then p:=v — X is a
solution of (A.5) on J.

(i) If u:J — RN is a solution of (A.5) and J C 1, then v := p+ X is a
solution of (A.4) on J.

A.2 Useful Lemmata

The following lemma, which goes back to GRONWALL [71], plays a central role
in obtaining estimates for solutions of differential equations.

Lemma A.8 (Gronwall’s inequality). Let a > 0 and u,b: [t—, 7] — RJ
be continuous functions, and suppose that

u(t) < a+/ b(s)u(s)ds for all t € [1—,74]

is fulfilled. Then

u(t) < a exp (/ b(s) ds> forall t € [r—,74].
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Proof. See, e.g., ABRAHAM & MARSDEN & RATIU [1, Theorem 4.1.7, p. 242].
O

The following lemma provides a triangle inequality for the Hausdorff-semi
distance, which has been introduced in Section 2.1.

Lemma A.9 (Triangle inequality for the Hausdorff semi-distance).
Let X be a metric space and d denote the Hausdorff semi-distance. Then, for
all nonempty sets A, B,C C X, the relation

d(A|C) < d(A|B) +d(B|C)
is fulfilled.

Proof. Obviously, for all nonempty sets My, My C X, the Hausdorff semi-
distance fulfills

d(M;|Mz) = inf {6 > 0: My C Us(M3)} .
Hence, for all € > 0, we have
A CUyaBy+e/2(B) and B C Uyp|o)te2(C)-

This implies A C Ug(a|B)+d(B|0)+<(C) and finishes the proof of this lemma.
O

Lemma A.10. Let A, B,C be linear subspaces of the RN such that A O C.
Then the relation
AN(B+C)=(AnB)+C

is fulfilled.

Proof. See STEGMUND [171, Hilfssatz 2.36, p. 58]. O

A.3 Projective Spaces

In this section, the real projective space PY~! of the vector space RV is

introduced, and some basic properties are derived. Here, the RY is equipped
with the Euclidean norm || - || and the Euclidean scalar product (-,-) (cf. Sec-
tion 2.1). We say, two nonzero elements z,y € RY are equivalent if there
exists a real number ¢ € R such that = = cy. The equivalence class of z € RY
is denoted by Pz, and we call the set of all equivalence classes the projective
space PN~ Equipped with the metric dp : PN=1 x PN—1 — [07 \/ﬂ, given by

.

v w v

dp(Pv, Pw) = min {‘ —
gl

—_—— +wH} for all v,w € R,
loll - flwll [[w]]
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the projective space is a compact metric space. For any v € PN ~!, we define
Plv:={z e RN : Pz =v} U{0}.

Lemma A.11. For alle > 0, there exists a 0 € (0,1) such that for all nonzero
v,w € RN with

(v, w)?

e > 1§
[[o]|? || ’

we have

dp(Pv,Pw) <e.

Proof. This is a direct consequence of COLONIUS & KLIEMANN [50, Lemma
B.1.17., p. 538]. O

Lemma A.12. Let V,W C R¥ be linear subspaces of the RN with V. C W.
Then

dp(PW|PV) = V2.
Proof. The linear subspace V- N W, where

VL ::{xeRN;@;,v):OforallvGV},

is obviously nontrivial. Let w be a nonzero element of V- N W. Then, for all
v € V, we have

dp(Pw,Pv) = min{HU + wH}
[[ofl el

. <v,v>+<w7w>ﬂ<vyw>
[[v]|" [l [[wl” [[wl] (vl ™ [[wl]

=1 =1 =0

=2.

Since dp(z,y) < V2 for all x,y € PN~ this implies the assertion. O
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