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PREFACE

Since it first appeared in 1978, Advanced Methods in Physiological Modeling: The White
Noise Approach by P. Z. Marmarelis and M. Z. Marmarelis has been the standard ref-
erence for the field of nonlinear system identification, especially as applied in biomed-
ical engineering and physiology. Despite being long out of print, Marmarelis and Mar-
marelis is still, in many cases, the primary reference. Over the years, dramatic advances
have been made in the field, many of which became practical only with the advent of
widespread computing power. Many of these newer developments have been described
in the three volumes of the series Advanced Methods in Physiological Modeling, edited
by V. Z. Marmarelis. While these volumes have been an invaluable resource to many
researchers, helping them to stay abreast of recent developments, they are all collections
of research articles. As a resource for someone starting out in the field, they are some-
what lacking. It is difficult for a newcomer to the field to see the relationships between
myriad contributions. Choosing which approach is best for a given application can be an
arduous task, at best.

This textbook developed out of a review article (Westwick and Kearney, 1998) on the
same subject. The goal of the review article was to bring the various analyses that have
been developed by several groups of researchers into a common notation and framework,
and thus to elucidate the relationships between them. The aim of this book was to go one
step farther and to provide this common framework along with the background necessary
to bring the next generation of systems physiologists into the fold.

In this book, we have attempted to provide the student with an overview of many of
the techniques currently in use, and some of the earlier methods as well. Everything is
presented in a common notation and from a consistent theoretical framework. We hope
that the relationships between the methods and their relative strengths and weaknesses
will become apparent to the reader. The reader should be well-equipped to make an
informed decision as to which techniques to try, when faced with an identification or
modeling problem.

xi



Xii PREFACE

We have assumed that readers of this book have a background in linear signals and
systems equivalent to that given by a junior year signals and systems course. Back-
ground material beyond that level is summarized, with references given to more detailed,
pedagogical treatments.

Each chapter has several theoretical problems, which can be solved with pencil and
paper. In addition, most of the chapters conclude with some computer exercises. These
are intended to give the reader practical experience with the tools described in the text.
These computer exercises make use of MATLAB®* and the nonlinear system identifica-
tion (NLID) toolbox (Kearney and Westwick, 2003). More information regarding the NLID
toolbox can be found at www.bmed.mcgill.ca. In addition to implementing all of the
system identification tools as MATLAB m-files, the toolbox also contains the data and
model structures used to generate the examples that run throughout the text.

Although our primary goal is to educate informed users of these techniques, we have
included several theoretical sections dealing with issues such as the generality of some
model structures, convergence of series-based models, and so on. These sections are
marked with a dagger, {, and they can be skipped by readers interested primarily in
practical application of these methods, with little loss in continuity.

The dedication in Marmarelis and Marmarelis reads “To an ambitious breed: Systems
Physiologists.” We feel that the sentiment reflected in those words is as true today as it
was a quarter century ago. The computers are (much) faster, and they will undoubtedly
be faster still in a few years. As a result, the problems that we routinely deal with
today would have been inconceivable when M & M was first published. However, with
increased computational abilities come more challenging problems. No doubt, this trend
will continue. We hope that it is an interesting ride.

Davip T. WESTWICK
RoBERT E. KEARNEY

Calgary, Alberta, Canada

Montreal, Quebec, Canada
May, 2003

*MATLAB is a registered trademark of the MathWorks, Inc.



CHAPTER 1

INTRODUCTION

The term “Biomedical Engineering” can refer to any endeavor in which techniques from
engineering disciplines are used to solve problems in the life sciences. One such under-
taking is the construction of mathematical models of physiological systems and their
subsequent analysis. Ideally the insights gained from analyzing these models will lead to
a better understanding of the physiological systems they represent.

System identification is a discipline that originated in control engineering; it deals with
the construction of mathematical models of dynamic systems using measurements of their
inputs and outputs. In control engineering, system identification is used to build a model
of the process to be controlled; the process model is then used to construct a controller.

In biomedical engineering, the goal is more often to construct a model that is detailed
enough to provide insight into how the system operates. This text deals with system
identification methods that are commonly used in biomedical engineering. Since many
physiological systems are highly nonlinear, the text will focus on methods for nonlinear
systems and their application to physiological systems. This chapter will introduce the
concepts of signals, systems, system modeling, and identification. It also provides a brief
overview of the system identification problem and introduces some of the notation and
terminology to be used in the book. The reader should be acquainted with most of the
material covered in this chapter. If not, pedagogical treatments can be found in most
undergraduate level signals and systems texts, such as that by Kamen (1990).

1.1 SIGNALS

The concept of a signal seems intuitively clear. Examples would include speech, a televi-
sion picture, an electrocardiogram, the price of the NASDAQ index, and so on. However,
formulating a concise, mathematical description of what constitutes a signal is somewhat
involved.

Identification of Nonlinear Physiological Systems, By David T. Westwick and Robert E. Kearney
ISBN 0-471-27456-9 (© 2003 Institute of Electrical and Electronics Engineers



2 INTRODUCTION

1.1.1 Domain and Range

In the examples above, two sets of values were required to describe each “signal”’; these
will be termed the domain and range variables of the signal. Simply put, a signal may be
viewed as a function that assigns a value in the range set for each value in the domain
set; that is, it represents a mapping from the domain to the range. For example, with
speech, the domain is time while the range could be one of a variety of variables: the air
pressure near the speaker’s mouth, the deflection of the listener’s ear drum, or perhaps
the voltage produced by a microphone.

This concept can be defined formally by describing a signal, s(¢), as a mapping from
a domain set, T, which is usually time, to a range set, Y. Thus,

s: T —>Y

where ¢t € T is a member of the domain set, usually time. In continuous time, T is the
real line; in discrete time, it is the set of integers. In either case, the value of the signal
is in the range set, Y. The range of the signal is given by applying the mapping to the
domain set, and is therefore s(7T').

The above definition really describes a function. A key point regarding the domain
set of a signal is the notion that it is ordered and thus has a direction. Thus, if x; and x>
are members of the domain set, there is some way of stating x; > x», or the reverse. If
time is the domain, #; > #, is usually taken to mean that ¢ is later than #,.

The analysis in this book will focus on signals with one-dimensional domains—usually
time. However, most of the ideas can be extended to signals with domains having
two dimensions (e.g., X-ray images), three dimensions (e.g., MRI images), or more
(e.g., time-varying EEG signals throughout the brain).

1.1.2 Deterministic and Stochastic Signals

A signal is deterministic if its future values can be generated based on a set of known
rules and parameters, perhaps expressed as a mathematical equation. For example, the
sinusoid

ya(t) = cosm ft + ¢)

can be predicted exactly, provided that its frequency f and phase ¢ are known. In
contrast, if y.(k) is generated by repeatedly tossing a fair, six-sided die, there is no way
to predict the kth value of the output, even if all other output values are known. These
represent two extreme cases: yg(z) is purely deterministic while y,.(k) is completely
random, or stochastic.

The die throwing example is an experiment where each repetition of the experiment
produces a single random variable: the value of the die throw. On the other hand, for
a stochastic process the result of each experiment will be a signal whose value at each
time is a random variable. Just as a single throw of a die produces a single realization of
a random variable, a random signal is a single realization of a stochastic process. Each
experiment produces a different time signal or realization of the process. Conceptually,
the stochastic process is the ensemble of all possible realizations.

In reality, most signals fall between these two extremes. Often, a signal may be
deterministic but there may not be enough information to predict it. In these cases, it
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may be necessary to treat the deterministic signal as if it were a single realization of
some underlying stochastic process.

1.1.3 Stationary and Ergodic Signals

The statistical properties of a random variable, such as its mean and variance, are deter-
mined by integrating the probability distribution function (PDF) over all possible range
values. Thus, if f(x) is the PDF of a random variable x, its mean and variance are
given by

My = /OO xf(x)dx
o2 = /OO (6 — 10 £ (x) dx

Similar integrals are used to compute higher-order moments. Conceptually, these integrals
can be viewed as averages taken over an infinite ensemble of all possible realizations of
the random variable, x.

The value of a random signal at a point in time, considered as a random variable,
will have a PDF, f(x,t), that depends on the time, z. Thus, any statistic obtained by
integrating over the PDF will be a function of time. Alternately, the integrals used to
compute the statistics can be viewed as averages taken over an infinite ensemble of
realizations of the stochastic process, at a particular point in time. If the PDF, and hence
statistics, of a stochastic process is independent of time, then the process is said to be
Stationary.

For many practical applications, only a single realization of a stochastic process will
be available; therefore, averaging must be done over time rather than over an ensemble
of realizations. Thus, the mean of a stochastic process would be estimated as

1 T
Ay = 7/0 x(t)dt

Many stochastic process are ergodic, meaning that the ensemble and time averages are
equal.

1.2 SYSTEMS AND MODELS

Figure 1.1 shows a block diagram of a system in which the “black box,” N, transforms
the input signal, u(t), into the output y(¢). This will be written as

y(t) = N(u(1)) (1.1)

to indicate that when the input u(¢) is applied to the system N, the output y(z) results. Note
that the domain of the signals need not be time, as shown here. For example, if the system
operates on images, the input and output domains could be two- or three-dimensional
spatial coordinates.

This book will focus mainly on single-input single-output (SISO) systems whose
domain is time. Thus u(¢) and y(¢) will be single-valued functions of 7. For multiple-input
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Input(s) Output(s)
u(t) y(@)

—_— N —

Figure 1.1 Block diagram of a “black box” system, which transforms the input(s) u(¢), into the
output(s), y(¢). The mathematical description of the transformation is represented by the operator N.

multiple-output (MIMO) systems, Figure 1.1, equation (1.1), and most of the develop-
ment to follow will not change; the input and output simply become vector-valued func-
tions of their domains. For example, a multidimensional input signal may be written as
a time-dependent vector,

u(t) = [ur () uz(t) ... un(0)] (1.2)

1.2.1 Model Structure and Parameters

Using M to indicate a mathematical model of the physical system, N, the model output
can be written as

() = M(u()) (1.3)

where the caret, or “hat,” indicates that y(¢) is an estimate of the system output, y(z).
In general, a model will depend on a set of parameter parameters contained in the
parameter vector 0. For example, if the model, M(#), was a third-degree polynomial,

$(0,1) =M@, u(t))
— C(O) + c(l)u(t) + C(z)u2(t) 4+ c(3)u3(t) (14)

the parameter vector, #, would contain the polynomial coefficients,
0 =[c® D@ 6(3)]T

Note that in equation (1.4) the dependence of the output, y(8, t), on the parameter vector,
0, is shown explicitly.

Models are often classified as being either parametric or nonparametric. A parametric
model generally has relatively few parameters that often have direct physical interpreta-
tions. The polynomial in equation (1.4) is an example of a parametric model. The model
structure comprises the constant, linear, quadratic and third-degree terms; the parameters
are the coefficients associated with each term. Thus each parameter is related to a par-
ticular behavior of the system; for example, the parameter ¢(® defines how the output
varies with the square of the input.

In contrast, a nonparametric model is described by a curve or surface defined by its
values at a collection of points in its domain, as illustrated in Figure 1.2. Thus, a set
of samples of the curve defined by equation (1.4) would be a nonparametric model of
the same system. Here, the model structure would contain the domain values, and the
“parameters” would be the corresponding range values. Thus, a nonparametric model
usually has a large number of parameters that do not in themselves have any direct
physical interpretation.
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-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
Input: u(t)

Figure 1.2 A memoryless nonlinear system. A parametric model of this system is y(t) =
=3 —u(t) + uz(t) — 0.5u3(t). A nonparametric model of the same system could include a list
of some of the domain and range values, say those indicated by the dots. The entire curve is
also a nonparametric model of the system. While the parametric model is more compact, the
nonparametric model is more flexible.

1.2.2 Static and Dynamic Systems

In a static, or memoryless, system, the current value of the output depends only on the
current value of the input. For example, a full-wave rectifier is a static system since its
output, y(#) = |u(t)|, depends only on the instantaneous value of its input, u(t).

On the other hand, in a dynamic system, the output depends on some or all of the
input history. For example, the output at time ¢ of the delay operator,

y(t) =u(t — 1)

depends only on the value of the input at the previous time, t — 7.
In contrast, the output of the peak-hold operation

y(#) = max(u(7))

retains the largest value of the past input and consequently depends on the entire history
of the input.

Dynamic systems can be further classified according to whether they respond to the
past or future values of the input, or both. The delay and peak-hold operators are both
examples of causal systems, systems whose outputs depend on previous, but not future,
values of their inputs. Systems whose outputs depend only on future values of their
inputs are said to be anti-causal or anticipative. If the output depends on both the past
and future inputs, the system said to be noncausal or mixed causal anti-causal.

Although physical systems are causal, there are a number of situations where noncausal
system descriptions are needed. For example, behavioral systems may display a predictive
ability if the input signal is deterministic or a preview is available. For example, the
dynamics of a tracking experiment may show a noncausal component if the subject is
permitted to see future values of the input as well as its current value.

Sometimes, feedback can produce behavior that appears to be noncausal. Consider the
system in Figure 1.3. Suppose that the experimenter can measure the signals labeled u(t)
and y(t), but not wy(¢) and w>(¢). Let both Ny and N, be causal systems that include
delays. The effect of w1 (¢) will be measured first in the “input,” u(¢), and then later in the
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l w (1)

wy (1) @ u(r) . /\ y()
N

N2

Figure 1.3 A feedback loop with two inputs. Depending on the relative power of the inputs
w1 (¢) and wy(?), the system Ny, or rather the relationship between u(¢) and y(¢), may appear to
be either causal, anti-causal, or noncausal.

“output,” y(t). However, the effect of the other input, w,(#), will be noted in y(¢) first,
followed by u(z). Thus, the delays in the feedback loop create what appears to be non-
causal system behavior. Of course the response is not really noncausal, it merely appears
so because neither u(¢) nor y(¢) was directly controlled. Thus, inadequate experimental
design can lead to the appearance of noncausal relationships between signals.

In addition, as will be seen below, there are cases where it is advantageous to reverse
the roles of the input and output. In the resulting analysis, a noncausal system description
must be used to describe the inverse system.

1.2.3 Linear and Nonlinear Systems

Consider a system, N, and let y(¢) be the response of the system due to the input u(¢).
Thus,

y(t) = N(u())
Let ¢ be a constant scalar. Then if the response to the input ¢ - u(¢) satisfies
N(c-u(?)) = c- y(t) 1.5

for any constant ¢, the system is said to obey the principle of proportionality or to have
the scaling property.
Consider two pairs of inputs and their corresponding outputs,

yi(®) = N(ui())

2(7) = N(u2(1))

If the response to the input u1(¢) 4+ uz(¢) is given by
N(u(#) +u2(0)) = y1() + y2(t) (1.6)

then the operator N is said to obey the superposition property. Systems that obey both
superposition and scaling are said to be linear.

Nonlinear systems do not obey superposition and scaling. In many cases, a system
will obey the superposition and scaling properties approximately, provided that the inputs



SYSTEMS AND MODELS 7

lie within a restricted class. In such cases, the system is said to be operating within its
“linear range.”

1.2.4 Time-Invariant and Time-Varying Systems

If the relationship between the input and output does not depend on the absolute time,
then the system is said to be time-invariant. Thus, if y(¢) is the response to the input
u(t) generated by a time-invariant system, its response due to u(t — t), for any real ,
will be y(r — t). Thus, a time-invariant system must satisfy

Nu@) = y(t) = Nu(t —1) =yt —1) VreR (1.7)

Systems for which equation (1.7) does not hold are said to be time-varying.

1.2.5 Deterministic and Stochastic Systems

In a deterministic system, the output, y(¢), depends only on the input, u(¢). In many
applications, the output measurement is corrupted by additive noise,

z(t) = y(@) +v(1) = N(u()) + v() (1.8)

where v(¢) is independent of the input, u(¢). Although the measured output, z(¢), has both
deterministic and random components, the system (1.8) is still referred to as deterministic,
since the “true” output, y(¢), is a deterministic function of the input.

Alternatively, the output may depend on an unmeasurable process disturbance, w(z),

y(&) = N@u(), w(t)) (1.9)

where w () is a white, Gaussian signal that cannot be measured. In this case, the system is
said to be stochastic, since there is no “noise free” deterministic output. The process noise
term, w(t), can be thought of as an additional input driving the dynamics of the system.
Measurement noise, in contrast, only appears additively in the final output. Clearly, it
is possible for a system to have both a process disturbance and measurement noise, as
illustrated in Figure 1.4, leading to the relation

z(t) = y(1) + v(1) = N(u (), w(t)) + v(?) (1.10)

w(t) v(t)

u(t) y(@) z(1)
_— N > >
\_/

Figure 1.4 Block diagram of a system including a process disturbance, w(z), and measurement
noise, v(t).
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1.3 SYSTEM MODELING

In many cases, a mathematical model of a system can be constructed from “first princi-
ples.” Consider, for example, the problem of modeling a spring. As a first approxima-
tion, it might be assumed to obey Hooke’s law and have no mass so that it could be
described by

y = —ku 1.11)

where the output, y, is the force produced, the input, u, is the displacement, and k
is the spring constant. If the spring constant were known, then equation (1.11) would
constitute a mathematical model of the system. If the spring constant, k, was unknown, it
could be estimated experimentally. Whether or not the assumptions hold, equation (1.11)
is a model of the system (but not necessarily a good model). If it yields satisfactory
predictions of the system’s behavior, then, and only then, can it be considered to be
a good model. If it does not predict well, then the model must be refined, perhaps by
considering the mass of the spring and using Newton’s second law to give

d*u(t)

y(t) = —ku(@)+m 2

(1.12)

Other possibilities abound; the spring might be damped, behave nonlinearly, or have
significant friction. The art of system modeling lies in determining which terms are likely
to be significant, and in limiting the model to relevant terms only. Thus, even in this
simple case, constructing a mathematical model based on “first principles” can become
unwieldy. For complex systems, the approach can become totally unmanageable unless
there is a good understanding of which effects should and should not be incorporated
into the model.

1.4 SYSTEM IDENTIFICATION

The system identification approach to constructing a mathematical model of the system
is much different. It assumes a general form, or structure, for the mathematical model
and then determines the parameters from experimental data. Often, a variety of model
structures are evaluated, and the most successful ones are retained. For example, consider
the spring system described in the previous section. If it were assumed to be linear, then
a linear differential equation model, such as

d"y(1) d"y(r) dy(r)
i an—lw et ag ar + apy(t)
d™u(t) d™u(@) du(t)
= bp, 2 + b1 = + -+ by 0 + bou(t) (1.13)

could be postulated. It would then be necessary to perform an experiment, record u(¢) and
y(t), compute their derivatives, and determine the coefficients ag...a,—1 and by . .. by,.
Under ideal conditions, many of the coefficients would be near zero and could be removed
from the model. Thus, if the system could be described as a massless linear spring,
then equation (1.13) would reduce to equation (1.11) once all extraneous terms were
removed.
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The scheme outlined in the previous paragraph is impractical for a number of reasons.
Most importantly, numerical differentiation amplifies high-frequency noise. Thus, the
numerically computed derivatives of the input and output, particularly the high-order
derivatives, will be dominated by high-frequency noise that will distort the parameter
estimates. Thus, a more practical approach to estimating the system dynamics from
input—output measurements is required.

First, note that a system need not be represented as a differential equation. There
are many possible parametric and nonparametric representations or model structures for
both linear and nonlinear systems. Parameters for many of these model structures can be
estimated reliably from measured data. In general, the model structure will be represented
by an operator, M, having some general mathematical form capable of representing a
wide variety of systems. The model itself will depend on a list of parameters, the vector 6.
From this viewpoint, the system output may be written as

y(t,0) =M@, u(1)) (1.14)

where it is assumed that the model structure, M, and parameter vector, @, exactly rep-
resent the physical system. Thus, the physical system, N, can be replaced with an exact
model, M(0).

The objective of system identification is to find a suitable model structure, M, and
corresponding parameter vector, @, given measurements of the input and output. Then,
the identified model will have a parameter vector, 0A, and generate

$(1) = M@, u(t)) (1.15)

where () is an estimate of the system output, y(¢). Similarly, M(é, u(t)) represents the
model structure chosen together with a vector of estimated parameters. The system iden-
tification problem is then to choose the model structure, M, and find the corresponding
parameter vector, é, that produces the model output, given by equation (1.15), that best
predicts the measured system output.

Often, instead of having the system output, y(¢), only a noise corrupted measurement
will be available. Usually, this measurement noise is assumed to be additive, random,
and statistically independent of the system’s inputs and outputs. The goal, then, is to find
the model, M(é , u(t)), whose output, y(z, é), “best approximates” the measured output,
z(t). The relationship between the system, model, and the various signals, is depicted in
Figure 1.5.

1.4.1 Types of System Identification Problems

Figure 1.6 gives a more complete view of a typical system identification experiment.
First, the desired test input, labeled (t), is applied to an actuator. In some applications,
such as the study of biomechanics, the actuator dynamics may restrict the types of test
input which can be applied. In addition, the actuator may be influenced by the noise term,
n1(t). Thus, instead of using the desired input, w(¢), in the identification, it is desirable
to measure the actuator output, u(¢), and use it as the input instead. Note, however, that
measurements of the input, #(¢), may contain noise, n3(z).

Many system identification methods are based, either directly or indirectly, on solving
an ordinary least-squares problem. Such formulations are well suited to dealing with
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v(t)

y(®) z(7)

u(t)

$(,0)

M(0) —

Figure 1.5 The deterministic system identification problem in the presence of measurement noise.

i(t)
lnl(l) ny(1) l

w(t)
v(t)

dynamics

ro Actuator u(r) y(®) /J\ z(t)
N
N

Figure 1.6 A more realistic view of the system being identified, including the actuator, which
transforms the ideal input, u, into the applied input, u(¢), which may contain the effects of the
process noise term, nj(t). Furthermore, the measured input, i (), may contain noise, ny(t). As
before, the plant may be affected by process noise, w(¢), and the output may contain additive
noise, v(t).

noise in the output signals. However, to deal with noise at the input, it is necessary to
adopt a “total least-squares” or “errors in the variables” framework, both of which are
much more computationally demanding. To avoid this added complexity, identification
experiments are usually designed to minimize the noise in the input measurements. In
some cases, it may be necessary to adopt a noncausal system description so that the
measurement with the least noise may be treated as the input. Throughout this book it
will be assumed that n;(¢) is negligible, unless otherwise specified.

The system may also include an unmeasurable process noise input, w(¢), and the
measured output may also contain additive noise, v(¢). Given this framework, there are
three broad categories of system identification problem:

e Deterministic System Identification Problem. Find the relationship between u(t)
and y(f), assuming that the process noise, w(t), is zero. The measured output,
z(t), may contain additive noise, v(#). The identification of deterministic systems
is generally pursued with the objective of gaining insight into the system function
and is the problem of primary interest in this text.

e Stochastic System Identification Problem. Find the relationship between w(z) and
y(t), given only the system output, z(¢), and assumptions regarding the statistics
of w(t). Usually, the exogenous input, u(¢), is assumed to be zero or constant.
This formulation is used where the inputs are not available to the experimenter, or
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where it is not evident which signals are inputs and which are outputs. The myriad
approaches to this problem have been reviewed by Brillinger (1975) and Caines
(1988).

e Complete System Identification Problem. Given both the input and the output, esti-
mate both the stochastic and deterministic components of the model. This problem
formulation is used when accurate output predictions are required, for example in
model-based control systems (Ljung, 1999; Soderstrom and Stoica, 1989).

1.4.2 Applications of System Identification

There are two general areas of application for models produced by system identification
that will be referred to as “control” and “analysis.”

In “control” applications, the identified model will be used to design a controller,
or perhaps be embedded in a control system. Here, the chief requirements are that the
model be compact and easy to manipulate, so that it produces output predictions with
little computational overhead. Many control applications use the model “online” to pre-
dict future outputs from the histories of both the input and output. Such predictions
commonly extend only one time-step into the future. At each time-step the model uses
the previous output measurement to correct its estimate of the model’s trajectory. Such
one-step-ahead predictions are often all that is required of a control model. As a result,
low-order, linear parametric models of the complete system (i.e., both stochastic and
deterministic parts) are often adequate. Since the model’s output trajectory is corrected
at each sample, the model need not be very accurate. The effects of missing dynam-
ics, or weak nonlinearities, can usually be removed by modeling them as process noise.
Similarly, more severe nonlinearities can handled using an adaptive, time-varying linear
model. Here, the measured output is used to correct the model by varying its parameters
on-line, to track gradual changes in the linearized model.

In “analysis” applications the model is usually employed for off-line simulation of
the system to gain insight into its functioning. For these applications, the model must
be simulated as a free run—that is, without access to past output measurements. With
no access to prediction errors, and hence no means to reconstruct process noise, the
model must be entirely deterministic. Moreover, without the recursive corrections used
in on-line models, an off-line model must be substantially more accurate than the on-line
models typically used in control applications. Thus, in these applications it is critical for
the nonlinearities to be described exactly. Moreover, since simulations are done off-line,
there is less need to minimize the mathematical/arithmetic complexity of the model and
consequently large, nonlinear models may be employed.

1.5 HOW COMMON ARE NONLINEAR SYSTEMS?

Many physiological systems are highly nonlinear. Consider, for example, a single joint
and its associated musculature. First, the neurons that transmit signals to and from the
muscles fire with an “all or nothing” response. The geometry of the tendon insertions
is such that lever arms change with joint angle. The muscle fibers themselves have
nonlinear force—length and force—velocity properties as well as being only able exert
force in one direction. Nevertheless, this complex system is often represented using a
simple linear model.
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In many biomedical engineering applications, the objective of an identification experi-
ment is to gain insight into the functioning of the system. Here, the nonlinearities may
play a crucial role in the internal functioning of the system. While it may be possible
to linearize the system about one or more operating points, linearization will discard
important information about the nonlinearities. Thus, while a controller may perform
adequately using a linearized model, the model would provide little insight into the
functional organization of the system. Thus, in biomedical applications, it is both common
and important to identify nonlinear systems explicitly.

For these reasons, nonlinear system analysis techniques have been applied to a wide
variety of biomedical systems. Some of these applications include:

e Sensory Systems. These include primitive sensory organs such as the cockroach
tactile spine (French and Korenberg, 1989, 1991; French and Marmarelis, 1995;
French and Patrick, 1994; French et al., 2001), as well as more evolved sensors
such as the auditory system (Carney and Friedman, 1996; Eggermont, 1993; Shi and
Hecox, 1991) and the retina (Citron et al., 1988; Juusola et al., 1995; Korenberg
and Paarmann, 1989; Naka et al., 1988; Sakuranaga et al., 1985a).

e Reflex Loops. Nonlinear system identification techniques have been used to study
reflex loops in the control of limb (Kearney and Hunter, 1988; Kearney et al.,
1997; Westwick and Kearney, 2001; Zhang and Rymer, 1997) and eye position
(the vestibulo-ocular reflex) (Galiana et al., 1995, 2001).

e Organ Systems. Similarly, nonlinear feedback loops have been investigated in mod-
els of heart rate variability (Chon et al., 1996) and in renal auto-regulation (Chon
et al., 1998; Marmarelis et al., 1993, 1999).

o Tissue Mechanics. Biological tissues themselves can exhibit nonlinearities. Strips of
lung tissue (Maksym et al., 1998; Yuan et al., 1999) and the whole lung (Maksym
and Bates, 1997; Zhang et al., 1999) have been shown to include nonlinearities.
Skeletal muscle (Crago, 1992; Hunt et al., 1998; Munih et al., 2000) also has
strongly nonlinear behavior.

Given the prevalence of nonlinearities in physiological systems, along with the
requirement in many biomedical engineering applications to deal explicitly with those
nonlinearities, the need for nonlinear system identification methods is clear. Sample
applications included in Chapters 6—8 will present results from some of the studies
cited above.



CHAPTER 2

BACKGROUND

This chapter will review a number of important mathematical results and establish the
notation to be used throughout the book. Material is drawn from diverse areas, some of
which are not well known and thus extensive references are provided with each section.

2.1 VECTORS AND MATRICES

Many of the techniques presented in this text use numerical methods derived from linear
algebra. This section presents a brief overview of some important results to be used in
the chapters that follow. For a more thorough treatment, the reader should consult the
canonical reference by Golub and Van Loan (1989).

Vectors will be represented using lowercase, boldface letters. The same letter, in
lightface type, will be used for the elements of the vector, subscripted with its position
in the vector. Thus, an M element vector will be written as follows:

0=1[6106...0m]

where the superscript T denotes transposition (i.e., # is a column vector).

Bold uppercase letters will denote matrices. Depending on the context, individual
elements of a matrix will be referenced by placing the row and column number in
parentheses or by using a lowercase, lightface letter with a double subscript. Thus, both
R(i,j) and r; ; represent the element in the ith row and jth column of the matrix R.
MATLAB’s convention will be used for referencing rows and columns of a matrix, so
that R(:, j) will be the jth column of R.

Two matrix decompositions will be used extensively: the QR factorization and the
singular value decomposition (SVD). The QR factorization takes a matrix X (i.e., either

Identification of Nonlinear Physiological Systems, By David T. Westwick and Robert E. Kearney
ISBN 0-471-27456-9 (© 2003 Institute of Electrical and Electronics Engineers
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square or tall) and constructs
X=QR

where R is upper triangular, so that r; ; = 0 for i > j, and Q is an orthogonal matrix,
QTQ =1 Note that the columns of Q are said to be orthonormal (i.e., orthogonal and
normalized); however, the matrix itself is said to be orthogonal.

The singular value decomposition (SVD) takes a matrix, X, of any size and shape and
replaces it with the product,

X = USVT

where S is a diagonal matrix with non-negative diagonal elements. By convention, the
elements of S, the singular values, are arranged in decreasing order along the diagonal.
Thus, 51,1 > s22 > --- > s,.,. U and V are orthogonal matrices containing the left and
right singular vectors, respectively.

Throughout the book, the approximate computational cost of algorithms will be given
in flops. A flop, or floating point operation, represents either the addition or the mul-
tiplication of two floating point numbers. Note that a flop was originally defined as a
floating point multiplication optionally followed by a floating point addition. Thus, the
first edition of Golub and Van Loan (1989) used this earlier definition, whereas subse-
quent editions used the later definition. Indeed, they Golub and Van Loan (1989) noted
that supercomputer manufacturers were delighted by this change in terminology, since
it gave the appearance of an overnight doubling in performance. In any case, the pre-
cise definition is not important to this text, so long as it is applied consistently; the flop
count will be used only as a first-order measurement of the computation requirements of
algorithms.

2.2 GAUSSIAN RANDOM VARIABLES

Gaussian random variables, and signals derived from them, will play a central role in
much of the development to follow. A Gaussian random variable has the probability
density (Bendat and Piersol, 1986; Papoulis, 1984)

1 e =w? 51
f(x)—WeXp( D ) @1

that is completely defined by two parameters: the mean, u, and variance, o'2. By con-
vention, the mean, variance, and other statistical moments, are denoted by symbols sub-
scripted by the signal they describe. Thus,

px = Elx]
o = E[(r - pno)?
Figure 2.1 shows a single realization of a Gaussian signal, the theoretical probability

density function (PDF) of the process that generated the signal, and an estimate of the
PDF derived from the single realization.
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Figure 2.1 Gaussian random variable, x, with mean u, = 2 and standard deviation o, = 3.
(A) One realization of the random process: x(¢). (B) The ideal probability distribution of the
sequence x. (C) An estimate of the PDF obtained from the realization shown in A.

2.2.1 Products of Gaussian Variables

The probability density, f(x) defined in equation (2.1), of a Gaussian random variable is
completely specified by its first two moments; all higher-order moments can be derived
from them. Furthermore, filtering a Gaussian signal with a linear system produces an out-
put that is also Gaussian (Bendat and Piersol, 1986; Papoulis, 1984). Consequently, only
the first two moments are required for linear systems analysis. However, the situation is
more complex for nonlinear systems since the response to a Gaussian input is not Gaus-
sian; rather it is the sum of products of one or more Gaussian signals. Consequently, the
expected value of the product of n zero-mean, Gaussian random variables, E[x1x3 ... x,],
is an important higher-order statistic that will be used frequently in subsequent chapters.

The expected value of the product of an odd number of zero-mean Gaussian signals
will be zero. However, the result is more complex for the product of an even number of
Gaussian variables. The expected value may be obtained as follows (Bendat and Piersol,
1986):

1. Form every distinct pair of random variables and compute the expected value of
each pair. For example, when n is 4, the expected values would be

E[x1x2], E[x1x3], E[x1x4], E[x2x3], E[x2x4], E[x3x4]

2. Form all possible distinct combinations, each involving n/2 of these pairs, such
that each variable is included exactly once in each combination. For n = 4, there
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are three combinations
(x1x2)(x3x4), (x1x3)(x2x4), (x1x4)(x2x3)

3. For each combination, compute the product of the expected values of each pair,
determined from step 1. Sum the results of all combinations to get the expected
value of the overall product. Thus, for n = 4, the combinations are

E[x1x2x3x4] = E[x1x2]E[x3x4] + E[x1x3]1E[x2x4] + E[x1x4]E[x2x3]  (2.2)
Similarly, when n is 6:
Elx1x2x3x4x5x6] = E[x1x2] E[x3x4] E[x5x6] + E[x1X2]E[x3x5] E[X4X6] + - - -
For the special case where all signals are identically distributed, this yields the relation

Elx; -xa2-...-x0=(1-3-5-...-n— DE[xx;1"?
n!

= WE[xixj]”/z i (23)

2.3 CORRELATION FUNCTIONS

Correlation functions describe the sequential structures of signals. In signal analysis, they
can be used to detect repeated patterns within a signal. In systems analysis, they are used
to analyze relationships between signals, often a system’s input and output.

2.3.1 Autocorrelation Functions

The autocorrelation function characterizes the sequential structure of a signal, x(¢), by
describing its relation to a copy of itself shifted by t time units. The correlation will be
maximal at T = 0 and change as the lag, t, is increased. The change in correlation as a
function of lag characterizes the sequential structure of the signal.

Three alternative correlation functions are used commonly: the autocorrelation func-
tion, the autocovariance function, and the autocorrelation-coefficient function.

To illustrate the relationships between these functions, consider a random signal, x (7),
and let xo(¢) be a zero-mean, unit variance random variable derived from x(¢),

xo(t) = M (2.4)

X

The autocorrelation function of the signal, x(¢), is defined by
¢xx (1) = E[x(r — 1)x(1)] (2.5)

Figure 2.2 illustrates time records of several typical signals together with their autocorre-
lations. Evidently, the autocorrelations reveal structures not apparent in the time records
of the signals.
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Figure 2.2 Time signals (left column) and their autocorrelation coefficient functions (right col-
umn). (A, B) Low-pass filtered white-noise signal. (C, D) Low-pass filtered white noise with a
lower cutoff. The resulting signal is smoother and the autocorrelation peak is wider. (E, F) Sine
wave. The autocorrelation function is also a sinusoid. (G, H) Sine wave buried in white noise. The
sine wave is more visible in the autocorrelation than in the time record.

Substituting equation (2.4) into equation (2.5) gives

bux (1) = E[(0xX0(t — T) + 1) (02X0(t) + j)] (2.6)
=07 Elxo(t — T)x0()] + 3 2.7)
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Thus, the autocorrelation, ¢y, at any lag, t, depends on both the mean, w,, and the
variance, axz, of the signal.

In many applications, particularly where systems have been linearized about an oper-
ating point, signals will not have zero means. It is common practice in these cases
to remove the mean before calculating the correlation, resulting in the autocovariance
function:

Cox(t) = E[(x(t — 7) — ) (x(6) — )]
= $ua (1) — 113 (2.8)

Thus, if u, = 0, the autocorrelation and autocovariance functions will be identical.
At zero lag, the value of the autocovariance function is

Crx(0) = E[(x(1) — 11x)?]

_ 2
=0y

which is the signal’s variance. Dividing the autocovariance by the variance gives the
autocorrelation coefficient function,

Cyx(7)
Cyx(0)
= E[xo(t — t)x0(2)] (2.9)

rvx(T) =

The values of the autocorrelation coefficient function may be interpreted as correla-
tions in the statistical sense. Thus the autocorrelation coefficient function ranges from 1
(i.e., complete positive correlation) to O (i.e., no correlation), through —1 (i.e., complete
negative correlation).

It is not uncommon, though it can be very confusing, for the autocovariance function
and the autocorrelation coefficient function to be referred to as the autocorrelation func-
tion. The relationships between the different autocorrelation functions are illustrated in
Figure 2.3.

Finally, note that all the autocorrelation formulations are even and thus are symmetric
about zero lag:

Gx (—T) = ¢xx (T)
Cix(—7) = Cxx(7) (2.10)

Fax(—T) = ryx (1)

2.3.2 Cross-Correlation Functions

Cross-correlation functions measure the sequential relation between two signals. It is
important to remember that two signals may each have considerable sequential structure
yet have no correlation with each other.

The cross-correlation function between two signals x(¢) and y(¢) is defined by

¢y (1) = E[x(t — 1) y(1)] (2.11)
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Figure 2.3 Examples of autocorrelation functions. The first column shows the four time signals,
the second column shows their autocorrelation functions, the third column shows the corresponding
autocovariance functions, and the fourth column the equivalent autocorrelation coefficient functions.
First Row: Low-pass filtered sample of white, Gaussian noise with zero mean and unit variance.
Second Row: The signal from the first row with an offset of 2 added. Note that the mean is clearly
visible in the autocorrelation function but not in the auto-covariance or autocorrelation coefficient
function. Third Row: The signal from the top row multiplied by 10. Bottom Row: The signal from
the top row multiplied by 100. Scaling the signal changes the values of the autocorrelation and
autocovariance function but not of the autocorrelation coefficient function.

As before, removing the means of both signals prior to the computation gives the
cross-covariance function,
Ciy(r) = E[(x(r — 7) — p) (¥ (1) — py)]
= ¢xy(T) — Uxldy (2.12)
where [ty is the mean of x(¢), and j is the mean of y(¢). Notice that if either py =0

or uy = 0, the cross-correlation and the cross-covariance functions will be identical.
The cross-correlation coefficient function of two signals, x(¢) and y(z), is defined by

Cyy(D)

J/Cx(0)C,, (0)

The value of the cross-correlation coefficient function at zero lag, ry,(0), will be unity
only if the two signals are identical to within a scale factor (i.e., x(¢) = ky(¢)). In this

rxy(T) = (2.13)



20 BACKGROUND

case, the cross-correlation coefficient function will be the same as the autocorrelation
coefficient function of either signal.

As with the autocorrelation coefficient function, the values of the cross-correlation
coefficient function can be interpreted as correlations in the statistical sense, ranging
from complete positive correlation (1) through O to complete negative correlation (—1).
Furthermore, the same potential for confusion exists; the cross-covariance and cross-
correlation coefficient functions are often referred to simply as cross-correlations.

The various cross-correlation formulations are neither even nor odd, but do satisfy the
interesting relations:

Gxy(T) = Pyx(—7) (2.14)
and

$xy(T) = V/¢xx(0)0y,(0) (2.15)

Finally, consider the cross-correlation between x(¢) and y(t) where
y(@) = ax(t — 1) + v()

that is, y(¢) is a delayed, scaled version of x(¢) added to an uncorrelated noise signal,
v(t). Then,

¢xy(7:) = Ay (T — T0)

That is, the cross-correlation function is simply the autocorrelation of the input signal,
x(t), displaced by the delay 7y, and multiplied by the gain «. As a result, the lag at which
the cross-correlation function reaches its maximum provides an estimate of the delay.

2.3.3 Effects of Noise

Frequently, the auto- and cross-correlations of the signals x(¢) and y(¢) must be estimated
from measurements containing additive noise. Let

w(t) = x(t) +n(t)
z(t) = y(@) +v(®)

where n(t) and v(¢) are independent of x(¢) and y(#) and of each other.
First, consider the autocorrelation of one signal,

¢ (1) = E[(y(t = 1) +v(t — 1) (y(1) + v(1))]
= ¢yy (r) + dyv (r) + ¢vy(f) + G (T)

The terms ¢y, = ¢,y = 0 will disappear because y and v are independent. However, the
remaining term, ¢,,, is the autocorrelation of the noise sequence and will not be zero.
As a result, additive noise will bias autocorrelation estimates,

@22 (T) = Pyy(T) + Pyu(T)
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In contrast, for the cross-correlation function

Guw(7) = E[w()z(t + 1)]
=E[(x(t—1)+nt—1))y0) +v0)]
= ¢xy(f) + Py (T) + ¢ny(7:) + Pnu(T)

and ¢yy = ¢uy = ¢Puy = 0, since the noise signals are independent of each other by
assumption. Thus,

Pwz(T) = Pxy(7)

and estimates of the cross-correlation with additive noise will be unbiased.

2.3.4 Estimates of Correlation Functions

Provided that x(¢) and y(¢) are realizations of ergodic processes,* the expected value in
equation (2.11) may be replaced with an infinite time-average:

T
¢xy(T) = lim L/ x(t—1)y@)dt (2.16)

T—o0 2T J_7p

In any practical application, x(#) and y(¢) will be finite-length, discrete-time signals.
Thus, it can be assumed that x(¢) and y(¢#) have been sampled every A; units from
t =0, A,..., (N — DA, giving the samples x(i) and y(@) for i = 1,2,..., N.
By using rectangular integration, the cross-correlation function (2.16) can be approxi-
mated as

N
Puy(0) = ﬁ zxa — D)) 2.17)

This is an unbiased estimator, but its variance increases with lag 7. To avoid this, it is
common to use the estimator:

N
bry (1) = %;x(i —7)y() (2.18)

which is biased, because it underestimates correlation function values at long lags, but
its variance does not increase with lag t.

Similar estimators of the auto- and cross-covariance and correlation coefficient func-
tions may be constructed. Note that if N is large with respect to the maximum lag, the
biased and unbiased estimates will be very similar.

*Strictly speaking, a deterministic signal, such as a sinusoid, is nonstationary and is certainly not ergodic.
Nevertheless, computations based on time averages are routinely employed with both stochastic and determin-
istic signals. Ljung (1999) defines a class of quasi-stationary signals, together with an alternate expected value
operator, to get around this technicality.
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2.3.5 Frequency Domain Expressions

The discrete Fourier transform of a discrete-time signal of length N is defined as

N
U(f) =Fw®) =Y unye N (2.19)
=1
Note that in this definition, f takes on integer values f =0,1,... , N — 1. If A; is the

sampling increment in the time domain, then the sampling increment in the frequency
domain will be

1
A= Na,
The inverse Fourier transform is given by*,
1 & :
u) =§ W) =+ D U (2.20)
f=1

Direct computation of either equation (2.19) or equation (2.20) requires about 4N 2
flops, since the computations involve complex numbers. However, if the fast Fourier
transform (FFT) algorithm (Bendat and Piersol, 1986; Oppenheim and Schafer, 1989;
Press et al., 1992) is used, the cost can be reduced to about N log, (N) flops (Oppenheim
and Schafer, 1989). Note that these figures are for real valued signals. FFTs of complex-
valued signals will require twice as many flops.

The Fourier transform of the autocorrelation function is called the power spectrum.
For a discrete-time signal,

N-1
Suu(f) = Z ¢uu(f)e_27TffT/N
=0
N-1
=E [Z u(u(t — r)e—2m'fr/zv} a1
=0

This expression, like the definition of the autocorrelation, is in terms of an expected
value. To estimate the power spectrum, u(z) is treated as if it were ergodic, and the
expected value is replaced with a time average. There are several ways to do this.

One possibility is to estimate the correlation in the time domain using a time average
(2.18) and then Fourier transform the result:

N N
N 1 .
§ (bu() = 5 222wt — Dutiye >IN
t=0i=0
Multiplying by e —/27(=Df/N — 1 and then simplifying gives

N N
S (éuu(f)> = %Zu(z — T)ejzn(i*f)f/N Zu(i)efj%rif/N
=0

i=0

1 *
~ U OU) (2.22)

*Some authors (Ljung, 1999) include a factor of 1/4/N in both the forward and inverse Fourier transform.
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Taking the inverse Fourier transform of (2.22) yields (2.18), the biased estimate of the
cross-correlation. In practice, correlation functions are often computed this way, using
the FFT to transform to and from the frequency domain.

An alternative approach, the averaged periodogram (Oppenheim and Schafer, 1989),
implements the time average differently. Here, the signal is divided into D segments of
length Np, and the ensemble of segments is averaged to estimate the expected value.
Thus, the averaged periodogram spectral estimate is

R 1 &,
Suu(f) = D—NDdX:; Ui (NHUa(f) (2.23)

where Uy(f) is the Fourier transform of the dth segment of Np points of the signal
u(t), and the asterisk, U*(f), denotes the complex conjugate.

It is common to overlap the data blocks to increase the number of blocks averaged.
Since the FFT assumes that the data are periodic, it is also common to window the
blocks before transforming them. The proper selection of the window function, and of
the degree of overlap between windows, is a matter of experience as well as trial and
error. Further details can be found in Bendat and Piersol (1986).

The averaged periodogram (2.23) is the most commonly used nonparametric spectral
estimate, and it is implemented in MATLAB’s spectrum command. Parametric spectral
estimators have also been developed and are described in Percival and Walden (1993).

2.3.5.1 The Cross-Spectrum The Fourier transform of the cross-correlation func-
tion is called the cross-spectrum,

N-1

Suy(f) =Y puy(x)e TN (2.24)

=0

Replacing the autocorrelation with the cross-correlation in the preceding derivations
gives the Fourier transform of the cross-correlation,

A 1
§ (4 @) = SUNHY() (2.25)

and an averaged periodogram estimate of the cross-spectrum,
| 2
Q _ *
Suy(f) = DNp dE—l Ug (HYa(f) (2.26)

2.3.6 Applications

The variance of a biased correlation estimate (2.18) is proportional to 1/N and thus
decreases as N increases. Furthermore, the effect of the bias is a scaling by a factor
of N/(N — 1), which decreases as N increases with respect to t. Thus, in general the
length of a correlation function should be much shorter than the data length from which
it is estimated; that is, N > 7. As a rule of thumb, correlation functions should be no
more than one-fourth the length of the data and should never exceed one-half of the data
length.

Autocovariance functions determined from stochastic signals tend to “die out” at
longer lags. The lag at which the autocovariance function has decreased to values that



24 BACKGROUND

cannot be distinguished from zero provides a subjective measure of the extent of the
sequential structure in a signal, or its “memory.”

In contrast, if there is an underlying periodic component, the autocorrelation function
will not die out but will oscillate at the frequency of the periodic component. If there
is substantial noise in the original signal, the periodicity may be much more evident in
the correlation function than in the original data. This periodicity will be evident in the
autocorrelation function at large lags, after the contribution from the noise component
has decayed to zero. An example of this is presented in the bottom row of Figure 2.2.

A common use for the cross-covariance function, as illustrated in the middle panel
of Figure 2.4, is to estimate the delay between two signals. The delay is the lag at which

(A) (B) © 4

05— —

-0.5

05— —

(G) (H)

0.5 =

-05 |
. 0 0.2

Time (s) Time (s) Lag (s)

o
&)}
o
[}
|
o
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Figure 2.4 Examples of the cross-correlation coefficient function. Top Row: The signals in A and
B are uncorrelated with each other. Their cross-correlation coefficient function, C, is near zero at
all lags. Middle Row: E is a delayed, scaled version of D with additive noise. The peak in the
cross-correlation coefficient function, F, indicates the delay between input and output. Bottom Row:
G is a low-pass filtered version of H, also with additive noise. The filtering appears as ringing in .
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the cross-covariance function is maximal. For example, the delay between two signals
measured at two points along a nerve can be determined from the cross-covariance
function (Heetderks and Williams, 1975). It should be remembered that dynamics can
also give rise to delayed peaks in the cross-correlation function.

2.3.7 Higher-Order Correlation Functions

Second-order cross-correlation functions will be represented by ¢ with three subscripts.
Thus,

Grxy(t1, T2) = E[x(t — 1)x(t — 172) y(1)] (2.27)
while the second-order autocorrelation function is
Gxxx(T1, 2) = E[x(t — t)x(t — 12)x(2)] (2.28)

Note that there is some confusion in the literature about the terminology for this function.
Some authors (Korenberg, 1988) use the nomenclature “second-order,” as does this book;
others have used the term “third-order” (Marmarelis and Marmarelis, 1978) to describe
the same relation.

2.4 MEAN-SQUARE PARAMETER ESTIMATION

Given a model structure and a set of input—output measurements, it is often desirable
to identify the parameter vector that generates the output that “best approximates” the
measured output. Consider a model, M, with a parameter set, #, whose response to the
input u(¢) will be written

Y0, 1) =M(8, u(1))

A common definition for the “best approximation” is that which minimizes the mean-
square error between the measured output, z(¢), and the model output, (8, ?):

MSEM, 6, u(t)) = E [(z(t) — 58, t))z] (2.29)

If the signals are ergodic, then this expectation can be evaluated using a time average
over a single record. In discrete time, this results in the summation:

N

1
V(M. 0, u(1)) = + 3 (@0 - 50, 0)° (2.30)

t=1

which is often referred to as the “mean-square error,” even though it is computed using
a time average rather than an ensemble average.

Note that the MSE depends on the model structure, M, the parameter vector, 6, and
the test input, u(¢). For a particular structure, the goal is to find the parameter vector, é
that minimizes (2.30). That is (Ljung, 1999):

0 = arg min Vy (0, u(t)) (2.31)
[
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In general, there is no closed-form solution to this minimization problem, so the “param-
eter space” must be searched using iterative methods as discussed in Chapter 8.

2.4.1 Linear Least-Squares Regression

If the model output, y(¢), is a linear function of the parameters, the model may be
formulated as a matrix equation (Beck and Arnold, 1977),

$(6) =16 (2.32)

where § is an N element vector containing y(¢), and U is a matrix with N rows
(one per data point) and M columns (one per model parameter). Equation (2.30) then
becomes

1
Vn(0) = 5@ U6’ (z — Uo)
1
= (sz 207U 2 + 0TUTU0)

which may be solved analytically as follows. First, differentiate with respect to 6 to get
the gradient

oV 2 7 T
—=—U"U0 -U
0 ~ N ?
The minimum mean-square error solution, ) , is found by setting the gradient to zero and
solving:

Uv'u6 =u’z
R (2.33)
6 =UTu)" U’y

Thus, for any model structure where the output is linear in the parameters, as
in equation (2.32), the optimal parameter vector may be determined directly by from
equations (2.33), called the normal equations.* Many of the model structures examined
in this text are linear in their parameters even though they describe nonlinear systems.
Thus, solutions of the normal equations and their properties are fundamental to much of
what will follow.

2.4.1.1 Example: Polynomial Fitting Consider, for example, the following prob-
lem. Given N measurements of an input signal, u, us, ... , uy and output z1, 22, ... , Zn,
find the third-order polynomial that best describes the relation between u; and z;. To do
so, assume that

yj = c© + c(l)uj + 0(2)1@ + c(3)uj»

zj=Yyjtvj

*In the MATLAB environment, the normal equation, (2.33), can be solved using the “left division™ operator.
f =U\z.
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where v is a zero-mean, white Gaussian noise sequence. First, construct the regression
matrix
1 u; u% u?
2 .3
Luy us u;
u=| (2.34)
2 .3
Luy uy uy
Then, rewrite the expression for z as the matrix equation

z=U60+v (2.35)

where 0 = [¢©@ ) @ c(3)]T, and use equations (2.33) to solve for .

2.4.2 Properties of Estimates

The solution of equations (2.33) gives the model parameters that provide the minimum
mean-square error solution. It is important to know how close to the true parameters
these estimated values are likely to be. Consider the following conditions:

1. The model structure is correct; that is, there is a parameter vector such that the
system can be represented exactly as y = U6.

2. The output, z =y + v, contains additive noise, v(¢), that is zero-mean and statisti-
cally independent of the input, u(z).

If conditions 1 and 2 hold, then the expected value of the estimated parameter vector is
E[0] = E[(UTU)'U" 2]
=0+ E[(UTU)" U] (2.36)

However, since v is independent of u, it will be independent of all the columns of U
and so

E[0] =0 (2.37)

That is, the least-squares parameter estimate is unbiased (Beck and Arnold, 1977).
The covariance matrix for these parameter estimates is

C; = EI(0 — E[61)(6 — EI)"] (2.38)
= Ul "WrEw u’u! (2.39)

Usually, equation (2.39) cannot be evaluated directly since E[vv’], the covariance
matrix of the measurement noise, is not known. However, if the measurement noise is
white, then the noise covariance in equation (2.39) reduces to E [vwl] = O’UZIN, where
avz is the variance of v(¢), and Ix is an N x N identity matrix. Furthermore, an unbiased
estimate of the noise variance (Beck and Arnold, 1977) is given by

. i )
& =~ gj(z(t) —5®)? (2.40)
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where M is the number of model parameters. Thus the covariance matrix for the param-
eter estimates, Cé, reduces to
C

;=06,U')! (2.41)

which can be evaluated directly.

2.4.2.1 Condition of the Hessian Instead of using probabilistic considerations,
as in the previous section, it is also instructive to examine the numerical properties of
the estimate. Thus, instead of taking an expected value over a hypothetical ensemble of
records, consider the sensitivity of the computed estimate, é, to changes in the single,
finite-length, input—output record, [u(r) z(t)].

From the normal equations (2.33), it is evident that the error in the parameter esti-
mate is

A

6=0-6
=0 - UTU) U2
=Ty uTv (2.42)

where v(¢) is the noise in the measured output, z = U6 + v.

The error is the product of two terms. The first term, (UTU)’], is the inverse of the
Hessian, denoted H, an M x M matrix containing the second-order derivatives of the
cost function with respect to the parameters.

32Vy(0) -
H(, j) = ———=U"U 2.43
@@ ) 56,06, (2.43)

Furthermore, if the measurement noise is white, the inverse of the Hessian is proportional
to the parameter covariance matrix, Cé, given in equation (2.41).

Let v = UTv be the second term in equation (2.42). Substituting these two expres-
sions gives

6=-H'v

Now, consider the effect of a small change in v on the parameter estimate. The Hessian
is a non-negative definite matrix, so its singular value decomposition (SVD) (Golub and
Van Loan, 1989) can be written as

H = VsV’
where V = [vy v2 ... vM] is an orthogonal matrix, VIV =1 andSisa diagonal matrix,
S = diag[sy, s2...,sm], where s; > 55 > --- > sp > 0. Using this, the Hessian can be

expanded as

M
H= Z S,'ViViT

i=1
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and the estimation error, 6, becomes

uby|
0=-Y —vv’ 2.44
Z 5 ivi v ( )
i=1
Notice that if the noise term, v, changes in the direction parallel to the kth singular
vector, Vv, then the change in @ will be multiplied by 1/s;. Consequently, the ratio
of the largest to smallest singular values will determine the relative sensitivity of the
parameter estimates to noise. This ratio is referred to as the condition number (Golub
and Van Loan, 1989) of the matrix and ideally should be close to 1.

2.5 POLYNOMIALS

Polynomials provide a convenient means to model the instantaneous, or memoryless,
relationship between two signals. Section 2.4.1.1 demonstrated that fitting a polynomial
between two data sequences can be done by solving a linear least-squares problem.

2.5.1 Power Series

The power series is a simple polynomial representation involving a sum of monomials
in the input signal,

Q
m(u) = Zc(q)uq

q=0
Q
— ZC(Q)M(Q)(M)
q=0

— O Ly @2 4 (B3

where the notation M@ (1) = u4 is introduced to prepare for the discussion of orthogonal
polynomials to follow. Uppercase script letters will be used throughout to represent
polynomial systems.

The polynomial coefficients, ¢(4), can be estimated by solving the linear least-squares
problem defined by equations (2.34) and (2.35). This approach may give reasonable
results provided that there is little noise and the polynomial is of low order. However, this
problem often becomes badly conditioned, resulting in unreliable coefficient estimates.
This is because in power-series formulations the Hessian will often have a large condition
number; that is the ratio of the largest and smallest singular values will be large. As a
result, the estimation problem is ill-conditioned, since as equation (2.44) shows, small
singular values in the Hessian will amplify errors in the coefficient estimates. The large
condition number arises for two reasons:

1. The columns of U will have widely different amplitudes, particularly for high-order
polynomials, unless o, & 1. As a result, the singular values of U, which are the
square roots of the singular values of the Hessian, will differ widely.
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2. The columns of U will not be orthogonal. This is most easily seen by examining
the Hessian, U7 U, which will have the form

1 E[u] E[u?] ... E[u9]
E[u] E[u?] E[W’] ... E[uth
H=nN | E?] E] E*l ...Eu972)

E[;ﬂ] EW“] E[zﬁ“] E[LP’J]

Since H is not diagonal, the columns of U will not be orthogonal to each other.
Note that the singular values of U can be viewed as the lengths of the semiaxes of
a hyperellipsoid defined by the columns of U. Thus, nonorthogonal columns will
stretch this ellipse in directions more nearly parallel to multiple columns and will
shrink it in other directions, increasing the ratio of the axis lengths, and hence the
condition number of the estimation problem (Golub and Van Loan, 1989).

2.5.2 Orthogonal Polynomials

Ideally, the regressors should be mutually orthogonal, so the Hessian will be diagonal
with elements of similar size. This can be achieved by replacing the power series basis
functions with another polynomial function P ()

0
mu) = Zc(q)P(q)(u) (2.45)
q=0

chosen to make the estimation problem well-conditioned. The objective is to find a
polynomial function that makes the Hessian diagonal. That is, the (i, j)th element of the
Hessian should be

H(, j) = N - E[P“TD @)yPYU+D )]

which demonstrates that the terms of P () must be orthonormal.
The expected value of a function, g, of a random variable, u, with probability density
f(u), is given by (Bendat and Piersol, 1986; Papoulis, 1984)

oo
Elgl = [ funedu
—00
Consequently, the expected values of the elements of the Hessian will be
E[PY )PP )] = / F@yPO )PP @) du
—00

This demonstrates that a particular polynomial basis function, P (1), will be orthogonal
only for a particular input probability distribution. Thus each polynomial family will
be orthogonal for a particular input distribution. Figure 2.5 shows the basis functions
corresponding to three families of polynomials: the ordinary power series, as well as the
Hermite and Tchebyshev families of orthogonal polynomials to be discussed next.
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Figure 2.5 Power series, Hermite and Tchebyshev polynomials of orders O through 5. Left Col-
umn: Power series polynomials over the arbitrarily chosen domain [—-10 10]. Middle Column:
Hermite polynomials over the domain [—3 3] corresponding to most of the range of the unit-
variance, normal random variable. Right Column: Tchebyshev polynomials over their full domain
[-1 1]

2.5.3 Hermite Polynomials

The Hermite polynomials 7@’ (u) result when the orthogonalization is done for inputs
with a zero-mean, unit-variance, Gaussian distribution. Thus, Hermite polynomials are
constructed such that

/ exp(—u )YHO WHD (u)du =0 fori # (2.46)

—00



32 BACKGROUND

Using equation (2.46) and the results for the expected value of products of Gaussian
variables (2.3), the Hermite polynomials can be shown to be

[n/2] ( 1"
(n) (n—2m)
H™ () = n! Z =2 (2.47)
The first four elements are
HOw) =1
HO W) =u

HP ) =u? — 1
HP W) =u’ = 3u
The Hermite polynomials may also be generated using the recurrence relation,
HED ) = uH® ) — kD ) (2.48)

Note that these polynomials are only orthogonal for zero-mean, unit variance, Gaus-
sian inputs. Consequently, input data are usually transformed to zero mean and unit
variance before fitting Hermite polynomials. The transformation is retained as part of the
polynomial representation and used to transform any other inputs that may be applied to
the polynomial.

2.5.4 Tchebyshev Polynomials

A Gaussian random variable can take on any value between —oo and +oo (although the
probability of attaining the extreme values is negligible). Real data, on the other hand,
always have a finite range since they are limited by the dynamic range of the recording
apparatus, if nothing else. Thus, it is logical to develop a set of polynomials that are
orthogonal over a finite range.

The Tchebyshev polynomials, 7, are orthogonalized over the range [—1 1] for the
probability distribution (1 — u?)~1/2,

/1 TOw)TD (u) du — {%ai,j for i 0, j #0
_1 1T — u2 b4 fori=j=0

This probability density tends to infinity at 1, and thus does not correspond to the PDF
of any realistic data set. Thus, the Tchebyshev polynomials will not be exactly orthogonal
for any data. However, all Tchebyshev polynomial basis functions are bounded between
—1 and +1 for inputs between —1 and +1 (see Figure 2.5). In addition, each goes through
all of its local extrema (which are all 1) in this range. Thus, although the regressors
will not be exactly orthogonal, they will have similar variances, and so the estimation
problem should remain well-scaled. Hence, Tchebyshev polynomials are used frequently
since they usually lead to well-conditioned regressions.
The general expression for the order-g Tchebyshev polynomial is

;_1)}:( N )(2u)q—2’" (2.50)

(2.49)

La/2]

(9)
TD ) = 22

m=0
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The first four Tchebyshev polynomials are
TOw =1
T(l)(u) =u
TOw) =2u> -1
T () = 4u® — 3u
The Tchebyshev polynomials are also given by the recursive relationship
T () = 2uT D) — 79D () (2.51)

In practice, input data are transformed to [—1 1] prior to fitting the coefficients, and
the scale factor is retained as part of the polynomial representation.

2.5.5 Multiple-Variable Polynomials

Polynomials in two or more variables will also be needed to describe nonlinear systems.
To establish the notation for this section, consider the types of terms involved in a
multivariable power series. The order-zero term will be a constant, as in the single
variable case. Similarly, the first-order terms will include only a single input, raised to
the first power, and thus will have the same form as their single-input counterparts,

MO up) = uy

However, the second-order terms will involve products of two inputs, either two copies
of the same signal or two distinct signals. Thus, the second-order terms will be of two

types,
M® (up, up) = ug
MP j,u) = ujuy

For example, the second-order terms in a three-input, second-order polynomial will
involve three single-input terms, u%, u%, and u%, and three two-input terms, uiuo, uijus,
and upu3. To remain consistent with the notation for single-variable polynomials, let

MP () = M (ug, up) = u3

Similarly, the order-g terms will involve from one to ¢ inputs, raised to powers such
that the sum of their exponents is g. For example, the third-order terms in a three-input
polynomial are

3 3 3 2 2
u; u uz ujun uju3
2 2 2 2
usU| uyU3 uzu| uzuy UiurU3

2.5.5.1 Orthogonal Multiple-Input Polynomials Next, consider the construction
of orthogonal, multiple-input polynomials. Let u1, u, ... , u, be mutually orthonormal,
zero-mean Gaussian random variables. These may be measured signals that just happen
to be orthonormal, but will more likely result from orthogonalizing and normalizing a
set of more general (Gaussian) signals with a QR factorization or SVD.
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For Gaussian inputs, it is reasonable to start with Hermite polynomials. The order-
zero term will be a constant, since it is independent of the inputs. Similarly, since the
first-order terms include only one input, they must be equivalent to their single-input
counterparts:

HD (up) = up (2.52)

Next, consider the first type of second-order term, involving a second-degree function
of a single input. These terms will have the form

H (e, u) = H ()
=ul -1 (2.53)
and will be orthogonal to order-zero terms since
ETH® (ue, u) HO up)] = Elui = 1) - 1]
and F [u% — 1] = 0. They will also be orthogonal to all first-order terms, since
E[H® (ue, u) KD ()] = E[(u — Du;]
= E[uju;] — Elu;]

Both terms in this expression are products of odd numbers of zero-mean Gaussian random
variables, and so their expected values will be zero. Furthermore, any two second-order,
single-input terms will be orthogonal. To see why, note that

ETH® (ug, u)HP (uj, uj)] = El(ui — D@5 — 1)]
= Elugu3] — E[u3] — E[u] + 1

The inputs are orthonormal, by assumption, and so E [ui] =F [u%] = 1. Furthermore,
from equation (2.2) we obtain '

E[uju’] = EW1E[u3] + 2E[ugu;1* = 1

and so H® (uy, uy) and H? (uj,uj) will be orthogonal (for j # k).
Now, consider second-order terms involving different inputs. The corresponding Her-
mite polynomial is simply the product of corresponding first-order terms,

HP j,up) = HO@pHV @) j#k
= ujuy (2.54)

Since Eluju;] = 0, this term will be orthogonal to the constant, order-zero term. It
will also be orthogonal to any odd-order term because the resulting expectations will
involve an odd number of Gaussian random variables. It remains to show that this term
is orthogonal to the other second-order Hermite polynomial terms.

First consider the two-input terms,

ETHP (ui, u ) H® (u, up)] = Eluju jugu;]
= Elujuj1E[uru] + Elujur) Elujug)]
+ Eluju/1E[u jui]
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Provided that we have neither i = k, j = [ nor i = [, j = k (in which case the terms
would be identical), each pair of expectations will contain at least one orthogonal pair
of signals, and therefore equal zero. Thus, any distinct pair of two-input second-order
terms will be orthogonal to each other.

Next consider the orthogonality of the two-input term to a single-input, second-order
Hermite polynomial.

E[H® (i, ujyHP (uie, ui)] = Elujuj (i — 1)]

= Eujujui]l — Eluju;]

= E[uiu.,']E[u%] —2E[ujup]Eujur] — Elu;u ]
Since u; and u; are orthogonal, the first and third terms will be zero. Similarly, ug
is orthogonal to at least one of u; and u;, so the second term will also be zero. Thus,
equations (2.53) and (2.54) define two-input polynomials orthogonalized for orthonormal,
zero-mean Gaussian inputs.

Similarly, there will be three types of third-order terms corresponding to the number

of distinct inputs. The single-input terms are the same as the third-order, single-input
Hermite polynomial term,

H (e, ure, ug) = H (ug)
= “13< — 3uy (2.55)
Terms with distinct inputs are generated using products of lower-order single-input Her-
mite polynomials,
HO@joujou) = HO@pHD @) j #k
= (5 — Dug (2.56)

HO iy uj,ug) = HO@oHO @pH V@) i #j#k
= i juy (2.57)

Higher-order terms are constructed in a similar fashion resulting in an orthogonal series
known as the Grad—Hermite (Barrett, 1963) polynomial series. The same approach may
be used to construct multiple-input polynomials based on the Tchebyshev polynomials.

2.6 NOTES AND REFERENCES

1. Bendat and Piersol (1986) and Papoulis (1984) provide more detailed discussions
of probability theory and first-order correlation functions.

2. More information concerning higher-order correlation functions can be found in
Marmarelis and Marmarelis (1978).

3. There are many texts dealing with linear regression. In particular, Beck and Arnold
(1977) and Seber (1977) are recommended. Discussions more relevant to system
identification can be found in Ljung (1999) and Soderstrom and Stoica (1989).
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4. Beckmann (1973) contains a detailed discussion of several orthogonal polynomial
systems, including both the Tchebyshev and Hermite polynomials. The classic
reference for multiple-input, orthogonal polynomials is Barrett (1963).

2.7 PROBLEMS

1. Let x and y be zero-mean Gaussian random variables with variances o2 and o2, and
covariance E[xy] = Ux2y. Evaluate

E[(xy)*] E[x*y] E[x*y?]

2. Let x(¢) and n(¢) be mutually independent zero-mean Gaussian signals with variances

sz and 0,12, respectively. Let y(#) = 3x(t — t) + n(¢). What is the cross-correlation
between x(¢) and y(z)? What is the cross-correlation between x(¢) and z(t) = x3(t —

) + n(1)?

3. Show that if x is a zero-mean unit variance Gaussian random variable, then the Hessian
associated with fitting Hermite polynomials is given by

H(@, j) =ild;

where §; ; is a Kronecker delta.
4. Prove the recurrence relation (2.51).

5. Prove the recurrence relation (2.48).

2.8 COMPUTER EXERCISES

1. Use the MATLAB NLID toolbox to create a RANDV object describing a zero-mean
Gaussian random variable with a standard deviation of 0.5. Use it to generate a
NLDAT object containing 1000 points with this distribution. Suppose that this signal
is an unrectified EMG, measured in millivolts, and was sampled at 1000 Hz. Set the
domain and range of your NLDAT object accordingly.

Plot the NLDAT object (signal) as a function of time, and check that the axes are labeled
properly. Use PDF to construct a histogram for this signal. Construct the theoretical
probability density, using PDF, and your RANDV object. Vary the number of bins used to
compute the histogram, and compare the result with the theoretical distribution. How
does the histogram change if you use 10,000 data points, or 100?

How many of the 1000 points in your original signal are greater than 1 (i.e., 20).
How many are less than —1?

2. Use the rRanDV object from question 1 to generate an NLDAT object containing white
Gaussian noise. Use equation (2.3), and the variance of the original signal, to predict
the expected value of the fourth power of this signal. Check the validity of this
prediction by raising the signal to the fourth power and computing its mean. Try
changing the length of the signal. How many points are necessary before equation (2.3)



COMPUTER EXERCISES 37

yields an accurate prediction of the mean of the fourth power of a Gaussian RV? Repeat
this with the sixth and eighth power of the signal.

. Generate an NLDAT object containing 10,000 samples of zero-mean, unit variance, white
Gaussian noise. Assume that this signal was sampled at 200 Hz, and set the domain
increment accordingly.

Compute and plot the autocorrelation between lags of 0 and 1 s. What is the amplitude
of the peak at 0 lag? Estimate the standard deviation of the remaining points. Compute
this ratio for various record lengths.

Filter your signal using a second-order Butterworth low-pass filter, with a cutoff
frequency of 10 Hz, and plot the autocorrelation of the resulting signal. Compute the
ratio of the peak, at zero lag, to the standard deviation of the points far distant from
the peak. Where does the correlation first fall below the standard deviation of the
“distant” points?

. Generate a 10-s sample of a 20 Hz, 5 V peak to peak, square wave, sampled at 500 Hz.
Compute its autocorrelation for lags of 0—0.5 s, and plot the result.

Generate a 10-s sample of zero-mean white Gaussian noise, with a standard deviation
of 10 V, sampled at 500 Hz. Add this to the square wave, and plot the result as a func-
tion of time. Compute and plot the autocorrelation function of the noisy square wave.

Filter the noise record with a fourth-order low-pass filter with a 20 Hz cutoff. Add
the low-pass filtered noise to the square wave. Plot the resulting signal, and compute
and plot its autocorrelation.

. Generate an NLDAT object containing 10,000 samples of zero-mean, unit variance, white
Gaussian noise, and compute and plot its autocorrelation. Next, compute and plot the
second-order autocorrelation function for this signal.

Square the Gaussian noise signal, and shift and rescale the result so that it has zero
mean and unit variance. Compute and plot its first- and second-order autocorrelation
functions. Repeat this procedure with the cube of the Gaussian noise signal. What, if
anything, does the second-order autocorrelation tell you about the nonlinearity? Does
it generalize to higher exponents?

. Use POLYNOM to create an empty polynomial object. Set the type to “power,” and set
the coefficients so that it represents

y =1+3u—2u®

Generate an object containing 1000 samples of white Gaussian noise, with mean 1
and variance 2. Apply the polynomial to the signal. Set the mean, standard deviation,
and range properties of the polynomial to reflect those of the input data. Transform
the polynomial object into a Hermite polynomial (orthogonalized using the statis-
tics of the input NLDAT object). Transform it into a Tchebyshev polynomial. Examine
the coefficients in each case. Use the Tchebyshev and Hermite polynomials to trans-
form the input. Compare the results to the output of the power series. Are there any
differences?

. Use poLynoMm to fit polynomials to the input—output data generated in the previous
problem. Fit polynomials of type power, hermite, and tcheb to the data, and compare
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your results. Add noise to the output, so that signal-to-noise ratio is 10 dB. Re-fit
the polynomials using the noise corrupted output, and compare with the noise-free
results.

Generate another set of input—output data. This time, let the input have a mean 1
and a variance of 4. Use each of the polynomials that you identified to predict the
output of this new data set. When does the prediction remain accurate? When does it
break down.



CHAPTER 3

MODELS OF LINEAR SYSTEMS

The nonlinear system models that are the topic of this book are all generalizations, in
one way or another, of linear models. Thus, to understand nonlinear models, it is first
necessary to appreciate the structure and behavior of the linear system models from which
they evolved. Consequently, this chapter will review a variety of mathematical models
used for linear systems.

The fundamental properties of linear systems will be defined first and then the most
commonly used models for linear systems will be introduced. Methods for identifying
models of linear systems will be presented in Chapter 5.

3.1 LINEAR SYSTEMS

Linear systems must obey both the principles of proportionality (1.5) and superposition
(1.6). Thus, if N is a linear system, then

N(kiu1(t) + koua (1)) = k1y1(¢) + kaya(2)

where ki and k, are any two scalar constants and

y1(#) = N(u1())
y2(t) = N(u2 (1))

are any two input—output pairs.

Identification of Nonlinear Physiological Systems, By David T. Westwick and Robert E. Kearney
ISBN 0-471-27456-9 (© 2003 Institute of Electrical and Electronics Engineers
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3.2 NONPARAMETRIC MODELS

The principles of superposition and proportionality may be used to develop nonparametric
models of linear systems. Conceptually, the idea is to select a set of basis functions
capable of describing any input signal. The set of the system’s responses to these basis
functions can then be used to predict the response to any input; that is, it provides a
model of the system.

The decomposition of an arbitrary input into a set of scaled basis functions is illustrated
in Figure 3.1; in this case the basis functions consist of a series of delayed pulses, shown
in the left column. The input, shown at the top of the figure, is projected onto the delayed
pulses to yield the expansion consisting of scaled copies of the basis elements, shown
in the right column. The input signal may be reconstructed by summing the elements of
the expansion.

Knowing the system’s response to each basis function, the response to each scaled
basis function can be determined using proportionality (1.5). Then, by superposition (1.6),
the individual response components may be summed to produce the overall response.
This is illustrated in Figure 3.2, where the scaled basis functions and the corresponding
responses of a linear system are shown in the first three rows. The bottom row shows
that summing these generates the original input signal and the resulting response.

Note that this approach will work with any set of basis functions that spans the set of
input signals. However, it is desirable to select a set of basis functions that are orthog-
onal since this leads to the most concise signal representations and best conditioning of
identification algorithms.

Basis elements Expansion

- J : / - :
o Hi— @ o
-1 3 -1 3
il N O B
0 i N 0_—.'—'.—._
-1 3 -1 3
i ] N :
o[l X of H 1

Time Time

Figure 3.1 Expansion of a signal onto a basis of delayed pulses. The input signal (top) is projected
onto a series of delayed pulses (left), resulting in the decomposition shown on the right.
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Figure 3.2 Linear systems and superposition. (A, C, E) Scaled and delayed unit pulse inputs.
(B, D, F) Responses of a linear, time-invariant system to the scaled pulses. (G) The sum of the
three scaled, delayed pulses. (H) The system’s response to the input G. By superposition, this is
the sum of the responses to the individual pulses.

3.2.1 Time Domain Models

Using the set of delayed pulses as basis functions leads to a nonparametric time domain
model. Consider a pulse of width A; and of unit area

(=) g
— for |t] < —
dt, A;) = Ay 2 3.1

0 otherwise
as illustrated in Figure 3.2A. Let the response of the linear system, N, to a single pulse be

N(d(t, Ay)) = h(t, Ay) 3.2)
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Next, consider an input signal consisting of a weighted sum of delayed pulses,

o0

u(t) = Z upd(t —kA;, Ay) (3.3)

k=—o00

By superposition, the output generated by this “staircase” input will be

y(@) = N(u())

= Z wN(d(t —kA;, Ay))
k=—00

= Z uph(t — kA, Ay) (3.4
k=—o00

The relationships among these signals are illustrated in Figure 3.2. Thus, if the input
can be represented as the weighted sum of pulses, then the output can be written as the
equivalently weighted sum of the pulse responses.
Now, consider what happens in the limit, as A; — 0, and the unit-area pulses become
impulses,
lim d(, A;) =68(1) (3.5)
Ay—0
The pulse response becomes the impulse response, i(f), and the sum of equation (3.4)
becomes the convolution integral,

y() = /00 h(t)u(t —t)dr (3.6)

Thus, the response of the system to an arbitrary input can be determined by convolving it
with the system’s impulse response. Hence, the impulse response function (IRF) provides
a complete model of a system’s dynamic response in the time domain.*

Theoretically, the limits of the integration in (3.6) extend from 7 = —oo to T = 00.
However, in practice, the impulse response will usually be of finite duration so that

h(t) =0 fort<Tiort>T 3.7

The value of T, the lower integration limit in the convolution, determines whether
the system is causal or noncausal. If 77 > 0, the IRF starts at the same time or after
the impulse. In contrast, if 71 < 0, the IRF starts before the impulse is applied and the
system is noncausal. Any physically realizable system must be causal but, as discussed
in Section 1.2.2, there are important, practical situations where noncausal responses are
observed. These include behavioral experiments with predictable inputs, signals measured
from inside feedback loops, and situations where the roles of the system input and output
are deliberately reversed for analysis purposes.

The value of T3, the upper integration limit in the convolution (3.6), determines the
memory length of the system. This defines how long the response to a single impulse

*The convolution operation, (3.6), is often abbreviated using an centered asterisk—that is, y(¢) = h(t) * u(z).
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lasts or, conversely, how long a “history” must be considered when computing the cur-

rent output.
Thus, for a finite memory, causal system, the convolution integral simplifies to

T
y(t) = / h(Du(t — t)drt 3.8)
0

If the sampling rate is adequate, the convolution integral can be converted to discrete
time using rectangular integration, to give the sum:

T-1

Yy =Y h@ut —1)A, (3.9)

=0

where A; is the sampling interval. Note that in this formulation the time variable, ¢,
and time lag, T, are discrete variables that are integer multiples of the sampling interval.
Notice that although the upper limit of the summation is 7 — 1, the memory length is
described as “T,” the number of samples between 0 and 7 — 1 inclusively.

In practice, the impulse response is often scaled to incorporate the effect of the sam-
pling increment, A;. Thus, equation (3.9) is often written as

T-1

Y0 =) g@ut —1)

=0

where g(t) = A/h(7).

The linear IRF will be generalized, in Sections 4.1 and 4.2, to produce the Volterra
and Wiener series models for nonlinear systems. Furthermore, the IRF is the basic
building block for block-structured models and their generalizations, to be discussed
in Sections 4.3—4.5.

3.2.1.1 Example: Human Ankle Compliance Model—Impulse Response
Throughout this chapter, a running example will be used to illustrate the linear system
models. The system used in this running example is the dynamic compliance of the human
ankle, which defines the dynamic relationship between torque, T;(¢), and position, ©(z).
Under some conditions, this relation is well modeled by a causal, linear, time-invariant
system (Kearney and Hunter, 1990). The example used in this chapter is based on a
transfer function model (see Section 3.3.1 below) of ankle compliance using parameter
values from a review article on human joint dynamics (Kearney and Hunter, 1990).

Figure 3.3 shows a typical ankle compliance IRF. Inspection of this IRF provides
several insights into the system. First, the largest peak is negative, indicating that the
output position, at least at low frequencies, will have the opposite sign from the input.
Second, the system is causal with a memory of less than 100 ms. Finally, the decaying
oscillations in the IRF suggest that the system is somewhat resonant.

3.2.2 Frequency Domain Models

Sinusoids are another set of basis functions commonly used to model signals—in this
case in the frequency domain. The superposition and scaling properties of linear systems
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Figure 3.3 Impulse response of the dynamic compliance of the human ankle.

guarantee that the steady-state response to a sinusoidal input will be a sinusoid at the
same frequency, but with a different amplitude and phase. Thus, the steady-state response
of a linear system may be fully characterized in terms of how the amplitude and phase of
its sinusoidal response change with the input frequency. Normally, these are expressed as
the complex-valued frequency response of the system, H (jw). The magnitude, |H (jw)]|,
describes how the amplitude of the input is scaled, whereas the argument (a.k.a. angle or
phase), ¢ (H (jw)), defines the phase shift. Thus, the output generated by the sinusoidal
input, u(¢) = sin(wt), is given by

y(@) = |H(jo)|sin(wt + ¢ (H(jw))) (3.10)

The Fourier transform

oo

U(jw) = / u(t)e I dr (3.11)
—00

expands time domain signals onto an infinite basis of sinusoids. It provides a convenient

tool for using the frequency response to predict the response to an arbitrary input, u(t).

Thus, the Fourier transform of the input, U (jw), is computed and then multiplied by the

frequency response, H (jw), to give the Fourier transform of the output,

Y(jw) = H(jo)U(jw) (3.12)

Taking the inverse Fourier transform of Y (jw) gives the time domain response, y(t).

Methods for estimating the frequency response will be discussed in Section 5.3. The
nonlinear generalization of the frequency response, along with methods for its identifi-
cation, will be presented in Section 6.1.3.

3.2.2.1 Example: Human Ankle Compliance — Frequency Response

Figure 3.4 shows the frequency response, the gain and phase plotted as functions of
frequency, of the human ankle compliance dynamics corresponding to the IRF presented
in Figure 3.3. The gain plot shows that at low frequency the response is almost constant
at about —50 dB, there is a slight resonance at about 25 Hz, and the response falls off
rapidly at higher frequencies.
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Figure 3.4 Frequency response of the dynamic compliance of the human ankle. (A) Transfer func-
tion magnitude |H (jw)|. (B) Transfer function phase ¢ (H (jw)). The system’s impulse response
is shown in Figure 3.3.

The phase plot shows that at low frequencies the output has the opposite sign to the
input. In contrast, at higher frequencies, the output is in phase with the input, although
greatly attenuated.

This behavior is consistent with a physical interpretation of a system having elastic,
viscous, and inertial properties.

3.2.2.2 Relationship to the Impulse Response Consider the Fourier transform
(3.11) of the convolution integral (3.6),

Y(jw) = /OO </OO h(Tu(t — r)dr) e~/ dt

/OO h(t) /OO u(t —t)e i dtdr

=U(jw) /oo h(t)e /% dt

=U(jo)H(jw)

where H (jw) is the Fourier transform of the impulse response, /(7).

This relation is identical to equation (3.12), demonstrating that the frequency response,
H (jw), is equal to the Fourier Transform of the impulse response, .(t). Conversely, the
inverse Fourier transform of the frequency response is equal to the impulse response.
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3.3 PARAMETRIC MODELS

Any causal, linear, time-invariant, continuous-time system can be described by a differ-
ential equation with constant coefficients of the form

d"y() A"y @) dy()
d);” an_lT)_}l‘i‘""l‘a[i;—t +a()y(l)
d™u(t) d"u(r) du(r)
_ B @y 1
by e + b1 T T + by o + bou(t) (3.13)

where n > m. Equation (3.13) is often abbreviated as
A(D)y = B(D)u

where A and B are polynomials in the differential operator, D = d/dt.

3.3.1 Parametric Frequency Domain Models

Taking the Laplace transform of (3.13) gives

"+ ap_1s" V-t ars +ag)Y(s)
= (bys™ + by—18" " - £ bys + bo)U (s)

which may be manipulated to obtain the transfer function,

. Y(s)
=56
bys™ + -+ bys + by _ B(s)

H(s) =

~ o = (3.14)
s"+a,_1s + +ais + ap A(s)

Note that equation (3.14) can be factored to give

(s—2z1)...(5§ —zm)
H =K 3.15
O =K T 6= G-19)

where the zeros (z;) and poles (p;) of the transfer function may be real, zero, or com-
plex (if complex they come as conjugate pairs). Furthermore, for a physically realizable
system, n > m, that is, the system cannot have more zeros than poles.

It is straightforward to convert a transfer function into the equivalent nonparametric
model. Thus, the impulse response function is determined from Y (s) = H(s)U(s),
by setting U(s) = L£(§) = 1 and taking the inverse Laplace transform. The frequency
response may be determined by setting U(s) = w/(s> + w?), the Laplace transform
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Figure 3.5 Pole-zero map of a continuous-time, parametric model of the human ankle compli-
ance. Notice that the system has two poles and no zeros.

of u(t) = sin(wt), and then taking the inverse Laplace transform. Operationally, this
corresponds to making the substitution jo = s in the transfer function.

3.3.1.1 Example: Human Ankle Compliance — Transfer Function Figure 3.5
shows a pole-zero map of a parametric model of the human ankle compliance. The
transfer function is given by

O@s) _ —76

O(s) 1
T(s) - Is2+ Bs+ K

H(s) =

Consequently, it is possible to obtain some physical insight from the parameter values.
For example, a second-order transfer function is often written as

Gw?

n

T 524 2 wns + w2

H(s)

where w, is the undamped natural frequency of the system, G is its DC gain, and ¢ is
the damping factor. For this model we have

wy, = 163.4 rad/s = 26 Hz
G = —0.0028
£ =0.35

In fact, this model was constructed using values for these parameters obtained from a
review on human joint dynamics (Kearney and Hunter, 1990). This transfer function was
used to generate all the compliance models presented in this chapter.
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3.3.2 Discrete-Time Parametric Models

Linear systems may also be modeled in discrete time using difference equations. In this
case, the fundamental operators are the forward and backward shift operators, defined as*

zu(t) = u(t + 1) (3.16)
7 lu@) =u@ —1) (3.17)
The forward difference is defined as
[z — Nu(t) = zu(t) —u(t) = u(t + 1) — u(r)

Even though there is an analogy between the derivative and the forward difference,
it is the backward shift operator, z !, that is most commonly employed in difference
equation models. Thus, by analogy to equation (3.13), any deterministic, linear, time-
invariant, discrete-time system can be modeled using a difference equation of the form

Az Yy () = Bz YHu(r) (3.18)

It must be remembered that the transformation from discrete to continuous time is
not achieved by simply replacing derivatives with forward differences. A variety of
more complex transformations are used including the bilinear transform, Padé approxi-
mations, and the impulse invariant transform. These transformations differ chiefly in the
assumptions made regarding the behavior of the signals between sampling instants. For
example, a zero-order hold assumes that the signals are “staircases” that remain constant
between samples. This is equivalent to using rectangular (Euler) integration. In addition,
a discrete-time model’s parameters will depend on the sampling rate; as it increases there
will be less change between samples and so the backward differences will be smaller. The
interested reader should consult a text on digital signal processing, such as Oppenheim
and Schafer (1989), for a more detailed treatment of these issues.

Adding a white noise component, w(t), to the output of a difference equation model
(3.18) gives the output error (OE) model.

A My = B Hu)
(1) = y() +w(t)

This is usually written more compactly as

B(z™hH
Az™h

z(t) = u(t) +w(t) (3.19)

The difference equation (3.18) and output error (3.19) models are sometimes referred
to as autoregressive moving average (ARMA) models, or as ARMA models with additive

*Note that in this context, z and z~! are operators that modify signals. Throughout this text, the symbol z(z)
is used in both discrete and continuous time to denote the measured output of a system. The context should
make it apparent which meaning is intended.
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Figure 3.6 Pole-zero map of the discrete-time, parametric frequency domain representation
dynamic ankle compliance, at a sampling frequency of 200 Hz. Note the presence of two zeros at
z=-—1.

noise in the case of an OE model. However, the term ARMA model is more correctly
used to describe the stochastic signal model described in the next section.

Finally, note that if A(z™!) = 1, the difference equation reduces to a finite impulse
response (FIR) filter,

y(t) = Bz Hu(r)
=bou(t) + bju(t — 1) +--- + bpu(t —m) (3.20)

3.3.2.1 Example: Human Ankle Compliance — Discrete-Time Transfer Func-
tion A z-domain transfer function description of human ankle compliance is given by

He = 2@ o (—3.282% — 6.567 — 3.28) x 107*
YT TR 22— 1152 + 0.606

for a sampling frequency of 200 Hz. Figure 3.6 shows the corresponding pole-zero map.

3.3.2.2 Parametric Models of Stochastic Signals Linear difference equations
may also be used to model stochastic signals as the outputs of linear dynamic systems
driven by unobserved white Gaussian noise sequences. The simplest of these models is
the autoregressive (AR) model,

A" Hy@) = w() (3.21)

where w(t) is filtered by the all-pole filter, 1 /A(z_l). In a systems context, w(¢) would
be termed a process disturbance since it excites the dynamics of a system. The origin of
the term autoregressive can best be understood by examining the difference equation of
an AR model:

y) =w) —ary(t —1) —--- —apy(t —n)

which shows that the current value of the output depends on the current noise sample,
w(t), and n past output values.
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A more general signal description extends the filter to include both poles and zeros,

Az YHy(@t) = Cz Hw(r) (3.22)

This structure is known as an autoregressive moving average (ARMA) model and has
the same form as the deterministic difference equation, (3.18). However, in this case the
input is an unmeasured, white-noise, process disturbance so the ARMA representation
is a stochastic model of the output signal. In contrast, equation (3.18) describes the
deterministic relationship between measured input and output signals.

3.3.2.3 Parametric Models of Stochastic Systems Parametric discrete-time
models can also represent systems having both stochastic and deterministic components.
For example, the autoregressive exogenous input (ARX) model given by

Az Yy@) = B Hu@) + w() (3.23)

(A) w;(t) wa(t)
Gc(2) b Gp(2) 2

u(t) Gd2)Gyl2)
1+ G((2)Gy(2)

(1 G2) ., +Z\ (1)
1+ G(2)Gy(2) \=/
+

wy(f) 1
1+ G(2)Gy(2)

Figure 3.7 Two equivalent representations of a closed-loop control system with controlled input,
u(t), and two process disturbances, w1 (¢) and wy(z). (A) Block diagram explicitly showing the
feedback loop including the plant G (z) and controller G.(z). (B) Equivalent representation com-
prising three open-loop transfer functions, one for each input. Note that the three open-loop transfer
functions all share the same denominator.
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incorporates terms accounting for both a measured (exogenous) input, u(¢), and an unob-
served process disturbance, w(t). Consequently, its output will contain both deterministic
and stochastic components.

The ARMA model can be generalized in a similar manner to give the ARMAX model,

Az Yy() = B Hu@) + Cz Hw() (3.24)

which can be written as

B(z™Y ciz™hH

y(t) = A(Z_l)u(t) + A(z—l)w

(0

This makes it evident that the deterministic input, u(¢), and the noise, w(t), are filtered
by the same dynamics, the roots of A(z~!). This is appropriate if the noise is a process
disturbance. For example, consider the feedback control system illustrated in Figure 3.7.
Regardless of where the disturbance (or control signal) enters the closed-loop system, the
denominator of the transfer function will be 1+ G.(z)G (z). Thus, both the deterministic
and noise models will have the same denominators, and an ARX or ARMAX model
structure will be appropriate.

However, if the noise source is outside the feedback loop, or if the process generating
the disturbance input contains additional poles not found in the closed-loop dynamics,
the ARMAX structure is not appropriate. The more general Box—Jenkins structure

B(z™YH ciz™h
A" O e

y(@) = w(t) (3.25)

addresses this problem. Here the deterministic and stochastic inputs are filtered by sep-
arate dynamics, so the effects of process and measurement noise may be combined
into the single term, w(#). The Box—Jenkins model is the most general parametric linear
system model; all other linear parametric models are special cases of the Box—Jenkins
model. This is illustrated in Figure 3.8 as follows:

1. The output error model Figure (3.8B) is obtained by removing the noise filter from
the Box—Jenkins model, so that C(z~") = D(z™') = 1.

2. The ARMAX model Figure (3.8C), is obtained by equating the denominator poly-
nomials in the deterministic and noise models (i.e., A(z’l) = D(z’])).

3. Setting the numerator of the noise model to 1, C (z_l) = 1, reduces the ARMAX
model to an ARX structure Figure (3.8D).

4. The ARMA model (Figure 3.8E) can be thought of as a Box—Jenkins (or ARMAX)
structure with no deterministic component.

5. Setting the numerator of the noise model to 1, C(z~!) = 1, reduces the ARMA
model to an AR model Figure (3.8F)
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(A) Box Jenkins w(t) (B) Output Error
c(z™"
D(z™") w(t)
u(t) Bz fz\ z(t) u(t) B(z™ /i\ z(t)
Az Nad Az N
(C) ARMAX { w(t) (D) ARX lw(t)
c(z 1
Az Az
u(d) B(z™) /g z(t) () B(z™" %\ z(t)
Az &/ Az N
(E) ARMA { w(t) (F) AR l w(t)
c(z™ 1
Az Az
z(t) z(t)

Figure 3.8 Taxonomy of the different parametric difference equation-type linear system models.
The input, u(z), and output, z(¢), are assumed to be measured signals. The disturbance, w(t), is an
unobserved white noise process. (A) The Box—Jenkins model is the most general structure. (B—F)
Models that are special cases of the Box—Jenkins structure.

3.4 STATE-SPACE MODELS

An nth-order differential equation describing a linear time-invariant system (3.13) can
also be expressed as a system of n coupled first-order differential equations. These are
expressed conveniently in matrix form as

(t)
y(®)

Ax(t) 4+ Bu(t)
= Cx(t) + Du(t)

(3.26)

This representation is known as a state-space model where the state of the system
is defined by an n element vector, x(t). The n x n matrix A maps the n-dimensional
state onto its time derivative. For a single-input single-output (SISO) system, B is an
n x 1 (column) vector that maps the input onto the derivative of the n-dimensional state.
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Similarly, C will be a 1 x n (row) vector, and D will be a scalar. Multiple-input multiple-
output (MIMO) systems may be modeled with the same structure simply by increasing
the dimensions of the matrices B, C and D. The matrices B and D will have one column
per input, while C and D will have one row per output.

In discrete time, the state-space model becomes a set of n coupled difference equations.

x(t+1)
y(®)

Ax(t) + Bu(t)
Cx(t) + Du(t)

(3.27)

where x(t) is an n-dimensional vector, and A, B, C, D are time-invariant matrices of
appropriate dimensions.

State-space models may be extended to include the effects of both process and mea-
surement noise, as follows:

x(t+ 1) = Ax(t) + Bu(t) + w(t)
y(®) = Cx(t) + Du(t) + v(t)

(3.28)

Note that the terms representing the process disturbance, w(t), and measurement noise,
v(t), remain distinct. This contrasts with the Box—Jenkins model, where they are com-
bined into a single disturbance term.

The impulse response of a discrete-time, state-space model may be generated by setting
the initial state, x(0), to zero, applying a discrete impulse input, and solving equations
(3.27) for successive values of ¢. This gives

h=[D CB CAB CA?B ..]" (3.29)

where h is a vector containing the impulse response, A(7).
Now, consider the effects of transforming the matrices of the state-space system as
follows

At = T AT, Br=T"'B
CT = CT, DT = D

(3.30)

where T is an invertible matrix. The impulse response of this transformed system will be
T
hr(k) = [DT CrBr CrATBr .. ]
—[0 crT'B CcrrlATT'B ..]"
-0 cB caB ..]

which is the same as the original system. Hence, T is a similarity transformation that does
not alter the input—output behavior of the system. Thus, a system’s state-space model will
have many different realizations with identical input—output behaviors. Consequently, it
is possible to choose the realization that best suits a particular problem. One approach is
to seek a balanced realization where all states have the same order of magnitude; this is
best suited to fixed precision arithmetic applications. An alternative approach is to seek
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Figure 3.9 Impulse response computed from the discrete state-space model of the dynamic com-
pliance of the human ankle.

a minimal realization, one that minimizes the number of free parameters; this is most
efficient for computation since it minimizes the number of nonzero matrix elements.

3.4.1 Example: Human Ankle Compliance — Discrete-Time,
State-Space Model

One discrete-time, state-space realization of the ankle-compliance model, considered
throughout this chapter, is

1.15 —0.606 0.0313
[ e

(3.31)
C=[-0.0330 —0.00413], D=-3.28x10"*

In this case x2(¢) = x1(t — 1), and the input drives only the first state, x1(¢). Thus, in
this realization the states act as a sort of delay line.

Figure 3.9 shows the discrete impulse response obtained from the state-space real-
ization shown above. Compare this with the continuous time IRF shown in Figure 3.3.
Notice that the continuous-time IRF is smoother than the discrete-time version. This
jagged appearance is largely due to the behavior of the IRF between sample points.

3.5 NOTES AND REFERENCES

1. Bendat and Piersol (1986) is a good reference for nonparametric models of linear
systems, in both the time and frequency domains.
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2. The relationships between continuous- and discrete-time signals and systems are
dealt with in texts on digital signal processing, such as Oppenheim and Schafer
(1989), and on digital control systems, such as Ogata (1995).

3. There are several texts dealing with discrete-time, stochastic, parametric models.
Ljung (1999), and Soderstrom and Stoica (1989) in particular are recommended.

4. For more information concerning state-space systems, the reader should consult
Kailath (1980).

3.6 THEORETICAL PROBLEMS

1. Suppose that the output of system is given by

T
Y (1) =/ h(t, Du(t — 7)dt

e s this system linear?
e Is this system causal?
e Is it time-invariant?

Justify your answers.
2. Compute and plot the frequency response of the following transfer function,

s—2

H(S):s+2

What does this system do? Which frequencies does it pass, which does it stop? Com-
pute its complex conjugate, H*(s). What is special about H(jw)H*(jw)?

3. Draw a pole-zero map for the deterministic, discrete-time parametric model,
y(@) =u() —025u(@ — 1) +0.5y(r — 1)

Next, compute its impulse response. How long does it take for the impulse response
to decay to 10% of its peak value? How long does it take before it reaches less than
1%? How many lags would be required for a reasonable FIR approximation to this
system?

4. Consider the following state-space system
x(t+ 1) = Ax(t) + Bu(t)
w(t —1) = Gw(t) + Hu(t)
y(t) = Cx(t) + Ew(t) + Du(t)

Is this system linear? time-invariant? causal? deterministic? Compute the system’s
response to a unit impulse. Can you express the output as a convolution?
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3.7 COMPUTER EXERCISES

1. Create a linear system object. Check superposition. Is the system causal?
2. Transform a linear system object from TF to IRF to SS.

3. Excite a linear system with a cosine—look at the first few points. Why isn’t the
response a perfect sinusoid?

4. Generate two linear system objects, G and H. Compute G(H (1)) and H(G(u)). Are
they equivalent. Explain why/why not.



CHAPTER 4

MODELS OF NONLINEAR SYSTEMS

This chapter describes the different nonparametric structures used to model nonlinear
systems and demonstrates how these model structures evolved from the linear models
presented in Chapter 3. As before, a running example will be used to illustrate the differ-
ent model structures and the nature of the insights they provide. The chapter concludes
with a presentation of the Wiener—Bose model as a general structure for nonlinear mod-
eling and shows how the other models described in the chapter may be regarded as
special cases of the Wiener—Bose structure.

Methods for the identification of nonlinear models will be presented in Chapters 6-8,
grouped according to estimation approach rather than model type.

4.1 THE VOLTERRA SERIES

Chapter 3 demonstrated that a linear system can be modeled by its impulse response,
h(t), and how because of superposition the response to an arbitrary input can be predicted
using the convolution integral

T
y(t) = / h(t)u(t — 1) dt
0

Suppose, instead that the output of a system, N(u(¢)), is given by the convolution-like
expression

T T
N(u(t)) = / / h? (1), )ut — t)u(t — ©) dr doa 4.1
0 0

Identification of Nonlinear Physiological Systems, By David T. Westwick and Robert E. Kearney
ISBN 0-471-27456-9 (© 2003 Institute of Electrical and Electronics Engineers

57



58 MODELS OF NONLINEAR SYSTEMS

What kind of system is this? The response to an impulse, §(¢), is given by
T pT
NG@®) = f f h® (21, )8t = 11)8(t — w) duidy
0o Jo

T
= / W (1, )8t — 71) dTy
0
=h®@,1) (4.2)

but the response to the scaled impulse, a4 (), is

T T
N(aé(t)):/ / h? (11, 0)ad(t — 11)as(t — ) dti dTo
0 0
=a’h?(, 1) (4.3)

Thus, if the input is multiplied by a scale factor, «, the output is scaled by its square,
2 .
o, that is,

N - u(?)) = o - Nu(1))

The system does not obey the scaling property and thus it is not linear.

In fact, this is a second-order nonlinear system, since it operates on two “copies”
of the input. As a result, scaling the input by a constant, «, generates an output scaled
by the square of the constant, . In general, an order n nonlinear system operates
on n copies of the input; scaling the input by « will scale the output by «”. In this
context a “zero-order” nonlinear system produces a constant output, regardless of the
input applied. Furthermore, a linear system can be regarded as a “first-order” nonlinear
system that operates on one copy of the input and therefore generates an output that
scales linearly with the input magnitude.

These ideas led Volterra (1959) to generalize the linear convolution concept to deal
with nonlinear systems by replacing the single impulse response with a series of multi-
dimensional integration kernels. The resulting Volterra series is given by

y(t):Z/ / WY, tu — ) ...
4=070 0

ot —1y)dr .. dyy “4.4)

The summation index, g, is the “order” of the nonlinear term. As with polynomial
coefficients, the superscript in parentheses indicates the order of the term (kernel in this
case). For example, setting ¢ = 0 gives the zero-order term, which produces a constant
output, irrespective of the input,

y (1) =h® (4.5)
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Setting ¢ = 1 gives the first-order, or linear, term generated by the linear convolution
integral

T
ymayzf WO @u@ —1)dr (4.6)
0

It may be tempting to think of the first-order kernel, h¥'(7), as the system’s impulse
response. However, this will not be the case in general, since a system’s impulse response
will contain contributions from all its Volterra kernels. For example, the response to a
unit impulse input of a system having both zero- and first-order terms will be the sum
of the outputs of both kernels,

h® +hM @)
rather than the response of the “linear kernel,”
hD (1)

Indeed, a system’s first-order kernel will be equal to its impulse response only when all
other kernels are equal to zero—that is, when the system is linear.

The second-order Volterra kernel describes nonlinear interactions between two copies
of the input via the generalized convolution:

o0 o0
Y2 = f / h? (1), )ut — u(t — ) dr dn 4.7
0o Jo
Note that the second-order Volterra kernel is symmetric,
h® (1, 1) = h? (13, 7)

since interchanging the two indices is equivalent to interchanging the two copies of
the input, u (¢ — 71) and u(t — 12). Furthermore, a single impulse can be thought of as a
coincident pair of impulses. Thus, the diagonal elements of the second-order kernel, where
71 = T, describe the component of the response that scales with the input magnitude
squared.

Similarly, the nth-order Volterra kernel describes nonlinear interactions among n
copies of the input. The kernel is symmetric with respect to any exchanges or per-
mutations of integration variables, 11, 72, ... , T,, and the kernel’s diagonal (11 = ©» =
.-+ = T,) corresponds to that component of the impulse response that scales with the nth
power of the input amplitude.

4.1.1 The Finite Volterra Series

So far, the Volterra series has been presented in continuous time, and its output is com-
puted using a series of generalized convolution integrals. Chapter 3 showed that IRFs can
be represented in both continuous (3.8) and discrete (3.9) time. It is possible to compute
the continuous-time convolution integral numerically, but it is more efficient to represent
the system in discrete time and replace the integrals with summations. The same is true
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for the Volterra series, which can be represented in discrete time as

YO =D (AN Y V(L ut =) u(t — 1) (48)

q=0 71=0 74=0

Henceforth, the sampling increment, A;, will be taken as 1 to simplify the notation.
Furthermore, for any practical model, the maximum kernel order, Q, and the kernel

memory length, 7', must be finite. Since the sampling rate, 1/A;, is also finite, the overall

model will be finite-dimensional. The finite, discrete Volterra series model is given by

Q0 T-1 T-1
YO =YY" Y D (ryru =) Lt — ) (4.9)
q=011=0 74=0

4.1.1.1 Example: Peripheral Auditory Model The application of the Volterra
series will be illustrated by using it to model the nonlinear response of the cochlear nerve
to an auditory input. Pfeiffer (1970) modeled this response using the structure shown in
Figure 4.1; this consisted of two linear bandpass filters separated by a half-wave rectifier.
He showed that this model reproduced important features of the peripheral auditory
response, including two-tone suppression, and used it to study the effects of various inputs
on the identification of linearized models of the auditory system. Although Pfeiffer did not
associate the model’s elements with underlying mechanisms, Swerup (1978) subsequently
suggested that the first band-pass filter arose from the frequency selectivity of the basilar
membrane while the hair cells were responsible for the rectification. Similar models have
been used to describe other sensory encoders (French and Korenberg, 1991; French et al.,
1993; Juusola et al., 1995).

This section will illustrate the Volterra series representation of this model. Similar
illustrations will be provided for all model structures described in this chapter.

To transform the model of Figure 4.1 into a Volterra series representation, the nonlin-
earity must first be expressed as a polynomial. This was done by fitting a Tchebyshev
polynomial to a half-wave rectifier over the output range expected for the first linear
element, [—0.25 0.25]. An eighth-order polynomial was used since it provided the best
compromise between model accuracy and complexity.

The LNL cascade model of Figure 4.1 was then converted to a Volterra series model
using the method to be described in Section 4.3.3. Figure 4.2 shows the resulting first-
and second-order Volterra kernels. Since the system is causal, kernel elements will be zero

1%t Linear IRF Static nonlinearity 2" Linear IRF
400 : , 40 — T 400 ; :
[O) - g
3 200 . g 20| ] 2 200 —
—_— - = - = ——

Q. =3 Q
£ o €
< o 0 < O0OF

[ ! I I | !

0 05 1 15 -0.2 0 0.2 0 05 1 15
Lag (ms) Input Lag (ms)

Figure 4.1 LNL cascade model of signal processing in the peripheral auditory system.
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Figure 4.2 Volterra kernels computed for the peripheral auditory model. (A) First-order kernel.
(B) Second-order kernel.

for any argument (zj ... 7,) less than zero. Thus, the first-order kernel is displayed for
positive lags only while only the first quadrant of the second-order kernel, where both t;
and 1, are > 0, is shown. Moreover, as discussed above, the second-order kernel, shown
in Figure 4.2B, is symmetric about its diagonal.

A full representation of this model would require kernels of order O through 8. How-
ever, there are no practical methods to display kernels of order greater than 3. More-
over, high-order Volterra kernels are not useful for computation/simulation purposes
because the high-order convolutions involved are very expensive computationally. For
example, using equation (4.9) to compute the output of a second-order (i.e., g = 2) ker-
nel requires 72 multiplications and 7% additions per data point, or 2N T2 flops overall.
The three-dimensional convolution needed to compute the output of a third-order kernel
involves 2N T3 flops. Taking maximum advantage of the symmetry in the kernels (see
Section 4.1.3 below) could reduce these flop counts to NT2 and NT3/3, respectively.
Nevertheless, the computational burden still scales with 79, where ¢ is the kernel order.

Dimensions  The peripheral auditory model was used to demonstrate a mechanism that
explained several observed phenomena. It is unlikely that the scalings actually represent
any physiological system. However, for the sake of argument, it will be assumed that
the input signal is the voltage measured by a microphone and that the output is the



62 MODELS OF NONLINEAR SYSTEMS

instantaneous firing frequency of an auditory fiber. Thus, for purposes of discussion, the
input will be measured in volts (V) and the output will be expressed in terms of pulses
per second (pps).

The zero-order kernel of the model must produce an output, in pps, regardless of
the input. Thus, the zero-order kernel must have the same dimensions as the output,
namely pps.

As with the linear IRF, the first-order kernel is multiplied by the input and is integrated
with respect to time. Thus dimensions of the first-order kernel must be pps/(Vs), which
simplifies to 1/(Vs?). A similar argument leads to the conclusion that the second-order
kernel must have dimensions of pps/(Vs)?Z, or 1/(V?s?). Since the dimensions associated
with the Volterra kernels can easily become unwieldy, they are often simply reported as
“amplitude,” leaving the reader to determine the appropriate dimensions.

Assigning the correct dimensions to the elements of block structured models, such as
that shown in Figure 4.1, involves subtleties that will be discussed in Section 4.3.

4.1.2 Multiple-Input Systems

The terms of the single-input Volterra series of equation (4.9) involve products of lagged
inputs, u(t —71)-u(t—12) ... -u(t — 75), multiplied by kernel values, h(q)(rl, .., Tg).
Marmarelis and Naka (1974) extended this structure to model multiple-input systems by
formulating a multiple-input Volterra series in which each term contains products of
lagged values of one or more inputs.

Consider an order g nonlinear system with m inputs, u(z), u>(t), ..., u;,(z). The
first-order terms, analogous to those of equation (4.9), will involve only a single lagged
input. Thus, there will be m first-order kernels, one for each input, with the same form
as for the single-input model. Thus,

m T-1
Y =3" {Z bV (2)ui (¢ — r)} (4.10)

i=1 Lr=0

where hi(l) is the first-order kernel associated with the ith input, u; ().
The second-order terms for the single-input system of equation (4.9) are given by

T—-1T-1

YP0 =" WP, m)ut — mut — )

71=0 10=0

The second-order terms for a multiple-input system are analogous, except that the pairs
of lagged inputs in each product need not come from the same input. This gives rise
to two types of second-order terms: self-terms, involving the same input (e.g., u1(t —
T1)u1(t — 1)), and cross-terms, involving different inputs (e.g., u1(t — t))us(t — 12)).
Thus, for an m input system, the complete second-order term would be

m T—1T-1

YO0 =313 3 b (@ mui e — uir — )

i=1 | 1=01,=0

+ 333 hP (. wuile — Tt — 1) @.11)

j=i+111=01,=0
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The “self-terms” are generated by self-kernels, hl(l2 ), that act on a single input. The
@
h;”,
Note that the second-order self-kernels, hl(l2 )(r], Tp) are symmetric, since interchanging
the lag values corresponds to interchanging two copies of the same input. However, the

“cross-terms” are produced by cross-kernels, that act on different inputs.

cross-kernels, hl(J2 )(rl, 77), are not symmetric, in general, since interchanging two lag
values is equivalent to interchanging two different input signals.

The complete multiple-input Volterra structure may be illustrated by considering a
second-order system with two inputs: u1(¢) and uy(¢). Its Volterra series will include
a zero-order kernel, two first-order kernels (one for each input), two second-order self-
kernels, and one second-order cross-kernel, as illustrated in Figure 4.3. The overall output
will be given by

y = h(o) + /’l(ll) * Uy + h;l) * U

+h§21)>x<u1*ul—i—hgzz)*ul*uz—i-hézz)*uz*uz

where the asterisk denotes a convolution integral and multiple asterisks denote multiple
convolutions.

In principal, this structure may be extended for higher-order systems. However, as the
system order and/or the number of inputs grows, the number of kernels explodes. By
counting all permutations and combinations, it can be shown that an m input system will
have (m + g)!/m!q! kernels of order g. As a result, the multiple-input Volterra series
approach is only practical for low-order systems with two or at most three inputs.

uy (1)

up (t)

4 )

Figure 4.3 The elements of a two-input, second-order Volterra series model.
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4.1.3 Polynomial Representation

There is a direct correspondence between Volterra series models and the multiple-input
power series, M. Consider, for example, the second-order Volterra kernel, whose output
is given by

T-1
YO0 = Y WP, mu — rut — 1)

T1,72=0
which can be written as
T—1
Y0 = Y0 hP @, m)MP @t — 1), ut — 1) (4.12)
T1,72=0

The change in notation demonstrates that each element in h® (1, 72) corresponds to the
coefficient associated with a polynomial term, since

MPD @t — 1), ut — ) =ult — 1) - u(t — )

Recall that the Volterra kernels are symmetric. This is also true for the terms of the
multiple-input power series. For example,

MP @t — 1), ut — ) = MP U@ — ), ut — 1))

Therefore summing over a triangular domain, rather than the usual rectangular domain
of the second-order convolution, will eliminate the redundant symmetric terms. Thus,
equation (4.12) can be rewritten as

T—-1T-1
YW =Y P MP (u(t — mut - ) (4.13)
71=0 12=T1]

where the coefficients, cﬁf?,z, are related to the elements of the second-order Volterra
kernel by

ey =h® (m, 7))

oy =P, jFEk
Thus, each unique polynomial term, M@t — 1)), u(t — 1)), has a corresponding
. . ¥)) . . . .
polynomial coefficient, ¢7 +,, given by summing all corresponding (symmetrically placed
and equal) kernel values.
Applying this change in notation to the entire finite Volterra series (4.9) gives

0 T-1T-1 T—1
YO =YD Y MD — ) ult — 1) (4.14)
g=011=012=11 Tg=Tg—1

where MD (u(t—11) .. .u(t—14)) is the product of the ¢ lagged inputs u(t —11) ... u(t—
74). Note the summation in equation (4.14) takes place over a “triangular” domain in
g dimensions, rather than over the rectangular region of the usual formulation (4.9).
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Therefore, the order g polynomial coefficient ci‘,{)_,,,q will be equal to the sum of the

(equal) kernel values for all permutations of the indices 11, ... , 74.

4.1.4 Convergence Issues()

The “traditional wisdom” regarding convergence of Volterra series is that any time-
invariant, continuous, nonlinear operator can be approximated by a finite Volterra series.
Indeed, this “folk theorem” [to borrow a term from Boyd and Chua (1985)] is not far
removed from the early convergence and approximation results, summarized in Rugh
(1981). This section will examine convergence issues more rigorously.

It is first necessary to consider the concept of continuity. A loose definition is that an
operator is continuous if small changes in the input history lead to only small changes
in the output. This can be stated more rigorously as follows. Let u(¢) be a bounded,
continuous function defined on the real line, u(r) € C(IR), and let ¢ > 0 be real. Let
v(t) € C(IR) be another bounded continuous function. Define a “small” difference in the
previous inputs as

sup [u(t) —v()| <6 (4.15)

t<0

which states that the largest absolute difference between u(z) and v(t), for ¢+ < 0, is
less than some positive number 8. Then, if N is a causal, continuous operator, for every
€ > 0 there will be a positive real number, § > 0, such that for any bounded, real signal
v(t) that satisfies equation (4.15) the difference between the current outputs will be less
than €. Thus

IN((0)) = N@(@0)| <€ (4.16)

That is, an operator is continuous if for any positive €, there is a number § such that for
any signal v(z) satisfying (4.15), equation (4.16) also holds.
For example, the peak-hold system,

N(u(t)) = supu(r) 4.17)

<t

is a continuous operator. Choosing § = €, (4.15) implies (4.16) since a maximum differ-
ence of § in the inputs can lead to a difference of at most § in their peak values.

Section 4.1.3 showed that the Volterra series may be viewed as a multiple-input,
polynomial expansion. Therefore, the Stone—Weierstrass theorem, which describes the
approximation properties of polynomial expansions, can be used to establish the approx-
imation properties of the Volterra series. Indeed, the early convergence results were
obtained by applying the Stone—Weierstrass theorem directly to the Volterra series. Boyd
and Chua (1985) gave a typical statement of the convergence results for continuous
nonlinear operators.

Theorem 4.1 Let K be a compact subset of L2[0, 7], the space of square integrable
functions defined on the closed interval 0 < ¢ < T, and let N be a causal continuous
mapping from K to C[0, T], the space of bounded continuous functions on [0, 7], that
is, N : K — CJO0, T]. Then, there is a Volterra series operator, N, such that for all € > 0,
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ueckK,and 0 <t <T, we have
IN(u(r)) — N(u(t)| < €

This is a rigorous statement of the ideas stated informally above. For any continuous,
time-invariant, nonlinear system N, there is a Volterra series operator, N such that the
largest difference between its output, and that of the original system, is bounded by
an arbitrarily small €. However, this only holds for inputs belonging to K, a compact
subset of L2[0, T']. This restricts the input set to finite-duration, square-integrable signals.
Persistent inputs such as unit steps or sinusoids, typically used for system identification,
are not in the input set. Furthermore, the Dirac delta function is not square-integrable
and so it is also excluded from the input set. Thus, these convergence results do not hold
for many inputs of practical interest.

Any convergence analysis involves trade-offs between the generality of the input set
and the model class. Extending the input set to include more useful signals requires
placing additional restrictions on the class of models that can be approximated. The
problem, then, is to find a combination of useful model classes and input sets for which
convergence results can be derived. The foregoing analysis was derived for continuous
operators for which a small change in the input history leads to only a small change
in the current output. The time at which the input change occurs is not considered, so
it is quite possible for a continuous system to have an infinite memory. The peak-hold
system, considered above is such a case; it is continuous but has infinite memory. The
convergence results stated above were derived for systems with infinite memory, but
could only be obtained by severely restricting the input set to finite duration signals.

To expand the input set, Boyd and Chua (1985) developed a stronger notion of continu-
ity, which they termed fading memory. This extended the previous definition of continuity
by incorporating a weighting function, w(¢), which forces the system memory to “fade.”
The formal development proceeds as follows.

Let w(?) be a decreasing function that maps the positive reals, IRy, to the semi-open
interval, (0, 1], that is, w : IRy — (0, 1], and let it have limit zero as ¢ tends to infinity
(i.e., lim;—, o w(t) = 0). Then, the operator N will have fading memory if

sup |u(t) — v()|w(—t) <8 — IN@(0)) — Nw(@))| <€

t<0

Loosely translated, this says that small changes in the weighted inputs will lead to no more
than small changes in the output. The weighting function is decreasing, with limit zero,
so the system “forgets” inputs in the distant past. Based on this definition, it is evident
that although the peak-hold system is continuous, it does not have fading memory. Static
hysteresis is another example of a continuous, nonlinear system that does not have fading
memory.

Using this definition, Boyd and Chua (1985) obtained the following convergence
result, without invoking the Stone—Weierstrass theorem directly.

Theorem 4.2 Let K be any uniformly bounded equicontinuous set in C(IR), and let N
be any time-invariant, fading memory operator defined on K. Then, for any ¢ > 0, there

is a Volterra operator, N, such that for all u € K, we obtain

IN(u(r)) — N(u(t)| < €



THE WIENER SERIES 67

Note that, in contrast to Theorem 4.1, this convergence result is not restricted to a
finite time interval, [0, T'], nor is the input restricted to a compact subset of the input
space.

Note that the Volterra series operator, N , in Theorem 4.2 is an infinite series of kernels
and is infinite-dimensional in general. Boyd and Chua (1985) extended Theorem 4.2
to show that the output of any fading memory system can be approximated to within
arbitrary accuracy by a finite-dimensional (i.e., finite-memory and finite-order) Volterra
series operator. Of course, finite does not necessarily mean “computationally tractable.”

4.2 THE WIENER SERIES

Wiener (1958) addressed the problem of estimating the Volterra series from input—output
records using analog computations. He recognized that if the Volterra series were orthog-
onalized, its coefficients could be estimated sequentially using projections, an operation
easily implemented with analog circuitry. Wiener’s original derivation focused on this
approach, and it used a Gram—Schmidt procedure to perform the orthogonalization in
continuous time. The analogous, discrete time derivation forms the basis of most develop-
ments of the Wiener series and has been presented in numerous textbooks. This derivation
will not be repeated here. The interested reader is referred to Wiener’s original manuscript
(Wiener, 1958) or to the texts by Marmarelis and Marmarelis (1978) or Schetzen (1981)
for the complete derivation. Rather, the major results will be presented and then it will be
shown how the Wiener series can be viewed as an orthogonal expansion of the Volterra
series.
The Wiener series models a system’s response with a set of operators™*

y(t) = ZGq[k(q)(rl,... L Tg)su(t), f <1 (4.18)
g=0

which apply a set of kernels, the Wiener kernels k'@, g = 0. .. 00, to the input history,
u(t’),t’ <t, to generate the output, y(z).
The output of the zero-order operator, Go[k(O); u(t)], is a constant,

Golk”; u(r)] = k© (4.19)

and therefore is independent of the input.
The output of the first-order Wiener operator is given by

T-1
GikV @i uml =) kP @u ~ 1) (4.20)

=0

which is the same linear convolution as for the first-order Volterra kernel [see equa-
tion (4.6)]. If the input is a zero-mean, Gaussian process, then G [k(l)(r); u(t)] will also

*Traditionally, the elements in the Wiener series have been called functionals rather than operators. However,
the G4 map functions onto other functions, and are therefore operators. Strictly speaking, functionals map
functions onto values. (Boyd and Chua, 1985).
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be a zero-mean Gaussian process; consequently it will be orthogonal to any constant,
including the output of the zero-order operator.
The output of the second-order Wiener operator is given by

T—-1T-1
Golk® (z1, ) u®)] = Y Y kP (1, m)u(t — tu(t — 1)

71=0 1p,=0

T-1
—o? Z k?(, 1) (4.21)

=0
The expected value of the output of G is

T—-1T-1

E[Gak® @, myiu]] = 32 3 kD (@, ) Elut = mu( - )]

71=0 1p,=0

T-1
—o? Z k@ (z, 1)

=0
=0

since E[u(t — t)u(t — )] = 03&1,,2. Thus, G, will be orthogonal to Gg, and any
other constant. Furthermore, all terms in G, - G| will involve products of odd num-
bers of Gaussian random variables, and therefore it will have expected values of zero.
Consequently, the outputs of G, and G| will be orthogonal also.

Note that the output of an odd-order operator is automatically orthogonal to that of
any even-order operator, and vice versa. Thus, constructing a Wiener operator of order
q, only requires orthogonalization against operators of order ¢ — 2m, for all integers
m between 1 and g/2. The general form of the order ¢ Wiener operator is given by
(Marmarelis and Marmarelis, 1978; Rugh, 1981)

YO ) = Gk V(zy, ..., 7p); u(®)]

La/2] (—1)"om

:q! 2_: m'2m(q Qm)v Z Z

Tg—2m=0
T—1 T—1
Z Z KTy, ooy Tgams JUs Jis oo e s s Jm)
=0 ju=0
X u(t—11)...u(t — Ty—2m) (4.22)

which will be orthogonal to all lower-order operators, both even and odd.

4.2.1 Orthogonal Expansion of the Volterra Series

Section 4.1.3 showed that the Volterra series can be regarded as a multiple-input power
series. As with any other polynomial expression, this power series can be replaced with an
orthogonal polynomial. Indeed, Sections 2.5.1-2.5.2 showed that the use of orthogonal
polynomials may avoid the numerical conditioning problems involved in estimating the
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coefficients of power series. Consequently, it is to be expected that expanding the Volterra
series with orthogonal polynomials would have similar advantages. For the Wiener series,
where the input is assumed to be white Gaussian noise, the Hermite polynomials are the
family of choice. Therefore, this section will expand the Volterra series using Hermite
orthogonal polynomials and show that the resulting series is equivalent to the Wiener
series.

If the input to a Volterra series is a white, Gaussian process with unit variance,
then the polynomial terms, M@ (u(t — 71) ... u(t — 7,)), in equation (4.14) will involve
only products of orthonormal, Gaussian random variables. Consequently, by expanding
the Volterra kernels using the multiple-input Grad—Hermite polynomials, discussed in
Section 2.5.5, equation (4.14) can be rewritten as

0 T-1 T-1

YO =Y D > HO W — ), u — 1) (4.23)

g=0T1=0  Tg=Tg-1

where the terms of different orders will now be orthogonal. Note that ¥ (4 is used to rep-
resent the Hermite polynomial coefficients, to distinguish them from ¢D, the coefficients
of the power-series expansion in equation (4.14). If u(¢) is not white, or is non-Gaussian,
or doesn’t have unit variance, equation (4.23) will remain a valid model but the terms
will no longer be mutually orthogonal.

If the input does not have unit variance, it is possible to restore orthogonality by
expanding the polynomials using normalized signals and then correcting for the resulting
scaling. To do so, make the substitution

t—1y)

HD (@t —11). ... ult — 15)) —> oI HD (”(t mi S ) 4.24)
Oy

Oy
(q)

resulting in the normalized form of the Grad—Hermite polynomials, 7. For example,
the normalized form of the second-order Hermite polynomial is

HQ W) = o2H (1) /o)

=0, (u(®)/0,)* = 1)

2
u

= uz(t) -0
where the subscript A denotes the normalized polynomials.
Thus, for a white, Gaussian signal with variance cruz, the orthogonal expansion will be

0 T-1 T—1
YO =3 Y 0 HP @ - ). u - 1) (4.25)
q=01;=0 Tg=Tg—1
Note that both the polynomials, H(q), and the coefficients y @), will depend explicitly on
the input variance, auz, due to the normalization in equation (4.24).
Equation (4.25) can be transformed by scaling and arranging the Hermite polynomial
coefficients, ¥ @), so that they become the elements of the system’s Wiener kernels. For
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example, the output of the second-order Hermite polynomial terms,

T—-1 T-1
2
YO0 =Y Yy P HQ @ — 1), ut — )
11=012=T]
T—-1 T-1
=3 > v, (u = ut — ) - 0261,
71=0 12=T7]

can be rewritten as the output of a second-order Wiener kernel, k@ (11, 1), as follows:

T—1T-1 T-1
Y0 =Y kP mut -t — 1) —of Y kP (r,1) (4.26)
71=0 1p,=0 =0

where the kernel elements are related to the coefficients of the Hermite polynomial by

(2)

Y1,
%, T <n
2 _ (2) _
K (11, 12) = | Yo TI=10 4.27)
2
—Vr(z,)rl 1 >1
2 9

The final term in equation (4.26), which is the term that normalizes the second-order
Wiener kernel against all zero-order operators, is generated by the UMZ term in the single-
input second-order Hermite polynomial

HQ () = u?(t) — o}

Note that the polynomial coefficients corresponding to off-diagonal kernel elements
are divided by 2, since their contributions are split between two elements.

This demonstrates that the second-order term in the Hermite expansion of the Volterra
series, (4.26), is identical to the second-order Wiener operator (4.21). Similar results
hold for the rest of the Wiener series. Thus, the Wiener operators can be viewed as an
expansion of the Volterra series onto a basis of Hermite polynomials.

4.2.2 Relation Between the Volterra and Wiener Series

The Volterra kernels for a system may be computed from its Wiener kernels, provided
that the complete set is available. Following Rugh (1981), expand equation (4.18) using
equation (4.22):

Y0 = Gglk (. ... 1y)i u(t)]
q=0

o0 Lg/2] T—1 T—1
(=D"oy
=2.4' D i =y 2
q=0 m=0 m2 (q N zm) f1:0 Tq72m:()
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T-1 T-1
X Z...Zk(q)(TIsoo~7Tq—2msj17jls"'7jmvjm)
Jj1=0 Jm=0

X u(t—11)...u(t — tg—2m) (4.28)

From equation (4.4), it is evident that only the nth-order Volterra kernel is convolved with
n shifted copies of the input. Therefore, the kernel can be obtained from equation (4.22)
by collecting all terms where ¢ —2m = n, since only these will include exactly n (shifted)
copies of the input u(z). This gives

o) 2
—1)4(n +2¢)'o,"
(n) _ ( u
W (r,..., 1) = §0 nlg1a
q=

T-1 T-1
X Y Y KM@ i g ) (429)
J1=0 jq=0

The inverse relationship also exists (Rugh, 1981). Given all a system’s Volterra kernels,
the corresponding Wiener kernels are

o0

2q

(n) _ (n+2q)'oy,
K@, ) = Zoin!qm
q:

T-1 T-1
X Y Y M@y g Jg) (430)
=0 jg=0

4.2.3 Example: Peripheral Auditory Model — Wiener Kernels

The Wiener kernels of the peripheral auditory model were computed directly from the
elements of the LNL model, shown in Figure 4.1, by transforming the static nonlinearity
into a Hermite polynomial and applying the methods to be described in Sections 4.3.3
and 4.5.4.*

These Wiener kernels could also have been generated from the model’s Volterra ker-
nels using equation (4.30). However, this would have required all the Volterra kernels
of the system (of order O though 8), and consequently the more direct approach was
used.

Figure 4.4 shows the first- and second-order Wiener kernels of the peripheral auditory
model, evaluated for high- and low-power inputs. Note that the first-order kernels, shown
in Figures 4.4A and 4.4B, do not vary with the input variance. In contrast, the second-
order kernels, shown in Figures 4.4C and 4.4D, change with the power level.

*The method described in Section 4.3.3 computes the Volterra kernels of an LNL model. Replacing the power
series nonlinearity with an equivalent Hermite polynomial transforms the Volterra kernels into Wiener kernels
as shown in Section 4.5.4.



72 MODELS OF NONLINEAR SYSTEMS

A oy=1 B o,=0.1
M 000 — . ® 1000 -
T 500 - T 500
€ S
Q Q
X X
> 0 - (e
-500 . ' -500 . '
0 0.5 1 15 0 0.5 1 15
Lag (ms) Lag (ms)
©)
S
€
N
T
[eV]

Figure 4.4 First- and second-order Wiener kernels of the peripheral auditory model evaluated at
two different input power levels. The first-order kernels for (A) high- and (B) low-input power
levels. The second-order kernels for (C) high power and (D) low power.

To understand what this implies, use equation (4.30) to express the first-order Wiener
kernel in terms of the Volterra kernels:

00 . 2j
14+2))lo,
) _ ( J):0y )
k (r)_zijm
j=0
T-1 T-1
oY w001, 05 0)) (4.31)

o1=0 0;=0

where each term in the sum is multiplied by the input variance, 03, raised to the jth
power. The only term that does not depend on the input amplitude is the j = 0 (i.e.,
first-order) term. Therefore, for the first-order Wiener kernel to be independent of the
input variance, all terms in the sum where j > 0 must be zero or cancel. Consequently,
the observation that the first-order kernel, shown in Figure 4.4, is independent of input
variance, suggests that there are no odd-order dynamics in the system, other than the first-
order term (i.e., hd+2) = 0 for j = 1). Of course, the observed invariance could result
from a coincidental cancellation of all high-order terms for the particular power levels
examined. This possibility could be tested by estimating the kernels using additional
input power levels.

Using a similar argument, it can be shown that if there are no high-order even dynam-
ics, then the second-order Wiener kernel will be independent of the input power level.
Thus, the change in amplitude of the second-order kernel with power level, evident in
Figure 4.4, indicates that higher-order even dynamics are present.
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The overall scaling of the kernels suggests that the nonlinearity in the system contains
high-order even terms but no significant odd terms of order greater than one. This is
consistent with the model; the only significant high-order terms in the polynomial used
to approximate the half-wave rectifier in the peripheral auditory model were even.

4.2.4 Nonwhite Inputs

The Wiener functionals were orthogonalized for white, Gaussian inputs. However, in
many experiments the inputs actually applied are colored, so the Wiener functionals
must be reorthogonalized with respect to actual input spectrum. What does this involve?

The zero-order functional is independent of the input and so does not change for a col-
ored input. The first-order functional, given in equation (4.20), also remains unchanged
since its output will remain zero-mean and therefore orthogonal to the zero-order
functional.

The situation is more complex for the second-order functional whose output must be
orthogonal to those of the zero- and first-order functionals. The latter is automatic. How-
ever, for the zero- and second-order functionals to be orthogonal, Gg[k(z)(rl, 7); u(t)]
must have zero mean. However, the expected value of the output of the second-order
kernel is

r-1 T-1
E| Y kP@ out—mut-w) | = Y kP, 0wt —n)
71,72=0 71,72=0

Therefore, the second-order Wiener functional for a nonwhite input must be

T-1
Galk®(r. )] = Y kP (@, ult — mul — w)
71,72=0
T-1
- Y kP, (i — 1) (4.32)
71,72=0

Note that for a white input, the input autocorrelation will be a discrete delta function,
and so equation (4.32) reduces to equation (4.21). The higher-order Wiener functionals
for nonwhite inputs may be derived similarly.

4.3 SIMPLE BLOCK STRUCTURES

Functional expansions, such as the Volterra and Wiener series, can represent a wide
variety of systems. However, the expressions are often unwieldy, even for relatively
low-order systems. This section describes several simple models, consisting of intercon-
nections of alternating linear dynamic (L) and zero-memory nonlinear (N) subsystems,
that provide very efficient descriptions for a more limited class of nonlinear systems.

4.3.1 The Wiener Model

The Wiener (LN) model (Hunter and Korenberg, 1986; Rugh, 1981), shown in Figure 4.5,
consists of a linear dynamic element in cascade with a static nonlinearity. If the static
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Figure 4.5 Block diagram of a Wiener system.

nonlinearity is represented by a power series

0
m(x(t)) = Z cDxa(r) (4.33)

q=0

then the output of the Wiener model will be

Q T-1 q
Yy =y @ (Z h(T)u(t — z)) (4.34)
n=0 =0

0 T-1 T-1
=Y DY k(). h(ry)
q=0 71=0 74=0
u(t — 7). oult — 1) (4.35)

4.3.1.1 Relationship to the Volterra Series Consider the Volterra series repre-
sentation of a Wiener cascade where the output of the order ¢ kernel is given by

T-1 T-1
YO0 =" Y V(L u =) — 1) (4.36)
71=0 74=0

The only term in equation (4.35) involving the product of ¢ copies of the input is

T—1  T-1
@ Z Z h(t1)...h(tut — 1) ... .ut — 15) (4.37)
‘[|=O ‘Eq=0

Equation (4.37) of the Wiener cascade and equation (4.36) of the Volterra series are the
only terms involving convolutions of an order ¢ kernel with g copies of the input, u(¢).
Therefore, they must generate the same output, and consequently the two convolution
kernels must be equal. Therefore,

WDy, ..., 1) = cPh(r)h(r) ... h(zy) (4.38)

Thus, the order g Volterra kernel of a Wiener system is proportional to the product of ¢
copies of the IRF of its linear element.
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4.3.1.2 Arbitrary Division of the Gain The overall gain of the Wiener model
depends on both the polynomial coefficients and the gain of the linear element. The
distribution of gain is arbitrary; if the gain of the linear element is scaled by k, the
Volterra kernels of equation (4.38) will become

WV (..., 1) = cDkh(r) ... (kh(zy))
= cDkin(ty) ... h(z,)

Consequently, if the polynomial coefficients ¢(¢) are scaled by 1/k9, then

cDpa
WYy, ..., 1) = —a M@ ()

=cDh(ry) ... h(zy)

so the Volterra kernels will remain constant.

Thus, the Wiener model has one degree of freedom that does not affect its input—output
behavior. This can make it difficult to compare models obtained with different data sets
or under different operating conditions. Consequently, it is customary to normalize the
elements of a Wiener model, often by setting the norm of the linear element to 1, and to
incorporate this normalization into the model definition.

Due to this arbitrary division of the gain between the linear and nonlinear elements,
the dimensions of the intermediate signal, x(¢), are also arbitrary. These are sometimes
listed as “arbitrary units” (A.U.).

This also affects the dimensions of linear and nonlinear elements. For example, if
a Wiener cascade were used to represent the peripheral auditory model, whose input
was measured in volts and whose output is measured in pps, the linear element would
transform volts into A.U. and therefore have dimensions of A.U./Vs. The nonlinearities
abscissa would be measured in A.U., and its ordinate would be measured in pps.

4.3.1.3 Testing Volterra Kernels for the Wiener Structure From equa-
tion (4.38) it is evident that any one-dimensional slice, taken parallel to an axis of a
Volterra kernel of a Wiener cascade, will be proportional to the impulse response of the
linear subsystem. For example, evaluating the third-order kernel of a Wiener system,

h® (11, 12, 13) = D h(z)h(r2)h(T3)

along the one-dimensional slice where t; and 7, are held constant, 7y = k1, 0 = k»,
will give

h® (ky, ka, 7) = ¢Dh(ky)h (k)R (7)
= ah(7r)

This property can be used to test an unknown system for the Wiener structure. It is a
necessary condition for the system to have the Wiener structure; if it is not satisfied, then
the system cannot be represented by a Wiener cascade. However, it is not a sufficient
condition, because kernels of other structures may demonstrate the same behavior.

To illustrate this, consider the Wiener system, shown in Figure 4.6, consisting of
a linear IRF followed by an eighth-order polynomial approximation to a half-wave
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Figure 4.6 A Wiener system having the same first-order Volterra kernel and static nonlinearity
as the peripheral auditory processing model shown in Figure 4.1.

(A) 4 T T 3
3 o[ |
2
‘a
g or
ok ! ! |
0 0.5 1 15
7 (ms)
(©) A T JE—— (D) I I
° \ — .. 7y=0.1 b
3 2—\\ 7,=0.2 A _
g- o_‘\ “'-'/' L S e~— .‘_,\ //(./-'-‘T--T..f.:'
< 4 ezl
2F N~ 1 - R |
0 0.5 1 1.5 0 0.5 1 15
75 (MS) 7o (Ms)

Figure 4.7 Testing for the Wiener structure. (A) First- and (B) second-order Volterra kernels
of the Wiener system shown in Figure 4.6. (C) The first three slices (r; = 0, 0.1, 0.2 ms) of
the second-order kernel. (D) The same three slices normalized, as well as offset vertically from
one and other. Comparing A, D, and Figure 4.6 demonstrates that the first-order kernel and the
second-order kernel slices are proportional to the IRF of the linear element.

rectifier. For comparison purposes, the linear IRF was set equal to the first-order ker-
nel of the peripheral auditory processing model used as an example throughout this
chapter. Figures 4.7A and 4.7B show the first and second-order Volterra kernels, respec-
tively. Figure 4.7C shows the first three slices (r; = 0, 0.1, 0.2 ms) of the second-order
kernel. Figure 4.7D shows the same slices normalized to the same amplitude and polar-
ity and then offset slightly to facilitate comparison. This makes it evident that the three
kernel slices are proportional to each other and to the first-order kernel.
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Figure 4.8 (A) The first three slices of the second-order Volterra kernel from Figure 4.2, com-
puted for the peripheral auditory model. (B) The same slices normalized to their peak-to-peak
amplitude. They are not proportional to each other and so the system cannot be a Wiener cascade.

4.3.1.4 Example: Peripheral Auditory Model — Test for Wiener Structure
The same analysis will now be applied to the simplified model of peripheral auditory sig-
nal processing, shown in Figure 4.2, and examined throughout this chapter. Figure 4.8A
shows the first three slices (r; = 0, 0.1, and 0.2 ms, respectively) of the second-order
Volterra kernel. Figure 4.8B shows the same slices, rescaled to the same peak-to-peak
amplitude. It is apparent that the scaled slices are different and therefore that the ker-
nel slices are not proportional to each other. Consequently, the underlying system cannot
have the Wiener structure; this is reassuring since the model actually has a LNL structure.
The Volterra kernels in this example were generated analytically from the model so
that any discrepancy between the normalized kernel slices is enough to eliminate the
Wiener cascade as a potential model structure. In practical applications, the structural
test will be applied to kernel estimates and must account for their statistical uncertainty.

4.3.2 The Hammerstein Model

Figure 4.9 shows the structure of a Hammerstein (NL) model (Hunter and Korenberg,
1986; Rugh, 1981) consisting of a static nonlinearity followed by a dynamic linear system.
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Figure 4.9 Block diagram of a Hammerstein system.

If the nonlinearity can be represented by a power series [see equation (4.33)], the output
of a Hammerstein system can be written as

T-1 (0]
y(t) = Z h(t) Zc(q)uq(t —1) (4.39)
=0 q=0

4.3.2.1 Relationship to the Volterra Series To determine the Volterra kernels for
this model, manipulate equation (4.39) into a form similar to equation (4.9) by expanding
the powers of the input as

ul(t —t)=u@t —u@t — ) ... ult —19)8:,1, .. e,

where §; ; is a Kronecker delta. Substituting into equation (4.39) yields

0 T-1 T-1
YO =Y DN h(rult =) u(t = Tg)8r0y By (4.40)
n=q 71=0 74=0

The order g Volterra kernel of the Hammerstein cascade is obtained by equating order
q terms of equation (4.40) to those of the finite Volterra series (4.9),

WOz, .., 1) = CDh(t)de) 1,00, 23 - 81,1, (4.41)

As with the Wiener model, there is one redundant degree of freedom in the Ham-
merstein model. The overall linear gain can be distributed arbitrarily between the linear
and nonlinear elements without changing the overall input—output relationship. Conse-
quently, it is once again useful to normalize the elements of a Hammerstein system in
some manner and to include the normalization in the model description.

Since the scaling of the nonlinearity is arbitrary, the ordinates of the nonlinearity
and of the intermediate signal will both have dimensions of A.U. (arbitrary units). If
the peripheral auditory model could be described by a Hammerstein cascade, its linear
element would have dimensions of pps/A.U.s.

4.3.2.2 Testing Volterra Kernels for the Hammerstein Structure Equa-
tion (4.41) makes it evident that the Volterra kernels of a Hammerstein system are only
nonzero along their diagonals (z; = 72 = - - - = 7). Furthermore, the diagonals of each
of the kernels, h(q)(rl, ..., 11), will be proportional to the impulse response of the linear
subsystem. These properties may be used to test an unknown system for the Hammerstein
structure.

To demonstrate this, consider first the Hammerstein system shown in Figure 4.10.
The dynamic linear and static nonlinear elements are the same as for the Wiener cascade
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Static Nonlinear

Dynamic Linear
1000 T T
= 500 .
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u(®) | x(1) . y(t)
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Figure 4.10 Elements of a Hammerstein system with the same first-order Volterra kernel and
static nonlinearity as the peripheral auditory processing model in Figure 4.1.

of Figure 4.6, but their order is reversed. Figure 4.11 shows the first- and second-order
Volterra kernels computed for this model. Note that the second-order kernel is zero
everywhere except along the diagonal elements, where 71 = 1. Moreover, Figure 4.11B
demonstrates that the diagonal elements are proportional to the first-order kernel. Fur-
thermore, both the diagonal and the first-order kernel are proportional to the IRF of the
linear element in Figure 4.10.

4.3.2.3 Example: Peripheral Auditory Model — Test for Hammerstein
Structure For comparison purposes examine the second-order Volterra kernel of the
peripheral auditory processing model shown in Figure 4.2. It is clear that many of the
off-diagonal values are much different than zero. This clearly demonstrates that this sys-
tem cannot be described as a Hammerstein cascade, which is again reassuring since the
model has a LNL structure.

4.3.3 Sandwich or Wiener-Hammerstein Models

Another common block structure is the LNL, or sandwich model (Korenberg and Hunter,
1986; Rugh, 1981), comprising two linear systems separated by a static nonlinearity, as
shown in Figure 4.12. This model is also called the Wiener—Hammerstein model or the
Korenberg—Billings model. The output of this system may be determined by convolving
the output of a Wiener system, (4.34), with a linear impulse response. Thus

T—1 1] T—1 q
Y6y =) glo)) @ <Z h(u(t —o — r)) (4.42)
o=0 q=0 =0

4.3.3.1 Relationship to the Volterra Series The Volterra kernels of the LNL
model may be obtained by rearranging (4.42) to have the form of (4.9). To do so, change
the order of the summations to sum over g first, and then make the substitution v = o +7:

0 T—1 o+T—1 q
y(t)ch@Zg(o)( > h(v—o)u(r—v))
q=0 o=0

V=0
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Figure 4.11 (A) The second-order Volterra kernel of the Hammerstein system shown in
Figure 4.10. The kernel elements are zero everywhere except along the diagonal. (B) The first-
order Volterra kernel superimposed on a scaled copy of the diagonal of the second-order kernel.

The dashed line is an off-diagonal slice, which is zero.

Dynamic Linear Static Nonlinear Dynamic Linear

u(t) x(1) w(r)

— h(z) m(-) g(7)

y(@)

Figure 4.12 Block diagram of a LNL cascade model, also known as a sandwich model, a

Wiener—Hammerstein model, and a Korenberg—Billings model.

Finally, rewrite the exponent, g, as a product of g terms:

o+T—-1 o+T—1

o T-1
y(t):Zc(q)Zg(a) Z Z h(vi —o)-...
g=0 o=0

V=0 Vg=0

ch(vg —o)u(t —vy)...u(t — vq))

(4.43)
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Equating the order ¢ terms in equations (4.43) and (4.9) yields the Volterra kernels
of the LNL system as

T-1

Wty ... 1) =P ) g(0)h(ti — 0)h(1y = 0) ... h(zy — 0) (4.44)
o=0

4.3.3.2 Relationship to the Wiener Series The Wiener kernels of an LNL
cascade can be computed from its Volterra kernels, given by equation (4.44), using
equation (4.30). Thus,

LQQ_’U (q+2j)'02] T-1
KV, ..., = Z PG Z Zc
Jj=0 0;j=0
T—1
x 3" glih(xi —i)...h(zy — i)
i=0

h(oy —i)h(o1 —i)...h(cj —i)h(oj — i)

Exchange the order of the summations to give

197%] (q+2))02 T-1
K9 = )" Tz;."c(q“-’)Zg(i)h(n — i) h(ty — i)
j=0 E i=0

. Z Z h(oy — i)h(oy —i)...h(oj — Dh(oj — i)

0;j=0

Note that 7', the memory length of the LNL cascade, is equal to the sum of the memory
lengths of the two linear filters. Thus, if i is chosen such that g(i) # 0, then summing
h(oc —1i) foroc =0...T — 1 will include all nonzero elements of /(7). Therefore, the
sums over oy ...0; can be performed independently of the sum over 7, as follows:

1%54) j
+2j)!o,
k(q)(fl, ceey 'L'q) = Z % (g+2)) <Z h2(0,)>
j=0 CI-]. o=0
T-1
x 3 gh( —i)...h(zy — i) (4.45)
i=0

Everything before the final summation is independent of the lags t;...t,, and thus
it is constant for each kernel. Therefore, by comparing equations (4.45) and (4.44), it
can be seen that the Wiener kernels of an LNL cascade are proportional to its Volterra
kernels. Furthermore, since the Wiener and Hammerstein cascades are special cases of
the LNL model, the same observation will apply to them as well.
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4.3.3.3 Testing Kernels for the LNL Structure As with the Wiener and Ham-
merstein structures, it is possible to derive a test that provides a necessary but not
sufficient condition for the LNL structure. Let V() and h® (1, 1) be the first- and
second-order Volterra kernels of an LNL cascade with linear elements 4(t) and g(t), as
shown in Figure 4.12. Let the two linear elements be causal with memory lengths, T}
and T, respectively, so that

h(t) =0 fort <Qort>T
g(t)=0 fort<Qort>1T

Thus, the memory length of the cascade is T = T1 + T5.
The second-order marginal kernel is the sum of all slices of the second-order kernel
taken parallel to one axis and is given by

T-1
k(z) = Z h? (<, i)
i=0

T-1T-1

= Z Z c®g(e)h(t — o)h(i — o)

i=0 0=0

Given the memory lengths of the individual elements, the extent of the summations may
be reduced to include only nonzero terms:

h—1T-1

k(t) =Y > cPg(o)h(t —o)h(i — o)

o=0 i=0o
Make the change of variables, y =i — o, to get

Th—1T—1

k(t)y =" > cPg(o)h(t — o)h(y)

o=0 y=0

6(2) T1—1

=5 2 ) |hP @
y=0

Thus, for a LNL system, the first-order Volterra kernel will be proportional to the sum
of the one-dimensional slices of the second-order Volterra kernel taken parallel to one
axis, the marginal second-order kernel. That is,

T—1
W) « k(r):Zh(z)(r,i) (4.46)
i=0

As before, this is not a sufficient condition; satisfying (4.46) does not guarantee that
the underlying system is an LNL cascade. However, if the kernels do not satisfy equa-
tion (4.46), then the system cannot be a LNL cascade.

Note also that the Wiener and Volterra kernels of an LNL cascade are proportional to
each other, so this test may be applied to a system’s Wiener kernels as well. Similarly,
the tests for the Wiener and Hammerstein cascade structures can be applied to either the
Volterra or Wiener kernels.
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4.3.3.4 Example: Peripheral Auditory Model — Test for LNL Structure The
simplified model of the peripheral auditory system, shown in Figure 4.1 and used as a
running example throughout this chapter, consists of two bandpass filters separated by a
half-wave rectifier (Pfeiffer, 1970; Swerup, 1978) and thus is a LNL cascade. Figure 4.13
illustrates the application of the LNL structure test, defined by equation (4.46), to the
Volterra kernels of this model shown in Figure 4.2. Figures 4.13A and 4.13B show the
first- and second-order Volterra kernels. Figure 4.13C shows the first four slices (t; = 0,
1, 2, and 3 ms) of the second-order kernel; note that none of these are proportional to the
first-order kernel. Figure 4.13D presents the results of the LNL structural test. The solid
line is the normalized marginal kernel, the sum of all nonzero slices of the second-order
kernel. The circles represent the normalized first-order kernel that is seen to be identical
to the normalized marginal kernel. Thus, these Volterra kernels are consistent with an
LNL structure, which is reassuring since the peripheral auditory model is indeed an LNL
cascade.

4.3.4 NLN Cascades

Figure 4.14 shows the final cascade model to be considered in detail; the NLN model
consisting of a linear system, /(7), sandwiched between two static nonlinearities, m(-)

(A) 1000 . : (B)
500 H 19
C £
=) 0 =
-500 ! '
05 1 15 "(ms
7 (ms)
(C) x108 (D) 4
4 ' —i=0 3 — Marginal
-—i=1 £ O First
—j=2 -
2
= 20 | i=3| ¢
) °
& < 2
ok 2= g 0
RS S
¥ s
1 z -2

1
0 0.5 1 1.5
7 (ms)

Figure 4.13 LNL structure test of the peripheral auditory processing model. (A) First- and
(B) second-order Volterra kernels. (C) The first four slices of the second-order kernel. (D) The
marginal second-order kernel superimposed on the first-order kernel. Both slices have been nor-
malized. The marginal kernel is proportional to the first-order kernel, indicating that the system
could be an LNL cascade.
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Static Noninear Dynamic Linear Static Nonlinear

u(r) x(1) w(?) y(@®)

— my(-) h(t) ma(-) —

Figure 4.14 Block diagram of an NLN cascade model, comprising two static nonlinearities sep-
arated by a dynamic linear system.

and m»(-). The output can be written as

q2

[} 0 T-1
YO =3[ 3 S e - 1) (4.47)
q2=0 q1=0 =0

4.3.4.1 Relationship to the Volterra Series Deriving the Volterra kernels for this
structure is complex because the effects of the two nonlinearities interact. To compute
the Volterra kernels, the output (4.47) must be separated into terms corresponding to each
nonlinearity order. The kernels that generate these terms can then be computed. To do
this, first define the intermediate signal x,(f) as

T—1
20 =Y h(mud (e - 1) (4.48)
=0

the result of filtering the output of the order ¢ term of the nonlinearity, m(-), with the
linear IRF, h(t). The output of the NLN cascade can be written in terms of the x,(¢) as

0>
y() =Y e5” (x0(t) +x1(8) + x2() + -+ x0, (1)) (4.49)
q=0

Expanding the gth exponent in (4.49) gives

q

(xo@®) + -+ +x0,))! = (xg(t) + <1

)xl(t)xg‘l(t)
+ (‘l’)x2<z>xg—1<r> +otx), (t)) (4.50)

where (‘f) = g, the binomial coefficient, is the number of ways of choosing one element
from a set of ¢ elements. Thus, each term of the power series in equation (4.49) contains
a term of the form xg (#) that contributes to the zero-order output. Thus, the output of
the zero-order kernel of the NLN cascade is

Q2
YO0 =" ei"xd 4.51)
q=0
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Note that the constant xq is given by

xo =¥ Z h(7) (4.52)

To obtain the first-order output term, note that the only first-order term in equa-
tion (4.50) is given by the product of x;(¢) with ¢ — 1 copies of xo(¢). Thus, to obtain
the first-order contribution, it is only necessary to expand the binomial

A (o (1) + x1 (1)?

since the higher-order terms, x(7) ... xg, (¢), will contribute only to higher-order outputs
and can be neglected. Thus, the only first-order term [in each term in equation (4.49)] is

(?)cg’)xg ()i (1)

Note that every term in the power series (4.49), for ¢ > 0, includes a first-order out-
put contribution. Summing these first-order terms gives the output of the first-order
Volterra kernel,

02
YO0 =x1(0 Y g x§ 7 @) (4.53)
g=1
so the first-order kernel is
1 & 1
W) =’ | Y q5x§™" | h(o) (4.54)

Thus, the first-order Volterra kernel of the NLN cascade is proportional to the IRF of its
linear element.

Things are more complicated for the second-order kernel. As with the derivation of
the first-order output, higher-order terms in equation (4.50) may be neglected since they
do not contribute to the second-order output. Thus, only the trinomial

AP (xo(8) + x1(1) + x2(0))1

need be considered. Expand that and note that the result will contain two types of
second-order terms:

(cll)xz(t)xgl(t) for g > 1

q -2
<2>x12(t)xg (1) for g > 2
Thus, the second-order kernel output will be a weighted sum of xj 2(1) and x,(¢):

02
YO0 =0 g xd ! +x1(t)2( ) @ d (4.55)

g=1
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Since xf(t) is the output of a Wiener cascade,

T-1T-1

G0 = (V) X Y henhut — mut — )

71=0 1p,=0
and x;(¢) is the output of a Hammerstein cascade,

T—-1T-1

0 =c? Y Y h()s(n — mult — Tult — )

71=0 1o=0

the second-order kernel will have a “Wiener plus Hammerstein” structure,

(%))
2 _

h (1), 1) = (6{”) chéq)xgl h(t)h(r2)
gqg=1

0>
+ 052)2(;])65’”)63_2 h(t1)8(t1 — 12) (4.56)
q=2

The derivation for the third-order kernel is more complicated still since it comprises
the weighted sum of three kernel types. As before, consider the expansion of

S (xo (1) + x1 (1) + x2(1) + x3(1))7

and collect all third-order terms

<‘f>x3(t)xg‘1(t) for g > 1
<g)xl(f)x2(l)xg_2(l) forg >2

(g);c?(t)xg%) for g > 3
The first and last terms will make “Hammerstein-like” and “Wiener-like” contributions
to the kernel, as for the second-order case. The second term generates the output

T-1T-1T-1

DO hh(r)8(ta — Tult — Tult — T)ult — 13) (4.57)

71 =0 '[2=0 ‘L’3=O

and a contribution to the kernel that is proportional to
h(t)h(12)8(r2 — 13) + h(12)h(11)é(T1 — 73) + h(13)h(72)8(T1 — T2)

which is obtained by making the kernel in (4.57) symmetric.
Similar, but ever more complex, manipulations are required to derive the higher-order
kernels; there is no simple formula for determining them. Consequently, since all the
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Volterra kernels must be known to determine the Wiener kernels [see equation (4.30)],
there is also no simple relation for the Wiener kernels of an NLN model.

4.3.5 Multiple-Input Multiple-Output Block Structured Models

Block structured models can be generalized to represent multiple-input multiple-output
(MIMO) systems by replacing the single-input single-output linear filters and static non-
linearities with equivalent MIMO elements. One approach would be to use a bank of
IRFs, one for each combination of input and output signals. However, it will usually
be more efficient to use the state-space model structure, described in Section 3.4, since
dynamics common to multiple pathways need only be represented once.

4.4 PARALLEL CASCADES

The simple block structured models described in the previous section can represent some
high-order nonlinear systems very efficiently—when they are appropriate. However,
many systems cannot be represented accurately by a simple cascade model. For example,
Figure 4.15 illustrates a block-structured model of human ankle stiffness dynamics (Kear-
ney et al., 1997) that incorporates two parallel pathways: one linear and one LNL. The
Wiener and/or Volterra kernels of this model will not pass the structural tests for the
Wiener, Hammerstein, or LNL cascades presented above.

In such cases, a parallel cascade model structure may combine the compactness of
block structured models with the generality of functional expansions. The concept under-
lying the parallel cascade model is to represent the overall system response as the sum
of the outputs from a parallel set of simple block structured models.

Figure 4.16 illustrates a parallel cascade model that uses LNL systems for the indi-
vidual pathways. The overall output is equal to the sum of the outputs of all pathways.
That is,

P (11 0 T—1 q
NOEDIR DI TOPI <Z hi(Du(t — j — r)) (4.58)
k=1 | j=0 q=0 =0
Intrinsic Stiffness Pathway
hys(t)
+
0(t) Ty (1)

Reflex Stiffness Pathway

+
d/dt ngs(-) hRrs(t)

Figure 4.15 Block structured model of the dynamic stiffness of the human ankle, defined as the
dynamic relationship between the ankle angle, 6, and the ankle torque, Ty. The model includes
both intrinsic (upper pathway) and reflex (lower pathway) components.
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Linear Dynamic  Static Nonlinear  Linear Dynamic

hy (7) my (-) g1 (2)

u (t) y(t)

Figure 4.16 A parallel sum of LNL cascade models.

Linear Dynamic Static Nonlinear

hy (@) m ()

h2 (7) my ()
u(t) y (1)

hp(2) mp (")

Figure 4.17 Parallel cascade made up of Wiener systems.

Using this and equation (4.44), it is evident that the Volterra kernels of a parallel LNL
cascade model will be equal to the sum of the kernels of the individual pathways.

P T-1
WOy =Y 1 > s(Dhu(mi — ) (g — ) (4.59)
k=1 j=0

Figure 4.17 shows another, simpler, parallel cascade that uses Wiener systems for the
parallel pathways. The overall output is the sum of the outputs of all pathways, so that, as
before, the Volterra kernels may be obtained by summing the kernels from each pathway.
By collecting terms of the same order, it can be seen that the order ¢ kernel is

P
WOty .. 1) = Y o he(e)h() - . hi(ty) (4.60)
k=1
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4.41 Approximation Issues(’)

Palm (1979) provided the theoretical basis for the parallel cascade model by show-
ing that the output of any continuous, discrete-time, finite-dimensional system can be
approximated by a parallel LNL cascade to within an arbitrarily small error. Korenberg
(1991) extended these results by showing that the output of any discrete-time, continuous,
finite-dimensional system could be approximated, in the mean-square sense, to within an
arbitrarily small error by a parallel Wiener cascade model. He showed further that the
Volterra kernels of a discrete-time, continuous, finite-dimensional system could be rep-
resented exactly by a finite sum of Wiener cascades (Korenberg, 1991). Thus parallel
cascade models can represent not only the input—output behavior of nonlinear systems
but also their Volterra kernels. Note that the Wiener system is simply a special case of the
LNL cascade, so this result also proved that LNL cascades can represent any nonlinear
system, thereby extending Palm’s (Palm, 1979) earlier result.

4.4.1.1 Example: Peripheral Auditory Model — Parallel Cascade Figure 4.18
shows the first three paths of a parallel Wiener cascade representation of the peripheral
auditory model, which is actually an LNL cascade. The parallel cascade model is not

(A) Linear Filters (B) Nonlinearities
1000 T T 1.5 T
[} | 1+ 4
§ 500 E._
Q. >
E ol O 05F B
o} _
-500 L L L
0 0.5 1 1.5 -1 0 1
(C) 1000 T T (D) T
0 - -
(0]
° 500 - E -
2 8 -02} .
Q. >
£ o S
-04F B
_500 1 1 1
0 0.5 1 1.5 -1 0 1
(E) 500 (F) T
0 - -
(0]
g 5
= 5 —01r T
£ 500 ©
-0.2 B
-1000 L ! L
0 0.5 1 15 -1 0 1
Lag (ms) Input

Figure 4.18 First three paths of a parallel Wiener cascade representation of the peripheral auditory
model.
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unique, so there can be no unique transformation from the Volterra kernels to a parallel
cascade model. The cascade shown in Figure 4.18 was generated using the eigenvector
algorithm, to be described in Section 8.2.4.

Figures 4.19A—4.19F show the first- and second-order Volterra kernels determined
using the first one, two, and three pathways. Figures 4.19G and 4.19H show the “true”
kernels computed directly from the model. Note that none of the IRFs in the cascade
resemble the first-order kernel. Nevertheless, the estimated first-order kernel, shown in

—
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Figure 4.19 Volterra kernels of the parallel cascade model of the peripheral auditory model
in Figure 4.18. (A) First- and (B) second-order kernels computed from the first pathway.
(C) First- and (D) second-order Volterra kernels computed from the first two pathways. (E) First-
and (F) second-order Volterra kernels computed from the first three pathways. (G) First- and
(H) second-order Volterra kernels computed from the original model.
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the left column, rapidly approaches the shape and size of the true first-order kernel.
Similarly, the second-order kernel approaches that of the original model.

4.5 THE WIENER-BOSE MODEL

Figure 4.20 shows the structure of the Wiener—Bose model (Marmarelis, 1989; Paulin,
1993), also known as the generalized Wiener model (Marmarelis, 1987b, 1989) or the
Volterra series approximator (Boyd and Chua, 1985). The Wiener—Bose model consists
of a bank of linear filters, whose outputs are transformed by a multiple-input static non-
linearity. Sections 4.5.3—4.5.5 will demonstrate that the Wiener and Volterra functional
expansions, as well as the parallel Wiener cascade, are special cases of the Wiener—Bose
model. Consequently, the Wiener—Bose model provides a common conceptual framework
for the analysis of the model structures discussed in this chapter and for the identification
methods to follow in Chapters 6—8.

To compute the output of the Wiener—Bose model, let xi(¢) represent the output of
the kth filter in the bank,

T-1
() =Y e (Dult — 1) (4.61)
=0
Represent the static nonlinearity, m(:,...,-), as a multiple-input polynomial of
degree Q,
0 P P
MENNIES 55 3 SR S N
q=0k =1 ka=k; kq— g1
MD G, (1), X0, (1), -, xg, (1) (4.62)
where M@ (xq, ..., X4), the gth-order multiple-input polynomial term with arguments

x1 through x4, defined in Section 2.5.5, is simply the product of its arguments. Then, the
output of the Wiener—Bose model is given by

x1(0)
hy (o)
x2(1) _
u(t) hy(7) P-input ()
— static —
nonlinearity
xp(t)
hp(7)

Figure 4.20 Block diagram of a Wiener—Bose model. This structure has also been called the
generalized Wiener model and the Volterra series approximator.
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() = Z Z Z Z kX (O X () g (1) (4.63)

q=0ki=1 kp=k; kq— g—1

4.5.1 Similarity Transformations and Uniqueness

Recall from Section 4.3.1 that the Wiener cascade contains an extra degree of freedom, since

the overall gain may be distributed arbitrarily between the linear dynamic element and the

static nonlinearity. The Wiener—Bose model contains similar redundancies. The FIR filter

bank can be transformed by multiplying it by any nonsingular matrix without changing the

input—output behavior, provided that the output nonlinearity is corrected appropriately.
To facilitate subsequent manipulations, define the following terms:

Lu®) =u@u@t—1 ... ut =T+ D]¥, a vector containing lagged samples of
the input, u(z).
2. G, a T x P matrix* whose columns contain the IRFs in the filter-bank,

h1(0) h(0) ... hp(0)
hi(1) ha(1) ... hp(D)

G= : : : : (4.64)
BT — 1) hy(T —1) ... hp(T — 1)

3. x(t) = [x1 (1) x2(t) ... xp(®)]T, a vector containing the filter outputs at time 7.

Multiplying u(t) by a transposed column of G is equivalent to a discrete convolution
(3.9), so x(t) may be written as a matrix—vector product:

x(t) = GTu(t) (4.65)

Now, if G is multiplied by any nonsingular P x P matrix, T, the IRF output vector
becomes

(GD T ut) =TT GTu(t)
=TT x(t)

The effect of this transformation can be removed by scaling the polynomial coefficients
appropriately. To see this, consider the first-order terms in equation (4.63), whose output
is obtained by setting ¢ = 1 in the first summation. These first-order terms are

yO @) =x(t)Te® (4.66)

where ¢ = [c;
cients.
The equivalent relation for the transformed system is

M ¢ ) cg)]r is a column vector of first-order polynomial coeffi-
1
@ = @ x®)"e®
where the subscript 7 is used to denote the transformed system.

*The logical symbol for this matrix would be H, but that is already used to denote the Hessian.
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Therefore, replacing ¢ with T~ e will correct the effects of the filter-bank trans-
formation on the first-order terms,

y D) = (1Tx(t) T 1e®
=x(t)TTT 1@
=x(t)Tc®

Next, consider the output of the second-order terms. As with the first-order terms,
express the output using vector and matrix multiplications,

y@ @) = xT (t)CPx(t) (4.67)

where C® is a P x P matrix containing the coefficients of the second-order polynomial
terms. To determine how the second-order polynomial coefficients enter into the matrix
C@ | expand the matrix-vector products in equation (4.67) as

P P

YA =) xix;)C? . j) (4.68)

i=1 j=I

Compare this to the second-order terms in (4.63), which are given by

P P
YO =3 ePxi0)x; 1) (4.69)

i=1 j=i

Notice that the second summation in equation (4.69) runs from i to P, whereas both
summations in equation (4.68) run over the full range from 1 to P. Thus, when i # j, the
polynomial coefficient, ct(2]) in equation (4.69), must be split between matrix elements,

CP (i, j) and CP(j, i), in equation (4.68). Thus,

@2 1.2 1.2
€11 2.2 ---26pP
1.2 2) 1.2
@ 2€12 G2 o220 p
c® = (4.70)
1.2 1.2 2)
2€1,p 26,p -+ Cp

If the matrix of IRFs is transformed by T, the second-order output terms will be
¥ = (17x©)" C? (T x(®)"
=x" TCOT x(t)
To compensate for this transformation, replace C? with T-'COT ", giving
y2@) = @x@)” (@' CAT )7 x(1)
= x" (H)CPx(t)

Similar corrections can be developed for the third- and higher-order kernel outputs.
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Thus, the Wiener—Bose representation is not unique; there are an infinite number of
combinations of basis vectors, A, and polynomial coefficients that represent the system
equivalently. However, it may be possible to find a transformation, T, that reduces the
polynomial coefficients associated with one or more filters to zero. Such filters may be
removed from the filter bank, reducing the complexity of the model without changing its
accuracy.

4.5.2 Approximation Issues(’)

Boyd and Chua (1985) analyzed the approximation properties of the Wiener—Bose model,
and proved the following theorem:

Theorem 4.3 The approximation, N, for any time-invariant fading memory operator
given in Theorem 4.2 from Section 4.1.4 can be realized as follows:

x(t) = Ax(t) + bu(r) (4.71)
y(t) = m(x(t)) 4.72)

where x(t) and b are P-dimensional vectors, for some finite P, A is an exponentially
stable P x P matrix, and m(-) : R — IR is a polynomial.

The connection with the Wiener—Bose model becomes evident when it is noted that
equation (4.71) is a state-space description of a single-input, u(¢), P-output linear state-
space system. This is equivalent to a bank of P separate filters, k1 (t), hao(t), ..., hp(T);
ideally these should be chosen to have orthogonal outputs, x1(¢), x2(¢), ..., xp(¢). Sim-
ilarly, the multiple-input static nonlinearity, m, is often expanded using orthogonal poly-
nomials such as the Grad—Hermite polynomials discussed in Section 2.5.5.

4.5.3 Volterra Kernels of the Wiener-Bose Model

The Volterra kernels of a Wiener—Bose model may be determined using a procedure
similar to that employed for the other block structures. From equation (4.9), it is evident
that the output of the order g Volterra kernel involves a g-dimensional convolution of
the kernel with g copies of the input. Thus, only terms in the Wiener—Bose model (4.63)
that involve the product of g signals will contribute to the order g kernel. Therefore,
the polynomial coefficient degree determines the order of the Volterra kernel to which it
contributes.

The combined output of all first-order polynomial terms in a Wiener—Bose model is
given by:

YD) = Zc xi ()

k=1
P T-1
=3 "e" > h(mut - 1)
k=1 =0
T_
=> <Z c,§1>hk(r)> u(t — 1) (4.73)
=0 \k=1
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Comparing this with equation (4.6), it is evident that the first-order Volterra kernel is
given by

P
WV () =" " hi(1) (4.74)
k=1

Similarly, the symmetric second-order Volterra kernel of the Wiener—Bose model is

p P (2

() =) Y C"‘T”‘Z(hk.(n>hk2(rz>+hk2(n>hk1 () (479
k1=1 ko=k;

Analogous expressions can be developed for higher-order Volterra kernels.

4.5.4 Wiener Kernels of the Wiener-Bose Model

This section will develop the relationship between a system’s Wiener—Bose model and
its Wiener kernels. The Wiener orthogonalization depends explicitly on the input, so it
will be assumed to be Gaussian, white noise, with variance 03. The analysis proceeds in
a manner analogous to that used for the Volterra series except that the static nonlinearity
is expressed as a Grad—Hermite polynomial, rather than as a multiple-input power series.
The output of this model, analogous to equation (4.63), is

[
yo=>"
q=0

P P P
Y Y W W MO O, 300, () (476)
= ky=ky 1

ki=1 kp=ky
where Vk(?,)kz,i.., k, is the coefficient of the gth-order Hermite polynomial in the inputs
X (), .., Xk, (?).

For the expansion to be orthogonal, the filter outputs, x4 (), must be orthonormal:
L=
, otherwise

1
Elx;(t)x;@®)] = {0

Since the input is white noise, this leads to the following condition on the filter bank:

1 L

—, i =
hl-Thj = UMZ J

0, otherwise

This can be achieved by computing either the QR factorization or the SVD of G, the
matrix of impulse responses.

Thus, for a white-noise input and for a filter bank whose IRFs are orthonormal,
the terms in equation (4.76) will be orthogonal. There will then be a close relationship
between the Hermite polynomial coefficients and the Wiener kernels.

Consider first the ¢ = 0 term, which leads to the constant output y©@ (1) = 3@,
This has the form of a zero-order Wiener functional and thus will be orthogonal to the
outputs of all higher-order Wiener functionals. Similarly, all higher-order Grad—Hermite
polynomial terms will have zero-mean outputs, and therefore they will be orthogonal
to any constant and thus to any zero-order Wiener operator. Thus, y© is the only
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polynomial term that contributes to the zero-order Wiener kernel, and
k® = 5O 4.77)

The same argument can be used to relate the first-order polynomial terms and Wiener
kernel. For ¢ = 1, we have

P
YO =" y"HD @)

k=1
P
Z Do)

But, x;(t) = hi(t) * u(t). Thus,

T—-1 P

YOO =33y hu — )

=0 k=1

which has the same form as the first-order Wiener operator.

Thus, y(I(r) is orthogonal to the output of any higher-order (or zero-order) Wiener
functional and is orthogonal to the outputs of all other Grad—Hermite polynomial terms.
Hence, y(I)(r) must be the output of the first-order Wiener kernel, so that

P
kO =3y (o) 4.78)
k=1

Similarly, the output of the ¢ = 2 term is given by

P P
Y20 =3 3y HP (i (0, 10, (0))

k1=1 ky=k|
I
2
Z Z iy xkl(nxkz(r)—Zy,f,? (4.79)
=1 ky=k k=1
Using an equation analogous to equation (4.75), construct a potential kernel,
P P y(2)
ki,k
kPt ) =Y Y T2 (hyy (1) (12) + iy (11) B, (22)) (4.80)
ki=1ka=k;

and consider the second term in the second-order Wiener operator (4.21),

T-1
Zk(Z)(L T) = Z Z Z ykl kzhkl (T)hi, (7)
=0

=0 k1=1kp=
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p
Z D Y hig (D (7)
ko=kj

=0

(2)

Thus, equation (4.79) has the same form as a second-order Wiener operator, and
equation (4.80) defines the second-order Wiener kernel of the Wiener—Bose model. In
principle, this argument may be continued for all higher-order polynomial coefficients
and Wiener kernels.

4.5.5 Relationship to the Parallel Cascade Model

It is apparent that a parallel cascade of Wiener systems is a special case of the Wiener—
Bose model in which the nonlinearity contains no cross-terms. The parallel Wiener cas-
cade model generates the outputs of these cross-terms by adding extra pathways. For
such situations the full Wiener—Bose model will provide a more concise representation
than an equivalent parallel Wiener cascade structure.

To examine the relationship between these two structures, consider the example shown
in Figure 4.21, a Wiener—Bose model with two linear filters and a third-order static-
nonlinearity. The linear filters, #1(r) and h>(7), have outputs x1(¢) and x,(t), respec-
tively. The system output is

Y(6) = x] (1) + x1(D)x2(t) — x2(1) (4.81)

Now, construct a parallel Wiener cascade model of this system. The first term in
equation (4.81) can be generated by a Wiener path, (g1(t), m1(-)), with g1(z) = h1(7)
as its linear IRF and m(w;) = wf as its static nonlinearity. Similarly, the last term
can be generated by a Wiener path, (g2(t), m2(-)), with g2(t) = ha(7) as its linear IRF
and mo(wy) = —wy as its static nonlinearity. A third Wiener cascade will be needed to

generate the cross-term, xq(¢)xz(z).

x1 (1)

hy(t)

u(t) y(@®)

—> x?—t—x]xg—xz >

x2(1)

ha(t)

Figure 4.21 Wiener—Bose model used in the examples in Section 4.5.5. The elements are shown
in the top row of Figure 4.23.
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To do so let g3(t) = h1(r) + ha(7) and square its output to give
(@X1(1) + x2(0))% = x7 (1) + 2x1 () x2(t) + x3(1)

This generates the needed cross-terms but also creates two extra terms, xf(t) and x% (1).
These must be removed by adjusting the remaining nonlinearities, m1(-) and m(-). Thus,
the elements of the parallel Wiener cascade are

g1(t) =hi(v) mi(wy) = —0.5w} + w}
22(t) = ha(7) ma(w2) = —wy — 0.5w3 (4.82)
83(1) = hi (1) + ha(r) m3(ws) = 0.5w3

Summing the outputs of the three paths gives the output of the parallel cascade:
y(@) = mi(wi(@)) + ma(wa (1)) + m3(w3(1)) (4.83)

These signals and elements are shown in Figure 4.22, which illustrates this equivalent
parallel Wiener cascade representation of the Wiener—Bose model shown in Figure 4.21.

Note that this the parallel Wiener cascade representation is not unique. For example,
g3(t) can be any linear combination: ahi(t) + Bha(tr), with o # 0, provided that
appropriate corrections are made to the nonlinearities in other pathways. Similarly, there
is an extra degree of freedom in the first-order polynomial terms. Any one may be chosen
arbitrarily, provided that the first-order terms of the other two nonlinearities are corrected.

It is also possible to convert a parallel Wiener cascade model into a Wiener—Bose
structure. First, construct a filter bank with linearly independent IRFs (i.e., no IRF is a
linear combination of the remaining IRFs in the filter bank). This may be done using QR
factorization. Let g; ...g3 be vectors containing the impulse responses g1(7) ... g3(7),
and compute:

rry ri2 ri3
[g1 22 2]=QR=[m1 @ @]| 0 rm ms
0 0 r33

where the columns of Q are orthogonal, so that qiqu = §;,j. In this example, g3 was a
linear combination of g; and g, so r33 = 0, and the filter bank needs to contain only
two IRFs, ¢1(7) and g2(7).

hy () O L3 osu?
u(t) Iy (1) wa(6) - y@)
CET A C—— 0.5u2

Figure 4.22 A parallel Wiener cascade structure that is equivalent to the Wiener—Bose model of
Figure 4.21.
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Let x1(¢) and x,(r) be the outputs of the IRFs gi(r) and ¢»>(t), respectively. Then,
by superposition, we obtain

r r r
v we ws] =[x XZ][ oo r;} (484)

To construct the nonlinearity for the Wiener—Bose model, substitute equation (4.84) into
equation (4.83) so the output is given by

y(t) = —0.5wi (1) + w3 (t) — wa(r) — 0.5w3(r) 4 0.5w3(r)
= —r1ox1 (1) — rpxa (1) 4+ 0.5 (r123 - r%l) 0 (4.85)
+ (r13r23 — ri2r22) x1(1)x2(t)
+0.5 <r223 - r222> X2(0) + 13 a3 (1) (4.86)
(A) Linear Filters (B) Nonlinearities
S
2 =
= <
€
<C
(©) (D) 05k==< < 7
g ~ 0 | \~§ N - i
2 3 M
'?;1 g -0.5F \\ R
< 1t v
\
\
-15 '
~1 0 1
Input

(E) 05 (F)
g 0.25
5 o =
€
<C

-0.25

7 (samples)

Figure 4.23 Three equivalent representations of a nonlinear system. (A) The IRFs of the linear
elements (h1(t), solid, h,(7), dashed) and (B) the two-input nonlinearity of the Wiener—Bose
model of Figure 4.21. (C) The IRFS and (D) Single-input nonlinearities of an equivalent parallel
Wiener cascade. (E) The IRFs and (F) two-input nonlinearity of an equivalent Wiener—Bose model
with an orthogonal filter bank.
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If the IRFs in the original Wiener—Bose system were orthonormal, then hiThj =i j»
ri2 = 0, and r13 = rp3 = 1; the nonlinearity in equation (4.86) would then reduce to
that in the original system (4.81). In all other cases, the nonlinearity will be different,
because the filter bank will have been orthogonalized.

Figure 4.23 shows the three systems discussed in this example. The elements of the
original Wiener—Bose model are illustrated in Figure 4.21A, which shows the IRFs of the
two linear elements, /1(t) and h>(7), and in Figure 4.23B, which is a 3-D perspective
plot showing the output of the static nonlinearity as a function of its two inputs. The
elements of the equivalent parallel Wiener cascade model are shown next; the IRFs of
the linear elements in Figure 4.23C and the SISO static nonlinearities in Figure 4.23D.
Finally, Figures 4.23E and 4.23F show the elements of the Wiener—Bose model derived
from the parallel cascade.

4.6 NOTES AND REFERENCES

1. See Volterra (1959) for the original derivation of the Volterra series.

2. Wiener’s original derivation, in continuous time, assuming a Brownian motion
input, can be found in Wiener (1958).

3. Schetzen wrote a thorough review article (Schetzen, 1981) on the Wiener series,
as well as a textbook describing the Volterra and Wiener series (Schetzen, 1980).

4. Rugh (1981) contains descriptions of the Volterra series, the simple cascade models,
and a derivation of the Wiener series, including the transformations that relate the
Wiener and Volterra kernels.

5. Marmarelis and Marmarelis (1978) is the classic reference for Wiener series mod-
eling and identification.

4.7 THEORETICAL PROBLEMS

1. Consider a system comprising the series connection of h™ (7, ..., 7,), an nth-order
Volterra kernel, followed by g(m)(n, e, Tm)

(a) Write an expression that computes the output of this cascade of nonlinear systems.

(b) Show that the combined system is of order mn, and compute its Volterra kernel.
(Hint: Use the derivation for the Volterra kernels of an LNL cascade as a guide.)

2. Write an expression, analogous to equations (4.74) and (4.75), for the third-order
Volterra kernel of a Wiener—Bose model.

3. Repeat the derivation of the parallel Wiener cascade, presented in Section 4.5.5, but
let g3(t) = ahi(r) + Bhy(t), for any nonzero constants « and 8. Let the first-order
polynomial coefficient in m1(-) be cgl) = y, and compute the remaining first-order
coefficients so that the parallel Wiener cascade is still equivalent to the Wiener—Bose

model in the example.
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4.8 COMPUTER EXERCISES

Run the function ch4/examples.m. This will create the example systems:
ch4_wiener,ch4_hammerstein, and ch4_cascade.

1. Use the Wiener cascade ch4_wiener and

(a) Generate a 1000-point white Gaussian input (as an NLDAT object), and compute
the system’s output.

(b) Convert the model into a Volterra series, and plot the first- and second-order
kernels. Use the Volterra series to compute the response to the Gaussian input.
How long did it take? How does this compare to the time required by the Wiener
cascade?

(c) Convert the model into a Wiener series, using several different values for the
input variance. Does the size of the zero- to second-order kernels change with ¢ ?
Alter the polynomial coefficients in the nonlinearity, and recompute the Wiener
kernels, again using several input power levels.

2. Repeat the previous problem, but use the Hammerstein cascade, ch4_hammerstein.

3. Plot the elements of ch4_cascade, and compute its Volterra kernels. Transform the
model into a Wiener series, using o = 1. Truncate the Wiener series by removing all
but the zero-, first-, and second-order kernels. Transform the truncated Wiener series
back into a Volterra series. What happened? Repeat this experiment using a different
input power level.

4. Compute and plot the second-order Volterra kernel of ch4_structure. Extract a few
slices of the kernel, and plot them superimposed. Are they proportional to each other?
Compute and plot the first-order Volterra kernel of ch4_structure. Is it proportional
to the slices of the second-order kernel? Is ch4_structure a Wiener system? Confirm
your answer by examining its properties (i.e., type get(ch4_structure)).



CHAPTER 5

IDENTIFICATION OF LINEAR SYSTEMS

5.1 INTRODUCTION

This chapter will discuss methods for the identification of the linear system models
described in Chapter 3. The objective is to lay the foundation for the discussion of
nonlinear system identification methods to follow in Chapters 6-8, rather than to provide
a comprehensive review of linear identification methods. Consequently, the focus will
be on the identification of nonparametric, time domain models using a least-squares
framework. Frequency domain and parametric methods will be dealt with only briefly.

5.1.1 Example: Identification of Human Joint Compliance

The identification methods discussed in this chapter will be illustrated using datasets simu-
lated from a second-order, linear, low-pass model of human ankle compliance. Low-order
linear models of this type have been used extensively to describe physiological systems,
including the mechanics of joints (Kearney and Hunter, 1990), air flow through the lungs
(Lutchen and Suki, 1996), and the subthreshold dynamics of neurons (D’ Aguanno et al.,
1986).

Figure 5.1 shows block diagrams of the three simulations that will be used:

1. The “ideal” case, Figure 5.1A, was generated by applying a Gaussian white input
directly to the second-order system. The input and output were sampled at 500 Hz;
Figures 5.2A and 5.2B show a 2-s segment of input and output data for this case.

2. The “broadband” case, Figure 5.1B, was generated by filtering the input and output
from the “ideal” case with an eighth-order, 200-Hz, low-pass, Bessel filter, to rep-
resent the effects of anti-alias filtering. The middle row of Figures 5.2C and 5.2D
illustrate a typical input—output pair for this case.

Identification of Nonlinear Physiological Systems, By David T. Westwick and Robert E. Kearney
ISBN 0-471-27456-9 (© 2003 Institute of Electrical and Electronics Engineers
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v (1)
% y (1)

u(t)

v(t)
Jv\ Anti- y(®)
aliasing

(A) Ideal Case

Ankle

() compliance

(B) Broadband Case

() Ankle
compliance
Anti- vl
. . ——
aliasing
(C) Low-Pass Case v
Ankle Anti- y(®)
n(t) —=  Actuator compliance aliasing
Anti- u(t)
aliasing

Figure 5.1 Block diagrams of the model configurations simulated. 1 (¢) is a white Gaussian noise
signal, u(¢) and y(¢) are the measured input and output signals, and v(¢) is a white Gaussian noise
signal. (A) The “ideal” case where the white noise input was applied directly to the system, and
u(t) and y(¢r) were measured directly. (B) The “broadband” case with anti-aliasing filters added.
(C) The “low-pass” case where p(z) was low-pass filtered by actuator dynamics.

3. The “low-pass” case, Figure 5.1C, was generated by filtering a Gaussian white
signal with a 50-Hz, third-order, low-pass Butterworth filter before applying it
to the second-order system. This filter represents the dynamics of a mechanical
actuator that will often modify inputs. Figures 5.2E and 5.2F illustrate a typical
dataset for this case. Note that the input amplitude was scaled to have the same
variance, or power, as the input for the “ideal” case.

In all three cases, 5000 points, corresponding to 10 s, of data were generated, and an
independent, Gaussian white signal, v(¢), was added to the output of the “Ankle Compli-
ance” block prior to anti-alias filtering and sampling. The noise amplitude was selected
to give a signal-to-noise ratio (SNR) of 10 dB in each case.

Figures 5.3A and 5.3B show the power spectra for the input and the noise-free output
signals for the three cases. The spectra were estimated using an averaged periodogram
that broke the 5000 point records into 40 segments of 125 points.

The “ideal” and “broadband” spectra are virtually identical from O to 50 Hz. The
“low-pass” spectrum was larger than, but almost proportional to, the ideal and broadband
spectra from O to 40 Hz. Recall that the low-pass input was scaled to deliver the same total
power to the system as the other inputs, so that it had more power at lower frequencies
than the other two inputs. The “low-pass” input begins to roll off at 40 Hz due to the
actuator dynamics while the “broadband” input spectrum starts to roll off at about 100 Hz
due to the effects of the anti-aliasing filters.

Figure 5.3C shows the output spectra after the addition of 10 dB of Gaussian white
output noise, before the anti-aliasing filters. It is evident from a comparison of these
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Figure 5.2 Simulated torque (input) and position (output) records from the ankle compliance
model. (A) Ideal input torque. (B) Position output. (C, D) Broadband input and resulting output.
(E, F) Low-pass input and resulting output. The system’s impulse response is shown in Figure 5.4A.

spectra to those in Figure 5.3B that noise effects dominate at higher frequencies (>75 Hz)
as the noise-free output is attenuated.

5.1.2 Model Evaluation

It will frequently be useful to measure how well a model describes an unknown system
and to compare the accuracy of different models of the same system. Throughout this
text, the percent variance accounted for, %VAF, will be used for this. The %VAF is
defined as (Kearney and Hunter, 1983)
GVAF = 100 x Y =) (5.1)
var(y)

where y is a known vector, y is an estimate of it, and var(x) is an estimate of the variance
of the random variable x, given by

| & 1 & ?
var(x) = 5 § x2(1) — (N § x(t))
=1 t=1
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Figure 5.3 Input and output power spectra for the three simulation cases. (A) Input power spectra.
(B) Spectra of the noise-free outputs. (C) Output spectra after the addition of 10 dB of white
Gaussian noise.

A variety of other statistics have been used in the literature. Marmarelis and Mar-
marelis (1978) use the “normalized mean-square error” (NMSE), which is related to the
%VAF by

%VAF
100

Ljung (1999) uses the “loss function,” which is the sum of squared errors (SSE), to
evaluate model accuracy. The SSE is also commonly used in the parameter estimation
literature (Beck and Arnold, 1977). Measures based on the SSE have the disadvantage
of depending explicitly on the length and amplitude of the input signal.

In simulation studies, the “true” (noise-free) output of the system is available. Conse-
quently, a model’s estimates can be evaluated by computing the % VAF between its output
and the “true” output. Other descriptions of the true and estimated behavior (e.g., step
responses, impulse response functions, frequency responses) may be compared similarly.
Such statistics will be termed model %VAFs.

The situation is different for experimental data since the “true” system is unknown and
the measured output will usually be corrupted by noise. Therefore, a model’s accuracy

NMSE =1 —
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must be evaluated by comparing its output with that observed experimentally. Such
9%VAFs will be termed prediction %VAFs. These %VAFs may be computed from an
in sample prediction made with the same data used to identify the model. However,
this runs the risk of overestimating the model’s predictive power since, if the model is
overparameterized, it may describe the noise as well as the system dynamics. This can
be avoided by using a cross-validation prediction where the %VAF is computed using
a dataset that is different from that used for identification. This eliminates contributions
from modeling noise and thus provides a more realistic estimate of the model accuracy.

The choice between in-sample and cross-validation prediction will depend upon the
nature of the application and the amount of data available. Cross-validation is most
appropriate when the model structure is not well-defined and extensive data are avail-
able. Conversely, in-sample prediction is appropriate if the objective is to estimate the
parameters of a particular model structure as accurately as possible, or if there are limited
data. In such cases, in-sample predictions are desirable since all available data are used
in the identification and model estimates will improve with the length of the input data.

5.2 NONPARAMETRIC TIME DOMAIN MODELS

Chapter 3 described two nonparametric, time domain models: the impulse and step
responses. This section will consider how to estimate these models from experimental
data. Techniques to be discussed include (a) direct measurement, least-squares regression
applied to input—output data and (b) cross-correlation between the input and the output.

5.2.1 Direct Estimation

The most straightforward way to determine a system’s impulse response function (IRF)
would be to apply an impulse to the input and record the response. Unfortunately, there
are practical problems with this. First, it is not physically possible to generate an impulse;
the best that can be achieved is a brief pulse of finite amplitude. Thus, even for a perfectly
linear system, the response will be the convolution of the test pulse with the system’s
IRF rather than the IRF itself. If it is possible to apply a pulse that is much shorter
than the IRF, then the resulting convolution may approximate the IRF very closely. This
approach is feasible when the input can be controlled with high bandwidth (e.g., electrical
inputs for neural systems; sound inputs for the auditory system; light inputs for the visual
system). However, in many situations, physical constraints (e.g., inertia in biomechanical
systems) limit the input bandwidth, so that the width of the test pulse will be comparable
to or longer than that of the IRF.

In theory, the pulse shape can be deconvolved from the pulse response. For example,
MATLAB has a function, deconv, which does this. In practice, however, deconvolution
will amplify high-frequency noise so that IRF estimates become noisy. Thus, deconvo-
lution of pulse responses is rarely practical.

Second, the noise level of direct IRF estimates will be determined by the ratio of
the power in the input to that of the noise. Pulse inputs apply very little power because
they are so short. Consequently, IRFs estimated directly will have poor SNRs unless the
experimental data are very “clean.”

In principle, the SNR of the IRF estimate could be improved by increasing the
pulse amplitude. In practice, amplitudes large enough to obtain good SNRs will often
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drive systems beyond their linear range (see Chapter 4). Alternatively, the SNR can be
increased by averaging the responses to many pulses. This increases the experimental
time required since the response to each pulse must be allowed to decay completely
before applying the next one.

The input power could also be increased by applying a step input and differentiating
the response to obtain the IRF. However, the power in step inputs is concentrated at
low frequencies, and consequently the SNR will decrease as frequency increases. This
problem will be compounded by the amplification of high-frequency noise associated
with differentiation. As a result, this approach is generally only feasible for systems with
low-pass dynamics and little noise.

5.2.2 Least-Squares Regression

Another approach to estimating the impulse response function is to rearrange the convo-
lution sum (3.9), to give the IRF in terms of the input and output signals. If, as is usually
the case, there is noise present, there will be no unique solution and it will be necessary
to find the “best” solution—usually defined as that which predicts the output with the
minimum mean-square error (MMSE). By choosing a “rich” input, as described below, it
is possible to obtain good estimates of the IRF, ﬁ(r), even when the noise level is high.
To achieve this, first rewrite the discrete convolution, (3.9), as the matrix equation

where U is a matrix containing delayed copies of the input

u(l) 0 0 ... 0
u(2) u(l) 0 ... 0
U= u(3) u(2) u(l) 0 (5.3)
u(N) u(N—1) u(N—-2) ... u(N—-T+1)
y is an N element vector containing the output, y(¢), at times 1,2,... ,N and hisa T
element vector containing the discrete impulse response for lags 0, 1,...,7 — 1.

In realistic cases, y(¢) is not available and it is necessary to work with the signal z(7),
which contains additive noise,

z(t) = y() +v() 54

where v(¢) is assumed to be independent of the input, u(z).
Consequently, estimation of the IRF can be formulated as finding the MMSE solu-
tion to

z=Uh+v (5.5)

This equation has the same form as the regression problem defined in equation (2.32).
It is linear in the parameters, so the least-squares solution can be determined using the
normal equations, (2.33), as

h= U0’z (5.6
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The number of computations required to solve equation (5.6) is proportional to N T3
(Golub and Van Loan, 1989), while storing U requires N7 elements. Thus, this approach
becomes computationally demanding if either N or T is large. The next section will
present a more efficient approach to IRF estimation.

5.2.3 Correlation-Based Methods

The input—output, cross-correlation of a linear system driven by a white input is

Guy(t) = Efut —1)y(1)]

T—1
=E |:u(t —1) > h(u(t - k)}

k=0

= ouzh(r)

Thus, the system’s cross-correlation function will be equal to the IRF scaled by the input
variance. This relation may be used to estimate the IRF directly when white inputs can
be applied. Indeed, the “reverse correlation” approach (de Boer and Kuyper, 1968), used
to study the auditory system, uses exactly this approach.

The cross-correlation function can also be used to estimate IRFs with nonwhite inputs
because of the close relationship between equation (5.6) and correlation functions. Thus,
the kth element of the U7z term,

N—k+1
UG z= Y u(z(j+k—1) (5.7)
j=1
is a biased estimate of ¢,.(k — 1) multiplied by N [see equation (2.18)].

There is a similar relationship between the Hessian, UTU, and the input autocorrela-
tion. The (i, j)th element of the Hessian is the product of U(:, i) and U(:, j) and can be
written as the sum

N—i+1
UGHTUC )= D uutk+i— j) (5.8)
k=1
for i > j.* From equation (2.18), the biased estimate of ¢, (i — j) is

N—i+j

N | o
i = ) = ; u(kyuk +i — j)
so that
R N—i+j
UGDTUC ) =Nowli — )= D ululk+i— j)
k=N—i+2

Thus, for N > T, the Hessian is approximately equal to N times a matrix of autocorre-
lation coefficients:

Puu(i, j) = uu(i — j) (5.9

*The Hessian is symmetric.
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Consequently, if the data record is long compared to the system memory, the solu-
tion to the normal equations may be written in terms of input autocorrelation and the
input—output cross-correlation:

h =@, du (5.10)

The auto- and cross-correlations may be computed efficiently using algorithms based
on the FFT (Bendat and Piersol, 1986; Oppenheim and Schafer, 1989; Press et al., 1992),
as discussed in Section 2.3.5. Furthermore, the autocorrelation matrix, ®yy, is symmet-
ric and the elements along each diagonal are equal; matrices with this structure are
known as symmetric Toeplitz matrices and can be inverted rapidly using Levinson’s
algorithm (Golub and Van Loan, 1989). Thus, computing the correlations and solving
equation (5.10) is much faster than constructing the regression matrix, U, and solving
the regression directly. This approach was suggested by Hunter and Kearney (1983),
using a derivation based on the definitions of the auto- and cross-correlation functions.

5.2.3.1 Example: Identification of Human Joint Compliance Figure 5.4
shows the IRF estimates obtained with the cross-correlation approach of equation (5.10).
Figure 5.4A shows the IRF of the simulated model, which is identical to Figure 3.3.
Figures 5.4B and 5.4C show the estimates obtained using the ideal and broadband
datasets, respectively, with no output noise. These are virtually identical to the theo-
retical result of Figure 5.4A. Figure 5.4D shows that when output noise is added to the
broadband data, the IRF estimate contains some high-frequency noise; the model VAF
was 97.3%. Figure 5.4E shows the IRF estimated with the noise-free, low-pass data;
estimation error is clearly visible between lags of 0.08 and 0.1 s. This model had a VAF
of 96.7%. Figure 5.4F shows the effects of adding output noise to the low-pass dataset;
substantial estimation error is apparent and the model VAF drops to 64%.

The IRFs estimated using the low-pass filtered inputs contain high-frequency noise.
Comparing Figures 5.4D and 5.4F, it is evident that the amplitude of the estimation errors
increases as the input bandwidth decreases. The error also increases with the output-noise
power. The next section will discuss how these errors arise and how they can be reduced.

5.2.3.2 Performance Issues For long records, where N > T, solving equa-
tion (5.10) is equivalent to performing a linear regression. Thus, equation (5.6) will give
the IRF estimate, and the results of Section 2.4.2 can be used to analyze its performance.
Therefore, h will be an unbiased estimate of the IRF provided that:

1. The model structure is correct; that is, the underlying system is linear and its
memory length is less than or equal to that of the IRF estimate.

2. The output noise is additive, zero-mean, and statistically independent of u(¢).

If, in addition, the measurement noise is white, the covariance matrix for the IRF estimate
will be given by equation (2.41),

E[(h—h)h -] =c2UTU)™!

where (71)2 is the output noise variance. Thus, as with any least-squares regression, the
variance of the estimate will depend on the inverse of the Hessian, H = U7 U. This is a
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Figure 5.4 Least-squares estimates of the human ankle compliance IRF. (A) The theoretical IRF
of the model. (B) IRF estimated from the “ideal” dataset. (C) IRF estimated from the “broadband”
input and noise-free output. (D) IRF estimated from the “broadband” input and 10 dB of additive
output noise. (E) IRF estimated with the “low-pass” input and noise-free output. (F) IRF estimated
with “low-pass” input and 10 dB of additive output noise.

positive definite matrix and therefore will have the singular value decomposition (SVD),

H= VSV’ (5.11)

where S is a real, non-negative diagonal matrix, and V is an orthogonal matrix (Golub
and Van Loan, 1989). Consequently, its inverse can be written as

H!=vs vl (5.12)

where S™! = diag[1/s1, 1/s2, ..., 1/s,].
Remember that z =y + v and y = Uh, so

Ulz=U"Uh+UTv
=VSVh+UTy

where the Hessian has been replaced by its SVD. Let ¢ = V'h and » = VI (UTv)
be the projections of the IRF, h, and the estimated input-noise cross-correlation, UTy,
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respectively, onto the Hessian’s singular vectors, V. Then, U7z can be written as
UTz=VS¢ +Vyp (5.13)
Substituting equations (5.12) and (5.13) into the IRF estimate, equation (5.6) yields

h=vVS~'VI'(VS¢ + V)
=V +VS 'y

T .
= <c,- + %) vi (5.14)

i=1

where ¢; is the ith element of the vector ¢, and vi = V(:,7) is the ith singular vector
of H.

It is evident from equation (5.14) that each term in h contains two components: one
due to the system, ¢;, and the other due to the noise, n;/s;. Noise terms associated with
small singular values, s;, will be “amplified” by 1/s;. The smaller the singular value,
the greater the amplification. The ratio of the largest and smallest singular values, the
condition number (Golub and Van Loan, 1989), provides an upper bound on the relative
level of noise amplification introduced by the matrix inversion.

Figure 5.5 shows the Hessians computed for the three simulation cases. For the
white input, the autocorrelation is an impulse at zero lag, and the Hessian, shown in
Figure 5.5A, is a diagonal matrix. For nonwhite inputs the autocorrelation becomes
broader; the off-diagonal elements increase in magnitude as the bandwidth of the input
changes from broadband to low-pass, as shown in Figures 5.5B and 5.5C, respectively.

H(, /)

Figure 5.5 Hessians computed from the simulation inputs and their singular values. (A) Hessian
for the “ideal” input, (B) “broadband” Hessian and (C) “low-pass” Hessian. (D) The singular values
of the three Hessians shown in A, B, and C.
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Figure 5.5D shows the singular values of these Hessians. For the ideal input, the
singular values, shown as crosses, are almost constant, resulting in a condition number
of 1.5. Inverting this Hessian should introduce no significant errors. In contrast, the
singular values for the low-pass input, shown as open circles, vary over a wide range,
resulting in a condition number of 1.2 x 10°. Substantial errors can be expected to arise
when inverting this Hessian.

5.2.3.3 Use of a Pseudo-Inverse Terms in equation (5.14) where |n;|/s; > ||
will add more “noise” than “signal” to the impulse response estimate, h. Therefore,
eliminating such components should improve the impulse response estimate. To do so,
partition the SVD of <i>uu as follows:

n T
Byu = [V V2] [Sbl ;’2] [&7} (5.15)

where the subscript “1” refers to the terms to be retained, and ‘“2” denotes terms to be
dropped. Then, form a pseudo-inverse of ®yy:

& —vis vy T (5.16)

containing only terms that contribute significantly the output. The problem is to determine
which terms are “significant,” since eliminating terms from the pseudo-inverse will not
only decrease the variance of the resulting estimate but will also introduce bias. The
significance of each term’s contribution can be evaluated using a cost function that
incorporates a penalty term that increases with the number of model parameters. One
such criterion is the minimum description length (MDL) cost function, defined by

M log(N )) N . )
MDLM) =14+ ——— -y, M 5.17
<><+N ;(yoy( ) (5.17)
where M is the number of model parameters (i.e., singular vectors), and (¢, M) is the
output of the M parameter model at time ¢. Thus, the sum of squared error is multiplied
by the penalty term (1 + M log(N)/N), which increases monotonically with the number
of parameters.

Building up a model term by term, along with testing each additional term for its statis-
tical significance, would be arduous and time-consuming. However, this is not necessary
since the contribution of each term to the output variance can be computed implicitly
from the correlation functions as follows. The noise-free output variance of a linear
system with a zero-mean input is

1 N 1 N T-1 T-1
520 =520 | Do hmue — ) | | Y h@ut — o)
t=1 t=1 \71=0 =0

Rearranging the order of summations gives

1 N T—1T-1 1 N
5 20 =2 Y hh(m) (ﬁ > ult —mu(t - r2)>
=1

71=0 1,=0 =1
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The term in parentheses is @y, the Toeplitz structured autocorrelation matrix from
equation (5.10). Rewriting the sums as vector multiplications gives

N
1
¥ Z y2(t) = hT ®yuh (5.18)

t=1

Thus the noise-free output variance may be computed rapidly from the IRF and input
autocorrelation.
Expanding @y, in terms of mutually orthogonal singular vectors gives

N

1

5 2 (0 =h"VsV'h (5.19)
t=1

- (viTﬁ>2 (5.20)

i=1

Let y; be the output variance contributed by the ith singular value and its corresponding
singular vector. Thus,

Vi = s (viTﬁ)2 (5.21)

Using y, the MDL corresponding to any set of model parameters may be computed
implicitly from

M log(N) M
MDL(M) = (1 + T) (af — ; yi) (5.22)

Similar relations can be derived for other criteria such as the Aikaike information criterion
(Akaike, 1974).

5.2.3.4 Pseudo-Inverse Based Algorithm The complete algorithm for estimat-
ing the IRF of a linear system is then:

1. Estimate ¢, (t) and ¢,y (7), using equation (2.18).

2. Compute an initial estimate of the IRF, h, using equation (5.10).

3. Compute the SVD of @uu, and use equation (5.21) to calculate the variance that
each singular vector contributes to the model output. Sort the result in decreasing
order.

4. Calculate the MDL cost function using equation (5.22), for M =1,2,...,T.

5. Choose the value of M that minimizes the MDL and retain only the M most
significant terms for the final IRF estimate.

5.2.3.5 Example: Band-Limited Input Consider the identification of the human
ankle compliance system using the noisy, low-pass dataset. Figure 5.5 showed that the
singular values of the Hessian for this case will have a wide range so the matrix will
be severely ill-conditioned. Equation (5.14) demonstrated that any noise projecting onto
the smaller singular vectors will be amplified greatly as is clearly evident in Figure 5.4F.
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Figure 5.6 Compliance IRF estimated from the noise-corrupted, low-pass dataset using the
pseudo-inverse algorithm. It has been superimposed on the IRF of the simulation model. The
IRF estimated from the same data by equation (5.10) without the pseudo-inverse is shown in
Figure 5.4F.

Figure 5.6 shows the IRF estimate obtained using the pseudo-inverse algorithm which
retained only 16 of the 50 singular vectors. The close correspondence of the estimated
(dashed line) and theoretical (solid line) IRFs demonstrates that the noise was virtually
eliminated; the model VAF for this estimate was 97.3%, a substantial improvement over
the 64% VAF obtained with the unmodified correlation method.

Bias is a concern with the pseudo-inverse algorithm; projecting the IRF estimate onto
a reduced number of singular vectors may eliminate significant components of the IRF.
The true IRF was known for this example so the bias error could be computed by
projecting the true IRF onto the 34 discarded singular vectors. The bias error was only
0.13% VAF, insignificant compared to the total error of 2.69% VAF.

5.3 FREQUENCY RESPONSE ESTIMATION

Linear systems may also be modeled nonparametrically in the frequency domain by
their frequency responses (see Section 3.2.2). This section describes several methods for
estimating frequency response models.

5.3.1 Sinusoidal Frequency Response Testing

An obvious way to estimate the frequency response of a linear system is to apply a
sine-wave input,

u(t) = Asin(wt)
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which, from equation (3.10), will generate the steady-state response:
Yss(1) = A|H (jow)| sin (ot + P[H (jw)])

where |H (jw)| denotes the magnitude of H(jw) and ®[H (jw)] its phase.

The system may be “identified” by applying a series of different sinusoids with differ-
ent frequencies and measuring the steady state gain and phase. The resulting frequency
response estimate, H( jw), can then be used with equation (3.12) to predict the response
to any input. Frequency response curves are usually presented graphically as Bode dia-
grams where the gain (in decibels) and phase (in degrees) are shown as functions of
logarithmic frequency. There are standard, graphical methods for extracting parametric
frequency domain models (i.e., transfer functions) from Bode diagrams. [See Kamen
(1990) for example, and M. Khoo’s contribution (Khoo, 2000) to this series.]

5.3.2 Stochastic Frequency Response Testing

Equation (2.21) defined the spectrum of a signal as the Fourier transform of its autocor-
relation,

Suu(f) = S(fpuu (T))

Similarly, equation (2.24) defined the cross-spectrum as the Fourier transform of the
cross-correlation,

Suy (f) = F(@uy (7))
Now, the cross-correlation between the input and output of a linear system is given by*

Guy(t) = Efu(t)y(t + 1)]

=E |:/OO h(Wu®ut +t —v) dv]
0
= /Ooh(v)E[u(t)u(t +7—v)]dv
0

o
=/ h()¢yu(t —v)dv (5.23)
0
Fourier transforming (5.23) gives

Suy(f) = H(f)Suu(f) (5.24)

Consequently, the frequency response may be estimated from the input power spectrum
and the input—output cross-power spectrum.

Whatever method used to estimate it, S'uy( f) will be a complex number so the fre-
quency response will have both magnitude (i.e., gain) and phase characteristics. More-
over, as shown in Section 2.3.3, the cross-correlation estimate is not biased by additive
noise. Consequently, estimates of the cross-spectra will also be unbiased. However, if

*This can also be obtained by rearranging equation (5.10).
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the noise level is high, long data records, and hence much averaging, may be required
to reduce the random error to acceptable levels.

5.3.3 Coherence Functions

The coherence squared function is a real-valued function defined by
|Suy (@)

Suu (@) Syy (w)

where u(t) is the input and y(¢) is the output.
Consider the case where y(¢) is the output of a linear, time-invariant (LTI) system
with IRF h(t). The output autocorrelation will be

yy(t) = E[y(@)y(t + 7)]

Yy (@) = (5.25)

T T
= / / hWh(WEu( —v)u(t+ 17— w)ldvdu
o Jo

T pT
= [ [ 50000t = v+ dvan
o Jo
Fourier transforming both sides gives
Syy(@) = |H(@)]*Suu (@) (5.26)
Thus, the coherence will be
|H (@) Suu (@)
Suu(®) (|H(w)|2Suu (0)))
The auto-power spectrum is a real function, and thus it can be taken out of the squared
magnitude in the numerator. This cancels the two §,,(w) factors in the denominator.
Thus, the coherence between noiseless records of the input and output of a linear system
will be unity at all frequencies where there is significant input power.

If the measured output contains additive noise [i.e., z(f) = y(¢) + v(¢)] that is uncor-
related with the input, then the output spectrum will be

Yy (@) = (5.27)

Sz (w) = Syy (@) + Syy(w)
and the coherence will be
| H (@) Suu ()
Suu(@) (|1H (@) [2Suu (@) + Sy (@)
B 1
B Suu (@)
1+<%$0
Thus the coherence squared can be interpreted as the fraction of the output variance
due to the linear response to an input as a function of frequency.
Note that the extraneous signal, v(¢), need not necessarily be noise. It could result
from an additional input uncorrelated with u(¢) or from nonlinearities in the system.

If v(z) is the result of a nonlinearity in the system, it will be uncorrelated, but not
statistically independent, from the input, u(z). For example, the nonlinearity could be

v (@) =

(5.28)
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represented by higher-order Wiener kernels, whose outputs would be orthogonal (i.e.,
uncorrelated) with that of the first-order kernel, the linearized model. However, the out-
puts of these higher-order nonlinear terms are functions of the input and are therefore
not statistically independent of it.

Note also that in practice, the coherence must be computed from estimates of the
auto- and cross-spectra. Thus, the accuracy of the estimated coherence function will be
limited by the accuracy of the spectral estimates used to compute it.

5.3.3.1 Example: Joint Compliance in the Frequency Domain Figure 5.7
shows the results of frequency domain analyses of the three simulation cases from
Figure 5.3. The magnitude and phase of the frequency responses are shown in
Figures 5.7A and 5.7B with the squared coherence functions in Figure 5.7C. Results
from the “ideal” data set are shown as solid lines; estimates from the noise-free, broad-
band data were almost identical and so are not shown. The gain curve is flat at low
frequency, has a small resonant peak at 20 Hz, and then “rolls-off” at a constant rate as
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Figure 5.7 Frequency response and coherence estimates from the human ankle compliance sim-
ulations. The solid lines show the estimates obtained for the ideal case. Results for the noise-free,
broadband case are indistinguishable from these and are not shown. The dotted lines show esti-
mates for the noisy, broadband case. The dashed and dash—dotted lines show the results from
the noise-free and noisy, low-pass datasets. (A) Frequency response magnitude. (B) Frequency
response phase. (C) Coherence squared.
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frequency continues to increase. The coherence estimate, shown in Figure 5.7C, is close
to one over the entire frequency range.

The frequency response estimates for the noise-free, “low-pass” case are shown as
dashed lines. Below 150 Hz they are identical to those from the ideal dataset. However,
at higher frequencies, the “low-pass” frequency response plateaus, whereas the ideal
frequency response continues to decrease. The coherence estimate is close to one at
low frequency but then drops off, indicating that the frequency response estimate is
becoming unreliable. These effects are due to the lower input power at high frequencies
(see Figure 5.3A). As a result of the system’s low-pass dynamics, the output power at
these frequencies becomes much smaller so that numerical errors become significant, and
the estimates become unreliable.

The results for the noisy, “broadband” case are shown as dotted lines. The fre-
quency response for this dataset is virtually identical to the ideal estimate from DC
to 40 Hz; small errors are evident between 40 and 100 Hz, and they increase at higher
frequencies. The coherence is close to unity until 40 Hz, and then it begins to drop as
the output power rolls off while the noise power remains constant; it is close to zero
above 120 Hz.

Results for the noisy “low-pass” case are shown by the dash—dotted lines. The fre-
quency response estimates match the “ideal” estimates between 0 and 40 Hz, but signif-
icant errors become evident at higher frequencies. Indeed, above 200 Hz, the estimated
gain is larger than the low-frequency gain. However, the coherence for these estimates
above 75 Hz is nearly zero, indicating that the model accounted for very little output
power and thus is unreliable at these frequencies. At higher frequencies, the output signal
was almost completely masked by the white, additive noise.

Several points become evident when comparing the time and frequency domain results.
Both approaches yielded good results with the ideal and broadband data, with and without
output noise. Similarly, both approaches produced acceptable results with the low-pass
data, provided that there was no output noise, but both produced poor results with noisy
data. The frequency-dependent nature of the estimation errors was demonstrated most
clearly in the coherence plots. Since there is no direct analog to the coherence plot in
the time domain, this insight can only be obtained using frequency domain methods.

5.4 PARAMETRIC METHODS

This book focuses on the identification of nonparametric models of nonlinear systems.
However, the distinction between parametric and nonparametric methods is not absolute.
Indeed, some of the methods for the identification of nonlinear, nonparametric models to
be described in Chapter 8 are based on linear parametric methods. Consequently, a brief
discussion of parametric techniques for linear identification is in order; more complete
presentations are readily available elsewhere [e.g., Ljung (1999)].

5.4.1 Regression

The output error (OE) model, described by equation (3.19), can be expanded as follows:

z(k) = bou(k) + biu(k — 1) + - - - + byu(k —m)
—a1ytk—1)—---—a,yk —n) + w(k) (5.29)
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Form a regression matrix, X, containing lagged inputs and (noise-free) outputs,
X(k,:) = [u(k) cooutk—m)yytk—1)...yk —n)]
and then write equation (5.29) as
z=X60 +v (5.30)
An unbiased estimate of the parameters can be obtained from the least-squares solution,
6= X"X)" X"z (5.31)

provided that the noise v is not correlated with the regressors, X.

In practice, however, y is not available, and the measured output, z =y + v, must be
used in the regression matrix. Even if v is white, the results will still be biased, since
the Hessian will contain an extra diagonal term due to the noise in the lagged output
measurements, because v v # 0.

5.4.2 Instrumental Variables

Estimation is more difficult if the output noise, v, is not white. If lagged outputs are
included in the regression matrix, X, then v will be correlated with its columns and the
resulting estimates will be biased. To obtain unbiased estimates, the correlation between
the noise and the regression matrix must be eliminated. One approach is to project both
regressors and the output onto a set of instrumental variables, which are correlated with
the input signal but not the noise, before computing the regression.

To do this, select a matrix W having the same dimension as the regressor, but whose
columns are orthogonal to the noise, v. Premultiply equation (5.30) by W’ to give

Uiz =wTXe +wlv
Since ¥y =0, by construction, we have
6="xX)'wly
= w'x)"'wxe
which can be solved exactly, provided that W' X is nonsingular, to give an unbiased
estimate of the parameter vector, 6.

The columns of W are the instrumental variables, and they must be chosen correctly to
obtain accurate results. Ideally, the instruments should be orthogonal to the noise, v, but
highly correlated with the regressors, so that W7 X is well-conditioned. One possibility
is to use ordinary least-squares (5.31) to obtain a biased estimate, [bg...byad; . ..dy,],

of the model parameters. The input is then applied to this biased model to generate the
sequence

x(0) =Y bt —i) =Y ajx(t—j)
i=0 =1

The instrumental variables are formed from u(¢) and x(¢) as follows:

V()= [u(t) coout—m) x(t—1) ...x(t—n)]
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Since v(¢) is independent of the input, u(¢), and x(¢) is a function of u(t), x(¢) and v(¢)
are also independent of each other. Thus, the columns of ¥ will be orthogonal to the
noise, v, so ¥ can be used obtain an unbiased estimate of 6.

5.4.3 Nonlinear Optimization

Many model structures are not linear in their parameters, and therefore they cannot be
identified using the normal equations. For example, consider the discrete-time state-space
model, described in Section 3.4:

x(t+1) = Ax(t) + Bu(¢)
y(t) = Cx(t) 4+ Du(r)

In Section 3.4, the state-space model was used to represent MIMO systems. For the sake
of simplicity, this discussion is limited to SISO systems. Thus, u(¢), y(¢), and D are
all scalars.

A closed-form expression for the output, y(¢), can be obtained by computing the IRF
of the state-space model, given by equation (3.29), and substituting it into the discrete
convolution, (3.9). Thus,

y(t) = Du(t) + Y CAI'Bu(r — j) (5.32)
j=1

The output is a function of a power series in the A matrix rather than a linear function of
the elements of A. Consequently, equation (5.32) cannot be rewritten as the multiplication
of a regressor matrix and a parameter vector, and so the parameters cannot be estimated
using the normal equations.

Iterative minimization can be used to estimate parameters for such models. These
methods will be discussed extensively in Section 8.1, in conjunction with nonlinear model
structures. A brief discussion follows.

First, it is necessary to postulate a model structure a priori and to make an initial
estimate or guess, 00, for the parameter vector 6. The final parameter estimates are then
found using an iterative search.

Thus, if ék represents the estimate after k updates, the next value will be of the form

Ois1 = Oy + di (5.33)

where dy is the kth step. Generally, the goal is to choose the step sizes and directions
such that the mean-square error,

N

Vu@ = Y (30 - 36k, )’ (5.34)

t=1

decreases with each step, that is, Viy (ék+1) < Vn (ék).
There are a variety of ways to select the step’s direction and size. The simplest is to
use the gradient of the error surface as the search direction and to use an adjustable step
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Provided that the step sizes are small enough, the cost function will decrease, and
the optimization will always converge to some minimum value. However, there is no
guarantee that this minimum will be the global minimum; if the error surface is complex,
the gradient search may get “caught” in a local minimum. Indeed, the algorithm may
locate different minima for different initial parameter estimates.

Other gradient-based methods, such as the Newton, Gauss—Newton, and Leven-
berg—Marquardt techniques discussed at length in Section 8.1.3, use the curvature of
the error surface to accelerate convergence (Press et al., 1992). All will eventually find
a local minimum in the error surface but, as with the simple gradient technique, are not
guaranteed to find the global minimum.

Stochastic search techniques, such as simulated annealing (Kirkpatric et al., 1983) and
genetic algorithms (Holland, 1975), have been developed to avoid problems associated
with local minima by searching broad regions of the parameter space at the cost of greatly
increased convergence time. However, there is still no absolute guarantee that these will
locate the global minimum in the error surface, and hence the optimal system model.

There is one further note of caution when using nonlinear minimization to identify a
system. The model structure must be assumed a priori; if the model structure is incor-
rect, the “optimal” solution, even if it locates the global minimum for the model, will
have little meaning and the parameter estimates may have little relation to those of the
physical system.

5.5 NOTES AND REFERENCES

1. Ljung (1999) has been the standard reference for parametric linear system identi-
fication since the first edition appeared in 1987. Many of the algorithms described
in Ljung (1999) are implemented in the MATLAB system identification toolbox.

5.6 COMPUTER EXERCISES

1. Run the file ch5/mod1.m to create a linear system called model1. Create an NLDAT
object that contains a unit step, and filter it with model1. Differentiate the output,
and compare it to the IRF of the model. Next, add noise to the step response, and
differentiate the result. What happened?

2. Write an m-file to estimate an impulse response using explicit least-squares methods
(i.e., generate the regressor matrix, U, and solve equation (5.6) directly). Generate a
500-point sequence of white Gaussian noise to use as the input. Compare the resulting
Hessian, UTU, to the Toeplitz structured autocorrelation matrix obtained from

>>PHI=toeplitz(phixy(u,hlen));
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Make a mesh plot of the difference between these two matrices. Where are the
differences most pronounced? What happens to the difference if you double the data
length?

. Run the file ch5/model3.m to generate two signals, u(¢) and y(¢), from a lin-
ear system. Use spectral techniques to fit a system between u(t) and y(¢), and
evaluate the coherence. Now, fit a one-sided IRF between u(f) and y(z). What
happened? How do you explain the apparent difference between the accuracies of
the time and frequency domain models? What happens if you fit the time domain
system between y(¢f) and u(¢)? What if you use a two-sided filter between u(t)
and y(1)?

. Generate two sequences of white Gaussian noise of the same length; use one as a test
input, u(¢), and use the other as measurement noise, v(¢). Compute the response
of modell, the system from the first problem, to the test input, u(¢), and esti-
mate the IRF of the system using irf. Add the noise sequence to the output, and
repeat the identification. What is the SNR of the output? Scale the noise level so
that the SNR is 10 dB, and repeat the identification. Use the first half of the data
records for the identification. How does this affect the accuracy? Filter the input
using a low-pass filter. How does the cutoff frequency of the prefilter affect the
identification?



CHAPTER 6

CORRELATION-BASED METHODS

This chapter reviews nonlinear system identification techniques that are based on cross-
correlations. These methods were developed earliest, are well known, and are still in
frequent use even though superior methods are now available in most cases. While of
interest themselves, the correlation-based methods presented here are also important as
the background needed to appreciate the more recent methods discussed in subsequent
chapters.

As with previous chapters, a running example will be used to illustrate points raised
in the text; each method will be applied to simulated data from the peripheral auditory
model used in Chapter 4. In addition, sample applications of each identification technique
to physiological systems will be summarized.

6.1 METHODS FOR FUNCTIONAL EXPANSIONS

This section considers methods for estimating the kernels of functional expansion models.
In particular, it develops methods for estimating the kernels of a Wiener series model in
both the time and frequency domains.

6.1.1 Lee-Schetzen Cross-Correlation

Wiener’s work (Wiener, 1958) provided the basis for using cross-correlation functions
to estimate the kernels of functional expansion models of nonlinear systems. His method
was designed for continuous systems, and therefore estimated correlation functions using
analog computations. Subsequently, Lee and Schetzen modified this cross-correlation
approach for use in discrete time (Schetzen, 1961a, 1961b). This method, published in
the early 1960s (Lee and Schetzen, 1965), is still widespread despite the development
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of more precise techniques, such as Korenberg’s fast orthogonal algorithm (Korenberg,
1987) in the late 1980s.

Most derivations of the Lee—Schetzen method are based on the Gram—Schmidt orthog-
onalization used to develop the Wiener series, as described in Section 4.2. Such deriva-
tions can be found in textbooks by Marmarelis and Marmarelis (1978) and Schetzen
(1980). In contrast, here the method is developed in the framework of orthogonal poly-
nomials to be consistent with the approaches used for the newer techniques in the next
two chapters.

Section 4.2.1 demonstrated that the Wiener series may be written as a sum of Hermite
polynomial terms. Thus, the output of a second-order Wiener series model can be written
in two equivalent forms: one in terms of the Wiener kernels, K@:

T-1

y&) =K@+ > kP (@u - 1)
=0

T—1 T-1
+ Y kP mu - ut —1) —op Y kP (1) (6.1)
'[],‘E2=O =0

(q)

the other in terms of normalized Hermite polynomials, -, and their coefficients, y (?:

2 T-1

T-1
YO =33 3 D HP W -, u—7) (6.2)

g=0T1=0  Tg=Tg—1

These two expressions are equivalent, so the Wiener kernels may be transformed into
the corresponding polynomial coefficients and vice versa. To accomplish this, recall the
development in Section 4.2.1, and equate the zero-, first-, and second-order terms in
equations (6.1) and (6.2) to give

k©® =,© (6.3)
kP (r) =y for0<t<T (6.4)
k(z)(r, T) = yt(zr) forO0<t<T (6.5)
2
) _ Vf(l,)m
k'“ (11, 1) = — for0<ty<mn<T (6.6)

Kernel values for 1, < 711 are obtained based on the symmetry of the second-order
Wiener kernel

k? (1, ) =k®(r, 1)

Thus, estimates of the Wiener kernels may be constructed from estimates of the polyno-
mial coefficients, y.

Estimates of the polynomial coefficients may be obtained readily using least-squares
regression as described in Section 2.4.1.1. Thus, the polynomial coefficients, y, and
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therefore the corresponding Wiener kernels, can be estimated by forming the regression
matrix,

Xt = [HY HQ @) .. H P — T + 1)
HQ (), u() HP @), ut — 1)) ] 6.7)
Rewriting (6.2) in matrix notation gives
y = X6 (6.8)

where

— 0) ., (D (OB
0= [y( Dy vy Yo.0 Yo1 -

T
2 (€] )
Yor—1"1,1 -+~ VT—],T—1:| (6.9)
Solving the normal equations
6= XTX)"'xTy 6.10)

provides estimates of the polynomial coefficients.

Most of the computations in the linear regression are associated with forming and
inverting the Hessian. These can be avoided if the input is an infinitely long white
Gaussian noise sequence since the columns of the regression matrix, X, will be exactly
orthogonal. Consequently, the Hessian, XX, will be diagonal and can be inverted simply
by inverting the diagonal elements individually. Thus, the kth entry in the parameter
vector would be

b XGRTy
S )

The polynomial coefficients may be estimated sequentially, without matrix inversion. For
example, the first element of the estimated parameter vector is given by

X, DTy

o= X, DTX(, 1)

From equation (6.7), the first column of X contains the output of the zero-order Hermite
polynomial, which is the constant 1. Thus,
Xt,)=H\ =1

so the estimate becomes

N
PIRI0)

t=1

pR!

t=1

b, =

= M),
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Thus, the first element in the parameter vector, él, is the output mean. It is also the coeffi-
cient of the zero-order Hermite polynomial term, and hence the zero-order Wiener kernel,

kO — Iy

Similarly, the elements of the first-order Wiener kernel may be read directly from
the parameter vector. From equation (6.4), the elements of the first-order Wiener kernel,
kD (1), are equivalent to the coefficients of the first-order Hermite polynomials, y,(]).
These polynomial coefficients are in elements 2 through 7 + 1 of the parameter vector,

defined in equation (6.9). Thus,
kD = [9} 6s.. .éT+1]

Had the linear regression been solved explicitly, the first-order Wiener kernel could have
been read directly from coefficients 2 through T + 1 of the estimated parameter vector.
However, as described above, the Hessian is diagonal so this explicit computation is
unnecessary.

Consider the estimate of the value at lag t in the first-order Wiener kernel, corre-
sponding to element t + 2 of the parameter vector, GAHZ. Since the Hessian is diagonal,
this is given by

~ X t+2)7
Ori2 = X, t -(i- 2)T+X():, ry+ 2) .11
Writing the sums explicitly and substituting X(z, T + 2) = u(t — 1) gives
N
D ut—1)y()
Orin = =5 (6.12)

Zuz(t - 1)

t=1

Note that the numerator is N times the biased estimate of the input—output cross-
correlation. Therefore,

‘1) A 1.
K7 () = 0ri2 = —5uy (1) (6.13)
u

and the first-order Wiener kernel estimate is simply the input—output cross-correlation,
divided by the input variance.

Theoretically, with infinite data the Hessian will be diagonal and the columns of
X corresponding to the first-order kernel elements will be orthogonal to all remaining
columns. In particular, they will be orthogonal to the first column, which generates
the output of the zero-order kernel and contains all ones [see equation (6.7)]. Thus,
equation (6.13) could be used to estimate the first-order kernel.

In practice, record lengths are finite so the columns of the regression matrix are not
perfectly orthogonal. Consequently, the projection of the zero-order kernel onto the first-
order kernel will not be exactly zero and will therefore appear as an error in the estimate
of the first-order kernel. This error can be eliminated by subtracting the output of the
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zero-order kernel, 11y, from the output before the correlation is computed. Therefore, the
first-order kernel is usually estimated from

N 1 A
k() = —b0 (@ (6.14)

where v (¢) contains the residue that remains after removing the contribution of the
zero-order kernel from the output. Thus,

v @) =y — k@
=y(1) — py (6.15)

Next, consider how to estimate the elements of the second-order kernel. In principle,
the linear regression, defined by equations (6.7)—(6.10), could be used to estimate the
polynomial coefficients, y, and the second-order kernel estimate could be generated
from equations (6.5) and (6.6). However, as with the zero- and first-order kernels, the
linear regression may be replaced by a much “cheaper,” but theoretically equivalent,
cross-correlation function computation.

It is evident from equations (6.5) and (6.6) that the second-order Wiener kernel is
determined by the second-order polynomial coefficients, yt(lz )tz. Equation (6.9) shows
that these coefficients are in positions 7 + 2 through %(T2 + 3T) + 1 of the parameter
vector, 6. Thus, a cross-correlation based expression, equivalent to the normal equation
solution, must be derived to calculate these parameters. This is more difficult than for
the lower-order kernels because the expressions for the single- and two-input second-
order Hermite polynomials, which give the diagonal and off-diagonal kernel elements,
are different. Consequently, the two cases must be dealt with separately.

The first case comprises the diagonal kernel elements and their corresponding poly-
nomial coefficients. These can be estimated from

k@, 1) = )?1(21)
_EMHR @ = 1), u(t = 1)y(®)]

E [(H}f}(u(z — o), ult — r)))z]

(6.16)

where the averages over the (infinitely long) data records have been replaced with
expected value operators. Using the definition of the second-order Hermite polynomial,
the numerator can be expanded as

E[H (u(t — 7), u(t — 1)y(0)] = E[*(t = 1) — 02)y(1)]
= E[’(t = ) y()] — o1y (6.17)

but u(¢) is zero mean and stationary, so cru2 = E[u?@®)] = E[uz(t — 1)]. Thus, the
numerator can be written as

E[u*(t — 1)y(1)] — E[u*(t — D)pyl = E[u(t — 1) (y(1) — 1ty)]
= Eu*t — v Q)] (6.18)
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which is simply the second-order cross-correlation between the input and the zero-order
residue, v© (?).

The denominator of equation (6.16) can be simplified by multiplying it out and using
the properties of products of Gaussian random variables, defined in equation (2.2), to
give

Elu*(t — 1) —202(t — 1) + 0] =204 (6.19)

The estimate in equation (6.16), of the diagonal kernel elements, is the ratio of equa-
tion (6.18) and (6.19). Thus

~ 1
kP (7, 1) = = ¢,,0(1. 7) (6.20)
20,

The second case to consider deals with the off-diagonal kernel elements and involves
estimating the coefficients of the two-input polynomial given by

k® (1, ) = )71(12,)12
_ EHR = 7). u(t =)y ()]

_ 6.21)
E[HR (e = 1), ue = 122

Expanding the second-order Hermite polynomial, the numerator of equation (6.21)
becomes

E[Hf\z/)(u(t — 1), ult —0)y®)] = E[(ut —t)ut — 1) y(1)]
= (/J)uuy(fla )
but the off-diagonal elements of ¢, (1, 72) and ¢,,,© (71, 72) are equal, since
El(u( —t)u(t — )yl = uy E[(u(t — t)u(t — ©)]
=0 for t1 # 1y (6.22)

Thus, the numerator of equation (6.21) is equal to ¢,,,© (1, 72), which for 71 = 12 is
the same as the numerator of the diagonal kernel elements.
Expanding the Hermite polynomials, the denominator of equation (6.21) is

E[u*(t — t)u*(t — 1)l = E?(t — t)]E?(t — )]+ 2E[u(t — t)u(t — ©))°
_ 4
=0, (t1 # ©)
which is twice the value obtained for the diagonal elements. Thus, for 71 < tp we have

2 _ ¢uuyo(7:ls 2)

y‘fl,fz = T (623)
u
The off-diagonal kernel elements can be recovered using (6.6):
(2)
R (1. 1) = Yo _ Duup© (T1, T2) (6.24)

2 20}
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which is exactly the same as equation (6.20), the expression used to estimate the diagonal
kernel values. Since finite length records must be used, the accuracy can be improved by
removing the output of the first-order kernel (which is theoretically exactly orthogonal
to the output of the second-order kernel) prior to computing the cross correlation. Thus,
the second-order kernel estimate is

A 1
k2 (11, 1) = =20 (11, 12) (6.25)
20,

where vV (r) is the residue remaining after removing the outputs of the first two Wiener
kernels from y(z).

T-1
vV (1) = y(r) — kO — Z kY (@u@ — 1) (6.26)
=0

Similar arguments show that the order ¢ Wiener kernel may be estimated from the
order g cross-correlation between the input, u(t), and v@=D (1), the residue remaining
after removing the outputs of kernels 0...g — 1 from the output.

6.1.1.1 The Lee-Schetzen Cross-Correlation Algorithm ILee and Schetzen
first proposed using cross-correlations to obtain least-squares estimates of the kernels in a
series of MIT technical reports (Schetzen, 1961a, 1961b); the approach was disseminated
more widely in Lee and Schetzen (1965). The algorithm proceeds as follows:

1. Estimate the order-zero kernel as the mean of the output,
X
KO _
kY = N ;_] v(t) (6.27)

2. Subtract k©® from y(t) to give the zero-order residue,
v @) = y@&) -k

3. Estimate the first-order Wiener kernel as the first-order cross-correlation between
u(t) and v (1),

N
N 1
@ — _ 0)
KV () = No? ;u(t @) (6.28)
4. Compute the output of the first-order Wiener kernel by convolution,
T—1
W) = KV@u -1
=0
5. Compute the first-order residue,

v @) =vQ @) — 3V @)
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6. Estimate the second-order Wiener kernel as the second-order cross-correlation
between u(t) and v"(¢), normalized by 207}.

1 N
o 2 ut =t — ) (@) (6.29)

U=l

k(1) ) =

7. Estimate higher-order kernels similarly. The order ¢ Wiener kernel estimate is the
order g cross-correlation between the input, u(¢), and the residue remaining after
removing the outputs of kernels 0...g — 1 from the output, divided by ¢ !0,42 1.

Note that this method does not solve the regression explicitly. Rather, it relies on
the statistical properties of the input to create an orthogonal expansion that dramati-
cally reduces the number of computations needed to solve the regression. The accuracy
of the method depends critically on how well the input approximates an ideal white
Gaussian signal.

6.1.1.2 Example: Wiener Kernel Estimates of the Peripheral Auditory
Model This section presents results of simulations that used the Lee—Schetzen cross-
correlation algorithm to estimate the Wiener kernels of the peripheral auditory signal
processing model, the system used as a running example in Chapter 4. The model is
a LNL system consisting of two identical bandpass filters, separated by a half-wave
rectifier, as shown in Figure 4.1. The model’s first- and second-order Wiener kernels,
orthogonalized for two different power levels, are shown in Figure 4.4.

To estimate the Wiener kernels, the model must be driven by a Gaussian white
noise signal. This poses problems in discrete-time simulations of nonlinear systems since
the nonlinearities may generate components at frequencies above the Nyquist rate. For
example, the output of the second-order kernel can contain power between DC and twice
the input bandwidth, as shown in equation (6.40), below. Thus, care must be taken to
avoid aliasing of these components in discrete-time simulations.

Consequently, for this simulation, the input signal was upsampled to ensure that all
computations were performed at a sampling rate much greater than the highest input
frequency, to avoid aliasing. The nonlinearity in the peripheral auditory model was rep-
resented by an eighth-order polynomial; consequently, the output bandwidth could be at
most eight times the input bandwidth. Therefore, the input signal was resampled at 10
times the original sampling rate to ensure that all simulated signals were adequately sam-
pled and that no aliasing would occur. The simulated output was then anti-alias filtered
and down-sampled to the original sampling rate. The same anti-aliasing operation was
applied to the input signal to ensure that the effects of the anti-aliasing filtering were the
same for both input and output.

Two statistically similar data sets were generated: one for identification and one for
cross-validation. Both were 100-ms records, sampled at 10 kHz, with white Gaussian
inputs having a standard deviation o,, = 2. An independent, Gaussian white noise was
added to the simulation outputs, after downsampling, to give an output SNR of 10 dB.
Figure 6.1 shows 15-ms segments of input—output data from this simulation.

The zero-order Wiener kernel estimate was the output mean, 0.104 in this case. This
was subtracted from z(#), to produce the zero-order residue: @ (t). Then, the first-order
Wiener kernel estimate was computed using equation (6.28); a 16-lag (0—1.5 ms) cross-
correlation was computed between u(¢) and v© (¢) and was divided by the input variance.
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Figure 6.1 Segment of identification data simulated from the peripheral auditory processing
model. (A) White Gaussian noise input. (B) Output containing 10 dB of additive white Gaussian
measurement noise.

Figure 6.2A shows this kernel estimate; Figure 6.2B shows the zero-order residue, v© (1)
(solid line), and the output of the first-order Wiener kernel (dashed line). The first-order
kernel accounted for 72.4% VAF in the identification data, but only 69.8% VAF in the
cross-validation segment.

Next, the first-order residue, v("(r), was computed by subtracting the output of the
first-order kernel estimate from vV (¢). This is shown as the solid line in Figure 6.3B.
The second-order kernel estimate, Figure 6.3A, was computed from the second-order
cross-correlation between u(r) and vV (¢), as detailed in equation (6.29). This kernel
accounted for 56.0% VAF of the first-order residue, raising the in-sample accuracy of the
identified model to 87.9%. In the cross-validation data, the second-order kernel accounted
for 53.3% of the residual variance, so that the zero- through second-order Wiener kernels
accounted for 85.9% VAF.
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Figure 6.2 Estimate of the first-order Wiener kernel of the peripheral auditory model obtained
using Lee—Schetzen cross-correlation. (A) The first-order Wiener kernel estimate. (B) Segments of
the zero-order residue (solid line) and the output of the first-order Wiener kernel estimate (dashed
line). The first-order Wiener kernel accounted for 69.8% VAF.

6.1.1.3 Application: Early Results from the Catfish Retina The Lee—Schetzen
cross-correlation method has been used extensively to study neural systems, where it is
often referred to as “white noise analysis.” Sakai (1992) and Sakuranaga et al. (1986)
provide extensive reviews of neurophysiological applications of the cross-correlation
technique.

In early applications, it was common to display the second-order kernel as a contour
map, since the technology for producing 3-D perspective plots was not widely available.
The figures in this section are reprinted from the original papers and therefore use contour
plots. The relationship between these two display formats for second-orders kernels is
illustrated in Figure 6.4, which shows a contour plot of a typical second-order kernel and
the corresponding 3-D surface plot.

A good example of this work is given in a series of papers by Sakuranaga et al.
(Naka et al., 1988; Sakuranaga et al., 1985a, 1985b) that investigated signal encoding
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Figure 6.3 Second-order Wiener kernel estimate of the peripheral auditory model obtained with
Lee—Schetzen cross-correlation. (A) The second-order Wiener kernel estimate. (B) Segment of the
first-order residue (solid line) and the output of the second-order Wiener kernel estimate (dashed
line). The second-order Wiener kernel accounted for 53.3% VAF of the first-order residue, raising
the overall accuracy of the model to 85.9% VAF.

and transmission in the catfish retina. The retina is a complex neural structure whose
operation can be described briefly as follows (Aidely, 1978). Photoreceptors in the retina
transduce incident light into electrical activity that then excites the bipolar cells. These
in turn excite the ganglion cells, which make up the optic nerve. Interactions between
photoreceptors are mediated by two groups of cells: horizontal cells and amacrine cells.
Horizontal cells receive input from multiple photoreceptors, and they synapse with several
bipolar cells. Amacrine cells, which receive inputs from bipolar cells and from other
Amacrine cells, mediate the activity of ganglion cells.

A key division among the amacrine cells concerns their responses to step changes in
light intensity. Some act as low-pass filters, producing a sustained response. In the catfish
retina, these sustained amacrine cells are called Type-N amacrine cells. Other amacrine
cells produce only a transient response and thus act as high-pass filters. In the catfish
retina, these transient amacrine cells are known as Type-C amacrine cells.
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Figure 6.4 Two methods of presenting the second-order kernel. (A) Three-dimensional perspec-
tive plot of a second-order kernel. (B) Contour plot of the same kernel. From Naka et al. (1988).
Used with permission of BMES.

Experiments were performed using an eye-cup preparation (Baylor et al., 1971; Simon,
1973), where the eyes were removed from their orbits and bisected while the anterior half,
containing the lens, was discarded. The vitreous fluid was then drained from the posterior
half using tissue paper. The resulting “eye cup” was maintained at room temperature and
ventilated with moistened oxygen. Glass micropipette electrodes were advanced through
the vitreal surface to record from neurons in the retina.
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Outer Retina The first series of experiments (Sakuranaga et al., 1985a) examined
signal transmission in the outer retina. Pairs of electrodes were placed approximately
0.4 mm apart, either on the soma and axon of a single horizontal cell or on the somas
(or axons) of two separate horizontal cells.

In one set of trials the retina was stimulated with a white-noise-modulated (80-Hz
bandwidth) light source, and the resulting voltages at the two electrodes were recorded.
The power spectra of this stimulus and response are shown in Figure 6.5B. First- and
second-order Wiener kernels were computed between the light input and the voltage
outputs using the Lee—Schetzen cross-correlation method. The response of the horizontal
cells was found to be almost linear, predicting about 90% VAF of the output voltage.
The first-order “light” kernels, illustrated in Figure 6.5A, were low-pass in nature with
a bandwidth of about 10 Hz.

In a second set of trials, white noise current, with bandwidth of 80 Hz, was injected
into one electrode pair while the resulting voltage change was measured at the other. The
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Figure 6.5 White-noise analysis of the horizontal cells in the catfish retina. (A) The first-order
Wiener kernels due to light and current inputs. Light kernels labeled “A” were for outputs measured
at the cell axon, and those labeled “S” were from the cell soma. (B) The power spectra of the
light (“L”) and current (“I”) inputs and their outputs. From Sakuranaga et al. (1985a). Used with
permission of the American Physiological Society.
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power spectra of this stimulus and its response are also shown in Figure 6.5B. Wiener
kernels computed between the current input and voltage output are shown in Figure 6.5A.
This “current” response was also linear, but the bandwidth of the “current” kernel was
close to that of the input; this indicates that if the “current” response had any significant
dynamics, they occurred at frequencies beyond those interrogated by the input.

Type-C Cells The next set of experiments examined the “light” and ‘“current”
responses the Type-C, or transient amacrine, cells (Naka et al., 1988; Sakuranaga et al.,
1985¢). The response was far from linear for both inputs; the first-order Wiener kernels
accounted for less than 20% of the output variance. Adding the second-order kernel
increased the prediction accuracy, typically to about 70% VAF.

Figure 6.6A shows a contour plot of the second-order Wiener kernel of the light
response for a typical Type-C amacrine cell. The waveforms shown to the left and
immediately below the kernel are slices of the kernel taken parallel to horizontal and
vertical axes through the kernel’s initial positive peak. The horizontal and vertical slices
are equal because the kernel is symmetric. The signals plotted on the axis labeled “diag-
onal cut” are a slice along the kernel diagonal (solid) superimposed on the square of the
horizontal slice; evidently, the two traces are very similar.

This behavior led Naka et al. (1988) to conclude that the response of the Type-C cell
could be modeled as a Wiener system. To understand the rationale for this, note that
equation (4.80) can be used to show that the second-order Wiener kernel of a Wiener
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Figure 6.6 Contour plots of second-order kernels. (A) Second-order Wiener kernel estimate for a
Type-C cell. (B) Second-order Wiener kernel of a Wiener cascade. From Naka et al. (1988). Used
with permission of BMES.
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system will have the form
k@ (11, 1) = yPh(t)h(2)
Thus a horizontal slice will be
k®(z, k) = yPhk)h(r)
and a vertical slice will be
k@ (k, 7) = yPh)h(v)

That is, the horizontal and vertical slices will be proportional to the IRF of the linear
dynamic element and hence to each other. Furthermore, the diagonal element (71 = 12)
will be

k?(, 1) = yPh()h(r) = cPh(z)?

which is proportional to the square of the IRF. That is, the horizontal and vertical slices
will be proportional to the linear IRF, and the diagonal will proportional to its square.
Further evidence, supporting this conclusion regarding the Type-C cell response, was
obtained by computing the second-order Wiener kernel of a Wiener cascade comprising
a linear element equal to vertical slice of the second-order kernel, shown at the left
of Figure 6.6A, followed by a squarer. The kernel of this simulated system, shown in
Figure 6.6B, was very similar to the kernel computed from the experimental data.

Type-N Cells Lastly, the Type-N, or sustained amacrine, cells were studied with the
same protocol (Naka et al., 1988; Sakuranaga et al., 1985b) and found to have higher-
order nonlinear responses. Although the linear responses for these cells were significant,
they usually accounted for no more than 50% VAF. Adding the second-order Wiener
kernel increased this by 5-10%; adding the third-order kernel provided an additional
10-20% VAF.

Initially, Sakuranaga and Naka noticed no pattern in the second-order kernels of the
Type-N cells (Sakuranaga et al., 1985b). Subsequently, they noted that the structure of
the second-order, “light” kernels was consistent with that of an LNL cascade (Naka et al.,
1988). Figure 6.7 illustrates the analysis that led to this conclusion. Figure 6.7A shows a
typical second-order kernel from a Type-C Amacrine cell, for which the Wiener cascade
is thought to be appropriate. Figure 6.7B shows the kernel obtained by convolving this
second-order kernel with the impulse response shown between the two kernels. Thus, if
the kernel in Figure 6.7A is from a Wiener structure, the kernel in Figure 6.7B is due to
an LNL cascade (i.e., a Wiener cascade followed by a linear filter). Figure 6.7C shows
the kernel identified from the response of a Type-N cell; it is very similar to that shown
in Figure 6.7B. This similarity led Naka et al. (1988) to conclude that the response of a
Type-N cell could be represented as an LNL cascade model.

Other Applications  The Lee—Schetzen cross-correlation algorithm (Lee and Schetzen,
1965) is still used in neurophysiology (Anzai et al., 1999; Kondoh et al., 1993, 1995;
Okuma and Kondoh, 1996; Poliakov et al., 1997; Sakai et al., 1997) where it provides
useful structural insights. Nevertheless, as Chapter 7 will show, much better methods
have been developed since the Lee—Schetzen algorithm was introduced in 1965.
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Figure 6.7 Three second-order Wiener kernels. (A) Typical second-order Wiener kernel estimate
from a Type-C cell. (B) The Type-C kernel filtered with the impulse response plotted between the
panels. (C) Second-order Wiener kernel estimated from a Type-N cell. From Naka et al. (1988).
Used with permission of BMES.

6.1.2 Colored Inputs

The Lee—Schetzen method was derived for systems with white inputs. In practice, this
will never be the case, although it may be possible to use inputs that are effectively
white—that is, whose spectra are flat over the range of frequencies where the system
responds. Nevertheless, there are many situations where only inputs with colored spec-
tra can be applied experimentally. In such cases, the terms in the Wiener expansion,
equation (4.25), will not be orthogonal; consequently, the Hessian will not be diagonal
and the Lee—Schetzen algorithm will give biased results.

To understand the effects of a nonwhite input on the first-order Wiener kernel estimate,
consider the first-order cross-correlation:

buy() = E [u(t — 1)y(1)]
0

=E|u(t—1))_ GykV(r,... t);ut)]
q=0

Note that u(r — t) is the output of a first-order Wiener functional and thus it will be
orthogonal to the outputs of Wiener functionals of all other orders. Hence, only the G
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term need be considered. Thus,

T-1
Guy(@) =E |ut —7) Y _ kP (jult — j)
j=0
T-1
=Y KV E@ - ju —1)]
j=0

T-1
=Y kP(puu(j — 1)

j=0

Therefore, the first-order cross-correlation is no longer equal to the first-order kernel but
is equal to the convolution of the input autocorrelation with the first-order Wiener kernel.

Next, consider the effects of a nonwhite input on the second-order Wiener kernel
estimate. Recall from Section 4.2.4 that the orthogonalization of the higher-order Wiener
kernels changes when the input is nonwhite. Thus, let y(#) be the output of an order
QO Wiener series, orthogonalized with respect to a nonwhite input, u(¢). As is the usual
practice, compute the second-order cross-correlation between the input, u(¢), and v(l)(t),
the residue remaining after the outputs of the zero- and first-order Wiener kernels have
been removed. Thus,

B (71, ) = E [t = 1)utt = )0V (1) |

Note that vV (¢) contains terms of order 2 through Q, since the first two terms in the
Wiener series have been removed. The product term u(t — 71)u(f — 72) can be expressed
as the output of a second-order Wiener operator (or as the sum of a zero-order and
second-order Wiener operator, if 71 = 13). Therefore, it will be orthogonal to everything
in v (p), except the output of the second-order kernel. Thus, if y@ (1) is the output of
the “nonwhite” second-order Wiener functional, given by equation (4.32),

T-1 T—1

YP0 = ) kP, mu — mut — 1) = Y kP (11, 2)gu (1 — 12)
71,72=0 71,72=0
the second-order cross-correlation becomes
Buuw (11, T2) = Eu(t — 1)u(t — 1) y® (1)]
T-1
= > kP, j) (E[u(r — Tu(t — 1)
J1:J2=0

~u(t — jout — j2)] = uu(t1 — ©2)buu (1 — jz))
Since u(t) is Gaussian, the expectation can be expanded as follows:

Elu(t — t)u(t — vu(t — jou(t — j2)1 = ¢uu(t1 — 12)Puu (1 — Jj2)
+Guu (1 — J1)Puu(t2 — j2)
+¢uu (T — j2)¢uu(7:2 - ]1)
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Thus,

T-1
Guwn (11, 1) =2 Y kP (i, )i (01 = j)Puu (T2 = o) (6.30)
J1,j2=0

which shows that the second-order cross-correlation is the two-dimensional convolution
of the second-order Wiener kernel with two copies of the input autocorrelation.

The kernel may be obtained, as proposed by Korenberg and Hunter (1990), by
deconvolving the input autocorrelation from the rows and columns of the second-order
cross-correlation. To do so, first define a matrix, G(ty, 2), whose columns contain the
convolution of the input autocorrelation with the columns of the second-order kernel.
Thus,

T-1
G, =Y kPG, ¢t —j),  T.02=0....T—1 (631
j=0

Then, rewrite equation (6.30) as

T-1

Puawn (11, 12) =2 Y G(T1, TP (12 — J) (6.32)

j=0
Then the jth column of G can be computed from the deconvolution,
G(. J) = 5Pl Puuyr G ) (6.33)

where the second-order cross-correlation is shown in boldface to indicate that it is
being operated on as a matrix. Multiplying the rows of G by ‘I’Hul gives an estimate
of k(z)(n, 77) and thus solves equation (6.31).

A similar analysis applies to higher-order kernels; the order-g cross-correlation will
be the g-dimensional convolution of the order-g kernel with ¢ copies of the input auto-
correlation. Estimating the order-g kernel will therefore require multiplying each one-
dimensional slice of the order-g cross-correlation, taken parallel to each of the g axes,
by the inverse of the autocorrelation matrix.

Section 5.2.3, discussed numerical sensitivity issues surrounding IRF estimation from
colored inputs and motivated the development of a pseudo-inverse-based algorithm to
stabilize the deconvolution. In estimating an order-g Wiener kernel from data with a
colored input, the deconvolution operation must be applied g times. Consequently, the
numerical difficulties, outlined in Section 5.2.3, will be compounded.

6.1.2.1 The Repeated Toeplitz Inversion Algorithm The following algorithm,
originally proposed by Korenberg and Hunter (1990), can be used to estimate Wiener
kernels of orders O through 2 of a nonlinear system subject to nonwhite, Gaussian inputs.
The extension to third- and higher-order kernels is straightforward.

-1

- the inverse of the

1. Compute ¢,,(7), the input autocorrelation function, and ®
Toeplitz structured autocorrelation matrix.

2. Estimate the zero-order kernel as the output mean, and compute the zero-order
residue, v© (7).
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3. Use equation (5.10) to estimate the first-order Wiener kernel.
V)= l¢,0 (6.34)

and generate the first-order residue

T-1

v (6) =) = Y kP (@u - 1)

=0

4. Compute ¢,,,m (71, T2), the second-order cross-correlation between the input and
the first-order residue, v (7).

5. The second-order kernel estimate is obtained by multiplying the rows and columns
of ¢ uy by q’;ul:

k? = 1oyl o Pul (6.35)

6.1.2.2 Example: Wiener Kernel Estimates of the Peripheral Auditory Model
Using Colored Inputs To illustrate the effects of a colored input on Wiener kernel
estimates, the simulations in the previous section were repeated with the input signals
filtered by with a fourth-order, low-pass, Butterworth filter with a cutoff of 3750 Hz (i.e.,
0.75 times the Nyquist rate). As before, 10 dB of white Gaussian noise was added to the
output.

The first- and second-order Wiener kernels were estimated from 5000 points of
input—output data using the repeated Toeplitz inversion method. Figures 6.8A and 6.8C
show that the resulting kernel estimates contained substantial high-frequency noise. Nev-
ertheless, they predicted the response well, yielding 89.0% and 78.9% VAF for identifi-
cation and cross-validation data segments.

The high-frequency noise in kernel estimates can interfere with their interpretation by
obscuring important features of the kernel shapes. Indeed, the input used in these simu-
lations was filtered only slightly and the output contained relatively little measurement
noise.™ Nonetheless, the estimated kernels were very noisy; indeed, it is not possible to
determined whether the small peak in the second-order kernel estimate near zero lag in
Figure 6.8C is due to the kernel or to estimation noise.

It is common to smooth kernels to suppress estimation noise. Figures 6.8B and 6.8D
show the result of smoothing the kernels with a simple three-point, zero-phase filter:

0.5, =0
hgmo(T) = 4 0.25, T ==l
0, otherwise

It was convolved with the first-order kernel estimate and applied along both the 77 and
72 directions of the second-order kernel. Smoothing improves the appearance of the
kernels, but it also introduces a bias to the kernel estimates that substantially degrades
their prediction accuracy. Thus, predictions made with the smoothed kernels accounted for
74.1% and 63.5% in the identification and validation segments, respectively, a decrease of
more than 10% in each case. Therefore, even if the kernels are smoothed for presentation,
the “raw” kernels should be used for computations.

*Note that the contributions from the third- through eighth-order kernels present in the output will also act as
noise when computing the second-order kernel.
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Figure 6.8 Estimates of the first- and second-order Wiener kernels of the peripheral auditory
model obtained with a colored input using the repeated Toeplitz inversion algorithm. (A) Raw
first-order kernel. (B) Smoothed first-order kernel. (C) Raw second-order kernel. (D) Smoothed
second-order kernel. Smoothed estimates were obtained by filtering the raw estimates with a three-
point filter. Note the very different z-axis scales for the raw and smoothed second-order kernels in
panels C and D.

6.1.3 Frequency Domain Approaches

Section 5.3.2 showed that the cross-power spectrum is the Fourier transform of the cross-
correlation. Thus, for a white input, the transfer function of a linear system will be
proportional to the input—output cross-spectrum. French and Butz (1973) suggested that
higher-order, input—output cross-spectra could be used to estimate the Wiener kernels of
nonlinear systems.

To see how, compute the Fourier transform (with respect to lag, t) of equation (2.18),
the biased estimate of the first-order cross-correlation function,

N N
§ (dguy(f)> = %ZZM([ - -[)y(l')e_j2”Tf/N

t=0i=0

Since e /27 =Df/N — 1 this simplifies to

N N
1 N e
— ﬁ § :u(l _ _L,)e./ZJT(l—‘L’)f/N 2 :y(l-)e—jZHlf/N
=0 i=0

1 *
= UMDY (6.36)
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FFT methods calculate the transforms U(f) and Y (f) efficiently; so in practice,
cross-correlations are often computed by taking the inverse Fourier transform of equa-
tion (6.36).

From equation (6.11) we obtain

A 1
kD (@) = —uy (1) (6.37)

so the cross-spectrum, equation (6.36), divided by a , provides a frequency domain
estimate of the first-order Wiener kernel.

However, equation (6.36) gives the Fourier transform of the correlation, evaluated
between 0 and N — 1 lags—the length of the data record. This is not desirable since
it will produce a highly overparameterized “model” having as many parameters as data
points. Moreover, there is no need for such a long correlation function since the system
memory will be shorter than the data length. To avoid this, the data record is often
segmented into a series of shorter records, the Fourier transform is computed for each
segment, and the series of transforms is ensemble-averaged. Thus, if an N point data
record is divided into D segments of length Np, the first-order frequency kernel would
be estimated as

KV(f) =

2DN ZUd(f)Ya’(f) (6.38)

where Uy (f) and Y;(f) are the Fourier transforms of the dth segment of u(¢) and y(¢),
respectively. Note that the Fourier transforms are taken over lags from 0 to Np — 1. This
is sometimes abbreviated as

) 1
KV (f) = oIND ——(U*(HY ()

u

where the angle brackets denote the ensemble averaging operation. This approach uses
the averaged periodogram, described in Section 2.3.5, to estimate the input—output
cross-spectrum.

Similar derivations can be used to develop estimates of higher-order Wiener kernels
from corresponding high-order cross-spectra. Thus,

N

Puuy (11, T2) = % D ult —mut — 1)) (6.39)

t=0

is a biased estimate of the second-order cross-correlation (2.27). Taking the two-dimen-
sional Fourier transform with respect to the lag variables, 71 and 1o, gives

N N N

3 (ql;m,y(‘l:l, z’z)) Z Z Z u(t —t)u(t — ) y(t)e” P2n (v fitwa f2)/N

t=0 71=01,=0

Multiplying by e ~/27(=Dfi/N and ¢=/27(=0£2/N poth equal to one, results in

N 1
§ (bun(ri ™)) = SUSAU (DY (fi + fo) (6.40)
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As with equation (6.36), equation (6.40) gives the Fourier transform of the kernel,
evaluated at lags out to the data length. The resulting frequency domain kernel would be
an N by N matrix and clearly have far too many parameters. Consequently, as before,
it is common to segment the data and ensemble average their Fourier transforms. The
resulting estimate, for segments of length Np, is

1
20‘,pr

K?(f1, fr) = (U*(OU* (Y (fi + ) (6.41)

Higher-order kernels may be estimated using similar spectral approaches.

This frequency domain implementation of the Lee—Schetzen cross-correlation method
(Lee and Schetzen, 1965), as suggested by French and Butz (1973), was intended for use
with white inputs. As noted above, for colored inputs, the input autocorrelation must be
deconvolved from the cross-correlations to estimate the kernels. This operation is cum-
bersome for all but the first-order kernel in the time domain. French (1976) recognized
that it would be much simpler to perform deconvolution in the frequency domain where
time domain deconvolution becomes a frequency domain division. Thus, the frequency
kernel estimates can be corrected for nonwhite inputs by dividing by the appropriate
input spectrum. The corrected estimates of the frequency kernels are given by

KO = y(0) (6.42)
gy _ DY) "
) (UHU*()) 043

(U*(OU(LY(f1 + )

KO (f. fr) = ’
(f1, f2) 2U (DU (fONU () U*(f))

fi+f2#0 (6.44)

where once again the angle brackets denote ensemble averaging.

Note that i, = k©® = K©® = y(0) and so the zero-order time and frequency domain
kernels are identical. Furthermore, it is common practice to subtract the output mean
prior to computing the FFTs to increase computational accuracy (French, 1976).

6.1.3.1 Model Validation The original papers by French (1976) and French and
Butz (1973) provided no way to assess the accuracy of frequency domain models. One
possibility would be to inverse Fourier transform the model output and then use the
%VAF, as for time domain models. Alternately, it is possible to compute the coherence
between the model output and the measured output (Kearney et al., 1997). This approach
will reveal the frequency ranges that are/are not well-modeled by the system. Furthermore,
it can be applied kernel by kernel, to reveal which kernels make significant contributions
in various frequency ranges.

Note that the coherence between the model output and the measured output does
not measure the model accuracy directly. Rather, it provides a measure of how much
power in the system output is related linearly to the output predicted by the model, as a
function of frequency. That is, it describes how well a linear time-invariant system can
model the input—output relation between the observed and predicted outputs, and so it
provides a measure of how well the model accounts for nonlinear effects. It is therefore
useful to estimate a linear dynamic model between the observed and predicted outputs
to determine if there are any unmodeled linear dynamics.
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6.1.3.2 Example: Frequency-Domain Kernels of the Peripheral Auditory
Model This section demonstrates the estimation of the first- and second-order fre-
quency kernels of the peripheral auditory processing model with a colored input. The
input—output data used were the same as those used in the previous section. Five hundred
milliseconds (5000 points sampled at 10,000 Hz) of input—output data were used.

The input—output data were divided into 32-point, nonoverlapping segments, resulting
in an ensemble of 156 segments of input and output data. These were then detrended,
windowed, and Fourier-transformed, using an FFT, and then ensemble-averaged. Kernel
estimates were then computed from equations (6.43) and (6.44).

Figure 6.9 illustrates the quantities used to estimate the first-order frequency ker-
nel. Figure 6.9A shows the ensemble estimate of the input autospectrum. Figure 6.9B
shows magnitude of the (complex-valued) input—output cross-spectrum, estimated from
the ensemble of Fourier-transformed input—output records. Figure 6.9C shows the mag-
nitude of the estimated frequency kernel, computed by dividing the cross-spectrum by
the input autospectrum point by point. This is overlayed on the Fourier transform of the
system’s first-order Wiener kernel. Note the large error above 4000 Hz, where there was
little input power.

Although the data segments were 32 points long and yielded 32-point FFTs, the
spectra in Figure 6.9 are only 16 points long. This is because the signals used in these
computations were real; consequently, the spectra were conjugate symmetric about DC,
Suy(=f) = S;,(f), and so negative frequency points were redundant and are not shown.
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Figure 6.9 Frequency domain estimates of the first-order Wiener kernel of the peripheral audi-
tory model. (A) Magnitude of the input autospectrum. (B) Magnitude of the input—output cross-
spectrum. (C) First-order frequency kernel estimate obtained by dividing the cross-spectrum by
the input autospectrum (solid line) and the theoretical frequency kernel obtained by Fourier trans-
forming the first-order Wiener kernel.
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Figure 6.10 demonstrates the estimation of the second-order frequency kernel.
Figure 6.10A shows the square of the input autospectrum, the denominator of
equation (6.44). As with the first-order spectra in Figure 6.9, only positive frequencies
are shown, since the second-order frequency functions are symmetric with respect to
their two arguments, that is,

K?(f1, ) =KP(f, f1)

and conjugate symmetric about DC,

K (= f1, ) =KP*(f1, f)

Thus, the second-order frequency kernel is completely determined by its values in the
first quadrant.

Figure 6.10A shows the autospectrum of the input while Figure 6.10B shows the mag-
nitude of the second-order input—output cross-spectrum. Figure 6.10C shows the estimate
of the second-order frequency function obtained by dividing the input—output cross-
spectrum by the input autospectrum. Figure 6.10D shows the two-dimensional Fourier
transform of the system’s second-order Wiener kernel. As with the first-order frequency
kernel estimate, the second-order kernel contains large errors at frequencies where there
is little input power, such as at the two corners (0, 5000 Hz) and (5000 Hz, 0).

The kernel is zero at all points where f; + f> > 5000 Hz, the Nyquist frequency.
Without this restriction, the second-order kernel could produce an output containing
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Figure 6.10 Frequency domain estimates of the second-order Wiener kernels of the peripheral
auditory model. (A) Magnitude of the product, Sy, (f1)Suu(f2), the square of the input autospec-
trum. (B) Magnitude of the second-order input—output cross-spectrum, Syyy(f1, f2). (C) Magni-
tude of the second-order frequency kernel estimate obtained by dividing the spectra shown in A
and B. (D) Theoretical frequency kernel obtained by Fourier transforming the second-order Wiener
kernel.
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frequencies between DC and double the Nyquist frequency, 10,000 Hz in this case. Any
components between 5,000 Hz and 10,000 Hz would be aliased, appearing as additional
components between 5000 Hz and DC. This is another manifestation of the sampling
issues discussed in Section 6.1.1.2.

6.2 BLOCK-STRUCTURED MODELS

Correlation-based algorithms also exist for the identification of block-structured mod-
els having the Wiener, Hammerstein, or LNL structures described in Section 4.3.
These techniques are based on Bussgang’s theorem (Bussgang, 1952), which states the
following:

Theorem 6.4 For two Gaussian signals, the cross-correlation function taken after one
signal has undergone a nonlinear amplitude distortion is identical, except for a factor of
proportionality, to the cross-correlation function taken before the distortion.

To demonstrate this, consider two Gaussian signals u(¢) and x (¢) with cross-correlation
¢ux (7). Let y(¢) be the result of applying a polynomial to x(z):

Qo
Y@ =mx @) =) ¢ Dxl(1) (6.45)

q=0

The cross-correlation between u(¢) and y(¢) is then
Guy(t) = Elu(t — 1)y(®)]

0
=Y cDEu( - 1)x1(1)]

q=0

Both u(¢) and x(¢) are Gaussian, so using equation (2.3) to evaluate the expectation
operation gives

0
¢uy(f) = Z c(q)(l S I Q)O'/rq_ld)ux(f)
qq:cid
= k(o ¢V, ..., Dpur (1) (6.46)

where
Y
K= Zc(q)(l-3-...-q)a)?_1
gq=1
g odd
This demonstrates that ¢y (7) is proportional to ¢, (7). Note, however, that unless the

polynomial coefficients are either all positive or all negative, there may be some input
variances, auz, for which x will be zero.
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u(t) x(1) y(@®)

— h(t) m(-) >

Figure 6.11 Block diagram of a Wiener system.

6.2.1 Wiener Systems

A direct application of Bussgang’s theorem arises in the identification of the linear
element of a Wiener cascade, shown in Figure 6.11. The output of the Wiener system is
given by

y(t) = m(x(2))
T—1

=m (Z h(t)u(t — r))
7=0

If u(z) is Gaussian, then x(z) will be Gaussian as well. Therefore, by Bussgang’s
theorem, we have

¢uy = KPux

and the IRF of the linear subsystem can be estimated to within a constant of proportion-
ality from

buy = kPyyh (6.47)

provided that « is not zero.
6.2.1.1 Insight from Hermite Polynomials 1t is informative to repeat the fore-

going analysis using normalized Hermite polynomials, rather than the power series used
in (6.45), to represent the nonlinearity. This gives

(9]
v =Yy OHP (1))

q=0
0
=> y@WolH@ <$) (6.48)
q=0 o

Once the static nonlinearity is represented by a normalized Hermite polynomial, it is
straightforward to compute the Wiener kernels of a Wiener cascade. This is because the
Wiener system is a special case of the Wiener—Bose model discussed in Section 4.5.4.
Recall that the order-g Wiener kernel of a Wiener—Bose model can be computed from
the filters in the filter bank and the order-¢ Hermite polynomial coefficients. Since the
Wiener system has only a single filter in the bank, the IRF of the linear element, its
first-order Wiener kernel is given by

kY () = yDh(r) (6.49)
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where y (1) is the coefficient of the first-order, normalized, Hermite polynomial describing
the nonlinearity.

However, from the derivation of the repeated Toeplitz inversion method in equa-
tion (6.34), the first-order Wiener kernel is also given by

k(l) = q’;u] ¢uy
Consequently, the constant of proportionality given in equation (6.47) must be

Kk =y
This provides several insights into potential problems with the identification of Wiener
systems. First, for an even nonlinearity the first-order Hermite polynomial coefficient,
y“), will be zero by definition. Consequently, the first-order cross-correlation, uy (1),
will also be zero and the identification will fail.

Second, even if the nonlinearity contains odd terms, the approach will fail if the first-
order Hermite coefficient happens to be zero. In such cases, it is useful to change the
input power level. This will change the variance of the intermediate signal, oxz, thereby
altering the orthogonalization of the Hermite polynomial and giving different coefficients.
With an appropriate power level, k¥ will not be zero and the identification can proceed.

6.2.1.2 Even Nonlinearities For an even nonlinearity, « will be zero for all input
power levels so the first-order correlation cannot be used to identify the linear subsystem’s
IRF. However, it may be possible to estimate the IRF from the second-order cross-
correlation. To see why, consider the second-order cross-correlation, between u(¢) and
vO @) = y@r) — iy, used to estimate the second-order Wiener kernel. Noting that the
output of the first-order kernel is zero, equation (6.30) gives

T-1
G (11, 12) =2 Y kP (1, 2)buu(®1 — j)uu (T2 — j2)
J1.J2=0

the second-order convolution of the second-order Wiener kernel with two copies of the
input autocorrelation. The second-order Wiener kernel of a Wiener system is

k? (11, 12) = yPh(z)h(12)
so that we obtain

B (T1, 72) = ¥ P Pux (11) Pux (72) (6.50)

Thus, any nonzero one-dimensional slice of ¢,,, (71, 72) will be proportional to the
cross-correlation measured across the linear element. Deconvolving the input autocorre-
lation will produce an estimate of the linear IRF, h(7).

Alternately, from equation (6.50), it is evident that the second-order Wiener kernel
should have only one nonzero eigenvalue and that its eigenvector will be proportional
to ¢yx. Thus, a more robust approach would be to use the principal eigenvector of the
whole second-order cross-correlation, rather than simply a one-dimensional slice.

In either case, an unlucky choice of the input power level may result in a nonlinearity
whose second-order Hermite polynomial coefficient is zero. Repeating the identification
with a different input power level should solve this problem.
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6.2.1.3 Fitting the Nonlinearity 1f a power series is used to represent the non-
linearity, its coefficients may be estimated using a linear regression, as described in
Section 2.4.1.1. However, numerical performance can be improved by describing the
nonlinearity with an orthogonal polynomial such as the Tchebyshev (Section 2.5.4) or
Hermite (Section 2.5.3) polynomials. To do so, first estimate the intermediate signal,
x(t), by convolving the IRF estimate, l;(r), with the input, u(¢). Then, form a regres-
sion matrix appropriate to the polynomial; for an order-Q Tchebyshev polynomial this
would be

Xt,)=[1TVE@) TP@E®) ... TDE@)]
Finally, use the normal equation (2.33) to solve
z=Xy+v (6.51)

in an MMSE sense, where z is a vector containing the measured output, z(¢) = y(¢)+v(?),
that contains measurement noise v(t).

6.2.1.4 lterative Schemes This “one-step” approach to identifying a Wiener sys-
tem is likely to yield biased estimates of both the IRF and the nonlinearity. To under-
stand why, consider what happens if the static nonlinearity is represented using Hermite
polynomials, normalized to the variance of x(¢). As argued above, only the first-order
Hermite polynomial term will contribute to the first-order input—output cross-correlation.
Consequently, when estimating the linear system between the input and output, the con-
tributions from higher-order polynomial terms will be seen as “noise.” This “nonlinearity
noise” will not be Gaussian and will add to any measurement noise, decreasing the effec-
tive signal-to-noise ratio and increasing the variance of the IRF estimate. Furthermore,
the estimate of the intermediate signal, x(r), used to construct the regressors, X [see
equation (6.51)], is obtained by convolving the input, u(¢), with the estimated linear
IRF, fz(r). Thus, errors in the IRF estimate will lead to errors in the regression matrix,
and consequently the least-squares estimates can be expected to be biased.

Hunter—Korenberg Algorithm  Hunter and Korenberg (1986) proposed an iterative
solution, which attempts to improve its estimate of the intermediate signal at each stage
in the iteration. The algorithm proceeds as follows:

1. Choose the length of the linear filter, and order of the polynomial nonlinearity. Set
the iteration number, k£ = 0.

2. Use equation (5.10) to estimate a linear IRF, fzo(r), between the input, u(¢), and
output, z(#).

3. Predict the intermediate signal, X;(¢), using the convolution:

T—1

B =) i@t — )

=0

4. Fit a polynomial, riig (-), between the estimate of the intermediate signal, X (), and
the output, z(¢), using linear regression (6.51).
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5. Compute the output of this model, y;(t) = g (Xx(¢)), and determine its mean-
square error (MSE),

1 N
Vi) = = D@0 = 5 0)?

t=1

6. If Vy (k) < Vn(k — 1), the iteration is still converging, so increment k and jump
to step 8.

7. If there is no improvement in the MSE, exit and use fzk_l(t) and myg_1(-) as
estimates for the IRF and static nonlinearity.

8. Estimate the inverse of the static nonlinearity, n%,:l(-), by using linear regres-
sion to fit a polynomial between the output, z(#), and the current estimate of the
intermediate signal, X (¢).

9. Construct an alternate estimate of the intermediate signal by transforming the output
with the estimated inverse nonlinearity.

Rk (t) =y (2 (1))

10. Compute the next estimate of the linear system, fzk(f), by fitting a linear system
between the input, u(¢), and the alternate estimate of the intermediate signal, X, (7).

11. Go to step 3.

There are several difficulties with this algorithm—mostly related to the inversion of
the static nonlinearity required in step 8.

1. First, the nonlinearity must be invertible. This will only be the case when the
nonlinearity is a one-to-one function over the range probed by the identification
data. Otherwise, the inverse will not exist, and fitting a polynomial between the
output and an estimate of the input to the nonlinearity will give unpredictable
results.

2. Even if the nonlinearity is invertible, output noise will enter the regression matrix
and bias the estimate of the inverse.

3. Output noise will cause problems even if the inverse of the nonlinearity is exactly
known. Transforming the measured output with the inverse nonlinearity will gener-
ate components where the output noise appears additively, in the first-order terms,
and multiplicatively in cross-terms generated by higher-order polynomials. These
high-order multiplicative noise terms may bias subsequent estimates of the linear
dynamics.

Paulin-Korenberg—Hunter Algorithm  Paulin (1993) proposed an approach that
avoids inverting the static nonlinearity explicitly. Like the Hunter—Korenberg algorithm,
it alternately updates two different estimates of the intermediate signal. The “primary”
estimate of the intermediate signal, Xk (), is obtained by filtering the input by the current
estimate of the linear dynamic element, hi (7). To avoid computing an explicit inverse,
Paulin updated the alternate estimate, X, ¢ (¢), as follows:

Xa k() = Xa k—1(1) + (2(t) = Je—1(1)) (6.52)
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The rationale behind this update can best be explained as follows. The Wiener kernels
of the system relating the input, u(z), to the error in the current output, z(¢) — yx—1(¢),
will be equal to the errors in the Wiener kernels of the current model. Thus, any error in
the linear IRF estimate will lead to a proportional error in the first-order Wiener kernel.
Thus, the first-order Wiener kernel between the input and the error in the model output
will be proportional to the error in the IRF estimate for the linear element. Hence, using
the update given in equation (6.52), and then fitting a linear IRF between u(¢) and X, x (1),
is equivalent to adding the first-order Wiener kernel of the error model to the current
IRF estimate.

This approach has several advantages compared to the direct inversion of the nonlin-
earity. First, additive noise in z(¢) appears as additive noise in X, (), since it is never
transformed by the inverse of the nonlinearity. Second, since the nonlinearity is never
inverted, it need not be invertible. Thus, a wider class of systems may be identified.

Korenberg and Hunter (1999) noted that the iteration proposed by Paulin could become
unstable; they suggested that this could be prevented by reducing the size of the correc-
tion and by applying the correction to xx_i(¢), instead of X, x—;(¢). This removes the
contributions of higher-order terms in the error model, which act as “output noise” in
the regression used to estimate the IRF. Thus, Korenberg and Hunter (1999) proposed
the update

Xa k() = X1 (1) + a(z(t) — Je—1(1)) (6.53)

where o, 0 < o < 1, controls the rate of convergence. The algorithm can be stabilized
by reducing «. The resulting algorithm proceeds as follows:

1. Choose the length of the linear filter, the order of the polynomial nonlinearity, and
a convergence rate, 0 < o < 1. Set the iteration number, k = 1.

2. Choose X, 0(f) as an initial estimate of the intermediate signal; usually X, 0(t) =
z(1).

3. Estimate a linear IRF, fzk (1), between the input, u(¢), and the previous estimate,
Xa.k—1(t), of the intermediate signal, using equation (5.10).

4. Produce a “primary” estimate of the intermediate signal using convolution: X (¢) =
hi(T) % u(t).

5. Fit a polynomial, m(-), between X (¢) and the output, z(¢).

6. Compute the output of this model, yx(r) = my(xx(¢)), and the MSE,

N
1
Vi) = = 30 = 5 ®)?

t=1

7. If Vy(k) > Vy(k — 1), the error has not improved; exit and use IAzk_ 1 and 7y _q
as the estimated IRF and polynomial. If appropriate, reduce o and restart the
identification.

8. If Vy(k) < Vn(k — 1), the iteration is still converging, so increment k. Update the
alternate estimate of the intermediate signal using equation (6.53).

9. Go to step 3.
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Figure 6.12 Block diagram of a Hammerstein system.

Convergence To our knowledge, none of these algorithms has been proven to con-
verge under all conditions. Characterizing the convergence of these algorithms is a chal-
lenging problem that requires first finding the “fixed points” of the iterations—that is,
points for which

(i1 (), g1 () = (he (), g ()

and hence where the algorithm will halt. Once the fixed points have been located, it
would then be necessary to characterize their statistics.

6.2.2 Hammerstein Models

Bussgang’s theorem may also be used to identify Hammerstein models. Referring to
Figure 6.12, the output of a Hammerstein model is given by equation (4.39):

T-1 0
Y& =) k)1 Pul —1)
=0 q=0

Thus, the input—output cross-correlation is

T-1 (0]
buy() =D h(){ D P Eu( — vyul (t — j)]
j=0 g=0

Each expectation may be evaluated using equation (2.3), giving

T—1 o
Guy (D) =Y bt — Ph(H{ D P13 gy
j=0 qu(id
T-1
=K Y uul® — Hh()
j=0

which may be expressed in vector—matrix notation as
Gy = K Puuh

where @y, is the Toeplitz structured autocorrelation matrix defined in equation (5.9).
Thus, the input—output cross-correlation across a Hammerstein cascade is proportional
to the cross-correlation taken across the linear subsystem, i (7). This provides the means
to identify the entire system.
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6.2.2.1 Insight from Hermite Polynomials As with the Wiener system, expand-
ing the nonlinearity using Hermite polynomials normalized with respect to the input
variance, auz, provides insight into the properties of the constant, . This expansion gives

T-1 0
YO =Y k(@ Dy PHD @ - 1) (6.54)
=0 q=0

with the input—output cross-correlation,

T-1 0]
buy(@) = D h(D YV VE [ut = yHO @i — )] (6.55)
j=0 q=0

Since the Hermite polynomials are orthogonal,

Elu(t — —J =1
E [u(t — OYHD (u(r — j))] = {0 Lt = (e = ] otﬁerwise

the first-order cross-correlation is

¢uy = 7/(1) ®yuh

Thus, the constant of proportionality, «, will be equal to the first-order Hermite poly-
nomial coefficient, ¥ 1. Provided that y! is nonzero, the first-order cross-correlation
can be used to estimate the linear IRF. As with Wiener cascade, y(l) may be zero. This
may occur either due to an unfortunate choice for the input power level or because the
polynomial is even. In the former case, repeating the identification experiment using a
different power level should restore identifiability. Alternately, the approach below for
even nonlinearities may be applied, provided that the nonlinearity contains at least one
even term.

6.2.2.2 Even Nonlinearities As with the Wiener system, estimates of the linear
IRF based on the first-order cross-correlation will fail for even nonlinearities. The IRF
estimate for even Hammerstein systems can be derived from the second-order Wiener
kernel as was done for the Wiener system. However, for a Hammerstein system, only
the diagonal of the kernel need be estimated since

T—1
Buw (1. 7) = E | u?t =)y P Y h(YHR (= j)
j=0

=2yPotn(r)
Again, an unfortunate choice of input power level may result in an orthogonalization for

which y® = 0, in which case the experiment must be repeated with a different input
variance.

6.2.2.3 Fitting the Nonlinearity ~Once h(t) is known, the polynomial coefficients
may be estimated using linear regression and the superposition property of linear systems.
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Let U be a matrix whose columns contain polynomials in u(¢). For example, for Hermite
polynomials the entries in the gth column of U would be

U(r, ¢) = HY9 " V() (6.56)

The regression matrix is formed by filtering each column of U with A(z), to give

T—1

W, q) = Z h()U(t — 7, q) (6.57)
=0

The polynomial coefficients, y, are then found from the linear regression
z=Wy+v (6.58)
where z is a vector containing the measured output, z(¢) = y(¢) + v(?).

6.2.2.4 lIterative Methods In theory, the higher-order Hermite polynomial terms
in equation (6.54) will be orthogonal to the input. However, in practice, record lengths
are finite and input distributions are not perfectly Gaussian, so that the expectations in
equation (6.55) will not be identically zero. These nonzero terms will appear as additional
output noise, increasing the variance of the correlation estimate and the resulting IRF
estimate. These errors will, in turn, generate errors in the regression matrix, W, and bias
the estimates of the polynomial coefficients in equation (6.58). As with Wiener systems,
iterative methods can be used to reduce the noise in the regression matrix and thus
minimize the bias in the polynomial coefficients.

Hunter—Korenberg Iteration for Hammerstein Systems  The algorithm proposed by
Hunter and Korenberg (1986) uses an iterative approach similar to that employed in the
identification of Wiener systems; each iteration attempts to refine two separate estimates
of the intermediate signal, X (¢) and X, ¢ (¢). The algorithm proceeds as follows:

1. Set the iteration counter, k = 1. Estimate a linear system, fz,:](r), between the
output, z(¢), and the input, u(¢). This will be proportional to the inverse of the
linear subsystem and thus will include noncausal components; it must therefore be
estimated as a two-sided filter.

2. Compute the “primary” estimate of the intermediate signal, X¢ (), with the convo-
lution: £ (t) = h; (1) * z(0).

3. Fit a polynomial, riz(-), between the input, u(¢), and the current estimate of the
intermediate signal, X (f).

4. Predict an “alternate” estimate of the intermediate signal,

Xa k(1) = m(u(t))

5. Fit a linear system, fzk(r), between X, (t) and the output, z(¢).

6. Generate the model output, Jx(f) = hr(t) * X4 k(t), and compute its mean-square
error, Vy. Exit if the MSE does not decrease significantly, otherwise continue.
7. Estimate a linear system, l;k_+11 (1), between the output, z(¢), and X, ¢ (¢), increment

the counter, k = k + 1, and go to step 2.
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6.2.2.5 Convergence The convergence properties of this algorithm have not been
established analytically. Westwick and Kearney (2001) used Monte-Carlo simulations to
compare the convergence properties of this algorithm to those of an alternate approach
using nonlinear optimization (see Chapter 8). They found that the Hunter—Korenberg
iteration produced biased results when the identification input was a non-Gaussian and
nonwhite signal, even when the output noise level was low. However, for the example
studied, the Hunter—Korenberg algorithm produced unbiased estimates of the Hammer-
stein cascade when the input was either non-Gaussian or nonwhite, but not both.

6.2.2.6 Application: Stretch Reflex Dynamics The stretch reflex is the involun-
tary contraction of a muscle which results from perturbations of its length. Electromyo-
grams from the muscle are often used to assess the activity of a muscle, and so the
stretch reflex is often studied as the dynamic relationship between the joint position and
the resulting EMG. To identify a stretch reflex model, the joint must be perturbed, with
the surrounding joints fixed and the EMG from the relevant muscles measured.

Kearney and Hunter (1983, 1984, 1988) used this approach to examine stretch reflexes
in the muscles of the human ankle. Subjects lay supine on a rigid experimental table
(Kearney et al., 1983) with their left foot attached to an electrohydraulic actuator by
means of a custom-fitted fiberglass boot. They were asked to maintain a constant con-
traction corresponding to 15% of their maximum voluntary contraction while the actuator,
configured as a position servo, produced a pseudo-random position perturbation whose
spectrum was flat to 20 Hz and contained significant power up to 50 Hz. The following
signals were recorded: joint position, measured by a potentiometer attached to the end of
the rotary actuator; joint torque, measured by a strain guage mounted between the actua-
tor and the ankle; and the EMGs over the tibialis anterior (TA) and gastrocnemius—soleus
(GS) muscles.

In the first two papers (Kearney and Hunter, 1983, 1984), linear filters were fitted
between joint velocities and EMGs. Quasi-linear models were shown to describe the
TA stretch reflex quite accurately for each operating point defined by the mean torque,
perturbation amplitude, and ankle position. The model parameters did, however, change
substantially with the operating point. Quasi-linear models were much less successful for
the GS stretch reflex. However, quasi-linear models could be fitted between half-wave
rectified velocity and gastrocnemius EMG. This ad hoc approach suggested that a Ham-
merstein structure might be an appropriate model for the gastrocnemius stretch reflex.

The third paper (Kearney and Hunter, 1988) employed a more systematic approach.
Initially, the first- and second-order Wiener kernels between the ankle velocity and gas-
trocnemius EMG were estimated using the Lee—Schetzen method (Lee and Schetzen,
1965). The first-order kernel accounted for 40% of the EMG variance but the second-
order kernel was not significant, accounting for less than 1% of the residual variance,
suggesting that higher-order nonlinearities were present. Nevertheless, the form of the
second-order kernel gave insight into the potential structure of the system.

Figures 6.13 and 6.14 show the cross-correlation estimates of the first- and second-
order Wiener kernels of the stretch reflex EMG, as well as the results of some manip-
ulations used to establish potential model structures. Figure 6.14A shows the second-
order kernel viewed orthogonal to the diagonal. It is evident that most of the significant
structure occurs at lags where the magnitude of the first-order kernel (Figure 6.13A)
is relatively large. Viewing the second-order kernel parallel to its diagonal, as shown
in Figure 6.14B, demonstrates that the most significant structure is near the diagonal.
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Figure 6.13 Cross-correlation analysis of stretch reflexes. (A) First-order Wiener kernel. (B) The
first-order kernel squared. (C) The diagonal of the second-order Wiener kernel. From Kearney and
Hunter (1988). Used with permission of BMES.

Compare the first-order kernel (Figure 6.13A) to its square (Figure 6.13B) and to the
diagonal of the second-order kernel (Figure 6.13C). If the underlying system were a
Hammerstein cascade, the first-order kernel would be expected to be proportional to the
diagonal of the second-order kernel. Similarly, if the underlying system were a Wiener
cascade, the diagonal of the second-order kernel would be proportional to the square of
the first-order kernel. Since the second-order kernel, shown in Figure 6.14, was mostly
diagonal, and there was a relatively good correspondence between the first-order kernel
and the diagonal of the second-order kernel (Figures 6.13A and 6.13C), the Hammerstein
cascade was considered to be an appropriate structure for this system.

Based on these results, a Hammerstein model was identified using the iterative proce-
dure of Section 6.2.2 (Hunter and Korenberg, 1986). The algorithm converged in less than
six iterations, resulting in a model which accounted for 62% VAF, as compared to 40%
VAF for the linear model. Figure 6.15 shows the elements of the identified Hammerstein
model. Figure 6.15A shows the nonlinearity, which resembles the half-wave rectifier used
in the earlier ad hoc study (Kearney and Hunter, 1984). Figure 6.15B shows the IRF of
the linear element.

Kearney and Hunter noted that the input signal was neither Gaussian nor white. Thus,
the assumptions underlying the Lee—Schetzen cross-correlation method (Lee and Schet-
zen, 1965) for estimating Wiener kernels did not hold. Similarly, Bussgang’s theorem,
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Figure 6.14 Cross-correlation analysis of stretch reflex EMG dynamics. (A) Second-order Wiener
kernel viewed orthogonal to the diagonal. (B) Second-order Wiener kernel viewed along the diag-
onal. From Kearney and Hunter (1988). Used with permission of BMES.
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Figure 6.15 Hammerstein model of stretch reflex EMG dynamics. (A) Static nonlinearity esti-
mate. (B) Linear IRF estimate. From Kearney and Hunter (1988). Used with permission of BMES.
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Figure 6.16 Block diagram of an LNL cascade model.

which underlies the iterative Hammerstein fitting approach (Hunter and Korenberg, 1986),
would not apply to the experimental input. To assess the impact of these departures, the
identified model was driven with a series of inputs, ranging from white Gaussian noise
to the measured test input, and the identification was repeated. The Wiener kernels iden-
tified from the model, when driven with the experimental input, were found to be very
similar to those obtained from the experimental data.

6.2.3 LNL Systems

Cross-correlation-based techniques are also available for LNL models—comprising two
dynamic linear filters separated by a static nonlinearity as illustrated in Figure 6.16. These
identification methods rely on the observation that the order-g Wiener kernel of an LNL
model is proportional to its order-g Volterra kernel, with a constant of proportionality
that depends on the kernel order.

This is most readily evident if the output of the LNL cascade is written as

T—1
Y6 =) gmw(t—1)

=0

Thus, the input—output cross-correlation, used to estimate the first-order Wiener kernel,

T-1
Guy(T) = E | u(t —7) Y g(Hw(t — j)
j=0
T—-1
=Y g(NEM@ — Dw(t — j)]
j=0
T-1
=Y 2(Nbun(t — j)
j=0

is the convolution of g(t) with the cross-correlation measured across a Wiener system
consisting of A (7) in series with m(-). The cross-correlation across this Wiener cascade
is given by

T-1

buw(©) =1V D" G (Hh(x — )

j=0



BLOCK-STRUCTURED MODELS 163

where y 1) is the first-order coefficient in the normalized Hermite polynomial represen-
tation of the static nonlinearity [see equation (6.47)]. Thus,

T-1 T-1
Guy@ =y Y 2(1) Y bulih(x — ji = j2)
J1=0 J2=0

Removing the convolution with respect to the input autocorrelation yields the first-order
Wiener kernel,

-1
kD@ =y e =)
j=0

From equation (4.44), the first-order Volterra kernel of an LNL cascade is given by

T-1

W) =V " g(Hhx - j)

j=0

where ¢(I is the first-order coefficient in the power-series representation of the static
nonlinearity. Thus, the first-order Wiener and Volterra kernels of a LNL cascade are
proportional to each other:

(¢))
k(l)(r) — y_h(l)(f)
c
A similar analysis can be used to compute all higher-order Wiener kernels of the LNL
cascade. Thus, the gth order Wiener kernel of a LNL cascade is given by

T-1

KV, ... 1) =y Y g(Dh(xi — Hhta = j) ... h(tg — j) (6.59)
j=0

which is proportional to equation (4.44), the gth-order Volterra kernel. The constant of
proportionality, y?) /¢4, depends on the kernel order, the variance of the input signal,
and the shape of the nonlinearity.

In particular, the second-order Wiener kernel is given by

T—1

K? (@, 1) =y? Y e(Dh(n — Pz = )) (6.60)
Jj=0

so that if k(z)(:, j) is the first nonzero column of the kernel, then
h(t) = kk® (@ — j, )

for some proportionality constant, k.

The second linear element, g(t), can then be obtained by deconvolving i(t) from
the first-order kernel (Korenberg and Hunter, 1996). Once the two linear elements have
been identified, the polynomial coefficients may be found using a linear regression.
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6.2.3.1 Iterative Methods As with the other block structures, cross-correlation
estimation errors will bias the polynomial coefficient estimates. Iterative methods can
be used to minimize these effects. Korenberg and Hunter (1986) proposed the following
algorithm:

1. Choose fzo(r), an initial guess for the IRF of the first linear element. For example,
one possibility is to use the first nonzero row of the second-order kernel as fzo(t).
Set the iteration counter k = 0.

2. Fit a Hammerstein system (g (-), gx (7)) between X (¢) = hi(t) % u(t) and y(z)
using the Hunter—Korenberg iterative algorithm described in Section 6.2.2.

3. If this is the first iteration, or if the model accuracy has improved significantly
since the previous iteration, continue. Otherwise, since convergence appears to
have stopped, exit.

4. Use a gradient-based minimization (see Chapter 8) to find the optimal linear filter,
hi+1, to precede the Hammerstein system (riig(+), &x(t)), increment k, and go to
step 2.

6.2.3.2 Example: Block-Structured Identification of the Peripheral Auditory
Model 1In this example, techniques for identifying block-structured models will be
applied to simulated data from the peripheral auditory model. These data were used
previously to demonstrate both the Toeplitz inversion technique (Section 6.1.2.2) and
the FFT-based estimation of frequency domain kernels (Section 6.1.3.2). The records
consisted of 5000 points (0.5 s) of input—output data. The input was low-pass filtered at
3750 Hz using a fourth-order Butterworth filter. White Gaussian noise was added to the
model output, such that the SNR was 10 dB.

The first task in performing a block structured identification is to select an appro-
priate model structure. In some cases, this can be done using a priori knowledge about
the underlying mechanisms. If this is not available, the structural tests, described in
Section 4.3, can be used to reduce the number of potential model structures.

To apply these tests, the first- and second-order Wiener (or Volterra) kernels must
be estimated. Since the input was nonwhite, Wiener kernels were estimated using the
repeated Toeplitz inversion scheme, as in Section 6.1.2.2. Recall that the second-order
Wiener kernel estimate, shown in Figure 6.8C, was dominated by high-frequency noise
that completely obscured the shape of the underlying kernel. Smoothing the kernel elim-
inated the noise, but reduced the prediction accuracy of the model. However, the general
shape of the kernel was still evident. Since the smoothed second-order kernel is not
diagonal, the Hammerstein structure can be ruled out.

For a system to have the Wiener structure, all rows of the second-order kernel must
be proportional to the first-order kernel and thus to each other. Again, the high-frequency
noise in the unsmoothed estimates of the kernels makes it difficult to use the raw ker-
nel estimates directly. However, the objects being tested, the first-order kernel estimate
and slices of the estimated second-order kernel, are all one-dimensional, and thus they
can be smoothed using a variation of the pseudo-inverse-based procedure, described in
Section 5.2.3.4 for linear IRF identification.

Let k(1) be the estimate of the first-order Wiener kernel; and let k@ (z, j), for
j =0,1, 2, be the first three slices of the second-order Wiener kernel estimate. Let fz(r)
represent any one of these objects and suppose that it results from using equation (5.10)
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to estimate a linear IRF:

0 -1

h= &, ¢y,
where ¢,,,, is the cross-correlation between the input and the output of the filter h(7).
Since u(t), the input used for the system identification, is not white, @, would ordinarily
be replaced with a low-rank pseudo-inverse,

<I)itm = V181‘1V1T

where V1 and S; are the singular values and vectors retained in the pseudo-inverse, as
shown in equation (5.15). Using the pseudo-inverse projects h onto the columns of Vj.
Thus, if the pseudo-inverse algorithm had been used to estimate i (t), the result would
have been

‘Diu‘buw = VlVlTﬁ

Therefore, the kernel slices may be smoothed by multiplying each slice by V1V . For
these data, removing only one singular vector eliminated most of the high-frequency
noise. The results of this analysis are shown in Figure 6.17A. The second-order ker-
nel slices are clearly not proportional to each other, so the Wiener structure may be
eliminated.

To test for the LNL structure, the first-order kernel was compared to the sum of all
columns of second-order kernel:

T—-1
h(r) =Y kP (. j)
j=0

Again, noise in the first- and second-order kernel estimates made it impossible to apply
the test directly. However, projecting both the first-order kernel estimate and the sum,
fz(t), onto the first 15 singular vectors eliminated most of this noise. The result is shown
in Figure 6.17B. Since the two traces are similar, the LNL structure cannot be ruled out.

The algorithm of Section 6.2.3.1 was used to fit an LNL cascade to the simulated data.
Both IRFs were 16 samples long; the initial guess for the first linear element, i(t), was
obtained by projecting the first column of the second-order Wiener kernel onto the first
15 singular vectors of the input autocorrelation matrix, the same smoothing procedure
as for the structure tests. Models were identified using polynomials of increasing order
until increasing the order failed to increase the model accuracy significantly; in this way
a sixth-order polynomial was determined to be appropriate.

The results shown in Figure 6.18 are very similar to the elements used in the simu-
lated system and shown in Figure 4.1. Furthermore, the identified model accounted for
88.6% VAF in the identification data and 87.3% in the validation data.

Note that the in-sample accuracy, 88.6% VAF, is slightly better than the 87.9%
obtained by the second-order Wiener series model. However, the Wiener series model
had 153 parameters while the LNL model had only 39. Thus, despite the fact that the
Wiener series model had almost four times as many free parameters as the LNL cascade,
it was unable to achieve the same accuracy. The discrepancy is even larger in the cross-
validation data, where the Wiener series model accounted for 85.9% VAF, compared to
87.3% for the LNL cascade. This suggests that the Wiener series model was fitting more
of the noise in the identification data than the LNL cascade.
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Figure 6.17 Testing for Wiener and LNL structures. (A) The first three columns [i.e., k(z)(rl, )
for 71 fixed at 0, 0.1 and 0.2 ms]. The slices are not proportional so the Wiener structure can be
eliminated. (B) The first-order kernel and the sum of all columns in the second-order kernel. The
similarity between the two (normalized) traces indicates that the LNL structure cannot be ruled out.
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Figure 6.18 Elements of the identified LNL model. Note that the static nonlinearity resembles a
half-wave rectifier, for inputs between about —0.2 and 0.2 (arbitrary units). Since the input was
Gaussian, and given the variance of the intermediate signal, it is likely that more than 90% of the
data points fell into this range.
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6.3 PROBLEMS

1. Goussard et al. (1985) proposed a change to the Lee—Schetzen (Lee and Schetzen,
1965) cross-correlation method, in which the output was cross-correlated against Her-
mite polynomials of delayed inputs, rather than simple products of delayed inputs.
Show that this procedure also results in estimates of the Wiener kernels. What are the
advantages/disadvantages of this approach?

2. Consider a Hammerstein system, whose nonlinearity is m () = au + bu? and whose
linear element has A(t) as its IRF. Let the input be a zero-mean Gaussian signal
with autocorrelation ¢,, (7). Compute the result of using the Lee—Schetzen cross-
correlation method to estimate this system’s Wiener kernels. What happens if the
linear system is high-pass (so that Y > h(r) = 0)? What happens if the input is
actually white?

3. Consider a Wiener system, [A(t), m(-)], where the nonlinearity is m(x) = ax + bx3.
Let the input autocorrelation be ¢y, (t). Which polynomial coefficients will result in
a zero first-order Wiener kernel? Now, consider the system [g(7), n(-)], where

g(t) = kh(r)

@) = L+ 243
nx)=—-x+ —x
k k
What is the first-order Wiener kernel of this system (using the values of a and b found
previously)?

6.4 COMPUTER EXERCISES

1. Open the file ch6/mod1.mat, which contains an NLDAT object containing an
input—output dataset. Is the input White? Gaussian? Estimate the zeroth, first- and
second-order Wiener kernels of the system, using the WSERIES object, being careful to
use an appropriate memory length. Once you have identified a reasonable Wiener series
model, test your kernels to determine Whether the system is a Wiener, Hammerstein
or LNL cascade (or none of the above).

2. Repeat question 1 with the additional datasets mod2.mat and mod3.mat.

3. Open the file ch6/catfish.mat. Estimate the Wiener kernels from the data, and
test the hypothesis that the data were generated by a Wiener cascade. Identify Wiener
cascades using both the HK and PHK methods.

4. Repeat the above with the data contained in ch6/catfish2.mat.

5. Open the file ch6/reflex.mat, and estimate Wiener kernels from the data. Test
the kernels for a Hammerstein structure. Use the HK method to fit a Hammerstein
structure to the data. How does the prediction accuracy of the Hammerstein cascade
compare to that of the Wiener series model.



CHAPTER 7

EXPLICIT LEAST-SQUARES METHODS

7.1 INTRODUCTION

Section 5.2.2 showed how a least-squares regression could be used to identify the IRF
of a linear system. This was then replaced by a much more efficient computation based
on correlation functions. Since the Wiener and Volterra series are essentially nonlinear
generalizations of the linear IRF, one might expect that least-squares regressions could
be used to identify them as well.

The correlation-based techniques described in Chapter 6 identified the kernels by solv-
ing a least-squares regression, but used the statistical properties of the input, assumed
to be Gaussian white noise, to simplify the computations. This, however, meant that
the accuracy of the kernel estimates depended on how closely the statistics of the finite-
length data records approached those of the infinitely long, white Gaussian input assumed
in the derivation. In this chapter, the least-squares regression will be solved explicitly,
eliminating many of the assumptions on the input statistics and increasing the accuracy
of the resulting models.

However, computational requirements and storage considerations make the direct
application of least-squares techniques impractical for most systems. This chapter presents
two different approaches that reduce the computational intensity of the least-squares solu-
tion to manageable proportions while maintaining the accuracy gained by solving the
regression exactly.

7.2 THE ORTHOGONAL ALGORITHMS

The nature of the least-squares approach to identification may be understood by con-
sidering the identification of the simple, second-order Wiener—Bose model illustrated in

Identification of Nonlinear Physiological Systems, By David T. Westwick and Robert E. Kearney
ISBN 0-471-27456-9 (© 2003 Institute of Electrical and Electronics Engineers
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u(t)
3(7)
ut—1)
u(t) S(t—1) T-input (1)
Em— 2’nd Order [——
Polynomial
u(t —T+1)
S(t —=T+1)

Figure 7.1 A Wiener—Bose model with a filter bank of pure delays. The orthogonal algorithms
estimate the polynomial coefficients in the static nonlinearity using a linear least-squares regression.

Figure 7.1. The filter bank contains pure delays between 0 and 7 — 1 samples so the
output of the kth filter is u(# — k 4+ 1). Then, from equation (4.63), the system output is
given by

T—1 T-1

$(t) = @ + Z cDu =)+ Y Y P ut —ut — ) (71.1)

71=02=1]1

Consequently, once the polynomial coefficients are known, the system will have been
identified. Furthermore, equation (7.1) can be recognized as the “polynomial” form of
a second-order Volterra series, [see equation (4.14)]. Thus, once the polynomial coef-
ficients, ¢4), have been estimated, the Volterra kernels can be determined using the
procedure of Section 4.5.3 to yield a generalized nonlinear model.

The procedure described in Section 2.5.1 can be used to estimate the polynomial
coefficients as follows. First, form the regression matrix, U, with columns corresponding
to the polynomial terms—that is, lagged input values and products of pairs of lagged
input values. This matrix can be partitioned as

U= [U() Uy Uz] (7.2)
where Uy, Uy, and U; correspond to the zero-, first-, and second-order polynomial terms,
respectively, applied to the input, u(¢). The submatrix Up will comprise a single column
containing the zero-order polynomial output,

Uo(t) = u(1) =1 (7.3)
The submatrix Uy will have T columns, each containing a delayed copy of the input

Ui(r,) = [u@u@ =1 ...u@t =T +1)] (74)

In generating this matrix, u(¢) is assumed to be 0 for r < 0, so that column k, which
contains u(t — k + 1), will have k — 1 leading zeros.
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The submatrix U, will contain the second-order polynomial terms,

Ua(t, ) = [u?@®) u@®u — 1) ... u@®u — T + 1)
w?(t —Dou(t— Du(t—2)...u?@t — T + 1)] (7.5)

where all but the first column will have one or more leading zeroes since u(z) is assumed
to be zero for ¢t < 0.
The polynomial coefficients are stored in the vector,
1 1 2) @2 2

6 = [c(o), c(() ), e, C(Tll, c((),()), c((),i, e, c(T)_LT_l]T (7.6)
Therefore if @ contains estimates of the polynomial coefficients, the output of the model
will given by § = U@. This is a linear function of the parameter vector; thus the methods
developed in Section 2.32, and in particular the normal equations (2.33), can be used to

solve for the optimal @ and hence identify the system.
Formally, the identification problem to be solved can be stated as

6 — arg min {(y — o) (y — Uo)} 1.7)

that is, @ is the vector of polynomial coefficients that minimizes the sum of squared
errors.

7.2.1 The Orthogonal Algorithm

Korenberg (1987; Korenberg et al., 1988a) proposed an (ordinary) Orthogonal Algo-
rithm (OOA) that solved the normal equations by using modified Gram—Schmidt (MGS)
orthogonalization (Golub and Van Loan, 1989) to compute the QR factorization of the
regression matrix. The MGS factors U as

U=QR (7.8)

where Q has orthonormal columns and R is upper triangular. The solution to the normal
equations is then obtained from

RO = Q"z (7.9)

as can be seen by substituting equation (7.8) into the normal equation solution in
equation (2.33). Thus,

6 = UTu)"'u'z
— R—] QTZ
since QTQ = I. Finally, multiplying both sides by R produces equation (7.9), which can
be easily solved using back substitution, since R is upper triangular.
The Volterra kernels can then be constructed from @ using the procedure outlined

in Section 4.5.3. First, from equation (7.6), it is evident that 0A(1) corresponds to ¢O
and thus determines the zero-order Volterra kernel, hg. Next note that, 6(2...T + 1)



172 EXPLICIT LEAST-SQUARES METHODS

contains the estimated first-order polynomial coefficients, 861) through é(Tll 1~ Thus, from
equation (4.74), first-order kernel estimate will be

h)=6z+1), O0<t<T (7.10)

The remaining elements of ) correspond to the second-order polynomial coefficients and
can be used to construct the estimated second-order Volterra kernel. The procedure for
extracting the second-order kernel elements from the parameter vector is more complex
and is most easily explained by the following snippet of MATLAB code:

% T is the memory length, so offset points to the element
% just before the second-order polynomial coefficients
offset = T + 1;

% storage for the kernel
K2 = zeros(T,T);

loop over the columns in K2,
tri_length contains the length of the lower-triangular
part of the column
tri_length = T;
for i = 1:T
K2(i:T,i) = theta(offset+1:offset+tri_length);
% make offset point at the next set of coefficients
offset = offset + tri_length;
tri_length = tri_length - 1;
end
% now force the kernel to be symmetric
K2 = (K2 + K2°)/2;

o® o o°

Each pass through the loop loads the subdiagonal part of one column in the ker-
nel matrix with the appropriate polynomial coefficients. When the loop terminates, the
matrix is added to its transpose and divided by two. Thus, each off-diagonal polynomial
coefficient contributes to two symmetric kernel positions.

7.2.1.1 Computational and Storage Requirements The total number of para-
meters that must be evaluated is

M:<T+Q)=w (7.11)
T T10!

where T is the system memory length, and Q is the maximum kernel order in the
expansion. For second-order systems, M = (T2 4 3T + 2)/2.

Storage is required for U, the N x M element regression matrix, where N is the length
of the data records. An efficiently written QR factorization routine could overwrite U
with Q.* Thus, for a second-order system, approximately N72/2 storage elements will
be required.

*The implementation in the NLID toolbox (Kearney and Westwick, 2003), which is only intended as an
illustration of the algorithm, stores both matrices and thus requires approximately twice as much storage.
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The most-time consuming part of OOA is the Modified Gram—Schmidt QR factor-
ization, which requires approximately 2N M? flops (Golub and Van Loan, 1989). For a
second-order kernel this becomes:

IN(T? 43T +2)?

so the computational burden is approximately NT*/2 flops provided that N >> T.

For a third-order system the storage and computational requirements would be approx-
imately NT3/3 elements and NT°/18 flops, respectively. This explosive growth in com-
putational and storage requirements makes it impractical to apply the method to systems
higher than second order and/or with long memory.

7.2.2 The Fast Orthogonal Algorithm

The OOA is quite general and makes no assumptions about the structure of the regression
matrix, U, defined by equations (7.2)—(7.5). Korenberg (1987) extended the algorithm
to exploit the internal structure of U and eliminate redundant computations and storage.
The resulting fast orthogonal algorithm (FOA) is much faster than the original OOA and
requires much less storage.

The FOA does not use the QR factorization employed by the OOA, [see equation (7.9)].
Rather FOA solves the normal equations directly:

UTU)é = Uz (7.12)
This direct approach makes it possible to:

1. Compute the Hessian, UTU, and projection coefficients, UTz from hi gh-order cross-
correlation functions, without forming U explicitly.

2. Solve equation (7.12) efficiently via Cholesky decomposition of UTU and back
substitution.

The implementations of each of these will be discussed in the following sections.

7.2.2.1 Implicit Computation of UTU The Hessian, H = UTU, can be computed
directly from the input, u(¢), without forming the regression matrix, U. This results from
its structure, given in equation (7.2),

U= [U() U; Uz]

where Uy, Uy, and U,, are defined in equations (7.3) through (7.5). Note that Uy is the
first column of U, Uy takes up the next 7 columns (columns 2 through 7 + 1), and U;
fills the remaining (T? +T)/2 columns.

This Hessian may be partitioned similarly as

UgUo| U U4 U U,
H=U"U = | UTUy[UTU4|UT U, (7.13)
UTU)|U; Uq|UTU,

In principle, this partitioning scheme may be extend to the regression matrices and
Hessians for third- and higher-order systems, although in practice the computations may
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not be feasible. Consequently, the following discussion will be limited to second-order
systems.

Korenberg showed that each partition of the Hessian may be expressed in terms of an
input autocorrelation functions of order 0 to 3 (the input mean to ¢y, (71, T2, 73)), plus
a correction term.

Top Left Block The top left block in the Hessian, equation (7.13), is given by
H(1,1) = UjUp = UG, DTUC, 1) =N

since Uy, the first column of the regression matrix, contains all ones [see equation (7.3)].
This point is the exception, in that it does not depend on the input.

Top Center Block Next, consider the top middle block of the Hessian, UOTUI. The
first element in this block is

H(1,2) = Uy Us(:, 1)
=UG DTUG, 2)

Recall, from equation (7.4), that the first column of Uy, which is also the second column
of the regression matrix, U(:, 2), contains the input, u(¢). Thus,

N
H(1,2) = 21 u(r)
t=1

= Ny

Note that u, may be regarded as the zero-order autocorrelation of the signal.

The remaining columns of Uj contain delayed copies of the input. For example, the
second column of Uy, which is U(:, 3), contains a leading 0, followed by the first N — 1
elements of u(¢). Thus,

H(1,3) = UG, DU, 3)
N—1

=0+ Y 1-u@)
t=1

= Ny —u(N)
=H(,2) —u(N)

Similarly, U(:, 4) contains two leading zeros, followed by the first N — 2 values of u(z).
This is also equivalent to a single leading zero, followed by the first N — 1 entries in
U(:, 3). Consequently,

N-2
H(l,4) = Z 1-u(r)
=1

=H(,3) —u(N-1)

The remaining 7 + 1 elements in top middle block of the Hessian can be computed using
the recursive relation

H(,k+ 1) =H, k) —u(N —k+1), 2<k<T
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Note also that the Hessian is symmetric. In particular, the middle left block in
equation (7.13) is

Ulu, = (Ufup”
which is the transpose of the top middle block.
Top Right Block The top right block in the Hessian contains UgUz. Since Uy is
a single column containing all ones, this block will contain the average values of the
second-order terms: products of pairs of delayed copies of the input. These time aver-
ages, in turn, may be computed by applying small corrections to the first-order input

autocorrelation function.
For example, the first element in the upper right block is

N
H(,T +2) = Z 1-u@)
=1

= N (0)

where ¢, (7) is a biased estimate of the input autocorrelation obtained using equa-
tion (2.18).

The next element, H(1, T + 3), is the product of Uy and the second column of Us.
From equation (7.5), this column contains a leading zero, followed by u(¢)u(t — 1), for
t =2...N. Thus, H(1, T 4 3) is given by

N
H(1, T +3)=) 1-u(tut—1)
=2

= Nouu(1)

Similarly, the third column of U contains two leading zeros, followed by u(t)u(t — 2),
fort =3 ... N. Thus, the third element in the upper right block of the Hessian is given by

N
H(L, T +4) =) "1-u(t)u(t—2)
t=3

= Nuu(2)
Given the structure of U, this pattern applies to the first T elements of the Hessian block,
H(1, T +k+2) = Nouu (), k=0...T —1

The next T — 1 columns of U, can be obtained by delaying its first 7 — 1 columns by
one time step [see equation (7.5)]. This requires adding a leading zero to each column
and deleting the Nth element. Thus, the corresponding elements in the Hessian can be
obtained by subtraction:

N—1
H(1,2T +2) = Z u*(t)
=1

=H(1,T +2) — u*(N)
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Similarly, the next 7 —2 columns are obtained by delaying the first T —2 columns by two
time steps, producing corrections involving the product of two elements. For example,
N-1

H(1,2T +3) = Y u(®u(t — 1)

=2
=H{,T+3)—u(N)u(N —1)

Similar recursive procedures, based on correcting biased correlation estimates, can
be used to fill in the rest of the Hessian. The middle block, U?Ul in equation (7.13),
contains products of the form u(t — i + 2)u(t — j + 2), which can be computed from
¢uu- Moreover, these computations have already been used to compute the elements in
the UTUz block. For example,

0
H2,2) = UG 27U, 2)

=Ui;, DTULG, D)
N

=> w1
t=1

= N¢uu(0)
A horizontal movement across the Hessian gives

H(?2,3) = UG 27U, 3)

N
= u(u(t—1)
t=2

= Nuu(1)
Whereas a diagonal movement results in

H(3,3) =U(, 3)7U0, 3)

N
= u—1)
=2

= Nuu(0) — u*(N)

Thus, all entries in the middle block can be computed by correcting the biased autocor-
relation estimate, qg,m.

The remainder of rows 2 through 7 + 2 contain products of first-order and second-
order terms. These values can be obtained by applying similar end corrections to qgu,m.
In the same way, terms involving the product of two second-order regressors may be
computed from qAbm,,m with appropriate corrections.

As a result of these manipulations, the complete Hessian can be computed by first
calculating the mean and first-, second-, and third-order autocorrelations of the input and
then applying small corrections, to compensate for end effects. This requires substantially
fewer computations than generating the Hessian directly by forming the regression matrix,
U, and then multiplying it by its transpose.
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7.2.2.2 Implicit Computation of UT?  The projection coefficients, U” z, that make
up the right-hand side of equation (7.12) may also be computed without explicitly gen-
erating the regression matrix. To see this, partition the regression matrix,
UoTz
Ulz=| U]z (7.14)
U;FZ
The first block in equation (7.14) is
N
Upz=7 120
=1

=Nu;

The second block, Usz, can be obtained from the first-order input—output cross-correlation,

as follows:
N

Ui z=Y utt—k+Dz@0), k&

t=1

= Nuz(k— 1)

1...T

Similarly, the values in the third block, U}z, may be obtained from the second-order
input—output cross-correlation. For example,

N
Us(, k) Tz = Zu(t)u(t —k—1z(1), k=1...T

=1

= Nuuz (0, k — 1)

and

N
U, T+ k)Tz= Zu(t — Du(r — k)z(1), k=1...T —1

t=1

= Nuuz (1, k)

Note that there are no corrections required in these computations. The projection
coefficients are calculated directly from the output mean and first- and second-order
input—output cross-correlations.

7.2.2.3 Efficient Computation of Correlations The cost of computing the Hes-
sian and projection coefficients may be reduced further by using efficient methods to
compute the auto- and cross-correlations. Typically, the first-order cross-correlation is
computed most efficiently by FFT-based methods (Bendat and Piersol, 1986; Press et al.,
1992). However, the FFT approach has not been extended to higher-order correlation
functions, and so these must be computed in the time domain. For example, a straight-
forward method of computing the second-order cross-correlation is illustrated by the
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following MATLAB code*:

o
ho—=4

for i =
for j
sum
for n
sum
end
phi(i+1,j+1) = sum/N;
phi(j+1,i+1) phi(i+1,j+1);
end
end

-1
01

’
i+1:N
sum + z(n)*u(n-i)*u(n-7j);

Note that the two outer loops index through 7 (T + 1)/2) unique values of the second-
order cross-correlation. Each element in the correlation is computed in the innermost loop
that comprises 2N multiplications and N additions. Consequently, the entire computation
requires approximately %N T2 flops.

Korenberg (1991) demonstrated that by rearranging the loops it is possible to cut the
number of computations almost in half. He noted that the innermost loop computes the
product z(n)*u(n-1i) repeatedly, once for each value of j. Reversing the order of the
loops eliminates these redundant multiplications. Thus, with this scheme, the second-order
cross-correlation would be computed as follows:

for n = 1:N
for i = 0:T-1
if n> 1
temp = z(n)*u(n-1i);
for j = 0:1
phi(i+1,j+1) = phi(i+1,j+1) + temp*u(n-j);
end
end
end
end

o)

% Divide all entries by N, and place in symmetric positions
for 1 = 1:T
for j = 1:1
phi(i,j) = phi(i,j)/N;
phi(j,1) = phi(i,j);
end
end

This algorithm does add some extra “overhead,” but reduces the cost of the main step
by a factor of 3, since the innermost loop now only involves a single multiplication and
addition. This approach can also be applied to higher-order cross-correlations, where the
savings are even greater.

*For practical applications, MATLAB is not well-suited for this computation since only the innermost loop can
be vectorized. The outer two loops are unavoidable. The implementation in the NLID toolbox was written in
C, compiled and the executable linked to MATLAB.
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7.2.2.4 Solving for 6 via Cholesky Factorization ~Once the Hessian, H = UTU,
and projection coefficients, UTZ, have been computed using the efficient, cross-correla-
tion-based techniques discussed above, it remains to solve the normal equations (7.12):

HI = Uz (7.15)

The Hessian is an M x M, positive definite matrix and therefore its Cholesky factor-
ization,

H=R"R (7.16)

where R is an upper triangular matrix, can be computed in about M3 /3 flops. Once this
has been accomplished, equation (7.15) can be solved using two back-substitution steps
as follows. Let

Ry = RTR (7.17)

so that equation (7.15) becomes
Ry =U"z (7.18)

Solve this for ¥ and then solve
R0 =y (7.19)

for . Since R is upper triangular, the back-substitution steps required to solve equa-
tions (7.18) and (7.19) will require about M 2 flops each.

7.2.2.5 Computational and Memory Requirements The total number of para-
meters to be estimated with the FOA is the same as for the OOA:

M:<T—|—Q) _ (T +0)!
T T10!

where T is the system memory length, and Q is the maximum kernel order in the
expansion. What resources are required to estimate these parameters?
The storage requirements will be dominated by two components:

1. The input—output data itself, requiring 2N elements.

2. The Hessian matrix, H, with M x M elements. For a second-order system, this will
be approximately T*/4 elements.

For second-order systems, the computational cost will be determined by two steps:

1. The third-order autocorrelation, ¢y, used to compute the Hessian, H. Computing
this with the procedure outlined in the previous section (Korenberg, 1991) will
require approximately NT73/3 flops.

2. The Cholesky factorization required to extract the R matrix from H. Since the
Hessian is a M x M matrix, Cholesky factorization requires M3 /3 flops (Golub
and Van Loan, 1989).
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Thus, the dominant computations in the second-order FOA require about
M3 N NT?
3 3
flops. However, for second-order systems, M = (T2>+4-3T +2)/2 so that provided N > T,
the overall computational cost will be approximately N73/3, a factor of %T smaller than
that for the explicit orthogonal algorithm. Note, however, that the computational cost will
also increase with 7'°; this term will be significant if 7 is similar in size to N. Consider,

for example, a system with 7 = 16 and N = 10,000 data points; here T3 = 13,824, and
both terms will be significant.

7.2.3 Variance of Kernel Estimates

A major benefit of estimating kernels with least-squares regression is that the extensive
theory regarding the statistical properties of regression, summarized in Section 2.4.2,
can be applied directly to the kernel estimates. This section will demonstrate how these
results can be used to determine confidence bounds for kernel estimates and predictions.

For this analysis, it is assumed that the system can be represented exactly by a set of
kernels with the same maximum order and memory length as the estimates. Thus, the
underlying system must have fading memory, and the kernel order and memory length
must be large enough to describe the system’s response. In particular, there must be a
parameter vector, @, such that the noise-free output of the system is

y="U40

Furthermore, it is assumed that the output is corrupted by a zero-mean, white Gaussian
noise process, v(t),
z(1) = y(t) + v(r)

with variance 03, which is independent of the input, u(f). Under these conditions,
equation (2.41) can be used to estimate the parameter covariance matrix:

C;=6;U"0) ' =67H! (7.20)
where
- 5
~2 ~
- 1 —$(@ 7.21
6, N_Mt_Z](zo $@) (721)

is an unbiased estimate of the residual variance.

7.2.3.1 Variance of First-Order Kernel Estimates The clements of the first-
order kernel estimate are given by elements 2 — 7 + 1 of the parameter estimate vector,
6. Thus, the variance in the first-order kernel estimate is given by elements 2 — T + 1
of Cé, defined in equation (7.20).

Var(hD (1)) = C;(r + 1) (7.22)

7.2.3.2 Variance of the Second-Order Kernel Estimate The relation between
the variances of the elements of the second-order kernel and that of the parameter vector
is more complex. Diagonal elements in the kernel correspond directly to elements in the
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parameter vector. The variance of these kernel elements can be read directly from Cj.
However, each remaining parameter contributes equally to two symmetric, off-diagonal
kernel values. The corresponding kernel values are half the parameter values, and con-
sequently their variance is only one-fourth that of the parameter. Thus, to obtain the
variance of the off diagonal kernel elements, the corresponding entries in C; must be
divided by 4. The following MATLAB code illustrates the computation.

H is the Hessian, Cov is the covariance,

v-hat are the residuals N is the data length,

M is the number of parameters
sresid = sum(vhat.”2)/(N-M);
ov = (ssresid/N)*diag(inv(H));

m points to the entry in the parameter vector

just before the second-order kernel.

= T+1;

Now loop through the kernel, and step

through the covariance,
or i = 1:hlen

point to the next element in the parameter vector
(which will correspond to the next value on the
kernel diagonal.

=m+ 1;
2var(i,i) = Cov(m);
or j = i+1:hlen
point to the next element in the parameter vector.
We are now stepping away from the kernel diagonal.
m=m+ 1;

h2var(i,j) = Cov(m)/4;
h2var(j,i) = Cov(m)/4;

end
end

o o O »W ° ° o°

= ° o 3
o® o° o°

-+ T 3

7.2.3.3 Variance of the Model Output The model output is a linear function
of its parameters and so its variance may also be estimated using least-squares theory.
Consider a linear combination of parameters given by

f@) =y"0

for any y € MM, where M is the number of parameters. The variance of the function
f (0) due to the uncertainty in the parameters, 0 can be computed from

Var (y70) = E[y"0 — E[y"01) (70 — E[yT6)"]
=yTE[@ — E[6])@6 — E[6) 1y
=y'Czy (7.23)

To see how this result is used, consider u(t), an arbitrary input signal, and U, the
corresponding regression matrix. The predicted model output at time ¢ will be given by

$() = U, )0



182 EXPLICIT LEAST-SQUARES METHODS

which may be seen to be a linear combination of the model parameters. Consequently,
its variance will be

ag(t) =U(t, HC;U(, )"

7.2.4 Example: Fast Orthogonal Algorithm Applied to Simulated Fly
Retina Data

The application of the FOA will now be demonstrated by applying it to simulated data
from a model of signal processing in the fly retina. This example will be used through-
out the remainder of the book to illustrate key techniques. The simulation is based on a
model identified experimentally by Juusola et al. (1995); it consists of an LNLN block-
structured model that relates fluctuations in the light intensity incident on the fly retina
to the transmembrane voltage of a large monopolar cell (LMC). Results from the experi-
mental study will be summarized at the end of Chapter 8 and will provide an interesting
comparison to these simulations.

Figure 7.2 shows the model structure comprising a linear IRF, representing pho-
toreceptor transduction, followed by an NLN cascade, characterizing the transformation
between the photoreceptor and LMC nucleus. The two static nonlinearities were described
by fourth-order Tchebyshev polynomials, and the second linear element was described
by another IRF.

Two datasets were generated, each consisting of 8192 points sampled at 1 kHz. The
first simulation used a white Gaussian noise input to represent ideal conditions. The
second dataset corresponded more closely to an actual experiment; the input was colored
noise generated by low-pass filtering a white Gaussian signal with a fourth-order elliptical
filter having a cutoff frequency of 250 Hz. In both cases, white Gaussian noise was
added to the output to represent measurement noise; this was scaled so that the SNR
was approximately 13 dB. Figure 7.3 shows 200-ms segments of simulated data from
the white- and colored-input datasets.

In all simulations, the first 8000 points were used for identification, reserving the
remaining 192 points for cross-validation. To avoid producing transients in the relatively
short validation segment, the whole 8192-point input record was processed by the iden-
tified models. The last 192 points of the resulting output were then removed and used
for validation.

The first three Volterra kernels, of orders O through 2, were computed for both the
white and colored datasets described above. Application of the FOA requires setting
the kernel memory length, T, a priori. This was estimated by fitting a long (100-
ms) linear IRF between the input and output; the resulting IRF decayed to zero after
about 40 ms. Consequently, to be conservative the memory length of the Volterra series
was set to 50 ms. The kernels and their variances were then estimated as described
above.

Figure 7.4 shows estimates of the first- and second-order kernels using the FOA with
the white-input dataset. Figure 7.4A shows the first-order kernel; note that it decays to
zero, indicating that the 50-ms memory length was adequate. The dotted lines surrounding
the first-order kernel correspond to bounds of three standard deviations from the mean.
If the errors in the kernel estimates are zero-mean and Gaussian, then there is a 99.7%
probability that the true kernel lies between these bounds. These bounds are very close
to the kernel estimate indicating that it is very accurate.
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(A) White input data (B) Colored input data

0.5 0.5

-~

Clean output: ¥(f) ©

T

Noisy output: z(t)

Time (s) Time (s)

Figure 7.3 Two hundred milliseconds of simulated data from the fly retina model, used in the
examples in Chapters 7 and 8.

Figures 7.4B and 7.4C show estimates of second-order kernel and its standard devia-
tion. (Note that the standard deviation could be used to construct confidence bounds on
the values of the second-order kernel estimate, but the resulting display is overly com-
plex.) The standard deviation of the second-order kernel is small and almost constant
everywhere except along the diagonal, where it is about /2 larger, corresponding to a
doubling of the estimation variance. This is to be expected, since the diagonal values
are obtained directly from the estimated coefficients, whereas symmetric pairs of off-
diagonal elements are obtained by dividing a single polynomial coefficient by two. The
derivation of this effect is left as an exercise to the reader, in Problem 4.

The second-order Volterra series model, identified using the FOA, had a prediction
accuracy of 95.8% variance accounted for (% VAF) in the identification dataset and had
a 94.6% VAF in the cross-validation segment. Furthermore, its VAF was 98.7% for the
noise-free output in the cross-validation segment. These are impressive results, since the
actual model was an NLN cascade with two fourth-order polynomial nonlinearities and
should therefore require eighth-order Volterra series representation. Despite this, most of
the output power was accounted for by the first- and second-order kernels. Note, however,
that this would change if the input power was increased, because the higher-order kernels
would then become more significant.
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Figure 7.4 White-noise estimates of the first- and second-order Volterra kernels of the fly retina
model estimated using the fast orthogonal algorithm. (A) The first-order kernel estimate (solid)
bracketed by 30 confidence bounds. (B) Second-order kernel estimate. (C) Estimate of the standard
deviation for the second-order kernel estimate in B.

Next, the same analysis was applied to the colored input data. Figure 7.5 shows the
resulting estimates of the first- and second-order kernels and their variance. Both kernel
estimates display high-frequency noise. In the first-order kernel (Figure 7.5A), these are
evident as small fluctuations that are most visible where the kernel does not change
rapidly. This uncertainty in the kernel estimate is reflected in the error bounds, shown
as dotted lines surrounding the estimate, which are much larger than those for the white
input.

The effects are more dramatic in the second-order kernel estimate shown in Figure 7.5B.
The shape of the kernel has been completely obscured by high-frequency noise (compare
Figures 7.4B and 7.5B). Indeed, from the standard deviations in the kernel estimates,
shown in Figures 7.4C and 7.5C, the uncertainty appears to have increased by a factor of
at least 10. Indeed, for the colored input, the maximum value of the standard deviation
was 1.5 times larger than that of the kernel estimated from the white input. Furthermore,
the distribution of uncertainty is not uniform, as for the white noise data; the standard
deviation is still greatest along the diagonal but decreases progressively with movement
toward the edges.

Although the kernel estimates were noisy, they still predicted the system output very
accurately; the VAF was 94.6% and 92.8% for the identification and validation segments,
respectively. Apparently, the bandwidth of the input was sufficient to excite all system
dynamics. On the other hand, the noise in the kernels occurred at frequencies where
there was little input power or significant system dynamics. Thus, the noise in the kernel
estimates had little effect on the model accuracy, at least for inputs having the same
spectra as that used for the identification.
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Figure 7.5 Colored-noise estimates of the first- and second-order Volterra kernels of the fly
retina model estimated using the fast orthogonal algorithm. (A) The first-order kernel estimate
and confidence bounds. (B) Second-order kernel estimate. (C) Estimated standard deviation of the
second-order kernel estimate shown in B.

Noise in a kernel estimate often obscures its shape. Consequently, smoothing is often
used to reduce noise and reveal the underlying structure. The first-order kernel is often
smoothed with a three-point, zero-phase filter, with the symmetric, two-sided impulse
response

0.5, T = 0
hsmo(T) = 10.25, T ==l
0, otherwise

Similarly, the appearance of the second-order kernel may be improved by applying
this filter to both the rows and columns. Figure 7.6 shows FOA kernels estimated from
the colored noise data after one and two passes of this smoothing filter. Smoothing
certainly improves the appearance of the both kernels, although the effect on the second
kernel is more dramatic. Note, however, that smoothing may change the model’s response
and reduce its predictive abilities. Indeed, after two smoothing passes, the model’s VAF
dropped to 92.1% VAF for both the training and cross-validation segments.

7.2.5 Application: Dynamics of the Cockroach Tactile Spine

French and co-workers used the FOA to examine the dynamics of the cockroach tactile
spine. This is a mechanoreceptor with a single sensory neuron that normally fires in
response to movement of the tactile spine. However, in their experiments, the sensory
neuron was stimulated by applying broadband electrical current directly to its membrane.
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Figure 7.6 Effect of smoothing on the first- and second-order Volterra kernel estimates, obtained
by the FOA from the colored-noise data. (A) Unsmooothed first-order kernel (solid) and after
a single smoothing (dashes). (B) Second-order kernel estimate smoothed once. (C) Second-order
kernel estimate smoothed twice.

The resulting action potentials were detected with a Schmidt trigger resulting in a binary
output signal with a 1 indicating an action potential somewhere in the sampling interval.

Their first study (Korenberg et al., 1988b) used an input with a 50-Hz bandwidth
and a sampling rate of 125 Hz. The FOA was used estimate the first three Volterra ker-
nels between the input (membrane) current and output (action-potential train). Figure 7.7
shows the resulting second-order kernel. The only significant values appear to lie along
the diagonal, suggesting that the underlying system has a Hammerstein structure, a mem-
oryless nonlinearity followed by a dynamic linear system. Further support for this infer-
ence was provided by a comparison of the first-order kernel with the diagonal of the
second-order kernel. As Figure 7.8 shows, they were very similar as would be expected
for a Hammerstein system.

Subsequently, French and Korenberg (1989, 1991) repeated their experiments with
a higher temporal resolution by increasing both the input bandwidth (250 Hz) and the
sampling rate (500 Hz). Figures 7.9 and 7.10 show the first- and second-order kernels
estimated with this higher resolution. The second-order kernel no longer appears to be
diagonal as it did in their earlier lower-resolution study. Rather, the kernel shapes are
consistent with those of a LNL system.

7.3 EXPANSION BASES

Amorocho and Brandstetter (1971) were actually the first to recast the kernel estima-
tion problem as a linear least-squares regression. They felt that applying the approach
directly would require computations that were prohibitively expensive for most practical
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Figure 7.7 Second-order kernel of the cockroach tactile spine estimated using the fast orthogonal

algorithm. From Korenberg et al. (1988b). Used with permission.

Figure 7.8 The square of the first-order kernel superimposed on the diagonal of the second-order

kernel. From Korenberg et al. (1988b). Used with permission.
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Figure 7.9 First-order kernel estimates of the cockroach tactile spine obtained at a sampling
frequency of 500 Hz. The four curves were obtained from four separate cockroaches. From French
and Korenberg (1991). Used with permission of BMES.

Figure 7.10 Second-order kernel of a cockroach tactile spine. Since the system is causal and
free of feedback loops, only the first quadrant (71, 70 > 0) is shown. From French and Korenberg
(1991). Used with permission of BMES.

applications. They suggested that these difficulties could be alleviated by using a basis
expansion to reduce the number of polynomial coefficients in the regression.

Recall, from Section 7.2, that the orthogonal algorithms were based on the identifica-
tion of a Wiener—Bose model. As shown in Figure 7.1, the Wiener—Bose model had a
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filter bank consisting of pure delays, hx(t) = 8(r — 1 — k). This led to a linear least-
squares problem in which the regressors were lagged samples of the input and products
of lagged samples of the input. In computing the Volterra kernels from the polynomial
coefficients, each polynomial coefficient contributed to a kernel either a delta function
along the diagonal or a set of symmetric off-diagonal delta functions. This provided a
very general, but not particularly efficient, expansion basis.

Section 4.5.1 showed that the Wiener—Bose model was unique to within a (nonsingu-
lar) linear transformation of the matrix G, containing the IRFs in the filter-bank defined
in equation (4.64). In the orthogonal algorithms, where the filter bank consists of pure
delays, G is the T x T identity matrix. However, any nonsingular 7 x T matrix could be
used. This raises the question, Is it possible to choose a set of filters, or equivalently a
matrix G, such that all polynomial coefficients associated with one or more of the filters
are small enough to be insignificant? If so, filters that do not contribute significantly to
the output can be removed, thereby simplifying the model without reducing its accuracy.

7.3.1 The Basis Expansion Algorithm

The following algorithm estimates the zero- through second-order Volterra kernels of a
system. Identification using the basis expansion algorithm (BEA) proceeds much as for
the orthogonal algorithm, except that basis elements replace the delayed impulses in the
filter bank. As with the orthogonal algorithm, the generalization to higher-order kernels
is straightforward and involves adding third- and higher-order polynomial terms to the
regression matrix constructed in step 3.

1. Choose a suitable set of filters, hi(t), k = 1... P, to use as an expansion basis.
2. Compute the outputs of the filters via convolution.

T-1

() =Y m(ut—1) fork=1...P
=0

3. Construct the regression matrix,
X(t, ) =[Lx1(®) ... xp(t) x3(t) x1(Ox2(1) ... x5 ()] (7.24)
4. Find the MMSE solution to the linear regression
z=X60
5. Use equations (4.74) and (4.75) to construct the kernels from 6.

Step 1 of this algorithm leads to a classical “chicken and egg” problem. The objective
is to choose the “best” basis expansion to identify the system. However, doing so requires
a knowledge of what the system is. Consequently, making the proper choice becomes a
matter of experience, trial and error, and some luck.

7.3.1.1 Computational Requirements Assuming that an appropriate expansion
basis has been chosen, consider the computational cost of the basis expansion algorithm.
Computing the filter outputs (see step 2) requires 2NT flops to compute for each of P
convolutions for a total of 2NTP flops.
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The bulk of the computational burden is associated with solving the least-squares
problem. The regression matrix has one row per data point and has one column for each
parameter in the model. The total number of model parameters is

y £+
P10!

Recall that the MGS orthogonalization, used to compute the basis expansion, requires
approximately 2NM 2 flops (Golub and Van Loan, 1989). Thus for kernels of order
0 through 2, the computational cost is approximately %NP“. This formula is simi-
lar to that for the orthogonal algorithm, except that the memory length, 7, has been
replaced with the number of basis elements, P. Hence this technique is most useful
where P L T.

(7.25)

7.3.2 The Laguerre Expansion

This section will discuss an expansion basis that has proven to be useful in practice—the
orthogonal Laguerre filters. The basis of discrete Laguerre filters comprises the IRFs
defined by

k
hi(r) = aT02(1 — @)1/? Z(—l)" (j) (’i‘)ak—i(l —a), >0 (7.26)

i=0

These IRFs are dependent on a single parameter, «, often termed the “decay parameter.”
Figure 7.11 shows the IRFs of the first five Laguerre filters for o = 0.25, a value often
used in system identification.

1 T T T '
— order 0
order1 ||
- order 2
order 3
- order4 ||
(0]
e}
= _
=
IS
<
B | | | |
O'60 5 10 15 20 25

Lag (samples)

Figure 7.11 The IRFs of the Laguerre filters of order O through 4 with decay parameter o = 0.25.
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The Laguerre filters have three desirable properties.

1. The IRFs are orthogonal and thus should lead to a well-conditioned estimation
problem.

2. The IRFs decay exponentially to zero as t goes to infinity. Thus, if the system
kernels decay smoothly to zero, as is often the case, it may be possible to capture
their dynamics with only a few basis functions.

3. The outputs of the Laguerre filters can be computed efficiently (Ogura, 1986), by
recursively applying the same filter. Thus, the zero-order filter output is obtained
using the relation

x0(t) = Vaxo(t — D)+ 1T —au(t),  x0(0)=0 (7.27)

where u(t) is the input. The output of filter k£ can be obtained by filtering the output
filter k — 1 filter with

xi (1) = Voxp(t — 1) + Voaxg—1 (1) — xx—1(t — 1), x(0) =0 (7.28)

Identification using the Laguerre expansion technique (LET) uses the basis expan-
sion algorithm, described in Section 7.3.1, with a basis of Laguerre filters, described in
equation (7.26), as the filter bank. In practice, the filter outputs, computed in step 2 of
the algorithm, are often computed recursively, using equations (7.27) and (7.28), instead
of with convolutions. The rest of the algorithm proceeds unchanged.

Practical application of the Laguerre expansion technique requires the selection of
two variables: the decay parameter, «, and the number of basis elements, P. Methods
for choosing these parameters are discussed in the next two subsections.

7.3.3 Limitson «

A well-chosen expansion basis can dramatically reduce the number of polynomial coef-
ficients to be determined. However, selecting the appropriate basis set is not trivial. For
the Laguerre filters, two parameters must be chosen a priori: «, the decay parameter, and
P, the number of basis elements. Together these completely determine the IRFs of the
elements in the filter bank.

Consider the zero-order Laguerre filter, whose output is computed using equation (7.27).
In the z domain, this filter can be represented as a first-order low-pass filter,

V11—«
1 —Vaz™!

From equation (7.28), it is evident that the output of the kth Laguerre filter may be
obtained by filtering the output of the (k — 1)th filter with the z-domain transfer function

Vo —z7!
Hy;p(2) = ———
w@ = =
which has unit gain at all frequencies. Hence, the transfer function of the order k Laguerre
filter is

Ho(z) =

Hi(2) = (Hap(2)) Ho(2)
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Figure 7.12 Bode diagrams for the discrete Laguerre filters of order O through 4 with decay
parameter o = 0.25, and sampling frequency fy = 1000 Hz.

Thus, all discrete Laguerre filters have identical first-order, low-pass gain character-
istics. However, as a result of the repeated action of the all-pass filter, each filter has a
distinct phase characteristic. Figure 7.12 shows the gain and phase characteristics of the
IRFs shown in Figure 7.11.

Choosing the decay parameter, o, appropriately, can avoid the numerical ill-conditioning
that may occur when least-squares estimates are obtained using colored inputs (see Sec-
tions 5.2.3 and 7.2.4). Suppose the test input contains no significant power beyond a fre-
quency f = B; further assume that this bandwidth is sufficient to excite all of the system’s
dynamics. Limiting the bandwidth of all components of the identified model to that of the
input would avoid numerical problems since the model would then only have dynamic
modes that were excited adequately.

The Laguerre expansion accomplishes this as follows. Recall that the Laguerre filters
consist of a first-order, low-pass filter, with a pole at z = +/a, followed by zero or more
all-pass filters. The corner frequency for the single, discrete-time pole is

27[f> 44 /a—a
fs 2V
where B is the normalized frequency (0 < 8 < 2m). Substituting for the input bandwidth,

f = B, and solving for « suggests that for the identification to be well-conditioned
numerically, « should be greater than

cos(B) = cos <

2
o> ((2 —cos(B)) — \/(:052(,8) —4cos(B) + 3) (7.29)
where § is given by

B =2r—



194 EXPLICIT LEAST-SQUARES METHODS

7.3.4 Choice of x and P

Marmarelis (1993) provided guidelines for choosing the values of the decay parameter,
o, and the number of basis functions in the expansion, P. He observed that the Laguerre
filters formed a “fan” whose size depends on «. Figure 7.13 shows the first 50 lags of
the 50 Laguerre filters with « = 0.2. Outside the fan, the filter IRFs are insignificant.
Thus, the fan indicates the number of filters required to represent systems with a particular
memory length. The memory of the filter bank, as a whole, must be at least as long as that
of the system, but should not be significantly greater because this may lead to estimation
problems. Thus, given the memory length of the system, T, and a decay parameter, «,
chosen using equation (7.29), P should be chosen such that the point (7, P) is near the
edge of the “fan.” Thus, one could require that

hp(T) < 0.01 (7.30)

which means that the last filter in the basis has decayed nearly to zero at the anticipated
memory length. Alternately, given a desired number of basis elements, this heuristic can
be used to determine the value of « required to cover the perceived memory length.
It has been implemented in the NLID toolbox (Kearney and Westwick, 2003) routine
ch_alpha.m, which is based on the routine calcAlpha from the Lysis (Marmarelis,
and Courellis, 2003) software package.
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Figure 7.13 The first 50 lags of the first 50 Laguerre filters for « = 0.2. Redrawn from Mar-
marelis, (1993) and used with permission of the Biomedical Engineering Society.
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7.3.5 The Laguerre Expansion Technique

The Laguerre expansion technique (LET) can be summarized as follows:

1. Estimate the input bandwidth, and use inequality (7.29) to compute a minimum
value for the o decay parameter.

2. Choose P, the number of basis elements to be used in the expansion, and then
determine the corresponding value of «. If « is less than the minimum determined
in step 1, reduce the number of basis elements.

3. Given P and «, use the BEA, described in Section 7.3.1, to generate a Laguerre
kernel expansion.

If a priori information regarding the appropriate number of basis elements is not
available, one could conceivably start at P = 1 and continue to increase P until the
decay parameter becomes smaller than the minimum specified by inequality (7.29). A
parametric model order selection test, such as minimizing the MDL criterion defined in
equation (5.17), could then be used to determine the number of Laguerre filters.

7.3.6 Computational Requirements

If the number of basis elements is chosen a priori, then the computational burden will
be equal to a single application of the BEA, about %N P* flops for a second-order
nonlinearity. If several candidate bases are evaluated, the computational burden could be
several times higher. To deal with this, an implicit basis expansion algorithm (Westwick
and Lutchen, 2000) has been developed to accelerate the computation of multiple basis
expansions. It uses the FOA to compute the Hessian and projection coefficients, on a
basis of delayed impulses, and then projects these onto the expansion basis before solving
the regression. This separates the steps that depend on the data length from those that
depend on the number of basis elements.

7.3.7 Variance of Laguerre Kernel Estimates

Section 7.2.3, developed variance estimates for kernels estimated using the FOA. These
estimates were based on the variance of linear regression parameters. Furthermore,
equation (7.23) provided an expression for the variance of a linear function of the esti-
mated parameters.

From equations (4.74) and (4.75), it is evident that any element of a kernel can be
written as a weighted sum of the parameters. Consequently, equation (7.23) may be used
to estimate the variance of Laguerre expansion kernels.

For example, the first-order kernel is given by

P
hV () =3 e (o)
k=1

where c,El) is the first-order polynomial coefficient associated with the kth Laguerre basis
filter, hy (7). This may be rewritten as

@) =y, 070 (7.31)
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where y (1, ) is the vector that generates the first-order kernel at lag t and is given by
y(1, )" =[0h1(x) ... hp(x)0...0]

Substituting this into equation (7.23) gives the variance of the first-order kernel estimate

at lag t:
Var (A (x)) = y" (1, 1)Cyp (1, 7)

A similar expression may be derived for the variance of the second-order Laguerre
expansion kernel, by rewriting equation (4.75) in the same form as equation (7.31) and
then substituting the resulting vector, y (2, 71, 72), into equation (7.23).

7.3.8 Example: Laguerre Expansion Kernels of the Fly Retina Model

The Laguerre Expansion Technique (LET), described in Section 7.3.5, will now be demon-
strated by applying it to the white-noise dataset from the fly retina model. First, an upper
bound on the memory length of the system must be determined. Section 7.2.4 demonstrated
that a value of T = 50 ms was adequate when the FOA was used with the same data.

The input was white, with inequality (7.29) suggesting a minimum value of «,, = 0.03
corresponding to P = 28. Thus, Laguerre expansions were evaluated for P ranging from
1 to 28 and the model that minimized the MDL was selected. This resulted in a model
with P = 12 Laguerre basis elements and a decay parameter « = 0.2. Figure 7.14 shows
the resulting kernel estimates and their variances.

The variance in the second-order kernel is highest near zero lag (on both axes) and
lowest at the longest lags. This occurs because of the shape of the Laguerre basis
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Figure 7.14 White-noise estimates of the first- and second-order Volterra kernels of the fly retina
model estimated using the Laguerre expansion technique. (A) First-order kernel estimate (solid)
between 30 confidence bounds. (B) Second-order kernel estimate. (C) Estimated standard deviation
of the second-order kernel estimate.
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elements; as Figure 7.11 shows, all basis elements contribute significantly to the kernels
at low lags, but the number of significant basis elements decreases as the lag increases.
Therefore, the variance near the origin will have relatively large contributions from all
polynomial coefficients. However, as the lag increases, fewer polynomial coefficients
will make significant contributions to the kernel and hence to the estimation variance.

Note that for this example, indeed for any system with a delay, the greatest uncertainty
in the kernel estimate occurs during the initial lags, where the actual kernel values are
zero. This problem can be remedied by introducing a delay into the Laguerre basis
elements. The delay can be chosen by examining the initial kernel estimates and the
corresponding uncertainties.

For this example, the first-order kernel estimate (Figure 7.14), is close to zero for
lags of 0—7 ms. Similarly, comparing the second-order kernel and the estimate of its
uncertainty, shown in Figures 7.14B and 7.14C, it is evident that when both 7 and 1,
are less than about 5 ms, the kernel value is within 30 of zero. Thus, neither estimated
kernel is significantly different from zero for lags between 0 and about 5 ms. Therefore
at any given time, the output is not significantly dependent on the past 5 ms of the input,
and setting the kernel to zero at these lags is unlikely to reduce the model accuracy sig-
nificantly. In practice, it is safest to try several delays in this range and then to choose the
longest delay that does not adversely affect the model accuracy. Once the delay has been
determined, 6 ms in this case, the values of P and o must be recomputed to minimize the
MDL. In this case, incorporating a delay of 6 ms into the Laguerre basis resulted in P = 9
and o = 0.3. Figure 7.15 shows the kernels estimated with a delayed Laguerre basis.

Note that the variance in both the first- and second-order kernels is exactly O for lags
less than or equal to 6 ms, since all of the delayed basis elements are zero for these
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Figure 7.15 White-noise estimates of the first- and second-order Volterra kernels of the fly retina
model estimated using the Laguerre expansion technique with a delay of 6 ms. (A) Estimate of
the first-order kernel (solid) between 30 confidence bounds. (B) Second-order kernel estimate.
(C) Estimated standard deviation of the second-order kernel estimate shown in B.
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Figure 7.16 Colored-noise estimates of the first- and second-order Volterra kernels of the fly
retina model estimated using the Laguerre expansion technique with a delay of 6 ms. (A) First-
order kernel estimate (solid) between 30 confidence bounds. (B) Estimate of the second-order
kernel. (C) Estimated standard deviation of the second-order kernel estimate in B.

lags. In both cases, the variance is largest immediately after the delay since all Laguerre
functions contribute.

LET was applied to the colored input data, which had a bandwidth of 250 Hz. This
corresponds to a normalized corner frequency of

250 =w

= 27— =
F=271000 ~ 2

giving the minimum value of « = 0.07 to ensure that the estimation problem remains
well-conditioned. The parameters used for the white noise data (¢ = 0.3, with a delay
of 6 ms) easily satisfy this requirement; consequently they were used with the colored
noise input as well.

Estimates of the kernels, and their uncertainties, derived from the colored-noise data
are shown in Figure 7.16. Note that the standard deviation of the second-order kernel
(Figure 7.16C) is about four times higher than for the white-noise dataset, shown in
Figure 7.15C. However, because all dynamics in the filter bank were strongly excited
by the input, the estimation problem remained well-conditioned. This is apparent by
comparing the present results with those obtained with the FOA Figure 7.5C where the
standard deviation is more than 10 times greater.

7.4 PRINCIPAL DYNAMIC MODES

Section 4.5.1 showed that the filter bank of a Wiener—Bose model is not unique. The
matrix containing the filters may be multiplied by a (nonsingular) square matrix without
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affecting its ability to represent the system since the inverse transformation may be
incorporated into the nonlinearity. Indeed, this observation underlies the use of expansion
bases as discussed in Section 7.3. This section presents another approach whereby the
expansion basis is chosen affer estimating the Volterra kernels; the objective is to find
the minimal set of filters required to represent the system (Marmarelis, 1994; Marmarelis
and Orme, 1993).

The development proceeds as follows. Let W be a matrix containing estimates of the
zero- through second-order Volterra kernels,

R hy AT
w=|, 220 (7.32)
fhl hy

Construct a vector containing lagged samples of the input, augmented with a leading 1:

ul (t) = [lu®u —1)...u(t = T +1)]
= [l ®)] (7.33)

The output of the zero- through second-order kernels can be written as the quadratic:

$(0) = uy OWua(t) (7.34)

=ho + 1hTu®) + JuT(®)hy + uT (Ohou(t) (7.35)

where equation (7.35) was obtained by expanding the matrix W into its component blocks
[equation (7.32)].

Let T be a matrix containing the eigenvectors of W, and let A be a diagonal matrix
containing its eigenvalues. Then

W =TTAT
and the model output can be expressed as

$(1) = uX (t)TT ATu, (1)
= x' (t)Ax(t) (7.36)

where x(t) = Tu,(t), and let x;(¢) be its kth entry at time ¢. Then, the output of the
model can be expressed as the sum

T+1
@)= rwi() (137)
k=1
where |A1| > |A2| = .-+ > |Ar41]| are the eigenvalues of W. The terms wy(t) are

generated by
wi () = TG k) ua(t)

=T, k) +TQ2:T+1,kTu®)
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the sum of a constant, T(1, k), and the output of a linear filter, whose IRF is given by
deleting the first element of T(:, k), thus removing the offset term:

() =TE+2,k), ©=0...T—1 (7.38)

Thus, each eigenvalue is associated with an eigenvector, a column in T, that may be
viewed as applying a linear filter plus an offset to the input, u(¢).

In many cases, only a few eigenvalues will be significant and equation (7.37) can be
truncated to include only the P most significant eigenvalues in A:

P
F) ~ Y wi () (739)

k=1

The output of this reduced system, equation (7.39), can be viewed as a Wiener—Bose
model, with a filter bank comprising the P filters corresponding to the most significant
eigenvalues.

Note that equation (7.38) discards the first element in each column of the transforma-
tion matrix, T. This element generates a constant term in the vector x(t), which can be
generated by the nonlinearity in the Wiener—Bose model rather than by the filter bank.
Thus, truncation will have no effect on the output of the reduced model.

Since T contains the eigenvectors of W, it is a real symmetric matrix with orthogo-
nal columns. However, the IRFs in the filter bank of the reduced Wiener—Bose model
will not, in general, be orthogonal, since they are truncated copies of the orthogonal
eigenvectors.

The resulting expansion is based on the dynamics of the system itself rather than some
a priori assumption. Consequently, it has been termed a principal dynamic mode (PDM)
expansion since each filter can be regarded as a dynamic mode.

7.4.1 Example: Principal Dynamic Modes of the Fly Retina Model

PDM decomposition was applied to the kernel estimates, for the simulated fly retina
model, shown in Figure 7.16. The kernels were obtained by applying the Laguerre expan-
sion technique to the colored-noise dataset. After computing the eigendecomposition of
the matrix W, defined in equation (7.32), the IRFs of the PDM expansion were obtained
by removing the first row of the eigenvector matrix, as shown in equation (7.38).

The basis expansion algorithm was then used to fit second-order, Wiener—Bose models
to the colored noise data using a filter bank consisting of the principal dynamic modes.
The mode associated with the largest eigenvalue was used first. Modes were added to
the filter bank one at a time in order of decreasing eigenvalue. The fit was repeated
after each mode was added and the model accuracy and MDL were evaluated. Table 7.1
summarizes the results of this analysis, showing the magnitude of the eigenvalues, the in-
sample accuracy of the model, and the MDL cost function. The model with three dynamic
modes minimized the MDL. This structure was taken to be optimal and subjected to
further analysis. Figure 7.17 shows the IRFs of the first three principal dynamic modes.

Figure 7.18 shows the evolution of the Volterra kernels as modes were added to the
PDM model. Figures 7.18A and 7.18B show the first- and second-order kernels, respec-
tively, of a model with a single mode. In this case, the model structure is really a Wiener
cascade, whose linear IRF is equal to that of the first dynamic mode, shown as a solid line
in Figure 7.17. Figures 7.18C and 7.18D show the kernels of the model incorporating
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TABLE 7.1 Results of the Principal Dynamic
Mode Analysis of the Fly Retina Kernels®

Number of [A] % VAF MDL
Modes (In-Sample)

1 10.73 88.10 2.436

2 5.80 93.92 1.249

3 1.70 94.20 1.199

4 1.01 94.21 1.201

5 0.51 94.22 1.208

“Examining the eigenvalues suggests either 2 or 4, since this
is where the largest gaps (in a multiplicative sense) occur.
Fitting the models reveals that choosing 3 modes minimizes
the MDL. This model was chosen for further analysis.
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Figure 7.17 First three principal dynamic modes extracted from the kernels of the fly
retina model.

only the first two dynamic modes. Figures 7.18E and 7.18F show the kernels generated
by the first three PDMs. Comparing Figures 7.18A and 7.18C, it is evident that the second
peak in the first-order kernel grows significantly when the second PDM is added to the
model. Although the large, positive peak in the second-order kernel remains unchanged
as modes are added to the model, Figures 7.18B, 7.18D, and 7.18F, the shapes of the
depressions following the peak change noticeably.

7.4.2 Application: Cockroach Tactile Spine

French and Marmarelis (1995) used the PDM approach to extend the analysis of action
potential encoding on the tactile spine of the cockroach, originally described in
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Figure 7.18 First- and second-order Volterra kernels constructed for PDM models of the fly
retina, comprising the first, first two, and first three modes. The display of the second-order kernels
was limited to lags of 0—32 ms for presentation purposes only. (A, B) First- and second-order
kernels, respectively, generated by the first PDM. (C, D) Kernels generated by the first two modes.
(E, F) kernels generated by the first three PDMs.

Section 7.2.5. They combined the Laguerre expansion technique with the PDM decom-
position to construct Wiener—Bose models. In this study, the input spectrum was limited
to a bandwidth of 100 Hz, and the input and output were sampled at 200 Hz. Again, spikes
in the output were detected using a Schmidt trigger, resulting in a binary output signal.
Two types of input were applied: a “high-power” input with a RMS level of 24.3 nA and
a “low-power” input with an RMS level of 12.7 nA.
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First, the Laguerre expansion technique was used to identify the zero- through second-
order kernels; these closely resembled those estimated by the fast orthogonal algorithm
(French and Korenberg, 1991). Principal dynamic mode analysis (Marmarelis, 1994,
1997; Marmarelis and Orme, 1993) was then used to construct a Wiener—Bose model
from these kernels. The eigenvalues of the first four dynamic modes were [2.82, 2.27,
0.56, 0.21], suggesting that two dynamic modes might be sufficient to represent the
system. Figures 7.19 and 7.20 show the IRFs of the two first two principal dynamic
modes identified with both the high- and low-power inputs.

Figure 7.21 shows the output nonlinearity obtained with the high-power dataset. The
amplitude of the nonlinearity corresponds to the probability of observing a spike in the
output, given the values of the two PDM outputs. Note that the identification data did
not probe the entire plane; the crosshatched area represents the portion of the plane for
which there were enough input—output data to characterize the nonlinearity.
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Figure 7.19 The IRF of the first principal dynamic mode of the cockroach tactile spine prepara-
tion. Note that there is little difference between the IRFs obtained from the low- and high-power
inputs. From French and Marmarelis (1995). Used with permission.
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Figure 7.20 The IRF of the second principal dynamic mode of the cockroach tactile spine prepa-
ration. Note the variation between the IRFs obtained from the low- and high-power experiments.
From French and Marmarelis (1995). Used with permission.



204 EXPLICIT LEAST-SQUARES METHODS
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Figure 7.21 Static nonlinearity of the PDM model of the cockroach tactile spine. The cross-
hatched area corresponds to the limits explored by the identification input. From French and
Marmarelis (1995). Used with permission.
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Figure 7.22 Cross-validation predictions from the PDM model of the cockroach tactile spine.
The top trace shows the recorded output. The middle trace is the output of the two-input static
nonlinearity. The lower trace is obtained by thresholding the nonlinearity output. From French and
Marmarelis (1995). Used with permission.

Figure 7.22 illustrates the predictive power of the model. The upper trace shows a
500-ms segment of validation data, the middle trace shows the corresponding model
output, and the lower trace shows the result of thresholding to the model output. The
agreement between the experimental and model outputs is exceptionally good.

The nonlinearity, shown in Figure 7.21, indicates that the neuron is most likely to fire
when the output of the first mode is positive, and that of the second mode is negative.
Thus, the first mode appears to be excitatory, whereas the second is inhibitory. The
IRF of the first mode, shown in Figure 7.19, is dominated by a positive spike at about
5 ms. Hence, the first mode apparently represents a short transport delay. French and
Marmarelis proposed several potential explanations for the second, inhibitory mode.

It may not always be possible to identify the correspondences between the IRFs of
the “principal dynamic modes” and the dynamics of underlying physiological processes.
In particular, there is no guarantee that the various physiological process will produce
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mutually orthogonal outputs. Thus, PDMs may contain contributions from several physi-
ological processes, and vice versa. Computer Exercises 2 and 3 will explore these issues
further.

7.5 PROBLEMS

1. Show that the least-squares solution found by the orthogonal algorithm, 6 = R'QTy,
is equivalent to the explicit solution of the normal equations [see equation (2.33)],
(uTu)~-1uTy.

2. Write down the steps necessary to compute the IRF of a linear system using the FOA.
Compare your algorithm to fil.m. What are the differences (if any)? When will they
become significant?

3. What will be the computational and storage requirements be for the FOA applied to
a third-order system?

4. The orthogonal algorithm may also be used to compute Wiener kernels, if the equiv-
alent Wiener—Bose model uses a multiple-input Hermite polynomial, instead of a
power series, as its nonlinearity. Let the input be white Gaussian noise, show that
the expected value of the Hessian is diagonal, and then compute its inverse. Com-
pare the values of the second-order coefficients corresponding to on- and off-diagonal
kernel elements. Use the inverse Hessian to compute the variance of the resulting
second-order kernel estimates, both on and off the diagonal.

5. Suppose that the basis expansion algorithm was applied using a basis of sinusoids.
Show that the polynomial coefficients will be equal to the Fourier transforms of the
kernels.

6. Re-derive equation (7.20), under the assumption that the measurement noise, v(t),
is the result of filtering a white Gaussian process with a FIR filter with impulse
response, h, (7).

7. Show that the “neuronal modes” can also be computed from a matrix containing the
polynomial coefficients.

7.6 COMPUTER EXERCISES

1. Load the file ../ch7/ear_model, and plot its components. Generate a white Gaussian
input, and compute the resulting output from this system. Identify a second-order
Volterra series using both the fast orthogonal algorithm and the Laguerre expansion
technique. Experiment with different values of @ and M, to determine appropriate
values for this system. Convert the identified kernels into an LNL model.

Repeat the identification with output noise. Do 100 trials, and compute the mean and
standard deviation of the ensemble of kernels identified by each technique. How does
the choice of o and M affect these statistics? Also compute these statistics for the
elements of the LNL model extracted from the kernels. Finally, repeat the simulation
using a low-pass filtered input. Hint: It may be helpful to write a short program that
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performs the series of 100 (or 1000 if you have time) trials and computes the ensemble
statistics.

2. Load the file ch7/pdm_models, which contains the model TwoModes, and plot the
components of the model. Generate a white Gaussian signal, with unit variance, and
compute the model’s response to this input. Extract the IRFs of the two filters in the
model’s filter bank, and generate an X—Y plot of their outputs. Use the “principal
dynamic modes” to identify the system, and generate an XY plot of the outputs of
the two principal dynamic modes. Compare this with the X—Y plot generated from the
simulation model. Compare the identified IRFs with those of the simulation model.

Repeat the problem, but use a low-pass filtered input (start with butter(4,0.4), but
try different filter types, orders, and cutoff frequencies). What happens to the shape of
the XY plot? What happens to the identified IRFs? Are the IRFs of the simulation
model linear combinations of the identified IRFs? Can you transform the identified IRFs
so that the major and minor axes of the X —Y plot line up with the x and y axes? What
can you say about the resulting IRFs?

3. Load the file ch7/pdm_models, which contains the model TwoModes, and plot the
components of the model. Generate a white Gaussian signal, with unit variance, and
compute the model’s response to this input. Use the “principal dynamic modes” to
identify the system, and generate an X—Y plot of the outputs of the two principal
dynamic modes. Use the “manual” option to select the number of modes. Examine
the singular value plot, and choose the appropriate number of modes. Double the
amplitude of the input, and repeat the identification. What happened? Compare the
modes identified using the two differently scaled inputs with the two modes from the
simulation model. Reduce the amplitude of the input, and repeat the identification.
Can you explain the source of the “extra” mode?



CHAPTER 8

ITERATIVE LEAST-SQUARES METHODS

In Chapter 7, least-squares methods were developed for model structures that are linear
in their parameters. These methods recast the identification problem as a least-squares
regression, and then they solved that regression explicitly. This resulted in dramatic
increases in model accuracy, as compared to the earlier, correlation-based methods pre-
sented in Chapter 6, since the solution used the data’s statistics directly, rather than
assuming that they followed a theoretical ideal.

The explicit least-squares methods presented in Chapter 7 have two principal limita-
tions. First, they are computationally expensive, limiting them to systems with relatively
short memories and low nonlinearity orders. Second, they are limited to model structures
such as the Wiener and Volterra series, which are linear in their parameters.

This chapter discusses methods that can be used to find the minimum mean-square
error (MMSE) model for structures whose outputs are nonlinear functions of some or all
of their parameters. Except in a very few special cases, the MMSE solution cannot be
found using a linear regression or any other closed-form expression. Rather, an iterative
search is required to find the optimal model.

This chapter discusses iterative identification methods that seek to minimize the mean-
square error (MSE) between the outputs of the system and its model. These methods bring
the advantages of an MMSE solution, discussed in Chapter 7, to model structures that
cannot be identified using linear-regression-based methods.

8.1 OPTIMIZATION METHODS

This section considers identification methods that use parametric optimization techniques.
In all cases the model will be defined by an M x 1 vector of parameters, although the
particular choice of parameters will depend on the structure of the model being identified.

Identification of Nonlinear Physiological Systems, By David T. Westwick and Robert E. Kearney
ISBN 0-471-27456-9 (© 2003 Institute of Electrical and Electronics Engineers
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Figure 8.1 Block diagram of a Wiener system.

Consider, for example, the identification of a Wiener system, comprising a linear
dynamic element followed by a static nonlinearity, as shown in Figure 8.1. Suppose that
the linear dynamic subsystem is to be modeled as a FIR filter with 7" lags and that the
static nonlinearity will be modeled using a polynomial of order Q. A straightforward
parametric representation of this system would contain the 7 filter weights followed by
the O + 1 polynomial coefficients.

As another example, consider the Volterra kernels identified in Section 7.2 by estimat-
ing a vector of polynomial coefficients, labeled # in equation (7.6). For that model, 6 was
a vector containing the unique elements of the Volterra kernels. Therefore, in the context
of this chapter, # can be regarded as a parameter vector describing the Volterra series.

Whatever the model structure and parameterization, the objective is to find the param-
eter vector, é, that minimizes the MSE between the experimental and model outputs. In
the discussion of iterative optimization techniques, it is useful to denote explicitly the
dependence of the model output on the parameter vector. Thus, the model output will be
written as y(¢, #). Similarly, the MSE is written as a function of the parameter vector, 6:

N

1
VN 0) = 523" () = 5. 0)°

=1
| X
2
= —Ze (t,0) (8.1)
2N p

where €(t,0) = z(t) — y(¢, 0) is the model error. The cost function, Vy(#), may be
visualized as a surface, the so-called error surface, defined on an M-dimensional domain,
where each dimension corresponds to the possible values of one model parameter. The
“height” of this error surface is equal to the mean square error.

8.1.1 Gradient Descent Methods

Classical optimization methods start with an initial guess for the parameter vector, 6y,
and then apply a correction, d, at each iteration. Thus, the update after the kth iteration is

Oxi1 =0k +dg

The simplest optimization method follows the direction of steepest descent on the
error surface given by the (negative) gradient,

VN (0)

di = —pux
30 log—p,

where py is the size of the kth step. Many implementations adjust the step size during
the optimization to adapt to the local shape of the error surface. If the error surface is
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relatively smooth and simple, then relatively large steps may be taken. In contrast, if
the gradient changes quickly, smaller steps may be necessary. One approach is to adjust
the step size based on the result of each update. If the update is successful (i.e., the
error is reduced), then the step size is increased. On the other hand, if a proposed update
causes the error to increase, the update is rejected, the step size is reduced, the update is
repeated, and the error is reevaluated. If the error still increases, the step size is reduced
further.
The gradient can be computed from equation (8.1) using the chain rule:

N N
aVn(0) 1 ay(t,0)
—_— = —— t, 0
20 N ; «0"5
Note that the factor of 2 in the denominator of equation (8.1) has been canceled by a
factor of 2 in the derivative computation.

The Jacobian is defined as the matrix of the partial derivatives of the model output
with respect to the parameters,

35,0
J@. 0 = ;g(i))

where 0 (i) is the ith element of the parameter vector. Thus, the gradient is given by

VN0 1
o = e (8.2)

where € is a vector containing the error signal €(z, 0).

8.1.2 Identification of Block-Structured Models

As an example, let us use parametric optimization methods to identify the elements of
a Hammerstein cascade, a static nonlinearity followed by a dynamic linear system, as
shown in Figure 8.2 and described in Section 4.3.2. The output of a Hammerstein system
is given by equation (4.39):

T-1 0
)=y h() 3> cDul(t —1)
=0 q=0

Implementation of a gradient descent search algorithm proceeds as follows. First con-
struct a parameter vector, #, describing the model. One possibility for a Hammerstein
system would be the Q + 1 polynomial coefficients, ‘@), describing the static nonlin-
earity, m(-), and the T weights of the impulse response of the linear filter, (7). The

Static Nonlinear Dynamic Linear

u(t) x(1) y(@®)

— m(-) h(t) >

Figure 8.2 Block diagram of a Hammerstein system.
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corresponding parameter vector would be
0 =[cOc® .. D nO)h(l)... (T - 1)]T (8.3)

Next, compute the Jacobian matrix by differentiating the model output with respect
to each parameter. For a Hammerstein system, this will generate two distinct types of
columns.

The first Q 4 1 columns of the Jacobian matrix will contain the partial derivatives of
the model output with respect to the polynomial coefficients.

- T—1
% =Y h(mul(t—1) (8.4)
=0
Note that these Jacobian columns are computed by convolving the input, raised to the
qth power, with the current linear filter estimate.
The remaining 7' columns of the Jacobian will contain the partial derivatives of the
model output with respect to each of the T weights of the filter IRF.

N Y
YO0 N @yaq,
on) qgoc ul(t — 1)

—x(t—1) (8.5)

where x(¢) is the output of the current estimate of the polynomial nonlinearity. Thus,
these remaining columns are simply delayed copies of the output of the current estimate
of the static nonlinearity.

8.1.2.1 Implementation Details Computing the Jacobian matrix is at the heart of
the optimization, but there are several practical issues that must be considered before
presenting the overall algorithm.

Dealing with the Redundant Gain As noted in Section 4.3.2.1, there is one extra
degree of freedom in the Hammerstein model structure. Thus, if the filter weights are
multiplied by a gain, k, and the polynomial coefficients divided by the same gain, there
will be no effect on the input—output behavior of the system and hence no effect on the
cost function, Vy(#). Consequently, as noted before, it is customary to normalize the
elements of a Hammerstein model in some way.

Note that changing the relative gains of the linear filter and static nonlinearity cor-
responds to moving along a straight line in parameter space. Movement along this line
will not change the cost function, so the slope, curvature, and all higher-order derivatives
of the error surface will be zero in this direction. Therefore, the gradient will be zero
along this line, and the search direction will always be orthogonal to it. Consequently,
the extra degree of freedom will have no effect on the simple gradient descent scheme.
Therefore, the normalization can be applied once, after the search has converged.

Use of Orthogonal Polynomials There are substantial advantages in represent-
ing static nonlinearities with orthogonal polynomials (see Sections 2.5.2, 4.2.1, 6.2.1.3,
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and 6.2.2.3). Consequently, the iterative search algorithm for the Hammerstein system
should be reformulated to represent the nonlinearity with an orthogonal polynomial sys-
tem. If the Tchebyshev polynomials, 7@ defined in Section 2.5.4, are employed, then
the model output will be given by

T-1
$) =" h(r) Z}MW@ma—w) (8.6)
=0 q=0

where y @ is the gth-order (Tchebyshev) polynomial coefficient.

The parameter vector now contains the Q + 1 Tchebyshev polynomial coefficients,
y @, followed by the T filter IRF weights, i(t). The first Q 4 1 columns of the Jaco-
bian matrix will contain derivatives with respect to the Q + 1 Tchebyshev polynomial
coefficients.

09(1,0) _
7 (@ —
@ = Y h@OT P — 1)) (8.7)
=0

This is similar to equation (8.4), for a power series representation of the nonlinearity,
except that the powers of the input have been replaced with Tchebyshev polynomials in
the input.

The remaining 7 columns of the Jacobian matrix contain derivatives with respect to
the filter weights.

. 0
9y(t, 0)
Oh(z) 2:: VaTy it =)

—x(t—1) (8.8)

This expression, a delayed copy of the nonlinearity output, is again similar to that derived
using the power series except that the nonlinearity output is computed using Tchebyshev
polynomials.

Initialization  The success of an iterative minimization technique often depends on the
initial guess at the parameter vector. A poor initial guess may result in the minimization
requiring many iterations, and hence a long computation time, before the optimum is
reached. Indeed, in some cases, a poor initial estimate may cause the algorithm to con-
verge to a suboptimal local minimum. Thus, a good initial estimate of the model is very
desirable. For this example, the initial parameters will be estimated using the correlation-
based method described in Section 6.2.2.4. After accounting for these practical issues,
the final algorithm proceeds as follows.

Summary of Algorithm

1. Create an initial estimate of the parameters using the Hunter—Korenberg algorithm,
described in Section 6.2.2.4. Place the polynomial coefficients and filter weights in
the initial parameter vector, .
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2. Set the initial step size to a small number, say po = 0.001. Choose an acceleration
rate, k, > 1, and a deceleration rate, 0 < k; < 1.* Initialize the iteration counter,
k=0.

3. Compute the output of the current model, y(f, t), model error, €(t) = z(¢) —
(0, t), and cost function, Vy (0k) = ﬁ”e”%.

4. Compute the first Q + 1 columns of the Jacobian matrix, J(:, 1 : Q + 1), using

equation (8.7).

Compute the remaining 7 columns, J(:, Q +2: Q + T + 1), using equation (8.8).

Update the parameter vector, Ox4+1 = Ok + urd Te.

Compute the new model output, error, and cost function, Vi (@k+1).

® N oW

If VN(Ok+1) > Vn(0k), reject the new parameter vector. If the step size is very
small, the search has converged, so set 0 = 0k and exit. Otherwise, decrease the
step size ur = kg4 - 1k, and go to step 6.

9. The iteration was successful, Vy(#x+1) < Vn(0x), so increase the step size,
Uk+1 = Kq + Uk, Set k = k + 1, and return to step 4.

The adaptive step-size algorithm, above, uses three parameters: an initial step size, (o,
an acceleration rate, k,, and a deceleration rate, ;. These three parameters are highly
problem-dependent.

8.1.3 Second-Order Optimization Methods

Gradient descent optimizations are relatively simple and easy to implement, but they
can be slow to converge under some conditions. For example, consider what happens
when the error surface contains a long, narrow valley, as illustrated in Figure 8.3 for

Figure 8.3 When a simple gradient descent procedure enters a long valley, the search path often
oscillates from side to side, rather than traveling along the length of the valley.

*Setting k, = 1.1 and xz = 0.9 results in relatively slow changes to the step size, j. Once the algorithm
finds a suitable step size, convergence should be relatively quick.
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two parameters. The direction of steepest descent when approaching the valley, which
will be exactly orthogonal to its contours, will be nearly orthogonal to its long axis.
Consequently, except very close to the middle of the valley, the direction of steepest
descent will point across, rather than along, the valley. The step size will therefore be
limited by the width of the valley. If too large a step is made, the parameter vector will
begin to climb the far side of the valley’s walls and the cost function will increase. As a
result, the gradient descent optimization will be forced to take only very small steps and
will be slow to converge.

Second-order methods attempt to avoid this problem by using the local curvature of
the error surface to speed convergence. Thus, if the search enters a long, narrow valley,
the curvature will be highest in the direction orthogonal to the valley and will be lowest
in the direction along the valley. This curvature information can be used to adjust the
direction of the step so that it points along the valley.

Second-order search methods assume that the local shape of the error surface can be
approximated by a quadratic function. Therefore, computing the curvature of the error
surface should define the quadratic surface and make it possible to locate the minimum
analytically.

Consider what happens if the error surface is actually a quadratic function of the
parameter vector. Then, the error may be represented exactly by a second-order Taylor
expansion about any point as follows:

)

avw\" . 1 ;8%Vy
VN0 +8) = Vy(0) + (W) 8+ ZaT e
Note that the second term on the right-hand side is the gradient of the error surface,
which can be computed using equation (8.2).
Now, define the Hessian, H, to be an M x M matrix containing the second-order
partial derivatives of V with respect to its parameters. The (i, j)th element of the
Hessian will be

2Vy (0
H, j) = —o0) (8.9)
00(1)20())
Using this, the second-order Taylor expansion of the error surface becomes
1 7 1 o7
VN +8) = Vn(0) — N(e Jé + 56 HS$ (8.10)

Furthermore, the minimum of the error surface can be found exactly by differentiating
equation (8.10) with respect to §:

AVN(O + 8) 1 r
— = 'H
95 Ne J+

and setting the result to zero. Since H is a symmetric matrix, the minimum value of the
error surface will occur at

1
§=—H"J"e 8.11
i 8.11)
If the error surface were actually quadratic, equation (8.11) would give the exact
minimum. However, this will only be the case when the model is linear in its parameters;
equation (8.11) would then be the solution of the normal equation for a linear regression.



214 ITERATIVE LEAST-SQUARES METHODS

In practice, these approaches are used when the model is nonlinear in the variables
so that the error surface includes higher-order terms. Consequently, equation (8.10) will
only approximate the error surface, and solving equation (8.11) will not reach the exact
minimum in a single step. However, applying equation (8.11) iteratively will converge
on the true minimum since the error in the second-order Taylor expansion decreases as
the parameter vector approaches the minimum.

8.1.3.1 The Newton Method Conceptually, the simplest second-order nonlinear
optimization technique is the Newton method, which computes the Hessian and quadratic
minimum exactly. Thus it uses the relation below, obtained by substituting equation (8.2)
into the Hessian definition given in equation (8.9):

S .
G, ) = 3 355 (776 )

1 1 (250, \

= NJ(, D JG )+ — <W30(])> (8.12)

Since the error surface is not exactly quadratic, equation (8.11) will not find the mini-
mum. Rather, it must be applied iteratively using an adjustable step size to help ensure
convergence. The parameter update is given by

Mk 1x—1+T
di = —H €
k=" J

Redundant Parameters The Newton method requires the inversion of the exact Hes-
sian and is therefore not suited to the block-structured identification problem, or indeed
for the identification of any model structure with redundant parameters. This is because
the redundant parameters will make the Hessian singular and hence impossible to invert.

For example, suppose that #(i) and 0(j) are two redundant parameters so that

030,10 _ 990,10
0G)  90())

for some nonzero constant, «. The same proportionality will hold for the second-order
derivatives:
5(60.1) 9’50, 1)

90()00(k) " 90(j)00(k)

Since, H(:, i) = oH(:, j), the Hessian will be singular and cannot be inverted.

For the Hammerstein cascade, there are two redundant linear combinations of parame-
ters. Specifically, for any set of polynomial coefficients and filter weights, equations (8.4)
and (8.5) can be used to show that

05(0,1) . 03950,1) .
(q) _
Z q e Tg{)h(t) 5he) =7(,1)

Thus there is no unique minimum in the error surface; the Hessian will be singular and the
Newton method cannot be used. If the redundant degree of freedom could be eliminated,
the Hessian would become nonsingular, and the Newton method could be used.
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One way to eliminate this extra degree of freedom would be to fix the value of one of
the (nonzero) parameters. However, the optimum value of this parameter is not known
at the start of iteration, so there is no way to guarantee that it is not zero. If this happens,
rescaling the remaining parameters will involve a division by zero so their “optimal
values” will be undefined.

Another approach would be to normalize either the filter weights or the polynomial
coefficients. This bypasses the difficult problem of selecting a single, nonzero parameter to
fix. The simplest way to implement this is to use a “constrained optimization” in which a
term is added to the cost function to force the normalization. For example, the cost function

N T—1 2
Vn (@) = % Zez(o, )+ K <1 - XE)hz(r)> (8.13)
=1 7=l

where K is a large positive constant, will force the filter weights to be normalized. This
modified cost function eliminates the redundancy in the parameter space and will have a
unique minimum where the MSE is minimized and the norm of the IRF weights is one.

8.1.3.2 The Gauss-Newton Method The Hessian is often dominated by the
first term in equation (8.12), which is proportional to the square of the Jacobian. This is
especially true near the minimum of the cost function, where the error is small. Moreover,
the second term, containing the mixed partial derivatives of the model output, is much
more expensive to compute than the first term. Thus, the Hessian is often approximated
using only the first term:

H= iJTJ (8.14)
N

The step size must be kept small with this approximation since the error surface is not
exactly quadratic and the Hessian is not computed exactly. The resulting algorithm,
known as the Gauss—Newton iteration, updates the parameter vector according to

Mk 1 +T
=—H "J €

N

As with the Newton method, the Gauss—Newton method cannot identify block-
structured models directly because the approximation to the Hessian will be singular
because of the redundant parameters. As before, the redundancy can be eliminated
either by fixing the value of a nonzero parameter or by adding a constraint to the cost
function, as in equation (8.13).

dk

8.1.3.3 The Levenberg-Marquardt Method The Levenberg—Marquardt algo-
rithm uses a different approximation for the Hessian,

L1
H= NJTJ + il (8.15)

where Iy is the M x M identity matrix. Thus, the parameter update will be given by

1 -1
dx = <NJTJ + MkIM) e (8.16)

Notice that, in contrast to the Newton and Gauss—Newton methods, the step-size param-
eter is included in the approximate Hessian definition. For small values of ug, the first
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term in equation (8.15) dominates, and the Levenberg—Marquardt algorithm behaves like
the Gauss—Newton iteration. For large values of s, H is nearly diagonal. Thus, H™!
will also be nearly diagonal, and the Levenberg—Marquardt algorithm will behave like
a simple gradient descent with the step size equal to 1/u.

An added benefit of the diagonal term, uily, is that it guarantees that H will be
nonsingular. Consequently, block-structured models, such as the Hammerstein cascade,
can be identified directly without resorting to constrained optimization.

8.1.4 Jacobians for Other Block Structures

The Jacobian is all that is required to identify a block structured model using most
of these iterative methods (i.e., simple gradient descent, the Gauss—Newton, or Leven-
berg—Marquardt algorithms). Consequently, it will be useful to derive the Jacobians for
three other common block structures: the Wiener, the LNL, and the NLN cascades.

8.1.4.1 Wiener Cascade The output of the Wiener cascade, shown in Figure 8.1,
is given by equation (4.34), which is repeated here:

0 T-1 9
9@=§}W(ZMﬂw—w)
q=0 =0

A straightforward parameter vector for this model contains the T filter IRF weights and
the O 4 1 polynomial coefficients.

0 =[h©) h(1) ... i (T —1) O D . c<Q)]T (8.17)

Hence, the first 7 columns of the Jacobian will be given by

. 9y, 1)
t, 1) = , =0,...,T—-1
16i+D =306
0 T—1 -1
= qc? (Z h(G)u(t — i)) u(t — i)
q=0 =0

=m'(x(@)u(t —i) (8.18)

where x(t) is the output of the current linear filter estimate, and m’(-) is the derivative
of the static nonlinearity with respect to its input.

dm(w)
/ —
m(w) = dw
The remaining Q + 1 columns of the Jacobian will be
ay(0,t
Joi+r+n=2%0" i _o o
dc®
T-1 q
= (Z h(T)u(t — r))
=0

= x9(1) (8.19)
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u(r) x(t) w(?) y(@®)

— h(t) m(-) g(7) —

Figure 8.4 Block diagram of an LNL cascade model.

This parameter vector contains one redundant degree of freedom, as for the Hammer-
stein system. Thus, if the Gauss—Newton method is used, either one parameter must be
fixed or one constraint must be added to the cost function.

8.1.4.2 LNL Cascade The LNL, or sandwich, model, discussed in Section 4.3.3, is
illustrated in Figure 8.4. The model consists of an initial linear filter, represented by its
impulse response, h(7), followed by a static nonlinearity, represented by the coefficients,
cD, of a polynomial, followed by a second linear element, whose impulse response is
g(7). There are two intermediate signals for this structure: x(¢), the output of i(t), and
w(t), the input to g(t). The model’s output, derived in equation (4.42), is

T-1

Y0 =) glo)w(t —o)

o=0
T-1 0 T-1 q
=Y g(0)) @ (Z h(u(t —o — r))
o=0 q=0 =0
The parameter vector will contain the IRF weights of the two linear filters plus the
polynomial coefficients.
0=[hO) ... (T —1)c®...cDg)...g(T — 1)]T (8.20)

There are two redundant degrees of freedom in this parameterization since the overall
gain of the system can be distributed arbitrarily among three elements.
The first T columns of the Jacobian, derived from the weights of k(t), will be

oh(i) oh(i)
T—1
= Z gloym'(x(t —o)u(t —o —1i) (8.21)
o=0

where m’(x(t — o)) is the derivative

Imx(t — o)) 2 r-! !
mx(t—o0)=———"= ch(q)w (Z h(Dut —o — t))
q=0

0x
=0

Notice that equation (8.21) is similar to equation (8.18), the relation for equivalent
columns in the Jacobian of a Wiener model, except that the result is filtered by g(t), the
IRF of the final element.
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Static Noninear Dynamic Linear Static Nonlinear

u(t) x(1) w(r) y(@)

— my () h(t) ma () —

Figure 8.5 Block diagram of an NLN cascade model, comprising two static nonlinearities sepa-
rated by a dynamic linear system.

The remainder of the Jacobian may be derived by treating the LNL cascade as a
Hammerstein system driven by x (7). As such, the terms due to the polynomial coefficients
are given by equation (8.4), but with x(¢) substituted for u(z),

ay(k,0)

T-1
_ q —
e _Z(:)h(r)x k—1)
7=l

and those due to the weights of the final linear element are obtained from equation (8.5)
with w(z) substituted for x(z):

05k, 0)
T(‘[) = LU(I — T)

8.1.4.3 NLN Cascade A similar strategy can be used to determine the Jaco-
bian for the NLN cascade model, shown in Figure 8.5. The model output, derived in
equation (4.47), is

0, q2

Q2 T-1
50.0=Y P Y ef™ h@ut (t - 1)

q2=0 q1=0 =0

The derivatives with respect to the coefficients of the first polynomial nonlinearity are
computed using the chain rule,

A O
ay(k, 0 _ ow(t
y( ) _ z : C;qz)qu l(t) w( )

aciq) =0 aciq)
T—1
= mh(w(®) Y h(Dul(t — 1)
=0

Note that this is obtained by computing the Jacobian for the Hammerstein system com-
prising the first two elements and then multiplying it by the local slope of the final
nonlinearity.

The remainder of the Jacobian is determined by considering the final two elements as
a Wiener cascade with input x(¢), the output of the first static nonlinear element m(-).
This gives

50,0
gh(ﬂ = my(w(®)x(t — 1)
and
2090,1)

=w ()
E)c;q)
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8.1.5 Optimization Methods for Parallel Cascade Models

How would optimization methods be used to identify a parallel cascade model, such as
that shown in Figure 8.6? To so do, the Jacobian matrix for the specific model structure
must be determined. Notice, however, that the output of the parallel cascade model is the
sum of the outputs of all the paths. Furthermore, changing the parameters in one path will
have no effect on the outputs of the other paths. Consequently, the overall Jacobian matrix
can be assembled from the Jacobians of the individual paths. Thus, the Jacobian of any
parallel cascade model, made up of any combination of Hammerstein, Wiener, LNL, and
NLN paths, can be computed from the expressions derived in the previous sections. Once
the Jacobian is available, the gradient descent and/or Levenberg—Marquardt method may
be used to find the optimal parameter set.

Marmarelis (1997; Marmarelis and Zhao, 1994, 1997) proposed using back-propagation
to identify models with the structure, shown in Figure 8.7, that he called a “polynomial
function neural network” or a ‘“separable Volterra network.” The appearance of this
figure is patterned after those used to describe feedforward neural networks. In this net-
work, the nodes in the hidden layer, By through Bp, are summing junctions. Each of
the hidden nodes is connected to each of the inputs with a multiplicative weight. For
example, the input u (¢ —i) is multiplied by the weight b, (i), before being sent to node B;.
The outputs of the hidden layer nodes are transformed by a multiple-input polynomial,
m(xy,...,xp), to produce the model output, y(t).

Notice that x1(¢), the output of the first neuron, is given by the sum

T
xi(t) =Y bi(u(t —i)

i=0

which is just a linear convolution. Thus, the neurons in the hidden layer are just linear
FIR filters. Consequently, the SVN structure shown in Figure 8.7 is equivalent to the
Wiener—Bose model, shown in Figure 4.20. In applying the SVN, Marmarelis (1997)
excluded all cross-terms from the nonlinearity. Thus, the structure of the separable
Volterra network was reduced to that of the parallel Wiener cascade, shown in Figure 8.6.

Linear Dynamic Static Nonlinear
> hy(r) my ()
ha(7) ma ()
u(t) y()
hp(t) mp()

Figure 8.6 Parallel cascade made up of Wiener systems.
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u(t) u(t —1) u(t —1i) u(t —T)

e
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b1 (0) by (1) bj(i) bp(T) Layer
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m(xy,...,xp) Output
Nonlinearity

Figure 8.7 Block diagram of a polynomial function neural network (separable Volterra network).
The nodes By through By simply sum their inputs. The input u (¢ — i) is multiplied by the weight
b (i), before being sent to node B. The outputs of the nodes are transformed by a multiple-input
polynomial, m(x1,...,xp).

The back-propagation algorithm, in its simplest form, is really just a gradient descent
optimization (Rojas, 1996). The name “back-propagation” arises because each element
in the gradient is computed from the inner product of the error vector and one column of
the Jacobian [see equation (8.2)]. The name “back-propagation” is somewhat misleading,
because it suggests that the error somehow travels backward through the net, which it
does not. It does, however, enter into the computation of gradient, which in turn modifies
the parameter values for the elements that are “behind” the error. Therefore the SVN
approach may be regarded as equivalent to the identification of a parallel Wiener cascade
by an iterative optimization.

8.1.6 Example: Using a Separable Volterra Network

Consider once more the example system, introduced in Section 7.2.4, where a LNLN
cascade represents the relationship between the incident light and the electrical activity
in the large mononuclear cells (LMC) in the fly retina. This section will use iterative
optimization to fit a separable Volterra network (SVN) (a.k.a. parallel Wiener cascade)
to the same simulated datasets used throughout Chapter 7.

The datasets consisted of 8192 points, sampled at 1 kHz, of input—output data, as
described in Section 7.2.4. The optimal separable Volterra network was determined from
the first 8000 data points using the Levenberg—Marquardt algorithm, see equation (8.15).
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The remaining 192 points were used for model validation. Note, however, that for
validation purposes, the model output was computed for the whole 8192 point input
record and then subdivided into identification and validation segments. As a result, the
192-point cross-validation segment contained no transients.

8.1.6.1 Structure Selection One difficulty with neural networks is that the net-
work structure must be specified a priori. The structure of a separable Volterra network
is determined by the number of parallel pathways, the length of the IRFs in the filter
bank, and the order of the nonlinearity.

In Section 7.4.1 a Wiener—Bose model was constructed for this system using the
method of “Principal Dynamic Modes” and determined to have three significant basis
functions. This suggested that a SVN model would have three paths as well. How-
ever, Marmarelis (1997) suggested that convergence of SVN models could be improved
by including additional pathways since this helps to avoid suboptimal local minima.
Consequently, we chose a SVN model with five parallel paths for this example.

The length of the IRFs in the filter bank was determined by examining the Volterra
kernels estimated for the system using the fast orthogonal algorithm (see Figure 7.4) and
the Laguerre expansion technique (Figure 7.14). These indicate that the system memory
was less than 50 ms, and so the IRF length was set to this value.

The nonlinearity order was chosen by trial and error. Initially, a second-order nonlin-
earity was used. The network was “trained” using a Levenberg—Marquardt optimization.
The nonlinearity order was then increased. The IRFs and polynomial coefficients from
the previously identified network were retained, while the higher-order coefficients were
set to zero. The optimization was restarted using this expanded model structure. This pro-
cedure was repeated, until increasing the nonlinearity order did not significantly improve
the prediction accuracy, as measured by the MDL criterion [see equation (5.17)]. On this
basis, a fourth-order nonlinearity was selected for the network.

For each search, the values of the IRF weights and the first- and second-order polyno-
mial coefficients were initialized from random samples of a white Gaussian distribution.
The remaining polynomial coefficients were initialized to zero. One hundred iterations
of the Levenberg—Marquardt algorithm were then used to find the parameter values for
the network.

8.1.6.2 Results Figure 8.8 shows the IRFs and polynomial nonlinearities estimated
for the SVN model using a white noise input. This model accounted for 94.95% of the
output variance for the identification segment and 93.38% in the validation segment.
These results are slightly worse than those obtained by least-squares fitting the first- and
second-order kernels, as reported in Chapter 7, where the FOA kernels predicted 94.58%
VAF and the LET kernels predicted 93.70% VAF in the validation segment. The first and
second-order Volterra kernels computed from this SVN model are shown in Figures 8.9A
and 8.9B, respectively. Compare these with the kernels estimated by the FOA and LET
from the same data (see Figures 7.4 and 7.15, respectively).

Figure 8.10 shows the IRFs and polynomials estimated using the colored noise input. It
is evident that IRFs have more high-frequency noise than the IRFs estimated using white
inputs, shown in Figure 8.8. This high-frequency noise is typical of least-squares estimates
of systems when colored noise inputs are used (see, for example, Figure 5.4). Beyond this
observation, it is difficult to compare the two models; the IRFs and nonlinearities found for
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Figure 8.8 White-noise results: Elements of a separable Volterra network representation of the
fly retina model. The five IRFs and polynomial nonlinearities were identified using the white-
noise data.

each pathway depended on the initial values, which were selected randomly. Consequently,
there is no relationship between corresponding elements in the two models.

The increased noise is also apparent in the first- and second-order Volterra kernels
computed from this SVN model, shown in Figure 8.11. These kernels clearly have more
high-frequency noise than those of Figure 8.9.

However, this high-frequency noise in the SVN model had little effect on its predictive
power. The model has a 95.10% VAF for the training data and has a 93.40% VAF for the
validation segment. This compares favorably with the kernel estimates obtained in the
previous chapter, where the models identified by the FOA and LET accounted for 92.85%
and 93.46% VAF, respectively. Furthermore, the SVN predictions remained excellent as
is evident in Figure 8.12, which shows the noise-free system output, the additive output
noise, and the output error (as compared to the noise-free output), for the validation
segment. The output error is significantly smaller than the additive noise, indicating that
the model prediction is actually closer to the true system output than is the measured
output, which contains 13 dB of additive noise.
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Figure 8.9 White-noise results: Estimates of the first- and second-order Volterra kernels of the
fly retina system identified from the white noise data. These kernels were computed from the
separable Volterra network shown in Figure 8.8. (A) First-order kernel. (B) Second-order kernel.

8.2 PARALLEL CASCADE METHODS

Section 8.1 described methods whereby gradient-based optimization methods can be used
to construct iterative identification methods for model structures that are nonlinear in their
parameters. The general procedure is first to select an appropriate model structure and
then to group the variable parameters together in a parameter vector. Then, an iterative
search is used to find the parameter set that minimizes the variance of the error between
the system and model. Selecting an appropriate model structure is crucial since it remains
fixed throughout the optimization; only the parameters are adjusted to fit the data.

This section will consider an alternate approach, illustrated in Figure 8.13, where the
model structure becomes more complex with each iteration. First, fit a Wiener cascade
between the input and output. Denote this Wiener cascade as (h1(t), m1(-)), where h1(7)
is the IRF of the linear element and m(-) is the nonlinearity. Usually, the nonlinearity
will be represented by a polynomial, whose coefficients are denoted as cio), cgl), cee ng).
Compute the output, y;(¢), of this first cascade and subtract it from the measured output
to give the first residue:

i) =z(t) — 31 (t)
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Figure 8.10 Colored-noise results: Elements of a separable Volterra network representation of
the fly retina model. The five IRFs and polynomial nonlinearities were identified using colored-
noise inputs.

Next, fit a second Wiener cascade, (hy(t), m2(-)), between the input and the first residue.
Compute the second residue, v,(¢), by subtracting the output of the second path, y(¢),
from the first residue:

va(t) = vi () — P2(1)

Continue this procedure until the residue cannot be distinguished from noise.

Throughout this section, subscripts will be used to indicate paths in the model. Thus,
the kth path added to a model will be denoted as (hi(t), mi(-)), and its output will be
3% (t). Furthermore, the output of the model comprising the first k paths of a parallel
cascade will be

k
Flk, )= 5i0)

i=1
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Figure 8.11 Colored-noise results: Estimates of the first and second-order Volterra kernels of
the fly retina system. These were computed from the separable Volterra network identified from

colored-noise data, shown in Figure 8.10. (A) First-order kernel. (B) Second-order kernel.
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Figure 8.12 Model accuracy in the validation segment. The top trace shows the noise-free output
of the fly retina model. The middle trace (displaced, but at the same scale) shows the additive output
noise. The lowest trace shows the difference between the SVN output and the noise-free output of

the simulation model.
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and the kth residue will be

In some cases, it will be useful to think of the measured output as the “zeroth” residue:

This approach will generate a parallel Wiener cascade model. Section 4.4.1 showed
that any system having a finite Volterra series representation can be described exactly by a
parallel Wiener cascade. Therefore the question arises: “Will this iterative procedure actu-
ally construct an equivalent parallel cascade for an arbitrary finite Volterra series model?”

vk (1) = v—1 (1) — k(@)
=z(t) — y(k, 1)

8.2.1 Parameterization Issues

In seeking to answer this question, it will be useful to relate the parallel cascade method
to the gradient-based methods presented earlier. To do so, define the MSE cost function

for the parallel cascade model,

vo(t) = z(1)

Figure 8.13 Constructing a parallel cascade model.

1 N
V) = 5 ) (@) = 5k, 0)?

t=1

vy (1)
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Note that Vi is a function of the number of paths, k, which can only have positive
integer values. This is quite different from the classical optimization methods, where the
cost function depends on a vector of continuously variable parameters. Therefore, before
the tools from the classical optimization framework can be used, Vy must be expressed
as a function of a continuously variable parameter vector.

One possibility would be to use the parameters of the parallel cascade model directly.
However, the parallel cascade procedure adds structural elements with each iteration,
and the parameter values for each pathway are not altered once they have been added
to the model. Consequently, directly parameterizing the parallel cascade model makes
little sense, since to draw parallels with classical optimization methods the parameter-
ization structure must remain constant throughout the identification. This suggests that
the model’s Volterra kernels, or more precisely the unique elements of its Volterra ker-
nels, might be an appropriate choice. In particular, the parameter vector introduced in
equation (7.6) provides a convenient representation for the parallel cascade model.

This parameterization has two major advantages. First, its structure will not change
even though the parallel cascade structure grows with each iteration. Second, it is a
unique parameterization since all equivalent representations of the system must have the
same Volterra kernels. This bypasses problems caused by the nonuniqueness of parallel
cascade models.

Recall, from Section 7.2, that the Volterra series model is linear in its parameters.
Thus, it should be theoretically possible to determine the optimal Volterra series model
by solving the normal equation in closed form. However, as noted in Chapter 7, this is
not practical because the number of parameters in a Volterra series model is so large that
computing the linear regression solution is computationally intractable. Indeed, the major-
ity of Chapter 7 was devoted to developing solution strategies that were computationally
practical. Nevertheless, because the Volterra series model is linear in its parameters, it will
have a quadratic error surface with a single minimum. Consequently, iterative searches
over its error surface can never get caught in local minima.

Therefore, the Volterra series parameterization is a useful theoretical framework for
the analysis of parallel cascade models. In this framework, each parallel cascade model
corresponds to a single point in the “parameter space” defined by its Volterra kernels. This
point also defines a vector from the origin to the model parameters. Section 4.4 showed
that the Volterra kernels for a parallel cascade model could be obtained by adding the
Volterra kernels, of corresponding orders, of the individual pathways. Consequently, the
point in parameter space corresponding to a parallel cascade model can be found by
adding the vectors corresponding to the individual pathways.

The parallel cascade methods can be regarded similarly. Each pathway corresponds
to a vector in the parameter space. The model comprising the first k£ pathways corre-
sponds to the vector addition of the parameters defining the first k pathways. Thus, in
this Volterra series framework the parallel cascade method can be regarded as an iterative
search following a path defined by the vectors corresponding to the different pathways.

8.2.1.1 Convergence It is useful to consider the addition of each Wiener cascade
to the model as comprising two steps. In the first step, a new linear element is chosen
using methods to be specified later. Then in the second step, a polynomial is fit between
the output of this new linear element and the current residue using linear regression.
The polynomial output is linear in its parameters, so the polynomial coefficients deter-
mined by linear regression will minimize the MSE for the particular linear element used
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in the Wiener cascade. Consequently, the resulting MSE must be less than or equal to
that for any other choice of coefficients. Since setting all coefficients to zero would result
in no change to the model, this implies that

Vn(k) < Vy(k —1)

That is, the value of the cost function decreases or stays constant with each additional
pathway. Consequently, the parameter vector will descend toward the minimum in the
cost function, just as in a classical optimization.

8.2.2 Testing Paths for Significance

One potential problem with the parallel cascade method is that insignificant pathways,
which fit the measurement noise rather than the system’s output, may be incorporated
into the model. This may occur if inappropriate linear elements are chosen; it will always
occur once the parallel cascade has modeled all the system’s dynamics. This section will
develop methods for detecting such spurious pathways so that they may be eliminated
from parallel cascade models.

8.2.2.1 Hypothesis Testing One approach (Korenberg, 1991) is to test each new
pathway against the hypothesis that it fits only noise. If the hypothesis cannot be rejected,
the pathway is assumed to be modeling noise and is not included in the model. To
construct this test, assume that the residue, vy_1(f), is an N point sample of white
Gaussian noise with variance avz. Furthermore, assume that the kth pathway, fit between
the input and this residue, has the output

V(1) = aw(r)

where w(¢) is an N-point sample of a unit variance Gaussian noise sequence that may or
may not be white. Finally, assume that the processes vg—;(¢) and yi(¢) are independent
of each other.

Notice that the path output and residue are described in terms of ergodic processes.
In practice, with finite length records, both signals will contain transients and hence be
nonstationary. However, if the linear elements of the Wiener cascades are represented
by FIR filters of length T, the transients will only effect the first 7 — 1 samples. Thus,
only the last Ny = N — T + 1 samples of the two signals can be used, since these will
not contain any transients.

Since yx(¢) was obtained by a least-squares fit to the residue, « is given by

N
> w11

t=T

N
> W)
t=T

Ly
= — w(t)vr—1(1)
Ns t=T
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If w(t) and vg_1(¢) are independent, then the expected value of o will be zero, and
its variance will be given by

1 N
El’] = — I |:Zw(t)vk me(s)vk m}
t=T s=T
1 N N
= >N E[w@w®)E[ve-1(ve-1()]
S =T s=T
1 N
S =T
(72
= Vv (8.22)

Thus, if the residue and path output are independent Gaussian noise sequences, & will be
a zero-mean Gaussian random variable with variance given by equation (8.22). Hence, if
the cascade path is modeling noise, there is approximately a 95% chance that the value
of a will lie within a 2 standard deviation range of 0.

Oy

VNs

la| <

To apply this test, note that 2 is the variance of the pathway output:

1 N
2 _ 2
o” = _Ns E Vi (®)

Thus, if

> (8.23)

there will be a greater than 95% probability that the kth path is fitting system dynamics
rather than noise, and therefore should be included in the model.

8.2.2.2 Parametric Model Structure Tests Another approach to determining the
significance of a parallel cascade pathway is to use parametric model order/structure tests
(Westwick and Kearney, 1997). These involve computing a cost function that incorporates
factors that reward improvements in predictive ability and penalize increases in model
complexity. A cascade path is only retained if it decreases the cost function.

A useful cost function is the minimum description length (MDL), defined in
equation (5.17), where the sum of squared errors (SSE) is multiplied by a penalty term
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that depends on the number of model parameters. The relation is

M log(N )) N . )
MDLM) =1+ — ) -y, M
(M) <+ ~ ;(z() 3, M))
where y(z, M) is an estimate of z(¢), produced by a model that has M free parameters.

To compute the MDL criterion for a parallel cascade model, the number of free
parameters must be determined. Each path in a parallel cascade model consists of an IRF
of length T in series with a polynomial of order Q. Thus, it would appear that a k path
parallel Wiener cascade model would have M = k(T + Q + 1) parameters. However,
the parallel Wiener cascade contains redundant parameters that must be eliminated from
the total. First, all but one of the zero-order polynomial coefficients are redundant since
they each add a constant to the model output. Second, each Wiener cascade contains
one redundant parameter, as described in Section 4.3.1; these must also be eliminated.
Consequently, a parallel cascade model with k paths will have

My=1+k-(T+0—-1)

free parameters.
Therefore, the MDL for a parallel cascade model may be expressed as
(1 + k(T + Q — 1)) log(N)
+ N

MDL(My) = (1 ) Vv (k) (8.24)
The kth path should only be incorporated into the model if it reduces the MDL cost
function—that is, if MDL(M}) < MDL(Mj_1).

8.2.3 Choosing the Linear Elements

In terms of the underlying Volterra kernel parameterization, adding a path to a parallel
cascade model can be thought of as the vector addition of the parameter vectors of the
initial and new paths.

Consider the Volterra kernels, and hence parameter vector, of a Wiener element
comprising an IRF, A(t), and a Qth-order nonlinearity with polynomial coefficients
c® M D The first-order Volterra kernel will be

W) = cVh(r)

Thus, the set of possible first-order kernels corresponds to a line passing through the
origin in the direction of the IRF, (7). Choosing ¢!’ determines the distance from the
origin, along that line, of the first-order kernel.

Similarly, the second-order kernel of the Wiener cascade is

h? (11, 1) = cPh(z))h(r2)

Again, the set of possible second-order kernels is a line, passing through the origin, in the
Volterra kernel (parameter) space. The direction of this line is given by the second-order
kernel, h(t1)h(17).
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The same is true for each kernel and its corresponding polynomial coefficient. Thus,
each kernel order corresponds to a subspace in the Volterra kernel space. The IRF of the
linear part of the Wiener cascade defines Q vectors within this subspace. The span of
these vectors defines a Q-dimensional subspace corresponding to the set of all possible
Volterra kernels for a Wiener cascade with a given linear IRF. Using a linear regression
to fit the polynomial finds the optimal point on that particular subspace.

Because each nonlinearity is fitted using linear regression, the sum of squared residues
can never increase, whatever subspace is selected by the linear element. If all relevant
directions are searched by the linear elements, then the residue will be minimized. The
problem then is to ensure that all relevant directions are searched. The following sections
will consider a variety of ways to achieve this.

8.2.3.1 Complete Expansion Bases A straightforward approach is to use an
expansion basis that spans the complete search space. In principle, any complete expan-
sion basis for the kernels could be used. For purposes of discussion, this section will
consider basis filters whose IRFs are the standard unit vectors:

ex(t) = 8k,r

where & ; is a Kronecker delta.
Clearly, any first-order kernel of length 7', hV(t), can be represented as a weighted
sum of these basis elements:

T-1

h®O@) =) hP®ex@)

k=0

Now, for a parallel Wiener cascade model, the first-order kernel is generated by the
first-order polynomial coefficients from the static nonlinearities in all pathways. Thus,
the first-order kernel of any system can be produced by a parallel Wiener cascade with
T paths, one for each basis vector, having first-order polynomial coefficients equal to the
corresponding first-order kernel values.

Next, consider the parallel cascade representation of a T x T second-order kernel,
h® (71, 1). The second-order kernel of a parallel Wiener cascade is generated by the
second-order polynomial coefficients. Therefore, the contribution to the second-order
kernel of a single pathway having unit vector ex(7) and a polynomial with second-order

coefficient c,(cz) is given by

2 2
h](( (11, 1) = C;(C Yex(t)er ()

Therefore, a parallel cascade Wiener model with pathways corresponding to the T stan-
dard unit vectors can represent only the diagonal elements of a kernel. Additional Wiener
pathways must be added to produce off-diagonal values.

To generate the off-diagonal elements, consider the effects of adding a Wiener cascade
whose linear element is the sum of two unit vectors, i(t) = ¢;(t) + ex (7). The second-
order kernel contribution from this pathway would be

h (11, ) = ¢ (ej (T)e(r2) + € (tDew(T2) + ex(T1)e(72) + ex(T)ew(r2))
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Thus, this Wiener path contributes to two diagonal kernel elements, h®(j, j) and
h® (k, k), and to two symmetric, off-diagonal elements, h® (j, k) and h® (k, j). There-
fore, to fit an arbitrary second-order kernel completely, the parallel-cascade Wiener model
must include pathways with IRFs equal to each basis element and to the sum of every
possible pair of basis elements. Similarly, the exact representation of an arbitrary third-
order kernel will require pathways with IRFs equal to every possible sum of one, two, or
three distinct basis elements. In general, the order-g kernel will require Wiener cascades
having linear elements that are sums of all possible combinations of between 1 and ¢
basis elements. Thus, using a complete set of basis functions will often result in parallel
cascade models having an intractably large number of pathways.

8.2.3.2 Random Basis Vectors Another approach would be to select the filters
randomly, rather than sequentially. In principle, it is possible to use vectors of ran-
dom numbers as the IRFs in the parallel cascade. Indeed, French et al. (2001) used this
approach to identify the dynamics of mechano-receptor neurons. The resulting model
included over 100,000 parallel Wiener cascades. The individual pathways were not
retained. Rather, each new path was used to refine estimates of the first- and second-order
Volterra kernels and then discarded.

This points out the major disadvantage of the approach: Many Wiener paths are
required to capture the dynamics of even simple systems. This is likely to be very
inefficient since many of the paths will account for only very small fractions of the
system’s output. Indeed, since random basis vectors need not be orthogonal, it may
require more pathways than would be necessary if a complete basis set were used.

8.2.3.3 Incomplete Basis Set One approach to reducing the complexity of a
parallel cascade model is to use an incomplete basis for the linear filters. For example,
the set of Laguerre filters as described in Chapter 7 is one such possibility. Using an
incomplete basis expansion will reduce the number of Wiener cascades included in the
expansion. However, the paths used to construct the model depend only on the expansion
basis and not on the dynamics of the system being modeled. Consequently, if the basis
set selected cannot describe the dynamics of the system fully, the resulting model may
be badly biased.

8.2.3.4 Slices of Correlation Functions It seems evident that the efficiency of
parallel cascade models would be improved and the risk of bias decreased, if the IRFs in
the individual Wiener paths were related to the dynamics of the unknown system. One
possibility, proposed by Korenberg (1991), is to use slices of input-residue correlation
functions of various orders. These correlation functions will contain information about
the unmodeled dynamics and thus should improve the convergence of the parallel cascade
expansion.

Indeed, Korenberg (1991) developed lower bounds on the reduction in the residual
variance due to the addition of these cascade paths. His analysis proceeds as follows.
First, fit the kth pathway between the input and the (k — 1)th residue, vi_1(¢). Let the
IRF of the kth linear element be equal to the first-order, input-residue cross-correlation™

hi(t) = uy_, (T) (8.25)

*Note that the first pathway will be fitted between the input and the “zeroth” residue vy (1) = z(7).
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Find the optimal linear gain between xi(¢), the output of this IRF, and the current
residue using least-squares. The resulting reduction in the residual variance will be less
than, or equal to, that produced by fitting a higher-order polynomial nonlinearity. Con-
sequently, the variance reduction produced by the linear gain provides a lower bound on
the reduction produced by the cascade path.

The optimal linear gain, ¢V, is found by least-squares fitting between the IRF output,
xx (1), and vg_1(¢), the current residue:

N
D xOvi1 (1)

C(l) _ =1
N
2
2
t=1

Since the result is a least-squares fit, the reduction in the residual variance is equal to
the variance of the term. Thus,

z|
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To find a lower bound on Ay,, find a convenient upper bound on the denominator.
Since i = j maximizes ¢, (i — j), let i = j and choose the value of i which maximizes
@y, (i). Expanding the cross-correlations, the denominator becomes

2

72 N
3 Pun©) (Z u(t — i)vk_l(z))

t=1
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Then, using the Cauchy—Schwartz inequality,

2

N N N
(Zu(r—i)vk_l(r) <(Dwa-b (Zvi_l(n)

t=1 t=1 t=1

produces an upper bound on the denominator of Ay,,

7242, (0 by, v, (0)

and hence a lower bound on the variance reduction.
Thus, if hi(7) is determined using equation (8.25), the reduction in the residual vari-

ance will be at least
T—1 2
(Z Doy <i>)

i=0

242
T 0,00

Vn(k —1) = Vy(k) =

This lower bound depends only on the variances of the input and residue, and on the
absolute value of the input-residual cross-correlation. The reduction in residual variance
will be greater than zero unless the residue is completely uncorrelated from the input.*

Once the first-order correlation has been driven to zero (i.e., the residue is completely
uncorrelated with the input), IRFs must be obtained from slices of the second- and higher-
order input-residual cross-correlation functions. Deriving the bounds on the reduction
in variance for these paths is more difficult. Indeed, in order to achieve a guaranteed
reduction in the residual variance, Korenberg (1991) had to add impulses to the slices of
higher-order correlation functions. For example, the IRF of Wiener cascade path based
on the /th slice of the second-order cross-correlation was constructed as

hi(1) = buuy,_ (I, T) £ agd(t = 1) (8.26)

where oy is a constant, chosen such that the sequence goes to zero as the sequence of
residual variances. For example, it could be defined to be
2
ol
- 2
lIzll5

As with the first-order pathway, a lower bound on the variance reduction may be obtained
from the least-squares fit of a single term in the polynomial nonlinearity. If the IRF was taken
from the second-order cross-correlation, the lower bound would be obtained by least-squares
fitting the quadratic term in the nonlinearity. Thus, the optimal quadratic gain is

N
Y X Ovei ()

@ _ 1=l
N
PG
t=1

*If the input is white, then it can be shown that this procedure will reduce the first-order input-residual
correlation to zero (Korenberg, 1982).
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As before, c(z)xlg(t) is a least-squares fit to the residual, vi_1(¢). Thus, the reduction
in the mean-square error is equal to the variance of c(z)x,% (t). Thus,

2 |

N 2
Byy = Z( )

2

=

1
N

(Z x]g(t)vk—l(t)>

=1
N
! Zx 0

As for the first-order case, an upper bound on the denominator which depends only on
the even moments of the input and residue can be found using the Cauchy—Schwartz
inequality. For example, if the input is Gaussian, then xj(#) will also be Gaussian, and

I
M=

N
Il

E[x*] = 3E[x?)?
Thus
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will be an upper bound on the denominator of Ay, .
Next, consider the numerator of Ay, .

N T-1
Zxk(rm 10 =Y ki (fult — ult — jHog—1 (1)
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Squaring this produces the numerator. Note that the middle term will be nonzero if any
element in the slice of the second-order cross-correlation is nonzero. Thus, constructing
Wiener cascade paths using equation (8.26) will reduce the residual variance until the
second-order input-residue correlation has been reduced to zero.

In general, the IRF of the linear elements of a parallel cascade can be chosen to be
a one-dimensional slice of a higher-order correlation function with discrete deltas added
to its diagonal points. For example, to base a Wiener cascade on slices of the third-order
cross-correlation, the expressions would be

hi(T) = Guuuy_, (T, 11, 1) £ a18(r — 1) £ a2d(z — 12) (8.27)

where /1 and I, are randomly selected indices between 0 and T — 1, and 8 (7) is a Kronecker
delta. The constants o and o would have randomly chosen signs and magnitudes which
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would go to zero with the variance of the residue. Korenberg (1991) suggested using

N
D v ®
=1
- N
D Zm
=1

to determine these constants. Analogous expressions can be derived for higher-order
correlation functions.

This approach guarantees convergence, but it often finds many insignificant paths that
must be rejected using significance tests such as inequality (8.23) or equation (8.24).
Furthermore, it is difficult to establish whether a particular expansion has captured all
the dynamics of the system. Only by testing all possible pathways can the expansion be
said to be complete.

o

(8.28)

8.2.3.5 The Eigenvector Method Westwick and Kearney (1994, 1997) extended
Korenberg’s analysis to decrease the number of pathways required to achieve a given
accuracy and simplify the stopping criterion. Their approach was to find the cascade
paths, from a particular high-order input-residual cross-correlation function, that reduced
the residual variance the most.

Paths Based on the First-Order Correlation The first pathway is estimated from
the first-order correlation as follows. Consider a “Wiener cascade” consisting of a linear
filter followed by a linear, unity-gain element. The general approach is to first find the
linear filter that minimizes the residual variance for this first-order “nonlinearity” and
then fit a high-order polynomial between the output of this optimal filter and the residue.

The initial minimization is achieved by identifying the optimal linear filter between
the input and output. This can be accomplished using equation (5.10),

hi = @y, buy, (8.29)
If the first-order “nonlinearity” is used, the residue would be
vi(1) = vo(t) — x1(7)
with variance,
op = E(wo(t) —x1(1))?
= 0y, — 2E[wo()x1 (0] + E[x] ()]

However, since

T—1 2
ElxX()]=E (Z hy (Du(t — r))
=0
T—1T-1
=Y ) m@hi(m)Eu — mut — )]
71=0 10=0

= hrqu’uuhl
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and

T—-1
Evo(t)x1(1)] = E [UO(I) D hi(@ul - r)}
=1
T—-1
=Y h(DEvou(t —1)]
=1
T—-1
=Y hi(T)ur ()

=1
= h] ®,,h;
using only the first-order “nonlinearity” reduces the residual variance by
op — oy =hl®yhy =] Boldy, (8.30)

Thus, if the first-order input-residue cross-correlation is nonzero, equation (8.30) gives the
reduction in the residual variance due to a linear pathway, identified using equation (8.29).

Fitting a Higher-Order Nonlinearity ~Now, use a linear regression to fit a high-order
polynomial between x1(¢) and vg(¢). Update the first Wiener cascade to use m1(-) as
its nonlinearity. Since the high-order polynomial was fit using least-squares, including it
will either reduce the residual variance or leave it unchanged.

Suppose that, after m(-) was fitted, the first-order cross-correlation between u(¢) and
v1(t) was nonzero.

Guv, (1) = E [u(t — ) (vo(r) —m1(x1(1)))]
= Guyy (1) — Efu(t — t)m(x1(1))]

Note that, by Bussgang’s theorem [see equation (6.46)], ¢, (r) will be proportional to
@uvy (7), provided that the input, u(t), is Gaussian.

Thus, if ¢, (r) # 0, then applying equation (8.29) will produce an IRF, s> (), which
is a scaled copy of h1(t), and equation (8.30) will guarantee a reduction in the residual
variance. However, this reduction in the residual variance could also be obtained by
changing the first-order polynomial coefficient of m(-), which clearly isn’t possible,
since m(-) was fitted using least-squares.

Consequently, the first pathway, whose IRF is fitted using equation (8.29), will reduce
the first-order input-residue cross-correlation to zero. Furthermore, fitting a high-order
polynomial between x; (¢) and vo(#) may reduce the residual variance, but will not change
Puv, (), which will remain equal to zero. This procedure finds the optimal first cascade
path in the sense it minimizes the norm of the first-order cross-correlation between the
input and residue. There is, however, no guarantee that this will minimize the variance
of the residue.

Use of a Pseudo-Inverse Chapter 5 showed that the deconvolution of the input
autocorrelation from the input—output cross-correlation can encounter severe numerical
conditioning problems when the input signal is band-limited. The same problem exists
when estimating the IRF of a Wiener cascade. Indeed, numerical conditioning problems
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are likely to be more important since the signal-to-noise ratio will decrease progressively
as additional pathways are added to the model.

The treatment of linear IRF estimation given in Chapter 5 argued that robust estimates
could be obtained by replacing the matrix inversion in equation (5.10) with a pseudo-
inverse (5.16) to eliminate ill-conditioned terms. Efficient selection of the terms to retain
was made possible by computing the MDL implicitly, as described in equation (5.22).
Using this approach, the output variance accounted for by each term was computed, the
terms were sorted in decreasing order of significance, and then only those terms that
reduced the MDL cost function were retained.

Ideally, the first pathway should reduce the first-order cross-correlation between the
input and residue to zero. However, with noisy, finite-length records, all that can be
achieved is to reduce the first-order correlation to noise. Thus, rather than using the
exact, MMSE solution given in equation (5.10) as the IRF of the linear element, the
pseudo-inverse-based solution, described in Section 5.2.3.4, should be used. The terms
eliminated from the pseudo-inverse, whose contributions were indistinguishable from
noise, will remain in the first-order cross-correlation. This will result in the first Wiener
cascade, (h1(t), m1(-)), reducing the first-order input-residue cross-correlation, ¢, (7),
so that it contains only noise. Consequently, even though ¢,,, (7) is not exactly zero, it
cannot be used to construct the second Wiener cascade, (hy(7), my(-)).

Second-Order Correlations  Additional pathways must be obtained from the second-
order input-residue correlations. The optimal pathway may be determined by extending
the analysis used to derive the optimal first path as follows. Consider a Wiener cascade
whose static nonlinearity is a second-order polynomial. If u(¢) is Gaussian, as assumed,
and the linear element, h;(7), is scaled so that its output, x»(¢), has unit variance,
then the (un-normalized) Hermite polynomials will be orthogonal for this input. Thus,
the natural choice for the second-order nonlinearity would be a second-order Hermite
polynomial. The problem is to find the second-order Hermite polynomial coefficient,
yz(z), and normalized impulse response, /> (7), that minimize the residual variance.

If hy(7) is followed by a second-order Hermite polynomial, the residue will be

va(t) = vi (1) — vy (3 (0) — 1) (8.31)
with variance
0% = E[ i) = 530 + r?7?]
= E[v}] — 2y Elx2v] + 27 Evi ] + (yz(z))z E[x4]
- (yz(”)z E[x2] + (J/z(z))z
=02 — 2 E[vi ()22 (0] +2 (yz(z))Z (8.32)

Minimizing equation (8.32) with respect to the second-order polynomial coefficient, yz(z),

yields

@ Eli@®x30)]
%) :f
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Substituting this into equation (8.32) shows that the optimal polynomial coefficient will
reduce the residual variance by

‘71;2. - 61,22 = % (15[U1(t)xg(t)])2

The residual variance reduction can be expressed in terms of the second-order input-
residue cross-correlation since

2

-1
Elvi(0x3(0)] = E | v(0) (Z ha(v)u(r — r))

=0

T—-1T-1

=Y D haEDha(m)Eu — tul — ©)vi ()]

71=0 1=0

T
= h2 ¢uuv1 hy

To maximize h%“qbuuv1 h,, first express h2(7) as a weighted sum,

T
h= Zakgk (8.33)
k=1

where (Ak, gx), with |A1] > |A2] > .-+ > |A7[, are the generalized eigenvalues and

eigenvectors (Golub and Van Loan, 1989) of the matrix pencil (¢,uy, Puu)- Thus, (Ak, gk)
satisfy

¢uuygk = Ak <I)l.lugk (834)

g Puugk = 8 (8.35)

Now, the variance reduction obtained using the second-order Hermite polynomial may

be expressed in terms of the expansion coefficients, ay, and the generalized eigenval-
ues, Ag.

T
T — Y ¥ .
h2 ¢uuv1h2 = Z a;a;g; ¢uuv1g.l
i,j=1

T
_ aikiol® o
= aiajijgi Puugj
i j=1

T
> ain (8.36)

i=1

where the last equality depends on equation (8.35). Using equation (8.36), the variance
reduction can be expressed in terms of the expansion weights, a;, and the generalized
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eigenvalues, A;:
1 [ ’
ol —ol = 3 > ain (8.37)

i,=1

Recall, however, that hy(r) was scaled to have unit output variance and that the
variance of x(f) can be written in terms of the expansion coefficients, a;, as follows:

2 T
O, = h, @y, h;

T
T
E a;ia;jg; Puug;
ij=1

T
_ 2
= Z“j
j=1

Thus, to obtain the maximum reduction in variance possible with the second-order Her-
mite polynomial term, maximize equation (8.37) subject to the constraint that

Y=t (8.38)

By assumption, the eigenvalues are arranged in decreasing order of magnitude. Therefore
the minimum residual variance is achieved when a; = 1, with the rest of the a; equal to
zero. The corresponding residual variance is given by

Therefore, adding the pathway to the model will reduce the variance by k% /2. Moreover,
the other generalized eigenvectors of the correlation matrix, which represent the dynamics
of less significant “system modes,” are unaffected. This can be shown by examining the
second-order cross-correlation between the input and residue, expressed as

¢uuv2 = ¢uuv1 — A ‘I)uu(gl g}‘)q)uu

Now consider the matrix pencil (@yyy,, Puu). From

¢uuv2gi = ¢uuv1 gi — Al q)llllglgrqu’ullgi
= X Puugi — A1 Puug1di,i
_ { 0 fori =1

Ai Puugi otherwise

it is evident that it has the same generalized eigenvectors as the original pencil
(Duuy,» Puu), except that the eigenvalue associated with gy is zero.
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Incorporation of a Higher-Order Nonlinearity ~Replacing the second-order poly-
nomial nonlinearity with a higher-order polynomial will scale the second-order
cross-correlation across the Wiener path (Hunter and Korenberg, 1986). Thus, after
re-computing the residue, v, (), using a different nonlinearity, the g; will continue to be
the generalized eigenvectors of (@yuy, Puu), and the only eigenvalue affected will be 1.

However, if the new nonlinearity is fitted using linear regression, then the principal
generalized eigenvalue of (¢yyy,, Puu) Will be reduced to zero, just as it was by the
second-order polynomial nonlinearity. If this were not the case, ¢yyy,81 = A Puugi,
and the residual variance could be reduced by A%/2, using a second-order nonlinearity.
Clearly, this is not possible since the nonlinearity was fitted using least-squares. There-
fore, as with the second-order nonlinearity, ¢,y, will have the same eigenvectors and
eigenvalues as ¢,,,,, with the exception of g1, whose eigenvalue will be zero in the
subsequent correlation matrix.

The cascade estimated in this way is optimal in the sense that it reduces the largest
eigenvalue to zero and thus produces the largest possible reduction in the norm of the
second-order cross-correlation between the input and residue. However, as with the opti-
mal first-order pathway, there is no guarantee that it will also minimize the residual
variance.

Low Rank Projection If the input is band-limited, the generalized eigenvalue prob-
lem may become ill-conditioned, in a manner similar to other least-squares estimates
developed in this text. As before, the ill-conditioning may be alleviated by projecting
the solution onto the significant singular vectors of the input autocorrelation matrix. The
difficulty is to determine which terms to retain and which ones to eliminate.

Previous pseudo-inverse applications used implicit, correlation-based computations of
the residual variance to sort the terms in decreasing order of significance. These terms
were then used to compute the MDL and thus determine which terms should be retained.
Unfortunately, in the present case it is not practical to compute the residual variance
implicitly. However, the variance of the contribution to the intermediate signal, x(#),
can be computed implicitly and used to sort the terms. These sorted terms may then be
included, one by one, into the cascade path until the explicitly computed MDL starts to
increase.

Stopping Conditions Pathways based on the second-order input-residue cross-
correlation can be added until all significant eigenvalues have been reduced to zero. This
is most easily determined by testing each new pathway for significance, using either the
hypothesis test (8.23), or the MDL (8.24) as it is added to the model. Once a cascade
path fails the significance test, it can be concluded that all possible pathways have been
derived from the second-order correlation. This is a consequence of the selection proce-
dure that proposes the most significant pathway based on the second-order input-residue
cross-correlation at each iteration. If this does not account for a statistically significant
fraction of the residual variance, then clearly none of the other, less significant ones will
either. Additional paths must be derived from third- or higher-order correlations.

8.2.3.6 Optimization Methods Another possibility, mentioned by Korenberg
(1991), would be to use an iterative optimization to fit each Wiener cascade path in
turn. While no details were given, two practical issues must be resolved.
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How would the cascade paths be initialized? There are many possibilities. For
example, the initial cascade path could be computed using either of the correlation-
based techniques discussed above. Alternately, randomly selected elements from
an expansion basis could be used. However, depending on how the optimization
was initialized, it might find the globally optimal Wiener cascade, or it might
converge to a suboptimal local minimum. This is not as serious as with a classical
optimization problem since convergence is nevertheless guaranteed. Thus, adding a
suboptimal cascade to the model will only, at worst, increase the number of paths
needed for convergence.

. How would convergence be detected? Individual pathways can be tested for sig-

nificance, using either of the tests described in this chapter. However, because
iterative optimization cannot be guaranteed to find a global optimum, there can be
no guarantee that another, more significant pathway does not exist. Consequently,
finding a pathway that fails the significance test cannot be taken as evidence that
the procedure has converged.

8.2.4 Parallel Wiener Cascade Algorithm

The following algorithm, based on the generalized eigenvector algorithm (Westwick
and Kearney, 1997), summarizes how optimization methods (Korenberg, 1991) may be
incorporated into a parallel cascade identification procedure.

1.
2.

10.

11.

Initialization: Set vo(#) = z(¢), and set the path number k = 1.

Use the pseudo-inverse-based method, described in Section 5.2.3.4, to fit a linear
impulse response, i1(t), between u(¢) and vo(z). Compute its output, x;(¢), via
convolution.

. Use linear regression to fit the first polynomial nonlinearity between x;(¢#) and

vo(?). Choose the polynomial order that minimizes the MDL criterion.

If no polynomial reduces the MDL, reject the first-order pathway and proceed to
step 6.

Set the path number k = 2.

. Use the generalized eigenvector method in conjunction with a low-rank projection,

as described on pages 238—-241, to fit an IRF, based on the second-order cross-
correlation between u(t) and vi_1(¢).

Compute its output, xx (), using convolution.

Use linear regression to fit the kth polynomial nonlinearity between xj(¢) and
vk—1(t). Choose the polynomial order that minimizes the MDL criterion.
Optionally, use an iterative optimization, such as the Levenberg—Marquardt algo-
rithm, described in Section 8.1.3, to refine the pathway.

If the inclusion of the kth pathway causes the MDL to decrease, set k = k + 1 and
return to step 6.

Since the kth path caused the MDL to increase, discard it and stop the identification.

8.2.5 Longer Cascades

So far, only parallel Wiener cascade models have been considered. Longer cascades
paths (e.g., LNL, LNLN ) may also be used (Korenberg, 1991). This can be shown by
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examining the convergence proof for the parallel Wiener cascade. Convergence depends
primarily on fitting the final element in the cascade using least-squares regression. How-
ever, irrespective of whether a cascade finishes with a linear element (e.g., LNL) or a
static nonlinearity (e.g., LNLN), the path’s output is linear in the parameters that describe
the last element. Thus, the final element can be fitted using least-squares regression. As
a result, convergence is ensured for longer cascades, provided that the elements of the
cascade paths search all possible directions in the Volterra kernel space.

The rationale for using longer pathways is that each path should be capable of rep-
resenting a wider class of systems. Thus, the parallel cascade model should require
fewer pathways to achieve a given accuracy. However, the increased time required to fit
each pathway may offset the reduction in the number of pathways. We are only aware
of one reference, an unpublished student project (Mo and Elkasabgy, 1984), that has
demonstrated faster identification by using LNL as opposed to Wiener cascades.

8.2.6 Example: Parallel Cascade Identification

This section returns once more to the fly retina example, and it uses the parallel cascade
method to construct a parallel Wiener cascade model of the system from the colored noise
dataset. The overall model structure is the same as for the separable Volterra network
example presented previously. However, in this case, the precise structure (the number of
paths and polynomial orders) will not be set a priori. Rather, the parallel cascade method
will determine it from the data. As before, the memory length of the dynamic elements
was set to 50 ms based on low-order Volterra kernel estimates.

The IRF of the first pathway was determined from the first-order input—output cross-
correlation using equation (5.10). There was a noticeable high-frequency component in
the IRF, which was attributed to estimation noise since the input was not white. Conse-
quently, the pseudo-inverse method, described in Section 5.2.3.4, was used to perform
the deconvolution. Finally, a polynomial nonlinearity was fitted between the output of
the first linear element and the system output. The order of the polynomial was chosen
automatically, by minimizing the MDL, to be 6. The elements of the first pathway are
shown in the top row of Figure 8.14.

Additional pathways were estimated from the principal generalized eigenvector of
second-order input-residue cross-correlation, since this produces the greatest reduction
in the residual variance, given the information in the second-order cross-correlation. As
with the first pathway, the IRF was projected onto the significant singular vectors of the
input autocorrelation matrix, to counter the ill-conditioning due to the nonwhite input
spectrum.

The orders of the polynomial nonlinearities were chosen to minimize the MDL at each
stage. Pathways were added to the model using this approach until adding a pathway
resulted in an increase in the MDL. The pathway for which this occurred was not included
in the model, and the parallel cascade expansion was halted.

The results of the identification are summarized in Figure 8.14. Note that the first
pathway was obtained from the first-order input—output cross-correlation and that path-
ways 2—5 were derived from the second-order correlation. Table 8.1 presents the % VAF
and MDL statistics for each path. Note that as the first four paths were added to the
model, the MDL decreased, whereas it increased when the fifth path was added. Thus,
after the first four paths were identified, no further significant pathways could be found
from the first- and second-order cross-correlations.
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Figure 8.14 Elements of the first five Wiener pathways identified from the colored noise data by
the eigenvector variant of the parallel cascade method. Path 1 was estimated from the first-order
correlation while paths 2—5 were estimated from the second-order correlation.

TABLE 8.1 Results of the Parallel
Cascade Identification?

Path VAF VAF MDL
Number (residue) (total)

92.81 92.81 1.510
15.74 93.94  1.309
13.37 94.75 1.166
391 94.96 1.147
0.12 94.96 1.148

[ N N R S

“The fifth pathway added (bottom row)
increased the MDL, and was therefore
deemed to be insignificant.

Once the elements of the parallel cascade model were identified, its first- and second-
order Volterra kernels were computed. Figure 8.15 shows how the first- and second-order
kernels changed as the four significant pathways were added successively to the parallel
cascade model. Figures 8.15A and 8.15B show the first- and second-order Volterra kernels
of the first Wiener cascade. Figures 8.15C and 8.15D present the kernels due to the sum



PARALLEL CASCADE METHODS 245

=

h(”(r)

First path
&L o
7
1

0 50 30 o 7 (MS)
7 (ms)

Figure 8.15 Evolution of the first- and second-order Volterra kernels of the parallel cascade
model of the simulated fly retina, as pathways are added to the model. (A, B) Model consisting
of a single Wiener cascade path. (C, D) Model comprising first two identified paths. (E, F) Model

with three paths. (G, H) Model with four paths. Note the changes in the second-order kernels, B,
D, F, and H.

of the first two pathways. The third and fourth rows continue this pattern. Notice that,
as expected, there is no noticeable change in the first-order Volterra kernel from the first
to the fourth model (see Figures 8.15A, 8.15C, 8.15E, and 8.15G), whereas the second-
order kernel evolves as paths are added to the model, as shown in Figures 8.15B, 8.15D,
8.15F, and 8.15H. This contrasts with the PDM analysis, shown in Figure 7.18, where
the first- and second-order kernels both changed as paths were added to the model.
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The accuracy of the parallel cascade and SVN models were comparable. In the cross-
validation segment, the parallel cascade model predicted the validation segment slightly
better than the SVN, accounting for 93.45% VAF compared to 93.38% for the SVN.
Furthermore, the kernel estimates produced by the parallel cascade method were consid-
erably smoother than those constructed from the separable Volterra network. This is likely
due to the low-rank projection employed in the parallel cascade method, which elimi-
nates much of the high-frequency estimation noise due to the nonwhite input spectrum.
Finally, note that computing the parallel cascade model took 1/20 of the time required
for the iterative optimization of the SVN.

8.3 APPLICATION: VISUAL PROCESSING IN THE LIGHT-ADAPTED
FLY RETINA

Juusola et al. (1995) used several of the methods discussed in this chapter to construct
models of the first synapse in the light-adapted fly retina. In these experiments, the
test input was provided by a green, light-emitting diode and consisted of a constant
background illumination to which a Gaussian white noise signal was added. Experiments
were performed with eight different background levels, ranging logarithmically from 160
to 500,000 effective photons per photoreceptor cell per second.

The outputs were electrical signals recorded from two different cell types in the retina.
Glass microelectrodes were inserted into the retina of the compound eye through a small
lateral hole in the cornea, which was subsequently sealed with high-vacuum grease.
All signals were filtered at 500 Hz and sampled at 1 kHz. Each recording consisted
of 8192 points: The first 8000 points were used for system identification, whereas the
remaining 192 points were used for model validation.

In the first set of experiments, outputs were measured from the photoreceptors. The
parallel cascade method was used to fit zero- through second-order Volterra kernels to the
data. For background levels 5-8 (16,000 to 500,000 photons per second), the first-order
Volterra kernel accounted for most (from 93.0% to 97.3%) of the output variance in the
validation segment. Adding the second-order kernel did not significantly improve the
model accuracy. Indeed, in some cases the second-order kernel decreased the predictive
power of the model, suggesting that the second-order kernel was primarily fitting noise.
Thus, it was concluded that the photoreceptor could be represented by its first-order
Volterra kernel, which corresponded to the linear impulse response since there were no
other significant kernels.

Recordings were also made of the outputs of large monopolar cells (LMC) that were
directly excited by the photoreceptor outputs. The parallel cascade method was used
to estimate the zero- through second-order Volterra kernels between the light input and
the LMC output. This system comprised the photoreceptor, the LMC, and the synapse
between them.

The goal, however, was to characterize the LMC and synapse, without the photore-
ceptor dynamics. Unfortunately, it was not possible to place electrodes to record input
and output of a single LMC directly; consequently an indirect approach was required.

It was noted that for a given background illumination level, there was little variation
among the first-order Volterra kernels identified for various photoreceptors. Thus, the
input to the LMC could be simulated by convolving the light input with the IRF of a
typical photoreceptor. To estimate the LMC and synapse dynamics, the parallel cascade
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Figure 8.16 First-order kernels of the light adapted fly synapse, obtained at eight different back-

ground levels. Reprinted from Juusola et al. (1995). Used with permission of the American Phys-
iological Society.

Figure 8.17 Second-order kernels of the light adapted fly synapse, obtained at eight different

background levels. Reprinted from Juusola et al. (1995). Used with permission of the American
Physiological Society.

method was used to fit the zero- through second-order Volterra kernels, with memory
lengths of 25 ms, between the estimated input and measured output of the LMC. The
first- and second-order kernel estimates, obtained at background levels 5—8, are shown in
Figures 8.16 and 8.17, respectively. With these background levels, the first-order kernels
accounted for 81.9% to 85.1% of the output variance in the validation segment. Adding
the second-order kernels increased the prediction accuracy to between 91.5% and 95.0%.

Thus, in contrast to the photoreceptors, the second-order kernels made a significant
contribution to the LMC model.
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Figure 8.18 Testing the first- and second-order kernels for the LNL structure. Reprinted from
Juusola et al. (1995). Used with permission of the American Physiological Society.

The LMC kernels were then tested to see if they could be generated by one of the sim-
ple block structures. Since the Wiener and Hammerstein cascades are both special cases
of the LNL structure, the test described in equation (4.46) in Section 4.3.3 was applied
first. Figure 8.18 shows the first-order Volterra kernel superimposed on the “marginal”
second-order kernel—the sum of all nonzero slices of the second-order kernel, taken
parallel to one of the axes. The two traces are clearly not proportional to each other,
indicating that the first- and second-order Volterra kernels do not come from an LNL
system. The Wiener and Hammerstein structures are special cases of the LNL cascade,
so they too can be eliminated as potential structures for the first synapse in the fly
retina.

There is no simple kernel-based test for the NLN structure. It is necessary to fit a
NLN model to data and compare its predictive power to other, more general models
(such as the Volterra series), or to the parallel cascade model. Juusola et al. attempted to
fit an NLN model to their data. The two static nonlinearities were represented by fourth
degree polynomials. The linear dynamic element was a 26-point FIR filter, giving the
model a memory length of 25 ms, the same as that of the Volterra series model.

The Levenberg—Marquardt optimization algorithm, described in Section 8.1.3, was
used to estimate the model parameters. Since this is an iterative algorithm, an initial
estimate of the model was required. In this case, the two static nonlinearities were
initialized as unity linear gains (i.e., all polynomial coefficients were zero, except for
the first-order term, which was 1). The IRF of the linear dynamic element was initialized
using the previously computed estimate of the first-order Volterra kernel. The predictive
power of the resulting NLN models was comparable to that of the second-order Volterra
series, between 92.3% and 94.1% VAF in the validation segment, even though the NLN
models had far fewer parameters than the Volterra series. This suggested that the NLN
cascade is an appropriate model structure for this system. Figure 8.19 shows the elements
of the estimated NLN cascade.

After this study was completed, the photoreceptor IRF and LMC kernels were used
in a model of the fly compound eye (Juusola and French, 1997). Simulations per-
formed with this model were used to estimate the motion sensitivity of the fly’s com-
pound eye.



PROBLEMS 249

First nonlinerarity T 10mv

10 mV 10 mV

T 20 mV

Second
nonlinearity

-30 mV 30 mV

L+ -10mVv

Figure 8.19 Elements of an NLN model of the first synapse in the light-adapted fly retina.
Reprinted from Juusola et al. (1995). Used with permission of the American Physiological Society.

8.4 PROBLEMS

1. Compute the Jacobian for a Wiener system, in which the nonlinearity is expanded
using Hermite polynomials.

2. Let u(t) and y(¢) be the input and output of a nonlinear system. Let i(¢) be a linear
system whose IRF is given by

h= q’;lll¢lly

and let its output be x () = h(t)*u(t). Show that u(¢) is uncorrelated with y(t) —x ().
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Next, suppose that a polynomial nonlinearity, m(-), is fit between x(¢) and y(¢), using
a linear regression. Show that u(¢) and y(¢#) — m(x(¢)) are uncorrelated.

. Prove the second equality in equation (8.30).

. Let u(¢) and y(¢) be the input and output of a nonlinear system, such that ¢,,(7) =

0. Let k(0, 7) be a randomly chosen impulse response, and consider the following
iteration for k =0, 1, ...:

e Compute x(k, 1), the output of the current IRF, h(k, 7).
e Let w(k,t) be the product of x(k.r) and the output, y(¢).

e Fit a linear IRF, h(k + 1, ), between u(t) and w(k, t), normalize h(k + 1, 7),
increment k, and repeat the iteration.

Let h(t) and A be the principal generalized eigenvector and eigenvalue of the pencil
(®Pyu, ¢uuy). Show that, provided that 4(0, 7) is not orthogonal to h(t), h(k, T) will
converge to h(t).

. Develop an iteration, similar to that in Problem 4, which extracts IRFs from the

third-order cross-correlation.

8.5 COMPUTER EXERCISES

1.

The file ch8/RunningEx.m generates data similar to that used in the running example
employed throughout this chapter. Use the FOA to estimate the first- and second-order
Volterra kernels from this data. Now, generate a parallel Wiener cascade, using second-
order polynomials, and compare the accuracy of the two identified models. Finally,
identify a parallel Wiener cascade, but with fourth-order polynomial nonlinearities.
Compare the predictive power of this model to the other two.

. Implement the iterative scheme described in Problem 4. Compare its performance to

that of the explicit computation of the principal generalized eigenvector. Can you
incorporate a pseudo-inverse into the algorithm, in order to improve the numerical
conditioning?



REFERENCES

D. J. Aidely. The Physiology of Excitable Cells, 2nd edition, Cambridge University Press, Cam-
bridge, 1978.

H. Akaike. A new look at the statistical model identification. IEEE Transactions on Automatic
Control, AC-19:716-723, 1974.

J. Amorocho and A. Brandstetter. Determination of nonlinear functional response functions in
rainfall runoff processes. Water Resources Research, 7:1087—1101, 1971.

A. Anzai, I. Ohzawa, and R. D. Freeman. Neural mechanisms for processing binocular information
I. simple cells. Journal of Neurophysiology, 82(2):891-908, 1999.

J. F. Barrett. The use of functionals in the analysis of non-linear physical systems. Journal of
Electronics and Control, 15:567-615, 1963.

D. A. Baylor, M. G. F. Fuortes, and P. M. O’Bryan. Receptive fields of cones in the retina of the
turtle. Journal of Physiology, 214:265-294, 1971.

J. V. Beck and K. J. Arnold. Parameter Estimation in Engineering and Science. Wiley Series in
Probability and Mathematical Statistics. John Wiley & Sons, New York, 1977.

P. Beckmann. Orthogonal Polynomials for Engineers and Physicists. The Golem Press, Boulder,
Colorado, 1973.

J. S. Bendat and A. G. Piersol. Random Data, Analysis, and Measurement Procedures, 2nd edition.
John Wiley & Sons, New York, 1986.

S. Boyd and L. O. Chua. Fading memory and the problem of approximating nonlinear operators
with Volterra series. IEEE Transactions on Circuits and Systems, CAS-32(11):1150-1161,
1985.

D. R. Brillinger. Time Series Data Analysis and Theory. Holt, Rhinehart & Winston, New York,
1975.

J. J. Bussgang. Crosscorrelation Functions of Amplitude-Distorted Gaussian Signals. Technical
Report 216, MIT Electrical Research Lab, 1952.

P. E. Caines. Linear Stochastic Systems. John Wiley & Sons, New York, 1988.

Identification of Nonlinear Physiological Systems, By David T. Westwick and Robert E. Kearney
ISBN 0-471-27456-9 (© 2003 Institute of Electrical and Electronics Engineers

251



252 REFERENCES

L. H. Carney and M. Friedman. Nonlinear feedback models for the tuning of auditory nerve fibers.
Annals of Biomedical Engineering, 24:440—-450, 1996.

K. H. Chon, Y. M. Chen, N.-H. Holstein-Rathlou, and V. Z. Marmarelis. Nonlinear system anal-
ysis of renal autoregulation in normotensive and hypertensive rats. I[EEE Transactions on
Biomedical Engineering, 45(3):342-353, 1998.

K. H. Chon, T. J. Mullen, and R. J. Cohen. A dual-input nonlinear system analysis of autonomic
modulation of heart rate. IEEE Transactions on Biomedical Engineering, 43(5):530-544, 1996.

M. C. Citron, R. C. Emerson, and W. R. Levick. Nonlinear measurement and classification of

receptive fields in cat retinal ganglion cells. Annals of Biomedical Engineering, 16:65-77,
1988.

P. E. Crago. Muscle input-output model: The static dependence of force on length, recruitment,
and firing period. IEEE Transactions of Biomedical Engineering, 39(8):871-874, 1992.

A. D’Aguanno, B. L. Bardakjian, and P. L. Carlen. Passive neuronal membrane parameters: Com-
parison of optimization and peeling methods. IEEE Transactions on Biomedical Engineering,
33(12):1188-1196, 1986.

E. de Boer and P. Kuyper. Triggered correlation. IEEE Transactions on Biomedical Engineering,
15:169-179, 1968.

J. J. Eggermont. Wiener and Volterra analyses applied to the auditory system. Hearing Research,
66:177-201, 1993.

A. S. French. Practical nonlinear system analysis by Wiener kernel estimation in the frequency
domain. Biological Cybernetics, 24:111-119, 1976.

A. S. French and E. G. Butz. Measuring the Wiener kernels of a non-linear system using the fast
Fourier transform algorithm. International Journal of Control, 17:529-539, 1973.

A. S. French and M. J. Korenberg. A nonlinear cascade model for action potential encoding in an
insect sensory neuron. Biophysical Journal, 55:655-661, 1989.

A. S. French and M. J. Korenberg. Dissection of a nonlinear cascade model for sensory encoding.
Annals of Biomedical Engineering, 19:473-484, 1991.

A. S. French, M. J. Korenberg, M. Jarvilehto, E. Kouvalainen, M. Juusola, and M. Weckstrom.
The dynamic nonlinear behaviour of fly photoreceptors evoked by a wide range of light inten-
sities. Biophysical Journal, 65:832—-839, 1993.

A. S. French and V. Z. Marmarelis. Nonlinear neuronal mode analysis of action potential encoding
an the cockroach tactile spine neuron. Biological Cybernetics, 73:425-430, 1995.

A. S. French and S. K. Patrick. A nonlinear model of step responses in the cockroach tactile spine
neuron. Biological Cybernetics, 70:435-441, 1994.

A. S. French, S.-1. Sekizawa, U. Holger, and P. H. Torkkeli. Predicting the responses of
mechanoreceptor neurons to physiological inputs by nonlinear system identification. Annals
of Biomedical Engineering, 29:187—-194, 2001.

H. L. Galiana, H. L. Smith, and A. Katsarkas. Comparison of linear vs. nonlinear methods for
analyzing the vestibulo-ocular reflex (VOR). Acta Oto-Laryngologica, 115(5):585-596, 1995.

H. L. Galiana, H. L. H. Smith, and A. Katsarkas. Modelling non-linearities in the vestibule-ocular
reflex (VOR) after unilateral or bilateral loss of peripheral vestibular function. Experimental
Brain Research, 137:369-386, 2001.

G. Golub and C. Van Loan. Matrix Computations. Johns Hopkins University Press, Baltimore, 2nd
edition, 1989.

Y. Goussard, W. C. Krenz, and L. Stark. An improvement of the Lee and Schetzen cross-
correlation method. IEEE Transactions on Automatic Control, 30(9):895-898, 1985.

W. J. Heetderks and W. J. Williams. Partition of gross peripheral nerve activity into single unit
responses by correlation techniques. Science, 188:373-375, 1975.



REFERENCES 253

J. H. Holland. Adaptation in Natural and Artificial Systems. University of Michigan Press, Ann
Arbor, MI, 1975. Reprinted by MIT Press, 1992.

K. J. Hunt, M. Munih, N. N. Donaldson, and F. M. D. Barr. Investigation of the Hammerstein
hypothesis in the modeling of electrically stimulated muscle. IEEE Transactions on Biomedical
Engineering, 45(8):998-1009, 1998.

I. W. Hunter and R. E. Kearney. Two-sided linear filter identification. Medical and Biological Engi-
neering and Computing, 21:203-209, 1983.

1. W. Hunter and M. J. Korenberg. The identification of nonlinear biological systems: Wiener and
Hammerstein cascade models. Biological Cybernetics, 55:135—-144, 1986.

M. Juusola and A. S. French. Visual acuity for moving objects in first- and second-order neurons
of the fly compound eye. Journal of Neurophysiology, 77:1487—-1495, 1997.

M. Juusola, M. Weckstrom, R. O. Uusitalo, M. J. Korenberg, and A. S. French. Nonlinear mod-
els of the first synapse in the light-adapted fly retina. Journal of Neurophysiology,
74(6):2538-2547, 1995.

T. Kailath. Linear Systems. Prentice-Hall, Englewood Cliffs, NJ, 1980.

E. W. Kamen. Introduction to Signals and Systems, 2nd edition. Macmillan, New York, 1990.

R. E. Kearney and I. W. Hunter. System identification of human triceps surae stretch reflex dynam-
ics. Experimental Brain Research, 51:117-127, 1983.

R. E. Kearney and 1. W. Hunter. System identification of human stretch reflex dynamics: Tibialis
anterior. Experimental Brain Research, 56:40—49, 1984.

R. E. Kearney and I. W. Hunter. Nonlinear identification of stretch reflex dynamics. Annals of
Biomedical Engineering, 16:79-94, 1988.

R. E. Kearney and I. W. Hunter. System identification of human joint dynamics. CRC Critical
Reviews in Biomedical Engineering, 18:55—-87, 1990.

R. E. Kearney, 1. W. Hunter, P. L. Weiss, and K. Spring. Tilt-table/ankle-actuator system for
the study of vestibulospinal reflexes. Medical and Biological Engineering and Computing,
21:301-305, 1983.

R. E. Kearney, R. B. Stein, and L. Parameswaran. Identification of intrinsic and reflex contri-
butions to human ankle stiffness dynamics. IEEE Transactions on Biomedical Engineering,
44(6):493-504, 1997.

R. E. Kearney and D. T. Westwick. NLID a MATLAB toolbox for nonlinear system identification.
http://www.bmed.mcgill.ca, 2003.

M. C. K. Khoo. Physiological Control Systems. IEEE Press, Piscataway, NJ, 2000.

S. Kirkpatrick, C. D. Gellatt, and M. P. Vecchi. Optimization by simulated annealing. Science,
220:671-680, 1983.

Y. Kondoh, T. Arima, J. Okuma, and Y. Hasegawa. Response dynamics and directional properties
of nonspiking local interneurons in the cockroach cercal system. Journal of Neuroscience,
13:2287-2305, 1993.

Y. Kondoh, Y. Hasegawa, J. Okuma, and F. Takahashi. Neural computation of motion in the fly
visual system: Quadratic nonlinearity of responses induced by picrotoxin in the hs and ch cells.
Journal of Neurophysiology, 74(6):2665-2684, 1995.

M. J. Korenberg. Statistical identification of parallel cascades of linear and nonlinear systems. In

Identification and System Parameter Estimation, Volume 1. International Federation of Auto-
matic Control, 1982, pages 669—674.

M. J. Korenberg. Functional expansions, parallel cascades, and nonlinear difference equations. In
V. Z. Marmarelis, editor. Advanced Methods of Physiological System Modelling, Volume 1.
Biomedical Simulations Resource, USC-LA, Los Angeles, 1987, pages 221-240.



254 REFERENCES

M. J. Korenberg. Identifying nonlinear difference equation and functional expansion representa-
tions: The fast orthogonal algorithm. Annals of Biomedical Engineering, 16:123—142, 1988.

M. J. Korenberg. Parallel cascade identification and kernel estimation for nonlinear systems. Annals
of Biomedical Engineering, 19:429-455, 1991.

M. J. Korenberg, S. B. Bruder, and P. J. Mcllroy. Exact orthogonal kernel estimation from finite
data records: Extending Wiener’s identification of nonlinear systems. Annals of Biomedical
Engineering, 16:201-214, 1988a.

M. J. Korenberg, A. S. French, and S. K. L. Voo. White-noise analysis of nonlinear behavior in an
insect sensory neuron: Kernel and cascade approaches. Biological Cybernetics, 58:313—-320,
1988b.

M. J. Korenberg and I. W. Hunter. The identification of nonlinear biological systems: LNL cascade
models. Biological Cybernetics, 55:125-134, 1986.

M. J. Korenberg and I. W. Hunter. The identification of nonlinear biological systems: Wiener ker-
nel approaches. Annals of Biomedical Engineering, 18:629-654, 1990.

M. J. Korenberg and I. W. Hunter. The identification of nonlinear biological systems: Volterra
kernel approaches. Annals of Biomedical Engineering, 24:250-268, 1996. Corrected version
appears in Vol. 24, No. 4.

M. J. Korenberg and I. W. Hunter. Two methods for identifying Wiener cascades having nonin-
vertible static nonlinearities. Annals of Biomedical Engineering, 27(6):793—-8004, 1999.

M. J. Korenberg and L. D. Paarmann. Applications of fast orthogonal search: Time-series analysis
and resolution of signals in noise. Annals of Biomedical Engineering, 17:219-231, 1989.

Y. W. Lee and M. Schetzen. Measurement of the Wiener kernels of a non-linear system by cross-
correlation. International Journal of Control, 2:237-254, 1965.

L. Ljung. System Identification: Theory for the User, 2nd edition. Prentice-Hall, Upper Saddle
River, NJ, 1999.

B. Lutchen, and K. R. Suki. Understanding pulmonary mechanics using the forced oscilla-
tions technique. In Bioengineering Approaches to Pulmonary Physiology and Medicine,
pages 227-253. Plenum Press, New York, 1996.

G. N. Maksym and J. H. T. Bates. Nonparametric block-structured modeling of rat lung dynamics.
Annals of Biomedical Engineering, 25(6):1000—1008, 1997.

G. N. Maksym, R. E. Kearney, and J. H. T. Bates. Nonparametric block-structured modeling of
lung tissue strip mechanics. Annals of Biomedical Engineering, 26(2):242—-252, 1998.

P. Z. Marmarelis and V. Z. Marmarelis. Analysis of Physiological Systems. Plenum Press, New
York, 1978.

P. Z. Marmarelis and K. I. Naka. Identification of multi-input biological systems. /EEE Transac-
tions on Biomedical Engineering, BME-21:88—101, 1974.

V. Z. Marmarelis and S. H. Courellis. Lysis 7.1 http://bmsr.usc.edu/Software/Lysis/lysismenu.html,
2003.

V. Z. Marmarelis. Nonlinear and nonstationary modeling of physiological systems: An overview.
In V. Z. Marmarelis, editor. Advanced Methods of Physiological System Modelling, Volume 1.
Biomedical Simulations Resource, USC-LA, Los Angeles, 1987, pages 1-24.

V. Z. Marmarelis. Signal transformation and coding in neural systems. IEEE Transactions on
Biomedical Engineering, 36(1):15-24, 1989.

V. Z. Marmarelis. Identification of nonlinear biological systems using Laguerre expansions of
kernels. Annals of Biomedical Engineering, 21(6):573-589, 1993.

V. Z. Marmarelis. Nonlinear modeling of physiological systems using principal dynamic modes.
In V. Z. Marmarelis, editor. Advanced Methods of Physiological System Modeling, Volume 3.
Plenum Press, New York, 1994, pages 1-27.



REFERENCES 255

V. Z. Marmarelis. Modeling methodology for nonlinear physiological systems. Annals of Biomed-
ical Engineering, 25:239-251, 1997.

V. Z. Marmarelis, K. H. Chon, Y. M. Chen, D. J. Marsh, and N. H. Holstein-Rathlou. Nonlinear
analysis of renal autoregulation under broadband forcing conditions. Annals of Biomedical
Engineering, 21(6):591-603, 1993.

V. Z. Marmarelis, K. H. Chon, N. H. Holstein-Rathlou, and D. J. Marsh. Nonlinear analysis of
renal autoregulation in rats using principal dynamic modes. Annals of Biomedical Engineering,
27(1):23-31, 1999.

V. Z. Marmarelis and M. E. Orme. Modeling of neuronal systems by use of neuronal modes. /[EEE
Transactions on Biomedical Engineering, 40(11):1149-1158, 1993.

V. Z. Marmarelis and X. Zhao. On the relation between Volterra models and feedforward artifi-
cial neural networks. In V. Z. Marmarelis, editor. Advanced Methods of Physiological System
Modeling, Volume 3. Plenum Press, New York, 1994, pages 243-259.

V. Z. Marmarelis and X. Zhao. Volterra models and three-layer perceptrons. IEEE Transactions
on Neural Networks, 8(6):1421-1433, 1997.

L. Mo and N. Elkasabgy. Elec-841 report. Technical report, Queens’s University, Department of
Electrical Engineering, Kingston, Ontario, Canada, 1984.

M. Munih, K. Hunt, and N. Donaldson. Variation of recruitment nonlinearity and dynamic response
of ankle plantarflexors. Medical Engineering and Physics, 22(2):97-107, 2000.

K.-I. Naka, H. M. Sakai, and I. Naohiro. Generation and transformation of second-order nonlin-
earity in catfish retina. Annals of Biomedical Engineering, 16:53—-64, 1988.

K. Ogata. Discrete-Time Control Systems. Prentice-Hall, Englewood Cliffs, NJ, 1995.

H. Ogura. Estimation of Wiener kernels of a nonlinear system and fast algorithm using digital
Laguerre filters. In 15th NIBB Conference, 1986, pages 14—62.

Y. Okuma and J. Kondoh. Neural circuitry underlying linear representation of wind information in a
nonspiking local interneuron of the cockroach. Journal of Comparative Physiology A—Sensory
Neural and Behavioral Physiology, 179(6):725-740, 1996.

A. V. Oppenheim and R. W. Schafer. Discrete-Time Signal Processing. Prentice-Hall, Englewood
Cliffs, NJ, 1989.

G. Palm. On representation and approximation of nonlinear systems. Biological Cybernetics,
34:49-52, 1979.

A. Papoulis. Probability, Random Variables and Stochastic Processes, 2nd edition. McGraw Hill,
New York, 1984.

M. G. Paulin. A method for constructing data-based models of spiking neurons using a dynamic
linear-static nonlinear cascade. Biological Cybernetics, 69:67—76, 1993.

D. B. Percival and A. T. Walden. Spectral Analysis for Physical Applications. Cambridge Univer-
sity Press, Cambridge, 1993.

R. R. Pfeiffer. A model for two-tone inhibition for single cochlear nerve fibres. Journal of the
Acoustical Society of America, 48:1373—-1378, 1970.

A. V. Poliakov, R. R. K. Powers, and M. D. Binder. Functional identification of the input-output
transforms of motoneurones in the rat and cat. Journal of Physiology, 504(2):401-424, 1997.

W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery. Numerical Recipes in C: The
Art of Scientific Computing, 2nd edition. Cambridge University Press, Cambridge, 1992.

R. Rojas. Neural networks, A Systematic Introduction. Springer-Verlag, Berlin, 1996.

W. J. Rugh. Nonlinear System Theory, The Volterra/Wiener Approach. Johns Hopkins University
Press, Baltimore, 1981.

H. M. Sakai. White-noise analysis in neurophysiology. Physiological Reviews, 72(2):491-505,
1992.



256 REFERENCES

H. M. Sakai, H. Machuca, and K.-I. Naka. Processing of color- and noncolor-coded signals in the
gourami retina. I. horizontal cells. Journal of Neurophysiology, 78(4):2002-2017, 1997.

M. Sakuranaga, Y.-I. Ando, and K.-I. Naka. Signal transmission in the catfish retina. I. Transmis-
sion in the outer retina. Journal of Neurophysiology, 53:373-389, 1985a.

M. Sakuranaga, Y.-I. Ando, and K.-I. Naka. Signal transmission in the catfish retina. II. Transmis-
sion to type N cell. Journal of Neurophysiology, 53:390—410, 1985b.

M. Sakuranaga, Y.-I. Ando, and K.-I. Naka. Signal transmission in the catfish retina. IIl. Trans-
mission to type C cell. Journal of Neurophysiology, 53:411-428, 1985c.

M. Sakuranaga, S. Sato, E. Hida, and K.-I. Naka. Nonlinear analysis: Mathematical theory and
biological applications. CRC Critical Reviews in Biomedical Engineering, 14:127-184, 1986.

M. Schetzen. Measurement of the kernels of a nonlinear system by crosscorrelation. MIT Electron-
ics Research Lab: Quarterly Progress Report, 60:118—130, 1961a.

M. Schetzen. Measurement of the kernels of a nonlinear system by crosscorrelation with Gaussian
non-white inputs. MIT Electronics Research Lab: Quarterly Progress Report, 63:113-117,
1961b.

M. Schetzen. The Volterra and Wiener Theories of Nonlinear Systems. John Wiley & Sons, New
York, 1980.

M. Schetzen. Nonlinear system modeling based on the Wiener theory. Proceedings of the IEEE,
69:1557-1573, 1981.

G. A. F. Seber. Linear Regression Analysis. John Wiley & Sons, New York, 1977.

Y. Shi and K. E. Hecox. Nonlinear system identification by m-pulse sequences: Application
to brainstem auditory evoked responses. IEEE Transactions on Biomedical Engineering,
38:834-845, 1991.

E. J. Simon. Two types of luminosity horizontal vells in the retina of the turtle. Journal of Physi-
ology, 230:199-211, 1973.

T. Soderstrom and P. Stoica. System Identification. Prentice-Hall, New York, 1989.

C. Swerup. On the choice of noise for the analysis of the peripheral auditory system. Biological
Cybernetics, 29:97-104, 1978.

V. Volterra. Theory of functionals and of integral and integro-differential equations. Dover, New
York, 1959.

D. T. Westwick and R. E. Kearney. Identification of multiple-input nonlinear systems using non-
white test signals. In V. Z. Marmarelis, editor. Advanced Methods of Physiological System
Modeling, Volume 3. Plenum Press, New York, 1994, pages 163—-178.

D. T. Westwick and R. E. Kearney. Generalized eigenvector algorithm for nonlinear system iden-
tification with non-white inputs. Annals of Biomedical Engineering, 25(5):802—-814, 1997.

D. T. Westwick and R. E. Kearney. Nonparametric identification of nonlinear biomedical systems,
part I: Theory. Critical Reviews in Biomedical Engineering, 26(3):153-226, 1998.

D. T. Westwick and R. E. Kearney. Separable least squares identification of nonlinear Hammer-
stein models: Application to stretch reflex dynamics. Annals of Biomedical Engineering,
29(8):707-718, August 2001.

D. T. Westwick and K. R. Lutchen. Fast, robust identification of nonlinear physiological systems
using an implicit basis expansion. Annals of Biomedical Engineering, 28(9):1116—1125, 2000.

N. Wiener. Nonlinear Problems in Random Theory. Technology Press Research Monographs. John
Wiley & Sons, New York, 1958.

H. Yuan, D. T. Westwick, E. P. Ingenito, K. R. Lutchen, and B. Suki. Parametric and nonpara-
metric nonlinear system identification of lung tissue strip mechanics. Annals of Biomedical
Engineering, 27(4):548-562, 1999.



REFERENCES 257

L. Q. Zhang and W. Z. Rymer. Simultaneous and nonlinear identification of mechanical and reflex
properties of human elbow joint muscles. IEEE Transactions on Biomedical Engineering,
44(12):1192-1209, 1997.

Q. Zhang, K. R. Lutchen, and B. Suki. A frequency domain approach to nonlinear and structure

identification for long memory systems: Application to lung mechanics. Annals of Biomedical
Engineering, 27(1):1-13, 1999.



INDEX

Aikaike information criterion, 114
ARMA, 48, 50, 51

ARMAX, 51

ARX, 50, 51

Autoregressive, 49, 51

Back-propagation, 219, 220
Bilinear transform, 48

Bode diagram, 116
Box-Jenkins model, 51, 53
Bussgang, 149, 150, 155, 237

Cholesky factorization, 179
Coherence, 117, 118, 146
Condition number, 29, 30, 32, 112
Convolution
integral, 42, 43, 57, 59, 67
sum, 43
Correlation
autocorrelation, 16, 20, 22, 24,
109, 141
autocorrelation coefficient, 16, 18
autocovariance, 16, 18, 23
cross-correlation, 18, 20, 23, 109
cross-correlation coefficient, 19
cross-covariance, 19, 24
estimate
biased, 21, 23, 109, 144
unbiased, 21, 23

second-order, 25, 130, 141, 142
Cross-validation, 107

Deconvolution, 142, 146, 237
Delay, 24
Difference equation, 48-50, 53
Differential equation, 52
Dimensions
cascade models, 78
Hammerstein cascade, 78
kernel, 62
Wiener model, 75
Domain, 2

Eigenvalue, generalized, 239
Ergodic, 3, 21, 22
Error surface, 208
Examples
ankle compliance
discrete state-space model, 54
discrete transfer function, 49
frequency response, 44, 118
impulse response, 43, 110, 114
simulated data, 103
transfer function, 47
fly retina,
description, 182
fast orthogonal algorithm, 182
Laguerre expansion, 196
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Examples (Continued)
parallel Wiener cascade, 243
principal dynamic modes, 200
separable Volterra network, 220
Volterra kernels, 182, 196, 201, 221,
222, 244

Flop, 14, 22, 61, 109, 180, 190
Fourier transform, 23, 44, 45
discrete, 22
fast, 23, 110, 145
inverse, 22, 44
Frequency response, 44-46
estimate, 116

Gaussian
linear system, 15, 67
probability density, 14
product of, 15, 68, 149
Genetic algorithm, 122
Gram-Schmidt, 171

Hammerstein cascade, 77
identification, 155, 209

Hessian, 28-30, 109, 112, 173, 213

Hysteresis, 66

Impulse response, 42, 57, 59
discrete, 43
Fourier transform, 45
state-space model, 53
transfer function, 46
Instrumental variable, 120

Jacobian, 209, 216
Hammerstein cascade, 210
LNL cascade, 217, 218
NLN cascade, 218
parallel cascade model, 219
Wiener cascade, 216, 217

Laguerre filter, 191, 232

Laplace transform, 46
inverse, 46

Linear regression, 26, 110, 120, 152, 156
IRF, 108, 109
sensitivity analysis, 110, 112, 180, 195
Volterra kernels, 171
Wiener kernels, 127

LNL cascade model, 60, 79
identification, 162, 217

Marginal kernel, 82, 165
MDL, 113, 114, 229, 238, 241
Mean-square error, 25
minimum, 27, 108, 208
normalized, 106
Model
nonparametric, 4, 40, 41, 57
parametric, 4, 46, 47
structure, 4

NLN cascade model, 83
identification, 218
Noise
measurement, 7, 24, 27, 48, 51, 53,
120
process disturbance, 7, 49-51, 53

Operator
continuous, 65
fading memory, 66
Wiener, 67, 68
Optimization
constrained, 215
Gauss—Newton, 215
gradient descent, 122, 208, 212, 220
Levenberg—Marquardt, 215, 220, 248
Newton, 214
Orthogonal, 30
basis, 40
operator, 67, 68
Orthonormal, 30
Output error model, 48, 51, 119

Parallel cascade model, 87
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