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Preface

The study of the subgroup growth of infinite groups is an area of mathematical
research that has grown rapidly since its inception at the Groups St. Andrews
conference in 1985. It has become a rich theory requiring tools from and having
applications to many areas of group theory. Indeed, much of this progress is
chronicled by Lubotzky and Segal within their book [42].

However, one area within this study has grown explosively in the last few
years. This is the study of the zeta functions of groups with polynomial sub-
group growth, in particular for torsion-free finitely-generated nilpotent groups.
These zeta functions were introduced in [32], and other key papers in the de-
velopment of this subject include [10, 17], with [19, 23, 15] as well as [42]
presenting surveys of the area.

The purpose of this book is to bring into print significant and as yet
unpublished work from three areas of the theory of zeta functions of groups.

First, there are now numerous calculations of zeta functions of groups by
doctoral students of the first author which are yet to be made into printed form
outside their theses. These explicit calculations provide evidence in favour of
conjectures, or indeed can form inspiration and evidence for new conjectures.
We record these zeta functions in Chap. 2. In particular, we document the
functional equations frequently satisfied by the local factors. Explaining this
phenomenon is, according to the first author and Segal [23], “one of the most
intriguing open problems in the area”.

A significant discovery made by the second author was a group where
all but perhaps finitely many of the local zeta functions counting normal
subgroups do not possess such a functional equation. Prior to this discovery,
it was expected that all zeta functions of groups should satisfy a functional
equations. Prompted by this counterexample, the second author has outlined
a conjecture which offers a substantial demystification of this phenomenon.
This conjecture and its ramifications are discussed in Chap. 4.

Finally, it was announced in [16] that the zeta functions of algebraic groups
of types B;, C; and D; all possessed a natural boundary, but this work is
also yet to be made into print. In Chap.5 we present a theory of natural
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boundaries of two-variable polynomials. This is followed by Chap.6 where
the aforementioned result on the zeta functions of classical groups is proved,
and Chap. 7, where we consider the natural boundaries of the zeta functions
attached to nilpotent groups listed in Chap. 2.

The first author thanks Zeev Rudnick who first informed him of Con-
jecture 1.11, Roger Heath-Brown who started the ball rolling and Fritz
Grunewald for discussions which helped bring the ball to a stop. The first
author also thanks the Max-Planck Institute in Bonn for hospitality during
the preparation of this work and the Royal Society for support in the form of
a University Research Fellowship. The second author thanks the EPSRC for
a Research Studentship and a Postdoctoral Research Fellowship, and the first
author for supervision during his doctoral studies.

Oxford, Marcus du Sautoy
January 2007 Luke Woodward
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1

Introduction

1.1 A Brief History of Zeta Functions

Zeta functions are analytic functions with remarkable properties. They have
played a crucial role in the proof of many significant theorems in mathematics:
Dirichlet’s theorem on primes in arithmetic progressions, the Prime Number
Theorem, and the proofs of the Weil conjectures and the Taniyama—Shimura
conjecture to name just a few.

Many different types of zeta function have been defined. We summarise
below some of the more significant ones.

1.1.1 Euler, Riemann

In the eighteenth century a number of mathematicians were interested in
determining the precise value of the infinite series
1+1+1+1+ +1+ (1.1)
4 9 16 n? ’ '
the sum of the squares of the harmonic series. Daniel Bernoulli suggested 8/5
as an estimate for its value, but it was Leonhard Euler who first gave the
precise value of this sum. To do this, Euler defined the zeta function

((s) =) n*

for s € R, s > 1. The infinite sum (1.1) is then the zeta function evaluated at
s = 2. However Euler was able to do more than just give the value of ((2).
He gave a formula for the zeta function at every even positive integer:

22m,—1ﬂ.2m ‘B2m |
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As an acknowledgement of the support the Bernoulli family had given him,

he was able to identify the rational constants Bs,, as the Bernoulli numbers

discovered by Daniel’s uncle Jacob. Since By = 1/12, it follows that ((2) =

72 /6. To this day, nobody has been able to find a comparable expression for

the zeta function at odd integers. It is not even known if {(3) is transcendental.
Euler also discovered the Euler product identity. If one sets

Gl =Y =
n=0

p=s’
then

C(s) =[] ¢(s)

where the product is over all primes p. This identity is fundamental to the
connection between the zeta function and the primes. As well as encapsulating
the Fundamental Theorem of Arithmetic, it also offers a simple analytic proof
of a classical result on primes: the fact that the harmonic series 14+1/2+-- -+
1/n+ .- diverges means that there must be infinitely many primes.

The zeta function converges for s > 1 but diverges at s = 1. Later,
Bernhard Riemann, inspired by Cauchy’s work on functions of a complex
variable, considered the zeta function as a function on C. By doing so, he
could analytically continue the zeta function around the pole at s = 1, and
obtain a function meromorphic on the whole complex plane. The pole at
s =1 is simple and is the only singularity of the zeta function. Furthermore,
Riemann showed that this zeta function satisfies a functional equation. If one
sets £(s) = I'(s/2)m—%/%((s), where I'(s) is the gamma function, then

Es) =€ —s). (1.2)

This analytically-continued function is now known as the Riemann zeta func-
tion in honour of Riemann’s achievements with it.

Since the zeta function is nonzero for R(s) > 1, the only zeros of the
Riemann zeta function with £(s) < 0 are the trivial zeros at negative even
integers. Hence the only other zeros are those within the critical strip, 0 <
R(s) < 1. Riemann famously hypothesised that all the zeros lie on the critical
line R(s) = % Hardy and Littlewood [33] have since proved the existence of
infinitely many zeros on the critical line and Conrey [3] has proved that more
than 40% of the zeros lie on the line. At the time of writing, the most recent
computer calculation [27] seems to have confirmed that the first ten trillion
(1013) Riemann zeros are on the line. Despite all this evidence, it is still not
known whether a zero lies off the line.

Such is the importance of this Hypothesis that there is a considerable
body of mathematical work which depends on the truth of this Hypothesis.
Its proof would simultaneously prove numerous other theorems for which its
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truth has had to be assumed. Furthermore, its status as one of the Clay
Mathematics Institute Millennium Prize Problems would also earn its author
a million-dollar prize.

Hadamard and de la Vallée Poussin were also able to utilise the power
of the Riemann zeta function. By showing that the Riemann zeta function is
nonzero on R(s) = 1, they independently proved the Prime Number Theorem,
that

m(n)logn

lim =1
n—o0 n

)

where 7(n) is the number of primes no larger than n.

1.1.2 Dirichlet

In the meantime, Dirichlet was taking the concept of the zeta function in a
new direction. His major innovation was to attach a coefficient a,, to each
term n~°. Recall that the Riemann zeta function is defined for R(s) > 1 by

((s)=> n*.

A Dirichlet character with period m is a function x : Nyg — C that has the
following properties:

e x is totally multiplicative, i.e. x(1) = 1 and x(n1)x(n2) = x(ninsg) for all
ni,ne € Nyg.

e x(m+mn)=x(n) for all n € Ny.

e x(n)=0if ged(n,m) > 1.

The Dirichlet L-function of x is defined by
(oo}
L(s,x) =Y x(n)n™*.
n=1

Using these L-functions, Dirichlet proved that if ged(r, N) = 1, the arithmetic
progression 7, v + N, r + 2N, ... contains infinitely many primes. Further-
more, his proof yields the additional result that the primes are in some sense
evenly distributed amongst the congruence classes of integers coprime to V.
In honour of this achievement, any function of the form f(s) = >, a,n~*
is called a Dirichlet series.

If m = 1 then x is the trivial character, hence L(s, x) = ((s), the Riemann
zeta function once again, which we know can be meromorphically continued
to C. If m > 1, L(s, x) can be analytically continued to an entire function on
C. Indeed, the fact that L(s,x) is nonzero at s = 1 for nontrivial characters
X plays a key part in Dirichlet’s proof. A functional equation of L(s, x) which
takes a similar shape to (1.2) can also be given, however its statement is
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less succinct than that satisfied by the Riemann zeta function. We refer the
interested reader to the section on Dirichlet L-functions in [37].

The multiplicativity of the characters y leads easily to an Euler product
for the Dirichlet L-function,

L(s,x) = Hl—;

1= X

Indeed, it is easy to see that any Dirichlet series where the sequence (a,,) grows
at most polynomially in n and is totally multiplicative (i.e. @@, = amy for
all m,n € N) satisfies such an Euler product.

1.1.3 Dedekind

The zeta functions described above have had predominantly number-theoretic
applications. It was Dedekind who was perhaps the first to use zeta functions
for an algebraic purpose. For K a finite extension of the rational numbers Q,
the Dedekind zeta function of the field K is defined by

CK(S) = Z |19K : Cl|_s s

where |9k : a| is the index of the ideal a in the ring of integers ¥k and the
sum is over all nonzero ideals a in Y. Again, this zeta function extends to a
meromorphic function on C, with a simple pole at s = 1.

Perhaps one of the most remarkable properties of the Dedekind zeta func-
tion is the class number formula, which encodes the class number of the field
in the residue of the pole of (x(s) at s = 1. If A(K) is the discriminant of the
field K, Ry the regulator of K, u the order of the group of roots of unity within
the ring of integers ¥k, r1 (resp. r2) is the number of real (resp. the number
of pairs of complex conjugate) embeddings of K and hx the class-number of
K, then

Ress=1(Ck (s)) = W .

As with the Riemann zeta function and Dirichlet L-functions, the Dedekind
zeta function satisfies a functional equation. Let n = |K : Q|, the degree of
the field extension, and put

K(s) = <|A(K)> : (f)” I'(s)"Ck(s) -

[1]

2r2rn/2 2

Then ZEx(s) = Zx (1 — s).
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1.1.4 Artin, Weil

Dedekind’s zeta function considers finite extensions of the rational numbers
Q. E. Artin considered zeta functions connected to finite extensions of global
fields of characteristic p. One particular example he considered was the field
K = F,(z)(Va? —z), i.e. the field of rational functions with coefficients in
F,(z) extended by adjoining vz? — z. Let R be the integral closure of F,[x]
in K. Artin considered the zeta function

Cr(s) = Z |R:a]™%.

adR

If one sets y = Va3 — z, then quite clearly we have an elliptic curve y? =
2% — x. Artin found that the zeta function (z(s) was encoding the number of
points on this elliptic curve. In particular,

oo

Cnls) = (1= p~*) exp (Z W) ,

m=1

where
Npm = |{(a,b) € Fo : b =0’ —a}[+1.

The extra term is necessary to count the point at infinity in projective space.
Furthermore, Artin could show, for this elliptic curve and about 40 others,
that

2 —p )1 —p )
for a certain pair of complex conjugate numbers 7, and 7, which depend on
the elliptic curve. Hasse later extended this result to all elliptic curves, and
Weil to all smooth projective curves of arbitrary genus. Indeed, this property
that the zeros of the zeta function satisfy |r| = p'/? is known as the analogue
of the Riemann Hypothesis for the zeta function.

Weil was inspired by his work to consider the zeta function of an arbitrary
smooth projective variety X defined over a finite field F,. This is defined
analogously to Artin’s zeta function, but omitting the factor (1 —p~%), by

oo

Cx(s) = exp (Z W) ,

m=1

where Ngm is the number of points on X over the field Fym. In particular,
(x(s) was conjectured to always be a rational function in ¢—%, and to satisfy
the functional equation (x(n — s) = 4q(2"=9C(x(s), for some constant C
which can be given explicitly in terms of geometrical invariants of X. Weil was
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also able to formulate a strategy for proving these conjectures. He observed
that if one has a suitable cohomology theory similar to that for varieties
defined over C, the conjectures follow from various standard properties of
this cohomology theory. This observation motivated the development of vari-
ous cohomology theories and eventually led to the development of the [-adic
cohomology by Grothendieck and M. Artin, successfully employed by Deligne
to confirm these conjectures.

1.1.5 Birch, Swinnerton-Dyer

If one has a polynomial equation over Z, one can reduce it modulo p to give a
variety defined over a finite field. So, given the zeta functions for the reductions
mod p, what do we get when we multiply them all together? Does this ‘global’
zeta function tell us anything about the solutions of the original polynomial
over Q or Z7?

In the case where X is an elliptic curve defined over Q, such a global zeta
function has been defined. If F is an elliptic curve over Q, the L-function of
E is defined by!

1
1— app—s _|_p1—23 ’

L(Es) =[]
pr2A

where A is the discriminant of E, IV, is the number of points on £ mod p
and a, = p — N,. This Dirichlet series converges for R(s) > 2 and thanks
to the complete proof of the Taniyama-Shimura conjecture [1], it is known
that L(E, s) can be analytically continued to an entire function. A functional
equation relating L(E, s) and L(E, 2—s) also follows from Taniyama—Shimura.
It was conjectured by Birch and Swinnerton-Dyer that E has infinitely many
rational points if and only if L(E,s) is zero at s = 1, and furthermore the
torsion-free rank of the Mordell-Weil group of points on E over Q is the order
of the zero at s = 1. Coates and Wiles [2] have proved that if L(E,1) # 0
then E has only finitely many rational points, and it has since been shown
that the conjecture is true for » < 1 [5]. However the rest of the conjecture
remains open. Like the Riemann Hypothesis, the Clay Foundation offers a
million-dollar prize for the proof of this conjecture.

1.2 Zeta Functions of Groups

By no means is the above a complete list of zeta functions. We have omitted
more than we have included, for we simply do not have the space to list them
all. The final chapter of the Encyclopedic Dictionary of Mathematics [37] is

! There are factors associated to the primes p | 24 but for simplicity we ignore
them.
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a good place to start for those keen to know more about the panoply of zeta
functions.

Furthermore, the Encyclopedic Dictionary also lists four basic properties
a zeta function should ideally satisfy:

(ZF1) Tt should be meromorphic on the whole complex plane
(ZF2) It should have a Dirichlet series expansion

(ZF3) There should be some natural Euler product expansion
(ZF4) Tt should satisfy a functional equation

All the zeta functions we listed above satisfy all four of these properties. It
may also be of interest to determine the residue of the zeta function at a pole,
whenever such a singularity exists.

In this book, we consider these criteria for a relative newcomer to the
family of zeta functions, zeta functions of groups and rings. We cannot expect
that these zeta functions will reach the same lofty heights as the zeta functions
presented above, but we do hope the reader agrees with our viewpoint that
there is interesting mathematics concerning zeta functions of groups.

1.2.1 Zeta Functions of Algebraic Groups

The first example of a zeta function of a group is associated to a Q-algebraic
group & with a choice of some Q-rational representation p : & — GL,,. The
zeta function Zg ,(s) of & has been defined as the Euler product over all
primes p of the following local zeta functions defined by p-adic integrals with
respect to the normalised Haar measure pug on &(Zy):

Zo.al) = [ 1det(olo))]; diols)

p

where & = p~ (p(&(Q,)) "M, (Z))) and | - |, denotes the p-adic norm.

The definition of the zeta function of an algebraic group goes back to the
work of Hey [35] who recognised that the zeta function attached to the alge-
braic group GL,, could be used to encode the subalgebra structure of central
simple algebras. In the 1960s, Tamagawa established in [56] the meromorphic
continuation of the zeta functions of Hey attached to GL,. Subsequently,
Satake [50] and Macdonald [43] considered zeta functions of other reductive
groups. But it is the work of Igusa [36] in the 1980s that established explicit
expressions for the local factors of Chevalley groups which allow for some
analysis of the analytic behaviour of the global zeta functions. In particular
his work shows that the zeta function is built from Riemann zeta functions
and functions of the form

Z(s)= 1] W), (1.3)

p prime
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where W(X,Y) € Z[X,Y], with W(X,0) = 1. Further development of Igusa’s
work was made by the first author and Lubotzky [21] and [9] to more general
algebraic groups. The motivation for our work came from the observation in
[32] that zeta functions of algebraic groups were in fact counting subgroups
in nilpotent groups, thus extending Hey’s original motivation for the investi-
gation of these functions.

In [32] Grunewald, Segal and Smith proposed a definition of a ‘zeta func-
tion of a group G’

G(s)=>_|G:H|™*.

H<G

The function may be viewed as a non-commutative version of the Dedekind
zeta function of a number field where we sum over subgroups instead of ideals.
The superscript < in the zeta function emphasises that we are counting all
subgroups within G; we shall define variants of this zeta function later. If the
group is finitely generated (either as an abstract group or profinite group)
then the following invariant is finite for every natural number n:
aS(GQ)=|{H:H<Gand|G:H|=n}.

We can then write the zeta function as a Dirichlet series satisfying condi-
tion (ZF2):

Gls) = az(Gn*.

These zeta functions were first introduced in the 1980s by Grunewald,
Segal and Smith in [32] and studied in the particular case that G is a torsion-
free finitely generated nilpotent group (a T-group for short). The nilpotency
of G lends itself to a natural Euler product, thus satisfying condition (ZF3):

G =TI G,

p prime

where (gp(s) = Soc o asn (G)p~ .

One can also consider variants of these zeta functions in which one only
counts subgroups H with a particular property, for example normal subgroups,
whose associated zeta functions we denote by (g (s) and Cap(s). One type of
subgroup deserves special mention, namely those H whose profinite comple-
tions are isomorphic to the profinite completion G of G. When G is nilpotent
the associated zeta function counting these subgroups, denoted by (/(s), is
(up to finitely many local factors) the same as the first zeta function of the
algebraic group & of automorphisms of G (or its associated Lie algebra) with
an appropriate representation.
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1.2.2 Zeta Functions of Rings

As well as introducing zeta functions of groups, Grunewald, Segal and Smith
defined the zeta function of a not-necessarily-associative ring L additively
isomorphic to Z? for some d, by

(Gle)= D IL:H[™*.

H<L

Zeta functions only counting ideals in L, and the corresponding local zeta
functions, can be defined in a similar way, with the obvious notation. We can
also define analogues of the pro-isomorphic zeta functions. (/(s) counts all
subrings H < L such that H QZ =L ®Z, where Z is the profinite completion
of Z, with the corresponding local zeta functions ¢ ﬁp(s) counting subrings H
of p-power index such that H ® Z, =2 L ® Zj,.

Since these zeta functions are defined in an analogous way to those count-
ing in groups, it is clear that these zeta functions have Dirichlet series expan-
sions. Moreover, these zeta functions satisfy the Euler product

Gl = 11 G,

p prime

for all x € {<, <, A}, regardless of whether L is nilpotent (or even soluble).

The motivating reason for introducing zeta functions of rings is to provide
an alternative way of calculating zeta functions of groups. In [51], the Mal’cev
correspondence between a -group G and a nilpotent Lie ring L is detailed. In
particular it is noted that L is additively isomorphic to Z", where h = h(G) is
the Hirsch length of G, i.e. the number of infinite factors in any composition
series of G. In [32] this correspondence was extended to show that

CGp(8) = (1 p(s) (1.4)

for x € {<,<,A} and for all but finitely many primes p depending only on
the Hirsch length of G. For every calculation of a zeta function ¢} (s) for L a
nilpotent Lie ring, we obtain a zeta function (up to finitely many local factors)
of the zeta function of the corresponding %-group. The linearity of the rings
makes it considerably less difficult to calculate ¢} ,(s) than (7 ,(s), although
it cannot be said that these calculations are in general easy.

In the case that G is nilpotent of class 2, then we can short-circuit the
Mal’cev correspondence. We define a Lie ring on G by setting L = G/Z(G) @
Z(@G), where Z(G) is the centre of G, with the Lie bracket on L induced by the
commutator on G. It is not difficult to see in this case that (¢ ,(s) = (7 ,(s)
for all primes p.

Since there is no requirement that the rings are nilpotent, we may consider
non-nilpotent Lie rings. Indeed, the first author and Taylor calculated in [24]
the zeta function of the Lie ring sl5(Z). Furthermore, Chap. 3 is devoted to a
family of soluble Lie rings.
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1.2.3 Local Functional Equations

Many examples of local zeta functions of T-groups and Lie rings satisfy a local
functional equation of the form

CGp(9)] = (=1)"p" "¢, (9) (1.5)

for x € {<, <, A}, a,b,r € N, and for at least all but finitely many primes p.

For « = A it is known that the local zeta functions satisfy a functional
equation of the form (1.5). This was proved by the first author and Lubotzky
in [21]. This functional equation has its origins in symmetries for the associated
building of the algebraic group [21].

In [59], Voll proves that the zeta functions counting all subgroups also
satisfy functional equations. Voll also proves that the local ideal zeta functions
of T-groups of nilpotency class 2 also satisfy functional equations. However,
this result is best possible, as the following result demonstrates.

p—p~1t

Theorem 1.1. Let the Lie ring L3 2) be given by the presentation
(z,wi,we,x1, 22,41 ¢ [2,w1] = 21, [2,wa] = 2, [2,21] = Y1)

where, up to antisymmetry, all unlisted Lie brackets of basis elements are
zero. For all primes p, the local zeta function CLQ(?, » p(s) satisfies no functional

equation of the form (1.5).

Via the Mal’cev correspondence, we obtain a T-group G329 of nilpotency
class 3. For all but finitely many primes p, Cé(glz)m(s) satisfies no functional
equation. The zeta function Cf(g 2)7p(5) is given explicitly on p. 49.

Chapter 4 is concerned with a reciprocity conjecture for p-adic integrals,
‘Conjecture 4.5°. This conjecture can be used to predict when local zeta func-
tions should satisfy functional equations, and the shape of the functional equa-
tion satisfied. It agrees with the results of Voll mentioned above. However, we
have been unable to formulate this conjecture rigorously. There are techni-
cal preconditions which need to be satisfied, but we do not know what these
preconditions are. However, we do believe that these conditions are always
satisfied by the p-adic integrals representing local zeta functions of nilpotent
Lie rings.

Assuming this conjecture, we list below the most significant consequences
of it:

Theorem 1.2. Let L be a Lie ring additively isomorphic to Z for some d €
N. Assume Conjecture 4.5.

1. Under no further assumptions on the Lie ring L,

GEpl)| = DTG ()

for all but finitely many primes p.
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2. Suppose L is nilpotent of class c. Let o;(L) denote the ith term of the
upper-central series of L, and put

N = rank(L/oi(L)) .

i=0

Then either
(i) For all but finitely many primes p,

d —
G| = (1B NG (s)
or
(ii) For all but finitely many primes p, Qﬁp(s) satisfies no such functional
equation.

In particular, alternative (ii) only occurs if L has nilpotency class > 3.

Equation (1.4) yields corresponding results for the local zeta functions of
T-groups.

We also define a subset of nilpotent Lie rings within which we can de-
termine whether alternative (i) or (ii) holds. This subset contains all class-2
nilpotent Lie rings, L3 9) mentioned above, and many of the examples pre-
sented in Chap. 2. It also contains the free nilpotent Lie rings:

Theorem 1.3. For c,d > 2, let Fi. q be the free class-c-nilpotent Lie ring on
d generators. Assume Conjecture 4.5. Then Cﬁcdp(s) satisfies a functional

equation of the form (1.5) for all but finitely many primes p.

In Chap.2 we document experimental evidence concerning the existence
of these local functional equations. All this evidence counts in favour of
Conjecture 4.5.

We also present a partial proof of a significant special case of this conjec-
ture. This proof is not intended to be rigorous, merely to give some reason
why the conjecture may be true.

1.2.4 Uniformity

Many of the examples of zeta functions of nilpotent groups calculated in
[32, 28, 57, 64] can be written in terms of Riemann zeta functions and zeta
functions of type (1.3). The remaining examples had local factors that de-
pended on some finite division of primes. Indeed speculation in [32] hinted
that the following could plausibly have a positive answer:

Question 1.4. Let G be a finitely generated nilpotent group and x € {<, <}.
Do there exist finitely many rational functions W1 (X,Y),... W, (X,Y) €
Q(X,Y) such that for each prime p there is an 4 for which

Cop(s) =Wilp,p™*) ?
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Such zeta functions are called finitely uniform. If additionally r = 1, we say
the zeta function is uniform.

In [13] and [14] the first author has shown that this question in fact has a
negative answer as the following Proposition indicates:

Proposition 1.5. For each elliptic curve E = y?> — 2% + x, define a class-2-
nilpotent group G by the following presentation, where all unlisted commu-
tators are trivial:

[$1,$4] = Ys, [$1,$5] = Y1, [551,%6] = Y2,
GE': T1y---526,Y1,Y2,Y3 - [1‘2,1'4] 2917[552’175] = Y3,
[3337334] = Y2, [3?37936] =l

Then there exist two non-zero rational functions P1(X,Y) and P(X,Y) €
Q(X,Y) such that for almost all primes p,

(8, .(8) = Pilp,p™*) + |E(F) | Pa(p,p~*) (1.6)
where |E(F,)| is the number of points on E mod p.

The non-uniform behaviour therefore arises from the term |E(F,)|. To see
where the elliptic curve is hiding in the presentation, take the determinant of
the matrix with entries [z;, x;43] and you'll get the projectivised version of E.

1.2.5 Analytic Properties

We have so far considered zeta functions of groups and rings purely as formal
beasts. So what of the convergence of this series as a function in the complex
variable s? Such a Dirichlet series converges on some right half of the complex
plane if and only if the invariant a, (G) grows polynomially in n. We now
have a characterisation of groups of so called polynomial subgroup growth or
PSG groups. In the category of abstract finitely generated groups, these are
the virtually soluble groups of finite rank [41]. For pro-p groups, they are the
p-adic analytic groups [40]. For profinite groups the description is slightly more
complicated but the groups are essentially extensions of pro-soluble groups of
finite rank by products of simple groups of Lie type with bounds on the rank
and field degrees of the Lie groups involved [52]. These are the classes of
groups for which our function defines an analytic function on the right half
complex plane {s € C: R(s) > ag } where ag is the abscissa of convergence:

s — T E@(C) + -+ 0, (G))
n—oo logn

It is clear that the zeta function of a ring L additively isomorphic to Z¢ has
polynomial subring growth. This follows from the fact that subrings of L are
subgroups of Z?. We shall use the notation ozé and ag for the abscissae of
convergence of Cé (s) and ¢Z(s), and similarly for Lie rings.
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In Chap. 5, we consider the situations where we can analytically continue
these analytic functions beyond their radius of convergence to meromorphic
functions on the whole complex plane, so satisfying (ZF1). In the category of
pro-p groups or for the local zeta functions (¢ ,(s) this is possible because in
general these are rational functions in p~*°:

Proposition 1.6 ([10]). Let G be a finitely generated PSG pro-p group (i.e.
a p-adic analytic group). Then (q(s) is rational in p~* and can be continued
to a meromorphic function on the whole complex plane.

Proposition 1.7 ([10]). Let G be a finitely generated PSG group (i.e. a vir-
tually soluble group of finite rank). Then, for all primes p, (a.p(s) is a rational
function in p~*° and can be continued to a meromorphic function on the whole
complex plane.

Combining these results for the local factors of zeta functions of algebraic
groups and nilpotent groups, the local zeta functions score reasonably well
against the conditions (ZF1)—(ZF4) for a zeta function.

Let us now return to the global zeta functions which are Euler products of
these rational functions. Using the explicit expression (1.7), the first author
and Grunewald [17] show that zeta functions of nilpotent groups always admit
some analytic continuation beyond the region of convergence. The key to their
analysis is the proof of an explicit expression for local factors which depends
on counting points mod p on a system of varieties, and the use of Artin L-
functions. This work also establishes the useful result that the abscissa of
convergence of these zeta functions is always a rational number.

This analytic continuation allows us to apply the following Tauberian
Theorem (see for example the Corollary on p. 121 of [47]) to zeta func-
tions of groups and rings. This allows us to deduce the precise rate of sub-
group/subring growth:

Theorem 1.8. Let the Dirichlet series f(s) =Y . | ayn™* with non-negative
coefficients be convergent for R(s) > a > 0. Assume in its domain of conver-
gence, f(s) = g(s)(s — )™ + h(s) holds, where g(s), h(s) are holomorphic
functions in the closed half-plane R(s) > a, g(a) # 0 and w > 0. Then for x
tending to infinity, we have

> an = (agr((()i) + 0(1)> z%(log z)*~L .

n<z

In [14] the explicit expression of [17] together with the formalism of motivic
zeta functions developed in [20] is used to establish a hierarchy in the class of
nilpotent groups according to the complexity of the varieties that arise in the
explicit expression. The analysis of the following chapter can then be seen to
apply to nilpotent groups at the bottom of this hierarchy where the varieties
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involved are nothing more complicated that Q-rational varieties and hence
the zeta functions are of type (1.3). Specifically we see how the general theory
developed here applies to the early examples of [32] and [28] that led to the
speculation of Grunewald, Segal and Smith that all nilpotent groups were at
the bottom of such a hierarchy.

1.3 p-Adic Integrals

p-adic integrals are an immensely powerful tool used in the study of zeta func-
tions of groups and Lie rings. Indeed, we have already seen them used to define
the zeta function of an algebraic group. There are many other applications
that these important tools have.

We shall introduce these integrals below. Before we do this, we must intro-
duce a notion of ‘size’ of subsets of Z,,. Let p1 be the additive Haar measure on
subsets Z, normalised so that u(Z,) = 1. The key properties of this measure
are that:

1. pis additive, in that if S and Ss are disjoint measurable sets, then p(S; U
S2) = p(S51) + p(S2).
2. pis translation invariant, in that if S is measurable and a € Z,,, u(a+5) =

1(S).

As a consequence of these two properties, u(p™Z,) = p~™ for any m € N.
There are p™ pairwise disjoint additive cosets of p™Z,, all of which have
the same measure, and the sum of the measures of all p™ cosets must be 1.
Furthermore, all open subsets of Z, are measurable, since the additive cosets
of the form a + pZ, form a base of neighbourhoods for the topology of Z,.
Finally, by abuse of notation, we can extend 1 to a Haar measure on Z; for
n e N>0.

With a Haar measure in hand, we can now define the p-adic integral of
a constant function. Let x = (z1,...,z,) be n commuting indeterminates. If
f(x) takes the constant value ¢ on the measurable set S C Z, then

/ |f(x)[5 dp = pu(S)]cls -
S

In other words, we simply multiply the constant value by the measure of the
set on which the function is constant. For a nonconstant function f(x), we
split the domain of integration into pieces on which |f(x)|, is constant, and
then sum the measure of each piece. In other words, if v(x) denotes the p-adic
valuation of z and Vi (k) = {x € Zy : v(f(x)) = k }, then

IR ST
Zy k=0

p
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These integrals can easily be generalised to include a factor |g(x)|, in-
dependent of s in the integrand, or to integrate over a (measurable) subset
of Zy.

One particular type of p-adic integrals, cone integrals, are especially im-
portant. Let f;(x), g;(x) be polynomials in x for 0 <4 < [. The cone integral
with cone data D = {fy(x), go(X), ..., fi(x), gi(x)} is defined to be

Zn(s,p) = L oy GO lan)l

where
U(D) ={x€Z, :v(fi(x)) <v(gi(x)) fori=1,...,1}.

The first application of p-adic integrals came with the proof that the local
zeta functions (7 ,(s) and (7 (s) for x € {<, < A} are rational functions in
p~* for all primes p. To prove this, Grunewald, Segal and Smith then showed
that these local zeta functions can be expressed as ‘definable’ p-adic integrals.
A deep theorem due to Denef [6] yields the required rationality.

Definable integrals were also employed by the first author in [11] to prove
two significant results on enumerating p-groups:

e Firstly, let f(n,p,c,d) be the number of finite groups of order p™ of nilpo-
tency class ¢ generated by d elements. Then f(n,p,c,d) satisfies a linear
recurrence relation with constant coefficients as n varies and p, ¢ and d
remain fixed.

e Secondly, the qualitative part of Newman and O’Brien’s ‘Conjecture P’ [48]
is confirmed.

Whilst the rationality of definable p-adic integrals is undoubtedly a sig-
nificant theoretical advance, it is sadly of little help if one actually wishes to
compute such an integral explicitly. This is due to the model-theoretic ‘black-
box’ at the heart of the proof. For a set of cone integral data D, the first author
and Grunewald [17] considered the resolution of singularities attached to the
polynomial F' = HE:O fi(x)gi(x). Using this approach they give an explicit
expression for a cone integral Zp(s,p) in terms of the data attached to the
resolution. The resolution of F' in some sense ‘breaks it up’ into irreducible
smooth projective varieties E; as ¢ runs through some finite indexing set T
It is then proved that

ZD(S7p) = Z Cp,IPI(pvp_s) ’ (17)
cT

where ¢ ; is the number of points mod p on all Ej; for ¢« € I and on no other
E;, and Pr(p,p~*?) are rational functions. It is then proved [17, Corollary 5.6]
that if L is a ring additively isomorphic to Z? for d € N, and * € {<1, <}, then

CLp(s) =1 —p ) Zp-(s —d,p)
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for suitable cone data D*; indeed we shall explicitly construct the polynomials
comprising the cone data in Proposition 2.1.

The explicit expression (1.7) yields immediately another proof of the ra-
tionality of the local factors (; (s). We mentioned above that the global zeta
function (}(s) of every Lie ring L additively isomorphic to Z¢ has rational
abscissa of convergence and always admits some analytic continuation beyond
this abscissa, their proofs employ a variation of (1.7).

Expression (1.7) is also of interest when studying the uniformity the local
zeta functions of a ring L. Since the factors Pr(p,p~*) are uniform in p, the
variation of C}lp(s) as p varies is controlled by the variation of the coefficients
cp,1 mod p. This of course raises the question of what varieties can be encoded
by a nilpotent group. Some progress in answering this question has been made
by Griffin [29].

The explicit expression is also of practical use in evaluating p-adic integrals.
Guided by the resolution of singularities of the appropriate polynomial, the
first author and Taylor compute in [24] the zeta function counting all subrings
of the Lie ring s(3(Z). Numerous further such calculations have been performed
by Taylor [57] and the second author [64] in their theses.

A further application of cone integrals is the conjecture due to the second
author alluded to above and presented in Chap. 4. This conjecture is essen-
tially a reciprocity conjecture involving cone integrals. It may be viewed as an
attempt to generalise a theorem due to Denef and Meuser [8] on Igusa-type
zeta functions, i.e. those defined by p-adic cone integrals for which [ = 0 and

go(x) = 1.

1.4 Natural Boundaries of Euler Products

We mentioned above that local zeta functions of groups have meromorphic
continuation to C. However, the same is not true in general for the global zeta
functions. In Chap. 5, we turn to the general analytic character of functions
of the form

Z(s)=[[W@.p™) (1.8)

defined as Euler products of two-variable polynomials. This includes the zeta
functions of algebraic groups and many of the examples of zeta functions of
groups and rings listed in Chap. 2.

We begin Chap. 5 by considering a particular example which arises in the
zeta function of the algebraic group G = GSpg and a corresponding zeta
function of type Cé’p(s) for a nilpotent group. In particular we prove:

Proposition 1.9. Let

Z(s) = H ZGSDG,p(5)~

p prime
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Then Z(s) (1) converges for R(s) > 5; (2) has meromorphic continuation to
R(s) > 4; but (3) has a natural boundary at R(s) = 4 beyond which no further
meromorphic continuation is possible.

As far as we can establish, this is the first place to document the failure of the
global zeta function of an algebraic group to have meromorphic continuation
to the whole complex plane. The proof of the natural boundary depends on
showing that every point on the line (s) = 4 can be realised as a limit point
of zeros of the local factors W(p,p~*) which all crucially lie on the right of
R(s) = 4 (i.e. in the region of meromorphic continuation established in (2)
above).

Throughout the remainder of Chap. 5, we generalise these ideas to prove a
general result about the existence of natural boundaries for functions defined
via Euler products of two-variable polynomials. This can be seen as con-
tributing to a project begun by Estermann in the 1920s [25] and continued
by Kurokawa [38, 39]. Estermann proved the following (see [25]):

Proposition 1.10. Let h(X) = 1+ a1 X + -+ agX? = [[(1 — a; X) € Z[X].
Set L(s) = [, h(p~*) which converges for %(s) > 1. Then
1. L(s) can be meromorphically continued to R(s) > 0.
2.If o] =1 fori =1,...,d (in which case we say that h(X) is unitary)
then L(s) can be meromorphically continued to the whole complex plane.
Otherwise R(s) = 0 is a natural boundary.

In our case where we are dealing with polynomials in two variables, the
following has been conjectured:

Conjecture 1.11. Let

WX, Y) =14 (aio+anX + -+ ain, X")Y' € Z[X,Y] .

i=1
Set L(s) = [[, W(p,p~*). Then L(s) can be meromorphically continued to
the whole complex plane if and only if for ¢ = 1,...,n there exist unitary

polynomials ¢;(Z) and integers b;, ¢; such that
W(X,Y) = gi(X"Y ) g, (XY en) =t

One direction of the conjecture follows easily from Estermann’s Theorem.
We can view our result in Chap.5 as a contribution to the other half of this
conjecture. To explain our result we suppose firstly that any unitary factors
of W(X,Y) have been removed and that W(X,Y) # 1 (otherwise Z(s) is
meromorphic).

Let

’nk-l-l.

a—max{ 3 .k—l,...,r},
{

%:kzl,...,r}

[ = max
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and put

WX,Y) = Y a; X7Y"
i/i=B

This is one factor of something that we have called the ghost of W(X,Y)
(see [16] and [18]). We express W (X,Y) as a unique cyclotomic expansion

wxY)= J] @-xrymen (1.9)
(n,m)€eN?

with ¢, € Z. Using this cyclotomic expansion we can prove:

Theorem 1.12. Z(s) converges on {s € C: R(s) > a} and can be meromor-
phically continued to {s € C: R(s) > G }.

We conjecture that (s) = 8 will be the natural boundary for meromorphic
continuation of Z(s). We are able to prove the following:

Theorem 1.13. Suppose that W(X,Y) # 1 and has no unitary factors. Sup-
pose that either

1. ﬁ(X, Y') is not unitary; or

2. For each N there exists a prime p > N and zeros of W(p,Y') with |Y] <
PP, and there are finitely many pairs (n, m) with Cn,m > 0; or

3. For each N there exists a prime p > N and zeros of W(p,Y) with |Y] <
p?, and there are infinitely many pairs (n,m) with Cnm > 0 and the
Riemann Hypothesis holds.

Then R(s) = B is a natural boundary for Z(s).

In case 1 we show that we are guaranteed local zeros on the right of
R(s) = B. In cases 2 and 3 we must assume the existence of such zeros. As
we shall explain, this actually covers the majority of polynomials. In case 2
we can get away without the Riemann Hypothesis, but in case 3 we must have
some control over the zeros of the Riemann zeta function to be able to prove
that their zeros won’t kill the zeros of the local factors we will be using to
realise our natural boundary.

A useful observation (see Corollaries 5.8 and 5.9) is that whenever (3 is an
integer we can’t be in case 3.

In Sect. 5.3 we explain some subcases of case 3 where we can avoid the
Riemann Hypothesis by using current estimates for the number of zeros off
the critical line. In Sect. 5.4 we speculate on some strategies for dealing with
polynomials with all their local zeros to the left of R(s) = 3. One case in
which we are successful requires a strong assumption about the zeros of the
Riemann zeta function:
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Theorem 1.14. Suppose that W (X,Y) # 1 and has no unitary factors. Sup-
pose that there are an infinite number of pairs (n,m) with ¢y m # 0 and
(n+ %)/m > (. Under the assumption that Riemann zeros are rationally in-
dependent (i.e. if p=T1+0oi and p' = 7'+ 0’1 are zeros of {(s) theno/o’ ¢ Q)
then R(s) = B is a natural boundary for Z(s).

In Chap.5 we introduce two hypotheses which can easily be checked in
any individual case to determine whether the polynomial W(X,Y) satisfies
the conditions of Theorem 1.13.

In Chaps. 6 and 7 we return to the motivating examples of zeta functions of
algebraic groups and nilpotent groups. All these examples satisfy the hypoth-
esis of Theorem 1.13 that there exist local zeros to the right of the candidate
natural boundary.

Let & be one of the classical groups GOg;41, GSpy; or GO;‘l of type By, ()
or D;. Let W be the corresponding Weyl group and A(w) denote the length
of an element w € W, @ the root system with fundamental roots aq, ..., a;,
&7 the set of positive roots of @, and a; integers defined by

l
— a;
[T o=I[a

acedpt =1

In [36], Igusa proved that Zg(s) could be expressed in terms of Riemann zeta
functions and a function of type (1.8) where

W(X,Y)=Ps(X,YV)=| > X J[ xwy®
weW o Ew(P)

where b; are integers defined by expressing the dominant weight of the natural
representation in terms of the basis for the root system.

By analysing this explicit expressions of Igusa and the root systems in each
particular case we apply in Chap. 6 the work of Chap. 5 to prove the following
result which was first announced in [18]:

Theorem 1.15. Let & be one of the classical groups GOgi11, GSpy; or GO;‘l
of type By, Cy or Dy respectively. Then Zg(s) has abscissa of convergence a;+1
and has a natural boundary at R(s) = 3 where

1. ﬁ = 12 —1= a;—1 Zf@ - G021+1,
2.6=11+1)/2—-2=a;-2/24+ 1 if & = GSpy;, and
8.8=11-1)/2-2=a;_2/2 if & = GOJ,.

Here we are taking the natural representation in the definition of Zg(s).
The proof of the Theorem in the case of GSpy; and GO;I requires an applica-
tion of a natural factorisation of the polynomial Pg(X,Y") which we establish
in Appendix B to remove various unitary factors which initially interfere with
the analysis.
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In Chap.7 we consider the natural boundaries of the zeta functions of
nilpotent groups presented in Chap. 2.

We mentioned earlier the concept of the ghost zeta function attached to
W(X,Y). This partly grew out of the analysis of Chap.5. The philosophy of
this book is that natural boundaries occur because the local zeros of W (p, p~—%)
are shifted away from the candidate natural boundary but as p tends to in-
finity, these zeros tend to points on the boundary. The concept of the ghost
polynomial grew out of this observation. The ghost polynomial W (X,Y) is
defined so that its zeros are in some sense the limit of the zeros of W(p,p~*)
as p tends to infinity. In some philosophical sense W(X ,Y) is the polynomial
that W(X,Y) is trying to be. This removes the first obstruction then to mero-
morphic continuation. So the interesting question is: does the zeta function
defined by the ghost polynomial W (X,Y") have meromorphic continuation? If
it does we say the ghost is friendly. For more details we refer the reader to
[16] and [18] where the ghosts of the classical groups are proved to be friendly.

The ghost zeta functions attached to nilpotent groups are mostly friendly
too. However there are a number that are unfriendly, in that they too fail
to have meromorphic continuation to C. In Chap. 7, we mention whether the
ghosts of the zeta functions of nilpotent Lie rings calculated in Chap.2 are
friendly.
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Nilpotent Groups: Explicit Examples

In this chapter we list some of the (now numerous) calculations of zeta func-
tions of T-groups and Lie rings. The primary emphasis is on bringing into print
explicit calculations that have yet to be published. However, we aim this chap-
ter to be more than just a gallery of results. Hence we begin the chapter with
some details about how these zeta functions have been calculated.

2.1 Calculating Zeta Functions of Groups

Zeta functions of groups have been calculated using a number of different
methods. The first examples counted ideals in T-groups of class 2 and were
calculated by Grunewald, Segal and Smith in [32]. A key part of their work is
the formula [32, Lemma 6.1]

(5 ,(8) = Canp(s) D 1A B"*|G: X(B)|™*, (2.1)
B<A

where A = 75(G), G/A = 7% and X(B)/B = Z(G/B). Their calculations are
made by evaluating (2.1) for each group in turn. Although there are a few
general lemmas proved which help speed matters along, their methods are to
some extent tailored to each group individually. Nonetheless, their methods
suffice to calculate all but perhaps finitely many of the local factors Cé'yp(s)
for every T-group G of class 2 and Hirsch length at most 6.

In [60], Voll uses (2.1) and the Bruhat-Tits building of SL,,(Q,,) to compute
normal zeta functions of T-groups whose centres are free abelian of rank 2 or
3. In particular, Voll computes the normal zeta function of all T-groups whose
centre is of rank 2, and confirms the functional equation (1.5). This work is
based on the classification of such groups by Grunewald and Segal [31]. For
centres of rank 3, the geometry of the associated Pfaffian hypersurface comes
into play. Provided the singularities of this hypersurface are in some sense
not too severe, Voll gives a formula for the local normal zeta function of L
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depending on the number of points on the Pfaffian hypersurface. A highlight
of this work is explicit expressions for the rational functions P;(X,Y) and
P,(X,Y) in the local normal zeta function of the ‘elliptic curve example’
(1.6).

A more general approach is used by Voll in [61], where he considers the case
where the Pfaffian hypersurface has no lines. Indeed this occurs generically
if the abelianisation has rank greater than 4r — 10, where r is the dimension
of the centre. Provided this Pfaffian is smooth and absolutely irreducible, the
functional equation (1.5) holds. Voll also gives in [61] an explicit formula for
the normal zeta functions of the class-2 nilpotent groups known as ‘Grenham
groups’, using a combinatorial formula for the number of points on flag vari-
eties. This formula is also employed by Voll in [58], where he gives an explicit
formula for the local zeta functions counting all subgroups in the Grenham
groups.

One key assumption Voll makes in [61] is that the associated Pfaffian
hypersurface has no lines. A forthcoming paper by Paajanen [49] presents
the first step in overcoming this obstacle. She considers the normal zeta
function of a class-2 nilpotent group Gs which encodes the Segre surface
S :x1x4 — x2x3 = 0. In particular, she calculates that

(Gep(8) =Wolp,p™*) + (p+ 1)*Wi(p,p~*) + 2(p + 1) Wa(p, p~)

for explicit rational functions W;(p,p~*), i = 0,1,2. The coefficients (p + 1)?
and 2(p + 1) arise from the geometry of S reduced mod p: being isomorphic
to PY(F,) x P1(F,) it has (p + 1)? points and 2(p + 1) lines.

Voll has also used combinatorial methods to yield an explicit expression
for the local normal zeta functions of the class-2 free nilpotent groups [62].
One key ingredient is an explicit expression for a sum of certain Hall polyno-
mials. Whilst there seems to be no simple formula for the Hall polynomials
themselves, a polynomial expression for the sum has been known for some
time.

One approach common to the work of Voll and Paajanen is to decom-
pose the local normal zeta function as a sum of rational functions with coeffi-
cients corresponding to invariants of a suitable algebraic variety. They are then
able to deduce functional equations by virtue of the fact that each individual
rational function with its coefficient satisfies the same functional equation.
In particular,

(Eep(8)] =p 712G ()
with the three rational functions above satisfying
Wo(X 1LYy = XBY2Wy(X,Y),
WX~y = X2y 2w (X,Y),
Wo(X LY ™h = XYW, (X,Y) .

p—p~1

The ‘missing’ powers of X are provided by the coefficients (p+1)? and 2(p+1).
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2.2 Calculating Zeta Functions of Lie Rings

Most of the zeta functions presented in this chapter have been calculated by
the method of Lie rings, p-adic integrals and ad-hoc resolutions of singularities.
In particular, the zeta functions calculated in the theses of Taylor [57] and the
second author [64] were calculated this way. In particular, we shall work with
Lie rings instead of groups, and leave the reader to obtain the corresponding
results concerning groups via the Mal’cev correspondence. We shall also make
the assumption that our Lie rings are additively isomorphic to either Z¢ or
Zg, i.e. (additively) finitely generated and torsion-free.

Recall that ¢ ,(s) = gz, (s). Given a Z,-Lie ring L with basis B =
(e1,...,eq) for L, calculating either of the zeta functions CLS’p or Cf’p is essen-
tially a four-stage calculation:

1. Constructing the cone integral.

2. Breaking the integral into a sum of monomial integrals.
3. Evaluating the monomial integrals.

4. Summing the resulting rational functions.

2.2.1 Constructing the Cone Integral

Let M be an upper-triangular d x d matrix M = (m; ;) with entries in Z,.
We may consider the rows my,. .. ,my of this matrix to be additive generators
of a submodule of L. This submodule will be a subring if

[m;, m;] € (my,...,mg)z, forall 1 <i<j<d (2.2)
and an ideal if

le;,m;] € (my,...,mg)z, forall 1 <i,j<d. (2.3)

The following proposition and its proof gives us an explicit description of
the cone conditions, i.e. the conditions of the form v(f;(x)) < v(g;(x)) for
1 <@ <. It is essentially Theorem 5.5 of [17].

Proposition 2.1. Let L be a Z-Lie ring with basis B = (ey,...,eq). Let V,?
be the set of all upper-triangular matrices over Z, such that Zg M < L®
Ly, and V= the set of such matrices such that Z% - M < L ® Z,. Then V,°
and fo are defined by the conjunction of polynomial divisibility conditions
v(fi(x)) < v(gi(x)) for 1 < i < 1. Furthermore, the conditions defining V,*
satisfy deg fi(x) = deggi(x), and those defining V= satisfy deg fi(x) +1 =
deg gi(x).

Proof. Let my, ..., mg denote the rows of the matrix M, C; the matrix whose
rows are ¢; = [e;,€;]. Let M’ denote the adjoint matrix of M and
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. -1 -1, -1 -1 -1
M? = M'dlag(mz2 Mg g Mg g Ty g Mg 1).

Since M is upper-triangular, the (i, k) entry of M? is a homogeneous polyno-
mial of degree k — 1 in the variables m, s with 1 <7 <s <k —1.

The rows of M generate an ideal if we can solve, for each 1 < i,j < d, the
equation

m;Cj = (Yij1,---»Yijd)M
for (Yi g1, ¥ijd) € Zg. This rearranges to

m; G M = (m1,1Yi 1., M1 - Ma,qYijd)
for (yijis--- vija) € Zs. Set g7 1 (x) to be the k' entry of the d-tuple
m;C; M°. gfj7k(x) is a homogeneous polynomial of degree k in the m, s, and
if we set fijr(x) = mi1...myx, we obtain the conditions v(f; ;r(x)) <
v(g;%; x(x)) with deg(fi ;x(x)) = deg(g;; ,(x))-
Similarly, the rows of M generate a subring if we can solve, for 1 < i <
J<d,

d
m; E mj7rCr j\4h = (ml,lyi,j,la e ,m171 N md7dyi7j7d)
=Jj

for (yij1,--- ¥ija) € ZL. Again, we set 95 x(%) to be the k™ entry of the
d-tuple m; (Zd ‘mj,TCT> M?*. However, this time 95 (%) is a homogeneous

r=j
polynomial of degree k + 1, so we obtain conditions v(f; ; x(x)) < v(g;¥; ,(x))-
Furthermore, deg(f; jr(x))+ 1= deg(gfj7k(x)). O

Whilst every subring or ideal H has a matrix M whose rows additively
generate H, these matrices are by no means unique. Multiplying a row by
a p-adic unit or adding a multiple of a row to another row above it may
change the matrix but does not alter the subring additively generated by
the rows. Each diagonal entry m;; is unique up to multiplication by p-adic
units, hence the measure of values it can take is (1 — p=1)|m; ;|,. Each off-
diagonal entry m; ; is only unique modulo \mj,j|; . Hence the measure of
upper-triangular matrices generating H is (1—p~1)%my 1]plmasl? ... [mq,ald-
Note that although m, ; may vary, |m; |, is uniquely determined by H.

Finally, we note that the index of H is |my 1ma2. ..md,d|;1. Hence we
may write

(Z,p(s) =(1 —p_l)_d /v [miq... md,d|;|m%71 .. mg’dh;l du , (2.4)

or
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(s td)=(1—p) /V s maglSlmdTt byl du . (25)

Note that the translation in (2.5) is necessary. Equation (2.4) is not a cone inte-
gral since the constant (independent of s) term in the integrand has a negative
exponent. We complete the set of cone data by setting fo(x) = m11...mad,
go(x) = m(117—11 ...mg_1,q-1 and D = {fo(x), go(x), ..., fi(x), g1(x) }. We there-
fore obtain the following result.

Proposition 2.2. Let L be a Lie ring additively isomorphic to Z4, x € {<, <}.
There exists a set of cone integral data D = {fo, g0,---, f1,91 such that, for
all primes p,

CLpls+d)=(1L—p ) Zp(s,p).

Furthermore, deg fo = d, deg gy = (;l)

2.2.2 Resolution

Once we have constructed the cone integral, the next step is to break the
integral into a sum of integrals with monomial conditions. As mentioned in
the Introduction, resolution of singularities gives us one way of doing this, and
more importantly guarantees that this can always be done. Hironaka’s proof
of resolution of singularities of any singular variety defined over a field of char-
acteristic 0 has been refined by Villamayor, Encinas, Bierstone and Milman,
and Hauser amongst others to produce an explicit constructive procedure.
In particular, Bodnar and Schicho have implemented a computer program to
calculate resolutions. We refer the reader wanting to know more to Hauser’s
accessible article on resolution [34] and its comprehensive bibliography.

However, we shall not use resolution of singularities, for a number of rea-
sons. Firstly, the computer program of Bodnar and Schicho works best in
small dimensions, and we shall typically require resolutions of a polynomial
with a large number of variables. Secondly, we shall find that we do not need
to resolve all the singularities of the polynomial F' = Hé:o fi(x)g:(x). Singu-
larities lying outside V7 do not need to be resolved. Thirdly, there are ‘tricks’
that can be applied to simplify the polynomial conditions and speed up the
process of decomposing the integral as a sum of monomial integrals. Some of
these will take advantage of the fact we are working over ), whereas reso-
lution is a general procedure for arbitrary fields of characteristic 0. A further
disadvantage of resolution is the highly technical language it is most rigor-
ously formulated in. We do not wish to alienate readers unfamiliar with this
advanced machinery.

Therefore, we resolve singularities in an elementary and ‘ad-hoc’ manner.
A collection of ‘tricks’” are used to simplify the conditions under the integral,
and when the conditions can be simplified no further we bisect the integral.
This bisection is achieved by choosing a pair of variables and splitting the
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domain of integration into two parts depending on which variable has the
larger valuation. Further ‘tricks’ and bisections may then be necessary to
reduce the integral into smaller and smaller pieces until all the pieces become
monomial.

The idea of bisecting the integral as described above has its origins in the
concept of a blow-up, an operation fundamental to the process of resolution
of singularities. Indeed, we shall refer to our bisections as ‘blow-ups’. Fur-
thermore, we can use ideas originating from algebraic geometry to provide
motivation for our choices of blow-ups. For example, suppose a non-monomial
factor of one of the cone conditions is of the form Px; 4+ Qx;, for variables z;
and z; and nonzero polynomials P and Q. Let us also assume z; and x), have
nontrivial integrand exponent or feature somewhere in a monomial condition.
The polynomial F', being the product of all the cone data polynomials, has the
factors x, x), and Px;+Qxy, and therefore has a singularity with non-normal
crossings at z; = x; = 0. A blow-up involving x; and z; will then replace
this polynomial factor with x;(P + Qz},) (where ), = z;1}) or x4 (Pz} + Q)
(where z; = zjx)) on the two sides of the blow-up. If P and @ are both
independent of x; and x, then this trick reduces the sum of the total degrees
of the terms of the non-monomial factor. This trick is even more useful when
one of x; and xj, divides the other side of the condition, since the monomial
factor x; or xj, introduced above will cancel out. Algebraic geometry therefore
provides inspiration for our method, but we do not totally rely on it.

Initially, the integrand and the left-hand side of each condition v(f;(x)) <
v(gi(x)) is monomial, and this is something we preserve. For brevity we also

write f;(x) | g:(x) instead of v(f;(x)) < v(g:(x)).

Examples of ‘Resolution’

To illustrate the concepts in the previous section, we present two example
calculation, where we construct the p-adic integral corresponding to a Lie ring
and in each case apply some ‘tricks’ and blow-ups to split it into monomial
integrals. The first example will illustrate the basic ideas, with some more
unusual and less obvious tricks employed in the second.

For the first example, we shall choose to count all subrings of the Lie ring

L = (z1,22, 23, 24,41, Y2 © [21,22] = Y1, [1, 3] = y2, [w2, 2] = 12) .
In this case, the set VpS is given by

VE ={(m11,m12...,Mee) € Zf,l D fi(x) <gi(x) for 1 <i <6},

where the six! conditions fi(x) | gi(x) are listed below:

1Tt is mere coincidence that there are six conditions in this case. Generally the
number of conditions obtained bears no relation to the rank of the underlying Lie
ring.
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mss | miimsaz2 ,
me,6 | mi2Mq4 ,
me,6 | M22Mm34 ,
me,6 | Mo 214 4
Me,6 | M1,1m33 +mi2msa ,
M35 5M6,6 | M1,1M2,2M5,6 — M1,1M2 3M5 5 — M1 2M2 415 5 + M1 4M2 25 5 -
These conditions are independent of m4 3 and m; ; for 1 <¢ < 4,5 < j <6.

For the sake of clarity, we shall relabel the remaining 12 variables as a, b, .. ., [.
Thus,

(Epls) =1 -p )1,

where
T= [ el ol
w
and W is the subset of (a,b,...,1) € Z}?* defined by the conditions
jlad, 1\bi, 1|dh, 1|di, 1|ag+bh, jl|adk—aej—bfj+cdj.

We perform a blow-up with [ and d to remove the variable ¢. On one side of
the blow-up it disappears altogether, on the other its coefficient dj divides the
sum of the other terms of the polynomial:

1. v(l) < v(d): set d = d'l. The conditions [ | dh and [ | di become trivially
true, and we can also remove the term cd’jl from the last condition. Thus

D= [ el el
jlad'l
1|bi
llag+bh
jllad kl—aej—bfj
Note that the exponent of |I|, is 2s — 7, as opposed to 2s —8 = (s — 2) +
(s —6). The discrepancy is caused by the dilation of the measure that the
change d = d'l brings about. By dividing the [ out of d, we have allowed
d’ to take a greater measure of values in Z, than d. Hence we introduce a
Jacobean ||, into the integrand to balance out the dilation.
2. v(l) > v(d): set | = dl’ with v(I") > 1. This then implies I’ | h and I’ | i.

To remove these two variable-divides-variable conditions, set h = h’l’ and

i =14'l.
I - / a5 2T gl5 il 15 s e
ilad
d|bi’
dl'|ag+bh'l’

djl’|adk—aej—bfj+cdj
v(l)>1
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The last condition implies
dj | adk —aej —bfj (2.6)

and thus [ | ¢+ (adk — aej —bfj)/dj, so we shall set ¢ = ¢/ — (adk — aej —
bfj)/dj. After this substitution, the conditions no longer imply (2.6), so
to avoid altering the value of the integral, we must explicitly enforce (2.6).
We can also set ¢ = ¢l to remove the condition [ | ¢. Hence

B= [l Tl T

jlad
d|bi’
dal’ \ag+bh'l'
djladk—aej—bfj
v(l')>1

In both cases we have removed c or ¢” from the conditions and the number
of terms in the last condition has dropped from 4 to 3.

We play a similar trick on I; and Is to remove f. By a stroke of luck it
turns out to also eliminate h from I; and A’ from I5:

1.1. v(l) < v(b): set b = b'l. Terms b'hl and =V’ fjl disappear from the last
two conditions:

o= [ el Sl o dn
jlad'l
llag
jlla(d' kl—ej)
1.2. v(l) > wv(b): set | = bl" with v(I') > 1, and ¢ = i'l". Now b | ag and
bj | a(bd'kl’ — ej) are implied by the last two conditions, so we set h =
Wl —ag/band f = f'l + a(bd'kl' — ej)/bj. Again, we must introduce
explicitly the implied conditions.

Ba= [ Tl Ol el

bjla(bd kl'—ej)
o(l)>1

2.1. v(d) <wv(b): set b=10'd:

o= [l el T
jlad
dl'|ag
dj|a(dk—ej)
v(l’)>1
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2.2. v(d) > v(b): set d = bd’ with v(d") > 1, ¢ = d'i". Also bl’ | ag and bj |
a(bd'k—ej), so we can set b’ = d'h’ —ag/bl’ and f = df’ +a(bd'k—ej)/bj:

Ba= [ laly Ol

jlabd’
bl'|ag
bjla(bd k—ej)
v(l")>1
v(d)>1

All four of these integrals are very similar, and can be reduced to monomials
in the same way. For simplicity we shall consider only I; ;.

1.1.1. v(j) < v(d'kl): in this case, d’'kl/j is an integer, so we may set e =
e +dkl/j:

Lt = / lal 5215 il 41515501250 dp
jlad’l
llag
jld' ki
llae’

1.1.2. v(j) > v(d'kl): set j = j'd'kl with v(j’) > 1:

Baa= [ el el Sl du

j'kla
llag
i'lla(l—ej")
v(i")>1

Since v(j’) > 1, v(1 — ej’) = 0. Thus

URPES / [ A P 7 1 Vi e Vb =7

j'kla

llag

j'lla
v(j")>1

In this case we can break up the initial integral into eight monomial integrals,
however larger examples may need to be broken up into many more integrals.
Evaluating these monomial integrals and summing gives us the local zeta
function counting all subrings in g¢ 4, which can be found below on p. 44.

The second example is more involved, and demonstrates some other tricks
which sometimes come in useful. We count ideals in the free class-3 2-generator
nilpotent Lie ring F3 5. This has presentation

(1, 22,y, 21, 22 ¢ [21, 2] =y, [21, Y] = 21, [12,9] = 22) .
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Now
Fim () = (1= [ syl

where W is defined by the conjunction of the following conditions:

ms3.3 | mi1, MM33 | miz2, M33 | ma2, My44 | mi1, M4a4 | mss ,
ms.s | ma2, M55 | ma3, M55 | ms33 ., 1M3,3M44 | mi,1msyg ,
Mg 4Ms 5 | ms33my 5, 113,314 4 | my,2M3 4 — MM1,3M3,3 ,
M33M44 | M22M3 4 — M2 3M33, MaaMs5 | M1 1Ma5 — M1 2M44 ,
M3, 314 4M5 5 | M1 ,2MM3 4M45 — M1 2M3 5104 4 — 1101 313314 5
3,314 415 5 | T2 213 4My4 5 — T2,213 51104, 4 — 112, 3713 3114 5
M3 314 415 5 | M1,1M3,4Myg 5 — 11 113 51104 4 — 111,313 31104 4 -

We start by setting my 1 = mj m33, mia = mjoma3z, Moo = MMy 3,
m3z3 = my3my4 and mg3 = myzms 5. Doing so ‘uses up’ five of the first
eight conditions. These conditions, and the changes that eliminate them, are
typical when calculating local ideal zeta functions. Variables m1 4, m1 5, Mo 4
and my 5 don’t feature among the above conditions. Relabelling the remainder
from a to k tells us that

= =) [l g Rl
W/
where W is the subset of all (a, ..., k) € Z}' satisfying

itlag, k|fi, k|fj, i|lbg—c, i|dg—ek, ik|agj—ahi—ci,
ik | bgj —bhi—cj, ik |dgj— dhi—ekj .

Our focus is on the conditions and how to perform blow-ups to reduce the
conditions to monomials. We shall therefore neglect to track the changes to
the integrand.

We started the last calculation by aiming to remove a variable from the
integral. We cannot do the same here. Instead, we choose a blow-up between
i and j. Note that each term of the right-hand side of each of the last three
conditions above contains an ¢ or a j. Where v(i) < v(j), we set i = i’j and
then h = I/ + gj’ to obtain that

o 1. ilag, k|fi, Ek|dh, i|bg—c,
Wl'_{(a""’k)ezp'ﬂdgek, klah' +c, k|bW +cj |-

A blow-up with & and c¢ is the thing to do here. Where v(k) < v(c), two
of the binomial conditions drop to monomial and a blow-up with ¢ and k
will suffice to reduce to monomials. However, more interesting things happen
when v(k) > wv(c). Firstly, let’s set k = ck’ with v(k’) > 1, and then set
i =7"k—bh'/c:
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c|bh' , ilag, ck'|fi, cK|dn,
Wi = (a,...,k’)eZélzﬂbg—c, i|dg—eck!, ck'|ah+c,
v(k') >1

Consider the last condition, ck’ | ah’ + ¢. Since v(k') > 1, v(ck’) > v(c). This
implies that v(ah’) = v(c), so that ah’ | c. Set ¢ = acd’h’:

alb, ilag, adPk|fi, adk|d,
Wio = (a7...7k’)€Z]101: i|bg—acdl/, i|dg—adeh'k,
A1+, vk)>1

k" | 1+ ¢ and v(k') > 1 imply that ¢ = —1 (mod p), in particular ¢’ is a
unit. We set ¢ = ¢’k —1 as well as b = ab’ and d = ad'k’. After some tidying,
we end with the following monomial conditions:

Wis={(a,....k)€Z) cilag, alk|fi, ilah’, v(k')>1}.
We now return to the second half of the initial blow-up. We have

k|fi, Vjlag, ijlbg—c, j|dh—e"k,
Wy = (a7...,k)€Z1171: k‘|d(g_h7;’)7 i'k\bg—bhi’—c,
i'k)ag—ahi’ —ci’, v(@')>1

It is best not to do a blow-up at this point. Instead, we do a couple of changes
of variable. Firstly, we set ¢ = ¢’ + hi’. Note that this change will make two
conditions longer. Setting ¢ = ¢/ +bg’ and then ¢’ = ¢’i'k gives us the binomial
conditions

k|dglv k'fj7 j|bh_0/l1€,
Wy = (a,...,k)eZélzj\dh—e”k, i'j|alg +hi'),
i'k|g(a—0bi"), v(@)>1

A blow-up between j and k will remove the first two binomial conditions. It
is then routine (although not trivial) to split the two parts into monomials.
Evaluating the resulting monomial integrals and summing yields Qﬁg ) p(s), on
p. 51.

2.2.3 Evaluating Monomial Integrals

A p-adic cone integral with monomial conditions can be expressed as a sum
of integral points within a polyhedral cone in R™, and there are algorithms
for evaluating such sums. One such example is the Elliott—-MacMahon algo-
rithm described in [54]. However, the second author considered an alternative
approach, which appears to be more efficient for the monomial cone integrals
arising from zeta functions of Lie rings, but is not guaranteed to terminate.
This approach is to continue applying ‘blow-ups’ to further decompose
the monomial integrals until the conditions become trivial. One strategy for



32 2 Nilpotent Groups: Explicit Examples

choosing blow-ups is to choose the two variables which appear most frequently
on opposite sides of conditions without appearing on the same side. It is not
difficult to automate this strategy, and in practice it has worked well, but it
is not difficult to construct integrals for which this strategy will fail.

Most of the ‘tricks’ described in the previous section are aimed at reducing
non-monomial conditions to monomials and so cannot be applied. The excep-
tion is that any conditions f;(x) | ¢;(x) where g;(x) is a single variable x; can
be removed by setting z; = 2, fi(x).

2.2.4 Summing the Rational Functions

The final stage is to sum the rational functions resulting from the trivial
integrals. Whilst being the most elementary, it can also be the most compu-
tationally intensive. Given a perhaps large collection of rational functions in
two variables, we must add them up. This sort of summation can easily be
performed by a computer algebra system such as Maple or Magma. Indeed
this is the approach used by Taylor [57]. However, we can make use of the fact
that these rational functions are of the form

P(X,Y)
[T, (1 — Xayh)

for some bivariate polynomial P(X,Y) with a;,b; € N. Typically, many of
the factors of the denominator will cancel out once all the terms have been
summed. If there are a large number of rational functions, it is advantageous
to pick factors we believe will cancel, sum all the rational functions with
this factor in the denominator and then hope that the factor cancels in this
partial sum. We may then replace the rational functions we summed with the
partial sum and continue. With less factors in the denominator, the remaining
rational functions should sum more quickly.

2.3 Explicit Examples

For the rest of this chapter we give explicit expressions for the local zeta
functions of many Lie rings. We also list the functional equation satisfied by
these local zeta functions (where applicable), and the abscissae of convergence
of the corresponding global zeta functions. We also give the order of the pole
on the abscissa of convergence when it is not a simple pole. Unless we state
otherwise, the local zeta functions we present are uniform, i.e. are given by
the same rational function in p and p~* for all primes p.

It may be noted that there are more zeta functions counting ideals than
all subrings. There are usually more conditions under a p-adic integral count-
ing ideals than under one counting all subrings, but the cone conditions for
counting ideals are simpler.
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The calculations involved are frequently long and tedious and were often
performed with computer assistance. Therefore we shall not provide proofs of
the calculations. This contrasts with the approach of Taylor [57], who does
provide proofs of his calculations in his thesis. One such proof runs to 40
pages. There are several zeta functions of comparable or greater complexity
presented in this chapter, and we simply don’t have the space to present the
proofs. Nonetheless we believe that all the zeta functions listed below are
correct. In particular, there shouldn’t have been any errors in transcription
since the IXTEX source for each zeta function was generated from the computer
calculations.

The advent of computer calculations has also led to zeta functions with
the numerator and denominator of large degree. We have confined some of
the larger numerator polynomials to Appendix A. However, there are four
excessively large polynomials which we have chosen not to include since we
do not feel the extra 23 pages they would require would be justified. Further
details may be obtained from the authors on request.

Many of the examples will satisfy a functional equation of the form

CLp(5)] = (=1 H(s) (2.7)

for all but perhaps finitely many primes p. However, there are a small number
that don’t. When we say that a local zeta function ‘satisfies no functional
equation’, we mean that it satisfies no functional equation of the form (2.7).

The Lie rings we shall be considering can be presented conveniently by
giving a basis and the nontrivial Lie brackets of the basis elements. Most
of these Lie brackets will be zero, so we make the convention that, up to
antisymmetry, any Lie bracket not listed is zero.

p—p~?t

2.4 Free Abelian Lie Rings

Let L = Z%, the free abelian Lie ring of rank d. Then

d—1
SHORIGIOES J [SCEDR
i=0

where ((s) is the Riemann zeta function. Hence this function is meromorphic
on the whole of C. In particular, the Tauberian Theorem (Theorem 1.8) men-
tioned in the Introduction allows us to deduce that if a,, is the number of
subgroups of index n in Z2, then

n
>~ T

A; ~ —N
5 12 7
i=1

a result which seems remarkably difficult to obtain without the machinery of
zeta functions.
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In [22] it is shown that for any finite extension G of the free abelian group
74, the zeta functions (&(s) are all meromorphic. This is proved by relating
the zeta functions to classical L-functions that arise in the work of Solomon,
Bushnell and Reiner. The zeta functions of the 17 plane crystallographic
groups, also known as the ‘wallpaper groups’, were calculated by McDermott
and are listed in [22].

We shall see that many of the zeta functions have a factor similar to the
local factor of (za(s). It is therefore convenient to use the notation

n—1
Canp(s) = [T Gols =), (2.8)
=0

where (,(s) = (1 — p~*)~! is the p-factor of the Riemann zeta function.

2.5 Heisenberg Lie Ring and Variants

Let H be the free class two, two generator nilpotent Lie ring. This is the Lie
ring of strictly upper-triangular matrices

0Z 7
Us(Z)=[002Z
000

It is given by the presentation
H={(x,y,2:[z,y]=2),

where, as mentioned above, [z,z] = [y,z] = 0. For n > 2, let H™ denote the
direct product of n copies of the Heisenberg Lie ring.

Theorem 2.3 ([32]).

Cﬁ,p(s) = (z2,p(8)Cp(35 — 2) ,
Gin(8) = Ca2p(5)Gp(25 — 2)(p(25 — 3)Gp(3s —3) 7"

These zeta functions satisfy the functional equations
35
Grp(5)] =P G, (8)

p—p~1t
35 <
’p—»p*l =7’ 35(77,1)(8) :

The corresponding global zeta functions have abscissa of convergence af{ =

a% = 2, with (%(s) having a double pole at s = 2.
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Theorem 2.4 ([32, 57]).
Cfﬁ,p(s) = (za,p(8)Cp(3s — 4)2Cp(53 —5)Gp(Bs — 471,
Griop(8) = G p(8)Gp(25 = 4)°Gp(25 — 5)°G (35 — 5)G, (35 — T)Gp(35 — 8)
x Wi (p,p™*)
where W§2 (X,Y) is
1—-X4Y3 - 3Xx°5Y3 - X7Y3 4+ xX5y* — x%v* — XB3Y® 4+ 3X9y5 — 2x1y®
+X10Y6 + 3X11Y6 +3X12Y6 + 2X13Y6 +X14Y6 _ X14Y7 +X15Y7
o X14Y8 4 X15Y8 o X15Y9 o 2X16Y9 o 3X17Y9 o 3X18Y9 o X19Y9
+ 2Xlsyl0 _ 3X20Y10 +X21Y10 +X20Y11 _ X24Y11 +X22Y12
+ 3X24Y12 4 X25Y12 o X29Y15 .

These zeta functions satisfy the functional equations
Cﬁzﬁp(s)‘papil = p15_1OSC§2’p(S) ,
< —6s <
Cﬁzyp(s)‘ . :p15 6 CﬂQ}p(s) )
p—p
The corresponding global zeta functions have abscissa of convergence 04;12 =
afﬂ =4.
Theorem 2.5 ([57]).
Cﬁs,p(s) = (z6,p(5)Cp(3s — 6)3Cp(53 — 7)Cp(7s — 8)(p(8s — 14)W7.<{13 (p,p™%),
where W.3,(X,Y) is
1—3X%VP +2X7Y5 + XOVT —2XTY7T 4 X12y® —2x13y® 4 ox 13y 1?
o X14Y12 4 2X19y13 o X20Y13 o 2X19Y15 + 3X20Y15 o X26Y20 )

This zeta function satisfies the functional equation

Cft?»,p(s) = _p%_lssgﬁs,p(s) :

p—p~1t
The corresponding global zeta function has abscissa of convergence a;{'g =06.
Theorem 2.6 ([64]).

Ciys p(8) = Czs p(5)Gp (35 — 8)%¢y (55 — 9)¢p(Ts — 10)¢, (85 — 18)¢,(9s — 11)
X (p(10s —20)¢,(11s — 27)W§4(p,p75) ,
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where the polynomial W§4 (X,Y) is given in Appendixz A on p. 179. This zeta
function satisfies the functional equation

nyl,p(s) = p66_20547<{]4,p(3) :

p—p!
The corresponding global zeta function has abscissa of convergence 04;14 = 8.

Theorem 2.7. Let (K : Q) = 2, R be the ring of integers of K and L =
Us(R). Then

1. If p is inert (of which there are possibly infinitely many) then
(i () = Can ()G (55 — 5)Gp(65 — 8)(1 + p* ) .
2. If p is ramified (of which there are only finitely many) then
(2 o(5) = Coa p(5)Gp(3s — 4)Cp(5s — 5) .

3. If p is split then Us(R ® Zp,) = Us(Z,) x Us(Zp) and we already have a
calculation of this factor from Theorem 2.4 above.

For all split or inert primes p, this zeta function satisfies the functional equa-
tion

CEp(s)]
whereas for p ramified,
Cip(s)]

The corresponding global zeta function has abscissa of convergence a5 = 4.

i :pls—loscip(s) 7

— — p15_128Cf,p(3) .

Taking the Euler product of all these factors we can represent the global
zeta function in terms of the Riemann zeta function and the Dedekind zeta
function (x(s) of the underlying quadratic number field K (as observed in
Corollary 8.2 of [32]):

Corollary 2.8.
(L (s) = Cza(s)C(55 — 4)C(5s — 5)Ck (3s —4) /Ck (Bs —4) . (2.9)

Theorem 2.9 ([32, 57]). Let L = Us(R3) be the Lie ring of 3 x 3 upper
triangular matrices over the ring of integers Rs of a algebraic number field K
of degree 3 over Q.

1. If p is inert in R3, then
Crp(8) = Cao p(5)Gp(Ts — 8)(p(8s — 14)p(9s — 18)W i, (p,p ™)
where

W;in(Xv Y) =1 + X6Y7 + X7Y7 + X12YS + X13Y8 + X19yl5 )
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2. If p ramifies completely in Rz (i.e. if (p) = p> for some prime ideal p),
then

CEp(8) = (a0 p(8)Gp(3s — 6)Gp(Ts — 8)¢p(8s — 14) (1 +p" ) .
3. If p ramifies partially in R3 (i.e. if (p) = p>q for prime ideals p # q),
G () = Can ()G (35 — 6)2, (55 — TGy (75 — 8)y (35 — LYW, (p,p~°),
where
WL (X,Y)=1- X%+ XTY? - XTy7 — XBy® 4 X3y10
_ XUy10 4 x20y15
4. If p splits completely in Rj:
G (8) = Gan p(8)Go (35 — 6)°G (55 — T)Gu(Ts — 8)Gp(85 — LW (p,p™*),
where Wi = W3 (X,Y) given above on p. 35.

5. If p splits partially in Rs (i.e. (p) = pq for prime ideals p # q):
CLp(8) = Czo p(8)Cp(35 — 6)Cp(55 — T)Cp(Ts — 8)(p(65 — 12)¢y(8s — 14)
X Wiep®p™),
where
WL (X,Y) =14 X0 — XOy7 - X128 _ xlyl2 _ x20y13
L X20y15 | 263720

For all primes that do not ramify, this zeta function satisfies the functional
equation

CLp(s)]

The corresponding global function has abscissa of convergence aj = 6.

pop—l _p36_15scfyp(s) :

Remark 2.10. 1. Cases 3 and 5 can only occur if the field K is not a normal
extension of Q.
2. As with the case with a quadratic number field, the p-local normal zeta
function does satisfy a functional equation even when p ramifies. If f, is
the ramification degree of p in K, then

¢ ,(s) |1Hp71 = _pHm(s2)aca (o)

for all primes p.
It is possible to write the global zeta function of L in terms of Riemann

zeta functions, the zeta function of the number field and Euler products of
these two variable polynomials. However, the end result is not as neat as (2.9):
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Proposition 2.11. If (K : Q) = 3, R is the ring of integers of K and L =
Us(R) then

(F(5) = Czo(5)¢(5s = T)C(Ts — 8)((8s — 14)Cx (3s — 6) [ [ Wi, (. p™°)

p

where

Wf,in(Xa Y)(1—X7Y5)  ifp is inert in R,

1— X1y1o if p ramifies completely in R,
Wi (X,Y) = WL (X,Y) if p ramifies partially in R,

Wi (XY) if p splits completely in R,

WESP(X, Y) if p splits partially in R.

2.6 Grenham’s Lie Rings

The next examples are calculations made by Grenham in his D.Phil. thesis [28]
of zeta functions of Lie rings G,, with the following presentation:

Gn = (2,21, Tne1, Y1y Yn—1 : [z 2] =y (1 <i<n—1)) .

These Lie rings are class-2 nilpotent. Go = 'H, the Heisenberg Lie ring
again. Grenham calculated (5 (s) and ngn p(8) for n < 5. They all have the
form of products of local Riemann zeta functions together with one of the
palindromic polynomials.

Theorem 2.12 ([32, 28]).
Cés,p(s) = CZS,P(S)CP(?’S - 3)2<p(35 —4)(p(55 — 6)(p(65 — 6)71 )
(G (8) = G2 ()G (25 — 4)Gp (25 = 5)Gp(3s — W, (pp™°)
where
W5 (X,Y) =1+ X%V + X*V? — X*'Y® — X°y® — X®3y®
These zeta functions satisfy the functional equations
G p(s)] =7, (5)

< _ <
G| =G ().

p—p~?t

p—p~?t

The corresponding global zeta functions have abscissa of convergence 0@]3 =

a§3 = 3, with §_§3 (8) having a double pole at s = 3.
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Theorem 2.13 ([28]).

(5 p(8) = Cza p(5)Gp(3s — 6)C(5s — 10)(,(7s — 12)W G (p.p~*%)

where
WG(X,Y) =1+ X"Y?+ X°V? 4+ X®Y° + XoY° + X13y® |
and

(G0 (9) = Can p(9)Gp(25 — 5)Gp(25 — 6)¢p (25 — T)Gp(3s — 10) G (4s — 12)
x W5 (p.p™)
where ng (X,Y) is
14+ X424+ X5Y2 + XO0y?2 — XOy3 — XOy3 — X7y3 + X8y3 + Xy
_ Xyt xl0yt L xllyd L xlay 6 x 15y 6 x 16y 6 | x 16y T L x 1Ty T
_ X18Y7 _ X19y7 _ X20Y7 +X19Y8 +X20Y8 +X21Y8 +X25y10 )

These zeta functions satisfy the functional equations
()] i AR IOR

G| =G

p—p~t

p—p~t

The corresponding global zeta functions have abscissa of convergence 0454 =

0‘54 =4, with Cgi (s) having a double pole at s = 4.
Theorem 2.14 ([28]).

(G p(8) = Cz5 p(8)Cp(3s — 8)Cp(55 — 14)(p(Ts — 18)¢, (95 — 20) W5, (p,p~*)
where W3l (X,Y) is
L+ XV? 4 X072 4 XTY? 4+ X1OV? 4+ XHY® 4+ 2X12Y° 4+ XBY? + XY
-|—X16Y7 —|—X17Y7 -|—X17Y8 _|_X18Y8 +X19Y8 —|—X21Y10 +2x22yl0
+X23Y10 +X24Y10 +X27Y12 +X28Y12 +X29Y12 +X34Y15

and

(oo (8) = Cm p(5)Go(25 — 6)G (25 — 8)Gp (25 — 9)C(3s — 14)(, (45 — 18)
X (55 = 20)Gp(s —2) ' WE (™)

where ngo (X,Y) is
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L4+ X2V + X2 4 X072+ XOV? 4 2XTY? 4+ X°Y? + XOY® + 2X 107
+X11Y3 + 2X12Y3 +X13Y3 +X12Y4 + 2X14Y4 + 2X15Y4 +X16Y4
+ XY 4 2X1TYP 4 XBYS 42X 1Y 4+ XP0Y0 — X1PY0 — XP0YO
+ X21Y6 + 2X22Y6 + 2x23y6 + 2x24y6 + X25Y6 o X22Y7 o 2X23Y7
_ 2X24Y7 _ 2X25Y7 o X26Y7 4 X27Y7 + X29Y7 _ X27Y8 _ 2X28Y8
- X29Y8 o 2X30Y8 - X30Y9 o X31Y9 - 2X32Y9 - 2X33Y9 o X35Y9
_ X34Y10 _ 2X35Y10 _ X36Y10 _ 2x37yl0 _ X38Y10 _ X39Y11
o 2X40Y11 o X41Y11 o X42Y11 o X43Y11 o X45y12 o X47y13 .

These zeta functions satisfy the functional equations
36—14
C557p(8)| =-r Sggqsyp(s) ’

p—p~?
< 36— <
G| =G0

The corresponding global zeta functions have abscissa of convergence 04;5 =
a§5 =5, with Cg§5 (s) having a triple pole at s = 5.
In [61], Voll has given an explicit expression for ngmp(s), and in a forthcoming

paper, gives a similar expression for ngmp(s). In particular, he proves that

Theorem 2.15. Letn > 1. Then for all primes p, ngmp(s) and ngmp(s) satisfy
the functional equations

2n=1)_(3n—1)s
GO,y = =pUE 7O (s)

2n-1_(2n—1)s
ngmp(s)’pﬁpil = 7p( 5y ) —(2n—1) ng,,”p(s) )

Grenham proved that the abscissa of convergence of ngn (s) is m. Voll gives in
[61] an expression for the abscissa of convergence of ng (s), which agrees with

an expression previously derived by Paajanen. In particular, agﬁ (s) =19/3.

2.7 Free Class-2 Nilpotent Lie Rings

Let F5,, denote the free nilpotent Lie ring of class two on n generators. F5 >
is the Heisenberg Lie ring once again.

2.7.1 Three Generators

Theorem 2.16 ([32, 57]). Let the Lie ring Fy 3 have presentation
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<I1,$2,$3,y1,y27y3 : [$1,$2] = Y1, [$17$3] = Y2, [5027$3] = y3> .

Then

Gy p(8) = Caa ()G (35 — 5)Gp (55 — 8)Gy(65 — )W (p.p™*)
where

WE L (XY) =1+ X3Y3 4 XY 4 XOY5 4 XTy® + X107
and

CFyop(8) = Czo p(8)Gp(25 — 4)Gp (25 — 5) (25 — 6)Gp (s — 6)Gp(3s — 7)
X Cp(3s — 8)¢p(4s — 8)_1W§2,3(p,p_s) ,

where Wé L(XY) s

1+ X3V2 + X*Y2 4+ X°V?2 — X*v3 — X°y3 — XOy3 — X7y* — xX9v+
_ X10Y5 _ X11Y5 _ X12Y5 +X11Y6 +X12Y6 +X13Y6 +X16Y8 )

These zeta functions satisfy the functional equations
< _ . 15—95 <
@] =P

< —65 <
Cﬁz,&p(s) = p15 chﬁz,&:ﬂ(s) :

p—p~?t

; : : S
The corresponding global zeta functions have abscissa of convergence ap, , = 3,

<
Ap, , = 7/2.

The zeta function counting all subrings is interesting since the abscissa
of convergence is not an integer and is strictly greater than the rank of the
abelianisation of G. This was the first such example calculated at nilpotency
class 2.

2.7.2 n Generators

In [62], Voll gives an explicit formulae for the local ideal zeta functions of F» ,,
for all n. We shall not replicate Voll’s explicit formulae for these functions,
but we shall state some corollaries he deduces. Put h(n) = in(n + 1), the
rank of Fy .

Corollary 2.17. The local zeta functions C§2 n_’p(s) are uniform, i.e. are given
by the same rational function in p and p~* for all primes p.
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Corollary 2.18. The local ideal zeta function of Fs,, satisfies the local func-
tional equation

n h(n) — n n)s
G () = (~1)rmp(")hmEms g ()

p—p~1t
for all primes p.

Corollary 2.19. The abscissa of convergence of CﬁQ (s) 1S

aﬁzm zmax{n, ((g) _j) (n—l—’j)—i—l j e {1,...,(3) — 1}}

h(n) —j
and C;]Z’n (s) has a simple pole at s = aim,

In particular, F5 5 has abscissa of convergence ozf,‘z . =051 /10. Indeed, this
is the first Lie ring whose local ideal zeta function is known to have abscissa
of convergence strictly greater than the rank of the abelianisation.

2.8 The ‘Elliptic Curve Example’

Theorem 2.20 ([60]). Let E denote the elliptic curve y*> = x> — x. Define
the nilpotent Lie ring Lg by the presentation

[T1, 4] = y3, [T1, 5] = y1, [71, T6] = Y2,
LE: Tly---5T6,Y1,Y2,Y3 - [.702,:24]:y1,[l‘2,:]]5]:y3,
(23, Z4] = Y2, [r3, 26] = 11

Then, for all but finitely many primes p, the local zeta function of Lg is given
by

CLwp(8) = Czo p(8)Cp(5s — T)Gp(Ts — 8)(p(9s — 18)(,(8s — 14)
X (Pi(p,p~°) + |E(Fy) | P2(p,p™7))
where
|E(F,)| = [{(z:y:2) € P*(F,) : y?z = 2® —22” }|,
P(X,Y)=(14+XYVT+ X7y + X12y® 4 xB3y® 4 Xy1%)(1 - X7Y?),
Py(X,Y) = XV5(1 - Y (1 + X13Y®) .

In [13] it was shown that this zeta function is not finitely uniform, thus an-
swering in the negative a question posed by Grunewald, Segal and Smith in
[32] that seemed ‘plausible’. However, there was some doubt as to whether
this zeta function would satisfy a functional equation similar to that satisfied
by other local ideal zeta functions of Lie rings of class 2. The dependency on
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the number of points mod p on an elliptic curve did cast some doubt on this.
However, it can easily be checked that

Pl(Xilayil) = X726Y720P1(X7Y) )
Py X LY ) = X"PY 2R (X,Y) .

Together with the functional equation of the Weil zeta function applied to
|E(F,)|, this yields

Corollary 2.21 (Voll [60]). For all but finitely many primes p,

o] = PG, ()

2.9 Other Class Two Examples

We start with a number of Lie rings which appear in [32].

Theorem 2.22 ([32]). Let G(m,r) denote the direct product of Z" with the
central product of m copies of the Heisenberg Lie ring H. Then G(m,r) has
Hirsch length 2m +1r + 1.

<g(mﬂ“)ﬁv(s) = (gam+r p(8)Gp((2m +1)s — (2m + 7)) .

Form < 2,

Gy p(8) = Czrez p(8)Gp(25 = (r +2))Gp(25 — (r +3))Gp(3s — (r+3)) 7",
oy p(8) = Corea p ()G (35 — (1 + 4))G(3s — (1 + 6))¢p(35 — (r + 7))
X WGS(QJA) (p,p™%),

where

W=

G(2 T) (X, Y) _ 1 4 X’l“+5y3 o X’r‘+5y4 o XT+6y4 - X’r‘+7y4 - X’l“+8y4

+X'r‘+8y5 + X2T+13y8 )
These zeta functions satisfy the functional equations

_ (_1)2m+r+1p(2mgr+l)7(4m+r+1)s
p—p~t

Cé(m,r),p(s) Cg(m,r),p(s) ’

m-r 2m+4r+1\ _ mr s
CGomryp(5) = (12T m@mbr s s () (m=1,2).

p—p~1t

The corresponding global zeta functions have abscissa of convergence aé(m n =

2m +r for allm € Nyg, r € N andaé(mr):2m+7‘f0rm6{1,2},T€N.
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Theorem 2.23 ([32]). Forr € N,
(Gxzr p(8) = Grra (8)Gp(3s — (r+4))Gp(5s — (2r +6)) (1 +p™ 775
(G p(8) = Carra(8)Gp(28 — (1 +4))Gp(25 — (1 + 5))Gp(3s — (27 +6))
< —s
X Wg_3 X LT (pap ) )
where
Wg§3><ZT (p7p—s> =1+ Xr+3y2 + Xr+4y2 _ XT+4Y3 _ XT+5Y3 _ X2r+8y5 )
These zeta functions satisfy the functional equations
r T (r s
— (-1 +5p( 1°)—(r+8) Gz ()

r T _(r s <
= (1)l (s)

ngs XZ",p(S)

p—p~1t

<
Cés XZT,P(S)

p—p~?
: ; : < _
The corresponding global zeta functions have abscissa of convergence UGy xzr =

<
g wgr =7 + 3.

The calculations of the ideal zeta functions were made by Grunewald, Segal
and Smith in [32]. Note that they use the more cumbersome notation Fs 3/(z)
in place of Gs.

Theorem 2.24 ([32, 64]). Let

96,4 = (T1, T2, T3, T, Y1, Y2 : [T1, T2] = 1, [X1, T3] = y2, [W2, 7] = 92)
Then

aesn(8) = Cze p(5)Gp(3s — 4)(p(5s — 5)(p(65 — 9

)
(oo ap(8) = Cza p(5)¢p(25 — 5)(p(3s — 5)(, (35 — 7)<p( ) p(4s —9)
X (p(4s —11)Gp(5s — 12)W  (p,p™°)

where WQM(X, Y) is given in Appendiz A on p. 180. These zeta functions

satisfy the functional equations

_ _15-10s 4
<216,4,17(8 ‘p—»p*l =P <36,47P(8) ’
< _ 15-6s <
Goan®)] =P G e)
The corresponding global zeta functions have abscissa of convergence ol =
99 9 96,4

< _
gy, = 4.
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In [32], this Lie ring is given the more cumbersome name Fj3/(z) - Z. For
brevity we have changed the name. The new name is borrowed from the
classification of nilpotent Lie algebras of dimension 6 mentioned in Sect. 2.14
below.

Let T,, denote the maximal class-two quotient of the Lie ring of unitrian-
gular n x n matrices. T,, has presentation

(T1, Ty Y1y Ynet f [T, 1] = s for 1 <i <n —1) .

Ty is the Heisenberg Lie ring once again, and T35 = G3, whose zeta functions
are given in Sect. 2.6.

Theorem 2.25 ([57, 64]).

C7yp(8) = C2o,p(5)Gp(35 — 5)°Cp (55 — 6)Cp (55 — 8)¢p (65 — 10)C, (75 — 12)

x Wil(p,p™®),

where Wi (X,Y) is
1 +X4Y3 _ X5Y5 +X8Y5 _ X8Y6 _ X9Y6 _ X10Y8 _ Xl?ys _ X13Y9
+X13Y10 _ 2X14Y10 +X14Y11 +X15Y11 o X16Y11 o X17Y11 +2X17Y12
_ X18Y12 +X18Y13 +X19Y14 +X21Y14 +X22Y16 +X23Y16 o X23Y17
+X26y17 _ X27Y19 _ X31Y22

and

(T, p(8) = o p(9)Gp(25 — 5)°Cp(25 — 6)7 Gy (35 — 6) Gy (35 — 8)¢p(3s — 9)
X Cplds — 12)Gy(5s — 14)WF (p,p™%)

where the polynomial WTE (X,Y) is given in Appendiz A on p. 180. These zeta
functions satisfy the functional equations

= 7p217115<7<41’p(8) ;

G| =G ()

The corresponding global zeta functions have abscissa of convergence oz?4 =

< _
ap, =

2.10 The Maximal Class Lie Ring M3 and Variants

The most well-understood zeta functions of Lie rings are those for Lie rings
of nilpotency class 2. However, as we move to higher nilpotency classes, there
is much less in the way of theory to help us. In particular, as we mentioned
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in Chap. 1, the Mal’cev correspondence can be avoided for nilpotency class 2.
There is no such shortcut in higher nilpotency classes.

Taylor [57] was the first to calculate the zeta functions of a class-3-nilpotent
Lie ring, and since then the second author has greatly enlarged the stock of
examples at class 3.

In some sense, the ‘simplest’ Lie rings of nilpotency class n are the Lie
rings M,,, with presentation

M, = {z,21,T2,...,@p : [2,2;] = xj41 for i =1,...,n—1) .
In particular, H = M>. We now consider M3 and some variations.

Theorem 2.26. Forr € Z,

= GG~ (r+2)G (s = (£ 2)G(5s — (4 3)
Vi G (65— (7 +2)) |

and

Gty wzr p(8) = Carva p()Gp(28 — (r + 3))Gp(3s — (r + 5))Gp(3s — (2r +4))
x CP(4S - (QT + 6))WJ\§[3><ZT(p7p_S) ’

where

Wz\éfstr (p,p~°) =1+ XTH2y2 4 xr3y2 _ xr3y3 _ xr+byd 4 x2r+6yd
_9X2rt6y5 _ o x2r+Ty5 + X2r+Ty6 _ x3r+8y6
_ X3r+10y7 +X3r+10y8 +X3r+11y8 +X4r+13y10 .

These zeta functions satisfy the functional equations

T I s
C]\i[gXZ",p(S)‘ = (_1) +4p( 2 ) (r+9) CEIQ,XZT,p(S) ’

p—p~t

= (—1)r+4p(F) = (r+)s

< <
Gty (9)| Gy p(5)

p—p~t

; ; ; < —
The corresponding global zeta functions have abscissa of convergence ayy o 7 =

aAS/stz,. =r+ 2, with Cﬁg (s) having a quadruple pole at s = 2.

The zeta functions counting ideals or all subrings in M3 were first calculated
by Taylor in [57]. The second author generalised the results to M3 x Z" for
r e N.

Theorem 2.27 ([64]).

Gty p(5) = Cza p(8)(p(3s — 4)°Cp(4s — 4)p(5s — 5)(p (65 — 5)(p(Ts — 6)
X Cp(gs - 10)W7fo3(p»P_s) )
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where Wi, 1 (X,Y) is

1—2X4Y° + X°V5 — X4YS + X4Y7T —2X5Y 7 4+ x8yY — 22Xy 43Xy
o 2X10Y11 +)(9le +X10Y13 +X13Y14 +X14Y15 o 2X13Y16 +3X14Y16
o 2X14Y18 +X15Y18 o 2X18Y20 +X19Y20 o Xlgy—Zl +X18Y22
—ox19y22 | x23y27

This zeta function satisfies the functional equation

<':]{><M3,p(8)| = _p21_14sc':](><M3,p(S) .

p—p~!
The corresponding global zeta function has abscissa of convergence aﬁxM3 =4.

Theorem 2.28.

C§2X]V[3,p(s) = (z6 p(8)Cp(3s — 6)3Cp(45 —6)Cp(5s — T)(p(6s — T)(p(7s — 8)
X Gp(8s — 8)(p(8s — 14)((9s — 9)Gp(9s — 14)¢,(10s — 15)
X (p(11s — 16)¢, (125 — 21)W7fl]2xM3 (p,p~°)

for some polynomial W;‘gx]% (X,Y) of degrees 113 in X and 85 in Y. This
zeta function satisfies the functional equation

Cf@XMS)p(S) :p45_1954§12><M37p(3) .

p—p~1t

The corresponding global zeta function has abscissa of convergence 0@12 6.

XMs ™~
Theorem 2.29.
Cilax M p(8) = Cat p(8)Gp(25 — 2) (35 — 4)7Gp(4s — 4) (55 — 5)Gp (65 — 5)
x G (Ts — 5)G(Ts — 6)Gy(8s — 6)G,(9s — )¢,y (95 — 10)
% (,(10s — 10)G,(11s — 11)¢,(125 — 12)¢, (135 — 15)
X Wil sars (0,07°)
for some polynomial WJ\</]I3><M3 (X,Y) of degrees 84 in X and 95 in Y. This

zeta function satisfies the functional equation

CJT}S.XM&Z?(S)‘ :p28_1sscl\</][3><M3,p(S) .

p—p~1t

The corresponding global zeta function has abscissa of convergence 04]<\'43 ot =4
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Theorem 2.30. Let the Lie ring Mz X7z M3 have presentation

(21, 22, W1, wa, T1, T2,y [Zl,wﬂ =1, [Zz,wz] = T2, [21,131] =Y, [22»$2] =) .

Then

s p(5) = (22 p(8)(p(3s — 4)%¢, (55 — 5)Cp(Ts — 4)¢p(8s — 5)(p(9s — 6)
X (p(12s — 10)WJ\</['3XZMS (p,p~ %),

where Wi 2 (X,Y) s

1—X'YP —2x'Y® + X°V® 4+ XYY — 2X°Y? 4+ XPy "2 — 2XPy "2

4 3ngl3 o 2X10Y13 4 X10Y14 4 X9Y17 4 X14Y17 4 X13Y20 o 2X13Y21
4 3X14Y21 _ 2X14Y22 + X15Y22 _ 2xl8y25 + X19Y25 + X18Y26

o 2X19Y26 o X19Y29 +X23Y34 .

This zeta function satisfies the functional equation

21—-17
C1<V]f3><zf\/f?np(s)| =P ! S<1\</]13><ZM37P(5) .

p—p~1t

The corresponding global zeta function has abscissa of convergence ayy, . v, =4

2.11 Lie Rings with Large Abelian Ideals

As we saw in Sect. 2.6, Voll has calculated (5 (s) and Cé,“p(5> for all n > 2.
The Lie rings G,, have an abelian ideal of corank 1 (and thus of infinite index),
and it is likely that this large ideal makes it easier to get a grasp on the
structure of the lattices of ideals/subrings. Indeed the Lie rings M,, have this
property too. In this section we consider some further Lie rings of nilpotency
class 3 with this property.

Theorem 2.31 ([64]). Let the Lie ring L) have presentation
(z, w1, wa, 1, T2, Y1, Y2 : [2,w1] = 21, [z, wa] = T2, [2,21] = Y1, [2, 2] = y2) .
Then
(g0 (8) = €22 p(8)Gp(3s — 4)¢p(4s — 5)Cy(5s — 6)Cy (65 — 7)¢y(7s — 6)

x (p(85 — 10)¢p(9s — 12)¢p(11s — 12)(,(4s — 4)
X Wi, p7")
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where Wﬁm) (X,Y) is
1+ X°Y? +2x'y* — X5 4 XOV® 4+ X0y — XOv7 + Xv7 — XOy®
+ox8Y8 _ x8y9 _ x10y9 _ x9y 10 4 x12y10 _ 10y 1l x12y-11
_ xByl12 _ xl12y13 _ xldy13 _ 9x16y13 _ 9x 15y 14 _ yldy 15 _ x16y/15
_ XBy15 L 9x16y16 _ x18y16 _ x19y/16 _ x 18y 17 _ ox20y17 4 y18y/18
4 X20y18 _ x2ly18 o x19y19 | x20y19 | x22y19 4 9 x20y720 | x22y20
+X2Y?l 4 xRy _gx24y2l | x22y22 | x24y22 4 2622 4 o y25y23
4 ox2y24 | x26y24 4 28y 2Ty (2826 L x30y26  x28y27
4+ XB3Ly27 4 X80y 28 | x32y28 _ 9 yB32y29 | x34y29 | x3ly30 4 x34y30
_ X34yl x34yB2 | x36y32 9 x36y33 _ 3Ty 34 x40y87

This zeta function satisfies the functional equation

21—-15
CE(&S),p(S) =P S<L<](3,3),p(s) .

p—p~t
The corresponding global zeta function has abscissa of convergence af(s,g) =3

The second author also considered what happens when you delete generator
yo from the presentation above:

Theorem 2.32 ([64]). Let L3y be given by the presentation
(z,w1,we, 21,22,y : [2,w1] = 21, [2, w2] = 72, [2,11] = y) .
Then
CLQ(M),;;(S) = (22 p(8)Cp(35 — 4)(p(4s — 4)(p(55 — 5)(p(5s — 6)(p (65 — 6)
X (p(9s — 11)WE3‘2) (p,p~%),
where WL<](3,2>(X’ Y) is
14+ X3 — XY — XOV7 — XTY" + XBY7 — X®y® — Xy — X'0y?
+X10Y10 _ Xllylo +X10Y11 _ X11Y11 +X11Y12 _ X14Y12 +X13Y13
—X14Y13 +X14y14 +X15Y14 +X17Y16 —|—X18Y17—|—X20Y18 _X21y21
_ X24Y23
and
CLS(C,,z),p(S) = (28 p(5)Gp(25 — 4)Gp(25 — 5)%¢p(3s — T)(p(3s — 8)(p(4s — 10)
X Gp(5s = 12)WE,  (pp™")
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where WLS(”) (X,Y) is

1+ X2+ X'Y2 - XY3 — X3 4+ XOY® + XTY? —2X7v* — 28
4+ XOV5 _ox10yt _gxllys 4 xly6 | x12y6 _ 9x13y6 _ 3x14y6

L XBYT ¢ xWUyT { 3x 15y T _9x16yT _ x1TyT 4 x16y8 4 x1Tys

L oxI8Y® L ox18y9 L 9x2ly 9 | oy 21y 10 | x22y10 4 x23y/10 _ y22y11
_oX 2yl 4 gx 2yl | y25y 1l y26y 1l 3x25y12 o x26y12

L X2TY12 L x28y12 gy 28y13 9 y20y13 | y30y13 _ o x3lyld
_ox32yl4 | xB2y15 4 x33y15 _ y34yls 3515 | x35y/16 4 y36y/16
+ X378

The local zeta function counting all subrings satisfies the functional equation

< 15—6s ~<
Cf](zg)m(s) P =p 9Cl?(s,zpp(s) :

However, the local ideal zeta function satisfies no such functional equation.

The corresponding global zeta functions have abscissa of convergence aj =
(3,2)

pfl

aiw) = 3, with CLS(M) (s) having a quadruple pole at s = 3.

The zeta function counting ideals was the first calculated which satisfied no
functional equation of the form (2.7).

A couple of Lie rings similar to L3 o) were also considered. Their ideal
zeta functions also satisfy no functional equation of the form seen numerous
times before.

Theorem 2.33.

G 11 () = G (8)Go(35 — )G (35 — )G, (45 — 6)G, (55 — )G (55 — 10)

% (65 — T)Cp(65 — 10)C,(Ts — 8)Cp(Ts — 12)¢,(8s — 12)
% Cp(9s — 14)¢, (95 — 17)¢, (115 — 19)¢,(13s — 20)

x (135 ~ B)Witp,, (0.07°)

for some polynomial W?ij(m) (X,Y) of degrees 150 in X and 97 in' Y. This

local zeta function satisfies no functional equation. The corresponding global
zeta function has abscissa of convergence a7<-]LxL(3 o = 5

Theorem 2.34. Let the Lie ring L3 2,2) have presentation

Z,W| = X1, |2, wa| =T
<z,w1,w2,w3,x17x2,x3,y: [7 1] 17[7 2} 2’>~

[z, w3] = x3,[2,21] =y
Then
G2 nl5) = Gt p(5)Go (25 — 3)Gp (35 — 6)Gy(55 — T)C, (55 — 10)Gy(65 — 10)
% Cp(75 — 12)C, (85 — 12)¢, (95 — 17)¢p (135 — 23)
X W0 ®P77)
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where WL<](3 . (X,Y) is given in Appendixz A on p. 181. This local zeta func-
tion satisfies no functional equation. The corresponding global zeta function
has abscissa of convergence af(s oy = 4

2.12 F,

On p. 40 we considered the zeta functions of the free class-2 nilpotent Lie rings.
The second author has added the zeta functions of the class-3, 2-generator
nilpotent Lie ring.

Theorem 2.35 ([64]). Let the Lie ring Fs o have presentation

<$1,$2,y1,21732 : [3317962] = Y1, [331791} = z1, [33272/1] = Z2> .

Then
B, (5) = Gon (9G35 — D)0y (4 — 3)Gy (55 — 4G, (Ts — YW, (0 p™)
where Wz (X,Y) is

14 X2y* = X2y5 _ x4yT _ X6y9 _ xSyl L x8yl12 4 xl0yl6
and

CFyap(8) = C22p(8)Gp(25 — B)Gp(25 — )G (s — 6)G (45 — 8) G (5s — 8)
X Gp(5s — OWE (0,0~ ,

where Wé L(X,Y) s

L+ X2Y2 4+ X°Y2 = XPY2 4+ XYP 4 2X0Y? - 2X0Y !+ 2XTY ! - 2XTY?
_9ox8y5 _ x9y5 _ x10y6 _ xlly6 _ x10y7 _ x13y7 _ 9xl2y8

_ X1By8 _ xlys _ x15y8 | x13y9 _ x16y9 4 x14y10 4 x15y10
JrX—l(iylo + 2X17Y10 Jr)(16Y11 JrAXIE)Yll Jr)(18}/12 JrX—19Ym JrX—ZOYm
+ 2X21Y13 + 2X22Y13 _ 2X22y14 + 2X24Y14 _ 2X24Y15 _ X25Y15

4 X26y15 _ x26y16 _ x2Ty 16 2918

These zeta functions satisfy the functional equations
10—10
<§3,2,P(8)‘p—>p*1 =P S<§3,2,P(S) ’

< _ 10—5s ~<
<F3,2,p(8)‘p_)p,1 =-p SCF3.27;D(S) :

The corresponding global zeta functions have abscissa of convergence a§3 , =2,

ag,, =5/2.
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Theorem 2.36 ([64]).
4;3,2><27p(5) = (z3,p(8)(p(35 — 3)(p(4s — 4)(p(55 — 5)(p(5s — 6)(p(Ts — 8)
X W}«fflgxz(%p_s) ,
where Wi 7(X,Y) is
1+ X374 - X3y5 _ xOy7 _ x8y9 _ xUyll 4 xlyl2 | xliyl6
This zeta function satisfies the functional equation

15—11¢
C;&QXZ,[)(S) et =p QCE&Q xZ,p(S) .

The corresponding global zeta function has abscissa of convergence a;'S ,x7 =3

2.13 The Maximal Class Lie Rings M, and Fily

We saw above that M3 is in some sense the simplest Lie ring of nilpotency
class 3. The Lie ring My can be defined in a similar way, and in some sense it
is the simplest of nilpotency class 4. The M, family of Lie rings are filiform,
in that the nilpotency class is maximal given the rank.

Theorem 2.37 ([57]). Let the Lie ring My have presentation
<z,x17m2,x3, Tyq : [Za xl} = T2, [vaZ] = 3, [va?)] = £C4> .

Then

th,p(s) = (z2 p(8)(p(3s — 2)(p(58 — 2)(p(7s — 4)(p(8s — 5)(p(9s — 6)
X Cp(11s — 6)(p(125 — 7)(p (65 — 3) ' W37 (p,p™°)

where Wy (X,Y) is
14+ X2Y* = XPY° + XPY° - X2V 42XV — XY — X°y? 4 X0y
_oXPyll _ xTyl13 _ x8y13 4 xTyl4 _ x8yl4 _ x8yls _ x9yl5
4+ X9y16 _ x9y17T _ x 10y 17 | ox 9y 18 _ x10y18 | 10y 19 o xlly19
JrAXPIOYQO JrlelyQO —XHYQI Jrlely22 JrAXv12Y22 JrX—12Yz’> o X13Y23
+X12Y24 —|—X13Y24 —|—2X15Y26 _ X14Y27 +X15Y28 +X17y30 _ 2X17Y31
—|—X18Y31 o X17Y32 —|—X18Y32 o X18Y33 o X20Y37

and

Cirap(8) = Ca2 p(8)Cp(25 — 3)¢p(25 — 4)(p(35 — 6)Cp(4s — 7)¢p(4s — 8)
X Cp(7s — 12)1/1/]\344 (p,p %),
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where WI%L; (X,Y) is

14+ X272 4 X3Y2 — X3Y3 + X*4y3 4 2X5Y3 - 2XPv* + XTy?* —2X7Y?°

= XPYP 4 XOYP - 2X0Y 0 —2X10VO — XY 4 XOVT - 2X YT

. X13y7 _|_X13Y8 . X14y8 o X16Y9 +X15Y10 +X17Y11 _ Xl8y11

+X18Y12 + 2X19Y12 o X21Y12 +X2OY13 + 2X21Y13 4 2X22Y13

_ X22Y14 4 X23Y14 4 2x24yl4 _ X24Y15 + 2X26Y15 _ 2X26Y16

_ X27Y16 +X28Y16 _ X28Y17 _ X29y17 _ X31Y19 .
These zeta functions satisfy the functional equations

()] =G ()

p—p~1t
< —5s ~<
CM4’p(S) = _plo 5b<]\7447p(s> :

p—p~1t
The corresponding global zeta functions have abscissa of convergence a]<\]44 =2,
ayy, = 5/2.
Theorem 2.38 ([64]).

Cataxz,p(8) = Gz3,p(8)Gp(35 — 3)p(55 — 3) (75 — 5)Cp(85 — 7)Cp(95 — 8)

x Gp(11s — 8)(p(125 — 9)(y(6s — 4) T Wi z(p,p™°)

where Wyi (X, Y) is
1+ X%Yv* — X3Y5 4+ XYP — XPy0 4 2X1Y0 — X*'yT — XTY? + xSy!0
- 2X7Y11 o X9Y13 - X11Y13 4 X10Y14 - X11Y14 o X11Y15 o X12Y15
+ X12Y16 _ X12yl7 _ X13Y17 + 2X12Y18 _ X13Y18 + X14Y19 _ 2X15Y19
+X14Y20 +X15Y20 o X15Y21 +X15Y22 +X16Y22 +X16Y23 o X17Y23
—|—X16Y24 —|—X18Y24 +2X20y26 _ X19Y27 —|—X20Y28 —|—X23Y30 _ 2X23Y31
4 X24Y31 _ X23Y32 4 X24Y32 _ X24Y33 _ X27Y37 .

This zeta function satisfies the functional equation

CJ\</][4><Z,p(3) :p15_158C1\</]I4><Z,p(5) .

p—p~!
The corresponding global zeta function has abscissa of convergence afhxz =3.
M, is not the only filiform Lie ring of nilpotency class 4, up to isomorphism:

Theorem 2.39 ([64]). Let the Lie ring Fily have presentation

(2,21, @0, 3,4 : [2,21) = T, [2, 22] = 23, [2, 23] = x4, [w1, T2] = 74) .
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Then

C1§114,p(5) = (22 p(8)Cp(3s — 2)¢p(55 — 2)(p(7s — 4)(p(8s — 5)(p(9s — 6)
X (p(10s — 6)¢, (125 — )Wy (p,p™°) ,

where W (X,Y) is

1+ X2y4 - X2y5 4 X3Y5 — X2y6 4 x3y6 _ x3y7 — x5y9 _ x5y10

_ XSyl x6yl12 4 y6y13 _ x Tyl _ x8yl13 _ ySyl4 y xTyls

L X8Y15 _ox0y 15 o x8y17 4 x Oy 17 _ xl0y17 | x9y19 4 y10y19
LoX1Y20 Loy lly2l | xlly22 | 9 yl2y22 4 ox13y23  x13y24
LoXMy24 _ x13y25 4 yldy25 | y15y25 oy 14y 27 | o y15y27
_ox15y28 | x16y28 _ x15y29  y16y29 | x17y20  ox17y30 4 x18y/30
_ X8yl x18y32  y18y33 20335 | 20336 _ y21y36 | y20y37

_ X21yBT | x2ly 38y x23yd2

This local zeta function satisfies no functional equation. The corresponding
global zeta function has abscissa of convergence a§i14 =2.

Despite repeated efforts, we have been unable to calculate Céh,p(s). My is the
only Lie ring of nilpotency class 4 whose zeta function counting all subrings
we have calculated.

Theorem 2.40 ([64]).

CFqil4 ><Z,p<5> = (28 p(8)Cp(35 — 3)(p(55 — 3)(p(Ts = 5)(p(8s — T)(p(9s — 8)
X (p(10s — 8)(p(125 — W), (0,0 ™°)

where Wi 5 (X,Y) is

1+ X34 - X3Y5 £ X4y5 — X3yS 4+ x4yS — x4yT — xTy? — xTy10
X8yl x8yl2 4 y8yl13 _ x93 _ xlly13  xllyld 4 y10y15

L XUY1s _ox12y15 | Iy 4 w1297 yI3yT 4 y12y19 4 yldylo
4+ X15y20 | ox 15y 21 _ x15y22 4 ox16y22 | y1Ty23 | y18y23  y18y24
LoX19y24 _ xI8y25 4 y19y25 | y20y25 o y10y27 | o y20y27
_ox20y28 | x2y28 _ x20y29 | y22y29 | 23320 ox23y30 4 x24y-30
O X2AyBl _ x24y32 | y24y33 | x2Ty35 | x27y36 _ y28y/36 | y2Tys37

_ XYIT | x28y8 | y3ly42

This zeta function satisfies no functional equation. The corresponding global
zeta function has abscissa of convergence a§i14><Z =3.
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2.14 Nilpotent Lie Algebras of Dimension < 6

A complete classification of the nilpotent Lie algebras over R of dimension
< 6 is given in [44].2 We cannot hope to classify nilpotent Lie rings additively
isomorphic to Z% for some d < 6, but we can at least use a classification over
R to produce Lie rings over Z which are guaranteed be non-isomorphic. For
each Lie algebra, Magnin gives an R-basis and a list of nonzero Lie brackets
of the basis elements. The structure constants of each nilpotent Lie algebra
L listed in [44] are (fortunately) all in Z. Hence we can form Lie rings over Z
(or Z,) by taking the Z-span (or Z,-span) of the basis given.?

This approach has led to many new calculations of ideal zeta functions of
Lie rings of rank 6, and some others arising from a Lie ring of rank 5:

Theorem 2.41 ([64]). Let the Lie ring gs 3 have presentation
(T1, %2, T3, T4, T5 : [1, T2] = @4, [21, T4] = @5, [2, 23] = @5) .

Then

;,MZ"',IJ(S) = (g3 p(5)(p(3s — (r +3))(p(5s — (r +4)) ,
ggs,s,p(s) = <Z3,p(5)Cp(25 - 4)Cp(35 — 4)<p(35 — G)Cp(ﬁs — 11)%(65 —12)
X W (0:07°)

95,3
where Wgﬁdd (X,Y) is
1+ X%Y? = X'W3 4 XPY? — XOy* + XTY* + X8v* - 2XTy? — 2X8Y?®
- XY® 4+ X8y 4+ XOYO + XOYO — xW0yT —oxMyT —2x Py 4 xMY®
+X12Y8 _ X14Y8 _ X15Y8 —|—X15Y10 —|—X16Y10 _Xlsle —X19Y10
+ 2X18Y11 4 2X19Y11 +X20Y11 _ X20Y12 _ X21y12 _ X22y12 +X21Y13
=+ 2X22y13 4 2X23Y13 _ X22Y14 _ X23Y14 4 X25Y14 _ X25Y15 4 X26Y15
_ X27Ty16 _ x30y18

These zeta functions satisfy the functional equations

< 1y 5, (TP = (r411)s <
95,3><ZT7P( )’pﬂp,l 7( 1) p( 2 ) 95,3><Z7‘7p( ) ’
< __10—55,<
)] = TG )
: ; ; -
TiLe corresponding global zeta functions have abscissa of convergence ag, . =
gy 3 = 3.

% The classification was first given in [46], but we refer to [44] as this article is likely
to be more accessible.

3 We have permuted some of the bases of the Lie algebras from [44]; the bases we
give are those that make the calculations of the zeta functions easiest.
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Theorem 2.42.
Cﬁxg&s,p(s) = (25 p(8)(p(3s — 5)2<p(53 - 6)2<p(73 = T)¢p(5s — 5)_1
x (p(Ts —6)7 1.

This zeta function satisfies the functional equation

28—16
CSXBS,S,P(S) pop-1 =pr SCSX%,B,P(S) :

The corresponding global zeta function has abscissa of convergence aﬁx% ,=0.

Theorem 2.43.

ngsxgw’p(s) = (25 p(5)(p(35 — 6)(p(3s — 7)(p(5s — T)(p(Bs — 8)(p(5s — 12)
% Cp(75 — 9)Cp(Ts — 14)¢,(9s — 15)¢, (115 — 16)
X ngxgs,g(p’p_s) ’

where ng,xgs 3(X,Y) is given in Appendix A on p. 182. This zeta function
satisfies the functional equation

45—19
ngs ng,sap(s) =Pr SCQ<]3><95,37P(8) '

p—p~!
The corresponding global function has abscissa of convergence aégxgr , = 6.

We write gg,, for a Lie ring whose presentation is taken from that of the
nth Lie algebra in the list in [44]. We have already seen several examples of
rank 6, go,1 = L(3,2), 96,3 = F2.3, 86,4 = Fh3/(2) - Z and ge 5 = Us(R2) where
Ry is the ring of integers of a quadratic number field. g o = M5, whose local
zeta functions we have been unable to calculate.

Theorem 2.44 ([64]). Let the Lie ring g6 have presentation

<$1, -, T6t [331,3?2] = T4, [1‘171‘3] = Ts5, [.%‘1,3)4] = Te, [.’132,$3] = x6> .

Then

Q;,G’p(s) = CZB,p(S)CP(?’S - 4)Cp(53 - 5)<p(55 - G)Cp(63 - 6)Cp(73 - 8)
X Cp(gs - 11)Wg<e]~,76 (p’p—s) )

where W3 (X,Y) is

96,6
1 +X3Y3 o X6Y7 o X8Y8 o ngg . 2X11Y10 o X14Y12 +X14Y14
_ X15Y14 +X15Y15 +X17Y16 +X17Y17 +X19Y17 +X2OY19 +X21Y19
_ X21Y20 +X22Y20 _ X25Y24 o X28Y26 )

This local zeta function satisfies no functional equation. The corresponding

) ) a9
global zeta function has abscissa of convergence ag, & = 3.
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Theorem 2.45 ([64]). Let the Lie ring ge 7 have presentation
(@1, 26 ¢ [21, 23] = 24, [21, 24] = @5, [22, 3] = w6)

Then

o p(8) = (28 p(5)Cp(3s — 4)¢p(4s — 3)(p (55 — 5)¢p(5s — 6)¢, (65 — 6)
X C])(7S - 7)Wg<(];77(p7pis) 5

where W2 (X)Y) is

g6,7
1+X3y3 o X3y5 o 2X6Y7 o X7Y8 o X9Y9 o XlOle +X9Y11 o X10Y11
+ 2X10Y12 +X12Y14 +X13Y14 +X13Y15 +X16Y16 _ X16Y19 _ X19y21 .

This local zeta function satisfies no functional equation. The corresponding

. . P
global zeta function has abscissa of convergence ag, . = 3.

Theorem 2.46 ([64]). Let the Lie ring ge s have presentation
(T1,. ., w6 1 [T1, 2] = @3 + T4, [21, T3] = T35, [02, T4] = W6)

Then

o p(8) = (28 p(5)Cp(3s — 3)Cp(4s — 3)(p(5s — 5) (65 — 6)¢p(7s — 7)
X (p(8s — 8)(1 erl*S)ng&(p,p*S) ,

where W2 (X,Y) is

g6,8
1= XY + X°Y? - X°Y? + X7 + Xy - 2X°Y° — XOYP 4 2xtY°
+ X0Y% —2X°YT —2XOYT 4+ 3XOV® —4XTY? +4X°Y10 —axy !
_ XlOyll +X9Y12 —|—4X10Y12 _ 4X11Y13 +4X12Y14 _ 3X13Y15
+ 2X13Y16 + 2X14Y16 _ X13Y17 _ 2X15Y17 + X14Y18 + 2X16Y18
_ XBy19 _ x16y19 | x16y20 _ x17y21 | x18y22  x19y23

This zeta function satisfies the functional equation

Coos.(5)

_ 15—-12s 4
p—>p_1 _p é<g6,8’p(s) :

The corresponding global zeta function has abscissa of convergence a2 = 3.

96,8

Theorem 2.47 ([64]). Let the Lie ring ge.9 have presentation

(1, .. @6 ¢ [T, 2] = @4, [w1, w4] = @5, [1, W3] = @6, [w2, 24] = w6) .
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Then
Conop(8) = 23 p(5)Cp(55 — 5)Cp(65 — 6)(p(85 — T)(p(85 — 8)¢p(14s — 15)
x Wee (p,07°)

where W3 (X,Y) is

96,9
1+ X373 4+ X3V — X3Y° + XY° 4+ X076 + XTy7 — XOy® — XTY?
+X9Y9 +X10Y10 o X9Y11 o X10Y11 +X11Y11 o X10Y12 o X11Y12
+X12Y12 _ X11Y13 +X13Y13 _ X12Y14 _ X13Y14 _ X13Y15 +X13Y16
—X14Y16 —X15Y16 +X16Y16 —X16Y17 _ X16Y18 _ X17Y18 +X16y19
_ X18Y19 +X17Y20 _ X18Y20 _ X19Y20 +X18Y21 _ X19Y21 —X20Y21
+X19Y22 +X20Y23 _ X22Y23 _ X23Y24 +X22Y25 +X23Y26 +X25Y27
o X26y27 +X26Y28 +X26Y29 +X29Y32 )

This zeta function satisfies the functional equation
< _ 15—-12s 4
CQG,&)J’(S) pop1 =p Cgs,mp(s) :

; : ; a
The corresponding global zeta function has abscissa of convergence Qg o = 3-

Theorem 2.48 ([64]). Let v € Z\ {0, 1} be a squarefree integer. Let the Lie
ring g¢,10(7y) have presentation

P o o [T T2 = @4 (w1, 24] = w6, [41, 23] = s,
Ly 6 [m2,$3]=$6,[$2,$4] 2041'54'5{136 ’
where
oy + g = v if vy=2,3 (mod 4),
s(y=Dazs+a6 ify=1 (mod4).

Then, if p is inert in Q(\/7),
C;]a,m(v),p(s) = <Z3,p<5>Cp(35 - 3)@0(55 - 4)Cp(53 - 5>Cp(65 —6)
X (85 — 8)(p(8s — 6)71¢,(10s — 8) 71 .

If p splits in Q(\/7) and either

e y=1 (mod4) andpfi(y—1), or
e ~v#1 (mod4),

then
C;s,m(v),p(s) = (25 p(5)p(3s — 3)(p(4s — 3)(p(5s — 5)(p(65 — 6)(p(7Ts — 7)
X (p(8s = 8)(1+p'*)Wei [ (p,p™°)
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where W2 (X,Y) is given above on p. 57. For all but finitely many primes,

96,8
the local zeta function satisfies the functional equation

< 15712s<<1 ( ) .

gs,m(w),p(s) p—p—1 =P g6.10(7).p\5

Theorem 2.49 ([64]). Let the Lie ring ge 12 have presentation

(@1,... @6 : [T1, 23] = @5, [21, 5] = @6, [w2, T4] = w6) -

Then

Con 1ap(8) = Cza p(8)Gp(3s — 4)(p(65 — 4)Gp(Ts — 5)Cp(Ts —4) 7",
oo (8) = Cza p(8)Gp(25 — 5)Cp(35 — 5)Cp(35 — 6)Cp (45 — 8)¢p(4s — 9)
x Cp(5s — 12)(, (65 — 12)¢, (65 — 13)(,(Ts — 16)¢p(s — 2) 7
x W L (0,07°)

where Wg%m (X,Y) is given in Appendiz A on p. 183. These zeta functions
satisfy the functional equations

< _ . 15—13s
<96,12,P(8)‘pap,1 =p che,lzyp(s) ’

< _ 15-6s <
Cg:i,l2vp(s)‘p4>p,1 =p 5496,12117(8) .

The corresponding global zeta functions have abscissa of convergence ozgqs b=

< _
Ogg1p = 4.

It can easily be seen that ge,12 is the direct product with central amalgamation
of H with Mj.

Theorem 2.50.

C’:](XQGWIQ,])(S) = CZG,p(S)Cp(?’S - 6)2Cp(55 - 7)Cp(63 - 6)(10(75 - 7)§p(85 - 7)
X Cp(gs - 8)(@(118 - 14)W7j><96,12 (papis) )
where Wi, o (X.Y) is

1- X% — X0 — XO7® 4+ X0y —2X7y? + X PPyt —ax Byt
+2X13y12 _ X14Y12 4 2X13Y13 _ X14Y13 +X14Y14 4 2X13y15

_ Xl4y15 +X14y16 + X20Y16 +X14y17 +X20y18 +X20Y19 _ 2X19Y20
4 2X21y20 _ x20y21 _ x20y22 | x26y23 20324 x26y24 | x26y25
_ 99Xy _ x26y26 | x26y27 _ 9x 27y 27 | x26y28 _ 9 x27y28
—|—2X27Y29 _ X28Y29 4 2X33Y31 _ X34Y31 +X34Y32 +X34Y33 +X34Y35
_ x40y40
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This zeta function satisfies the functional equation

36—18:
Cﬁx%,mm(s) =P SC;]‘X%,H,P(S) .

p—p~1t

The corresponding global zeta function has abscissa of convergence aﬁX% =0
Theorem 2.51 ([64]). Let the Lie ring g 13 have presentation

<fL'1,. Tt [fL'l,.TQ] = Ts5, [xla‘r?)} = T4, [x17x4] = Tg, [.’I;27.T5] = .’L'6> .

Then

9<f]s,137p(5) = (25 ,p(8)(p(3s — 4)(p (55 — 6)(p (65 — 4) (75 — 5)(p(9s — 8)
X Wae 1, (0:07°)

96,13

where W3 (X,Y) is

96,13
1 +X3Y3 _ X4Y7 _ X7Y9 _ X8Y10 _ X11Y12 +X12Y16 +X15Y19 )

This zeta function satisfies the functional equation

ngfi‘lliap(s) = p157145<9<(]5,137p(3) )

p—p~t

; ; ; a
The corresponding global zeta function has abscissa of convergence Qg 1y = 3

Theorem 2.52 ([64]). Let v € Z be a nonzero integer, and let gg 14(7y) have
presentation

<.’£1, sy Tt [x17x3] = T4, [1’1,‘%4} = Tg, [xg,l’g] = Ts, [IQ,.T{,] - 7x6> .

Then, for all primes p not dividing -,

Cgi,mw),p(s) = CZ“,p(S)Cp(?’S - 3)Cp(33 - 4)€p(55 - 6)(17(63 - 3)Cp(75 —5)
X Cp(6s — 6)_1@7(73 -3)7".

If pt 7, the local zeta function satisfies the functional equation

<<1 15—14s < ( )

96,14(7)717(8) p—p—1 =P 96,14(7),p s

For~ = £1, the corresponding global zeta function has abscissa of convergence

< _
Qg 1a(21) = 3.

The following proposition has a routine proof which we do not repeat.

Proposition 2.53. For v1,v2 # 0, let g6.14(71) and ge14(2) be defined over
any integral domain or field R. Then g¢14(71) = g6,14(72) iff 11 = u?y2 for
some u € R*.
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It can also be shown that the local zeta functions depend only on the power
of p dividing ~y. We therefore have the following

Corollary 2.54. Let v € Z be a nonzero integer. Then ge 14(7) 2 96,14(—7)
< _ /<
but §g6,14(7)(5) = C96,14(7v)(5)'

The classification of six-dimensional Lie algebras has also given rise to
some new calculations in nilpotency class 4. In particular, the second author
found the following:

Theorem 2.55 ([64]). Define the two Lie rings g¢15 and ge17 by the pre-
sentations

[561,335] = Te, [3?2, xs} = Te

[x17$2] = T4, [.’El,l’z}] = s,
[#1,25] = w6, [T2,23) =26 /

_ 1, @] = 25 + 34, [71, 24] = 5,
86,15 = { T1,%2,X3,T4,T5,T6 : )

96,17 = <$1,$27$3,$47$5,$6 :

Then

C;i,151p(8) = C;s,u,p(s) = (23,p(5)Cp(35 — 3)(p(4s — 3)(p(65 — 4)(,(7s = 5)
x (p(9s =)Wyt . (p,p™7) , (2.10)

96,15

where W3 (X,Y) is

96,15
1— X3Y5 +X4Y5 _ X4y7 _ X7Y9 +X7Y11 _ X8Y11 +X11Y16 )

This zeta function satisfies the functional equation

C;‘w,w,P(S) = p15_168CQ<6,157P(8) )

p—p~1t

; ; ; T _
The corresponding global zeta function has abscissa of convergence ag, . = 3.

It follows from the classification [44] that g¢ 15 % g6,17, but an appeal to a
classification is not an enlightening proof. To be sure, we verify

Proposition 2.56. gs 15 and ge,17 are not isomorphic.

Proof. The rank of the centraliser of the derived subring is invariant under iso-
morphism. Firstly, g5 15 = (Y344, ¥s, Ys), which has centraliser (ys, 34, ys, ¥s)-
Secondly, g 17 = (74, 5, Z¢), which is centralised by (r2, 3, 24,5, 76). Thus
96,15 Z 06,17- O

The only other calculation at nilpotency class 4 this classification leads to
is the following:
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Theorem 2.57 ([64]). Let the Lie ring ge 16 have presentation

(@1, 23] = x4, [T1,24] = 5, [21,25] = 336>>

<$1,$2,x3,$47$5,$6 : [x27x3] = x5, [x2’$4] =24

Then
ngfi,167p(s) = CZS,p(*S)Cp(g’S = 3)Cp(55 = 4)(p(65 — 3)(p(7s — 5)(p(Ts — 3)_1 .

This zeta function satisfies the functional equation

< _ 15—17s5 4~
Cgﬁ,lﬁ)p(s) pop1 =Pr 5496,16717(8) '

; ; ; a
The corresponding global zeta function has abscissa of convergence Qg 15 = 3

2.15 Nilpotent Lie Algebras of Dimension 7

The Lie algebras of dimension 7 over algebraically closed fields and R were
first classified successfully by Gong [26]. Once again, the structure constants of
each Lie algebra are all rational integers. This includes the six one-parameter
families, providing we restrict the parameter to Z. Hence we can also use this
classification to obtain presentations of Z-Lie rings of rank 7.

We write gname for the Z-Lie ring corresponding to the Lie algebra with the
label (name) in [26]. For example, gi357r corresponds to (1357F) in [26]. The
digits are the dimensions of the terms in the upper-central series, and the suffix
letter (when shown) distinguishes non-isomorphic Lie algebras with the same
upper-central series dimensions. We have encountered some of these Lie rings
before, in particular g17 = G(3,0), gs7a = Ga, 9378 = T4, gi37a = M3 Xz M3
and goqra = L3 3). Furthermore, some of them arise as direct products with
central amalgamation: g157, @257k, g1457a and gi457p are the direct products
with central amalgamation of H with gs 3, F3 2, M4 and Fily respectively.

We saw above that ge 15 and ge 17 are non-isomorphic yet their ideal zeta
functions are equal. Amongst those calculations in rank 7 we have so far com-
pleted, there are no less than seven pairs of normally isospectral Lie rings. We
do not provide proof that the Lie rings are non-isomorphic, instead referring
the curious reader to [26].

Theorem 2.58. Let the Lie ring go7a have presentation

(1, 9,23, T4, T5, Te, Ty © [T1, Ta] = Tg, [X1, 4] = @7, [X3, 5] = 27) .
Then

Carran(8) = Cz5,p(8)Gp(35 = 5)Cp(55 — 6)Gp(Ts — 10)¢p(8s — 10) 7" .
This zeta function satisfies the functional equation

< _ 21—12s <
C927A,p(s)| =-p SCQQ’?AJ’(S) :

The corresponding global zeta function has abscissa of convergence a;m =5.

p—p~1t
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Theorem 2.59. Let the Lie ring gors have presentation
(X1, . 27 2 [21,22] = T6, [T1, 5] = @7, [X2, T3] = @7, [03, 24] = T6) .
Then
(1o (8) = Goo.p ()G (55 — )G (55 — 6)y (75 — 10)Gy(105 — 10)

This zeta function satisfies the functional equation

g (8], = PTG (5) -

The corresponding global zeta function has abscissa of convergence a§27B =5.
Theorem 2.60. Let the Lie ring gsrc have presentation

(X1, 27 ¢ [21,22] = @5, T2, 23] = @6, [¥2, 4] = 7, [v3, 24] = T5) .
Then €3, o(5) = G, (5) (v 45).
Theorem 2.61. Let the Lie Ting gs7p have presentation

(X1, .. 27 (21, 20] = @5, |21, 23] = 7, [0, 4] = 27, [23, 24] = T6) .
Then
(oo n(5) = Gt p(5)Go(35 — 5)Gy (55 — 6)G (65 — 10), (75 — 12WE (.5~
where W (X,Y) is

1 +X4Y3 —|—X8Y6 —|—X9Y6 _ X9Y8 _ XlOYS o X14Y11 _ X18Y14 )
This zeta function satisfies the functional equation

< _ 21—11s -
Cg37D7p(s)|p~>p’1 =P ’ Q37D7P(S) :

: ; ; a
The corresponding global zeta function has abscissa of convergence ag, =~ = 4.

Theorem 2.62. Let the Lie ring g1378 have presentation

[xlvxZ] = Ts, [15171'5] =7, [$2,$4] =x7, >

<£C1,.CC271'3,174,1‘5,I6,SC7 : [xS 954] = x¢ [1'3 ;176] = X7
b b b

Then Cismyl)(s) = Cf/fsszsvp(S) (p' 48}

Theorem 2.63. Let the Lie rings gis7c and gi37p have presentations

[x1, 2] = x5, [T1, 4] = 26, [21, 6] = 27,
[x2, 73] = w6, [23, 75] = —27 ’

[, 2] = x5, [X1, 24] = we, [X1, 26] = 27,
T2, 23] = Te, [T2, ¥4] = 27, [T3,75] = —x7 /

gi137c = <$17-~-,JC7 :

g137D = <$17~~~7$C71 [
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Then

<g<]137c,p(s) = <;37D,p(8> = CZ“,p(S)Cp(?’S - 4)<p(53 - 5)Cp(65 - 9)Cp(7s - 4)
X Cp(gs — G)CP(IIS — 10)@,(125 — 10)
X (p(16s —1L)WI _ (p,p~*),

g137C

where WI__ (X,Y) is

g137C
1— X484 X5y® _ XO0y® _ X5y9 _ X0yl _ x10y12 | xoy13 _ x10y13
4+ X1By15 _ x My 15 _ y10y16 | y14y 16 x15y16 4 y10y/17 _ ylly17
4 XIBY1T | x4y 19 y15y19 | x19y19 | x15y20 4 x19y20 4 yldy2l
Lox15y2l _ xl6y21 | y15y22 | yl6y22 | x18y23 | 19323 y20y23
_XIBy24 _ x19y24 | 332024 | y15y25 | x23y26 | 2426 4 y19y27
_ X19y28 4 x20y28 | y21y28 | 23328 | x24y28 | y25y28 | y25y20
_ X20y30 4 x21y30 | y20y/31  gy24y32 | 25332 | x26y732 | y24y/33
_ X25y33 _ x26y33 | y28y34 | 20334 | 2835 y20y/35  y30y35
_ X25y36 _ x29y36 _ x25y37 | y29y37 _ x30y37 _ y20y/39 | x33y-39
_ X3Ay39 4 Y2940 _ y30y40 | x34yd0 | xB0yAl  yBlyAl | y3dysds
_ X3OY43 4 x3dyAd | yB5yAs | B0yAT | 35y 48 | y39y48 | yrd0yrds
_ x44y56
This zeta function satisfies the functional equation

4 _ 21-17s <
C9137C,P(8)| 1 =P 3<9137C,p(s) .

; ; ; a
The corresponding global zeta function has abscissa of convergence ag, .. = 4.

p—p

Theorem 2.64. Let the Lie Tings gia7a and gr47s have presentations

grara = ( o1 Ty (71, 2] = @4, [11, 23] = 25, [21, w6] = 7,
o [z2, 5]*$7,[$37$4]79€7 '
[T1,T2] = 74, [xl 3] = @5, [71, 24] = 27,
=(xy,...,T7: .
g147B < 1 7 [, 26] = x7, [x3, 75 = @7
Then
C;47A,p(s) = <;47B,p(s) = CZ4,17(S)CP(3S - 4>CP(3S - 5)(17(55 - 8)CP(78 - 6)
x (p(6s —8)71 .
This zeta function satisfies the functional equation
21—16s
g<]147A1p(S)|p~>p71 =P C9147A7p(5)
The corresponding global zeta function has abscissa of convergence afmm =4.
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Theorem 2.65. Let g157 have presentation
(X1, . 27 2 |21, 22] = 23, |21, 23] = 7, [0, T4] = 7, [25, 26] = T7) .
Then
Cararp(8) = C25,p(8)Gp(3s — 5)Gp(Ts — 6) .
This zeta function satisfies the functional equation

< _ 21—15s <
<9157A7P(s)| =-p S<9157A7P(8) :

The corresponding global zeta function has abscissa of convergence 0494157 =5.

p—p~1t

Theorem 2.66. Let the Lie ring gosrs have presentation
(@1, 27 ¢ [21, 2] = 4, [0, 23] = @5, [11, 24] = w6, [X3, 5] = 27) .

Then

;47]371)(5) = (23 ,p(8)(p(3s — 4)(p(4s — 3)(p(5s — 5)(p(5s — 6)(p(65 — 5)
X (p(6s — 6)Cp(Ts — 6)Cp(7s — 7)Cp(8s — T)(p(8s — 8)
x (p(9s — 10)¢p(9s — 11)¢,(10s — 9)¢,(10s — 11)¢,(11s — 10)
x Cp(11s — 12)¢,p (125 — 12)¢, (135 — 13)¢p(s — 1) 72
X Gp(25 = 2) T Wi, L (0.0 7%)

92478

for some polynomial Wy, (X,Y) of degrees 123 in X and 128 in' Y. This
zeta function satisfies the functional equation

< _ 21—15s <
CG247B m(s) | =-p SCQQ47B,P(S) :

The corresponding global zeta function has abscissa of convergence a§2473 =3.

p—p~1t

Theorem 2.67. Let the Lie rings gas7a and gosrc have presentations

g257A = <$17 sy L7t [3?17562] = 3, [331,5103] = T¢, [5617335] = 7, [3?2756‘4] = iCG) s
gos57C = <5U17 sy 7l [Sﬂl,xz] = I3, [$1,$3] = Tg, [3627554] = Te¢, [562,305] = $7> .
Then

Corornp(8) = Covorop(8) = Cza p(8)Gp(35 — 5)¢p(5s — 6)¢p(5s — 8)¢p(Ts — 9)
XWe i (0:p™%),

g257A

where

W9<2]57A (va) =1+ X4y3 _ x9%y8 _ x13y10

This zeta function satisfies no functional equation. The corresponding global

X . g
zeta function has abscissa of convergence ag, . = 4.
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Theorem 2.68. Let the Lie ring gos7s have presentation

<-7717 s, It [-Tlax2] = I3, [1‘171‘3] = T¢, [$1,$4] = X7, [-TanS] = -777> .

Then
ggism,p(s) = CZ“JJ(S)CP(?’S - 4)<p(45 - 4)(17(55 - 6)<p(63 - 9)Cp(75 -9)
X (p(8s —10)¢, (125 — 15)I/Vg<2'57]3 (p,p~ %),

where W (X,Y) is

1— X4Y5 +X5Y5 _ 2ng8 _ X9Y9 _ X13Y10 +X13Y11 _ X14Y11

4 2X13Y12 o 2X14Y12 + X14Y13 o X15Y13 + 2X18Y15 o X19Y15
+X18Y16 —|—2X19Y17 _ X20Y17 +X23Y18 _ X22Y19 +X23Y19 _ X23Y20
+ 2X24Y20 +X24Y21 +X28Y22 _ X27Y23 _ X28Y23 + X29Y23 _ 2X28Y24
+X29Y24 _ X33y27 _ x33y28 _ x33y29 _ x38y30 + X37y32 + X42y35
This zeta function satisfies no functional equation. The corresponding global

X . PR
zeta function has abscissa of convergence ag, . = 4.

Theorem 2.69. Let gos7x have presentation

<9U1,.~7$7 : [9017152] = Ts, [xlal"s} = Tg, [$2,$5] = Z7, [9037154] = £U7> .

Then
Cgism,p(s) = CZ4,P(S)CP(38 - 4)Cp<43 - 4)Cp(55 - 5)(}?(65 - 5)Cp<73 —6)
X Cp(7s = 8)¢p(9s = 10) Wy (p,p™°) ,

where W3 (X,Y) is

1 X4 _ X5y7 _ x8y? _ x8y10 | ySyll _ x10y11 | x9y12
Lox12y18 _ x183y18 | yI3yld | ox13y15 | ylayls | xl18y16 | o xl4yl6
LXMylT _ xlayls | x15y18 | 18y 19 | y1Ty20 4 x19320 | x19y21
L x19y22 | x22y24  x28y26 | yx2Tysl

This zeta function satisfies the functional equation

4 _ 21145,
C9257K1p(8)|p—>p_1 =-r C9257}(47(8) :
. . . a
The corresponding global zeta function has abscissa of convergence ag, . = 4.

Theorem 2.70. Let the Lie ring g1357a have presentation

T 7 [$1;Z‘2] = T4, [.1?1,3}4] = s, [xl’xs] = 7,
s (22, 23] = @5, (X2, T6) = @7, (w3, 24] = —27 )
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Then
C;%M’p(s) = (g4 () (35 — 4)(p(55 — 5)(p(7s — 6) .
This zeta function satisfies the functional equation

< _ 21—19s <
CglEEﬂA;P(S) | =P S<91357A7P(S) :

; i i < _
The corresponding global zeta function has abscissa of convergence ag. ... =4.

p—p~t

Theorem 2.71. Let the Lie rings gi3s7s and gi3s7c have presentations

(@1, 22] = x4, [T1,24] = x5, [T1,75] = 27 >
)

fraoms = <a:1, ot (22, x3] = @5, [23, 24] = — 27, [23, 76] = 77

(X1, 22] = x4, [T1, 24] = x5, [T1, 75] = 27,
gi3s7c = { T1,...,27: [z2, 73] = w5, [T2, 4] = 27,
[$3,x4] = =7, [x37m6] =7

Then

Carosrnn () = Cotanne p(8) = €1 p(8)Gp (35 — 4)(p (55 — 5)(p(Ts — 4)(p(95 — 6)
X (p(11s —10)(,(16s — 11)W S _ (p,p~*) ,

913578

where W2 (X,Y) is

913578
1— X4Y8 +X5Y8 o X5Y9 o X9Y11 +X9Y12 o X10Y12 o X10Y16
+X10Y17 _ X11Y17 +X14Y19 _ X15Y19 +X15Y20 +X15y25 +X19y27
o X19Y28 +X21Y28 o X25Y36 )
This zeta function satisfies no functional equation. The corresponding global

X . b =
zeta function has abscissa of convergence ag,, . . = 4.

Theorem 2.72. Let the Lie Tings g13s7c and gi1357u have presentations

[x1, 2] = 23, [T1, 4] = 26, [21,76] = x7>
b

g1357G = <3317 s T [z2, 23] = x5, [T2, T5] = 77

[331,332] = I3, [3317964] = Te, [931,336] = 7,
g1357H = { L1,.-.,%7 : [Iz,il?s] = Ts, [5627935] = Z7, [1‘2@6] = 7,
[5E3,$4} = —I7

Then

C;357G7P(8) = <9<]1357H»p(s) = CZS,P(S)CP(SS - 4)@?(45 - 3)<p(53 - 5)CP(53 - 6)
X (p(6s — 6)(p(7s — 4)¢p(Ts — 7)(p(8s — 5)
X (p(9s — 6)(,(10s — 9)¢p(11s — 8)(, (125 — 10)
x (125 —1)WS2 __ (p,p~?)

81357G

where Wg<1]357c (X,Y) is given in Appendiz A on p. 184. This zeta function
satisfies no functional equation. The corresponding global zeta function has

. < —
abscissa of convergence Ogusre = 3
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Theorem 2.73. Let g1457A have the presentation

(X1, 27 ¢ [21,22] = @5, [21, 5] = @6, [21, T6] = @7, [v3, 24] = T7) .

Then

;457A7p(5) = (22 p(8)Cp(3s — 4)(p(4s — 4)(p(5s — 5)(p(Ts — 4)(,(9s — 6)
X (p(10s — 9)(p(11s — 10)(, (125 — 10)¢,(15s — 10)
X (p(16s —1)Wy, (0, 0™°)

g1457A

where W2 (X,Y) is given in Appendiz A on p. 186. This zeta function

] 91457A . )
satisfies the functional equation

_ 21—18
C;457A;P(8)| =-p SC;457A7P(S) '

p—p~1t

- ; : < _
The corresponding global zeta function has abscissa of convergence ag,, .. =4.

Theorem 2.74. Let g14578 have presentation

T Ty [5171,962] = Ts, [$17$5] = T, [Il,%] = I,
e (w2, 25] = 27, [T3, 24] = 27 '

Then

(3 vrmp(8) = Cza ()G (3s — 4)Gp(4s — 4)Cp(5s — 5)(p(Ts — 4)(p (95 — 6)
X (p(10s — 9)¢p(11s — 10)(,p (125 — 10)¢, (165 — 11)
X W9<1]457B (p’p_s) ’

where W2 (X,Y) is given in Appendiz A on p. 187. This zeta function

914578
satisfies no functional equation. The corresponding global zeta function has

. < —
abscissa Of convergence 0491457]3 = 4.
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Soluble Lie Rings

3.1 Introduction

In this chapter, we present some calculations of zeta functions of soluble (but
non-nilpotent) Lie rings over Z. Since these Lie rings are not nilpotent, the
Mal’cev correspondence cannot be used, and so there is no corresponding %-
group whose local zeta functions we are also calculating. We prove that the
zeta functions we consider behave in a similar fashion to those of nilpotent
Lie rings. What is remarkable is that the uniform behaviour is ‘stronger’ than
that seen with the nilpotent Lie rings.

Theorem 3.1. For n € Ny, let tv,(Z) denote the set of upper-triangular
n X n matrices, with the Lie bracket given by the familiar commutator [x,y] =
xy —yx. For each n € Nyg there exists a univariate rational function R, (Y),
with R, (0) =1, such that

Con@),p(8) = Gn () R (p™)
for all primes p. Furthermore,

in(n MY —L1(2p3 n?—5n s
(2 pOlppmt = (w1 FrDp(E) @bt -ontos a6 (3.0)

for all primes p.
We note in passing the following corollary of Theorem 3.1.

Corollary 3.2. The abscissa of convergence of CS (Z)(s) 18 afl @ =M with
a simple pole at s = n.

Proof. We have that
(o) =G [[Ralp™) -
p

It is well-known that (), (s) has abscissa of convergence n with a simple pole at
s =n. tr1(Z) £ Z, so the result is clear for n =1, and for n > 2, [[, R,.(p™)
converges for R(s) > 1. 0
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The proof of Theorem 3.1 is combinatorial. The following result, due to
Stanley [55, Proposition 7.1], plays a crucial part in the proof:

Theorem 3.3. Let E be a system of homogeneous linear equations in k vari-
ables a = (ay,...,ar) with coefficients in Z. Let Sg be the solution set
of E over N and Sg the solution set over Nsg. Let X = (Xi,... , Xk) be
k commuting indeterminates and use the notation X* = X{"' ... X% and
1/X =(1/X1,...,1/Xk). Define the generating functions

FE;X)= ) X*, F(E;X)= ) X*.

acSg acSg
Then F and F are rational functions in X. Furthermore, if Sg # @, then
F(E:1/X) = (—1)*F(B; X) . (3:2)
where k = k(E) is the corank of E.

Stanley’s theorem applies to systems of linear equations, and it can easily be
generalised to linear inequalities:

Corollary 3.4. Let I be a system of k —r homogeneous linear inequalities in
r variables b = (by,...,b,) with coefficients in Z. Let Sy be the solution set
of T over N, and let' Y = (Y1,...,Y,) be r commuting indeterminates. There
exists a system of linear equations B of corank v such that we may write

FILY):= > Y"=F(EX)
beSy

for suitable X = (X1,...,Xy) depending on Y. In particular, F(I;Y) is a
rational function in Y.

Proof. The system of equations E is obtained from I by adding a distinct slack
variable to the inferior side of each inequality. Clearly, there is a bijective
correspondence between Sy and Sg. Since each equation in E has a unique
slack variable, the corank x(E) = r. Hence we may consider the generating
function of Sg, F(E;X), where X = (X1,...,X}) is a vector of commuting
indeterminates. To obtain F(I;Y) from F(E; X), weset X; =Y; for 1 <i <r
and X; =1forr+1<i<k.

However, we must check that setting X; =1 for r +1 < i < k gives us a
well-defined rational function. F(E; (0,...,0, X, 11,..., X)) is the generating
function of all solutions to E with a; = -+ = a,, = 0. Clearly this counts
only the trivial solution 0, i.e. F(E;(0,...,0,X,+1,...,Xx)) = 1. Hence the
denominator of F'(E;X) can have no factors of the form (1 —X°) with ¢; =0
for all 1 < i < r, so by setting X; = Y; for 1 < ¢ < r and X; = 1 for
r+ 1 <i <k, we obtain a well-defined rational function in Y. O
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Corollary 3.5. Assume the notation of Theorem 5.3. Suppose in addition
that 1 = (1,1,...,1) € Sg. Then

F(E;1/X) = (-1)"X'F(E; X) . (3.3)
Proof. If a € N’;O, then a € Sg if and only if a — 1 € Sg. Hence

FEX)= > X*= Y X*= ) X' =X'F(EX).

acSg a—1€Sg aESg

Clearly Sg # @, so Theorem 3.3 implies the result. a

3.2 Proof of Theorem 3.1

We prove Theorem 3.1 by representing CS @) p(s) as a generating function of
the form F(I;Y) for the ideals of tv,,(Z) of p-power index in tt,,(Z). The proof
is broken up into a number of stages.

3.2.1 Choosing a Basis for tr,,(Z)

The most obvious basis for tv,(Z) is the N := n(n + 1) elementary n x n
matrices whose nonzero entries are on or above the leading diagonal. However,
this basis is unsuitable for our purposes. We therefore present an alternative
choice of basis.

Let E; i, denote the elementary matrix with a 1 in the (j, k) entry and zeros
elsewhere. Let f be any bijection f: {(j,k): 1 <j<k<n}—{1,...,N}
such that for all 1 < j; <k <n, 1 < jo < ky < n with ks — jo > k1 — j1,
f(j2,k2) > f(Jj1, k1). We choose the basis for t,,(Z) to be (eq,...,en), where

e — Z?:i EjJ' if 1 S 7 S n, (3 4)
O Ejk if n+1<4i<N, where (j, k)= f~1(i) . '

Intuitively, the n diagonal basis elements are followed by the n — 1 elementary
matrices whose nonzero entry is on the first superdiagonal, and then the n — 2
elementary matrices with nonzero entry on the second superdiagonal, and so
on. This basis has the property that if 1 < j; < jo < ko < ko < n and
(41, k1) # (j2.k2), then Ej, i, precedes Ej, 1, . Also, e; is the identity matrix.

The following lemma provides justification for our choice of diagonal basis
elements:

Lemma 3.6. Let 1 < j <k <n,1<i<n. Then

E; ifj<i<k,
(B 5 ei] = ik i z._
’ 0 otherwise.
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Proof. We split into three cases:

Li<j<k:[Ejk e]=[Ejr Ej;] + [Ejk, Exr] =0,
2. j<i<k:[Ejr e =[Ejr Err] = Ejk,
3. ] <k<u: [Ej7k,e7;] =0

O
Corollary 3.7. Suppose 1 < j <k <n,1<j; <k <n. Then
Ejw ifl<j<j<k<k<n,
(Eji k> €541, €k] = ‘
0 otherwise .
Proof. Immediate from Lemma 3.6. O

3.2.2 Determining the Conditions

Any additive submodule of Z of finite index can be additively generated by

my,...,my, where
N
mi:§ M ;€
j=i

and m; ; € Z for 1 <7 < j < N. If we additionally stipulate that m;; > 0
forall 1 <7< Nand0<m;; <mj; for 1 <i<j <N, then each addi-
tive submodule has a unique such generating set. The index of this additive
submodule is HZJ\LI m;,;, the determinant of the IV x N matrix with the m; ;
as entries. We require the index to be a power of p, and this is achieved by
ensuring that m; ; is a power of p for each 1 <7 < V.

For the additive submodule to be an ideal, we must also ensure that

[m;, e;] € (my,...,my)z (3.5)

for 1 < 4,57 < N. These requirements give rise to a number of polynomial
divisibility conditions amongst the m; ;. Our next task is to determine these
conditions explicitly.

Lemma 3.8. m; ;j =0 forall1<i<j <N, j>n.

Proof. We prove by reverse induction on j that m; ;j =0 for all 1 <7 < j. The
base case is j = N. Suppose 1 <i < N. By Corollary 3.7,

[m;, ez, e,] = m; nen .

This must lie within the Z-span of my,...,my, and so my y | m; n. Since
we are assuming 0 < m; y < my,n, m; Ny = 0.
By the inductive hypothesis, assume m;, ; = 0 for all 7;,j; such that

Jj <j1 £N,1< 14 < ji. In particular, this implies that m; = m; je;. Let
(a,b) = f~1(4). Since j > n, a < b. By Corollary 3.7,
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[miv €q41, eb] =mij€j .

Since m; = m,; je;, we once again have m; ; | m;; and 0 < m; ; < m; j, so
m; ; = 0 for all 1 < ¢ < j. This establishes our induction. O

Lemma 3.8 implies that [m;,e;] € {0,m;} for 1 <i < N,1<j <n,so
we have now satisfied (3.5) for 1 < j < n. It also implies that m; = m; ;e;
for n +1 <7 < N. Recall that each such e; is the elementary matrix F; j
where (j,k) = f~1(i). These elementary matrices are more naturally indexed
by the pair (j, k) than by the ordering imposed by the bijection f, so we
shall relabel the coefficients of the off-diagonal basis elements accordingly. Set
ik = MfGk),f(G.k) for 1 < 7 < k < n, so that Mmy(j k) = nj,kEch.

We now determine the conditions the n; ;, must satisfy among themselves.
These arise from ensuring that

[y e Ejy ey s Eja k] € (njpEji 11 <j <k <m) (3.6)
for1§j1<k1§n,1§j2<k‘2§n.
Lemma 3.9. Suppose 1 < j; <k <n, 1< jo < ko <n. Then
Ej gy  if k1 =J2,
[Elefl’EjQJCQ} = _Ejg,kfl ijl = k2 s
0 otherwise .
In particular, if k1 # jo and j1 # ko, [0y ki By kys Ejo k] = 0.
Proof. Routine matrix calculations. O

Lemma 3.10. Suppose that 1 < j1 < k1 <n and 1 < jo < ko < n. If either
71 =7Jo and kg < k‘l, or k1 = ko and 71 < Jjo, then Mgy Ky | Mo ko -

Proof. If j1 = ja, ko < ki, then [nj, k, Ej, ko> Eko k] = Mo ko Ejy by, and if
ki = k2, j1 < ja2, then [nj27k2Ej2;k72?Ej17j2] = Mo ks Ejy ey - Either way, to
satisfy (3.6) we require 1, g, | 1, ks- O

Corollary 3.11. Ifl <1 << ko < ki1 <mn, then M5y ks I Mgy ko -
Proof. Using Lemma 3.10 at most twice, nj, &, | 7y ky | 7o s - O

We therefore require the conditions nj | njr—1 for 1 <j <k—-1<n
and n;_1 | nji for 2 < j <k < n. All other conditions that the n; satisfy
among themselves are implied by these conditions.

Finally, we consider Lie brackets of the form [m;, E; ;] for i <n, 1 < j <

k < n. By Lemma 3.6, (m;, E; ;] = — (Zfzj_H mim) E; 1, and this gives rise
to the condition
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k
Mgk Z mir (37)

r=j+1

If £ = j+1, (3.7) reduces to the monomial condition n; j4+1 | m; 1. If
j < k — 1, the monomial conditions of the form (3.7) and Corollary 3.11
together imply that n; . | nj, j,+1 | M j,41 for j < ji < k. Hence we shall
only need to enforce the conditions (3.7) for k = j + 1.

3.2.3 Constructing the Zeta Function

Collecting together all the conditions we derived in the previous section, we
have

m;,; is a power of p for 1 <14 < n, (3.8)
nj i is a power of p for 1 < j < k <mn, (3.9)
0<m;; <mj;forl<i<j<mn, (3.10)
njj+1 | mijp1 for 1 <i<j+1<n, (3.11)
ik | njr—1 for 1 <j<k<n k—j>2, (3.12)
Nk | njpipfor1<j<k<n, k—j>2. (3.13)

Substituting m; ; = pAi and n;p = pBM for 1 <i<mn,1<j<k<n,with
each A;, Bj i, € N eliminates (3.8) and (3.9) and splits (3.11) into two separate
sets of conditions (3.15) and (3.16):
0<m 1 <phiforl<i<j+1<n, (3.14)
Bj,j—i—l S Aj+1 for 1 S] S n — 1, ( )
PP+t | my g for 1 <i<j+1<n, (3.16)
BjykSijk,1f0r1§j<k§n,k—j227 ( )
Bj7kSBj+1,kaI‘1§j</€§n,k—j22. ( )
Let W denote the set of all
2
(Ala ce Ana mi1,2,M1.3,. -, Mp—1,n, Bl,?a Bl,3a ey Bn—l,n) S Nn
satisfying (3.14)—(3.18). We therefore have

n

Come®=>_TIr"™ II » %) . (3.19)

W \i=1 1<j<k<n

3.2.4 Transforming the Conditions

As they stand, the conditions (3.14)-(3.18) are not sufficient to deduce our
results. Some changes of variable are necessary to transform the conditions.
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For1<i<j+1<mn,set m;jy1 = m;’ijBJ?Hl. and for 1 < j <n-—1,
set Aj1 = A’ + Bjjy1. For notational simplicity, we also set A; = Aj.
These changes eliminate the conditions (3.15) and (3.16), and (3.14) becomes

0§m§7j+1<p‘43‘+1 forl<i<j+1<n.

Since there are no other restrictions on the m/

i.j» we may sum over the mj ;
for 1 <i < j <n to obtain

J

Cin,(Z),p(s):Z HpAi(i—l—s) H p2Big1s H p~Biks |

wr | i=1 1<j<n 1<j<k<n
k—j>2

where W’ is the set of all (Ay,...,A,,B12,B13,...,Bn_1,) € NV sat-
isfying the conditions (3.17) and (3.18). Furthermore, these conditions are
independent of the Aj, so we sum the A} to obtain a factor (7 (s) =

H?:1 Cp(s— (i —1)). Thus

e =G> | T p7%e I p7%* |, (320

w’ | 1<j<n 1<j<k<n
k—j>2

where W is the set of all (B1,2,B1,3,...,Bn-1n) € Nzn(n=1) satisfying (3.17)
and (3.18). Set

R,(Y)=> | ] v*%+ [ v™*

wr | 1<j<n 1<j<k<n
k—j>2
so that (] @) p(8) = G p(8)Rn(p™*). Ry (Y) is clearly independent of p, and
so the first part of Theorem 3.1 now follows from Corollary 3.4.

3.2.5 Deducing the Functional Equation

There is still work to do to prove the functional equation (3.1). The next step is
to eliminate the conditions (3.17). For 1 < j < k < n, set Bj j, = B;’k+Bj,k+1.
For the sake of notational simplicity, we also set B;m = Bj, forl1 <j<n.
Inductively, Bj = Bj ;. + B’ ., + -+ Bj . Equation (3.20) becomes

Cén(Z),p(S) = <Z<]"7p(s) Z H p_(k_j-‘rl)B';Tks 3 (321)

wrr \1<j<k<n
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where W' is the set of all (B} 5, Bl 5,..., B, ,) € N2"("~1) satistying

n—1,n

B+ B+ + B, <Biy,+ B+ + B, (322)

for1<j<k<n k—j>2.
When k = n in (3.22), we have

B, <Bj,for1<j<n-—2.
Set B}, = B}, + Bj_,, for 2 <j <n-—1sothat B}, =B/, + B/, +

-+++ By ,,. For notational simplicity, we also set B , = BY,, and B}, = B/,
for 1 < j < k < n. Equation (3.21) now becomes

CS,L(Z),p(S) = <Z<1",p(s> Z H piej’kB;,’ks ) (323)

W 1Sj<k'§n
where
k—i+1 if1<j<k<
o {EoavL o siekn gy
sn—j+1)n—-7+2)—1 ifk=n,1<j<n,

and W"" is the set of all solutions (BY 5, BY3,..., B _1,) € N37(=1) gatis-
fying

Bie+Biep+ o+ B B+ B g+ + B, (3.25)

forl1<j<k<n, k—j>2

Each condition in (3.25) has one less term on the inferior side than on the
superior. Hence, when these inequalities are replaced with linear equations
by adding a slack variable to the inferior side, each such linear equation will
have the same number of terms on each side, all with coefficient 1. The all-1
vector 1 is always a solution of such systems of linear equations. Hence, by
Corollaries 3.4 and 3.5,

Ct<r]n(z),p(5)|fwf1

TG | D ol I ) At

1<j<k<n W \1<j<k<n

")—ns i - Tk
_ (—1)"]?(2) (_1)2n(n 1) 1—£< ) €5,k Cljn(Z),p(S)
1<j<k<n

n

_ (_1)Np(2)_ns_(21§j<ksn ej’k)SCjn(Z)m(S) :
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It remains to evaluate the sum 3, _; ., ejr. For 1 <j <mn,

n n—1
dooen= ) (k—j+D)+3n—j+)n—j+2)-1
k=j+1 k=j+1

=5(n=5)n—j+1)+50n—j+1)n—j+2) -2

=(n—j+1)72%-2.

So
n—1
Yooer= (n—j+1)*-2)
1<j<k<n j=1
Z (2n —1)
= %n(n +1)(2n+1)—(2n—1)
=1(@2n® +3n* —1In+6) .
Hence

™M —L(2n2+3n%—5n+6)s
S gy = (~D)Np(B) g @I e ()

and this completes the proof of Theorem 3.1.

3.3 Explicit Examples

7

Theorem 3.1 gives us some idea of the overall shape of these zeta functions.
However, it is worthwhile to calculate a few of them to see what they actually

look like. Straightforward calculations give us

Proposition 3.12.

<t<r]1(Z ,p(s) zp(8)

Coonzyp(8) = czz,p<s><p<2s) :

Crog(2).p(8) = Cz2,p(8)Gp(28)° Gy (55)

Craa2) p(8) = Can p(8)Gp(25)° G (55)2((85) ¢ (95) G (105) 1

The above results can be obtained by hand with little difficulty. However, a

computer was used to obtain the following result.

Theorem 3.13.

§t<1‘]5(z)7p(5) = (z5 (8 )CP(ZS) Cp(55) (p(85)¢p(9s) <H Cp(ks) )

k=11
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where

PY)=1+Y24+Y* 4V + YO+ Y 4 2Y® 42V 4 VIO p 2yt p oy 12 4 y18
+ Y14 + Y15 + Y16 + Y17 _ YQO _ Y21 _ Y22 _ Y23 _ Y24 _ 2y25
o 2y26 o Y27 o 2y28 o 2y29 o Y30 o Y31 o Y32 o Y33 o Y35 o Y37.

§;‘6(Z)p(s) and Cti(z)p(s) have also been calculated with the help of a
computer.

Theorem 3.14.

Csﬁ(z),p(s) = (6 p(s )Cp(QS) Cp(55) (p(85)¢p(9s) <H Cp(ks) > ttﬁ(z)( R

k=11

<t<t]7(Z),p(3) = (7 p(s )$p(25)°Cp(45)Cp(55)° Gy (95) (H Cp(ks ) tt7(Z)( ),
k=11

where VV,‘r (Z)( ) and Wti(Z)(Y) are given in Appendiz A from, p. 188
onwards.

3.4 Variations

3.4.1 Quotients of tr,(7Z)

Fix some n € N5q. Let S be a nonempty subset of { (j,k):1<j<k<n}
such that if (j,k) € S and 1 < j; < j < k < k; < n then (j1,k1) € S. Let
Is={Eji:(j,k) €S}z, the ideal generated by off-diagonal basis elements
of tt,,(Z) indexed by S. It is not difficult to see that Is < tr,(Z), so we may
consider the quotient of tr,,(Z) by Is.

Quotienting out by Is does not destroy the uniformity property of the local
zeta functions of tr,(Z). Before we prove this, we give the following lemma
which is more-or-less an adaptation of Lemma 3.10:

Lemma 3.15. Suppose that 1 < j1 <k; <n, 1 < jo < ke <n and (j1,k1) ¢
S. If either j1 = jo and ko < k1, or ki = ke and j1 < ja, then nj, i, | nj, i, -

Proof. The proof is identical to that of Lemma 3.10 once we ensure Ej, j, ¢ Is
if jl < jg < k‘g < k‘l, Ekz,kl ¢ Is if k’g < k‘l and Ej1,j2 ¢ IS if jl < jg. This
follows since, under the above circumstances, (j2, k2), (ko, k1), (j1,72) ¢ S. O

Theorem 3.16. There exists a univariate rational function Rg(Y') such that
for all primes p,

Coon(2)/16.p(8) = G () Rs(p™") .
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Proof. We may apply the proof of Theorem 3.1 with a few modifications. We
omit any basis elements E;j for (j,k) € S, and the bijection f must be
adjusted. In particular, it is now a map

fAUGE):1<j<k<n, (jk)¢S}—{1l,...,N—|S|}.

Lemma 3.8 continues to apply, although we must replace Lemma 3.10 with
Lemma 3.15. Finally, if (4,7 + 1) € S, then we do not have B; j+1 | Aj41, so
we set Aji1 = Aj and m; 41 = mj ;. for 1 <4 < j+ 1. We therefore
obtain

Cjn(z)/ls,p(s) = CEL,p(S)RS(p_S) )

where

Rs()=>_| I v* ] v»* (3.26)

wy 1<j<n 1<j<k<n
(j.j+1)¢s k—j>2
(4,k)¢S

and WY is the set of all (Bj . : (j, k) ¢ S) € N2*("=D~I5| satisfying

Bjr<Bjp1forl<j<k<n k—j>2/(k ¢S5, (3.27)
Bjr<Bjurpfor1<j<k<n k—j>2/(jk) ¢5. (3.28)
Hence the result. O

However it is not always true that a functional equation holds.

Theorem 3.17. Let S = {(1,4),(1,5)}. Then Ctils(Z)/Is p(s) satisfies no func-
tional equation of the form (3.1).

Proof. A computer calculation has shown that
Coon@)1s.(8) = G 1 (8)Gp(28)° G (55)Gp(85) G (95) G (115) G (128)Q(p ™)
where
Q) =1+Y2 4y 4 Vo1 yS 4y 42y8 4y 4 y0 Lyl yl2 yi7
_yI8 _yl9 _9y20 _y21 _ 22 _ 323 _ 24 y25 _ 326 _ 328
From this the result follows immediately. O

Nonetheless, we can prove a theorem giving many cases when a functional
equation does hold. For 1 < j < n, let

w; =min({k:j<k<n, (jk+1)eStu{n}),

and for 1 < j < n —1, put d; = wjy1 — w;. For convenience, set wy = 0,
do = WwWq.
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Definition 3.18. (j, k) is a corner of S if (j,k) € S but (j,k—1) ¢ S and
(J+1,k) &5, or equivalently if w; =k —1 and w; < wjy1.

Definition 3.19. Suppose 1 < j < n — 1. A corner (j, k) of S is square if
7> dj, Wj—d; < Wj—dj+1 and Wj—dj4+1 = = Wj.

Definition 3.20. A corner (j,k) of S is on the m'" superdiagonal if k =
J+m.

Ezample 8.21. Suppose n = 7, S = {(1,5),(1,6),(1,7),(2,5),(2,6),(2,7),
(3,7)}. S has two corners, (2,5) and (3,7), both of which are square, since
do =2 and wy =wy =4, and d3 = 1, wg = 6.

Ezample 3.22. Suppose S = { (j, k) : k—j > m }, i.e. everything on or beyond
the m™ superdiagonal. This has n —m corners, (4,7 +m) for 1 < j <n—m.
Each corner is square since w11 =w; +1for 1 <j<n-—m.

Theorem 3.23. Suppose all the corners of S are square or on the first or
second superdiagonal. Then

N—|S|,.(5)—Css
(oo Mot = (VIR ()
for some Cg € N.

Proof. From the proof of Theorem 3.16, we have

L =G> | I pPees I » %], (3:29)

wy | 1<i<n 1<j<k<n
(G.+1)gS k—j>2
(4,k)¢S

where W is the subset of (Bjx : (j,k) ¢ S) € Nzn(n=D=I5| gatisfying the
conditions (3.27) and (3.28).

Set Bj, = B’ ,+Bj k11 forall j, k such that 1 < j <n—1, j <k < w;. For
completeness, set Bj ., = B},wj for all 1 < 7 < n. Inductively, this becomes
Bjk =B+ B+ +Bj,, . Doing so eliminates the conditions (3.27),
and (3.28) becomes

/ ! ! /
Big+- 4By, < Bjiip+ o Biiiw,,

(3.30)
forl1 <j<n-1,j4+1<k<w.If1<j7<n—-1andw, = wjt,
the condition Bj ., < Bji1w, becomes B}, < Bj ., so we may set
B 1w, = Bit1w, + B, For all other B}, i.e. those for which k < wy,
j=10r k=w; >wj_1,set B} = B},. Inductively, this becomes

r "
= > Bl

i<
wj:wj
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We split into three cases, depending on j:

1. If w; < j + 1, there are no conditions of the form (3.30) for this value of
j. In particular, this happens if (4,7 + 1) or (j,j + 2) is a corner of S.
2. If w; = w41, then the conditions (3.30) become

B+ Bikpr + -+ Biu,
< B+ Bt + Bl w1+ B, (3:31)

for j+1 < k < w;. It is clear that the LHS of (3.31) has one less term
than the RHS.

3. Now suppose w; < wj41 and w; > j+1, so (j,w; +1) is a corner of S not
on either of the first two superdiagonals. By assumption, this corner must
be square, so B;‘,w,- = B;fwj +-- -—l—B;’_dj_&_ij. Recall that d; = wj1 —w;.

Equation (3.30) becomes
B+ By + By, 1+ B, + Bl e+ B,
<SBle+ Bl o+ B, (3.32)

for j+1 < k < w;. The LHS of (3.32) has w; — k+d; terms and the RHS
has wj4+1 — k + 1, one more than on the LHS.

Hence,

(o aren® =Gh > [ TI o], (3.33)

w \1<j<k<n

for some positive integers e; . g, and W{’ is the set of all (Bj 1 : (j,k) ¢ S) €
Nz(n=1=I5| satisfying (3.31) and (3.32). The inferior side of each condition
in both (3.31) and (3.32) has one less term than the superior, and all terms
have coefficient 1. When slack variables are added to the inferior sides, the
resulting system of linear equations will have 1 as a solution. Put

Cs=n+ Z € k,S -
1<j<k<n
(4,k)¢S
The result now follows from Corollaries 3.4 and 3.5. O

We have chosen not to give explicit values for the integers e; ;. g, as we believe
the resulting expression would be fiddly and awkward. For the same reason
we do not to give an explicit formula for the constant Cyg.

It can be seen from Theorem 3.23 that if Cft'n (Z)/Is’p(s) is not to satisfy a
functional equation, then n > 5. In fact, tvs(Z)/Is for S = {(1,4),(1,5)} or
{(1,5),(2,5)} are the smallest cases that Theorem 3.23 cannot be applied to.
A more general result giving conditions on S such that Cft’n @)/ IS’p(s) does not
satisfy a functional equation is more difficult to come by. It is not in general
true that if 1 is not a solution to a system of homogeneous linear equations
E, then there is no simple relation between F(E; X) and F(E;1/X).
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3.4.2 Counting All Subrings

Zeta functions counting all subrings in a Lie ring L can be defined in an anal-
ogous way to those counting ideals. However, it is considerably more difficult
to calculate these zeta functions in the case that L = tt,,(Z), the main reason
being that there is no equivalent of Lemma 3.8. Taylor [57, p. 149] shows that

Caop(5) = G(8)G(s = 1)7Gp(25 = 2)¢p(25 = 1)

However, even the calculation of Cfi(z) p(s) seems infeasible and out of reach.



4

Local Functional Equations

4.1 Introduction

In this chapter, we consider the functional equations that various local zeta
functions of groups and Lie rings are known to satisfy. These local functional
equations take the form

i p(5)]

for a,b,r € N. Frequently, the values of a, b and r can be given explicitly in
terms of various invariants of the group or Lie ring.

= (=1)"p" (L, (5) (4.1)

p—p~1t

4.2 Algebraic Groups

In [21], Lubotzky and the first author consider the zeta function of an algebraic
group & as defined in the previous chapter. Under certain assumptions on &,
they demonstrate that this zeta function satisfies a functional equation of the
form

Co.p(8)lp—p1 = (=1)"P"""Co 5 (5)

with a,b,n € N, for all but finitely many primes p. As noted in the Introduc-
tion, these zeta functions are counting certain subgroups within a ¥-group I'.
A similar functional equation for ¢, (s) then follows.

4.3 Nilpotent Groups and Lie Rings
We describe below a conjecture sketched by the second author concerning

local functional equations of these zeta functions of T-groups and Lie rings.
This conjecture offers a potential explanation of the functional equations of
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zeta functions of nilpotent Lie rings and T-groups that we have seen to date.
It can also explain why the local zeta functions that do not satisfy a functional
equation don’t.

However, we have been unable to rigorously formulate the conjecture.
There are certain technical conditions which must be assumed. Nonetheless,
we present this conjecture as it stands and sketch the proof of a significant spe-
cial case. We spend the rest of the chapter deducing consequences regarding
local functional equations from this conjecture.

4.4 The Conjecture

The conjecture we present below is not a direct conjecture about functional
equations. Instead, it is a ‘reciprocity’ conjecture for p-adic integrals, inspired
by Theorem 3.3. If the cone data are all monomial, the integral can be ex-
pressed as a sum over integral points in a polyhedral cone. Theorem 3.3 can
then be applied to deduce a reciprocity result regarding these monomial in-
tegrals. The conjecture below is an attempt to generalise this result to cone
integrals where the cone data is not monomial.
We recall some definitions from Chap. 2:

Definition 4.1. Let x = (z1,...,2,) be a vector of variables, and for i =
0,...,1, let fi(x),9:(x) € Q[x] be homogeneous polynomials. The (closed)
cone integral corresponding to the cone data D = {fo, g0, f1,91,---, f1,q1} is
defined to be

%@m=ﬁthmmmwm
where

Wp ={x€Z, :v(fi(x)) <v(gi(x)) fori=1,...,1}.

We also define the corresponding open cone integral to be
Zo(s.p) = | 105l ds
W

where

Wp ={x € (pZy)" : v(fi(x)) < v(gi(x)) fori=1,...,1}.

Proposition 2.1 (p. 23) implies that for x € {<, <}, (f (s + d) (where d =
rank L) can be expressed as a closed cone integral.

We will also be working with resolutions of singularities. Following Sect. 5
of [7], we make the following definitions.
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Definition 4.2. A resolution (Y, h) for a homogeneous polynomial F over Q
consists of a closed integral subscheme Y of ]P’§@ (where Xg = Spec(Q[x])
and ]P’§@ denotes projective K -space over the scheme Xg) and the morphism

h:Y — X which is the restriction to Y of the projection morphism ]P’§Q, such
that

1.Y is smooth over Spec(Q);

2. The restriction h : Y \ h=Y(D) — X \ D is an isomorphism, where D =
Spec(Q[x)/(F)) © Xo); and

3. The reduced scheme (h™(D))eq associated to h=1(D) has only normal
crossings (as a subscheme of Y ).

Definition 4.3. Let E;, i € T be the irreducible components of the reduced
scheme (h™1(D))yea over Spec(Q). Fori € T, let N; be the multiplicity of E;
in the divisor of F oh onY and let v; — 1 be the multiplicity of E; in the
divisor of h*(dxy A--- A dxy,), The (N;,v;) fori € T are called the numerical
data of the resolution (Y, h) for F.

We also recall some necessary facts about reduction of varieties mod p.
When X = Xg = Spec(Q[x]) one defines the reduction mod p of a closed
integral subscheme Y of P)Ig@ as follows. Let X = Spec(Z[x]) and Y be the

scheme-theoretic closure of Y in ]P’g . Then the reduction mod p of Y is the
scheme Y xzSpec(F,) and we denote it by Y. Let i : ¥ — X be the restriction
to Y of the projection morphism Pg — Xg and h:Y — X be obtained from

h by base extension. Thus

Definition 4.4. A resolution (Y,h) for F over Q has good reduction mod
pif
1.Y is smooth over Spec(F,);

2. E; is smooth over Spec(F,) for each i € T, and |J

crossings as a subscheme of Y ; and
3. E; and E; have no common irreducible components when i # j.

ieTE has only normal

Any resolution over Q has good reduction mod p for almost all primes p ([7,
Theorem 2.4]).
We can now roughly state our conjecture:

Congecture 4.5. Assume the above notation. Let fo(x), go(x),. .., fi(x), g1(x)
be homogeneous polynomials and put F' = Hizo fi(x)gi(x). Suppose that
w(W32) > 0, the resolution (Y, h) of F' has good reduction mod p, and some
as-yet-undetermined conditions hold. Then, for all but finitely many primes p,

Zp(8,p)|pp-1 = 0" Zp(s,p) - (4.2)

It is clear that we need the resolution to have good reduction mod p. In [24],

du Sautoy and Taylor calculate ¢ <

51>(Z) p(s) for all p. In this case, the resolution
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of the polynomial F' has bad reduction at p = 2, and indeed Cfb @) 5 () satisfies
no local functional equation.

Remark 4.6. To show that other conditions are necessary, consider the integral

Zp(s,p) = / lzy(z + )|, dp -
zly
It is not difficult to calculate that

Zp(s,p) = (L—p G+ 1)GBs+2)(1 —2p +p~179)
Z3(s,p) = (1 —p )?p 374 (s + 1)¢(3s + 2) .

In this case the polynomial F' = 2%y?(z+y) has good reduction at all primes p,
and it is clear that u(W2) > 0, but Zp(s, p) and Z2(s,p) do not satisfy (4.2).
The polynomial zy(z 4 y) requires a single blow-up to resolve the singularity
at (0,0). Normally, we would split into two cases, v(z) < v(y) and v(z) > v(y),
but it is clear that the condition x | y under the integral renders the second
case inconsistent. Set y = zy/, so that zy(z +y) = 23y (1 + /).

Any point { (z,y,2',y') € Z2 x P (Qy) : xy’ = 2’y } on the variety (1+y/)
maps to the point (x, —z) under the resolution h. In W5, however, there are
no such points, since v(x) < v(y). The correspondence fails this time because
|z+y|p, = |x|p for all (z,y) € WR, but the same is not true for all (z,y) € Wp.

4.5 Special Cases Known to Hold

If all the f; and g; are monomial, Zp(s,p) and Z(s,p) reduce to cone sums
of integer points in polyhedral cones in RZ, with a coefficient (1—p~*)™. This
special case of the conjecture follows easily from Stanley’s Theorem (Theo-
rem 3.3), with no technical conditions.

Theorem 4.7. Conjecture 4.5 holds if all the f; and g; are monomial.

Proof. If f; and g; are monomial for 0 < 7 < [, whether a point x € Wp
(or W3) depends only on the p-adic valuations of the z;. So, let a; = v(x;).
The polynomial divisibility conditions defining Wp and W3 become linear
inequalities in the a;. By adding slack variables we obtain a system of linear
equations E. We take each X; to be a suitable monomial in p and p~*, and
then

Zo(s,p) = (1—p )"F(E:X) and Zp(s,p) = (1—p )" F(E:X).

If 1(W5) > 0 then S # @. The corank of the system of equations E is n, since
there are n + [ variables and [ linearly independent linear equations. By our
choice of X,
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FE;X)| 0 = F(E;1/X) = (~1)"F(E: X) .

p—p~?t

Hence

Z’D(Svp)‘p—q)*l :de%(Svp) )
as required. ]

This conjecture also generalises in part a theorem of Denef and Meuser [8].
Denef and Meuser work over any finite extension K of Q, with Rg the ring
of integers of K. They assume that [ = 0 (i.e. the integral is over the whole of
R7%.) and go(x) = 1. Indeed, we follow the strategy used in their proof below
when we (attempt to) prove a special case of this conjecture.

The most important special case of Conjecture 4.5 is the following. It is in
some ways parallel to Corollary 3.5 of the previous chapter. We believe this
special case requires no extra conditions such as those which would exclude
the example described in Remark 4.6.

Corollary 4.8. Suppose the cone data satisfies

deg fi(x) + 1 =deggi(x) fori=1,...,1. (4.3)
Assume Conjecture 4.5 holds. Then

Zp(s,p)],_pr =p~ 1EP BN (s, p) . (4.4)

Proof. Since f; and g; are homogeneous, f;(px) = pd°8/i f;(x) and g;(px) =
pd89ig,(x), and this implies W3 = pWp. It is then routine to see that
Z3(s,p) = p~n-desgo=sdes fo 7 (s p). Hence, by Conjecture 4.5,

Zo(,0)|_pr = D" Z3(s,p) = p~ B0 220 71 (s, p)

for all but finitely many primes p. a

4.6 A Special Case of the Conjecture

In this section we present an almost-complete proof of a significant special
case of Conjecture 4.5. We hope that sketching a proof of a substantial case
can lay the groundwork for future attempts at the conjecture.

We focus on the case deg f;(x) = degg;(x) for 1 < i <, because it can
be ‘projectivised’ easily. If x is a solution to a set of polynomial conditions of
the form v(f;(x)) < v(g;(x)) with deg f;(x) = deggi(x) for i = 1,...,1, then
so is Ax for any A € Z,. Note that this case includes the integral presented in
Remark 4.6. We therefore need to make an assumption in the proof to exclude
this exceptional case.
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We follow the proof of the functional equation of the Igusa local zeta
function given in [8], using certain results of du Sautoy and Grunewald [17]
in place of corresponding results of Denef.

Let

Zo(s.0) = [ UoGolglanx)lyn
Wo
where
Wp ={x€Z, :v(fi(x)) <v(gi(x)) fori=1,...,1}
and f;(x), g;(x) for 0 < ¢ <[ are homogeneous polynomials, with deg f;(x) =

deg g;(x) for 1 < i <. Let d = deg fo(x) and d' = deg go(x). For clarity, we
shall drop the subscript D from Wp. Also, let

Zo(sp) = [ 1560 lan(l e
where
W ={x € Z} : v(fi(x)) + deg(fi) < v(gi(x)) +deg(g;) for i =1,...,1} .
It is easy to see that W° = pW, and hence

Z%(s,p) = p~ """ Zp(s,p) ,

so we are left with proving that

Zp(5,p)lp—p 1 =0 " Zp(s,p) .

We split the proof as it stands up into a number of steps in the hope that
it makes it easier to follow.

4.6.1 Projectivisation

As in [8], we start by projectivising the integral. Let
W:{XGW:@EZ; for some i } |

i.e. points in W with at least one unit coordinate, and let

%@ma@m@mmwww

It is easy to see that

o)=Y [ hbleGolda .

k=0 in; v(z;)=k
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and a change of variables x = pFu gives

| fo(w)]5|go ()], dp

oo
Zp(s,p) — Zp—k(ds—i-d +n) .
k=0 min; v(u;)=0

= Cp(ds+d +n)Zp(s,p) .

Note that x € W if and only if u € W since the powers of p appearing on
each side of each condition f;(x) | gi(x) cancel out.
Next, we write W as the disjoint union of W7y,..., W, where

Wr:{UEW:uiEprfor1§i<randuT€Z;}.

Then
Zolon) =3 /W Fo@)[3lgo (W)l ds

There is an obvious map v : W — P*~1(Q,), and we note that | f(u)|,, |g(u)|,
and whether u € W depends only on y(u). Let w be the Haar measure on
P"~1(Q,) which induces the Haar measure on the unit ball Zg’l of each affine

chart satisfying w(a + (pZ,)" ') = p~ (1. We see that

/~ F@)3lg(u)lp dpe = (1— p ) / Flgpde,  (45)
W, Vi

r

where V, = v(W,.).

4.6.2 Resolution

At this point in [8], Denef and Meuser use a previous result proved by Denef
which in essence tells them what the integral looks like on the other side of a
resolution of singularities. Our analogue is provided by results of du Sautoy
and Grunewald in [17], which we modify slightly.

Let x = (21,...,%m), Xgo = Spec(Q[x]), and let (Y, h) be a resolution for
F = Hi:o fi(x)gi(x). Let T be an indexing set for the irreducible components
E;,and t = |T|. For i € T, let E; be the irreducible components of the reduced
scheme (h=1(D));eq over Spec(Q). Set D = {fo, go, - -, f1, 91}, and let integral

Zo(s) = [ 160l koo i

Suppose that the resolution (Y, h) has good reduction mod p. Then, du Sautoy
and Grunewald show that

ZD(Sap) = (1 7p71)m Z CijI(S,p) )

ICT
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where

cpr=|{a€Y(F,) :a€FE;ifand onlyifieI}|,

1

and Jr(s,p) is a rational function in p~! and p~* given by

1 VI ko (Ajrs+B;
Ji(8:0) = ——m 0T Z Z e
-1 "
Lyenns \I\)EAI
where]z{il,...,i|1|},
11| 1]
Ar =23 (k1,... k) € NI Z (fi)k; <Z (gi)kj fori=1,...,1
(4.6)

and Ny, (fi), Ni;(gi), Ajr and Bj are some constants depending on the
numerical data of the resolution (Y, h).

du Sautoy and Grunewald’s formula can easily be modified to evaluate
integrals over a union of cosets mod (pZ,)™. If U is such a union of cosets,
then we define

Zouw(s.p)= [ 16l di.
wnU
and a simple modification of du Sautoy and Grunewald’s proof gives us

Zpu(s,p)=(1—p )" Z cp1,uJ1(s,p) ,

IcT
where U denotes the reduction of U mod p and
cpav={a€Y(F,):acE;ifficI, and h(a) € U}|.

Summing gives us

n

Zp(s,p) = Z(l —p Z cp,1,v, J1(8,p)

r=1 ICT
Sy Y (z) (5.9
ICT
= (1 _p_ )n—l Z Cp,ljl(svp) )
IcT

so that

(1 -
Zp(s,p) = W Zcpfjl $,p)
ICT
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Similarly,
Zp(s,p) = %ép(&p) ;
where
p) = cprJi(s,p)
ICT
and

N 1 U ki(Aj rs+B; ,)
Ji(s,p) = (=111 Z Z e
(kl,...,k‘[‘)e/l[

1] 1]
Ar=1 (k... k) € N Z)Vﬁk<§)V%kmmfl |

Note that the definition of A; is identical to that of A; (4.6), except that the
linear inequalities are strict.

4.6.3 Manipulating the Cone Sums

At this point, we have to take into account the polyhedral cones, and the
rational functions J7(s,p) counting integer points within them.
Now

(1—p )"

1— P (ds+d’'+n)

—1\n
_ n—1_—ds—d’ (1 —Pp )
=(=D""p 1— p-(s+d+n)

p—p~1t

so it is sufficient to prove that

S euditen)| =0 eundilsn) (4.7)

ICT . ICT
p—p

The jl(s,p)s that are nonzero are (p — 1)I/I="*1 times a cone sum of the
‘open cone’ form required for Stanley’s theorem to hold. For all sets I with
Ji(s,p) # 0, Stanley’s theorem tells us that

jI(Sap)|p—)p*1 = (_1)\1\(_p)n—l—ijL(S)p) ) (4'8)
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where
1 =S ki(Aj 15+ By
1L _ j=1 A1 I
Ji (s:p) = (p— 1)n717|1\ Z p =
(ky,..kyp)€A7
and
11| 11|
Af =9 (kr,. o k) € NS TN (Fi)ky <0 N3 (gi)ky for i = 1,1
j=1 j=1

A% is essentially the closed cone corresponding to A;.
For I C T, define

bpr=[{a€Y(F,):ack;ificl}.

The relationships between the b, rs and the ¢, s are

bPJ: Z Cp,J (49)

ICJCT

and

epr= >y, (=), (4.10)

ICJCT

The by, rs are counting points on smooth projective varieties; we shall need to
use the properties of the Weil zeta function of such varieties.

If b, is a polynomial in p for all p, then it is clear what we mean by
by, 1|p—p—1- However, we don’t want to restrict ourselves to such limited cases.
If we define bye 1 to be the number of Fpc-rational points on V' := ,.; £;,
then the analogue of the Riemann Hypothesis for the Weil zeta function of V'
implies that the function Ny (e) defined by

NV : N>0 — N
e — |{Fpe-rational points of V'}|

has a unique extension to Z. We shall then take by, 7|, 1 to be Ny (—1). It
then follows from the functional equation of the Weil zeta function of V' that

= plll=ntlp o (4.11)

pr p—p~ 1

We also need the following combinatorial lemma, an immediate consequence
of Lemma 1 in [8]. For [ fixed,

Lemma 4.9.

Z bp,J(fp)u‘im: Z Cp,K(lfp)IK‘im' (412)

ICJCT ICKCT
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We say that a subset I of T'is good if jl(s,p) # 0, quasi-good if jj(s,p) =0
but Jr(s,p) # 0, and bad otherwise. Finally, we note that

T (s,p) = > (p— D=7y (s,p) . (4.13)
HCI

We now have enough to guide us through the following piece of algebraic
manipulation. We have

D eadi(s,p) =Y by y (DT, p)
ICT JCT cJ

so, using (4.10), (4.11), (4.8), (4.12) and (4.13) in that order,

> eprJi(s,p)
e p—p~t

= > b | Do (1) (s,p)
JCT ICJ

p—p~1t

= > o | YD (Y e () LT (s, )

JCT ICJ
I good

= (0" b | YD ()T (s, p)

JCT ICJ
I good

:(—]_)n*l Z j]J_(S,p) Z bp,J(_p)lJlilll

ICT I1CJCT
I good

:(_1)”_1 Z jIL(snp) Z Cp’K(l—p)lKl_m

ICT ICKCT
I good

=" YT (= DI Ty (s, p)ep i (1 — p) I

HCICKCT
I good

="t > (= DEHEI T (s p)ep i (1)KL (4.14)
ng[nggT
goo

4.6.4 Cones and Schemes

From (4.7) and (4.14), it now suffices to show that
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= 3. (p— LK, o (~1)lKI-I (4.15)
HCICKCT
I good

for all good or quasi-good H. If H is bad, Ju(s,p) = 0, so the coefficient
of Ju(s,p) in (4.14) is irrelevant. This statement is independent of the cone
sums; all we have left to work with are the schemes over [F, and the cones
themselves.

We may assume from now on that |[H| < n. ¢, ; = 0 for all I with |I| > n,
and if |[H| > n, (4.15) trivially holds.

Remark 4.10. We assume at this point that the whole set T is good. This
assumption is certainly necessary, since it rules out the integral presented
in Remark 4.6. However, we do not know what conditions to impose on the
integral to ensure that T is always good.

We let Dt be the polyhedral cone mentioned in Chap. 3 of [17]. It is defined
as follows:

t

Dr =21 (21,...,2 ZN fi)z Z (gi)zj fori=1,...,0 3 ,

where t = |T'|. D is a cone in R, with each dimension corresponding to one
of the varieties of the resolution. For any subset of R, we define its dimension
to be the dimension of its R-linear span.

A wall of Dy is a face of codimension 1. Walls of Dy are of two forms:

1. Walls of the form xj = 0 for some j (coordinate walls)
2. Walls of the form

t
D Nilfi)z =3 Ni(9:)2
j=1
for some i (non-coordinate walls)
For I C T, we define
face() = {(z1,...,2¢) €EDp:2; >0 <= i€ l}.
If I is bad, face(I) = @. Otherwise, face(I) is a face of Dr of dimension |I|.
Since T is good, the dimension of Dy is |T|. A set I is quasi-good if and only

if face(I) is contained in at least one non-coordinate wall.
Our first lemma in this section shows that good sets are ‘upwards-closed’:

Lemma 4.11. If I C J C T and I is good, then J is good.



4.6 A Special Case of the Conjecture 95

Proof. It suffices to assume |J| = |I| 4+ 1. Let u be any integer point in the
open face of Dy corresponding to I.

Each of the inequalities defining Dy will be satisfied strictly. Pick j € T\ I,
and for k # j, set u), = uy. Let u; be a rational number which can be chosen
to be small enough so that u’ still strictly satisfies the inequalities. u’ may
not be an integer point, but if not, a suitable integer multiple of it will be
integral. Clearing denominators if necessary will give us an integer point in
/ilu{j}7 so TU{j} is good. O

Proposition 4.12. Let I’ O H be good. Then

So = ) e ()R = )
I'CICKCT
1 good

Proof. Since I’ is good and I’ C I, I is good. Thus we have

Z (p— 1)\K|—|H|CP)K(_1)\KI—III

I'CICKCT

= Z (p—DIEI=IHI Z (=)l KI=11
I'CKCT ICICT

= Z (p—l)‘K‘le‘cp,K(l—1)|K‘7u/‘
I'CKCT

=(p— )=, 1.

Corollary 4.13. Equation (4.15) holds if H is good.
Proof. Proposition 4.12 with I’ = H. O

4.6.5 Quasi-Good Sets

The case with H good could be easily dealt with. We didn’t need to know
anything about the ¢, rs; everything follows as an identity in the ¢, ;s. We
are now left with proving (4.15) for H quasi-good. For this we require the
terminology of convex polytopes (see, for example, [30]).

A convez polytope P is a bounded subset of R™ defined as the intersection
of finitely many closed half-spaces. The dimension of a convex polytope is the
dimension of its linear span as a vector space over R. We suppose dim P = m.
A wall of P is an (m — 1)-dimensional hyperplane which does not bisect P
but whose intersection with P is (m — 1)-dimensional. A face F' of P is a
nonempty intersection of P with a number of walls. We do not consider the
empty set to be a face of P, but we do consider the whole polytope P to be
a face of itself. A face F'is proper if dim F' < m.
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Let F(P) denote the set of nonempty faces of P, and for F a face of P,
let F(P; F) denote the set of faces of P containing F'. The most important
result concerning this counting function is the following variation on the Euler
characteristic, namely

Soo(-pimf=o (4.16)

F'eF(P;F)

for all proper faces F of P [30, p. 137].

A polyhedral cone C'is a subset of RZ, defined as the intersection of finitely
many closed half-spaces, with the property that A\x € C for allx € C, A € R+q.
In particular, all the boundary hyperplanes must pass through the origin O.
We define walls and faces of a polyhedral cone in an analogous way as for
convex polytopes.

Proposition 4.14. Let F' be a proper face of the polyhedral cone C. Then

Z (_1)dimF/ —0.

F'eF(C;F)

Proof. Let H denote the half plane {x € R | . 2; = 1} and H~ the closed
half-space {x € R™ | }~,2; <1}. P:=CNH" is a convex polytope since it
is clearly convex and is contained within the m-dimensional unit hypercube.
There is a bijective dimension-preserving correspondence between the faces
of C containing F' and faces of P containing F' N H~, from which the result
follows. O

We shall prove the following combinatorial theorem, which gives us some
idea about how the quasi-good faces behave. Let Wy, ..., W; denote the walls
of the cone C.

Theorem 4.15. Suppose there exists xo € face(T) such that x € ﬂizl W;.
Then for all quasi-good sets H C T,

Z (=D)ITI=1 =9

HCICT
I good

We shall prove this result after proving a number of combinatorial lemmas.
Fix a subset ¥ C {1,...,1} and a face F' G ;e 5, Wi.

Lemma 4.16. For S C X, set W{ = NiesW;. Then

Z (71)dim F' 0.

FleF(WSF)

Proof. Proposition 4.14 with C' = W§'. O



4.6 A Special Case of the Conjecture 97

Lemma 4.17. For S C X, set W§ = (,cs W; \Ujesns Wj- Then

Z (71)dim F'_ 0.

FreF(WE;F)

Proof. By reverse induction on |S|. The case S = X is clear. Otherwise, we
note that

wg =, we

for some combination of sets S’ with S ; S’ C X. By induction, the alter-
nating sum over each W) is zero, and the sets W) are disjoint, so the result
follows. O

Lemma 4.18. For S C X, set Wg =, s Wi. Then

i€S

Z (71)dim F' 0.

FIeF(C;F)\F(WYF)

Proof. W is the disjoint union of terms of the form W§, for various S’ C X.
The alternating sum over each W§, is zero, hence

Z (_l)dimF' —0.

F(WgF)
The result follows from this and Proposition 4.14. a

Proof. (of Theorem 4.15) Set F' = face(H). It is clear that there is then a
bijective correspondence between faces of C' containing F' and good or quasi-
good subsets of T' containing H, with dim(face(I)) = |I|.

Let ¥ = {i|1<i<1,W; 2 F}, the indexing set of the hyperplanes
strictly containing F'. Since F' contains only quasi-good points, 3 # &. It is
clear that F' C [);c5; Wi, but there cannot be equality since xo € W; for all
i but xg ¢ F. There is a bijective correspondence between faces contained
in W and quasi-good subsets of T' containing H, and hence between faces
containing F' but not contained in Wy and good subsets of T containing H.
The result then follows from Lemma 4.18. O

4.6.6 Quasi-Good Sets: The Monomial Case

If we additionally assume that the cone data is monomial, we can show that
(4.15) holds.
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Proposition 4.19. Suppose that the cone data D = {fo,90,.--,f1,q1} are
monomial, and that H G T. Then (4.15) holds.

Proof. Since the cone data are monomial, ¢, x = (p — DIk K CT,
with ¢, = 0. We now substitute this into the RHS of (4.15):

Z (p— 1)\K|7|HICP7K(,1)\K|7|II

HCICKCT
I good
=(p— l)nflle\ Z (_1)IK\7\I|
HCICKGT
I good
= CpH Z (=)= Z (=1)!TI=11
HCICKCT HCICT
I good I good
=cpH Z (1— 1)|T|—|1\ _ Z (_1)|T|—|T\
HCICT HCICT
I good I good
= vaH(l - 0)
— Cp,H s
using Lemma 4.15 with xo = (1,1,...,1) for the penultimate step. a

Note that Proposition 4.19 does not prove anything new. In fact, Theo-
rem 4.7 is more general and has a much simpler proof. Nonetheless it demon-
strates one case where we can follow the proof through to completion. To go
any further without assuming the cone data is monomial seems to require
intimate knowledge of the coefficients ¢, ;.

4.7 Applications of Conjecture 4.5

We now look at applying Conjecture 4.5 to functional equations of local
zeta functions. We adopt a cavalier attitude to the incompleteness of Con-
jecture 4.5; the aim here is to demonstrate that what it predicts agrees with
calculations made to date. Before we do this, we take the time to consider
the conjectures that have so far been formulated concerning these functional
equations.

For brevity, we shall refer to a Lie ring additively isomorphic to Z¢ (or
Z%) as a Z-Lie ring (or Z,-Lie ring) of rank d, where we assume d € N. All
calculated examples at nilpotency class 2 satisfy the following conjectures,
which were also stated in [15] and [57]:
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Conjecture 4.20. Let L be a class-2-nilpotent Z-Lie ring of rank d. Then, for
all but finitely many primes p,

G (s)| = (—1)dpla) =T (4) (4.17)

where n = rank(L/Z(L)).

p—p~?!

Conjecture 4.21. Let L be a class-2-nilpotent Z-Lie ring of rank d. Then, for
all but finitely many primes p,

d

S0 = (—1)%pla) (5 (s) . (4.18)

p—p~t

Both conjectures have been confirmed by Voll [59].
For Lie rings of higher nilpotency class, Taylor makes the following

Congecture 4.22 ([57]). Let L be a nilpotent Z-Lie ring of rank d. Then, for
all but finitely many primes p,

Gl = DG (). (4.19)
This conjecture generalises Conjecture 4.21 and has also been confirmed
by Voll [59]. In fact, Voll proves that Conjecture 4.22 holds for any not-
necessarily-associative ring L.

A similar conjecture for the zeta functions counting ideals was formulated
by the second author in his thesis. Let o;(L) denote the ith term of the upper-
central series of L, which we recall is defined by oo(L) = {0}, o1(L) = Z(L)
and o;(L)/o;—1(L) = Z(L/o;—1(L)). All examples in Chap.2 at nilpotency
classes 3 and 4 satisfy the following conjecture.

Conjecture 4.23. Let L be a class-c-nilpotent Z-Lie ring of rank d. One of the
following two alternatives holds:

e For all but finitely many primes p,

o), = (1 ETNCE ()

where N = Y7 rank(L/o;(L)).
e For all but finitely many primes p, ¢} p(s) satisfies no such functional
equation.

In [57], Taylor also considered the ideal zeta functions of the Lie rings
M, = (z,z1,22,...,2y : [z,2;)] = xj41 fori=1,...,n—1)

for n € N, and made the following conjecture.
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Conjecture 4.24. Let L = M, of rank d = n + 1. Then, for all but finitely
many primes p,

Ay _((d+1)_1)s

C2p(s)], e = (D0 (),

where d = n + 1.

p—p~?

The exponent of p~° agrees with that predicted by Conjecture 4.23; Taylor
conjectures that such a functional equation always holds.

Finally, we briefly move away from nilpotent Lie rings. Suppose L arises
as the Z-span of a Chevalley basis corresponding to a simple Lie algebra over
C. du Sautoy asks the following question on p. 219 of [12]:

Question 4.25. Does CE@Z,,(S) satisfy a functional equation of the form

CE@ZP(S) pp 1 = (_1)np—as+b<-[§/®zp (S)

for all but perhaps finitely many primes p?

Voll’'s work on the local zeta functions counting all subrings of a Z-Lie ring L
of rank d answers this question in the affirmative.

In the following sections we will see that Conjecture 4.5 implies all of Con-
jectures 4.20—4.24 as well as a positive answer to Question 4.25. In particular,
it agrees with Voll’s results.

Let L be a Z-Lie ring of rank d, * € {<,<}. From Proposition 2.2, there
exists a set of cone data D* such that

(Lp(s)=(L—p ") Zp-(s —d,p). (4.20)

Conjecture 4.5 relates Zp-(s,p)|,—p-1 and Zp.(s,p). It is clear from (4.20)
that (1—p~1)~?Zp- (s—d, p) is counting additive submodules of L with certain
properties, i.e. ideals or subrings of L. Our applications are founded on the
observation that (1—p~1)~9Z%. (s—d, p) is also counting additive submodules,
and on determining what these additive submodules are.

Definition 4.26. Let L be a Z-Lie ring, p a rational prime. An ideal I < L
is a p-ideal of L if:

1.1 CpL, and

2. ForallzeL,yel, [z,y] €pl.
If I is a p-ideal of L, we write I <, L.
Definition 4.27. Let L be a Z-Lie ring, p a rational prime. A subring H < L
is a p-subring of L if:

1. H C pL, and
2. For all z,y € L, [x,y] € pH.
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If H is a p-subring of L, we write H <, L.
p-ideals and p-subrings can also be defined for Z,-Lie rings in a similar way.
Lemma 4.28. Let L be a Z-Lie ring and x € {<,<}. By Proposition 2.2,
there exist sets of cone data D, DS such that

(Ep(s) = —p )" Zps(s —d.p) ,

(Ep(s)=00—p )" Zp<(s—d,p).
Define

Con(s) = apk(L)p™
n=0

<p <p —ns
L,p(s) = Z a’pn (L)p " )
n=0

where a;]np (L) is the number of p-ideals of index p™ in L and a;? (L) is the
number of p-subrings of index p™ in L. Then

(r(s)=(1—p ") " Zpals —d,p)
Tr(s)=(1—p )" Zg<(s —d,p) .

Proof. Let B = (e, ...,eq) be a basis for L, and my, ..., my a set of additive
generators for an additive submodule H of L. The polynomial divisibility
conditions v(fx(x)) < v(gr(x)) ensure that Lie brackets [e;, m;] are in the
Zy-span of {my, ..., my} for 1 <4, j < d. Indeed, when we express

d
[m;, e;] = Z AijrMy
r=1

each nonzero coefficient ), ;. is of the form g (x)/ fx(x) for some k. Enforcing
v(fi(x)) < v(gi(x)) will then ensure that each [m;,e;] is in the pZ,-span of
{my,...,my} for 1 <4,j <d, ie.isin pH.

A similar argument works when we count all subrings instead of just ideals.
We must consider the Lie brackets [m;,m;] for 1 < i < j < d instead of
[mi,ej] for 1 S ’L,j S d.

Finally, since Zg.(s,p) integrates over a subset of (pr)(d;I), it is clear
that it is only counting additive submodules contained in pL. O

Corollary 4.29. Let L be a Z-Lie ring. Assume Conjecture 4.5. Then, for all
primes p outside a finite set dependent on L,

CL<]7;D(S)|pHp—1 = (_1)dp(;)gl<,]§;(s) s (4.21)
(Epls ’pﬂﬂ = ()G (s) . (4.22)
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Proof. Zp«(s,p) and Zp<(s,p) are both integrals over (d‘gl) variables. So,

since we are assuming Conjecture 4.5,
d+1
Zpa(s,p)|ypr = () Z5a(s.1) .
d+1 °
ZDS (s7p)‘p~>p*1 :p( 2 )ZDS (S7p) )

for all but finitely many primes p. Also, it is straightforward that

(1=p ), = (D)= p )

The result now follows from Lemma 4.28. O

Corollary 4.29 suggests that the functional equations we have seen arise
from correspondences between ideals and p-ideals, or subrings and p-subrings.
This therefore motivates us to study these correspondences.

4.8 Counting Subrings and p-Subrings

The correspondence between subrings and p-subrings is encapsulated by the
following lemma.

Lemma 4.30. Let L be a Z-Lie ring, and H be an additive submodule of L.
Then H is a subring of L if and only if pH is a p-subring of L.

Proof. Clearly pH C pL. For all z,y € H, [x,y] € H if and only if [pz, py] €
p(pH). 0

Theorem 4.31. Let L be a Z-Lie ring. Assume Conjecture 4.5. Then, for all
but finitely many primes p,

(i p(5) = (~1)p)ECE (s) . (4.23)

—1

Proof. Lemma 4.30 implies that the multiplication-by-p map is a bijective
correspondence between the subrings of p-power index in L and the p-subrings
of p-power index in L, for all primes p. Hence

Th(s) =p "CE () (4.24)

for all primes p. Combining (4.24) with (4.22), we obtain that Conjecture 4.5
implies the functional equation

G (s) = (1)) =B¢E (s).

-1

This gives us the result. ad
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A second proof of Theorem 4.31 follows from Corollary 4.8:

Proof. By Proposition 2.2, there exists a set of cone data D = { fo, 9o, - - -, f1, 91}
such that

(Epls+d)=1—p )" Zp(s,p) .

By Proposition 2.1, the cone data satisfy deg f;(x)+1 = deg g;(x) for 1 <i <.
Assuming Conjecture 4.5, Corollary 4.8 implies that Zp(s,p) satisfies the
functional equation

ZD(&p)\pHp_l = p~ deggo—sdeg fOZD(s,p) )

Proposition 2.2 additionally implies that deg fo = d and deg gy = (g) Hence

Gols+d)| = () BTG s+ )

p—p~!
and this easily rearranges into the functional equation (4.23). O

In both proofs we can relax the assumption that L is a Lie ring. L can
instead be any not-necessarily associative ring provided it is additively iso-
morphic to Z? for some d € N. Conjectures 4.21 and 4.22 are thus mere special
cases of Conjecture 4.5, as is a positive answer to Question 4.25. However, if
L is not a nilpotent Lie ring we do not obtain a corresponding result counting
subgroups in a ¥-group.

The correspondence between subrings and p-subrings is rather trivial. It is
encapsulated in one tiny lemma (Lemma 4.30). Furthermore, there is a more
direct proof of Theorem 4.31 which avoids introducing the concept of a p-
subring. However, it does illustrate the approach we shall apply to local zeta
functions counting ideals, where such a direct proof does not exist.

4.9 Counting Ideals and p-Ideals

Let L be a Lie ring additively isomorphic to Z. By Proposition 2.2, there
exists a set of cone data D = {fy, g0, .., f1, g1} such that

Zp(s,p) = (L= p ), (s +d) .

Proposition 2.1 establishes that the cone data satisfy deg f;(x) = deg g;(x)
for 1 <4 <. In this case we cannot apply Corollary 4.8.

Remark 4.6 notes that some unspecified extra conditions for Conjecture 4.5
are necessary in the case where deg f;(x) = deg g;(x) for all 1 <i <. We are
not sure what these conditions are but we do believe that they will be satisfied
by the p-adic integrals representing local ideal zeta functions of nilpotent Lie
rings. Although we cannot formulate Conjecture 4.5 rigorously, we can still
study the correspondence between ideals and p-ideals that it has led us to.
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It can be seen that the soluble Lie rings tt, (Z) for n > 2 have no p-ideals
of finite index for all primes p. In this case we cannot deduce the functional
equations we deduced in Chap.3 from Conjecture 4.5. Therefore we must
also make the assumption that p-ideals exist. We shall see later that if L is
nilpotent, L has p-ideals of finite index for all p. For this reason we assume
from now on that L is nilpotent.

Furthermore, we shall only consider Lie rings. It is likely that similar results
could be obtained for more general torsion-free rings with nilpotent multipli-
cation. For simplicity, this is a route we have chosen not to follow.

We will frequently find ourselves working over Z,, instead of over Z. For
a Z-Lie ring L, we shall denote L ® Z, by L,. We shall also identify an
element z € L with its image r ® 1z, in L. In particular, if we have a basis
B = (e1,...,eq) for a Z-Lie ring L, we shall also write B for the corresponding
basis (e1 ® 1z,,...,eq ® 1z,) of L.

4.9.1 Heights, Cocentral Bases and the w-Map

Nilpotent groups and rings have a notion of the weight of an element, i.e. how
far down the lower-central series a given element lies. We require an analogue
of this notion for the upper-central series.

Definition 4.32. Let L be a nilpotent Lie ring of class c¢. For 0 < i < ¢, let
o;(L) denote the ith term of the upper-central series of L. The height of an
element x € L is defined by ht(z) := min{i: x € 0;(L) }.

For clarity we shall write the left-normed Lie bracket [[... [[z1, 22], 23], - - .], 2]
as [21,22,23, - -y Zm]-

Proposition 4.33. Let L be a nilpotent Lie ring, © € L. ht(z) > h if and
only if there exist z1,...,z, € L such that [x,z1,..., 2] # 0.

Proof. By induction on h > 0. ht(z) > 0 if and only if « # 0, so the base case
is clear.

ht(xz) > h if and only if  + o,_1(L) ¢ Z(L/op_1(L)), i.e. if and only
if there exists z; such that [x + op—1(L), 21 + op—1(L)] # op—1(L), i.e. if
and only if [z,21] ¢ op—1(L). This is equivalent to ht([z,21]) > h — 1, and
by our inductive hypothesis, equivalent to there existing zo, ..., 2z} such that
[[z,21], 22, ..., 2n] # 0. This establishes the induction. O

Proposition 4.34. Let L be a nilpotent Lie ring, x,y € L, x,y # 0. Then
ht([z, y]) <min(ht(z), ht(y)).

Proof. Straightforward.

O

Proposition 4.35. Let L be a nilpotent Lie ring with basis B = (e1,...,€q).
Suppose ht(x) = h > 1. There exists j with 1 < j < d such that ht([z, e;]) =
h—1.
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Proof. For a contradiction, suppose ht([z,e;]) < h — 2 for all e;. Since = has
height h, there must exist z1,..., 2,1 € L such that

[CC,Zl,...,Zh_l] 3&0 . (425)

By our supposition, ht([x, z1]) < h — 2. By (4.25), [z, 21,...,2;] # 0 for all
1 <k < h—1.Since ht([z, z1,...,2,]) > ht([e;, 21, ..., 2k41]) for 1 <k < h—2,
this implies that ht([z, 21, ..., 2,—1]) = 0. Clearly this contradicts (4.25). O

Proposition 4.36. Let L be a torsion-free nilpotent Lie ring. Then, for all
1<i<e¢, 0y(L)/oi—1(L) is torsion-free.

Proof. For a contradiction, suppose z ¢ o;_1(L) but mx € o;_1(L) for some
m € Nsg. Thus ht(x) > i and ht(maz) < i. Proposition 4.33 then implies that
there exist z1,...,2;_1 such that

o= [x,21,...,2-1] #0. (4.26)

However, since ht(max) < i,
ma = [mx,z1,...,%-1] =0. (4.27)
Since L is torsion-free, (4.26) and (4.27) contradict one another. O

Definition 4.37. Let L be a torsion-free nilpotent Lie ring of rank d. For
1 <i<e, let p; = rank(o;(L)). A basis B = (e1,...,eq) for L is said to be
cocentral if, for all1 <i<e¢, 0;(L) = (eq—p;+1,---,€d)-

Remark 4.38. Proposition 4.36 guarantees that for a nilpotent Lie ring of rank
d, a cocentral basis B for L exists.

Lemma 4.39. Let L be a class-c-nilpotent Z-Lie ring, with cocentral basis
B = (e1,...,eq). Let 1 < h < ¢, 1 < ky,ka,...,kp < d and suppose
ht(e;) > h. Let m; = m; ;e;+- - -+m; geq, where m; ;, ..., m; q are independent
indeterminates. Let R;  be the free Z-module with basis {m;;,...,M;d—p, }-
Then the coefficients of basis elements in iterated Lie brackets of the form

[mivek17ek27 v 7ekh] (428)
generate a Z-module of finite index in R; .

Proof. By Proposition 4.33, the coefficients of basis elements in (4.28) are
linear polynomials over Z in m;, ..., M4 q4—p,. It suffices to show that over
Q they generate a (d — pp, — ¢ + 1)-dimensional vector space. Suppose for a
contradiction that they do not. We may if necessary perform an invertible
change of variables m;; = Ef;fﬁ crjm} for ¢, ; € Q, so that all the Lie

brackets of the form (4.28) are independent of, say, m; ;. Now
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n
m; = E Tnhjej

J=1
n d—pn
(Y et ]
r=1 \ j=1
n d—pnp
= ngyj (Z c,«,]—eT) . (4.29)
j=1 r=1
If [my, ey, ..., eg,] has no term in mj, for all ey, ,... ey, € L, then (4.29)

implies that Zf;fh ¢rier € op_1(L). Since the change of variables is invert-

ible, we cannot have ¢,; = 0 for all 1 <r < d — pj;. This contradicts B being
cocentral. 0

Definition 4.40. Let p be a prime and L a nilpotent Z,-Lie ring with co-
central basis B = (e1,...,eq). We define the linear map wg : L — L by
np(e;) = p"teie,.

Lemma 4.41. Let L be a nilpotent 7Z-Lie ring with cocentral basis B =
(e1,...,eq). For all but finitely many primes p, P <, L, implies P C wg(L,).

Proof. Let. P be a p-ideal with additive generators my,...,my; where m; =
m; i€ + - -+ m; geq for m; ; € Z,. We must prove that pht(es) | m; ; for all
1<i<j<d.

Suppose ht(e;) > h. By Lemma 4.39, the coefficients of basis elements in
(4.28) generate a submodule of finite index in R; p, the free Z-module with
basis {m;;,...,m;q—p, }. For all primes p not dividing this finite index, the
coefficients my ;, ..., m; a—p, generate the free Z,-module R; ), ® Zj.

Since P is a p-ideal,

h ht1
[m;, ey, ,er,,...,ex,] €p"P Cp" L.

This implies that p"*! divides all the linear combinations of Mgy Mid—pp,

that arise as coefficients of basis elements in the above Lie brackets. But since

these span R; j, ® Z,, we must have that phtL| m;; for 1 <7< j<d—pp.
Hence p"*(¢) | m; ;, and thus P C 75(L,). O

Corollary 4.42. Let L be a nilpotent Z-Lie ring with cocentral basis B =
(e1,...,eq). For all but finitely many primes p, the unique p-ideal of minimal
index in Ly is mg(Lp).

Proof. It is easy to see that mg(L,) is a p-ideal. By Lemma 4.41 it contains

all other p-ideals of finite index, hence its index must be minimal. a

Remark 4.48. If mg(L,) is the unique p-ideal of L, of minimal index, it is clear
that 7,3 ' (P) is an additive submodule of L, for all p-ideals P <, L,. However,
there is no guarantee at all that Trgl(P) is an ideal, nor even a subring, of L,,.
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We can now deduce Conjecture 4.23 from Conjecture 4.5:

Theorem 4.44. Let L be a Z-Lie ring of nilpotency class ¢ with cocentral

basis B = (e1,...,eq). Assume Conjecture 4.5. Suppose Cﬁp(s) satisfies a
functional equation of the form
Gy = (G () (430)

for almost all primes p, with a,b,r € Z. Then a = N, b = (g) and r = d
(mod 2), i.e.

o), = (1ETNCE () (4.31)

where

c—1 d
N = rank(L/oi(L)) = Z ht(e;) . (4.32)

=0

Proof. By Proposition 2.2, there exists a set of cone data D such that Cfp(s) =
(1—p~H~9Zp(s—d, p). Assuming Conjecture 4.5, Corollary 4.29 implies that
4y,
Cfvp(s)|p—>p*1 = (_1)dp(2)<L,P(S>
for p outside a finite set of exceptional primes.

Excluding at most finitely many primes p, Corollary 4.42 establishes that
the minimal index of a p-ideal in L, is

d
pZi:l ht(e;) = pN ,

and that there is precisely one p-ideal of this index. Hence if Cfp(s) satisfies

a functional equation of the form (4.30), then f: (s) = p’NSCE’p (s). Hence
(r, (s) = i (s) satisfies (4.31). 0

4.9.2 Property (})

We are unable to give a general condition which decides whether the p-local
ideal zeta functions of a nilpotent Lie ring should or should not satisfy the
functional equation (4.31). The idea behind our next definition is to define
an interesting subset of Lie rings within which we can prove a necessary
and sufficient condition for this functional equation to be satisfied, assuming
Conjecture 4.5.

Definition 4.45. Let L be a nilpotent Z-Lie ring or Z,-Lie ring. A cocentral
basis B = (e1,...,eq) for L has Property (1) if there exists a function \ : B —
Nso such that for all 1 <i,j < d, [e;,e;] is in the span of basis elements of
height ht(e;) — A(e;). L has Property (1) if there exists a cocentral basis B
satisfying Property (f).



108 4 Local Functional Equations

The definition of Property (f) is rather abstract, in that it gives no indi-
cation what the constants A(e;) should be. However, it is in some sense the
most general possible definition that allows us to prove the following lemma:

Lemma 4.46. Let L be a nilpotent Z,-Lie ring and let B = (e1,...,eq) be
a cocentral basis for L with (). Let H be the Z,-linear span of my,...,mq
and let f; jx(x) and g; jr(x) be coprime polynomials in the indeterminates
x=(my1,M12,...,Maq) such that

d

g, 05 = S0 Lkl (4.33)
= fijk(x)
1. The conditions that must be satisfied if H < L, are
i (%) | 915, (%) (4.34)

foralll <i 5 k<d.
2. The conditions that must be satisfied if mg(H) <, L, are

fiin(X) | PN g (%) (4.35)

forall 1 <i,7,k <d.
Proof. 1. Clear from (4.33).
2. Put 1y, j = pP*(®)m; ; and thy; = mp(m;) = 1 i€, +- -+ geq. It is clear
that m; ; € pZ,, so the additive submodule generated by my,...,my is

clearly contained within pL.
Equating the basis elements of height h in (4.33) gives us

1 9i,j.k(X)
Z mi,r[em eg] m Z mg,t€t

ht(e,)=X(e;)+h ht(er)>h

Multiply both sides by p*©)+" to give us

P vl PO

ht(e,)=X(e;)+h ht(ex)>h ht(e:)=h
Summing both sides over h yields
d A(ej)
iy, e;] = ZP fgz(jk g .
i,k
For 75(H) to be a p-ideal, we require the coefficient p*(®1) g, ; 1.(x)/ fi j x(X)

to be an element of pL. This is true if and only if (4.35) holds O
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Corollary 4.47. Let L be a nilpotent Z-Lie ring and let B = (eq,...,eq) be
a cocentral basis for L with (1). For all primes p, and for all ideals I < L,, of
finite index in L, m5(I) <, L, and |L, : m5(I)| = p™|L, : I|.

Proof. It is clear that (4.34) implies (4.35), hence I < L, implies 75(I) <, Ly.
Since |Ly : I| = |my1...maq|"" and |Ly : mg(1)| = |11 ... 1haal ! it is also
clear that |L, : mg(I)| = pN|L, : I|. O

Corollary 4.47 now gives us an obvious criterion for the local ideal zeta
functions of L to satisfy the functional equation (4.31):

Corollary 4.48. Let L be a nilpotent Z-Lie ring with a cocentral basis B =
(e1,...,eq) having (1). Suppose additionally that for all but finitely many
primes p, ﬂ'gl(P) < L, for all p-ideals P of finite index in L,. Assume Con-
jecture 4.5. Then, for all but finitely many primes p, Cﬁp(s) satisfies (4.31).

Proof. Lemma 4.47 and our assumption that wgl(P) < L, for all p-ideals P
of p-power index in L together imply that there is a bijective correspondence
between ideals of L and p-ideals of L. Under this correspondence, an ideal of
index p” corresponds to a p-ideal of index p"+V. Hence the result. ]

Tt is useful to classify Lie rings that satisfy Property (f). For more general
rings there may not be a similar classification.

Definition 4.49. Let L be a Z-Lie ring of nilpotency class c. We define the
depth of an element x € L to be dep(x) = ¢+ 1 — ht(z).

Definition 4.50. Let L be a nilpotent ring additively isomorphic to Z*. A
cocentral basis B = (e1,...,eq) for L is stepped if B has (f) and we may take
Mej) = dep(e;) for 1 < j < d. L is stepped if there exists a stepped basis
for L.

Lemma 4.51. Let L be a Lie ring, a,b,c € L. If ¢ commutes with a and b, ¢
commutes with [a,b].

Proof. Follows immediately from the Jacobi identity. O

Lemma 4.52. Let L be a Z-Lie ring and let B = (e1,...,eq) be a cocentral
basis for L having (1). Suppose e;, e; are non-commuting basis elements. Then

ht(ei) + )\(el) = ht(ej) + )\(Ej) . (436)

Proof. From the definition of Property (1), [e;,e;] is a linear combination of
basis elements of height ht(e;) — A(e;). Since the Lie bracket is antisymmetric,
ht(e;) — A(ej) = ht(e;) — A(e;). Rearranging gives the result. O

Theorem 4.53. Let L be a nonabelian nilpotent Lie ring. Then L has (f)
if and only if L is a direct product (perhaps with central amalgamation) of
stepped Lie rings.
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Proof. Define the relation ~ on B by e; ~ e; if [e;,e;] # 0. Clearly ~ is
symmetric. Let ~ denote the transitive closure of ~. & is an equivalence
relation on the set of non-central basis elements. By Lemma 4.52; the function
e; — ht(e;) + A(e;) is constant on the equivalence classes Cy,...,C, of ~.

Let L; be the subring generated by C;. Consider two distinct subrings L;
and Lj, i # j. For all a,b € L;, ¢ € L;, Lemma 4.51 implies that ¢ commutes
with [a, b]. Hence the subrings L; and L; commute, and so their intersection
must lie in the centre. Furthermore, Z(L;), Z(L;) € Z(L). It is then clear
that Ly + Z(L), Lo, L3, . .., L, generate L.

We now claim that each subring L; is stepped. For 1 < ¢ < r, let ¢; be
the constant value of ht(e;) + A(e;) for e; € C;. Proposition 4.35 implies
there exists e; € L; such that A(e;) = 1 and thus ht(e;) = ¢; — 1. Since
Z(L;) C Z(L), L; contains elements of height 1, so the nilpotency class of L;
is t; — 1. By the definition of t;, A(e;) = t; — ht(e;) = depy(e;). Thus L; is
stepped. Clearly Ly + Z(L) is also stepped if Ly is.

Conversely it is easy to see that any direct product of stepped Lie rings
Ly,...,L,, perhaps with central amalgamation, has (}). For a central basis
element e;, the value of A(e;) is arbitrary. For a noncentral basis element e;,
e; € L; for some unique 1 <i <r, and we take A(e;) = depy, (e;). O

Remark 4.54. It is not always true that Lq,..., L, generate L. In particular,
this happens if L has an abelian direct factor.

Remark 4.55. The concept of a stepped Lie ring is similar to the concept of
a graded Lie ring. Indeed, by taking L; to be the linear span of the basis
elements of depth i, Ly,..., L. is a grading of a stepped Lie ring. Direct
products of such rings are clearly graded as well, and it is easy to see that a
direct product with central amalgamation of graded Lie rings is also graded.
However, graded Lie rings do not necessarily have (7). Fily (p. 53) is graded
—take Ly = (z), Liy1 = () for : = 1,2,3,4, then [L;, L;] C L;1; — but does
not have (7).

Corollary 4.48 is obvious, but it is awkward to use. We now develop a more
useful equivalent notion.

Definition 4.56. Let L be a Z-Lie ring with cocentral basis B = (eq,...,€eq)
having (T). B has (x) if, for all 1 < j, k < d with A(e;) > 1,

lex. €] € <{[ek,ejl,...,ejl] e :1.§“l:§;,ejl) . }>@ L (437)

This is a somewhat technical definition and is more difficult to understand
than Corollary 4.48. However, determining whether a basis has (%) is a finite
calculation, not something offered by Corollary 4.48.

Note also that we use the Q-span in (4.37), rather than the Z-span. (4.37)
holds if and only if
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lex, ;] € <{[ekvejw SRLIE Aej,) :1'§”l:§>\0(78jl) =1 }>z

for all but finitely many primes p. The same is not true with the Z-span.

P

Ezample 4.57. The Lie ring g¢ 17 has presentation
(el, --,€6 0 [61,82] = €3, [61,63} = €5, [61,35] = €g, [62764] = eﬁ) .

The basis B = (ey,...,eg) is cocentral and has (), with A(e1) = A(e2) = 1,
Aes) =2, Mes) = Aes) = 3. Now

[e1,e3] =e5, [e1,e4] =0, [e1,e5] = eq ,
and
[e1,e2,€1] = —es , le1,e2,e1,e1] =eg
so (4.37) holds for k = 1. For k = 2, we need only check that
[e2,e3] =0, [e2,e4] = €6, [e2,e5] =0,
and
[ea,e1,€1,e1] = —eg .

There is nothing to check for k > 3 since e3, ey, es5,es all commute. Hence
B has (*). Turning to p. 61, we find that (5} . ,(s) does indeed satisfy the
expected functional equation.

FEzxample 4.58. The Lie ring g¢ ¢ has presentation
(el, -,€6 0 [61,82] = €4, [61,63} = €5, [61,34] = €g, [62763] = eﬁ) .

The basis B = (ey,...,es) is cocentral and has (}), with A(e1) = A(e2) = 1
and A(ez) = Aes) = 2. Now [ej,e3] = e; but [ej,eq, 1] = —eg and
[e1,€2,e2] = 0. Hence (4.37) does not hold with j =3, k =1, so ge ¢ does not
have (x). Cgi’s,p(s) does not satisfy a functional equation, as we see on p. 56.

Definition 4.59. Let L be a Z-Lie ring with cocentral basis B having (1). Let
fiik(x) < gijr(x) for 1 < k < d be the polynomial divisibility conditions
in (4.34). A condition f; jr(x) < g;jx(x) is primary if AM(e;) = 1, and is
secondary otherwise.

From (4.34) and (4.35), the primary conditions are necessary conditions
for H to be an ideal and for m(H) to be a p-ideal. The secondary conditions
for mg(H) to be a p-ideal are weaker than those for H to be an ideal. This
suggests that mg(P) < L, for all p-ideals P of p-power index if and only if the
secondary conditions are redundant. Our next aim is to show that this is in
fact the case.
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Lemma 4.60. Let L be a nilpotent Z-Lie ring or Z,-Lie ring, B = (e1, ..., eq)
a basis for L with (1), and my,...,my be additive generators for an ideal
I < L. Suppose that

[m;,e;] € (mq,...,my)

for all e; with X(ej) = 1. Then, for all ji,...,j, with Xej,) = --- =
)‘(ej7-) =1,

[mi7ej1’ej27"'7ej’r] € <m1a'~'7md> .
Proof. If [m;,e;] € (my,...,my) for all e; with A(e;) = 1, then [u,e;] €
(my,...,mg) for allu € (m4,...,my) and all e; such that A(e;) = 1. Setting
u=m;, [my;,e;l], my e, el ..., [m;e;,ej,...,e ] in turn gives the
result. O

Theorem 4.61. Let L be a Z-Lie ring with cocentral basis B having (1) and
(x). For all but finitely many primes p, H < L, if and only if mg(H) <, Ly.

Proof. For all but finitely many primes p, (4.37) implies that

lex, ;] € <{[ek7ej1, ealt :1.§Hl:§;(,ejl) B }>Z (4.38)

D

for all e, e, with A\(e;) > 1. If we set m; = m; ;€;,+---+m; geq for 1 <i <d,
it can then be seen that (4.38) is equivalent to

(m;, e;] € <{[mi,ejl,...,ejl] e :1~S'~Z:SAC(’ejl) . }>Z (4.39)

for all 1 <i,5 <d with \(e;) > 1.

For fixed 4, j with A(e;) > 1, the secondary conditions f; ; k(x) | gi j.k(x)
for 1 < k < d are ‘redundant’ (in the sense that they are implied by the
primary conditions) for all but finitely many primes p if

[m;,e;] € <{[mi,ejl, e Aes,) :1.?15)\0(’%_1) . }>Z . (4.40)

P

By Lemma 4.60, [m;,e;,,...,e; | € (my,...,mg) for all ji,...,7 with
Aej,) = -+ = Aej,.) = 1if and only if [m;,e;] € (my,...,my) for all j
such that A(e;) = 1. Clearly if (4.40) holds for all ¢, j with 1 < 4,5 < d and
A(ej) > 1, then the conditions f; j x(x) | gijk(x) for 1 < k < d are implied
by those where A(e;) = 1. Hence H < L,, if and only if mg(H) <), Ly,. 0

Theorem 4.62. Let L be a nilpotent Z-Lie ring with basis B = (e1,...,eq)
which has () but does not have (x). There exists an additive submodule H
such that H 4 L, but ng(H) <, L,.
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Proof. Since B does not have (), there exist basis elements e;, e, with
A(ej) > 1 such that

lex, ;] ¢ <{[ek,ejl,...,ejl} e :1;..15;,9])) B }>Q (441

and hence, for all primes p,

lex, ;] ¢ <{[e,€,ej1,...,ejl} : A(ejl):._..:A(’ej,):l}>Z o (442)

P

We construct a suitable additive submodule H additively generated by
my,...,my. It suffices to assume m;; = 0 for 1 < i < j < d, so that
m; = m;;e; and thus

[m;, e;] =m;; > Cijrer
ht(e,)=ht(e;)—A(e;)

for some nonzero integers ¢; ;. We may assume p divides none of the nonzero
ci,j,r- Since we have chosen a ‘diagonal’ set of generators for H, the re-
quirement that [m;,e;] € (mj,...,my) becomes m, , | m;; for each r with
Ci,j,r 35 0.

Choose ey, e; to satisfy (4.41). Choose e, such that ¢ ;. # 0, so that m ; |
my e if (my,...,mg) is to be an ideal. Set m;; = p, and if any conjunction
of primary conditions implies that m,; | m;;, set m;; = p too. Set all other
m,; ; = 1. By our construction, all primary conditions are satisfied.

By our choice of e; and e;, my; | my cannot be a conjunction of
primary conditions, so we must have my = 1. This clearly implies that
H = (my,...,mg) is not an ideal of L,, since one of the non-primary condi-
tions does not hold.

We now prove that mg(H) is a p-ideal. Recall that

ms(H) = (p"Cmy ... 7pht(9d)md,d>Zp .
For 1 <i,1 < d, we must show that [m;,e;] € (pmy,...,pmg). Now
[m;, €] = Z Cigrp" e m, e,

ht(e,)=ht(e;)—A(e;)
so for each r with ¢;;, # 0,

My | Py (4.43)
If XM(e;) =1, (4.43) reduces to m,., | m;;, one of the primary conditions that
we know H satisfies. If A(e;) > 1, (4.43) trivially holds since m,., | p for all

1 <r <d. Hence np(H) < L,. O
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Corollary 4.63. Let L be a nilpotent Z-Lie ring with basis B = (e1,...,eq)
which has (). Assume Conjecture 4.5. Then, for all but finitely many primes
D, Cf’p(s) satisfies the functional equation (4.31) if and only if B has (x).

Proof. Corollary 4.48 and Theorems 4.61 and 4.62. O

Corollary 4.64. Let L be a ring with (1), i.e. a direct product (possibly with
central amalgamation) of stepped rings Ly, . .., L.. Then L has () if and only
if for each 1 <i <r, L; has (x).

Proof. If e; € L;, then [my,e;] only has nonzero coefficients of other basis
elements in L;. If all the direct factors have (x), it is clear that L will. If (with
no loss of generality) L; does not have (x), we will still be able to construct
an non-ideal H < L, such that mz(H) <, L. O

Theorems 4.61 and 4.62 give us a way of determining whether ideals and
p-ideals correspond. However, we can further cut down the work we need to
do. Our next lemma essentially allows us to reorder the Lie brackets within
(4.37). Its proof is routine manipulation of the Jacobi identity.

Lemma 4.65. Let L be a Lie ring and b be any iterated Lie bracket of ele-
ments in L, y € L. Let S C L be any set of elements such that b is in the
subring generated by S. Then

[bay] € <{[y7213227"'azr] | 1§T§072i GS}>Z-

Remark 4.66. We may assume y and all the z; are distinct by considering them
as indeterminates and follow the method outlined in the proof to obtain an
identity expressing [b,y] as a linear combination of left-normed brackets.

Proof. Let the number of Lie brackets within b be b. Define the altitude of
y in b, alty(y), to be the number of Lie brackets it is contained within. We
proceed by reverse induction on alty(y). If alty(y) = b, then b is left-normed
and the result is trivially true. Initially, we have alty(y) = 0.

If alty (y) < b, then there exists a Lie bracket within b not containing y.
Let [[4, B],C] be the innermost Lie bracket containing y and this other Lie
bracket, with y somewhere within C'. The Jacobi identity implies that

[[4,B],C]=[[C,B], Al + [[A,C], B] . (4.44)

Using (4.44) we may express b as b = by + by. For i = 1,2 either b; = 0 or
alte, (y) = alty(y) + 1 and there are b brackets within b;. By our inductive
hypothesis, by and by are expressible as some Z-linear combination of left-
normed Lie brackets, so b is too. O

Definition 4.67. Let L be a Z-Lie ring or Z,-Lie ring with basis B having
(t). Denote by I'g(L) the subring generated by all e; € B such that A(e;) = 1.
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Corollary 4.68. Let L be a Z,-Lie ring with basis B having (1), e; € B. If
e; € I'g(L) then (4.37) holds for all e, € B.

Proof. Lemma 4.65 with S={ze€ B|A(z) =1}. O

Corollary 4.69. Let L be a Z-Lie ring with basis B having (}). Suppose |L :
I'5(L)| < 0o. Assume Congjecture 4.5. Then (7' (s) satisfies (4.31) for all but
finitely many primes p.

Proof. For all primes p not dividing |L : I'g(L)|, Ig(L,) = L,. Hence B C
I's(Lp) and by Corollary 4.68, B has (x). Thus Corollary 4.63 implies the
result. O

This next corollary provides a useful quick check for the correspondence
to fail, and hence predict that local ideal zeta function does not satisfy a
functional equation.

Corollary 4.70. Let L be a Z-Lie ring with basis B = (e, ..., eq) having (}).
Suppose I's(L) is not of finite index in L. Suppose that there ezist ey, e; € B
such that ey, € I'g(L), but for all primes p, e; ¢ I'n(L,) and [ex, e;] ¢ Ig(Ly).
Then B does not have (x). Hence, assuming Conjecture 4.5, (Ep(s) satisfies
no functional equation for all but finitely many primes p.

Proof. If e, € I's(Ly), €; ¢ I'5(Ly) and [e, ;] ¢ I'5(Ly), then (4.41) clearly
holds. O

Having laid the groundwork above, we can now prove results about when
local ideal zeta functions of Lie rings should satisfy functional equations.

Proposition 4.71. Let L be a class-2 nilpotent Lie ring. Assume Congec-
ture 4.5. Then, for all but finitely many primes p, nyp(s) satisfies (4.31). In
other words, Conjecture 4.5 implies Conjecture 4.20.

Proof. Since L has nilpotency class 2 it is clear that L is stepped. L trivially
has (x) since there are no nontrivial secondary conditions. The result now
follows from Theorem 4.61. O

Lemma 4.72. For c,d > 2, let F. 4 denote the free class-c-nilpotent Lie ring
on d generators. Then F. 4 is stepped.

Proof. Let eq,...,eq be free generators of F. 4, and for 1 < ¢ < ¢, set r; =
rank(v; (Fe.a)/vit1(Fea)). Set s; = rank(v;(Fe.a)/vit1(Fe,a)) = 11+ + 100
For convenience set sg = 0.

F, 4 has a basis B = (eq, ..., e, ) with the property that for s;_1+1 <1 <
Si, € is a left-normed Lie bracket of length ¢ in the free generators eq, ..., eq.
Define L; to be the Z-span of e, ,41,...,€es,. Then

Foa=L1©&L®---& L.
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as Z-module direct sums. Furthermore, Lemma 4.65 implies that any Lie
bracket with i + j elements, left-normed or otherwise, can be rewritten as
a Z-linear combination of left-normed Lie brackets of length ¢ + j. Hence
[Li, L;] € Litj, so F.q is graded with respect to Li,..., L.

If s,,1+1 <1 < s, then ¢ € L;. [e,eq,...,e1] is a left-normed Lie

E/l_/
cC—1

bracket of length c. By the freeness of F, 4, this Lie bracket is nonzero. Hence,
by Proposition 4.33, ht(e;) > ¢ —i.

Forall z1,...,2c—i11 € Fe 4, [€1, 21, - - ., Ze—it1] is a left-normed Lie bracket
of length ¢+ 1, so is zero. Thus ht(e;) = ¢ —i + 1, so dep(e;) = i. Hence F, 4
is stepped. O

Theorem 4.73. Suppose ¢,d > 2. Assume Conjecture 4.5. Then, for all but
finitely many primes p,
N1y _ s
Cﬁc,d,p(s)’pﬁp,l = (~Mp(F)=Nescg (s) (4.45)

where

c 1 o
Ny =" =D p()d = rank(F..)

i=1 " jli
N = S i
i=1 jli
and p is the Mobius function.
Proof. Lemma 4.72 implies that F, 4 has a stepped basis B. The formula
1 .
;== Nt/
ri == Zl:u(J)
Jjle

is due to Witt, see for example Theorem 5.11 of [45]. Tt is also clear that
I's(Fe,q) = F¢ 4, so by Corollary 4.69, (4.45) holds. O

Proposition 4.74. Let L be a 2-generated stepped Z-Lie ring. Then Cf’p(s)
satisfies (4.31) for all but finitely many primes p.

Proof. We shall prove that rank(L/o._1(L)) = 2, the result will then follow
from Corollary 4.69. Since L/o._1(L) is abelian,

rank(L/o.—1(L)) < rank(L/[L,L]) =2.

Choose some z ¢ o._1(L). Since © ¢ o._1(L), there must exist y € L such
that y ¢ o._o(L) and [z,y] ¢ o._2(L). This implies y ¢ o._1(L) and since
[z,y] ¢ 0c—2(L), x and y must be linearly independent modulo o._1(L). Hence
rank(L/o.—1(L)) = 2. O
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The following proposition demonstrates infinitely many Lie rings which
(conjecturally) have no functional equation:

Proposition 4.75. For r € N5, let h = (hy,...,h;) be a finite sequence of
natural numbers satisfying hy > ho > -+ > h,. > 2. Let Ly, be the Lie ring on
generators {z} U {e;; | 1 <i<wr 1<j<h;} with the only nontrivial Lie
brackets (up to antisymmetry) being [z, €; ;] = €; j41 for1 <i <r,1 <j < h,.
Setc=hy andd=1+hy+---+h,. Assume Conjecture 4.5. If hy = --- = h,.,

() p—p—r = (_1)dp(g)7N5C§h7p(8) ; (4.46)

for all but finitely many primes p, where N = ¢ + %c(c + U)r. If hy < hyq,
th)p(s) satisfies no such functional equation.

Proof. Firstly, it is clear that ht(e; ;) = h;+1—j, so Ly, is clearly stepped with
respect to any basis B listing the generators in descending order of height.

Ifhy =---=h,,then z,e11,..., e, are the basis elements of depth 1, and
it is clear that they generate Ly. Hence I'g(Ly) = Ln, and by Corollary 4.69,
(4.46) holds.

If h, < hy, then dep(e,1) > 1. Hence e, 1,e,2 ¢ I'3(Ln). Now z € I'g(L)
and [z,e,1] = e, hence, by Corollary 4.70, (7% (s) satisfies no functional
equation. O

We can deduce Taylor’s conjecture about the maximal class Lie rings M,
(Conjecture 4.24) as special cases of both of these last two propositions:

Corollary 4.76. Assume Conjecture 4.5. Then, for all but finitely many
primes p,

dY_((d+1)_1)4
Gt g, s = (1D (s
where d =n + 1.
Proof. M,, is 2-generated and also M, = Ly for the singleton sequence
h = (n). O

Corollary 4.70 is a quick way of verifying the lack of functional equation.
Although it is useful, it is not universal. Consider the Lie ring L with presen-
tation

e e : [61762] = €3, [ela 93] = €g, [e27e3] = ey, [e17e4] = ey,
T [eg, e5] = eq, (e, €5] = €9, [€2,€6] = €3, [e1,€7] =eg /

L has nilpotency class 4 and has stepped basis B = (ey, ..., eq), with I'z(L) =
(e1,€9,€3,€q,er,eg). Corollary 4.70 cannot be applied since [ey, e;] ¢ I'5(L)
implies {e,e;} = {es,es}, and es,e5 ¢ I'g(L). However, it follows from
Corollary 4.48 that Cf’p(s) is predicted to satisfy no functional equation. For
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each prime p, H = (e1,ey,...,es,peg)z, is clearly not an ideal (nor even a
subring!) of Ly, but m5(H) <, Ly.

We conclude this section by referring back to Chap. 2. The majority of Lie
rings considered have (t). The exceptions are Fily, Fily X Z, g6 15, 81378, 8137D,
913578, O1357¢ and gias7p. All the others have (1) and all of them satisfy a
functional equation if and only if they have (x). The local ideal zeta functions
of those with (x) satisfy the functional equation (4.31), and Corollary 4.70
applies to each Lie ring without (x).

Many of the examples in Chap. 2 arose from taking the Z-span of a nilpo-
tent Lie algebra of dimension 6 or 7 over C, classified in [44] and [26]. Whilst
we have been able to complete many of the calculations, there are still a num-
ber of Lie rings arising from these classifications for which we were not able to
calculate the ideal zeta function. It therefore seems worthwhile listing such Lie
rings, and for those that have (1), whether Corollary 4.63 implies a functional
equation satisfied by the ideal zeta function.

The only such Lie rings of rank 6 whose ideal zeta functions are not given
in Chap. 2 are g¢,, for n € {2,11,18, 19,20, 21, 22}. Of these, g¢,2 = Ms, go.18
and gg,21 are also stepped and Corollary 4.63 predicts the ideal zeta functions
of all three to satisfy (4.31). The remaining four Lie rings do not have (}).

Amongst Lie rings of rank 7 there are many calculations of ideal zeta
functions which have yet to be done. In the table below, we list these Lie
rings and whether or not they have (7). For each set of upper-central series
dimensions, we list the suffixes of Lie algebras as used in [26]. There are
six infinite families indexed by a single parameter. These are denoted by an
asterisk. In all six cases, whether the Lie ring has (}) is independent of the
parameter. Note that there are gaps in the suffixes: the Lie algebras (147C),
(1357K), (12457M), (13457H) and (123457G) do not exist.

Dimensions Has (1) Doesn’t have (})

147 D,E* -

247 C-K L-R

957 D,IJ E-H,L
357 A-C -

1357 D,M*,0-R,S* E,FLJLN*
2357 - A-D
92457 A-C,LM D-K
12357 A B,C
12457 ACHL B.D-G,I-K,N*
13457 A,C B.D-G.I
23457 C AB,D-G
123457 A B-F.H.,I*

Of those that have (1), all except 257D, 357A-C, 1357D and 2457A-C sat-
isfy (4.37). For each of these eight exceptions, their predicted lack of functional
equation can be deduced from Corollary 4.70.
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4.9.3 Lie Rings Without (%)

We have focused on Lie rings with (f) since we can apply Proposition 4.47. If
we wish to determine whether the local ideal zeta function satisfies a functional
equation, we only need to look for a p-ideal that doesn’t correspond to an ideal,
or show that no such p-ideal exists. If we instead consider Lie rings without (})
we can no longer do this. There may well be ideals that don’t correspond to
p-ideals under the m-map, as well as p-ideals that don’t correspond to ideals,
and some cancellation may take place.
Fily, defined by the presentation

<Z7331,9C2,373,304 : [27331] = T2, [Z,$2] = I3, [3,373] = T4, [3017332] = $4> ,

is in some sense the ‘simplest’ Lie ring without (f). There certainly aren’t
any of smaller rank. Let p be any prime and put B = (z, 21, %2, 23, 24), L, =
Fily ® Zp, and N =544 + 342 = 14. Then set

H = (p*z + px1 + 22, p°T1, pTo + T3, pT3 + T4,PT4) ,
P=np(H)= <PGZ +p°x1 + pPuo, pPay, ptas + pius, pPas +px4,p2x4> .

It is a routine task to verify that H < L, but P #4, L,. However, it turns
out that this ideal not associated to a p-ideal, and all others of index no
more than 10, are ‘cancelled out’ by p-ideals P’ of index < 10 + N such that
wgl(P’) A L,. There are, however, more p-ideals of index p" N than ideals
of index p''. This phenomenon can be observed in the numerator polynomial
of CF<‘H47p(s) (p. 54). For each term ¢X%Y" with b < 10, there exists a term
cX?372Y42=b but this doesn’t happen for the term — XY 11,

It is perhaps worth noting that g¢ 15, gi1378 and giz7p are the only Lie
rings without () whose ideal zeta functions we have calculated and which
satisfy a functional equation. In all three cases the Lie ring is isospectral to a
Lie ring with (f) — ge¢,17, M3 Xz M3 and g137c respectively — so it raises the
following:

Question 4.77. Let L be a Z-Lie ring without (f). Suppose Cf,p(s) satisfies
(4.31) for all but finitely many primes p. Does there always exist a Z-Lie ring
Ly with () such that (i (s) = (i ,(s) for all but finitely many primes p?

We suspect the answer is ‘no’, but on the scant evidence we have it would be
foolish to elevate this to a conjecture.
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Natural Boundaries I: Theory

5.1 A Natural Boundary for {gsp,(s)

We begin this chapter with an explicit demonstration that the global zeta
function of the algebraic group GSpg has a natural boundary.

Theorem 5.1. Let Z(s) = [[,(1+ (p +p? +p3 +pM)pF + p°~29), where the
product is taken over all primes p. Then

1. Z(s) converges on {s € C:R(s) >5};

2. Z(s) can be meromorphically continued to {s € C: R(s) > 4};

3. {seC:R(s) =4} is a natural boundary for Z(s).

Proof. 1. An infinite product [, .;(1 + a,) converges absolutely if the cor-

responding sum ), |a,| converges. Now > . . |p~°| converges on
{s € C:R(s) > 1}. Hence we see that in our infinite product Z(s) it is
the term p*~* which is the limit of convergence. Hence Z(s) converges on
{seC:%R(s) >5}.

. To meromorphically continue the function to {s € C : R(s) > 4}, we

have to produce a function meromorphic on {s € C : R(s) > 4} which
coincides with Z(s) on {s € C: R(s) > 5}.
Let

(1—p—*)

_ 2 3 4\, —s 5—2s
F(s)=[[0+@+p*+p*+p")p " +p STy

p

We claim that this converges on {s € C : R(s) > 4}, in which case

it coincides with Z(s).cc(és:f)) on {s € C:R(s) > 5}. Since CC((;S:% is
meromorphic on the whole complex plane, we can meromorphically con-
tinue Z(s) from {s € C: R(s) > 5} to {s € C: RN(s) > 4} by setting

Z(s) = F(s).é((;;‘ls)) for s with R(s) > 4.
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The terms in the infinite product F(s) can be rewritten

(It (p+p>+p° +p ) + %) (1—p~=t?)
A L )
(p+p* +p°)p° +p°*

=1
- L+pts

To ascertain the radius of convergence of the infinite product of such
expressions we again look at the absolute convergence of sums. The limit

of convergence is given now by the term ‘ which converges

‘ p375

p | 14+pi=s
for s with R(s) > 4. We have therefore continued Z(s) successfully to
{s € C:R(s) >4} by using the Riemann zeta function to pass the pole

at R(s) = 5.

. However R(s) = 4 is as far as we can go. We show now how we can realise

every point on this boundary as the limit point of zeros from {s € C :
R(s) > 4}. To do this we consider solutions of the equation 1 + (X +
X2+ X%+ XYY + X5Y?2 = 0. We will be interested in the value of s for
solutions of the form (X,Y) = (p,p~%).

We make the substitution U = X4Y and V = X~!. Hence we want to
consider the equation

FV,U)=UV3+UQ1+V+V2+ V¥ +1=0.

This has a trivial solution at (V,U) = (0,—1). The partial derivatives at
this point are then given by

Fy(V,U)|g,1y = 3UPVZ+ UL +2V +3V?)| =1,

Fy(V,U)|(g 1y = 20V +14+V +V? +V3|(0’71) =1.

We can therefore use the Implicit Function Theorem to expand U as a
function of V' in the neighbourhood around the solution (0, —1) to get

R
U=-1- -2 V+2(V)

Ulo,-1
=-14+V+02V),
where 2(V) is a power series in V starting with V2 or some higher term.
So for p large enough at the point V = p~! we get the solution U =

—1+p~t+ 2(p7!). Setting U = p*~* we therefore get a solution of
(1+ (p+p?+p®+pH)p~° +p°~2%) = 0 for values of s satisfying

P =l p T Q07
Hence for all n € Z we have a solution of the form

B log(1—p~t+02(p71)) n (2n — 1) -

=4
5 logp logp
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Now

Clog(l—p '+ 020p7))

6 =
! log p

— 0

as p — oo. If we fix some point A = 4+ ai on the boundary R(s) = 4 then
we can arrange some sequence of integers n, for each prime p so that

(2n, — )7
log p

—a

as p — oo. Hence each point A on the boundary is a limit point of zeros.
Finally we must check that the zeros are on the right-hand side of this
boundary which follows since ¢, > 0 for large enough p. We therefore
cannot continue Z(s) beyond its natural boundary at R(s) = 4.

This proves Theorem 5.1. O

Corollary 5.2. The global zeta function Zasp, (s) = [, Zasp,,p(s) has a nat-
ural boundary at R(s) = 4.

Proof. It was established in [36] that

1+ (p+p*+p°+pHp = +p° 2
1—p=o)(1 —p*=*)(1 = po=)(1 —pf==) -

The result is now immediate from Theorem 5.1. O

ZGSpa-,p(s) = (

Remark 5.3. Notice that we had a helpful minor miracle during the course of
the proof of the natural boundary in the fact that J, > 0 which forced the
zeros to lie on the right-hand side of the boundary. If they had been on the left-
hand side they would not have been helpful as there may have been a way to
continue the function to avoid picking up these zeros. However since there is a
unique way to analytically continue a function, once the zeros have appeared,
we are stuck with them. As we shall see in the next section, we shall make this
a hypothesis of our general result on natural boundaries. It means that we are
unable to completely answer the conjecture mentioned in the introduction of a
generalisation of Estermann’s result to two variables. For example the method
above would fail for the polynomial 1+ (X + X? — X3 + X*)Y 4+ X°Y?2.

What is perhaps extraordinary is that all the examples of zeta functions
of Lie rings that have been calculated involve polynomials that also satisfy
this minor miracle.

5.2 Natural Boundaries for Euler Products

We see in this section how far we can take the methodology employed in the
previous section. Let
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1
W(X,Y) =1+ (aok+a1pX + -+ an g X"V
k=1
where a; ;, € Z and we assume that a,, , # 0. Put degy W = dx, say.
We consider the analytic behaviour of the function

2s)= [ wor™).

p prime

We shall prove in this section Conjecture 1.11 under certain conditions that
we shall explain during the course of the discussion.

Lemma 5.4. Let o = max{ £ : k = 1,...,1}. Then Z(s) converges on

{s€eC:R(s) >a}.

Proof. The sum la; xp'~*¢| converges on {s € C: R(s) > a}. Hence the
infinite product Z(s) also converges on {s € C: R(s) > a }. O

Where and whether we can meromorphically continue Z(s) is going to
depend on the zeros of W(X,Y). These zeros are determined by the Puiseux
power series and the corresponding Newton diagrams. The Puiseux power
series as we shall see are just a more sophisticated version of the implicit
function theorem that we used in the previous section.

We first make a substitution into our polynomial so that we are considering
the behaviour of a polynomial as one of the variables tends to zero rather than
infinity. Let § = max{ 5 : k € I }. Let j € I be as small as possible with the
property that % = 3 and put

U=X°,
V=X
Then setting J = { (k,i):i=0,...,ng and k =1,...,1},
(k,i)ed
=1+ Y bipV'UR.
(ki)eK

Note that n;k —ij > 0.
The theory of the Puiseux power series guarantees us the existence of
power series §2; for ¢ = 1,...,[ such that

2V = ¢ (Vl/q)ez‘ + (VYT

where §2; 1(V/9) is a power series in V1/4 starting with (Vl/q)EiJrl or some
higher term and e; € Z. Since the coefficients of F/(V,U) as a polynomial in U
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are polynomials in V', the power series £2;(V'/%) converge for all V and define
the [ zeros of the polynomial F(V,U) =W (X,Y).

We can read off the initial term of these Puiseux power series from the
Newton polygon of W(X,Y). Let Ly denote the set of lattice points (n, m)
which correspond to the occurrence of a non-zero term XY™ in W(X,Y).
Let [y, ..., [ be the lines starting from the point (ng,0) and ascending to the
line with end point (n;,!) marking out the right-hand convex hull which we
call V.

For each line [;, let m; = min{m : (n,m) € [; N Ly }. Let u; and v; be
coprime with the property that

ﬁ _ (mi+1 - mz)

Usg (an»l - nmi) 7

the gradient of the line [;. Consider the quasi-homogeneous polynomial made
up of all the homogeneous components of W (X,Y") sitting on the line [;:

Y XY = XY (XY

(n,m)e LNLw

where W@(Z ) is a polynomial of degree (m;+1 — m;)/v; in one variable with
non-zero constant coefficient Ay ;-
In [18] we defined the ghost polynomial of W (X,Y") as follows:

W(X,Y) =X [ wi(xy™)
=1
l
= xem [[(Xe/1Y — ).
i=1

It has the property as explained in [18] of picking out the leading term of the
Puiseux power series in which we are interested. We have made an additional
change of variable to that in [18]. Note that ( is the inverse of the value of
the minimal gradient in the Newton polygon. Hence

W(X,Y) = Vo=ai [T wy(vsuh)
i=1

_ V(nzfdx)jWA/Jl(Utl) H WZ(V&U“) )
i=2
It is the zeros defined by the Puiseux power series corresponding to the

first piece of the Newton polygon that will be important to us. That is except
for one case which we can remove from the outset. If W;(Z) is a product

of cyclotomic polynomials and ﬁ(X UiYvi) is actually a factor of W(X,Y),
then [[, Wi(p“p~*") is meromorphic on the whole of C. Hence we can just
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factor it off and suppose we are in a situation in which either I/IA//l(Z) is a
not a product of cyclotomic polynomials or V,[\/E(X“iY”i) is not a factor of
W(X,Y). Note that if we keep on doing this and are left with a constant then
of course Z(s) is meromorphic and of the shape predicated by the conjecture.
And conversely if W(X,Y) is built out of products of cyclotomic polynomials
in one variable then we will be able to remove each section corresponding to
sides of the Newton polygon until we are left with a constant.

So we want to show that in the case that we are left with terms of the
Newton polygon, Z(s) will to have a natural boundary at R(s) = [, the
inverse of the first gradient.

We shall divide into a number of cases. First though, we need to show that
we can meromorphically continue to R(s) > 3.

Lemma 5.5. Z(s) can be meromorphically continued to R(s) > (.

Proof. There is a unique way to write W (X,Y") formally as a product:

WX Y)= [ -x"ymyen. (5.1)
(n,m)€eN?

To see how to find such an expression for a general bivariate polynomial, one
clears each term with N2 ordered lexicographically from the right. To clear a
term (—1)*»me, , XY™ where €, = 0 or 1 and e, ,, > 0 one introduces
a factor (1 — X"Y™)%um if g, ., = 1 or two terms (1 — X2y 2™ )enm (] —
Xrym)=enm if g, ,,, = 0. This only introduces terms higher up the lexico-
graphical ordering which will be cleared later. For each fixed m there will only
be a finite number of terms (—1)°*™ ey, ., XY™ that we will ever have to clear
so the procedure does approximate W (X,Y") modulo polynomials starting in
higher and higher degrees of Y. The uniqueness is clear since each ¢, ,, will
be recursively defined from terms lower in the lexicographical ordering.
The next claim is that if we have

WX Y) =[] 0 =X"Y™)mm + > enmX"Y™, (5.2)
m<M m>M

if epm # 0 # ¢ then n/m < . This follows because the pairs (n,m) ap-
pearing are all generated additively by { (n,m) : anm # 0} and if ny/mq <
and if ny/mq < B then (ny + n2)/(m1 +ma) < . For each fixed M, we set
By = max{(n+1)/m :m > M and e, ,, # 0}. Then for R(s) > B the
following infinite product converges absolutely:

WM(S) = H (1 + Hzm>]w €n7mp”*ms ) |

I e =y
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Hence on R(s) > [y we continue Z(s) by defining

Z(s) = H C(ms —n) = Wh(s) .

(n,m)€eN?
m<M

To prove that this is a meromorphic continuation of Z(s) we have to check
that on the region of convergence of Z(s), the two expressions for Z(s) agree.
For this we just need to use the fact that if [| an, [[ b, and [] anb,, all converge
absolutely then ([]ay, x [[bn) = [[ anbn. By letting M — oo, this continues
Z(s) up to R(s) > f since [ys has a limit which is 8 or smaller as M — oc.

If we want to see the zeros of one of the local factors W (p,p~*) we shall
use the following identity in R(s) > Gas:

Z(s) = H C(ms —n)~mWh(s)

(n,m)eN?
m<M
=W I Gms—nymm [ Cms—n)=mmWar,(s) ,
(n,m)€EN? (n,m)eN?
m<M m<M

where

Wi p(s) = H (1 + Hzm>M €n,mq" ™ > |

e mear (1 —qrmme)enm

Note that since a convergent product of non-zero factors is not zero, we shall
get that Wy (s) is non-zero except for zeros of W(p,p~*). O

We now consider several case distinctions for our polynomial W(X,Y).

Case 1: V’[71(U 1) is not cyclotomic. This is equivalent to there existing infi-
nitely many (n, m) with ¢, 7# 0 and n/m = (. In this case there exists a cor-
responding Puiseux power series with |¢;| < 1. To prove this we use the same
argument as in the proof of Estermann’s result. Let ¢; (1 = 1,...,d; = deg Vi)
be all the roots of VI,71 Now we know that ¢; - - - ¢4, = 1, the constant term of
W;. Suppose that lci] > 1 for all 4. Then this would imply |¢;| = 1. But if all
the ¢; lie on the unit circle then I/IA/; is cyclotomic contrary to our assumption.
Hence there must be some ¢ with |¢;| < 1.

We shall prove that this case has a lot of zeros of W (p,p~*) on the right
of R(s) = S which can’t get cancelled. We shall call a polynomial that falls
under this case of Type I.

Case 2: VAV/l(U 1) is cyclotomic (hence there are finitely many (n,m) with
cnom # 0 and n/m = ), and in addition there are only finitely many pairs
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(n,m) with ¢, > 0 and (n 4+ 1)/m > § but there exists a corresponding
Puiseux power series

Q;(VY) = ¢; + 2, 1 (V)
=¢i+cin (Vl/q>% + 02;,(V/9)
with
12;(VY9)| <1 (5.3)

for small enough V. This case also has a lot of zeros of W (p, p~*) on the right
of R(s) = [ which can’t get cancelled. This will be called a polynomial of
Type I1.

Case 3: VV;L(U 1) is cyclotomic (hence there are finitely many (n,m) with
¢n,m > 0 and n/m = (3), there are infinitely many pairs (n, m) with ¢, ,, >0
and (n + 1)/m > 3, and there exists a corresponding Puiseux power series

Qi(vl/q) =c¢ + Qi’l(vl/Q)
=¢i+cin (Vl/q>w + 025 (V)

satisfying (5.3) for V small enough. Polynomials in this case we call of
Type II1.

Type III polynomials require an assumption that the Riemann Hypothesis
holds which implies that zeros of W(p,p~°) on the right of £(s) = 8 can’t
get cancelled by zeros of the Riemann zeta function. There is a subcase which
doesn’t require the Riemann Hypothesis. This depends on the second term of
the Puiseux power series. In this subcase we show that the current estimates
for the number of Riemann zeros off the line R(s) = % are sufficient to show
that there are not enough to cancel local zeros. We shall consider this subcase
in Sect. 5.3.

We now prove the following;:

Theorem 5.6. Suppose that W(X,Y) # 1 and has no unitary factors and is
a polynomial of type I, II or III. Then R(s) = [ is a natural boundary for
Z(8) (where we assume the Riemann Hypothesis for polynomials of Type II).

Proof. In all three cases the zeros
U = V1) = it i (V1) 4 2,0(V1)

lie within the unit circle for V' small enough.
Let A, , be the region z = o + 7i with

1 1
b+ —<o<f0+—-, O<u<rt<u+n,
v+1 v

where v is a positive integer, n > 0 and u > 0.
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We have a lot of candidate zeros of Z(s) produced by the zeros of £2;(V'1/9),
namely:

log (¢; + ci1p™ /9 + 2, 2(p~Y ) 27ni
log p log p

Sn,p :/87

with n € Z and p ranging over all primes. Note that our conditions in case 1, 2
and 3 imply that for p sufficiently large, where the term Qi,g(p_l/ 4J) becomes
negligible, these zeros lie on the right-hand side of R(s) = §. This follows
because the modulus of ¢; + ci,lp_'”/qj + .Qig(p_l/qj) will be less than 1. For
p large enough ¢; + ¢;1p~ 7/ + 2, 5(p~'/97) will lie within the unit circle.
Let S(v,n) denote the number of zeros s, , in A, ,.

We start with case 1. Let

Ci:|6;1|>1.

For 27/logp < n and

1 —log |¢; + ¢; 1 p~ ViU + —1/qj 1
- g‘ AP 2(p )| <, (5.4)
v+1 log p v
there exists n such that s, , € A, ;.
For p large enough, one of the following cases holds
; Qo (p Y
’1 + C—’lp_%/qj + Qialp” ) >1forallp> N, (5.5)
C; C;
; Qo (p Y
’1 + c—’lp_%/qj + Gialp” 1) <lforallp>N. (5.6)
C; C;

In case (5.5) set ¢ = 1 and in case (5.6) set ¢ = 0. We can then choose N large
enough to ensure that

: Qi o(p VY
1+ &p—%/qj + 2(p )
(& (&

1) L (—H (_1)805%) . (5.7)

v+te
Ci

Lemma 5.7. If p > N and
Cr+1<p<Crt—1, (5.8)
then (5.4) holds.

Proof. Condition (5.7) implies that

) 0 o (p~Vai vl
C«Z_V-i-l 1< C«iu-&-l 1+ %p_Vi/QJ + ’»Q(I; )
K3 1
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and that
i+ Cé—’_lp‘”/ Y+ —Qi’Q(i_ﬁl/qj) e CY +1.
Hence (5.8) implies
cril+ %p*”i/qj + —Qi’Q(iil/qj) <
and
p<CUt1 4 %p"ﬁ/lﬁ N !21-,2(1;‘1/‘“’) -

Now just take logs of both sides. (Note that, unlike C;, we don’t know whether

S Qo (p YW
‘1 1 Gt psas g P27 7H) (5.9)

Ci Ci

is greater or less than 1. In Case 2 and 3 when C; = 1 we are going to make
an assumption to control the size of (5.9) which we don’t need to do in this
case since C; > 1.) O

So for a fixed choice of 7, if we take v such that 27/log(CY + 1) < n and
N < CY + 1 then for any prime satisfying C¥ +1 < p < C/* — 1 we will
get % + 6 zeros s, in A, , where || < 1. Note that s, , # sprp if p
and p’ are distinct primes. This depends on the fact that logp and logp’ are
algebraically independent. Hence

S(v, 1) > 3 <"12°fp+9) .

” +1
CY+1<p<Cy™ 1

v+1
Since Zp<m logp ~ x we get S(v,n) ~ WC% as v tends to infinity.

We now want to check that these zeros don’t get cancelled by singularities
in A, , produced by the (-factors. We only have to consider ((ms — n) for
which n/m < § since ¢, ,, = 0 otherwise. If p € A, ,, and mp —n is a zero of
¢(s), then since zeros of the Riemann zeta function have real part less than 1,

Rp) <1l/m+n/m<1/m+pj.

But R(p) > 4+ 1/(v+1). Hence m < v+ 1. Since $(p) < u + 7, this implies
that singularities p must have their source in some zero mp—mn of {(s) situated
below the line (u+n)(r+1). The number of such zeros according to a classical
result is

O((v+1)log(v+1)).
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Each zero can appear as a singularity of at most 3(v + 1)? zeta functions
¢(ms—n) since 0 < m < (v+1) which in turn implies that n < mg < g(v+1).
Hence in the region A, , we can get at most O((v+1)3log(v+1)) singularities,

vt

1
which is not enough to kill the S(v,n) ~ W# zeros in this region.

This means that there are an infinity of zeros in the region

Ay=lim (] Ay

v/ <v

These zeros have at least one limit point which must lie on R(s) = (. This
limit point is a singularity of Z(s). The analysis above was valid for any choice
of w > 0 and any positive 7. However the result is still true for u < 0 since
((s) takes conjugate values in conjugate points. Hence R(s) =  is a natural
boundary for Z(s). This completes the proof for polynomials of Type I.

For polynomials of Type II there are only finitely many pairs (n, m) with
¢n,m > 0 and (n+1)/m > . Then since zeros of ((s) have real part less than
1, choosing v large enough that

B+1/v <min{(n+1)/m> g and cym >0},

then there are no singularities from the zeta functions ((ms — n)~ %™ in
A, . Hence the region A, =lim, o J, <, Av/, contains only finitely many
singularities coming from the zeta functions {(ms — n)~¢mm.

We show now that this region contains infinitely many zeros s, , of Z(s).
Recall

log (¢; + ciap Vil 4 Qi,2(P_1/‘Ij)) 2mni
log p logp

Spp =0 —
Type II assumes that for some choice of 7,
)1 + (ci1/ei)p™ Y9 + Qi,2(p_1/qj)/ci‘ —1
from below as p — oo. Hence for p large enough,

log

(Ci + clv_ylp*%/‘”' + _(31,72(1,71/@'))’

= log ‘ (1 +(cin/ei)p™ Y 4 Qi,2(p_1/qj)/ci> ‘
<0

and

log ‘ (Ci + Cz',1p7'“/qj + _Qw(pfl/qj)) ’ >—1.

For p big enough we also get 27/logp < 7. Hence for some N for each
p > N, we get a zero s, , in the region A, i.e. infinitely many zeros of Z(s)
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sit inside A, which can’t get cancelled by singularities since there are only
finitely many possible in this region. Hence the same argument as for Type I
polynomials implies that R(s) = 3 is a natural boundary for Z(s).

Note that case 2 includes an interesting subcase when there are only finitely
many (n,m) with ¢, # 0 and (n+ 1)/m > §. In this case we only need a
finite number of Riemann zeta functions to continue to R(s) = 4. Below we
shall consider a strategy for proving the natural boundary in this case (which
we call Type V') regardless of an assumption on the local zeros.

There is particular case where this happens which is worth recording,
namely when [ is an integer:

Corollary 5.8. Let W(X,Y) be a polynomial with an infinite cyclotomic ex-
pansion W(X,Y) =[], ,,,(1 = X"Y™)%m and suppose that Wi (U, the
piece of the ghost corresponding to the first gradient of the Newton polygon,
is cyclotomic. Suppose that B = max{n/m : ¢, m # 0} is an integer. Then
there are only finitely many (n, m) with ¢y m # 0 and (n+1)/m > (.

Proof. Since I/ING(U t1) is cyclotomic, there are only finitely many pairs (n,m)
with ¢, # 0 and n/m = (. We need to prove that if n/m < [ then
(n+1)/m < §. If not, then

n<<pm<n+1.

But since we are assuming that 0 is an integer, all the terms are integers,
hence we get a contradiction. ]

Corollary 5.9. Let W(X,Y) be a polynomial with an infinite cyclotomic ex-
pansion W(X,Y) =[], ;) (1=X"Y™)%"m and suppose that 3 = max{n/m :
Cn,m 7 0} is an integer. Then if there are zeros of W(p,Y') for p large enough
with |Y| < p” then R(s) = B is a natural boundary.

Proof. If the ghost is not friendly we are done by case 1 above. If the ghost is
friendly then we are in case 2 of the above. a

Note that the same argument as in Corollary 5.8 implies the following:

Corollary 5.10. Suppose the inverse 31 = s1/t1 of the first gradient of the
Newton polygon of W(X,Y) is an integer and

t; =min{t: s/t = 3 and X*Y" is a monomial in W(X,Y)} .

Then the abscissa of convergence of Z(s) =[], W(p,p~°) is a = (s1 +1)/t1,
which is the same as that of the ghost Z(s) = 1L, W(p,p_s).
We return to the proof of Theorem 5.6. Case 3 assumes that there are

infinitely many pairs (n,m) with ¢, > 0 and (n + 1)/m > (. Hence there
is the possibility that zeros from the corresponding Riemann zeta functions



5.2 Natural Boundaries for Euler Products 133

might create singularities that would cancel the local zeros we are trying to
use to get a natural boundary.
We state the following Lemma which shows that at least for large enough
1

m the Riemann zeros on R(s) = 5 cannot cancel local zeros.

Lemma 5.11. Suppose that W (X,Y) has degree d in' Y and 3 = c¢/e with e
minimal. Suppose s, is a local zero of W (p,p~%) with R(s) > 3. If m > ed?
then the following is not true: ((ms,, —n) =0 and R(ms,p, —n) = 1.
Proof. We suppose that we have a Riemann zeta function ((ms — n) with
(n+3)/m > > n/m and an s such that ms — n = p is a zero on the line
R(p) = L. Hence R(s) = (2n + 1)/2m.

Now 8 = ¢/e which we suppose is with e minimal. Suppose d is the degree
of the original polynomial W(X,Y) in Y. We show now that provided m >
ed?, s cannot be a local zero.

Suppose that p~® = a where W(p,a) = 0 and W(p,Y) € Z[X]. Then
a € K a field of degree < d over Q and @ € K. Hence aa € L where
[L: Q] < d? Now R(a@) = p2R() = p=CntD/m If we put (2n+1)/m = a/b
with b minimal then this implies that b < d2.

Recall though that (n+ 3)/m > 8 > n/m. Hence 1/(2m) > a/2b — c/e >
1/2be > 1/2ed?, i.e. m < ed®. This confirms the Lemma. O

We resume the proof of Theorem 5.6. In view of Lemma 5.11, choose v
large enough that

B+1/v <min{(n+3)/m: (n+3)/m>pB,m<ed” and ¢, ,, >0} .

Then under the Riemann Hypothesis we will get no singularities from the
zeta functions {(ms — n)~ %™ which can coincide with a local zero s, , in
A,,. Hence the same argument as in (2) will suffice to prove that R(s) = 3 is
a natural boundary for Z(s). This completes the proof of Theorem 5.6. O

We summarise some of the current state of the conjecture which we can
test for various explicit polynomials.

Corollary 5.12. (a) If the ghost polynomial is not cyclotomic then Z(s) has
a natural boundary at R(s) = O.

(b) If there are zeros of W (p,Y) for p large enough with |Y| < p? then, under
the assumption of the Riemann Hypothesis, Z(s) has a natural boundary

at R(s) = 3.

The strong assumption of part (b) is not needed for all cases. If there are
finitely many pairs (n,m) with ¢, > 0 and (n + 1)/m > § then we don’t
need the Riemann Hypothesis. We shall also discuss below subcases of case
(3) where we can avoid the Riemann Hypothesis.
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5.2.1 Practicalities

It is useful to have an easy way to check which side zeros will be on. We
give now a criterion provided the implicit function theorem applies which
generalises the example at the start of the chapter. We also show how the
implicit function theorem relates to the combinatorial procedure to calculate
Puiseux power series based on successive Newton polygons.

Recall that we had the following. Let j € I be as small as possible with
the property that % = (3 and put

U= X"y, V=X, (5.10)

Then setting J = {(k,i):i=0,...,np and k=1,...,1},

(ki)
=1+ Y bisV'UR.
(ki)EK

Note that n;k —ij > 0.
Let

AU)=FO,U) =1+ Y an1U".

L
=

Choose a root w of A(U) with the property that |w| < 1 which always
exists since the constant term is 1 and the coefficients are integers.

Hypothesis 1 Suppose that w is not a root of A’(U), i.e. it is not a multiple
root of A(U).

We can then apply the implicit function theorem to F(V,U) around the
zero (0,w) so that in some neighbourhood of (0, w),

B"/(w) 107
=w—- -2 [0}
U=w A/(w)V +02(V),
where
9 k
Bu(U) = — 5 F(V.U) = Y aixU
V=0 njk—ij=n
and

y=min{n: B,(w) #0}

and 2(V) is a power series in V' of degree greater than ~.
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This gives us then the first approximation to one branch of the Puiseux
power series. This zero will then give zeros in the unit circle for p large enough
provided the following hypothesis holds:

Hypothesis 2 Either (1) |w| < 1 for some choice of a zero w of A(U) or (2) if
|w] =1 for all zeros w of A(U) then for all sufficiently large p, we can choose
a zero w of A(U) such that

w — Bv(w)p—w/j + Q(p~ )

log yum

<0. (5.11)

If this inequality fails for one zero, it need not fail for all zeros.
Hypothesis 2 is equivalent to the condition

R (—fjﬁ&) <0, (5.12)

provided the LHS of 5.12 is nonzero. To see this put —fg,((‘"w)) = x + iy where

z,y € R. Now

1+ (@ +iy) VI + 2V =14 22V + (V) ,

where 21 (V) is a power series in V starting with V7! or some higher term.
Assuming x # 0, it is now clear that (5.11) holds for all sufficiently large p if
and only if x < 0. If = 0, (5.12) is no use to us. We must instead compute
the next term of the power series, and if that doesn’t help, the next one after
that, and so on.

We therefore have the following

Corollary 5.13. Suppose that the Riemann Hypothesis is true. Suppose Hy-
pothesis 1 and 2 hold. Then Z(s) has a natural boundary at R(s) = S.

The assumption of Hypothesis 1 can be interpreted as simplifying the
construction of the Puiseux power series by successive use of Newton polygons.
For details of this procedure see for example Appendix B of [53]. Note for
example that it implies that the value of ¢, namely the rational power of the
variable V' that the Puiseux power series are defined in, is 1. Our polynomial
is of the form A(U) + VG(V,U). The first Newton polygon therefore has a
line corresponding to the polynomial A(U) of which we take a root w as our
first approximation. We then substitute U = w + U; and look at the Newton
diagram of this. Hypothesis 1 implies that w is not a repeated root of A(U).
Hence we get A(U) = Uy A1(Ur) where A;(Up) has non-zero constant term
A’(w). So at the second Newton polygon we are going to pick the unique
piece with negative gradient consisting of the point A’(w)U; and a term by V™
(where V' corresponds to the vertical and U to the horizontal in contrast to
the choice of [53]). Note that since we are assuming that U — w is not a
factor of F'(V,U), there is a term byV"”. The value of by is then B, (w). Hence
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the next approximation from this second Newton polygon gives B, (w)V? +

Aw)Uy = 0,ie. U =w— ?((:j)) V7 + Us. Hence the denominator of the
gradient will not introduce any change to our fractional power of V. This
process repeats itself to give the Puiseux expansion provided by the implicit

function theorem.

5.2.2 Distinguishing Types I, IT and III

It is also useful to be able to effectively distinguish between the three types
of polynomial we introduced above. Determining whether a polynomial is of
Type I is easy: it suffices to check whether the polynomial does not have all
its roots on the unit circle. However, it is not so easy to distinguish Types II
and III. Corollary 5.8 provides a useful sufficient condition for a polynomial
to not be of Type III, namely if the natural boundary is an integer. Indeed,
this case covers the zeta functions of algebraic groups that we consider in
the following chapter. We shall see that there are many local zeta functions
of nilpotent groups and Lie rings that do not have integral natural bound-
aries. It is therefore worthwhile to prove a few propositions which can help us
distinguish Types II and III.

Proposition 5.14. Suppose A(U) is squarefree. Then the cyclotomic expan-
sion of W(X,Y) has only finitely many (n,m) € N? such that ¢, ., # 0 and
(n+~/7)/m > B, and infinitely many such that (n+~/j)/m = (.

Proof. Set U = XAY, V = X~'/7 as per (5.10), and put F(V,U) = W(X,Y).
Note that (n+~/j)/m > g iff nym — jn <.
We may express F(V,U) in the form

F(V,U)=AU)+ VGV, U)+V'B,(U)+ V' H(V,U) (5.13)

for some bivariate polynomials G(V,U) and H(V,U), with VG(V,U) of degree
less than v — 1 in V and G(V,w) = 0 for all roots w of A(U). Since A(U) is
squarefree, G(V,U) must be divisible by A(U). Hence

F(V,U) = A(U)1 +VG(V,U)) + VB, (U) + VT H(V,U)

for some polynomial G(V, U). It can now be seen that F/(V, U) has a cyclotomic
expansion with only finitely many factors (1 — UmV™im=in)£l for n;m —
gn < 7.

For a contradiction, suppose the cyclotomic expansion of F/(V,U) has only
finitely many such factors with n;m — jn = v. We may then write

F(V,U) = AU) [J(@ = U™ V™)=  (mod VIT1)
i=1
for suitable n; € N, m; € Nsg, &; € Z \ {0}. In particular, this implies
F(V,w) =0 (mod V7). But since B, (w) # 0,
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F(V,w)=V"B,(w) (mod V1)
£0 (mod V7T, (5.14)

This is the contradiction we sought. ]

Recall from above Corollary 5.8, which asserts that if 5 € N, W(X,Y) is
not of Type III. The following corollary is in a similar vein:

Corollary 5.15. Suppose W (X,Y') satisfies Hypotheses 1 and 2 and is not of
Type 1. If v > j, W(X,Y) is of Type II.

Proof. Clear. O

To demonstrate that a polynomial is of Type III, we need to find an infinite
number of pairs (n,m) with ¢, > 0 and (n + 1)/m > (. The following
proposition and its corollaries provide one way of doing this:

Proposition 5.16. Let

WEXY) =1+ Y anmX"Y™,
(n,m)€es

where S = {(n1,m1),...,(n.,m,)} is a finite nonempty subset of N x N5
with n;/m; > nip1/mipr for 1 < i < r—1 and anm € Z\ {0}. Suppose
W(X,Y) is not of Type I. Let B = ni/mq, suppose n./m, < (B and let
d = min{i : n;/m; < B}. We are interested in the solutions (Ag,...,\.) of
the inequality

g Aing) +1
(S Am) +1

m 5.15
Dica Nimi my (5:.15)

1. Equation (5.15) has only finitely many solutions.

2. Suppose that d = 2, so that ay, m, = £1. Suppose also that there exists
L€ {2,...,r} such that the only simultaneous solution of (5.15) and the
congruence

Z Aim; =myg  (mod my) (5.16)
i=2

s =1, N =0 for2 <i<r,i+# L Then, for cach N € N, the
cyclotomic expansion of W (X,Y') contains the factor

(1 + (—e1)Nepx et NnrymetNmiybe (5.17)

where ayp, .m, = €1 and an, m, = c¢be where e, = £1 and by € Nyg.
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Proof. 1. Clear, once one rearranges (5.15) to

s
mp > Z)\i(nlmi —n;my)
i=d

and notes that ny/my > n;/m; for d <i <r.

2. By induction on N. Since ny/m; is maximal, the only way we can ‘clear’
the term ap, m, X™ Y™ is to introduce the factor (1 4+, XY™ ). Since
the congruence (5.16) has a unique solution, the only way to clear the
term £,by XY™ is to multiply in the factor (1 — e, XY ™e¢)be,

Now, suppose that in our cyclotomic expansion we have the factors

(1+e X™MY™) (5.18)
(1 + (—&1)Nepx et Ny met Nmiybe (5.19)
Multiplying the second terms of (5.18) and (5.19) contributes a term

(_El)NEIEZbean+(N+1)n1Ym¢+(N+1)m1 . (5.20)

Now

ng+ (N+1)ny+1

>
my + (N + 1)my p

since (ng + 1)/my > (B. By our congruence assumption, (5.20) cannot
coincide with another term in W(X,Y'), nor can it be affected by mul-
tiplying in factors for clearing other terms. Hence to clear this term we
must introduce a factor

(1 + (*61)N+1€an£+(N+1)nl Yngr(NJrl)ml )bz )
This establishes the induction. O

Corollary 5.17. Suppose additionally that e1 = 1 or e = ¢y = —1. Then
W(X,Y) is of Type III.

Proof. Tt suffices to show that (—e1)Ve; = —1 for infinitely many N € N. If
g1 = 1 then (—e1)Ve; = (—=1)V¢gy, and if 61 = g, = —1, then (—e1)Ve; = —1.

O

Corollary 5.18. In (5.17), suppose that ey = —1, e =1, v < 3j and (ng +
~v/7)/me = B. Then W(X,Y) is of Type III.

Proof. By Proposition 5.16, the cyclotomic expansion of W (X,Y) contains
the factor (1 — X™Y"™1) and the factors

(1 + Xne+unlymz+um1) (5.21)
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for all 1 € N. In particular, these generate terms
L%(M _ 1)J X 2netpnay 2metpma , (5.22)

and by our supposition, (2ny + uny + 1)/(2me + umy) > S. The only way to
cancel such terms without introducing a factor of the form

(1 _ X 2netpm Y2mz+ﬂm1) (5.23)

is if the polynomial W(X,Y) contains (finitely many) terms of the form
e; X 2rmtmimy 2utimi for e € Nyg, p; € N. Each such term contributes
an infinite number of terms of the form

eiX2ng+,un1 Y2me+ﬂm1 (5.24)

for u € N. However, the coefficients e; in (5.24) are all constant, whereas the
coefficient in (5.22) grows linearly with p. Hence we must introduce infinitely
many factors of the form (5.23), so W(X,Y) is of Type III. O

5.3 Avoiding the Riemann Hypothesis

There are two subcases of polynomials of Type III which avoid the Riemann
Hypothesis.

Case (a) Suppose that we are in case (3) and 7;/qj < 1/3 for some choice of
Puiseux branch £2;(V/4) corresponding to the first gradient of the Newton
polygon, also satisfying our condition (5.3). We shall see below that this isn’t
far from being forced on us by our assumption that there are infinitely many
pairs (n,m) with ¢, ,, > 0 and (n+1)/m > (.

We are going to choose a different box to estimate the number of zeros
of the local factors corresponding to this branch of the Puiseux power series.
Instead of a box of width [+ 1/(v 4+ 1), 8 + 1/v] we are going to take a box
with R(s) € [6+ 9, 5+ 24].

By estimating the size of

it ciap WY 4+ Qua(pT V)| =1 — p 1/ ¢ 4| sind + 2

(which by assumption (5.3) is within the unit circle for p large enough) we see
that the real part of a zero s,, ), is

g%(Sn,p) =B+p e+ 2,

where v = ~;/qj, ¢ is constant and {2 is something small compared to
p~Y. So we need to estimate how many primes p there are in the in-
terval [(26)71/¥ 6=1/¥]. With the assumption on v, this interval contains
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[(3)671/,671/¥]. So, provided § is sufficiently small, with the help of the
Prime Number Theorem we can deduce that there are approximately

—1/v
c 0
log §—1/v

primes in the interval [(%)6*1/”, 5*1/”], for some constant C. So in the box
{s€C:R(s) € [B+6,0+25],3(s) € [w,utn]},
where u and 7 are fixed, we get approximately

6—1/u 5—1/V

C———-nl =C'———log(s!
log5*1/1’77 oep log 6—1/v 0g(07")

zeros since p € [(25)_1/1' , 5*1/”}.
The estimate of the number of Riemann zeros in this box which we derived
in Case 1 would give

K5 3log(671).

Hence a bound of v < 1/3 would suffice to show that local zeros dominate
Riemann zeros in case (3). We shall call such polynomials of Type Illa.

Case (b) We can do a little better if we assume (i) that of the infinitely
many pairs (n,m) with ¢, ,,, > 0 and (n+1)/m > (3, only finitely many pairs
have (n + 1)/m > B. In this case the Riemann zeros that appear must be
increasingly far from R(s) = % that we can use stronger estimates for the
number of zeros off the line to weaken the condition on v = v;/qj.

Suppose (i) v < 3 for some choice of Puiseux branch 2;(V1/9) correspond-
ing to the first gradient of the Newton polygon, also satisfying our condition
(5.3). Type III polynomials satisfying (i) and (ii) will be called polynomials
of Type IIIb.

We shall show for Type IIIb polynomials that local zeros dominate Rie-
mann zeros without an assumption of the Riemann Hypothesis.

If alocal zero s, , meets a Riemann zero p of {(ms—n) where (n+3)/m < 3

then ms, , —n = p, so
R(p) ~m(B+p~") —n
= (mf —n) +mp~"
1 —v
> 5 +mp

mu

Q

S(p)

So the zero will have to be further and further from % as m gets bigger. Note
that since R(p) < 1 we get that m is bounded by m < 1/(24) since p~" > 4.
We are looking at getting zeros in the box
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u<S(s) <u+n, B+HI<R(s)<B+26.
Define
N(o,T) := card{p: ((p) = 0,|3(p)| < T\ R(p) 2 o } ,
then
N(o,T) < T3/ 108 T |

We use this then to estimate how many zeros there are for values m €
[M,2M] with S(p) < uM and R(p) > 5 + Mé:

(uM)17M5/4 loguM = eM*=M%/% 100 M .
Summing over values m € [M,2M] we get approximately

> MM/ 1og M < log? N max M'~M/4N
M<N/2
M=2k<1/(26)

Riemann zeros where N = 1/§. Now summing over the subdivision of
m < 1/(2J) we get at most

Z M log M zeros for each M
M<1/(26)

~1/6%log1/6 .
We now compare this against our estimate of (1/8)/¥
v < %, the local zeros will dominate.

What can we say in general about the value of v, the degree of the second
term in our Puiseux power series expansion?

Note that we are assuming that there are infinitely many pairs (n,m) with
Cnm > 0 and (n+ 1)/m > § but that W1 (U") is cyclotomic (hence there
are finitely many (n, m) with ¢, ,,, > 0 and n/m = (). This means that when
we draw the lattice points representing W (X,Y) we have at least one lattice
point (n,m) with (n+1)/m > (. (The infinitely many other cases come when
we introduce this into our cyclotomic expression and correct the error term.
This produces things of the form (n; + ng,m; + ma) where ny/m; =  and
(ng +1)/mg > . Hence (nq +na +1)/(mq1 +ma) > f.)

To understand where the v is coming from we have to understand how to
build the second Newton polygon after the first approximation of U = ¢;. The
Newton polygon corresponding to our transformed polynomial in U and V' has
a lattice point (m’,n’) (where we change the ordering to make it consistent
with [53] for the moment) with the property that with n’ —j < 0. (Note that
the first piece of the Newton polygon is now a horizontal line representing
a polynomial in U.) Now substitute ¢; + U; into this polynomial to get a

local zeros. So provided



142 5 Natural Boundaries I: Theory

new polynomial in U; and V. We are interested now in the pieces of negative
gradient. Note that substituting ¢; + U; into the polynomial corresponding
to the first piece of the lower convex hull produces a polynomial in U; with
zero constant term since c; is a root of this polynomial. Let U{ be the first
term. (Note that we considered above the situation where the Puiseux power
series analysis reduces to the implicit function theorem. There we needed an
assumption that ¢; is not a repeated root of A(U) which implies d = 1.)

Substituting ¢; + U; into the terms of the polynomial corresponding to the
terms on a horizontal line through a (m’,n’) with n’ —j < 0, either produces a
term on the V-axis or we get that ¢ is a root of the polynomial corresponding
to this line. If we have any choice of ¢; and any choice of n’ with n’ —j < 0
which produces a non-zero term on the V-axis, then the second term of the
Puiseux power series is of the form

U=ci+ec V"i+Qis,

where —v; /¢ is a gradient of a line in this second Newton polygon in the section
starting at some V™ and ending at U{. The gradient can therefore be chosen
to have slope at most n’/d. Hence v = v;/qj < n’/dj < 1/d by our assumption
that n’ — j < 0. So we can see that our assumption on v which helps us avoid
the Riemann Hypothesis is not so far away from what might happen in this
setting anyway. The only problem is that every choice of root ¢; of A(U) might
make the polynomials V”/Pn/(U ) vanish where these polynomials are defined
by the horizontal lines through each (m’, n’) with n’—j < 0. This doesn’t seem
so far from being related to the fact that we might actually only have finitely
many terms (1 4+ X"Y"™) with (n+ 1)/m > (8, contradicting our assumption
for polynomials of Type III. For example if V™' P,,(U) = V" A(U)U", then
this certainly vanishes on all roots ¢; of A(U). However it also means that
we can get rid of all these terms without introducing more error terms in the
next approximation of the cyclotomic expansion of W (U, V):

W(U,V) = AU) + V" AU)U" + VB(U,V)
= A)A+VVU)+VBU,V).
So if we could do this for all n with n’ — j < 0 we would not get infinitely
many terms (1 + X"Y™) with (n + 1)/m > [ in the cyclotomic expansion.
Although inconclusive, the discussion above hints that in any particular

case there is some concrete analysis which can be executed with the hope that
the Riemann Hypothesis can be avoided.

5.4 All Local Zeros on or to the Left of R(s) = 3

We discuss here some tactics that might yield a natural boundary if we don’t
have local zeros available to us on the right-hand side of R(s) = (. Before we
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do so, however, it is instructive to consider what polynomials don’t have local
zeros to the right of R(s) = 5.

Lemma 5.19. Let W(X,Y) be a polynomial for which all the local zeros of
W{(p,p~*) lie in the closed half-plane R(s) < 8 for sufficiently large p. Then,
for all non-repeated roots w of A(U), ged(v,j) € {34.4}.

Proof. We may suppose that our polynomial W (X,Y") is not of Type I, so the
polynomial A(U) has all its roots on the unit circle, and is thus cyclotomic. Let
B = a/b where we may assume gcd(a,b) = 1. Set U = X™/7Y, V = X~V
F(V,U) = W(X,Y), A(U) = F(0,U). Let w be any non-repeated root of
A(U). We can write

F(V,U)=AU)+VG(V,U)+V'B,(U)+ V" H(V,U)

for some bivariate polynomials G(V,U) and H(V,U), with VG(V, U) of degree
less than v in V and G(V,w) = 0. Furthermore, XY™ = UmVy™™m=i" go
(n+1)/m > 3 if and only if j > n;m — jn.

It is clear that A(U) = f(U®) and UA'(U) = g(U®) for some polynomials
f(U) and g(U). Let d = ged(ny, j), so that n; = da, j = db. It is also clear
that d | v. There exists a unique A such that 0 < A < band Aa = v/d (mod b),
so B, (U) = U*h(U") for some polynomial h(U). Hence

B, (w) _th(wb)

CwAw)  g()

(5.25)

Let w be a root of A(U), so that w® is then a root of f(U). For 0 < n < b,
put &, = e*™"/by. Then €2 = WP for 0 < n < b, 50 &, is a root of A(U) for all
such n. Furthermore, B, (,) and &, A’(§,) remain constant as n varies.

& = e2™A /b and as n varies this takes all Nth roots of unity, where
N = b/ ged(A,b). h(£l) # 0 by definition of B, (U). If N > 3, it is clear that

R(S) <

for some &,, and thus we have a root of W(X,Y") to the right of R(s) = 3.
Thus, if R(—ENh(€8)/g(€5)) > 0 for all n, we must have N < 2. Furthermore, if
N =2, B(w)/(wA’(w)) must be purely imaginary. Hence ged(),b) € {3b,b},
and since ged (A, b) = ged(v/d, b), ged (v, j) = dged(v/d,b) € {34,751} O

5.4.1 Using Riemann Zeros

Case 4: Assume that there are an infinite number of pairs (n, m) with ¢, ,, #0
and (n+ 1)/m > 3, but that all local zeros (for large enough primes) are on
or to the left of R(s) = 3. We call these polynomials of Type I'V. In this case
we can estimate a lot of singularities or zeros coming from ((ms — n)~»m
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in the region A(v,n). However in order to make sure that they don’t cancel
each other we need to make the extra assumption that there is no rational
dependence between the values of the imaginary parts of nontrivial zeros of
the Riemann zeta function. We have in the region A(v, n) for M large enough:

Z(s) = H Clms —n) = Wh(s) .
(n,m)EN?
m<M
Let No(T) denote the number of distinct zeros of the Riemann zeta func-
tion on the critical line R(s) = 3. Hardy and Littlewood [33] proved the
following:

Theorem 5.20. Let U = T where a > . Then, there ezists K (a) and Ty(a)
such that

No(T+ U) — NQ(T) > K(a)U
for all T > Ty(a).

We show that there an infinite number of singularities or zeros of Z(s)
inside the rectangle A(v, nu) = U< Qv nu-

The translate ((ms —n) of ((s) has its ‘critical line’ at R(s) = (n+1)/m.
Hence, for each pair (n,m) with ¢, ., # 0 and (n+ 3)/m > B, {(ms —n) has
infinitely many zeros to the right of R(s) = 8. Now n/m < so (n+ 3)/m <
B+ 1/(2m). Thus, for m > fv, the zeros of ((ms — n) on its critical line are
in the strip 8 < R(s) < f+1/v.

If mu > n~3, then mnu > (mu)?/3. If also mu > Ty(2), Theorem 5.20
then implies that there exist at least K (2)(mnu)?/?
the box A(v, nu).

By supposition, there exist infinitely many pairs (n, m) such that ¢, ,, # 0
and (n + %)/m > [. For fixed n,u,v, it is clear that infinitely many m will

zeros of ((ms —n) inside

satisfy mu > max(Tp(2),7~*) and m > $v. Hence A(v,mu) contains infinitely
many singularities or zeros. These singularities or zeros come from zeros of
¢(s) on the line R(s) = 1 between I(s) = mu and S(s) = mu + mnu. Our
assumption of rational independence of nontrivial zeros of ((s) implies that
none of these can coincide with zeros or singularities coming from another
pair (n/,m’), otherwise there is a point s € A(v,nu) which can be written as
s=mp—n=m'p —n' where p =0 +ir and p' = ¢’ + i7" are zeros of the
Riemann zeta function, i.e. o = (m//m)o’.

So by using the zeros of the Riemann zeta function we can realise (s) = 8
as a natural boundary under the strong assumption of rational independence

of nontrivial zeros ((s) on R(s) = 1.

Theorem 5.21. Suppose that W (X,Y') # 1 and has no unitary factors. Sup-
pose that there are an infinite number of pairs (n,m) with cy.m # 0 and
(n+ %)/m > B. Under the assumption that the nontrivial Riemann zeros are
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rationally independent (i.e. if p =1+ ol and p’ = 7" + 0’1 are nontrivial zeros

of C(s) then o/d’ ¢ Q) then R(s) = [ is a natural boundary for Z(s).

If one preferred to make this assumption about rational independence of
zeros against an assumption of the Riemann Hypothesis then we can use a
similar argument for Type III polynomials satisfying: there are an infinite
number of pairs (n,m) with ¢, # 0 and (n + 3)/m > 8. We call these
polynomials Type III-1V. Note that we would need to add that local zeros
can’t kill Riemann zeros sitting on R(s) = 1 as we proved above. This is the
reason we didn’t need to include any assumption on the local zeros in the
statement of Theorem 5.21.

This argument using the Riemann zeros to get a natural boundary also
appears in the paper [4] of Dahlquist where he generalises Estermann’s result
from a polynomial to a general analytic function in one variable. Dahlquist
however is able to use some combinatorial arguments on the cyclotomic rep-
resentation of the analytic function (which is in one variable unlike our case)
to avoid any strong condition on the Riemann zeros. This combinatorial ar-
gument shows that one can always find Riemann zeros not cancelled by other

Riemann zeros.

5.4.2 Avoiding Rational Independence of Riemann Zeros

It is possible to perform some analysis to ascertain whether one really needs
this condition on rational independence of Riemann zeros. This again should
yield in any individual case whether such an assumption is really necessary.

We have our cyclotomic expression W(X,Y) = H(n’m)(l — X"ym™m)enm,
This gives rise then to consideration of an infinite product of Riemann zeta
functions [[, ,,,) ((ms —n)~“»m. Take a pair (no,mo) with ¢ym, # 0 and
(2ng + 1)/2mg = a/b > . We want to show that we get some zeros on
R(s) = a/b with J(s) € [u,u + n]. Namely we want to know that we can’t
get cancelling out from zeros of other ((ms — n)~°»m. Note that if such a
term cancels zeros on R(s) = a/b then (assuming the Riemann Hypothesis for
the moment) 2m = kb and 2n + 1 = ka so this puts some restrictions on the
possible pairs we can take. Let I/, = { (n,m) : 2m = kb,2n + 1 = ka }.

We want to prove that the multiplicity of H(n,m) C(ms —n)~m at s =
a/b+ it is non-zero for some 7 € [u,u + n). Let v({ : % + i) denote the
multiplicity of a zero %-ﬁ-iT of the Riemann zeta function ((s). We are required
to prove therefore that

Z v(C: % +imr)epm =0

(n,m)€ly

for all 7 € [u,u + 7).
Now the number of zeros with imaginary part between m(u + 7) and mu
we estimated as
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(um/2m)(log(u + n) — logu) + (ym/2m) log((u + n)m/2)
—nm/2m + O(log(u + n)m)
= cmnlogm + O(m) .

So this implies that

Z Cn.mmlogm = O(m) . (5.26)

(n,m)€ly

There is a geometric picture that one can begin to build up to determine
the values of ¢, ,, which appear in our cyclotomic expression. Consider the
lattice of points (n,m) with ¢, ,, non-zero. Let I(a/b) be the line through 0
with gradient a/b. The best thing would be to show that there exist infinitely
many lines [(a/b) with a/b > 3 containing one and only one point (n + ,m)
with ¢, ,,, non-zero. (We know by assumption of case 4 that there are infinitely
many lines with at least one such point.)

Starting from the diagram of finite number of lattice points defining the
original polynomial W (X,Y) where each lattice point has the corresponding
coefficient a,_,, attached to it, can we build up a picture of what the lattice
points corresponding to the cyclotomic expression looks like? Somehow, once
we have cleared all the finite number of terms of the polynomial, we should
get some nice recurrence relations generating all the lattice points.

We can forget about anything which sits too far to the right of I(3), i.e.
with (n + 1,m) also sitting to the right of I(3).

We first write

wxY)= [ a=-Xx"v")errm 4 Y an XY™
(nm)€J(B) n/m<p
=W(XY)+ Y XY™,
n/m<g

where J(3) consists of pairs with n/m = (. J(3) is finite since we are assuming
that the polynomial corresponding to the first gradient of the Newton polygon
is cyclotomic. So this precisely clears the terms of W (X,Y") which sit on I(3)
and we can do this in a finite number of steps without introducing extra stuff
which needs to be cleared.

Now take a lattice point with (n + ,m) to the right of I(3). Lets take
it so it lies on I(a/b) with a/b minimal. (There may be some other points
also on this line but lets just see what happens to this one.) Lets just assume
that the coefficient a,, ,, = —1. Then we introduce a term (1 — X™Y™) into
the cyclotomic expression, but we introduce a load of extra terms that will
need to be cleared, namely (W (X,Y) —1)X"Y™. Geometrically, this is then
a finite set of lattice points (n’,m’) such that the lattice points (n’ + 3, m’)
all sit on the line I(3, (n + 3,m)) of gradient 3 passing through the lattice
point (n + 3,m). When we try to clear these points, we will introduce more
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points on this line coming from multiplication by (I/IA/; (X,Y) —1). Note that
all of these new points sit on distinct lines I(a’ /") of larger and larger gradient
(bounded by 3 though). If we had another lattice point (n’ + 3,m’) on this
original line I(a/b) sitting further out, then we should get the same picture of
new lattice points sitting on the line I(3, (n' 4 %,m’)) but now we’ll be able to
get points on I(8, (n' 4+ 1,m’)) such that the line (a1 /b1) through this point
doesn’t pick up a point on the line I(5, (n + %, m)).

With a small example like 14+ Y + XY? one can see why we get lines [(a/b)
with only one lattice point in the cyclotomic expression sitting on it. The
trouble is when there are lots of terms it’s hard to keep track of whether you
can’t always get several points on lines as a/b gets bigger. My feeling is that
one starts with a finite number of lattice points of the form (n+%,m) coming
from the original polynomial. Then one generates a finite number of lines of
gradient § emanating from these points, with an infinite number of lattice
points sitting on them regularly distributed up the lines according somehow
to what W1 (X,Y") looks like, and then one has to show that sufficiently high
up these lines, you can get [(a/b) which picks up exactly one point. I'm not
sure if this is true, but certainly the possible relations between the c,, ,,, that
we would get come from the points that we pick up on these lines {(a/b).

I have ignored in this an extra complication which I hope won’t be too
much of a problem. For example when we have a,, ,, # —1, then we are going
to get extra error terms from (1 — X"Y™)% = which could have (An+ 3, Am)
to the right of {(). However this will only happen finitely often since as A
grows this will fall to the left of I(5) since n/m < .

This geometric picture could be helpful, but things are still quite compli-
cated.

Note that we at least have a condition (5.26) on ¢, ,,, which for any par-
ticular polynomial one can check is satisfied infinitely often and hence avoid
invoking anything as strong as the rational independence.

There was some hope that the assumption about the rational indepen-
dence of zeros of the Riemann zeta function could be avoided by using Von
Mangoldt’s estimate for the number of zeros below (s) = T' and the Riemann
Hypothesis. Von Mangoldt’s estimate for the number of zeros below 3(s) =T
is (see [63]):

(T/2m)log(T/2m) — T /27 + O(logT) .

We get singularities in A(v,n) = U, <, Qv for each pair (n,m) with
¢nym > 0and (2 4+n) /m > B+1/(v+1) and zeros possibly cancelling these
singularities from each pair (n/,m’) with ¢, < 0 and (3 + 20/)/2m/ >
B+ 1/(v + 1). The imaginary part of these zeros of ((s) then lie between
(u+ n)m and um. We therefore choose

mo =max{m: com >0,(3 +n)/m>p+1/(v+1)}.

If there is a zero which would cancel these singularities coming from a
C(mos — ng)~Cno-mo | the claim is that it must come from a pair (n/,m’) #
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(ng, mg) with m’ < mg. Since we are assuming the Riemann Hypothesis, we
know the precise location of the real part of the zeros. Hence if m’ = mg, then
the real part of the singularity is (3 + n’)/m’ = (1 + no)/mo which implies
that ng = n’. Therefore m’ < my.

The number of singularities on R(s) = (3 + ng)/mo is then the number of
zeros of the Riemann zeta function between (u + 7)mg and wmg, which is:

((u+n)mo/2m) log((u + n)mo/2m) — (u+ n)mo /2w + O(log(u + 1n)mo)
— ((umg/2m) log(umg/2m) — umg /27 + O(log umy)) (5.27)
= (umyg/2m) (log(u 4+ n) —logu) + (nmo/2m) log((u 4+ n)mg/27)
—nmo/2m + O (log((u + n)mo)) -
The number of singularities on (5 4+ n’)/m’ = (3 + no)/mo between (u +
n)m’ and um' is then
(um’/27) (log(u + 1) —logu) + (nm’/27) log((u + n)m’ /27) (5.28)
—nm/ /27 + O (log ((u + n)m')) .

There could be at worst singularities for every m’ < mg killing those from
mg. So we need to consider:

um’ nm/ (u+n)m'
Z (log(u +n) —logu) + o log (T

2w

m’<mg
I

nm
21

_ umg(my — 1) (log(u +1) ~ logu) (

+ O (log ((u +m)m”))

_ o= teg £ (1) un (52))

_ %ﬁ_l) + O (log ((u+n)(mo — 1)) .

This looks pretty deadly against (5.27). Even consider the difference for a
fixed m/’.
We have to prove that the difference of (5.27) and (5.28) is positive:

(5.27) — (5.28)

= (mo — m')u/27 (log(u +n) — logu) (5.29)
+ (nmo/2m) log((u + n)mo/2m) — (nm' /2m) log((u + n)m'/2m)  (5.30)
— (mog —m")n/2m (5.31)
+ O (log ((u +n)myg)) . (5.32)

The trouble is that m’ could be close to mg, e.g. m’ = mg — 1. Then
O (log ((u + n)myg)) is getting bigger whilst

(mg — m")u/27 (log(u +n) — logu) = u/27 (log(u + 1) — log u)
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is not. Consider the second line of this expression (5.30):

(nmo/2m) log((u 4+ n)mo/2m) — (n(mo — 1)/27) log((u + n)(me — 1)/27)
= (nmo/2m)log((u + n)mo/2)
— (nmo/2m —n/2m) (log((u + n)mo/2m) + log(1 — 1/my))
= n/2mlog((u +n)(mo — 1)/2m) — nmo /27 log(1 — 1/my) .

Again this is deadly since n/27log((u + n)(mo — 1)/2m) compared to
O(log(u + n)mg) with 1 small doesn’t look good.

Despite all this analysis we have not been able to construct a polyno-
mial of Type IV. For a polynomial to be of this type, Proposition 5.14 and
Lemma 5.19 together imply that the polynomial A(U) cannot be squarefree.
Non-squarefree polynomials have repeated roots and these provide another dif-
ficulty to overcome. Frequently there are multiple Puiseux branches at these
repeated roots, and we must somehow force the zeros on all the branches to
lie outside the unit circle.

We return now to another possible strategy for polynomials that only
involve a finite number of Riemann zeta functions to continue to the candidate
natural boundary and local zeros to the left of this boundary.

5.4.3 Continuation with Finitely Many Riemann Zeta Functions

Case 5: where V[A//l(Utl) is cyclotomic but the zeros of W (p,p~*) all lie on or
to the left of R(s) = 8 for p large enough but there exist only finitely many
(n,m) with ¢, # 0 and (n + 1)/m > 5. We call these polynomials of Type
V. It is clear that in this case we have v > j, so the finitely many (n,m) with
Cnom # 0 and (n+1)/m > § are those that form the cyclotomic expansion of
Wi (U™).

The strategy here would be to demonstrate that there is a dense set of
points on R(s) = B for which the function blows up as we approach it along
a line of fixed imaginary part.

The meromorphic function on (s) > £ in this case looks like, for some M

Z(s) = H C(ms —mn)~mm H (1 + H2m>M En,mp" " )

mSM(l _ pn—ms)cn,m

(n,m)eN? p
m<M
= H C(ms —n) = Wh(s)
(n,m)EN?
m<M

=Wga™®) [[ CGms—n)=r T]  Clms—n)"mWarg(s) ,

(n,m)€EN? (n,m)€EN?
m<M m<M
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where

Wirq(s) = H (1 + Hzm>M enmp" ™ ) |

P menr (1= prmms)enm

The task is to show that we get Z(s) blowing up for s = S+e+rir/ log ¢ for
fixed prime ¢ and integer r and e — 0. Let I = { (n,m) : n/m = B, cpm # 0 }.
Since Wi (U™) is cyclotomic, this set is finite and non-empty. If one recalls
the way ¢, are defined, if there is a ¢j < 0 then this has come from a
term (1 4+ X"Y™) = (1 — X"Y™)~1(1 — X?"Y?™), In fact it is simpler to
rewrite J[(, e (1 —p" ") =], yer (1 + (—=1)5mm pn=ms)enm where
Cp.m > 0 and 1" is non-empty and 6, ,, € {0,1}. Now certainly

n—ms
Zm>M e'ﬂqu

1+ —— :
H(n,m)e[’(l + (_1)5n,mpn—m.s) o HmSM,n/m;éﬁ(l - qn—m.s)cn,m

- W(qvqis) H Cq(msfn)cnsm H (]_+(7]_)5’“7”])"7””)*5;1,"1

(n,m)eN? (n,m)er’
m< M

— 0

for s = B+ e+ rin/logq as € — 0 for r odd if there exists d,, ,, = 0 or r even
if there exists d,., = 1. Note that because Wy (U ) is not a factor of W, the
zeros of W(q,q™ %) are bounded away from R(s) = (. So the task is to show
that

H C(ms —n)~mWar 4(s)
(n,m)eN?
m<M
does not tend to zero along ¥(s) = 27r/loggq.
There is a subcase of polynomials of Type V for which it may be possible
to see the elusive zeros to the left of R(s) = f.

Case 5(a): where VIA/E(U“) is cyclotomic but the zeros of W(p,p~*) all lie
to the left of R(s) = 8 for p large enough but there exist only finitely many
(n,m) with ¢, m # 0 and (n + 1)/m > §. In this case it may be possible
to show that any meromorphic continuation beyond R(s) = 5 would have to
pick up the zeros of W(p,p~*) on the left of R(s) = . Call polynomials in
this case of Type Va.

5.4.4 Infinite Products of Riemann Zeta Functions

The only case which is missing from the analysis above is the following.



5.4 All Local Zeros on or to the Left of R(s) = 151

Case 6: This is the case where W(X,Y) = H(mm)(l — Xny™m)en.m and

(1) There are finitely many pairs (n,m) with ¢, », # 0 and n/m = § (in which
case the part of the ghost corresponding to the first gradient is cyclotomic
and all zeros of the local factors are clustered round the unit circle).

(2) Only finitely many zeros of W (p,Y") for all p lie within the unit circle (this
of course implies condition (1)).

(3) There are infinitely many pairs (n,m) with ¢, ,, # 0 and (n+1)/m > 3
(which means we need an infinite number of Riemann zeta functions to
meromorphically continue Z(s)) but none with (n + 1)/m > $ (which
means we can’t get enough zeros of these infinite number of Riemann zeta
functions to cause trouble in the region into which we have meromorphi-
cally continued).

Polynomials in this case will be called of Type VI.
There are two subcases which are probably relevant to this case:

(a) There are infinitely many pairs (n,m) with ¢, # 0 and (n+ 3)/m = §.
(b) There are only finitely many pairs (n, m) with ¢,, ,, # 0 and (n+31)/m= 3.

An example of case (a) is W(X,Y) = 1 +Y + XY?2, an embarrassingly

innocuous looking polynomial. We can apply the quadratic formula to see that

the zeros are on the candidate natural boundary at R(s) = 3 = % We take

U=X"y,v=x"12%,
F(V,U)=1+VU+U?.

It is then clear that A(U) = 1+ U?, A(U) = 2U and B1(U) = U. It is
elementary to see that the zeros of F/(V,U) are on the unit circle. As expected,
taking either zero w = 4i of A(U) =1 + U? gives us

*(-oaey) =

We get the following cyclotomic expansion of W (X, Y):

1+Y + XY?
= (1+Y)1+xY) [+ orxrmyshy T - xrym)eor
n=>1 (n,m)el
==V a=-y)a-xy)ta-x2vY [T a-xrymyes
(n,m)el
x H (1 — Xx2mtly4m+3) H (1- X2my4m+1)_1 (1 — xAmysm+2)
m2>0 m>1

where (n,m) € I if and only if (n+ 1)/m < 3 = 1, i.e. I consists of all the
terms which will not contribute anything critical.
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This requires then an infinite number of Riemann zeta functions to con-
tinue to R(s) = 8 = % since (n+1)/(2n+1) = 2 +1/(4n + 2). For any fixed
N we get a meromorphic continuation to R(s) > % + 1/(4N + 2) where the

function Z(s) is defined by

_ ms —n) ¢rm Zm>2N+1 gn,mp"*ms
Z(s) — H C( ) H (1 + H n—ms)cn,m>

m§2N+1(1 —-Pp

(n,m)eN? p
m<2N+1
=W(gq*) I Clms—m)=r T lms—n)mWargls),
(n,m)€EN? (n,m)eN?
m<2N+1 m<2N+1

where

enm n—ms
Warg(s) = [ [ <1+ HZW?N“ b ) :

P#a m§2N+1(1 — pnTmS)Cn,m

Hence we could try to play the same trick as in case 4 above by looking to
prove that the function blows up as we tend to % + (2r + 1)7i/ log ¢ along the
line §(s) = (2r + 1)mi/ log g, by exploiting the blowing up of the local factor

ms

14 > m>an41 Enmd"
II

o (L= @)

) =Wig.q™®) [[ Gms—nyerm

(n,m)EN?
m<2N+1

caused by (1 + ¢*~1)~L

However now we run up against the difficult problem of the behaviour of
an infinite product of Riemann zeta functions on R(s) = 3. We need to prove
that

II ¢c@m+3)s—@m+1)~" ] g

((4m +1)s —2m)
m>0 m>1 (

((8m + 2)s — 4m)

does not tend to zero as s tends to § + (2r + 1)7i/log ¢ along the line S(s) =
(2r 4 1)7i/ log q. Essentially we need to understand the behaviour of

H ¢(2 + (2m+1)7i/logq)

m>0

which does not appear to be known.

The other approach is to use the fact that on the candidate natural bound-
ary we have a lot of potential poles coming from all the zeros of the Riemann
zeta function. This is a case where there are an infinite number of pairs (n, m)
with ¢, > 0 and (n+1)/m = 3, but only finitely many with (n+1)/m > 3,
so we can’t quite see the zeros of the Riemann zeta function because they
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don’t lie in the region of continuation, but they surely will cause troubles on
R(s) = 5.

However this runs into the same problems. We take some (((4mg + 3)s —
(2mg + 1))~ and a zero of the Riemann zeta function p. Then we have to
show why

C((4m+1)s — 2m)
((4m +3)s — (2
,,goc m+3)s - (2m +1 ngl ((8m + 2)s — 4m)

m#mg

does not tend to zero as we approach p from the right along a horizontal line.
Certainly we’ll want to know that we aren’t picking up a zero of {((4m+1)s—
2m) for some other m. But there is the same problem as above that although
each individual zeta function doesn’t tend to zero, the infinite product of
Riemann zeta functions might tend to zero.

Nonetheless it is at least worth remarking that the point % must lie outside
the region of analytic continuation. The factor ¢((4m +3)s — (2m+1))~! has
a zero at s = 3 + (8m + 6)~! arising from the singularity of ((s) at s = 1,
and hence % is a limit point of zeros. It does raise the interesting question of
what shape region a Dirichlet series can be analytically continued into, if it
can’t be meromorphically continued to C. Is it always a right half-plane?

Polynomials that fall into case (b) above however will not have the luxury
of this second approach. However, we have been unable to come up with a
polynomial that will have all zeros of W (p, Y) outside the unit circle but satisfy
the conditions for case (b). We run into the same difficulties we encountered
with Type IV.
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Natural Boundaries II: Algebraic Groups

6.1 Introduction

In this chapter, we use the analysis of the previous section to prove that the
zeta functions of the classical groups GOg;41, GSpy; or GO;} of types B; for
[ >2,C;forl >3 and D; for [ > 4 have natural boundaries. These results
were announced in [18]. We recall the definition of the local factors and the
formula in terms of the root system established in [36] and [21].

Let G be one of the classical reductive groups GL;4+1, GOg41, GSpy; or
GO;}. For any field K, G(K) will denote the appropriate subgroup of GL,, (K).
Hey [35] and Tamagawa [56] proved that when G = GL;41, the zeta function
of G is something very classical, namely Zg(s) = ((s)...((s — ), and hence
has meromorphic continuation to the whole complex plane. Emboldened by
the case of GL;11, the following definition of the zeta function of the classical
group G had been proposed:

Definition 6.1. 1. For each prime p, let ug denote the Haar measure on
G(Qp) normalised such that pa(G(Zy,)) = 1. Define the local or p-adic
zeta function of G to be

Zoy) = [ 1detlo)l;nals).

p

where Gif = G(Q,) N My (Zy), the set of matrices whose entries are all
p-adic integers, and | - |, denotes the p-adic valuation.
2. Define the global zeta function of G to be

Za(s)= [ Zaw(s).

p prime

Given any algebraic group G defined over a number field K and some
K-rational representation p : G — GL,, we can define in a similar manner
an associated zeta function. In this paper we restrict ourselves to the above
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case of the classical groups, i.e. Q-split reductive algebraic groups of type
Ay, By, Cj, and D; and their natural representations. In [18] we consider the
exceptional types and the effect of changing the representation.

We describe now the formula in terms of the root system for the local zeta
functions.

Let T denote the diagonal matrices of G(Q)), namely a maximal split
torus for G(Qp). Let IT = {a1,...,a;} be a basis for the root system ¢ C
Hom(T, Q) of G(Q,) and let w be the dominant weight of the contragredient
(irreducible) representation p* = Tp~! of the natural representation p that
we are taking for G(Q,). Let m denote the order of the centre of the derived

group [G(C), G(C)]. Note that in particular m divides n. Let ag = det™™
T
Then there exist integers ¢; > 0 for 1 < ¢ <[ such that

l

m _ =1 ci
o™ = agl [[of .

i=1

The second set of numerical data we need for our formula are the positive
integers by, ..., b; which express the sum of the positive roots in terms of the
primitive roots:

l
_ b;
IRSICE
=1

aedt

We can now write down our formula for the zeta function. Let W denote
the finite Weyl group of ¢ and A(w) the length of an element w of the Weyl
group in terms of the fundamental reflections in the hyperplanes defined by
the primitive roots.

Define two polynomials Pg(X,Y), Qa(X,Y) € Z[X,Y] by

Po(X,Y)= > X I Xhye,
weW o Ew(P)
l
Qa(X,Y)=(1-y™ ][] (1-X"ye) .

<
=

Then for each prime p,

It was proved in [36] and [21] that these polynomials satisfy a functional
equation

N
=
~

Ps(X,Y)

1 l+1Xcard(<15+)Ym ]
=Y Qo(X.Y)
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We are interested in the global behaviour of the zeta function defined as
an Euler product of all these local factors. The denominator is always well
behaved since it is just built out of the Riemann zeta function (,(s). The
interest lies in the numerator.

We record now the results of our analysis of the polynomial Pg(X,Y)
for the classical groups and in particular that for large enough [ the poly-
nomials for G = GOg41, GSpy; and GO;Z satisfy, after some factorisation,
the conditions of Corollary 5.9 in the previous chapter and hence have a nat-
ural boundary. We tabulate first the combinatorial data for the four examples
(Table 6.1):

Table 6.1. Combinatorial data for algebraic groups

m b; Ci
GLi+1 A l+1 z(l—z+) l—i+1
G021+1 Bl 1 Z(2l — Z 1
1(20—i+1) ifi<l 2 ifi<ld
I(l+1)/2 ifi=1 {1 ifi=1

GO D, 2

GSpy, C 2 {

(
i2—i—1) ifi<l—1 (2 ifi<li—1
I(1—1)/2 ifi>1—1 1 ifi>i—1

Let Pg(s) = [[Pa(p,p~®) and ap, be the abscissa of convergence of
Pg(s).

To satisfy the conditions of Corollary 5.10 it suffices to know what the
ghosts of Pg(X,Y) look like. The following descriptions were announced in
[16] and proved in [18]. For convenience, we set by = 0.

Proposition 6.2. 1. The ghost polynomial ﬁg(X, Y) associated to G =
GOQ[+1 5

-1

[T+ xby).

=0

Hence Zgo,,,,(s) has a friendly ghost.
2. The ghost polynomial Pg(X,Y') associated to GSpy; is

-1 -2
[[a+x"72y) ]+ X2 y).
=0 =0

Hence Zgsp,, (s) has a friendly ghost.

3. The ghost polynomial Pg (X,Y) associated to GO;l or Dy and its natural
representation s
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-2
[Ja+x"/2y).
=0

Hence Zqn+ (s) has a friendly ghost.
21

Corollary 6.3. If G = GOg;41, GSpy; or GO;’I then the inverse of the gradi-
ents of the Newton polygon of Ps(X,Y) are all integers.

Proof. This follows since the gradients are the same as the gradients of the
Newton polygon of the ghost. O

Corollary 6.4. The abscissa of convergence ap, of Pa(s) = [[ Pa(p,p™?®)
for G = GOg11, GSpy, or GOJ, is by.

Proof. 1.1f G = GOg41 then b;_; is the maximal inverse gradient in the
Newton polygon. Hence ap, =b,_1 +1 =b;.
2. If G = GSpy; then b;_1/2 is the maximal inverse gradient in the Newton
polygon. Hence ap, =b;—1/2+ 1 =b.
3.If G = GO;FZ then b;_5/2 is the maximal inverse gradient in the Newton
polygon. Hence ap, = bj_2/2 +1 = b;. O

Note that in each case there is a term X* 1Y appearing in both Pg(X,Y)
and its ghost. In fact there is another way to see why b; is the abscissa of
convergence without passing to the ghost although the analysis below was
essential in determining the ghost.

We know that ap, = max{ H% ck=1,...,r}. We shall need to analyse
the root system and the combinatorial data to ascertain the value of ap,,.

Choose a subset of simple roots IIy C II. Let @y be the sub-root system
that ITy generates. Notice that in the expression for Pg(X,Y) we can realise
the monomial term X ~(*) [1.,em, X¥Y where w is a Weyl element such
that IIo = {w'a; } C ®~. For each choice of Iy, such elements w exist since
we can take w = wy to be the unique element of Wy, the Weyl group of &g,
that sends all positive roots @ to negative roots @, . To calculate the abscissa
of convergence ap, we are going to be interested in choosing a w which is of
minimal length since

{ 1- )\(w) + ZOL]‘GHO bj
ap, = Imax

Zaj elly Cj

Iy CIILw e W st. w I, C@‘}

The following lemma tells us that for any choice of a subset of simple roots
11y, wy is the most efficient way to realise the corresponding monomial term:

Lemma 6.5. Let Ily be a subset of the simple roots II and let @y be the
sub-root system of @ generated by Ily. Then the length of the shortest element
w € W with the property that w(Ily) C = but w(II\ ) C &F is card(d7) =
)\(w()).
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Proof. Let wg be the element which maps @3‘ to @ . Certainly then wo (1) C
@~ The length of this element is card(®7 ) in terms of the natural generators
w, where o € IIy. We can’t get any shorter than this using all generators
w, where a € IT since the length is still the number of positive roots sent to
negative roots in @ which is at least card(®g ). But notice that we have now
shown that it is exactly that number hence IT \ ITp must be sent to positive
roots since (IT\ IT) NPy = &. But now the length of any element sending 11
to negative roots must be at least card(®) since the length is the number
of positive roots in @ sent to negative roots and if IIy gets sent to negative
roots then so does @7 . This completes the proof of the lemma. O

Lemma 6.6. ap, = b;.

Proof. First note that ap, > b; since we can take ITy = {a;} and wy = wy
the reflection in a; which is a word of length 1. Next note that card(®]) >
card(Ily). An analysis of the combinatorial data will confirm that b — 1 =
(by—1)/c; =max{b;—1/¢; : i =1,...,1}. The easiest way to check this is to
note that for example in the case C; we have (21 —i+1)/2 = Zé;ﬂ j. Then
we can use the fact that for any positive integers x1, ..., ., y1,- .., y, we have

% < max ;* to deduce that for w € W such that w Iy C &,

L=Mw)+ > em by 14+ 20,em (b —1)

ZajEHU Cj o ZCE]'EHO Cj
-1
< Z Cj +max{bi—1/ci:aieﬂo}.
ajelly
Therefore ap, <14 (b — 1) = b;. This completes the lemma. O

We now put Bp = b —1 = max{ % : k € [ } where I = {k: ™ = ap}.
The three examples B;, C; and D; are perfect to illustrate the application
of Hypotheses 1 and 2 (p. 134) of the previous chapter. For B; with | > 2,
we will find that the two hypotheses are satisfied and that Sp is a natural
boundary. For C; with [ > 3, we will find that Hypothesis 2 actually fails,
but because P(X,Y) has a factor of the form (1+ X#7Y") and hence the first
candidate natural boundary can be passed. We then show that if P(X,Y) =
(14 XPPY)P(X,Y) then P;(X,Y) will give us a natural boundary. For D;
with [ > 4, we will find that Hypothesis 1 fails. Again this is due to a factor
of the form (1 4+ X#7Y’). Once this is removed we find that both Hypotheses
1 and 2 are satisfied and (p is in fact a natural boundary.

6.2 G = G02l+1 of Type Bl

Proposition 6.7. If G = GOgy1 of type B; and I > 2, then Pg(s) has a
natural boundary at Bp =bj_1 =b — 1 =1% — 1.
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Proof. We make the change of variable U = XY and V = X~! so that
P(X,Y)=F(U,V). Then A(U) = F(0,U) =1+ U. This follows because for
all Iy C IT,w € W such that w='IIy C &~ except for the case ITy = {a;}
and wo = w; we have:

—)\(’LU) + Zajeﬂo bj < - b —1

Zajeﬂo Cj a

We set w = —1, the unique root of A(U). Clearly Hypothesis 1 is satisfied
since A(U) does not have a multiple root at w.
To check Hypothesis 2 we need to determine

= Z aikak .

V=0 Bpk—i=1

By(U) = 5 F(V,U)

We claim that for i = fpk — 1, a; # 0 if and only if £k = 1. For k =1
we are required to show there is a monomial of the form X®-1=1Y. This
can be realised by taking ITy = {«;_1} and wy = w;_; the reflection defined
by the root a;_1. For k > 1, for each choice of II; with k£ elements and a
corresponding w such that w1y C &,

“Aw)+ Y b < > (- 1)

oszHO OtjGHo
< (k‘ — 1)([)1_1 — 1) + b —1if Il 7é {Oél_l,()tl}
< (k—1)(Bp —1) +Bp <

since the b; are a strictly increasing sequence. For ITy = {a;_1,;} we just
have to use the stronger inequality that if w=*IIy C = then A(w) > 3. Hence
we have shown that for each k > 1, there are no monomials of the form
XPrk=1yk Hence By(U) = ag,—1,1U and

B Bl(W) - 4
wA'(w) Ap—L1:

Since ag,—1,1 > 0, Hypothesis 2 is satisfied. Therefore we can apply Theo-
rem 5.13 to deduce that Pg(s) has a natural boundary at Sp = bj_1 =b;—1 =
2 —1. o

Corollary 6.8. If G = GOq 41 of type By and | > 2 then Zg(s) has abscissa
of convergence at ag = b;+1 and a natural boundary at Bp =b;_1 =b;—1 =
2 —1.

Proof. We just have to add that Qa(s)™! = [[ Qg (p,p~*) ! is a meromorphic
function with abscissa of convergence at ag = b; + 1. O
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6.3 G = GSp,,; of Type C; or G = GO;FZ of Type D,

In these two examples, there is an initial problem with performing the analysis
of the previous example because (1 4+ X%7Y) is a factor of Pg(X,Y). This
means that after the substitution U = XY and V = X1, P(X,Y) =
F(U,V)=(1+U)F,(U, V) and hence for all n

1 0
— F =0.
n! gV (V.U) Ve0.U=—1 0

Bn(_l) =
Hence Hypothesis 2 is never satisfied. This is what we would expect since if
(1 + XPPY) is a factor then the potential natural boundary it might cause
at s = Op can be passed by multiplying by the meromorphic function [](1 +
p?Pp~)~1. Note that in the case of G = GO;FZ of type Dy, even Hypothesis
1 fails since A(U) = F(0,U) = 1+ 2U + U?2. In this case once the factor
(1 + XPPY) is removed the remaining term F; (U, V) still has the property
that U = —1 is a zero of F;(U,0). We will find that s = Sp will now produce
a natural boundary. In the case G = GSpy; of type C; we will have to move a
little further to the left to find our natural boundary.
The polynomial Pg(X,Y") actually has a number of other natural factors,
not only (14 X#7Y). This fact was announced in [16]. Its proof is technical
and has been consigned to Appendix B:

Theorem 6.9. If G = GSpy of type C; or G = GO;‘I of type Dy then
Pg(X,Y) has a factor of the form

T

1+ v)JJa+x%y),

i=1
where r =1 — 1 for G = GSpy, and r =1 — 2 for G = GO,
Corollary 6.10. 1. If G = GSpy; then

-1
Po(X,Y)=(1+Y)[[Q+X"/?Y)Ra(X,Y),

i=1
where Re(X,Y) has ghost polynomial

-2
Ro(X,Y) = (1+XY) JJ(1 + X*/*y) .
=1

2.IfG = GO; then

-2
Po(X,Y) = (1+Y) [0+ X"/?Y)Ra(X,Y),
=1
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where Re(X,Y) has ghost polynomial
s 1—2
Re(X,Y)=(1+Y)[J(+x""Y).
i=1
In Appendix B we give a description of the polynomials R (X,Y) in terms
of the root system.

6.3.1 G = GSp,; of Type C;

Let us recall the structure of the root system Cj and its corresponding Weyl
group. Let e; be the standard basis for the I-dimensional vector space RY,
where we assume [ > 3.

C’ﬁ' ={2e;,e;+e;:1<i<j<I} with simple roots a1 =e; —eg, ...,
a1 =e_1 — e, ap = 2¢e,.. W(C)) is a semi-direct product of the symmetric
group on e; and the group (Z/2Z)" operating by e; — (+1);e;.

We shall write w = 7,0, wWhere m,, is the permutation and o, is the sign
change.

Let w; be the element sending a; to —ay. The element w; is the sign change
e, —e; fori=1,....,1 —1 and e; — —e;. Let @1 be the sub-root system
generated by { a;_,...,q; } and wg,,, be the element sending @Ll to &, ;.
For G = GSp,; we prove in Appendix B that for k =1,...,[,

Po(X,Y) =1+ X" 2y) (Y x0T xbye
weW (k) o Ew(P)

= (1+ X"1/2Y)Py(X,Y),

Wk) = { @ =mwou wH (ap—1) and (we, ,,, ww (k) (ax_1)
have the same sign and (o,,-1); = 1

ylw=meow: w (og—1) and (we,_,, ww (k)™ (og—1)
have opposite signs and (o,,-1)r = —1

=W(E)TUW(E)",

where for each w € W, w(k) denotes the permutation of €r (i) for
i=k,...,l which alters the order. Here it suffices to know the following:
for G = GSpy,

PG(X7Y>
= (1 _;'_szfl/ZY')(l +Xbl,2/2y)P(X7y)
= (14 X012y (1  X"-2/2y)

x > xm T Xy

weW ()NW (1—1) o Ew(P)
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The ghost of P(X,Y) indicates that the first candidate natural boundary
isat f=0b_2/2+ 1. We see that Hypotheses 1 and 2 apply now to P(X,Y).
We make our change of variable U = XAY and V = X! so that P(X,Y) =
F(U,V). The corresponding polynomial A(U) = 1 + U hence this satisfies
Hypothesis 1 for the unique root w = —1.

To check Hypothesis 2 we need to determine

0
B(U) = 55 F(V,U) = ﬁk;_lai,kU’“ :

We claim that for i = Bk—1, a; ;, # 0if and only if k = 1. For k = 1, we are
required to show that there is a monomial of the form X*-2/2Y in P(X,Y).
Now X"-2/2y = X"=3Y . This can be realised by taking w = wjw;_qwi_a,
where w; is the reflection defined by the root «;. Now

w e — —ej_o

e — €

tepg e

We show that w € W(l). Now (wlwl_lwg_g)_l (1) = e +e_ o€ dF
and (wywyw;_qw;_2) (ay_1) = e, —e;_o € &~. Since (0,-1); = —1 this
implies that w € W(I).

Next we need that w € W(l — 1). We have that (wyw;_1w;_2) ' (a;_o) =
a1 € &T. Now w(l — 1) is defined as the permutation which swaps e;_o =
SR () and e, = €r L (-1) and wg, sends e; to —e; and e;_; to —e;_;.
Hence

w(l — 1)71w71w;21(al_2) =e_1+e€_2.

Since (0,-1);—1 = 1 this implies that w € W (I — 1).
Finally {a; : o € wl’LUl_1U)l_2(¢7)} ={a} and Mwjw;—qw;—2) = 3.
Consider any monomial term X"Y2/*¢ where 2j + & > 1 and e = 0 or 1.
Then

r=—-\w)+ Z b ,
a; 11’

where w is an element of W ([) such that w~! sends II’ (a subset of the simple
roots of size j+¢) to negative roots. Now  =b;_2/2+1=b_1/2—1=b—2
and b; is strictly increasing for ¢ < [ — 1. Suppose first that j > 2 then since
AMw) = j+e,

r=-\Nw)+ Z b;
aell’
< (- 1)b172 + b1+ b — )\(’LU)
<2jB+eb—(e+1)—(—1)
<(2j+¢e)p-1.
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Suppose that j = 1. Then (except if IT" = {1 } or {ay—1, 1 })

r=—-\Nw)+ Z b;

a; 1T’
<b_s+eb — )\(w)
<(2j+e)pf-2.

This finishes the cases except for I’ = {a;_1} or {a;_1, a4}
Ifwe W) NnW({I—1)and II' = {a;_1}, then we are required to show
that

1<28—r
= (b1 —2) = (bi—1 — Mw)) ,

i.e. that A\(w) > 4. In this case (0,-1); = 1 and w™(oy_1) € &~ hence
w™tw; ! (ag—1)=w™!(e;_1+e;) € 7. This in turn implies that (g,,-1);-1=—1
and m,-1(l — 1) < m,-1(l) So we have already found three positive roots
(e;_1 + e, e;_1 — e and 2e;_;) that are sent to negative roots by w™!.
We just have to demonstrate a fourth such root to guarantee A(w) > 4.
Now since (0,-1);—1 = —1 and w € W(l — 1) we get that w=!(a;_2) and
(we,ww(l—1)) " (ay_2) = w™H{ww(l —1)w  wg,)(cy_2) have opposite signs.
So we just need to know that (ww(l — 1)w twe,)(ay—2) # €1 + € but
is a positive root. Now (ww(l — 1)w ™ wge,)(e;_2) = e;_2 whilst (ww(l — 1)
wtwg,)(ej_1) = —(0w)x, _, )& which confirms both these facts. Hence we
have a fourth positive root (either a;_o or (ww(l — 1)w ™ we,)(a;_2)) sent to
a negative root by w~!. This confirms that \(w) > 4.

We show that if w € W) N W( — 1) then II' # {oy_1,q;}. Sup-

pose otherwise. In this case (o,-1); = —1 and w™!(ay_1) € @ hence
(1) (op-1)i—1 = —1 and (2) wtw; Hey_1) = w™i(e;—1 + €) € T since
w € W(l). But

wl(e1+e)=—ex -1 —€x ) €D .

Hence we have a contradiction.
This completes the analysis and confirms that By(U) = ag_1,1U where
ag—11 > 1 (in fact it is possible to show that ag_1 1 = 1). Hence

__ By
CVUCVE
and so R (—WBJA,—((WW))) < 0, confirming Hypothesis 2. Therefore we can apply

Theorem 5.13 to deduce that Pg(s) has a natural boundary at Sp = bj_2/2 +
1=1(+1)/2—2.

Corollary 6.11. If G = GSpy; of type C; then Za(s) has abscissa of conver-
gence at ag = bj+1 and a natural boundary at fp = bj_o/2+1 =1(1+1)/2-2.
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Proof. We just have to add that Qg (s)™! =[] Qc(p,p~*) ! is a meromorphic
function with abscissa of convergence at ag = b; + 1. a

Note that had we not factored out (1+X%-2/2Y") as well to define P(X,Y")
we would have got that Bi(—1) = 0. In the next example we only have to
remove one factor.

6.3.2 G = GO}, of Type D,

We turn now to proving that Hypotheses 1 and 2 hold for Dy if [ > 4. We recall
the structure of the root system in this case. D;" = {e;+e;: 1 <i<j <[}
with simple roots iy = e1—es, ..., ;1 =e_1—e;, oy = e,_1+e;. W(Dy) is
a semi-direct product of the symmetric group on e; and the group (Z/27)' !
operating by e; — (+1);e; with [[,(+1); = 1. Again we write an element of
W aS TyOyp-

In a similar fashion to the case of GSp,; we prove for GO; in Appendix B
that k =1,...,1—1

Po(X,Y) =1+ X" 2y) (Y x0T xbye
weW (k) o Ew(P)

= (1+X"12Y)Py(X,Y),

Wk) = W= myoy : w Hag_1) and (we, ., ww(k)) " (ak_1)
have the same sign and (o,-1)r =1

4w =Twow : wHap-1) and (we, ., ww(k)) ™ (ax_1)
have opposite signs and (o,,-1)r = —1

— Wk UW (k)

where for each w € W, w(k) denotes the permutation of €r (i) for i =
k,...,l which alters the order. In this case we only need to know that

Po(X,Y) = (14 X"=2/2Y)P(XY)

= (1+ X"=2/2Y) Z X —AMw) H Xbiyes
weW (1—-1) ajew(P)

The ghost of P(X,Y) indicates that the first candidate natural bound-
ary is at 0 = b_2/2. We see that Hypotheses 1 and 2 apply now to
P(X,Y). We make our change of variable U = X?Y and V = X! so that
P(X,Y) = F(U,V). The corresponding polynomial A(U) = 1+ U hence this
satisfies Hypothesis 1 for the unique root w = —1.
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To check Hypothesis 2 we need to determine

BU) = 5 F(V,U)

- Y
V=0 gg—i=1

We claim that for i = gk — 1, a; 5, # 0 if and only if k = 1.
For k = 1, we are required to show that there is a monomial of the form

Xbi—2/2=1y in P(X,Y). If we rewrite X"-2/2-1y = Xb=2y = Xbi-1-2Y we

see
wo

that we are looking for an element w € W ([ —1) of length two with either

Yoy) or w™(ay_1) € . If we choose either w = w;_1w;_ or w = w;w;_o

then we can satisfy these criterion.

Lemma 6.12. 1. If w = wj_yw;—o then {a; € IT : o; € w(P) } = {ay_1}

2.

and w e W(l—1)*.
If w = wwi_o then {a; € IT: o € w(P™) } ={ay} andw e W({l —1)".

Proof. 1.

Wi oWy—1 €2 — €1+ €_1— €
€1 —e r—e —e_9

e_1t+e—e+e_o.

This is enough to check that {a; € IT : oy € w(®)} = {a—1}. The
element w(l—1) is the permutation of &, = e, _,g-1)ande,_2=e; @
whilst the element wg, maps e;_1 to —e;_; and e; to —e;. Hence

w(l —Dw  we, :ej o —e_1r—e_1+e b,

Since w;_ow;_1(e;—2 —€;_1) € ®T and (0,-1);—1 = 1 this confirms that
weW(l—-1)".

Wi—2wW; : €—2 —€—1 — €1+ €
‘€1 —€ — —e +e._3

‘ej_1+e+— —e —e_o.

From this we can deduce {a; € IT : a; € w(P)} = {ey}. The element
w(l — 1) is again the permutation of ¢, = e -1 ande_2=e; (.
Hence

w(l - 1)w_1w452 e o—€_1r—e€_1—€_o €D .

Since w;_ow;(e;_2 —e;_1) € T and (0,-1);_1 = —1 this confirms that
weW(l—-1)".

So ag—1,1 > 2 (and in fact it is possible to show that ag_11 = 2).

Now we need to show that we don’t pick up any other terms.
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Suppose we have a monomial term X"Y2/*+ei-1+e corresponding to a
w € W(l —1) where ;1 (respectively, ;) = 0 or 1 according to whether
ay—1 (respectively, o) € {a; € IT : o; € w(P~) } = II’ and II' is a set of
size j +e;_1 + €.

Firstly assume j > 1. Then using the fact that b; is a strictly increasing
sequence for i <[l —2 and by = bj_1 = b;_2/2+ 1 we can deduce

r=-AMw)+ Y b

a; eIl
<Y-—Dbg+b_o+e_ib_1+eb —(j+e_1+e)
<(2j+e_1+e)s—3j
<(2j+e_1+e)s—1.

So we are left with the cases that II' = {oy_a}, {ay—2, u—1}, {—2, v}
or {ay_o, 71, }. It suffices to show that A(w) > |II'|. Recall that A\(w)
is the number of positive roots sent to negative roots by w. Hence it
suffices to show at least one positive root outside of I’ which gets sent to
a negative root.

In the case that IT" = {o;_2} we just have to demonstrate that A(w) > 1.
Now there is a unique element w of length one with w=!(ay_2) € &7,
namely the reflection w;_5 :e;_2 —e;_1 — €;_1 — €;_2. We need to show
that this element is not in W(l — 1). Now (le_lz)l,l = 1. So we just

need to demonstrate that w;_o(l — 1)w; we,(ay—2) € . The element
wi—o(l — 1) is again the element swapping €;_o and e€;. Then w;_o(l —
1)w;12w¢2(al72) = e._1+e€ € 7. Hence w;_o ¢ W(l — 1) and any
element in W (Il —1) with I’ = {a;_2} must have length greater than one.
Recall that A(w) is the number of positive roots sent to negative roots
by w. Hence it suffices to show at least one positive root outside of II’
which gets sent to a negative root. In the case that II" = {a;_2,;-1},
{aj—2,a;} or {oy_o, 11,0} then since e;_o — e;_1 and e;_1 + ce; are
sent to negative roots (where ¢ = 1 according to the choice of IT’) then
e_o+ece; = (e_o—e_1)+ (ej_1 +ce) is also sent to a negative root.
Hence A(w) > |IT']. 0

This completes the analysis and confirms that By (U) = ag_11U where
ag—1,1 > 1 (in fact it is possible to show that ag_; 1 = 2). Hence

Bi(-1)

and so R (7%) < 0, confirming Hypothesis 2. Therefore we can apply

Theorem 5.13 to deduce that Pg(s) has a natural boundary at Sp = bj_2/2 =
I(r-1/2-1.

Corollary 6.13. If G = GO; of type D; then Zg(s) has abscissa of conver-
gence at ag = by + 1 and a natural boundary at Bp =b;_2/2 =1(1—1)/2—1.
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Natural Boundaries III: Nilpotent Groups

7.1 Introduction

In the previous chapter, we found that Hypotheses 1 and 2 always held and
the natural boundary for the zeta function of each algebraic group was an
integer. Hence Corollary 5.9 ensured the existence natural boundary with no
need to assume the Riemann Hypothesis. In this chapter, we consider the
zeta functions of nilpotent groups and Lie rings listed in Chap. 2. We are not
so lucky this time, since the candidate natural boundary is frequently non-
integral, and in many cases the existence of the natural boundary requires us
to assume the Riemann Hypothesis. We find that Hypotheses 1 and 2 continue
to hold for all calculated examples, although there seems to be no good reason
why these hypotheses should hold in general.

To simplify matters, we shall only consider those zeta functions for which
the p-local factors are given by the same bivariate rational function for all
primes p. To minimise repetition, we shall also only consider one of each pair
of isospectral Lie rings.

A related topic to natural boundaries is that of the ‘ghost’ zeta functions.
We additionally list whether the ghost of each zeta function is friendly or not.

7.2 Zeta Functions with Meromorphic Continuation

Below, we take the chance to list those zeta functions calculated in Chap. 2
which do not have a natural boundary, i.e. those with meromorphic continua-
tion. Their ‘ghosts’ are equal to themselves, and hence automatically friendly.
They will be of no further interest to us in this chapter.

Theorem 7.1. For r € N, m € Ny, the following zeta functions all have
meromorphic continuation to C:

o  Counting ideals in the following Lie rings:
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Z", H, HQ, U3(R2)’ Gz x 7", G(m,r), 96,4, Ms x 7", g53 X 7,
H X @53, 96,125 96,14(+1), 86,165 917, 9274, 9278, §147A, §147B, 9157,
g1357A -

o Counting all subrings in the Lie rings Z", H and G(1,r).

7.3 Zeta Functions with Natural Boundaries

In this section we describe the local zeta functions from Chap. 2 for which we
are able to prove the existence of the natural boundary, with, if necessary, an
assumption of the Riemann Hypothesis.

The polynomials given in Chap. 2 are mostly irreducible. However, there
are a small number which can be given more succinctly in reducible form, since
an irreducible polynomial factor has more terms than the reducible polyno-
mial given. In Table 7.1, we list all such reducible numerator polynomials,
along with the cyclotomic factors that must be divided out. It is essential to
ensure that these cyclotomic factors are removed prior to the calculation of
the natural boundary.

The calculations required to determine the natural boundary and verify
Hypothesis 1 and Hypothesis 2 are fairly similar for each case. We do not

Table 7.1. Factors of numerator polynomials of zeta functions

Ring Counting Page Type Factor(s)
H? all subrings 35 111 1- X2y
G(2,0) all subrings 43 I 1-X%Y
G(2,3) all subrings 43 111 1-X?%Y
G(2,5) all subrings 43 111 1- X%
G(2,6) all subrings 43 11 1- X%
Gs x Z*  all subrings 44 11 1- X2y
M3 all subrings 46 111 1—X4y3
Ms x 7Z  all subrings 46 11 1—X4Y?
Mz x Z*  all subrings 46 I 1-X3%Y
H x Ms ideals 47 1 1-XY
H? x Ms ideals - I 1—X3Yy?
L33 ideals 49 111 1+ XY, 14+ X2%Y?
L3.2) ideals 49 111 1-XY
F30 %17 ideals 52 I 1-XY
M, ideals 52 111 1—X3Y¢
My xZ ideals 53 111 1— XS
96,8 ideals 57 11 1+ XY
96,9 ideals 58 1 1+ XY
g257K ideals 66 11 1-XY

g1457A ideals 186 Im  1-X2y3,1-X°y®
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wish to keep repeating ourselves, so instead we shall tabulate relevant data
for each example.

7.3.1 Type 1

The numerator polynomials of the local zeta functions of the Lie rings in
Tables 7.2 and 7.3, after dividing out cyclotomic factors if necessary, are all
of Type I. For each zeta function we give the candidate natural boundary 3,
the squarefree polynomial A(U) and a root w of A with |w| < 1. Each root
given is an approximation unless it is clear otherwise. We have chosen real
roots whenever possible.

For clarity, the longer polynomials were omitted from Table 7.2. They are
as follows:

Aprs;(U) =14+ U +U? + UP +U* + 2U° +2U° 4-2U7 4 2U%,
Agﬁﬂ(U):1+U37U97U10+U163
Agﬁyg(U):1_U+U2+U6+U9+U11+U13_U14+U157

A91357G (U) =A (U)

— “78e,7

The ghost of each of these zeta functions is unfriendly by virtue of the fact
that the polynomial A(U) is the first factor of the ghost, and Type I implies
that A(U) is not cyclotomic.

7.3.2 Type 11

The numerator polynomials of the local zeta functions of the Lie rings in
Tables 7.4 and 7.5 are all of Type II. For each zeta function we give the

Table 7.2. Natural boundary data for polynomials of Type I, counting ideals

Ring Page 154 A(U) w

H? 35  13/8 1-2U8 2 1/8

H* 179 26/11 1-3U" 3-/1n

Hx Ms 47 1 Arscns(U)  0.67516 4 0.54041i
H?x Ms  —  17/10  1+420% 27 1/20gm/20

Gs X gs3 182 2 1+U?-U'° —0.88712

6,7 57 1 Age-(U)  0.26431 4 0.85097i
96,9 58 1 Ageo(U) 0.97827
91357G 184 1 Aggane (U)  0.26431 4 0.85097i

Table 7.3. Natural boundary data for polynomials of Type I, counting all subrings

Ring Page g A(U) w
Gy 39 3 14U?4U? 0.23279 + 0.79255i
G(2,4) 43 3 1+U*-U* —0.81917
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candidate natural boundary R(s) = 3, the squarefree polynomial A(U), a
root w of A, the constant v and polynomial B (U) satisfying

w(-Taey) <0

Within Type II, w will always be root of unity, so it can be given exactly. We
have chosen roots +1 wherever possible.

As with Type I, there are some polynomials which are too long to fit in
Tables 7.4 and 7.5. We list them below:

Ap, ,xz(U)=(1-U")/1-1U),
BF32><Zl(U):U4+U5+U6—U9—U10—U11,
Ag o (U)=(1+U")/1+U),
g68,1(U) =U*—2u" - U,
AgeoU)=1+U+U>+U?,

Table 7.4. Natural boundary data for polynomials of Type II, counting ideals

Ring p. B AU) w v B,(U)
F372 X 7 52 1 AF312Xz(U) egﬂ/u 1 BF3’2><Z,1(U)
9,8 5T 1 Ags(U) T 1 By a(U)
96,13 60 1 1+U° em/3 3 -u*
gi37c 64 9/8 1-U® -1 19 Ut

g257K 66 1 A9257K(U) 927“/13 1 BHQS7K71(U)

Table 7.5. Natural boundary data for polynomials of Type I, counting all subrings

Ring p- B AU) w v B,(U)
Gs 38 2 1+U? i 2 U -u?
G(2,0) 43 2 AcenU) -1 1 U?
G(2,1) 43 9/4 1-U* -1 3 U®
G(2,2) 43 5/2 1-U* -1 2 U?
G2,r)* 43 (r+5)/3 1+ U3 -1 r—4 -U*
Gs x 7 44 5/2 1+U? i 2 U?
Gs x 72 44 3 1+U? i 2 U+U*+U?
Gs xZ™" 44 (r+44)/2 14+ U? i 2 U?
Ms x7 46 2 1-U4+U? ™3 1 U?-U®-U°
Ms x Z* 46 7/2 1+ U240 e™/3 2 202 +U*
M3 xZ™° 46 (r+3)/2 14+U*+U* e™/* 2 U? - u°
953 55 2 1+ U* ™/t g By 5.4(U)
r>7
by >3
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A9257K (U) - (1 - U13)/(1 - U) )
By a(U) = =U°(L+ U)(1+ U)(L+ U*) (1 +20") + U®) |
By, ,a(U) =U?+ U+ U+ U° —U® - U".
The value of j is the minimal nonzero exponent of U in the polynomial A(U).
In all but two cases it can be seen that v > j, and hence Corollary 5.15

implies that the polynomial is Type II. The two exceptional cases are G(2,1)
and G(2,2). We have that, for any N € N,

N-1
W§(2 1)(X, Y)=(1- X9Y4) H (1+ X6+9kY3+4k) + XOTONy3+4N
k=0
+0(9/4),
N-1
W§(2 2) (X,Y)=(1- X10Y4) H (1 +X7+10ky3+4k) + X THI0Ny3+4N
k=0
+0(5/2)

where XY™ € O(p) if (n+1)/m < . Since (124+1)/6 < 9/4 and (14+1)/6 <
5/2, both expansions only have the one term with ¢, ,,, > 0 and (n+1)/m > .
These are Type II by virtue of the fact that, although there exist infinitely
many ¢, # 0 with (n + 1)/m > (3, only one such ¢, ,, is positive.

The ghosts of (g1 (s), 45(277)(8) and (ffsxzr(s) for r = 2,3 are unfriendly,
with all other zeta functions listed in Tables 7.4 and 7.5 having friendly ghosts.

7.3.3 Type III

The numerator polynomials of the local zeta functions of the Lie rings in
Tables 7.6 and 7.7 are all of Type III. For each zeta function we give the
candidate natural boundary (3, the squarefree polynomial A(U), v and B, (U),
and a root w satisfying Hypothesis 2. Again, w will always be a root of unity,
so we give it exactly and choose +1 wherever possible.

In all but two cases, Lemma 5.12 applies, allowing us to easily confirm

Hypothesis 2. The exceptions are CI% ,(s) and Cauap (8). In both cases we have

By (w
§R _ ’Y( ) —_ O
wA'(w)
for all roots w of A(U), so we must compute a further term of the power series
expansion of U in terms of V near a root w. For Ci ,(5), we have

17i
U=i+iv- ?IVQ-I-Ql(V)
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Table 7.6. Natural boundary data for polynomials of Type III, counting ideals

Ring P B A(U) w v B, (U)

Ga 39 9/5  1+U° -1 2 U3

Gs 39 13/5 14U° -1 4 Us

Foz 41 7/5  1+U° —1 1 U3

Ty 45 8/5 1+U° e/ 4 U —u®
My x M ~10/9 1+U° V0 4 Ut—20B 4 UR
Ms xz My 48 14/17 14 U7 e™/17 2 —U®
L33 49  9/7 14U -1 3 U®
L2 49 7/6  1-U" -1 2 U+U" — U3
HxLza - 116 1-U"Y 1 4 —y'e
L322 181 13/7 1-U" -1 2 U —-uU'?
F30 51 8/11 1-U" 1 6 ~U°

M, 52 8/13 1-U? /13 u°

Fily 54 8/13 1-UY¥ /B U

My x 7 53 11/13 1-U™® /13 3 u°

Fily x Z 54 11/13 1-U'YM /138 3 u°

96,6 56 7/6 1-U? -1 6 U3

H X ge,12 59 5/4  14+UYM  em/16 4 —U®
96,15 61 4/5 1+0U° ™/t 1 -U°
937D 63 3/2 14+U° i 3 U3
92478 - 76 1-U% -1 2 2U+U" -2
g257A 65 4/3 1+ U3 -1 1 -yt
g257B 66 13/10 1-— Uto 1 3 —ytt
913578 67 5/6 1-U"Y 1 2 -yt
014574 186 14/15 1-U" 1 10 -U°
g1457B 187 14/15 1-U™ 1 10 -U®

Table 7.7. Natural boundary data for polynomials of Type III, counting all subrings

Ring p. B AU) w_ v B,(U)

H? 35 7/3 1-U+U® &/ 1 U-20*+U"
Gs 39 13/3 1+ U3 e™/3 1 U*

F3 41 5/2 1+ U? i 1 U®
G(2,3) 43 11/4 1-U* -1 1 U?
G(2,5) 43 10/3 1+ U3 -1 1 U
G(2,6) 43 11/3 1+U? -1 2 U?

96,4 180 13/5 1-U° A U*

Ty 180 20/7 1+U° -1 1 —2U°

Ms 46 3/2 14+U*4+U* ™1 Ut —-us
Loy 50 17/7 1-U7 /T 9 U3

F32 51 15/8 1-U® 1 1 -U’

M,y 53 13/7 1-U7 1 1 -Us
96,12 183 7/3 1-U° ™33 U4 Uut-U°
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<
and for (57 (s), we have

. 13i
U=i+3V - 5V2+02(V) :
where (21(V) and (25(V) are power series in V3 and higher. In both cases
|U| < 1 for sufficiently small V| so Hypothesis 2 is satisfied.

For the majority of zeta functions in Tables 7.6 and 7.7, Corollaries 5.17
and 5.18 can be used to deduce that the numerator polynomials are of Type
IIT. In Tables 7.8 and 7.9, we list the values of €1, g4, ny and my required by
these corollaries. Corollary 5.18 applies if e = —1 and ¢4 = 1, and Corol-
lary 5.17 applies otherwise.

Two further cases can be dealt with by multiplying the numerator poly-
nomial by a factor of the form (1 £ X"Y™).

Proposition 7.2. Let P(X,Y) = Wsz (X,Y)/(1 — X%Y). Then P(X,Y) is
irreducible and is of Type I1I.

Proof. We cannot apply Corollary 5.17 since d = 3. However, we can apply
Corollary 5.17 to Q(X,Y) := P(X,Y)(1+X"Y3) withe; = 1,6 =—1,ny =9,

Table 7.8. Data for Corollaries 5.17 and 5.18, counting ideals

Ring €1 Ey Ny mye Ring €1 Ey Ny my
Ga 1 1 5 3 My X 7 -1 1 4 5
gs 1 1 7 3 Fily xZ -1 1 4 5
Fo 3 1 1 4 3 96,6 -1 -1 11 10
M3 X M3 1 1 5 5 H x 96,12 1 —1 6 5
M3 X7z M3 1 -1 4 5 g6,15 1 —1 7 9
L(3yg) 1 1 6 5 937D 1 1 4 3
L(3’2) 1 1 6 5 0247B —1 1 8 7
H x L(372) —1 -1 29 16 g257A —1 —1 13 10
L(3,2,2) -1 -1 22 12 g2578 -1 -1 14 11
F372 —1 -1 6 9 g1357B —1 —1 9 11
M4 —1 1 3 5 g1457A -1 —1 4 5
Fﬂ4 —1 1 3 5 914578 —1 —1 4 5

Table 7.9. Data for Corollaries 5.17 and 5.18, counting all subrings

Ring &1 e mn¢ me Ring & g mg My
gs 1 1 17 4 Ty 1 -1 17 6
Fos 1 -1 12 5 Lgsy -1 1 8 7
G23) -1 1 8 3 Fyy -1 -1 13 7
G5 1 1 3 1 M -1 -1 11 6
G26) 1 1 3 1 gz -1 1 9 4
g6,4 —1 —1 15 6
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my = 4. The cyclotomic expansion Q(X,Y) has the factor (1+ X2?'Y?), so it
is legitimate to divide by (1+X7Y3). Thus P(X,Y) = (1+X"Y3)71Q(X,Y)
is of Type III. a

Remark 7.3. If one tries to compute the cyclotomic expansions of P(X,Y") and
Q(X,Y) directly using the method outlined in Lemma 5.5, the only difference
is that P(X,Y) will feature factors (1—X7Y?), (14+X14Y%) (1+X2Y1?)...,
(1+X 7X2kY?’XQk), .... These factors comprise the geometric expansion of
(1+ X7Y?)~!, and so by premultiplying by (1 + X7Y?)~! we can avoid its
expansion cluttering up the calculation.

Proposition 7.4. Let P(X,Y) = WIES (X,Y)/(1— X*Y3). Then P(X,Y) is
of Type III.

Proof. Corollary 5.17 applies to P(X,Y)(1 — X3Y?) with ¢y = ¢y = —1,

ng="7, my=>5. O
The last case is one where we must compute the cyclotomic expansion

explicitly.

Proposition 7.5. W3 (X,Y) is of Type III.

Proof. The congruence (5.16) has no unique solutions, so we cannot apply
Corollary 5.17. However, it can easily be shown that, for any N € N,

Wi(X,Y)
N-1
_ (1 4 X4y3)(1 + X8Y5)(1 o X9y6) H (1 o (_1)kX12+8ky8+5k:)2
k=0

_ (—1)N2X12+8NY8+5N 4 0(8/5) ,
where XY™ € O(8/5) if (n+ 1)/m < 8/5. O
Remark 7.6. Note that

WH(X,Y) =1+ XY? 4+ X%Y® - X?Y0 — X2Y® — X'y 4 O(8/5) .
(7.1)

Consider instead a polynomial of the form
W(X,Y)=1+XY3 4+ X85 — X%v6 + x12y® — X'y 1 O(8/5) ,

which has been obtained from (7.1) by doing nothing more than changing the
sign of the term —X'2Y8. This polynomial also fails the congruence condition,
and hence Corollary 5.17 cannot be applied to this polynomial for exactly the
same reason as with Wﬁ (X,Y). However, in this case,

W(X,Y)=(1+X3V?)(1+ X*Y3 - XY%) + 0(8/5) ,

and, provided 1+ X8Y? is not a factor of W(X,Y), W(X,Y) is of Type II.
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Finally we note that (;'(s) has an unfriendly ghost if L is one of Mz x M,
L(3,3), 88, F3,2, 96,6 Or 2478, and CLS (s) has an unfriendly ghost if L is Ms,
F39, My or ge12. All other zeta functions listed in Tables 7.6 and 7.7 have
friendly ghosts.

7.4 Other Types

7.4.1 Types IIIa and ITIb

In Sect. 5.3 we introduced two subcases of Type III where it is possible to
remove the dependence on the Riemann Hypothesis. The following zeta func-
tions are of Type Illa:

o Counting ideals in Fy3, M3 Xz Ms, L32), L3z2z2), M, Fily, My x Z,
Fily x Z, H X g6,12, 96,15, 913578, §1357¢ and gas7n
e Counting all subrings in Ty, G(2,3), L3 2y, F3,2, My and g5 3 x Z

However, none of the examples calculated in Chap. 2 is of Type IIIb.

7.4.2 Types IV, V and VI

Types I, IT and III account for all the calculated examples of zeta functions
in Chap. 2. There are no examples of Types IV, V nor VI arising from zeta
functions of Lie rings.

The zeta functions in the following lists are of Type III-IV but not Type
IITa nor Type IIIb. Hence their natural boundaries are as prescribed if one
assumes rational independence of Riemann zeros instead of the Riemann
Hypothesis:

e Counting ideals in G4, M3 x M3, L(3,3), H x L(g’z), L(3’2’2) and gos7a
o Counting all subrings in Gs, G(2,5), g6,4 and g¢ 12



A

Large Polynomials

In this appendix, we quarantine off some of the larger polynomials which
would otherwise disrupt the flow of the text of Chaps.2 and 3.

A.1 ‘H%, Counting Ideals
The following polynomial is W,7,(X,Y’), mentioned on p. 36:

1—-6X%Y° +5X7Y° +4X°Y 7 - 8X7Y 7 +3X Y7 +4X'0y® —8X'Ty®
+3X1Y® — XPY? 4 3X7YY - 3X 1YY — X101 45X 1Ty 0 — 6x 1Py 10
+ XlelO _ X24y11 + 3X25Y11 _ 3X26Y11 4 8X17Y12 _ 10X18y12

+ 3X19Y12 + 8X25Y13 _ 10X26Y13 + 3X27Y13 _ 5X17Y14 + 15X18Y14
_gx9yl4 _1gx2y15 4 43X326y15 _ 24X27y 15 + 9x28y15 _ gx18y16
+ 5X19Y16 _ x20y16 _ 5X33Y16 4 15X34y16 _ 9X35Y16 + 8X25Y17
—30X26y17 30X 2Ty 1T _ 7 x28y 17 _ x29y17 4 g 33y 18 _ 3 x34y 18
+ 32X35Y18 _ 7X36Y18 _ x37y18 T 3X26yl9 _ 9X27Y19 + 7X28Y19
_3XA2y 19 4 5x 3y 19 L x4y 19 L gx33y20 4 g 34y 20 _ 17 x35y20

+ 15X36Y20 _ 3X37Y20 _ 3X27Y21 + X28y21 + X29y21 4 3X42Y21

_ 9X43Y21 + 7X44Y21 + 4X34Y22 _ 12X35Y22 _ 2X36Y22 + 13X37Y22
_5X38Y22 44 x2y 23 | 1ox By 23 _ o x4y 23 4 13Xy 23 _5x46y23
+ 9X35Y24 _ 10X36Y24 _ 10X37Y24 + 9X38Y24 _ 3X51Y24 + X52Y24
+ XY 3X Y 418X PYP — 16X MY — 16X + 18X 10y
_ 3X47Y25 4 X 36y26 4 X37Y26 _ 3X38Y26 4 9X51Y26 _ 10X52Y26
—10X53y26 L gxP1y26 _ 5x43y2T 4 13 x4y 2T _ o x4y 2T _ 19 x 46y 27
FAXAYTY2T _5x5ly28 4 13X52y 28 _ 953y 28 _ 19 x5y 28 | 4 x5y 28
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L7XAY29 _ gxd6y29 | gy dTy 20 | 60320 | x61y20 3y 62720

_ 3X52y30 4 15 53y30 _ 7 x4y 30 | gx 55y 30 _ 3 x56y30 _ yd5y31
L 5x46y3l _ gydTy3l | 7y 6ly3l g y62y/31 | gy 63y31 5232
_7XP3Y32 4 30y 54yB32 _ g0 x5y B2 4 g P06y B2 _ y60y33 _ 7 y61y33
1 32X62y33 _ 3003y 33 | gx64y33 _ gxBiy34 | 555y 34 _ 5y 56y 34
L X09yB4 4 5xTOyB4 3 TlyB4 4 ox6ly 35 o) x62y35 | 43 y63y35
—19X04y35 _ g xTOY36 | 5 xTIY36 _ 5x T2y 36 | 36237 _ 1063y 37
18X 04yBT | g T0YB8 | 0TIy 38 4 g X T2y 38 _ 3x63y39 4 3x64y39

_ X5y B9 4 xT0yA0 _ g xTlyA0 | 5y T2yr40 _ yT3yA0 gy T9yal
1380yl _ xSly Al | gy Tlyd2 | gy Tayd2 | T3yA2 | g 7Oy a3

_ 880y 43 4 4 x8ly 43 | 580y 45 _ gxSlyds | x89y50,

A.2 g4, Counting All Subrings

The following polynomial is Wé, L(X,Y), mentioned on p. 44:

14+ X4Y2 - XOy3 4+ Xx6y3 — xOy4 _ x7y4 — x9y4 4 x10y4 _ x5
—2X10Y° —3xMY? —2XPY® — XY 4 X1OVO 4 XY 42Xy 0
4 XBY6 L xl4y6 _ x15y6 _ x1ByT7 _ xldyT7 _ox 15y 7 _ x16y7

_ XLy +X14Y8 —|—2X15Y8 +3X16Y8 + 3X17Y8 +X18Y8 _ x19y8
+ X208 — XY 4 XY 42XV 42Xy 42Xy + XYY
—|—X22Y10 —|—X23Y10 —|—X24Y10 _ X21Y11 _ X22Y11 +X26Y11

4 X227yl o x2ay12 | x25y12 | 2612 | x26y13 g x27yr13

_oX Y13 _9x29y13 _ x30y13 | x31y13 X28yl4 4 x29y 14

_ X30Y14 _ 3X31Y14 _ 3X32Y14 _ 2X33Y14 _ X34Y14 + X31Y15
Jr){32}/15 Jr2)(33}/15 JrXvi’>4y15 JrXvi’>5y15 JrXv&‘iyl(i _ X34Y16

_ X30y16 _9x36y 16 _ x3Ty 16 x38y/16 4 x35y17 | o 36117
+3X37yl7 +2X38Y17 +X39Y17 _ X38Y18 +X39Y18 +X41Y18
—|—X42Y18 —X42Y19 —|—X43Y19 _ X44Y20 _ X48Y22.

A.3 T,, Counting All Subrings
The following polynomial is WTE (X,Y), mentioned on p. 45:

1+ X4Y2+ X°V?2 —2x%Y3 —3X6y3 + XOv?* — x8y* —ox%y? — ox10y4
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+ XY —2XY? —4x YT — XMY 4 XMYO 4 XY 4 4x 1Y 0
+ 9x14y6 4 ox15y6 _oxl6y6 _ ox17y6 + X14y7 4 3X15Y7 4 2x16y7
HAXTYT 42X YT — X YT 4 X0YT - XOYS 43X Y S 46X 1Y
+4X20y8 L 3x2ly8 _ x18y9 _ 4 x19y9 _ 4x20y9 _9x21y? 4 5x22y9
+ 2X23Y9 + 4X24Y9 + 2X25Y9 _ X20Y10 _ 3X22Y10 _ 8X23Y10
_3X24y10 _ x25y10 + 9 x 26710 + 9Xx27y10 + 9x23y1l _ g x24y1l
_AXPYN _gx26yll 1127yl 428yl 4 x29y 1l | gx30y Ll
+ X25Y12 + 4X26Y12 + 3X27Y12 + 2X28y12 _ 6X29Y12 _ 11X30Y12
_ 6X31Y12 _ 4X32Y12 + X33Y12 4 2X29Y13 + 6X30Y13 + 5X31y13
_5X3BYI3 x4y 18 L gx3oy 13 _ x3lyld 4 4 x32y14 | gx33y 14
+11X34Y 14 4 X3y 14 _gx36y 4 _gx3Ty 4 _ 4 x38y 14 _ x39y14
_ 3X34Y15 _ X35Y15 + 4X36yl5 4 11X37Y15 + 8X38y15 + 4X39Y15
+ 2X40Y15 _ 2X41Y15 _ 2X37Y16 _ 2X38Y16 + X39Y16 + 3X4OY16
+ 8X41Y16 + 3X42Y16 + X44Y16 _ 2X39Y17 _ 4X40Y17 _ 2X41Y17
_ 5X42Y17 4 2X43y17 4 4X44yl7 4 4X45Y17 + X46y17 _ 3X43Y18
_AXMYI8 _ x5y 18 | g xa6y 18 | x40y 18 | xddys19 | x45y719
_ 2X46Y19 _ 4X47Y19 _ 2X48Y19 _ 3X49Y19 _ X50Y19 + 2X47y20
4 2X48Y20 _9x49y20 _ 9x50y20 _ 4 x51y20 _ 52320 _ x53y,20
+ X5Oy21 + 4X51Y21 + 2X52Y21 _ X53Y21 + 2X54Y22 + 2X55Y22
+ X56Y22 _ X58Y22 + 3X58Y23 + 2X59Y23 _ X59Y24 _ X60Y24 _ X64Y26,

A.4 L33,2), Counting Ideals
The following polynomial is WE’(S.Z » (X,Y), mentioned on p. 50:

1-X°Y? 4+ X2 4+ XOYV? 4+ X0V — XOV® — XTYP 4+ X°Y° — X'OvT
—XUys _ xl2y8 4 xBy8 _ x12y9 4 x13y9 _oxldy9 _ x15y9
+X14Y10 _ X16Y10 _ Xl?ylo +X15Y11 _ 2X16Y11 _ XlSyll +X20y11
Jrle(iym JrAX18Y12 —X19Y12 Jr){20)/12 _ X21Y12 _ X22Y12 JrX—19yl3
_ X20Y13 _ 2X22Y13 _ X23Y13 + 3X22yl4 _ 2X23Y14 + X24Y14

_ X26Y14 —|—X22Y15 —|—X23Y15 —|—X25Y15 +X23Y16 +X24Y16 _ 2X25Y16
+2X26y16 _ x2Ty 16 _ 25y 17 | 9x 26y 17 | 2Ty 17 x28y1T 30y 17
_ X26y18 +X27Y18 -|-2X28Y18 =+ 2X29y18 _ X3OY18 +X31Y18 _ X29Y19
Jr2AX30Y19 +X33Y19 _ X30Y20 +)(315/20 _ X32y20 Jr3){33)/20 +X35Y20
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_ox3y2l | ox34y2l | xBTy2l | x34y22 | ax35y22 o x36y22
L 3X3TY22 | 39y 22 x34y23 | 35y23 | y3Ty23 | y38y23 4 g yrd0y23
O XAy23 _ x38y24 | yB0y 24 A0y | xdly24 | yd2y24  p38y25
_oX3IY25 _ x40y _ x4ly25 | 9 yd2y25 g xddy 25 | o xddy s

4 X42y26 _ x43y26 4 o xA5y26 g xady2T o xA5y2T | o xd6y27
LXBY2T _ xASy28 | o xATy28 | xSy 28 | yd0y28 | xddy20  xrd5y29
_ XA6y29 _ x49y29 | y50y29 | x49y-30 4 x50y730 _ y51y30 52730
4 XP3Y30 4 48y Bl x50y 3l 9 x5ly 3l o x52y 31l | o 53y 3l

_ XPAyBL | oxBly32 | x53y32 _ yB5y32 | x56y32 | x52y/33 3 x56y33
_ XAy B4 4 9Py B4 4 956y B4 | y56Y35 _ yB8y35 | 60335 | x57y736
4 x00y36 _ x63y36 | x61y37 | y62y37 | y62y38 | y63y38 | y64y-38
_ X05y38 | x66y38 _ y65y/40 | 66340 | y67y40 4 y68y740 _ 6940
L XOOy Al _ x69y42 4 yT2y42 | yTlyAB | xT2yd3 | xT3yAs | yTayaS
4+ XToy 45 _ xT8yAT,

A.5 G3 X g5,3, Counting Ideals
The following polynomial is W5, = (X,Y’), mentioned on p. 56:

14 X6y3 _ x6y5 _ xTy7 _ x12y7 _ xly8 _ y13y9 _ x15y10
_ X20y10 4 13yl xlayll xSyl | xldyl2 | xl5yl2 | xl6yl
L X20y12 | x21y12 4 x19y 04 L g x21yld | y22y 14 x23y14 | x23y15
4+ X26y15 | 9x22y16 | 26316 | 2Ty 16 y28y16 _ y26y17 4 y2TylT
L XY 4 x20y17 | x23y18 | x28yI8 | x27y19 | y28y-19 4 y30y-19
1oX3Y10 | x29y20 _ x28y21 | w31yl x33y21 | x36y21 | y35y22
_ X20y23 _ x34y23 _ x36y23 | x3Ty23 _ x36y24 _ x4ly24 | 35y
_ X36y25 _ x37Ty25 | y38y25 | x36y26 _ x37y26 _ y38y26 o yd2y26
_ XB8Y2T _ x4ly2T | x4ly28 | xd2y28 | 9xd3y28 | xd5y28 | xr43y30
_ X44yB0 4 yd8y30 _ xd9y30  x50y30 4 xrA9y 31 L y50y/31  xeSly31
LoXHyB2 4 x49y32 | yBly33 | x50y34 | x52y35 | yBTy35 | B8y 3T
_ xP8y39 _ x6dyd2



A.6 g6,12, Counting All Subrings 183

A.6 gg,12, Counting All Subrings

The following polynomial is Wéym (X,Y), mentioned on p. 59:

1+ X%Y +2X1Y? — X°7? 4+ 2X0V3 — XOv? — XTy* +4x3y* 4+ Xv!
—3X°Y® —5X%Y7 4+ XY + XVO — X0y - 3x MY 43X YO
—XBYS 4 XUy T _5x12yT _gxBy7T _oxMyT7 _3x15y7 4 5x13y8
4 XMys _ x15y8 _ox16y8 _ gx17y8 L ox15y9 _9x16y9 4 x17y9
_ox18Y9 _7x19y9 _ox20y9 _ x21y9 417y 10 | 3 18y10 | gx19y710
_ X20y10 _ 4X21Y10 _ X23Y10 _ XlSyll +X20y11 + 11X21y11

+ X22Y11 _ 4X23Y11 _ 4X24Y11 _ 2X25Y11 + 2X22y12 + 13X23Y12

+ 8X24Y12 + 8X25Y12 4 X26Y12 _ X27Y12 _ 3X23Y13 _ 2X24Y13

+ 8X25Y13 4 3X26Y13 4 5X27Y13 =+ X29y13 _ 3X25Y14 _ 2X26Y14
+6XFTY M 4 XY L 13X P Y M 43X Y M 4 axPly M — 5Ty 1S
_ 5X28Y15 _AXYVIS 3X30Y15 4 9X31Y15 + 6X32y15 + 4X33y 15
_9x29y16 _ gx30y16 _ g x3ly16 _ 5x32y16 | gy 33y16 | o x34y/16

+ 6X35Y16 4 9x36y16 _ 9x3ly 17 _ X32Y17 —11X33yLT 11X34Y17
_ X36y1T g xBTy 1T o 38y 1T _ 1o x 35y 18 _ 11 x36y 18 _ g x 3Ty 18

_ 6X38Y18 4 6X39Y18 4 2X40Y18 4 92 X35y 19 + 6X36Y19 _ 6X37Y19
—8X3Y19 _11X39y19 _ 19 x40y 19 | x3Ty20 4 38y 20 _ x39y20
C11XAY20 L1 x42y20 L 43y 20 _ 9 x44y20 4 939y 21 4 g yd0y 21
+oXHY?2l | gx42y2l _ 5x 43y 2l _ gxddy2l _ g x 45y 2l _ g xd6y2L

+ 4X42Y22 4 6X43y22 4 9X44Y22 _ 3X45y22 _ 4X46Y22 _ 5X47Y22

_ 5X48Y22 + 2X44Y23 4 3X45Y23 + 13X46Y23 + 8X47y23 4 6X48Y23
_ 2X49y23 _ 3X50Y23 + X46Y24 4 5X48Y24 + 3X49Y24 + 8X5OY24

_ 2X51y24 _ 3X52Y24 _ X48Y25 4 X49Y25 4 8X50Y25 4 8X51Y25

+ 13X52Y25 4 9x93y 25 _ 9x50y26 451y 26 4 x52y726 4 X 53y26

4 11X54y26 4 x55y26 _ x5Ty26 _ x52y27 _ 4y 54y 2T | x55y27

+ 8X56Y27 4 3X57Y27 4 4X58Y27 _ X4y 28 _ 9x55y28 7X56Y28
_9XPTYy28 | x58y28 _ 9x 59y 28 | o 60y 28 5 x58y29 g x59y29

_ Xx60y29 + X 61y 29 + 5X62Y29 _ 3X60Y30 _9x61y30 _ 8X62Y30

— 5X03y30 4 x64y30 _ x62y31 4 gx63y31  g3x64y31 _ x65y31

+ X66Y31 + X65Y32 _ 5X66Y32 _ 3X67Y:32 + X66Y33 + 4X67Y33

_ x68y33 _ x69y33 + 9x69y34 _ xT0y34 + 2X71Y35 4 X73Y36 4 X5y 3T
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A.7 gi1357¢, Counting Ideals

The following polynomial is W (X,Y’), mentioned on p. 67:

013578
14+ X°Y? — XPY® - 2XOVT —2X1Y® 4+ X°Y® — XTY® + XYY — 2X°Y?
— XOy9 _ XTy10 _ x10y10 _ x Tyl _ x8y il x99yl _ x 10yl
+3XTY12 _3x8y12 _ox9y12 4 xl0y12 _ xTyl13 4 3x8y13 4 x10y13
_ 3Xllyl3 +X9y14 Jr‘leoylzl _ X11Y14 Jrlei’,lel + 5X11Y15 _ 2X12Y15
_ X14Y15 +X11Y16 + 5X12Y16 _ 2X14Y16 +X16Y16 +X9Y17 _ X12Y17
+X13Y17 =+ 7X14Y17 _ Xlﬁyl? +X12Y18 + 2X14Y18 + 2X15Y18
—|—X16Y18 4 2X12Y19 _ 4X14Y19 +6X15Y19 —|—X16Y19 —|—3X17Y19
_ X12Y20 + 4X13y20 _ 3X15y20 + 2X16Y20 + X17y20 + 3X18Y20
_ X12Y21 _ 2X13Y21 + 4X14Y21 + X15Y21 _ 2X17Y21 + X18Y21
+ 2X19y21 +X20Y21 _ 2X14y22 +X16y22 +X20Y22 +X21Y22
_3X1y2 4 x16y23 | 3x1Ty23 _ ox18y23 _ x19y23 _ x20y23
+9Xx2ly23 _ 5X16y24 _ g3 x18y24 | gx19y24 _ x20y24 _ gx2ly24
+ X22y24 + XleQS _ 5X17Y25 _ X18Y25 _ 8X19y25 + 6X20Y25
+ X21y25 _ 9x22y25 + X17Ty26 _ o x18y26 _ 4 x19y26 _ gx20y26
+ X21Y26 _ X23Y26 _ 2X24Y26 + X18Y27 _ X19Y27 _ 9X20y27
_3X2Ly?T _9x22y2T 4 x23y27 _ x25y27 | x1Ty28 | 9x19y28
4 X20y28 _7x2ly28 _ gx22y28 _ 3x23y28 | 9x24y28 _ 2628
_X2Ty28 L x19y29 4y x2ly29 | x22y29 11 x23y29 _ 4 x24y29
_2X20y29 4 x26y29 _ 9x2ly30 4 4 x22y30 _ x23y30 _ g x24y30
_ 5X25Y30 _ 4X26y30 + X27y30 _ X21y31 _ X22Y31 + 8X23Y31
_ X224yl _gx26y3l _ x27Ty31 | x20y82 4 x2ly32 9 x22y32
_ 2X23y32 + 3X24Y32 + 5X25Y32 + 7X26Y32 _ 10X27y32 _ X28y32
_ 2X29Y32 + X21y33 + 2X22Y33 _ 4X25Y33 + 6X26Y33 + 8X27Y33
_5X28y33 _ x20y33 _ x30y33 | gx23y34 | y24y34 | gx25y34
_ X26Y34 =+ X27y34 4 6X28Y34 + 2X29y34 _ 2X30Y34 _ X31y34
+ 5X24Y35 + X26Y35 + X27Y35 + 3X28YS5 + 9X29Y35 _ X30Y35
_ X32y35 _9x24y36 + 5X25y36 + 4X26y36 + 10X27Y36 _ 8X28y36
_ 5X29Y36 + 12X30Y36 4 XSly36 + 4X32Y36 _ X33y36 _ X25Y37
T 9 X 26y 37 + 15X28Y37 _ X29Y37 _ 2X30Y37 4 4X31Y37 T X32Y37
4 3X33Y37 _ X26Y38 _ X27Y38 + 2X28Y38 + 13X29Y38 4 2X30Y38
+ X31Y:38 _ X32Y38 —|—4X33Y38 + X34Y38 + X35Y38 _ 2X27Y39 _ X28Y39
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1 oX20y39 | gy30y39 | 5y3ly39 _ x33y30 | 5x34y30 | x36y-39
L X2TYA0 _ 2840 g x20y40 5 y30y40 4 3xBly40 | 19 yB32y40

_ 3X33Y40 _ x34y40 4 x35y/40 | y36y/40 | xr3Tyd0 | x29y041 o 30yl
10Xy g3y Al 4 gxBy Al _ o x 35y 4l _ x36yAl | 30y
_5XBLYA2 _ 4 x32y42 _ x33y42 | g yBAyd2 | px35yA2 | o 36y 42
LX3TYy42 29743 4 o xBly 43 | 5 x32y43 | gx33y43 o x34yds

1L GXYA3 | 30y 43 _ y30y43 | yB0y44 _ yBlydd | y32y4d
Lox3BYH _ gxBAy 4 | (g xSy 4 436y 44 | 93Ty 44 | 338y 4d
_ XBly s _ gx32y45 _ g33y45 | g xBAy sy x35y4s _ {5 x36y45
_gX3TYy 45 _ 38y 45 | 5x39y45 _ xd0y45 o x33y46 _  3dyr46

_ XB36y46 g 3Ty 46 g 38y 46 o B9y46 | A0y 46 g xr3dy AT
_7XBYAT |30y AT | g 3Ty AT (9 38y AT | 539y AT g x40y 4T
Lo HIYAT | o xB5YAB | 193648 | g 38y 48 | g 39y 48 () ydlyds
LXA2y48 | X359 | 3649 1 x3TY A9 | 5 x38y49 | x39y49
LoXAYH9  px42y49 | xA3yr49 | y36y50 | g BTy 50y y38y 50

_ 5X39Y0 _ 5 x40y 50 | gxdly S0 | yd2y50 _ o xrd3y 50 _ o xrddy 50

1 XBTYSL 4 g8y Sl _ 9 x39yBl _ gx40y 5l _ gxaly sl | g yd2yl

_ XMy Sl o x 45y Sl 3Ty 52 | g 39y 52 4 4 x40y 52 g xAly 52
_7XA2y52 | x43y52 | 5y MyB2 _ yd5yB2 _ yd6y52 g x39y/53

15X A0y53 | gy aly 53 |y y42y 53 gy By 53 9 x4y 53 | g xSy 53
4 XA0y5e | gxaly B | a2y Be g xaBy5e g xddy s xSy 5d

L X6y 54 | ox ATy B4 xABY B | y39y/55 | 0y 55 xaly S5 | xrd2y 55
L 10XA3YP5 4 5 XAy S5 _ Y4By S5 _ 9 xA6y 55 _ 9 xdATy 55 | g xd8y55
L XALy6 _ o x 4256 _ 4356 | gy ddyS6 4 xrdSy56 | 5 xrA6y 56
_4XATY'S6 _ 4By 56 | 49y 56 | g xrd2y 5T g xrddy ST | g By 5T
QX 6YST | 7 ATY ST _ g 8y 5T | gy 44y 58 9 yd6y 58 | g xrdTy 58
L pXA8YS8 | x4y 59 | xABy B9 | 3 xA6y59 | o A8y 59y xr49y59

_ XMy 60 4 x5y 60 | 9 xd6y 60 _ yd8y60 _ g y49y,60 | 7 y50y60

1 XPLy60 _ x45y61 | g8y 61 _ yd9y61 5 y50y61 4 4 51y 61

L XP2y 61 g x46y62 ATy 62 | 348y 62 4 449y 62 4 x5ly 62

_ XP2y62 4 9xB3y62 _ 9 x 4Ty 63 | x48y63 _ o x50y 63 | oy 5ly 63

_ 3X52y63 _ 953y 63 | oy B4y 63 | ATy 64 _ gy 48y 64 5 x40y 64

_ XP0y64 | x5ly 64 | 552y 64 _ 9y B3y 64 _ g xBAy 64 gx5ly 65
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L X93Y65 _ x5y 65 _ y5ly 66 g y52y/66 _ y56y66 _ 50y67 _ o 5367
_ XAy 6T _ x5BY67 | yB56y67 _ 5Ty 6T | o 52y68 5468
_3XP5y68 | x56y68 _ x53y69 | 3x54y69 3y 56y69 _ y57y69

_ XOBYTO0 4 ox BBy TL | BTy TL _ y59y Tl | 9y B8y T2 x59y T2 | x56y73
_ XPTYT3 49X PIYT3 4 95Ty T4 4 x 60y T4 _ y60yT5 | 9 y6ly TS

L XPOYT6 4 60y T6 _ y6lyT6 | x62y 76 | 60y 7T 4 x63y78 | y63y81
_ x66y83

A.8 gi1457a, Counting Ideals

The following polynomial is W31

g1457A

(X,Y), mentioned on p. 68:

1— X4Y5 — X4y® £ XPy® _ XPy9 _ x8y10 L xSyl _9x9yll | x8y12
_ X9y12 _ x10y12 4 ox9y13 _ 9 xl0y18 | x10y 14 x0y15 4 ox13yl5
_ XMy15 4 x9y16 _ 9x10y16 _ 13316 4 oy ldy16 4 y10y17  yllylT
L XMyl L ox I8y I8 9y ldyl8 | 3xl4y19 o 15y19  x13y20

43X lAY20 _ xlay2l 4oy 15y 21 x 16y 21 4 yl8y21 | y15y22 | x16y22
o XVTy22 4 x18y22 | y10y22 | xl4y23 | x15y23  gx18y23 4 4 x19y23
LoxI5y24 _ x16y24 _ xI8y24 9 y10y24 4 ox20y24 | x16y25

L XI18y25 _ x19y25  y18y26 | 4 y19y26 9 x20y26 _ y23y26  x18y27
_ X19y27 4 4x20y27 _ x23y27 _ 3x19y28 | 3x20y28 | y21y28

o Xy28 _3x20y29 4 ox21y20 | x23y29 | y24y29 21730
_3X2YB0 | x24y30 | x20y31 5 x24y3l 4 oy 25y 31 y20y32
LOX21yB2 | x23y82  y24y32 | g y25y32 | y23y33 | x24y33 | x25y33
L X2BY33 324y 34 4 925y 34 | x 27y B4 y20y34  y24y35

_ QX 25y35 | x20y35 | x2Ty35 | y28y35 20335 gy 25336 _ x26y37
L XBYBT 4 x2Ty38 | y28y38 _ gy20y/38 30338 | 3338 4 3x28y/39
_ 3x30y39 _ x25y40 4 x28y/40 | 33297740 | y30y/40 _ xr31yd0 | xr30y4l
LoX32y41 | gx33yd2 | 29743 y30y43 | y3lyd3 | x32yd3 | o yr33yd3
X3y 3 | 29y 44 yBlydd 9 y33yrad | g y3dyad | y30yds | x33yd5
_ XBAyA5 | x35yAS | g y33y46 | y34y46 | 3546 BTy 46 L y38y46
_ QX BBYAT | 534y AT | x38yAT | 3448 | 33548 | y3Ty48

_ XBAYA9 | Y3549 93Ty 49 | 3 x38y49 | yBAy 50 | xr3Ty50

_ 3x38Y50 | 3x39y50 | xB5y5l 438y 5l 4 39y 5l L yd0y/5l
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L X35Y52 4 938y 52 430y 52 | x40y 52 4 y39y53  yd0y53 | y42y-53
_oX3BY P4 | o309y B | yA0yBe | yd2yBe g xdBy5e  y xB9y55

4 3x40y55 | 43y 55 _ x4dyS5 _ y39y/56 _ yd0y56 | xdly 56 xrA2y56
4 XA3Y56 _ xA0yST | xA2y/5T 43y BT | ST g yddy B8 | w5y 58
L oX By 59 _ gy 4y 59 4 o xady 60 | o xa5y 60 _ xrddy 6l | xraTy 61

L XABY 6l o x4dy62 4 xSy 62 | 9 xSy 62 | yd0y62 | yddy63

_ 9 X4y 63 | 4963 _ 4864 | o yd8y65 _ o x49y65 | xd8y 66

4 X49y66 _ x50y 66 4 o 49y 67 _ x50y/67 | y50y68 | 53369 x53y-70
4+ XPAYyT0 | xRy T3 _ x58yT8

A.9 g14578, Counting Ideals

The following polynomial is W (X,Y’), mentioned on p. 68:

914578
1— X*Y° — X*Y8 4+ XOVS — XPY?0 — X8y10 4 xSy —axfy!t 4 XSy
_ X9Y12 _ XlOle + 2X9Y13 _ 2X10y13 +X10Y14 + 2X13Y15 _ X14Y15
_X10Y16 _ X13Y16 —|—2X14Y16 +X10y17 _Xllyl7+X14yl7+X13yl8
_ X14Y18 —|—3X14Y19 _ 2X15Y19 +X15Y20 + 3X15Y21 _ X16Y21
+ X18y21 _ X15y22 +X16Y22 +X19Y22 _ X17Y23 _ X18Y23 +3X19Y23
_ o x18y24 9 x19y24 + 9 x20y24 + X1y _ x18y25 +X19Y26 _ X20y26
_ X23Y26 +X20y27 _ X22y27 _ X19Y28 +X20Y28 +X21Y28 +X22Y28
_X23y8 _ x24y28 _ x19y29 | x21y29 | x20y30 _ 23330 _ g x23y31
T X25Y31 + 2X23Y32 _ 3X24Y32 _ X25y32 _ X25y33 _ X27y33 4 X24Y34
_ X25Y34 —|—2X27Y34 _ 2X28Y34 _ X24Y35 +X27Y35 +X28Y35 _ X29Y35
_ X25Y36 4 3X28y36 _ 2X29Y36 _ X25y37 _ 2X28y37 =+ 2X29Y37
_ X29y38 +X32Y38 —|—2X28Y39 _ 2X29Y39 _ X3OY39 _ X32Y39 +X33Y39
Jr4)(29}/40 _ 3X3OY40 +)(29};41 +X30Y41 _ X31Y41 +X32Y41 _ X33Y41
4 x30y42 _ x32y42 | 4 x33y42 _ x34yd2 | 9 x34yd43 | x35y43
_ 2X33Y44 + 3X34Y44 _ 2X34Y45 4 2X35Y45 4 X34Y46 _ X37y46
4+ X38Y46 | o34y AT | By AT o x38yAT | x39y4T | x3dyd8
4 2X35Y48 —|—X38Y48 _ X39Y48 +X38Y49 _ 2X38Y50 + 2X39Y50
_ X38y51 _ x39y 5l 4 x40y 5l o x39y 52 4 x40y52 | x40y 53 | xr43y54
4 X43y55 _ X44Y55 _ X44Y58 + X48Y63.
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A.10 trg(Z), Counting Ideals

The following polynomial is W;’G @) (Y') mentioned on p. 78:

142Y2 43V 425 +4Y0 4 4Y7 + 7Y% +8Y% + 10Y'0 + 13y 4 16Y!2
+19Y 13 4 24V 427V 4 34V 16 4+ 37YL7 4 4418 48V 4 5670
+59Y2L 4 70Y22 4 72Y23 + 81V + 83Y%° + 90Y%6 + 91V + 95728
+93Y2% 499730 4 91Y3! 4+ 92Y32 4 8233 4 80Y3* + 63V 4 6236

4 38Y37 4 34Y38 4 9y39 — 27y — 38Y*? — 68Y "3 — 75V — 105715

— 115Y%6 — 139Y47 — 146Y*® — 173Y4% — 171Y5° — 19571 — 188Y°2
—206Y°3 —194Y%* — 206Y°° — 188Y°% — 195Y°7 — 171Y°® — 173V

— 146Y°%° — 139y — 115Y%2 — 105Y% — 75Y%4 — 68Y6° — 38y 66 — 27y %7
+9Y% 43470 4 38Y ™t + 62Y 72 + 63Y 72 4 80Y 74 + 82Y7° + 92V 76

+ 91V +99Y 78 4 93Y™ + 95Y%0 4+ 91Y® + 90Y®? 4 83Y®3 4 81v¥

+ 72Y% 4 70V 4+ 59V 87 + 56V 88 4 48Y3) 4 44y 90 4 37y 9L 4 34792
+27Y% 4 2479 419V 4 16Y° + 13Y°7 4+ 10Y?8 4 8y 4 7y 100

+ 4Y101 Jr4}/102 + 2Y103 + 3Y104 + 2Y106 + Y108'

A.11 tr7(Z), Counting Ideals

The following polynomial is Wti @) (Y') mentioned on p. 78:

L+3Y2 451 4+ 3Y5 + 7Y% 4 9Y7 +13Y® +18YY + 25V10 4 32y 11
+44Y12 £ 56Y18 4 7571 4 9415 4 125Y10 4 153Y17 4 199V 18 4 2427719
+305Y20 + 367Y?! + 459Y%2 4 54523 + 6732 + 793Y % 4 958Y ¢
+1124Y27 + 1337V % + 1553727 4 1834Y3Y + 2106Y 3! + 2458Y 32
+2806Y32 + 3228Y34 4 3656Y 3% + 417230 4 4668Y%7 4 529073

+ 5867Y3 4 6573Y 10 4 7245 4 8028Y 12 + 8767Y 13 + 9642y 44
+10421Y% 4 11360Y%6 + 12183Y47 4+ 13136Y*® + 13963Y4Y + 14921Y*°
4 15683Y%1 + 16609Y 5% + 17279Y %3 4- 18089Y°* + 18627Y°° + 19271Y°°
+19582Y°7 4 20023Y58 + 20038Y %2 4 20192Y % + 19882Y %! + 19663Y 52
+18961Y5% 4 18352Y %4 + 17163Y% + 16125Y%6 + 14444Y°57 4 12905y %8
+10732Y% + 8700Y 7 4 5995Y 7 + 3517V 2 + 305Y 73 — 2612Y 7
—6241Y7 — 9546Y 76 — 13535V 77 — 17095Y 78 — 21361Y 7 — 25071Y%°
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—29441Y8! — 33196Y32 — 37522Y83 — 41121Y3* — 45290Y®° — 48557y 8¢
—52361Y87 — 55180Y®® — 58427V — 60607Y?° — 63191V — 64544y 92
— 66322Y%3 — 66778Y 9 — 67583Y%5 — 67068Y %% — 66871Y 7 — 65267Y %8
— 64071 — 61396Y190 — 59142Y 101 — 55484Y7102 _ 52239y7103

— 47622Y19% — 4356019 — 38095Y1%6 — 33306Y 107 — 27241y 108
—21857Y1%9 — 15362110 — 9666Y 11 — 2883Y 112 4 2883V 113 4 9666y 114
+ 15362V 115 + 21857V 116 4 27241V 17 4 33306Y 118 4 38095Y 110

+ 435607 120 + 47622Y 12! 4 52239V 122 4 55484Y123 4 59142y 124

+ 61396Y 2% + 64071V 25 + 65267Y 127 4 66871Y 1% 4 67068y 12°
+67583Y 130 4+ 66778Y 13 4 66322Y 132 4 64544Y 133 + 63191y 134
+60607Y 135 + 58427y 136 1 55180137 4 52361138 + 48557y 139

+ 45290V 140 4 4112171 4 375227142 1 33196143 4 29441y 144

+ 25071V 1% 4 21361V 146 4+ 17095V 147 4 13535148 + 9546y 14

+ 62417150 4 2612V 1%L — 305152 — 3517Y153 — 5995y 154 — 8700y 15°
—10732Y1%0 — 12905Y 157 — 14444Y158 — 16125V %9 — 17163y 16°

— 18352V 161 — 18961Y 162 — 19663Y 163 — 19882Y 164 — 20192y 165

— 20038Y166 — 20023Y157 — 19582Y7168 — 19271V 169 — 18627y 170

— 18089Y 17! — 17279y 172 — 16609Y 173 — 15683Y 174 — 14921y 175
—13963Y17% — 13136Y 177 — 12183Y1™® — 11360V 17 — 10421Y 80

— 9642Y 181 — 8767Y 182 — 8028Y 183 — 7245y 184 — 6573V 185 — 5867y 186
— 5290Y187 — 4668Y 188 — 4172V 189 — 3656y 190 — 3228191 — 2806y 192
— 2458Y19% — 2106Y 194 — 1834Y19° — 1553Y196 — 1337y 197 — 1124Y198
—958Y199 — 793290 _ 673y 201 _ 545Y202 _ 459y 203 — 367y 204
—305Y2% — 242Y296 _ 199y 297 — 153Y208 _ 125209 _ 94y 210 _ 75y 21!
o 56Y212 o 44Y213 o 32Y214 o 25Y215 o 18Y216 o 13Y217 o 9Y218

_ 7Y219 _ 3Y220 _ 5Y221 _ 3Y223 _ Y225.



B

Factorisation of Polynomials
Associated to Classical Groups

In this appendix we are concerned with the proof of Theorem 6.9. The proof
depends on extending the following classical identity on root systems: let w;
be the reflection in the root defined by «;, then

) AMw)+1 ifw N (ag) € DT
Alwiw) = {A(w) 1 ifw Yay) €D

To explain our generalisation to the root systems X; = C} or Dy, we set up
some notation. Let @51 be the sub-root system generated by {a_,...,q;}
of type Xjy1. Let we,_, be the element sending sﬁzﬂ to QSI;H'

Let us recall the structure of the root systems C; and D; and their cor-
responding Weyl groups. Let e; be the standard basis for the /-dimensional
vector space R/

Cﬁ = {2e;,e;,+e;:1<i<j<I} with simple roots oy = e; —eq, ...,
a1 = €1 —ey, o = 2¢e;. W(C)) is the semi-direct product of the symmetric
group on e; and the group (Z/27Z)! operating by e; — (+1);e;.

D?‘ = {e;fe;:1<i<j<I} with simple roots oy = e1 — ey, ...,
a1 = e—1 — e, ap = e_1 +e. W(D;) is the semi-direct product of the
symmetric group on e; and the group (Z/27)"~! operating by e; — (41);e;
with [],(£1); = 1.

We shall write w = m,,0,, where 7, is the permutation and o, is the sign
change (where we employ the convention that we implement the sign change
followed by the permutation). For each w € W, let w(k) be the permutation
of €r (i) for i = k,...,l which alters the order. For k =1,...,r + 1 let

Wk) = W= myoy : w Hak-1) and (we,_,,,ww(k)) ™ (ak-1)
have the same sign and (o,-1); =1

W= Twow wH(ap—1) and (we,_, ., ww(k)) ™ (ax_1)
have opposite signs and (g,-1)r = —1
=W(k)TuUW(k)™
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and

Jo(w)={j:k<j<r(op-1);=1,(0p-1)jy1=—-1},
JHw)={j:k<j<r(o4p-1);=-1,(0p-1)j11=1} .
Note that we put W(1) = {w = 7,04 : (0,-1); =1} = W(1)" since there is
no «g.
Theorem B.1. Fork=1,...,r+1,
1. The map w — we,_, ., ww(k) is a bijection from W (k) to W\ W (k);
2. If we W(k)™ then
A(wél—kﬁ»lww(k))
= )\(U}) - bk*l/2 - Z bj + Z bj + (Uw*1>r+1br+l ;
JETT (w) JeT, (w)
3. Ifwe W(k)~ then
A(w¢sz+1ww(k))
= Mw) = br—1/2 — Z bj +br—1+ Z bj + (Ow-1)r1br41
FET (w) JET,, (w)

Note that part 1 implies that parts 2 and 3 can be used to provide an
identity valid on the whole of W. Although complicated, taking X; =
and k = [ reduces to the classical identity for ¢ = [. To see this note that
JH(w) = J; (w) =@, b —b_1/2 =1, and we,_,,,ww(k) = ww.

Having set up this notation, we can extend Theorem 6.9 to describe more
precisely the factorisation:

Theorem B.2. If G = GSpy; of type C; or G = GO;‘l of type D; then for
k=1,....,7r+1

Pa (X, V)= (1+x"=2y) [ 5 x0T xbye
weW (k) ajew(P)

T

=(14Y) (H(l + X’”/QY)> Ra(X,Y),

i=1

where
Re(X,Y)=| Y x* J] x%ve
weWw ajew(P)
and
~ r+1
W= () W(k)
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It is important therefore in establishing natural boundaries to remove
the cyclotomic factors and provide a description of the resulting polynomial.
This is precisely the goal of Theorem B.2 in the case of Pgsp,, (X,Y) and
PGO; (X,Y). In this appendix we establish the following:

Theorem B.3. If G = GSpy; of type C; or G = GO;FI of type Dy then
Pq(X,Y) has a factor of the form

T

1+ Y)JJa+x%2y),

i=1
where r =1 —1 for G = GSpy, and r =1 —2 for G = GO,.

Proof. For convenience, let us use the notation that by = 0. Let X; denote
either the Dynkin diagram C} or D;. We shall use the following identities: for
C}; we have

by — card(Cy ;) + card(Af) = b_(gy1y/2 for k=0,...,1—1,
for D; we have

by — card(Df, ;) + card(A}) = b_py1y /2 for k=2,...,1—1,
by — card(D]) = b_o/2 .

The element we, , is the sign change e; — e; fori=1,....01 —k—1
and e; — —e; for i =1 —k,...,r + 1 (note that in the case of D; this then
determines the sign change e;, namely e; — (—1)*e;.) For each w € W, let
w(k) be the permutation of e (i fori==k,... 1 which alters the order.

Fork=1,...,r+1let

Wk) = W= Toy : w ' (og—1) and (we,_,, ww(k)) ™ (ok—1)
have the same sign and (o,,-1); =1

W= Twow wHap—1) and (we, _, ., ww (k) (ax_1)
have opposite signs and (o,-1)r = —1

= W k)T UW (k) .

Note that we shall put W (1) = {w = myoy : (04-1); =1} = W(1)" since
there is no ag. The point is that things are going to work out because this
means that in the second case actually it forces ay_1 € w(®;"). We're trying
to divide W up into two pieces so that w — we,_, ., ww(k) is a bijection and
the difference in the polynomial is effected by multiplication by X-1/2Y"

Then the claim is that w +— wg,_, ., ww(k) is a bijection between W (k)
and W\ W (k).

Note first of all that we,_,,, (Ws,_, ,, ww(k))(we,_, ., ww(k))(k) = w, since
(we, ., ww(k))(k) = w(k). Secondly, since w(k) is just a permutation and



194 B Factorisation of Polynomials Associated to Classical Groups

wg,_,,, changes the sign of ey, (0,,-1)r = 7(U(w¢l_k+lww(k))—l)k. Hence w —
we,_, ., ww(k) maps W (k) into W\ W (k) and also maps W\ W (k) into W (k).
It is straightforward to see, using this second map, that w — we, ,, , ww(k)
is then a bijection between W (k) and W \ W (k).

We claim now that the correspondence w — wg,_, , ww(k) behaves in the
following manner:

ka._l/QY Xf)\(w) H ijch
ajew(P)

— XﬁA(w‘PL,k+1ww(k)) H ijYCj .

Oéjewcplkarlww(k)(d)*)
Let
Jk_(w):{j:kngT,(O'w71)j :17(Uu)*1)j+1 :_1} ,
J,j(w) ={j:k<j<r(op1)j=—1,(0p-1)j41 =1} .

Then divide J(w) = {j <r:w 'a; € ™ } into J; (w) and its complement
J(w) \ J;f (w). The first claim is then that for w € W (k)"

J(Wa,_,pyww(k)) = (J(w) \ Ty (w)) U Ty (w)
and for w € W (k)™
J(Wa,_ o ww(k)) = (J(w) \ Jif (w)) U (w) U{k -1}
For1<j<r,
wlay =w (e —ej41) = (0w-1);€x, () — (Tw-1)jt1€n, _, (j+1) -

So firstly J(w) D J;f (w) and J(w) N J,, (w) = @.
For k <j <,

(w¢L7k+1ww(k))_1 a;
== (Uw*l)j w(k) (ewwa(j)) + (Uwfl)j+1 w(k) (ewwfl(j+1)) .

If (0-1); = = (0w-1);,4, (le. j € JF(w) U J; (w)) then w™la; € @~ if and

only if (w(pl_k+1ww(k))_1 aj ¢ 7. 1f (0-1); = (04-1),4 . then

(Ow-1)j€r, 1) = (Ow-1)j41 €r, 1 (i+1) = (Ow—1); (eww_l(j) - ewu,-1<j+1>> :
The point of using w(k) now comes into effect because

-1
(w¢sz+1ww(k)) a; = (O'wfl)j <_w(k)eﬂ'w71(]’) + w(k)eﬂwiﬂj-l-l))
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will have the same sign as w™ ;. This is because e;, —e;, € ¢~ if and only if
12 < i1 and w(k) has the effect of altering the order of m,,—1 (i) for i = k,... L

w — wg, ., ww(k) has no effect on those j < k — 1 since w'ay; =

(we,_, ., ww(k)) laj.

The only root we haven’t taken account of is ap_1 = ep_1 — eg. If
w € W(k)™ then we are assuming that ¥ — 1 € J(w) if and only if
k-1 € J(wg, . ,ww(k)). So the only issue here is that if w € W(k)~,
then wlap_y ¢ &, ie. k —1 ¢ J(w). Then by definition of W(k)™,
k—1¢€ J(ws,_,,, ww(k)). Now

wilak—l - (Uwfl)k;_l eﬂ’w,l(kfl) - (o'wfl)k €r 1k

w

1
(qul—k+1ww(k)) Q-1 = (Uwfl)k—l Cr,—1(k—1) + (wal)k w(k) (eﬂw—lk)

Then w € W(k)~ (i.e. that these two elements have different signs) implies
that the sign of w™'ay_1 is — (04,-1), = 1, by definition of W (k)~.

We start with the case C;. For ease of notation, set #! = &1, ¢~ = o~
Let us suppose first that w € W (k). We have to prove that:

ANwe,_,ww(k)) = Aw) —bp_1/2— > bj+ > bi+eub, (B.1)
JeTF (w) JEJ, (w)

where w™loy € @ and €,, € {£1}. Notice that the powers of Y are correct
since if £, = 1, then card J, (w) = card J,, (w) (look at the string of signs in
0.y—1 from k to [ which by hypothesis begins and ends with +, then card J;" (w)
is the number of sign changes — to +, and card J,_ (w) is the number of sign
changes + to —). Then the degree of Y in the monomial corresponding to w
is 2 card J(w) and to wg,_, ,, ww(k) is

2card J(wg, _,,,ww(k)) +1=2card ((J(w) \ J;f (w)) U J, (w)) +1
=2card J(w) + 1.

If ¢, = —1, then card J, (w) = card J;/ (w) — 1, and the degree of Y in the
monomial corresponding to w is 2 card J(w) + 1 and to wg,_, ., ww(k) is

2card J(wg, ., ww(k)) = 2card ((J(w) \ J; (w)) U J; (w))
=2 (card J(w) + 1)
= 2card J(w) + 2.
Recall that the length of a word is the number of positive roots sent to
negative roots by that word. It is the same as the length of its inverse. We look

first at the effect of w™! and (we, ,,,ww(k))™' one;+e; for k <i<j<L.
Define

Ki(w)y={a=e+te;:i<j<lw (a)ed } .
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Lemma B.4. If i > k and (0,-1), = &; then
card K;(w) = card K;(ws,_, ., ww(k)) +&;(l —i+1).

Proof. The point here is that in w™! (e; £ ej) = g;ey + ey there is always
one root with both signs of the basis elements equal to €;, and one with
alternate signs. As we have explained the first root then changes sign under
(we, _,,, ww(k))~" whilst the second retains its sign. So if (¢,,-1); = &; then
there are [ —i+ 1 roots (including 2e;) which get mapped by w™=! into @ but
get mapped by (wg, ,,,ww(k))~" into —®°; the other I — i roots will keep
the same sign. O

So in the roots e; & e; for k < i < j <[ we get a change of length

l l

dall—i+) =) (—i+1)-2 > (I—i+1).

i=k i=k k<ie;=—1

Now, by —by_1/2 =" (l—i+ 1) =S 1—i+1) =", (—i+1).
Also we have

2 ) (-i+1)

k<i,e;=—1
J J l
= Y 2> (-i+1)- 2 (I—i+1)+25» (I—i+1),
jGJ:(’w) 1=1 jGJ;(w) 1=1 =1

where 6 =0 if e, =1 and § = 1 if £, = —1. One can see this by looking at
the string of 4+s and —s. A string of —s starts at a j; + 1 where j; € J,_ (w)
and ends at a jo where js € J,j(w) If the last term in the string is a — then
since [ ¢ J(w) we need to add the last term as appropriate. But
J J
YooY —i+n- > 2

l
(I—it+1)+20) (I—i+1)

jEJ,:r(w) i=1 Je€J, (w) =1 i=1
= > bi— > bj+2b.
JeT T (w) J€JT, (w)

Hence we have got a contribution to the change in length between w and
we,_, ., ww(k) by looking at the roots e; & e; for k <i < j <1 of

bi—br1/2— > bi+ > bj—26b.
JET (w) j€d, (w)

So our claim is that the other roots don’t contribute any change in length.
That is certainly true of e; £e; for ¢ < j < k — 1 since the elements w~! and

(qulfkﬂww(k))il act in the same way on these roots.
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The last case where t <k —1<j,if e, (; and w(k:)e,rw_l(j) are both

on the same side of 7 then there is no change in the number of roots being
sent to negative roots. If however they are on different sides then to see that
there is no change in the number of positive roots changing sign we have to
consider the four positive roots e; == e; and e; e, _, ;) if m,-1(j) > i (and
otherwise e; + e; and e; T w(k)er ;)

Let us suppose now that w € W (k)~. We have to prove that:
ANwa,_,ww(k) = Aw) —bp—1/2— > bi+boi+ Y. bj+eub.

JETT (w) JE€JT (w)
(B.2)

Check first that the powers of Y match up again. If ¢, = 1, then
card J; (w) — 1 = card J,_ (w) (look at the string of signs in o,-1 from k
to | which by hypothesis begins with — and ends with +, then card J,j (w)
is the number of sign changes — to +, and card J,_ (w) is the number of sign
changes + to —). Then the degree of Y in the monomial corresponding to w
is 2card J(w) and to we,_, ,, ww(k) is

2card J(we, .,  ww(k)) + 1
= 2card ((J(w) \ Jf (w)) U J, (w)U{k—1})+1
= 2card J(w) + 1

If ¢, = —1, then cardJ, (w) = cardJ; (w), and the degree of Y in the
monomial corresponding to w is 2 card J(w) + 1 and to wg, ., ww(k) is

2card J(we,_, ., ww(k)) = 2card ((J(w) \ J; (w)) U J, (w) U {k —1})

=2 (card J(w) + 1)
= 2card J(w) + 2

Again we look at the effect of w™* and (we, ,,,ww(k))™" on e; + e; for

k <i<j <l and with the same argument we get a change of length
1

l
dell—i+1) =) (I—i+1)—2 > (I—i+1).
i=k

i=k k<ie;=—1

Now, this time since the string of +’s and —’s starts with a — we need to add
an extra term to get

2 Y (-itn= Y QZJ:Z—H—I do2 zJ:l—z—&-

k<ie;=—1 jeﬁ(w) i=1 JET (w) =1
—QZZ—H—I +2521—z+1
— Z bj— Y bj—by_1+20b,

j€J+(’LU) JjeJ, (w)
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where § =0ife, =1land § =1if g, = —1.
Hence we have got a contribution to the change in length between w and
we,_ ., ww(k) by looking at the roots e; £ e; for k <i < j <[ of

bi—br1/2— > bi+ > bj—26b.

JET (w) J€J, (w)

The same argument as above shows that the other roots don’t contribute
to a change in length.
Note that these identities B.1 and B.2 are generalisations of the classical
identities:
Mww) = Mw) + 1 if w™(ay) € T,
Mww) = Mw) — 1if w (o) € D™ .
This establishes the proof of Theorem B.1 detailed in the Introduction.

These identities therefore suffice in the case of C; to show that our claim
that the correspondence w — wg,_, ., ww(k) behaves in the following manner:

ka,l/QY X*)\(’w) H ijYCj
ajew(d)
_ X_)‘(w‘f’l—k+1“’w(k)) H ijycj .

aj€w¢17k+lww(k)(¢_)

Hence

Po(X,Y)=(1+X"2y) | Y x0T Xy
weW (k) o Ew(P)

W(k) = W= Ty : w (ag_1) and (qu,,_kﬂww(k))fl (ag—1)
have the same sign and (o,,-1), =1

—1
Ud W= TwOw w™(ap_1) and (qulfkﬂww(k)) (ag—1)
have opposite signs and (o,-1), = —1

and
-

Po(X,Y)=(1+Y)[[Q+X"?Y)Ra(X,Y),
where

Re(X, V)= Y x> [ xbye
weW ajEw(P)
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and

This concludes the proof of Theorem B.3 for the case of C; and establishes
the description of the resulting factor detailed in B.2.

Next consider the case D;. We start with looking at the effect of w and
we,_ ., ww(k) on the roots e; & e; for k < i < j < [. Define again

Kiw)={a=e+e;:i<j<lw 'a)ed }.
Lemma B.5. If i > k and (0,-1), = ¢; then

card K;(w) = card K;(wg,_, ., ww(k)) +&;(l —1i) .
If i < k then card K;(w) = card K;(wg,_, ., ww(k)).

The same proof works here with the observation that in D; we don’t have
roots 2e; so our counting arguments for C; here and elsewhere will generally
be effected by a drop of one everywhere.

Note taking ¢ = [ — 1, that this lemma implies in particular for the roots
simple o;_; and «; that we get one more or one less of these roots in the
monomial corresponding to we, , wa(k:) according to whether ¢;_1 is re-
spectively 1 or —1. Note that in the combinatorial data for D;, ¢;_1 = ¢; = 1.
Therefore the proof that the degree of Y in the monomial corresponding to
we,_, ., ww(k) is one more than that for w € W(k) is the same as for C
except that we look just at the string of +’s and —’s in 0,,—1 from k to [ — 1.

Let us suppose first that w € W (k)™. We have to prove that:

Mwa,_ww(k)) = Aw) = be-1/2—= > bi+ Y bi+eib1.
JET (w) JeJ (w)
(B.3)

Note that since b;_; = by, the last term takes account of the change of degree
in X corresponding to the action of w and wg,_, ,, ww(k) on the roots a;_;
and «;.

By Lemma B.5,

A(w’isl—kdrlww(k)) - )‘(w)

I
m
.
—
o~
\
~
~—

(—i)=2 > (-9

k k<i<l,e;=-—1

=b1—be1/2— Y bi+ Y. bj—20b_1,

€T T (w) JEJT, (w)

%
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where d =0 if g;_1 =1 and 6 =1 if g,_1 = —1. The last equality just follows
the same argument as for C; with the observation that for D;

-1

b171:Z(l—i),
i=1
b =25 (i)

=1

If w € W(k)~ then by a similar adaptation of the argument for C; one can
prove that

A(w¢l—k+1ww(k))
=AMw)—be-1/2— D> bit+bea+ > bjteaba.  (B4)

JeTF (w) JEJT, (w)

Again the identities B.3 and B.4 prove that in the case of Dy,

T

Po(X,Y) = (1+Y) [0+ X"/?Y)Ra(X,Y),

i=1
where
Ra(X,Y) = Z X —Aw) H Xbiye
weW ajew(P)
and
~ r+1
W= () W(k)
k=1

This concludes the proof of Theorem B.3 for the case of D; and establishes
the description of the resulting factor detailed in B.2. ]
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