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Preface

The present book ‘Computer Based Numerical and Statistical Techniques’ is primarily written
according to the unified syllabus of Mathematics for B. Tech. II year and M.C.A. I year students
of all Engineering colleges affiliated to U.P. Technical University, Lucknow.

The subject matter is presented in a very systematic and logical manner. In each chapter, all
concepts, definitions and large number of examples in the best possible way have been discussed
in detail and lucid manner so that the students should feel no difficulty to understand the subject.
A unique feature of this book is to provide with an algorithm and computer program in C-
language to understand the steps and methodology used in writing the program.

Thorough care has been taken to eradicate errors but perfection cannot be claimed. The
reader are requested for constructive suggestions to improve the book and it will be gratefully
accepted.

The authors wish to express their thanks to New Age International (P) Limited, Publishers
and the editorial department for the inspiration given by them to undertake and complete this
project.

AUTHORS
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CHAPTER 1

Errors and Floating Point

m INTRODUCTION

Numerical technique is widely used by scientists and engineers to solve their problems. A major
advantage for numerical technique is that a numerical answer can be obtained even when a
problem has no analytical solution. However, result from numerical analysis is an approximation,
in general, which can be made as accurate as desired. The reliability of the numerical result will
depend on an error estimate or bound, therefore the analysis of error and the sources of error in
numerical methods is also a critically important part of the study of numerical technique.

EE) Accuracy oF NumBERS

()

(if)

(iii)

(iv)

Exact Number: Number with which no uncertainly is associated to no approximation is
taken, are known as exact numbers e.g., 5, 21/6, 12/3, ... etc. are exact numbers.

Approximate Number: There are numbers, which are not exact, e.g., /2 = 1.41421 ..,

e =2.7183 ..., etc. are not exact numbers since they contain infinitely many non-recurring
digits. Therefore the numbers obtained by retaining a few digits, are called approximates
numbers, e.g., 3.142, 2.718 are the approximate values of m and e.

Significant Figures: The significant figures are the number of digits used to express a
number. The digits 1, 2, 3, 4, 5, 6, 7, 8, 9 are significant digits. ‘0" is also a significant figure
except when it is used to fix the decimal point or to fill the places of unknown or
discarded digits.

For example, each number 5879, 3.487, 0.4762 contains four significant figures while the
numbers 0.00486, 0.000382, 0.0000376 contains only three significant figures since zeros
only help to fix the position of the decimal point.

Similarly, in the number 0.0002070, the first four ‘0’s are not significant figure since they
serve only to fix the position of decimal point and indicate the place values of the other
digits. The other two ‘0’s are significant.

Some example to be more clear, the number 2.0683 contain five significant figure.

3900 two
39.0 two
3.9 x 10° two

Round off Number: If we divide 2 by 7, we get 0.285714... a quotient which is a non-
terminating decimal fraction. For using such a number in practical computation, it is to

1



2 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

be cut-off to a manageable size such as 0.29, 0.286, 0.2857,.... etc. The process of cutting
off super-flouts digits and retaining as many digits as desired is known as rounding off
a number or we can say that process of dropping unwanted digits is called rounding-off.
Number are rounded-off according to the following rules:

To round-off the number to n significant figures, discard all digits to the right of nth digit
and if this discarded number is

(1) Less than 5 in (n + 1)th place, leave the nth digit unaltered e.g., 8.893 to 8.89
(2) Greater than 5 in (n + 1)th place, increase the nth digit by unity e.g., 5.3456 to 5.346

(3) Exactly 5 in (n + 1)th place, increase the nth digit by unity if it is odd otherwise leave
it unchanged. e.g., 11.675 to 11.68, 11.685 to 11.68.

Example 1. Round-off the following numbers correct to four significant figures: 58.3643, 979.267,
7.7265, 56.395, 0.065738 and 7326853000.

Sol. After retaining first four significant figures we have:

(i) 58.3643 becomes 58.36

(i1) 979.267 becomes 979.3

(iii) 7.7265 becomes 7.726 (digit in the fourth place is even)

56.395 becomes 56.40 (digit in the fourth place is odd)

0.065738 becomes 0.06574 (because zero in the left is not significant)
7326853000 becomes 7327 x 10°.

(v
(v

— = — = = =~

(vi

m ERRORS

Error = True value — Approximate value

A computer has a finite word length and so only a fixed number of digits are stored and
used during computation. This would mean that even in storing an exact decimal number in its
converted form in the computer memory, an error is introduced. This error is machine dependent
and is called machine epsilon. After the computation is over, the result in the machine form (with
base b) is again converted to decimal form understandable to the users and some more error may
be introduced at this stage. In general, we can say that Error = True value — Approximate value. The
errors may be divided into the following different types:

1. Inherent Error: The inherent error is that quantity which is already present in the statement
of the problem before its solution. The inherent error arises either due to the simplified
assumptions in the mathematical formulation of the problem or due to the errors in the
physical measurements of the parameters of the problem.

Inherent error can be minimized by obtaining better data, by using high precision
computing aids and by correcting obvious errors in the data.

2. Round-off Error: The round-off error is the quantity, which arises from the process of
rounding off numbers. It sometimes also called numerical error. Also round off denote a
quantity, which must be added to the finite representation of a compound number in
order to make it the true representation of that number. The round-off error can be
reduced by carrying the computation to more significant figures at each step of
computation. At each step of computations, retain at least one more significant figure
than that given in the data, perform the last operation, and then round off.

3. Truncation Error: Three types of errors caused by using appropximate formulae in
computation or on replace an infinite process by a finite one that is when a function f(x)
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is evaluated from an infinite series for x after ‘truncating’ it at a certain stage, we have
this type of error. The study of this type of error is usually associated with the problem
of convergence.

4. Absolute Error: Absolute error is the numerical difference between the true value of a
quantity and its approximate value. Thus if x” is the approximate value of quantity x then

|X— )(| is called the absolute error and denoted by E . Therefore E, =|X— X'| . The unit of

exact or unit of approximate values expresses the absolute error.

:|x—x': E, . Where x” is
| X | True Value

5. Relative Error: The relative error E, defined by E,

the approximate value of quantity x. The relative error is independent of units.

6. Percentage Error: The percentage error in x” which is the approximate value of x is given

X—X

by E, =100 x E =100 x . The percentage error is also independent of units.

m A GENERAL FORMULA FOR ERROR

Let X = f(x, x,, ....., x,) be the function having n variables. To determined the error 6X in X due
to the errors dx;, dx,, ..., x, in x;, x,, ....., X, respectively.

0X
X +0X = f(x,%eenn. ,X,) + lea—X+8xza—X+ .......... +0x, —
ox, ox, ox,
1 29°X 29°X > & 9°X
+ —| (Ox, +(Ox o+ (Ox, ) =5 +20x00, ——+ o [+
2 (8) ox; (8) ox; (8%) & 2 Ox,0x,
Errors 8x,, 8x,, ....., dx, all are small so that the terms containing (8x,)% (8x,)? ...... (8x,)? and
higher powers of dx,, 8x,, ....... , Ox, are being neglected.
Therefore X + 8X = f (x;, Xy, ... ,(x,) + | Ox al+ ox, a—X+ ,,,,,,,, +dx, al . 1)
ox, ox, ox,,
X = 8xla—x+ 8X28_X+ ........... + 8xna—x ?)
X, X%, X
Because X = f (x;, X, <ovvue , X))

Equation (2) represents the general formula for Errors. If equation (2) divided by X we get
relative error

80X Ox; 0X Ox, 8X ox, X
=—=——+—"—+ ... + -—

"X X oy X & X ox,
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On taking modulus both of the sides, we get maximum relative error.

ox,, dX

X 0x,

8 0%
X 0%,

B, X
X 0x,

< + F o +

ox
X

Also from equation (2), by taking modulus we get maximum absolute error.

X X X
|8X]| < lea— + sza— S ST + ana—
X, X, .
1.4.1 Error in Addition of Numbers
Let X =f(x; + x, + ..... +x,)
X+ 08X =(x; +0x) + (X + 0x) + e, + (x, + ox,)
=+ Xy + +x,) + (0x; + 8x,) +....e. + dx,)
Therefore, 6X = 8x; + 0X) + oevvevrnnnee. + Ox, ; this is an absolute error.
Dividing by X SX_%+%+ % hich i lati A gai
ividing by X we get, X X X X which is a relative error. A gain,
OX| _|0x,| [8%, Ox,
X = 5 + 5 Fo + vk which is a maximum relative error. Therefore it shows that

when the given numbers are added then the magnitude of absolute error in the result is the sum
of the magnitudes of the absolute errors in that numbers.

1.4.2 Error in Subtraction of Numbers

Let X = x; — x, then we have
X + 08X = (x; + 0x) — (x, + &x,) Or X + 6X = (x; — x,) + (6x; + Ox,)
Absolute error is given by 8X = 6x; - dx,

Rt e 1, X B
an elative error 1s X X X
OX| _|0%,| |0X%,
But we know that |8X| < |8x1 |+| 8x2| and x = . + B therefore on taking modulus of

relative errors and absolute errors to get its maximum value, we have |0X|< |8X1| +|8X2| which

L%
X

8X<

- . X [3%
is the maximum absolute error and X |~

X

which gives the maximum relative error

in subtraction of numbers.

1.4.3 Error in Product of Numbers

Let X = x;x,x; ..., x, then using general formula for error

§X = 8x1§—x+8xza—x+ .......... + Ox X

X, 0X, " ox,
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X dx; 0X dx, 0X dx, 0X
We have - = ——t+———+ ... —_—
X X dx; X odx, X ox,
Now 10X X x, _ 1
X ox, XX pXgeeeeenens X, X
1 X Xy x, 1
X ox, Xy XpXgeuenmnnnne X, X
19X Xy X, 1 1
X ox, Xy XX geeeenenns XXy Xy,
Therefore 8—X = % + % Forereerens + o,
X XX X,

Therefore maximum Relative and Absolute errors are given by

)
Relative Error = S—X < % + % Foreees +|
X X, X, X,
Absolute Error = ‘S—X X = X X (X Xgeeveriinnns X,)
X X
1.4.4 Error in Division of Numbers
Let X=2L then again using general formula for error
X
0X 0X 0X
X = Sy — 4+, — + e +0x, —
X 0x, ox,,
We have OX _ X 80X oy, 1 .8% [ xn) &
X Xoy, Xox, % x X X, X, X
X X
Therefore 8_X < % + Sﬁ or Relative Error < % + ﬁﬁ and
b X, X1 X
oX
Absolute Error = |8X|< ~ X.
1.4.5 Inverse Problem
To find the error in the function X = f(x, x, ....... x,) is to have a desired accuracy and to evaluate
errors dx;, 0x,, ... ox, in x, X,, ....; X, we have §X = dx, a—X + ox, a—X Forrereenn +dx,, a_X .

X 0x, ox,,
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Using the principle of equal effects, which states 8xla—x = sza—x = = 8Xna—x this
0%, X, X,
N oX X . X oX
implies that §X = ndx, — or OX, =—=~ - Similarly we get X, =—=,0X3 =—= e ,
X nal nal aix
X, X, 0Xg
X
O, = 9X and so on.
ni
X,

This form is useful where error in dependent variable is given and also we are to find errors
in both independent variables.

Remark: The Error = }x 10", if a number is correct to n decimal places. Also Relative
2

error is less than if number is correct to 7 significant digits and [ is the first significant

1
Ix10™t’

digit of a number.

1.4.6 Error in Evaluating x*

Let x* be the function having k is an integer or fraction then Relative Error for this function is
given

5
X

5
X

orS—XSk

Relative Error = k

Example 2. Find the absolute, percentage and relative errors if x is rounded-off to three decimal
digits. Given x = 0.005998.

Sol. If x is rounded-off to three decimal places we get x = 0.006. Therefore
Error = True value — Approximate value
Error = .005998 — .006 = — .000002

Absolute Error = E, =|Error|= 0.000002

Relative Error = E E, E, _ 0.000002

"~ True value  0.005998  0.005998
Percentage Error = E = E . X 100 = 0.33344.

=0.0033344 and

Example 3. Find the number of trustworthy figure in (0.491)% assuming that the number 0.491 is
correct to last figure.

X

)
Sol. We know that Relative Error, E, = 7 i

X

<k

Here 8x = 0.0005 because %xlO’s =0.0005
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or kg —3x 0.0005 _ 3x0.0005 _ 0.01267

X (0.491)°  0.118371

Therefore, Absolute Error = E_.X
or Absolute Error < 0.01267 x (0.491)3
= 0.01267 x 0.118371
= 0.0015

The error affects the third decimal place, therefore, (0.491)% = 0.1183 is correct to second
decimal places.

1
Example 4. If 0.333 is the approximate value of 3 then find its absolute, relative and percentage

errors.

Sol. Given that True value (x):%, and its Approximate value (x) = 0.333

Therefore, Absolute Error, E, =|x—x'|= E - 0.333‘ =10.333333-0.333| = 0.000333

Relative Error, E. = i =% =0.000999 and
’ x 0.333333

Percentage Error, E, = E,x100 =0.000999x100 = 0.099%.

Example 5. Round-off the number 75462 to four significant digits and then calculate its absolute
error, relative error and percentage error.

Sol. After rounded-off the number to four significant digits we get 75460.
Therefore Absolute Error E = |75462—75460| = 2

E E 2
Relative Error E = 2= = = 0.0000265
" truevalue 75462 75462
Percentage Error E p = E, x 100 = 0.00265.
Example 6. Find the relative error of the number 8.6 if both of its digits are correct.

1 _ 0.5
Sol. Since E, = EX 107" =0.05 therefore, Relative Error = E, = 36 0.0058.

1
Example 7. Three approximate values of number 3 e given as 0.30, 0.33 and 0.34. Which of
these three is the best approximation?
Sol. The number, which has least absolute error, gives the best approximation.
1
3
When approximate value x” is 0.30 the Absolute Error is given by:

E, = |x—x’|=]0.33333—-0.30| = 0.03333

True value x =—=0.33333
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When approximate value x” is 0.33 the Absolute Error is given by:
= |x—x"=0.33333-0.33| = 0.00333
When approximate value x” is 0.34 the Absolute Error is given by:
= |x—x"|=|0.33333-0.34| = 0.00667
Here absolute error is least when approximate value is 0.33. Hence 0.33 is the best

approximation.

Example 8. Calculate the sum of \J3,/5 and 7 to four significant digits and find its absolute
and relative errors.
Sol. Here V3 =1.732,4/5 = 2.236,+/7 = 2.646

Hence Sum = 6.614 and
Absolute Error = E, = 0.0005 + 0.0005 + 0.0005 = 0.0015

1 _
(Because EXIO ? =0.0005). Also the total absolute error shows that the sum is correct up

to 3 significant figures. Therefore S = 6.61 and

0.0015

i = —— =0.0002
Relative Error, E, 661 .

1
17 correct to 4 decimal places are 0.1429 and 0.0909
respectively. Find the possible relative error and absolute error in the sum of 0.1429 and 0.0909.

1 1
Sol. The maximum error in each case = > x107* = 5 % 0.0001 = 0.00005

1
Example 9. Approximate values of 7 and —

| 0:00005| _|0.00005|

1. Relative Error, E, = ‘Y | 02338 | | 02338| (Because X = 0.1429 + 0.0909)
Therefore, oX < 0.0001 _ 0.00043
0.2338
0 0001

2. Absolute Error, E, =

Example 10. Find the number of trustworthy figures in (367)'”° where 367 is correct to three
significant figures.

‘ 10.2338| = 0.0001.

Sol. Relative Error E, <1§,
5 x
Therefore, _8_x = 1 X E =0.0003
5x 5 367

Similarly, Absolute Error E, < (367)!° x0.0003 = 3.258 X 0.0003 = 0.001

Hence Absolute Error <0.001.

Thus error effects fourth significant figure and hence (367)1/% =~ 3.26 correct to the three
figures.
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342
0.241°
correct to three decimal places. Determine the smallest interval in which true result lies.

Example 11. Find the relative error in calculation of Where numbers 7.342 and 0.241 are

dx;

X1
Here dx, = dx, = 0.0005, x; = 7.342, x, = 0.241
10.0005| {0.0005|

3%

Sol. Relative Error < +

kY]

Therefore, Relative Error <

+
| 7342 | | 0.241]
<00005( 1,1 )_00005x7.583
7.342 0241 ) 7.342x0.241
Similarly, Absolute Error <0.0021x X | 0.0021x7.342 =0.0639
X 0.241
x, 7342
H Lo P 304647
ere X, | 0241

342
0041 lies between 30.4647 — 0.0639 = 30. 4008 and 30.4647 + 0.0639 =

Hence true value of
30.5286.

Example 12. Find the product of 346.1 and 865.2 and state how many figures of the result are
trustworthy, given that the numbers are correct to four significant figures.

Sol. For given numbers 346.1 and 865.2,

1 _
dx, = 0.05 = &x, Because Error = EXlO !
Also, X = 346.1 x 865.2 = 299446 (correct to six significant figures)

dx;
Therefore Relative Error E, <|—|+

dx,
X3

_‘ 0.05 ‘_'_‘ 0.05 ‘
X 346.1| |865.2

= 0.000144 + 0.000058 = 0.000202
Similarly, Absolute Error E, = E, X < 0.000202 x 299446 =~ 60

So, true value of the product of the given numbers lies between
299446 — 60 = 299386 And 299446 + 60 = 299506.

299386 + 299506

Hence the mean of these values is = 299446 which is written as 299.4 x 103.

This is correct to four significant figures.

Example 13. Find the relative error in the calculation of 3.724 x 4.312 and determine the interval
in which true result lies. Given that the numbers 3.724 and 4.312 are correct to last digit?

DY

ox
Sol. For product of numbers, Relative Error = X - —1

dx
+| =2+

X1 Xo
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0. 0005‘ ‘0 .0005 —0.0002501

Therefore, Relative Error, E, = ‘ 3704 4312

(Because Error =%><10‘” =%x10‘3 =0.0005)
Absolute Error, E, = E X = 0.002501 x 3.724 x 4.312
= 0.0040157
Product x,x, = 3.724 x 4.312 = 16.057888
Lower limit is given by 16.057888 — 0.004016 = 16.053872
Upper limit is given by 16.057888 + 0.004016=16.061904
Hence true value lies between 16.0539 and 16.0619.

Example 14. Find the absolute error in calculating (768)'” and determine the interval in which true
value lies 768 is correct its last digit.

r x 5 768

. ox 1 0.5
Sol. Relative Error, E k

o1 0.0001302
68

Absolute Error, E, =E, x (768)'/°

= 0.0001302 x 3.77636

= 0.0004916
Therefore, lower limit = 3.77636 — 0.00049 = 3.77587 and
Upper limit = 3.77636 + 0.00049 = 3.77685
Hence value of (768)!/5 lies between 3.77587 and 3.77685.
Example 15. Find the number of correct figure in the quotient 57 assuming that the numerator

is correct to last figure.
. . le 8x2
Sol. Since Relative Error, E, <|—|+|—=
X X2

Here 8x, = 0.05 = &x,, x; = 65.7 and x, = 2.6
Therefore, Relative Error, E, < |0 05| |0 05| 0.05%68.3 =0.01999

165.7] |26| 65.7%2.6

Also, Absolute Error, E, <001999x%63—0502 (since the error affects the first decimal

place).

Example 16. Find the percentage error if 625.483 is approximated to three significant figures.
Sol. Here x = 625.483 and x" = 625.0 therefore,

Absolute Error, E, =(625.483—625| = 0.483,
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E, _ 0483

= =0.000772 and
625.483  625.483

Relative Error, E, =
Percentage Error, E, =E,x100=0.077%.

Example 17. Find the relative error in taking the difference of numbers ~5.5 =2.345 and
N6.1=2.470. Numbers should be correct to four significant figures.

Sol. Relative Error < dxy n dxy
’ X
Here dx; = 0.0005 = dx,
Therefore, Relative Error = Sﬁ :z‘ﬂ‘
X 2.470-2.345
_ 2‘0.0005‘ 0.001 — 0.008.
0.125| 0.125

Example 18. If X = x + ¢ prove that JX —/x ~ ——.
P If p 7%

1

Sol. L.HS. JX-Jx = mm:&_&(l_ijz

= ﬁ—ﬁ(l—%)

. R.H.S. proved.

e
2«/— 24X
2.3

Example 19. If 4= 4x 4y and errors in x, y, z be 0.001, compute the relative maximum error in
z

u when x =y =z =1

ou ou ou
Su=2" x4+ gy + L oz
Sol. We know ™ By Y %
ou 8xy3 ou _ 2%y du B -16x%y°
n 2y P z°
Also the errors dx, dy, 8z may be positive or negative, therefore absolute values of terms on
RHS. is,

Since

(Su) oz

max

Sxy Sx |12x2 |12x v
z* | z

8(0.001) + 12(0.001) + 16(0.001) = 0.036

Also, Max. Relative Error = 0. (3136 0.009 (Because Er(max) = %P u=4atx=y=z=1).
u
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Example 20. It is required to obtain the roots of X? — 2X + log,, 2 = 0 to four decimal places. To
what accuracy should log,, 2 be given?

Sol. Roots of the equation X? — 2X + log,, 2 = 0 are given by,

2+,/4—4log;,2
2

1 d(log2)

2 /1-log2

=1%,/1-log;,2

Therefore, |5X| = <0.5x10™*

or 8(log2) < 2x0.5x107*(1-10g 2)"/? < 0.83604x10~*
~ 83604 x 1075

Example 21. If r = 3h(h® — 2), find the percentage error in r at h = 1, if the percentage error in
his 5.

oX
n = ox Where X = f(x,, x,, ... , X,)

”ax

Sol. We know ox

n

or

Therefore, Sr = &h = (21h° —6)8h

or ~ (21;16 -6

—x100 8hx100
r 31 —6h]

_ (=6 00 )15 05 o5
36 \ 7 3

Percentage Error = E, = gxlOO‘ =25%.
r

Example 22. Find the relative error in the function y=ax;"1 ;"% .ccccoeuuun. xpn
Sol. Given function ¥ =ax;"1x,"2 .ccouevuenee. Xt
On taking log both the sides, we get
log y = log a + m, log x; + m, log x, + ...... +m, log x,
1 my 1 m, 1( d m
Therefore, oy |_m 1f0y | my 1f0y |_my o
ylox | x y(oxy | x yldxs | x5
dy dx; dy dx dy dx,
Hence Relative Error, E. :_y_1+_y_2+ .................... +—y—
X, Yy 0xy Yy ox, Y
dx; dx, ox,,
= M — 4, —= 4. +m,
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Since errors dx,, 6x, may be positive or negative, therefore absolute values of terms on
R.HS. give,

dx dx dx
(E) <y |2+ =2 + oo +m, |—2
max

X X2 Xy

REGETET 3 L 0 = 05468 oo x,, then relative error is given by
ox; Ox dx
E =~—14+—24 ... +—
X X X

Therefore relative error of n product of n numbers is approximately equal to the algebraic
sum of their relative errors.

Example 23. The discharge Q over a notch for head H is calculated by the formula
Q = kH°?, where k is a given constant. If the head is 75 cm and an error of 0.15 cm is possible in its
measurement, estimate the percentage error in computing the discharge.

Sol. Given that Q = kH>/?
On taking Log both the sides of the equation, we have

log Q = log k+§ log H
On differentiating, we get
9Q _58H
Q H
8—Q><1OO = E><%><1OO 1 0.5.
0 2" 75 2

NG

1
Example 24. Compute the percentage error in the time period T =21 \/: for | = 1m if the error
8

in the measurement of 1 is 0.01.

Sol. Given T = 2x \/z
8

On taking log both the sides, we get

1 1

log T =log2m + Elogl—zlogg

1 10l

=0T = ——
- T 21
= 8—T><100 = gxlOO:%me:O.S%,

T 21 2x1

Example 25. If u = 2V°® — 5V, find the percentage error in u at V =1, if error in V is 0.05.
Sol. Given u =2V6 -5V

u 5
- — oV =(12V° -5)6V
du P ( )
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—x100

Hence maximum percentage error (E

COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

( 12V° -5
2V6 —5V
(12-5)
(2-5)

]8V><100

x0.05x100 = —g x5 =-11.667%

Dmax = 11.667%.

Example 26. How accurately should the length and time of vibration of a pendulum should be
measured in order that the computed value of g is correct to 0.01%.

Sol. Period of vibration T is given by T = 2=n \/z , where [ is the length of pendulum.
8

Therefore,

8

ol

But the percentage error in g i

8—gxlOO
8

(@)

Percentage Error in /

(b) Percentage Error in T

2 2
4l 95 _4nt g 9B ()il
T2 79l T2 aT T

85 and 8T = 85 (1)
NES NES

ol oT

is
dg
= 001 = —£-x100=0,1 (2)
T
?
gxlOO
1
1 S_g %100 | Because 81=8—g
B
ol ol
1 og 1 og
- 100 =— x100
12(4n°/T?) 2| (4n*1/T?)
%X0.0l =0.005 (From 2)
‘6—T><100‘
T
1198 100
T\ 20g/0T
8—gleoo
4 4wl

F

1 (From 2)

1 x100=0.0025.
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Example 27. Calculate the value of x — x cos © correct to three significant figures if x = 10.2 cm,
and 0 = 5°. Find permissible errors also in x and .

Sol. Given that 6 = 5° = 5_n:£ radian

180 126

2 a4
1-cos 6 = 1—{1—e—+e—— ............. }

2! 4!

0> o 1(11)2 1(11)4

= — = — 4 ... =—| —— - T
21 41 2126 24\ 126

Therefore X = x(1 — cos 0)

0.0038107 — 0.0000024 = 0.0038083
10.2(0.0038083) = 0.0388446 =~ 0.0388

Further, v = OX _ 00005 e
2(aX ) 2x0.0038083
ox
50 = 80X _ 0.0005 _ 0.0005
z(ax) 2xsin®  2x10.2x0.0871907
00
3 a5 3
where sin @ = _e_+e__ ......... =£—l(£) Foereenne =0.0871907
3! 5! 126 61126
Therefore 00 = & =~ (0.0002809 =~ 0.00028.
20.4x0.0871907

1,2

Example 28. The percentage error in R which is given by R:_h+g, is not allowed to exceed

0.2%, find allowable error in v and h when r = 4.5 cm and h = 5.5 cm.

Sol. The percentage error in R = %xlOOZ 0.2
45
Therefore SR = %XR:% u.kﬁ
100 100 | 2x5.5 2
2
r° h
B R = —4—
ecause TR

Ex 50.50 0.002x50.50
100 11 11

(1)
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Percentage Error in r o= ﬁxlOO = @x S_R
r rols dR
ar

SR 100 S8R _ 100(8R)h

ZW:TXZ(r)‘ 27
or

Because or =

On substituting

ﬁ
Il

4.5 and value of R from (1)

100 0.002x50.50 0.1x50.50%5.5
X xh=

2%(4.5) 11 11x20.25
=0.12
. oh 100 = 100 &R 100 OR
Percentage Error in h = 7>< = TX , aj = 7 Ea—
oh T2 2

_ __1008R __ 100 50.5x0.002
2 1) 20/11 11
_7+7
202 2

=0.505.

Example 29. Two sides and included angle of a triangle are 9.6 cm, 7.8 cm and 45° respectively.
Find the possible error in the area of a triangle if the error in sides is correct to a millimeter and the angle
is measured correct to one degree.

Sol. Assume that the area of the triangle ABC = X :% bc sin A

Error in the measurement of sides and angles are

/b = 0.05 cm, Zc = 0.05 cm, and A = %x0.01745 0008725 radians

a—X:lcsinA, a—X:lb sin A anda—lebc cosA
b 2 de 2 0A 2
80X < 8ba—X + 8ca—X +‘8A8—X
ob dc dc
005X - X9.6X L +0.05% L x7.8 X — +0.008725 X+ x9.6 X 7.8 X ——
. 3} 90x 5 +0. 2 ¥ 78X 5 +0. 5 %9 8x 5

< = [0.05%4.8+0.05x3.9+0.008725x 4.8 x7.8]
V2

0.761664
<

—— — =0.5385778 = 0.539 sq. cm.
1.4142135
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Example 30. The error in the measurement of area of a circle is not allowed to exceed 0.5%. How
accurately the radius should be measured.

Sol. Area of the circle =nr? = A (say)

0A 5
o
0A
Percentage Error in A = 7><100= 0.5
0.5 1 5
= —XxXA=—nmr
Therefore SA 100 200
) or
Percentage Error in r o= 7><100

1
10034 _ 100 500™
oy 3714 r o 2n?
or

4

Example 31. The error in the measurement of the area of a circle is not allowed to exceed 0.1%. How
accurately should the diameter be measured?
d2
Sol. Let d is the diameter of a circle, and then its area is given by A= nT Therefore,

o
od 2
Since 0A= Sda—A, therefore 8d = i
od 0A/od
. A
Now Percentage Error in A= = x100=0.1
2
Therefore, 0A = 0.1xA =0.001xA = M
100
od

Similarly, Percentage Error in d= ’ x100

B @Xs_A_loo(o.oomndz] 2

d oA d 4 d
od
01xmd> 2 01
= T xS = =005
W w2

Example 32. In a AABC, b = 9.5 cm, ¢ =85 cm and A = 45°, find allowable errors in b, c, and
A such that the area of AABC may be determined nearest to a square centimeter.

Sol. Let area of the AABC be given by,

1
= —bcsinA
X > 1
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1) sh=-%X  _ 05 ___ 05  _(os5em
38X 3><1csinA §><8 5><L
b 2 20 T2
X . .
2) so= X _ 05  __ 0% 5049 em,
38—X 3><1bsinA §><95><i
dc 2 20 T2
3) 8A:% = T 0.5 =3 0.5 = 0.006 radians.
322 3x—bccosA —x9.5x85x =
0A 2 2 V2

Example 33. In a triangle AABC, a = 2.3 cm, b = 5.7 cm and £ B = 90°. If possible errors in the
computed value of b and a are 2 mm and 1 mm respectively, find the possible error in the measurement
of angle A.

Sol. Given b =2 mm = 0.2 cm
01 =1 mm =0.1cm
a . qa
sin A = B=>A=SII”| 16
oA 1 1 1
Ja 2 b B2
T
oA 1 a___a
ob PO Wb —a?
1=
b
J0A J0A
oa—|+|6b —
84 < oa ‘ oa
<0.1x;+0.2>< 23
(5.7 - (2.3)2 5.7(5.72 - (2.3
<01, 046 0346 radians
52154 29.7276

Example 34. In a triangle AABC, a = 30 cm, b = 80 cm and £ B = 90°. Find the maximum error

1 1
in the computed value of A, if possible errors in a and b are E% and Z% respectively.

. . a .4 a
Sol. Since sin A - = A=sin"—

b b
0A J0A
oa—|+|6b —
A < ‘ % ‘ % (1)
da 1
Given that ax 100 3=> a
Also 3b = 1'=>5b= 0.2

bx 100 4
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JA 1 0A —a
We have a :ﬂ and g—m
Substituting these values in equation (1), we have
0A < 0.00135 + 0.00100 < 0.00235 radians
or 0A < 8°%'.
Example 35. Find the smaller root of the equation x* — 30x + 1 = 0 correct to three places of decimal.
State different algorithm, which algorithm is better and why?

Sol. Roots of the given equation x> — 30x + 1 = 0 are

30£+v900-4 30%+/896

2 2
) 30-+/896
and smaller root is R —
(1) First method: 15-+/224 = 0.0333704
(15 —\/224) (15 + \/224)
2) Second method:
(2) Second metho (15+x/@)
_225-224 1
C 1544224 15++/224
1

=0.0333704.

= 15+14.966629  29.966629

Therefore second algorithm is comparatively a better one as this gives the result correct to
four figures.

Example 36. Find the smaller root of the equation x?> — 400x + 1 = 0 using four-digit arithmetic.

Sol. We know that the smaller root of the equation ax*> + bx + ¢ = 0, b > 0 is given by,

b—b* - 4dac
2a
Here a =1 =0.1000 x 10
b =400 = 0.4000 x 103
¢ = 1=0.1000 x 10!
b* — 4ac = 0.1600 x 10° — 0.4000 x 10!
= 0.1600 x 10° (To four-digit accuracy)

Jb% —4gc = 04000 x 10°

On substituting these values in the above formula we obtain x = 0.0000.

X =

However, this formula can also be written as

2c

t b++b? — dac
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0.2000x 10"
or X = 3 3
0.4000 x 10° +0.4000 x 10
0.2000x 10"
x = ————— =0.0025.
0.8000 x 10

This is the exact root of the given equation.

Remark: When two nearly equal numbers are subtracted then there is a loss of significant
figures.

e.g., 43.206 — 42.995 = 0.211

Here given numbers are correct to five figures while the result 0.211 is correct to three
figures only. Similarly numbers 12450 and 12360 are correct to four figures and their difference
90 is correct to one figure only. The error due to loss of significant figures sometimes renders the
result of computation worthless. Using techniques below can minimize such error:

b
M) Va-vb by

. b . a-b
(2) sina - sin b by 2 cos sin
2 2
2 4
a a a
L, a4 4
(3) 1-cosaby2sin® > or =70 + .
a
(4) loga—log b by log 7 etc.

m ERROR IN SERIES APPROXIMATION

The error committed in a series approximation can be evaluated by using the remainder after n
terms. Taylor’s series for f(x) at x = a is given by,

2 n-1
fix) = fla) + (x—a)f (a) +%f”(a)+ ........ +%f”_l(a)+Rn(x)

(x-a)"

where R,(x)=——
n!

fr€ra<f<x.

This term R (x) is called remainder term and for a convergent series it tends to zero as
n— oo . Thus if we approximate f(x) by the first n terms of a series then maximum error committed
in this approximation is given by the R (x) and if accuracy required is already given then it is
possible to find the number of terms n such that the finite series yields the required accuracy.

Example 37. The Maclaurin’s expansion for e* is given by,

2 3 xnfl X"
e = I+x+—+"—+....... + +—e‘5,0<§<x
2t 3! (n-1)! n!
Find the number of terms, such that their sum yields the value of e* correct to 8 decimal places at
x =1
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2 3 n-1 n
x° X x
Sol. Given that e =T1+x+=—+"—+....+——+"—¢5,0<E<x
2! 3! (n-1)! n! s
Then the remainder term is,
x" 13
R0 =50
So that § = x gives maximum absolute error

X
Eu(max) = me

X"

and Er(max) = W

1 1.
For an 8 decimal accuracy at x = 1, TR 510 S=n=12
Hence we have 12 terms of the expansion in order that its sum is correct to 8 decimal places.

Example 38. Find the number of terms of the exponential series such that their sum gives the value
of e* correct to six decimal places at x = 1.

Sol. The exponential series is given by,

2 3 y1
X =1+ x4+ 2—!+§+ ......... +W+Rn(x) (1)
x” 0
where R (x) = —e ,0<0<x.
n!
xn
Maximum absolute error at 6 = x is Ea(max) = —'ex
n
xn
and Maximum Relative Error is Er(max) = —
n!
1
Hence Er(max) atx =1 s

For a six decimal accuracy at x = 1, we get

L1105 S nis2x10f 5 n=10
nt 2
Therefore, we get n = 10.

Hence we have 10 terms of series (1) to obtain the sum correct to 6 decimal places.

Example 39. Obtain a second-degree polynomial approximation to f(x) = (I + x)'2, xe [0,0.1] using
the Taylor series expansion about x = 0. Use the expansion to approximate f(0.05) and find a bound of the
truncation error.

Sol. Given that f(x)

L+x2  f0)=1

=

Fe) = S pO) = 5

()

1 -3/2 1
——( ’’ - —_
4( +x)777, f7(0) 1
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3 -
f”/(x) — §(1+x) 5/2, f///(o) — g
Thus, the Taylor series expansion with remainder term is given by

3
TS S P S . S P B!

2 8 16 |:(1+§)1/2J
The Truncation term is as,
x 1 x°
1+ x)“z—[“g—g] = B[ 0V]

0.05)
Also £(0.05) = 1+O'—§5—% =0.10246875x10"

T

The bound of the truncation error, for xe[0,0.]] is

3

|T| SMaXgc <o (0—1)1/2

16(1+x)"* T

(0.1)°
16

< =0.625x107*,

Example 40. The function f(x) = tan™' x can be expanded as

tun‘1x=x—?+?— ....... P G

Find n such that series determines tan™ (1) correct to eight significant digits.

X2n+1
Sol. If i h 1)th = (-1
0) we retain #n terms then (n + 1)th term = (-1) il
F 1, (n +1)th t CO"
orx =1, (n +1) erm—2n+1

To determine a tan™! (1) correct up to eight significant digits,

n
(2_1)1‘ <%><1(T8 = 2n+1>2x10°
n+

=n=108+1. Satisfies

Example 41. Use the series log, GJF—X) = 2(x+%+?+ ....... ] to compute the value of log (1.2)
-Xx

correct to seven decimal places and find the number of terms retained.
1+x 1
—=12=x=—
Sol. Assume T_x 11

X2n+1 B 2(1/]_1) 2n+1
2n+1 2n+1

If we retain n terms then, (n + 1)th terms =
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2n+1
For seven decimal accuracy, onril 1 <§X10

(2n+1)(1)%™ > 4% 107

This gives n> 3.
After retaining the first three terms of the series, we get

X2 x°
log, (1.2) =2 (X"‘E"‘E

1
X=— —
At ( 11) = 0.1823215.

PROBLEM SET 1.1

. Prove that the relative error of a product of three non-zero numbers does not exceed the
sum of the relative errors of the given numbers.

. If y = (0.31x + 2.73)/(x+ 0.35) where the coefficients are round off, find the absolute and
relative errors in ¥ when x = 05+0.1. [Ans. e, = 2.9047, 4.6604; e, = 0.9464, 1.225]

. Find the quotient q = x/y, where x = 4.536 and y = 1.32, both x and y being correct to the
digits given. Find also the relative error in the result. [Ans. g = 3.44, e, = 0.0039]

. If S = 4x*°z %, find the maximum absolute error and maximum relative errors in S. When
errors in x =1, y = 2, z = 3 respectively are equal to 0.001, 0.002, 0.003.

[Ans. 0.0035, 0.0089]
1.265(10.21-7.54)

47
numerical quantities are rounded-off. [Hint: on taking e <1%] [Ans. 0.06186<x<0.08186]

. Obtain the range of values within which the exact value of lies, if all the

. Find the number of terms of the exponential series such that their sum yields the value of
" correct to 8 decimal places at x = 1. [Ans. n = 12]

. Estimate the error in evaluating f(x) = cos xe!®®" around x = 2 if the absolute error in x is
10°°. [Ans. 0.0053 x 107]

. (@) S= 26_1‘ , calculate the actual sum by using the infinite series. [Ans. 12]
0
(b) Assume three-digit arithmetic. Find the sum (up to 11 terms) by adding largest to
smallest. Also find the absolute, relative and percentage errors.

(c) Find the sum up to 11 terms by adding smallest to largest and also find the absolute,
relative and percentage errors.

. Find the absolute, relative and percentage errors of the approximations as

(@) 1—11 ~0.1 (b) 1—11 =~ 0.00 (0) g = 0.56 (d) g =~ (0.44
[Ans. (a) e, = 0.009, e, = 0.0999, e, = 9.9]
[Ans. (b) e, = 0.009, e, = 0.01, e, = 1.0]
[Ans. (c) e, = 0.004, e, = 0.008, e, = 0.8]
[Ans. (d) e, = 0.0044, e, = 0.0099, e, = 0.9]



24 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

10. Describe the possible causes of serious error in calculating A = MY for cos x =~ -1
(1+cosx)

11. Find the percentage error if the number 5007932 is approximated to four significant figures.
[Ans. 0.018%]

. . . . i
12. Compute the relative maximum error in the function u = 7—-, when x =y =z = 1 and
x

errors in x, y, z be 0.001. [Ans. 0.006]
13. Obtain a second-degree polynomial approximation to the function f(x) = 1% ,x€ [1,2]using
+x

Taylor’s series expansion about x = 1. Find a bound on the truncation error. [Ans. 0.25]

14. Find the number of terms in the series expansion of the function f(x) = cos x , such that
their sum gives the value of cos x correct to five decimal places for all values of x in the

T T
range — < XS+E' Find also the truncation error. [Ans. n = 6, Trun. error = 0.020]

m SOME IMPORTANT MATHEMATICAL PRELIMINARIES

There are some important mathematical preliminaries given below which would be useful in
numerical computation.
(a) If flx) is continuous in a < x < b, and if f(a) and f(b) are of opposite sign, then f(d) =0
for at least one number d such that a < d < b.
(b) Intermediate Value Theorem: Let f(x) be continuous in @< X<b and let any number
between f(a) and f(b), then there exists a number 4 in a < x < b such that f(d) = .
(c) Mean Value Theorem for Derivatives: If f(x) is continuous in [4, b] and f’(x) exists in
(a, b) then 3 at least one value of x, say d, betweena and b >, f'(d) = M,a <d<b
—a
(d) Rolle’s Theorem: If f(x) is continuous in a < x < b, f(X) exists ina < x < b and
fla) = f(b) = 0 then 3 at least one value of x, say d, 3f'(d) =0, a <d<b
(e) Generalized Form of Rolle’s Theorem: If f(x) is n times differentiable on a<x<b and

f(x) vanishes at the (n + 1) distinct points x,, x;, X,, w.c.c.. x, in (a, b), then there exists
anumber d ina <x <b 3f"d) = 0.

(f) Taylor’s Series for a Function of One Variable: If f(x) is continuous and possesses
continuous derivatives of order # in an interval that includes x = 4, then in that interval

2 _ n-1
F(x)= f(a)+(x—a)f(a)+ (x;”) FAQ) + e Gt (@) + R, (x)
! (n-1)!
where R, (x), the remainder term, can be expressed in the form
R ()= oy pcden

n!
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(§) Maclaurin’s Expansion: f(x)= f(0)+xf(0)+ x2_2| () + J;—n' F1(0) +.......

(h) Taylor’s Series for a Function of Two Variables:
flx, + Axy, x, + Ax,)

of of azf

2
= f(xl,x2)+—Ax1+—Ax2 (Axl) +2 o f Axle2+ﬂ(Ax2):l .....

0x, ax; 0X0x; o3
This form can easily be generalized for function of several variables. Therefore
9 9 9
FOoq +Ax, X + A%y, e, X, +AX, ) = (X, X0, Xz, X)) + —fol +le2+ ...... —fA -
ox; x5 ox,,

2 2
+ af( )+ f(Ax) IS Axy - AX,, e +2LAxn1-Axn o
2| ax X ox,” axlaxz ox,,_,0x,,

FLOATING POINT

The IEEE floating-point standards prescribe precisely how floating-point numbers should be
represented, and the results of all operations on floating point numbers. There are two standards:
IEEE 754 is for binary arithmetic, and IEEE 854 covers decimal arithmetic as well. The only IEEE
754, adopted almost universally by computer manufacturers. Unfortunately, not all manufacturers
implement every detail of IEEE arithmetic the same way. Every one does indeed represent numbers
with the same bit patterns and rounds results correctly (or tries to). But exceptional conditions
(like 1/0, sqrt(-1) etc.), whose semantics are also specified in detail by the IEEE standards, are not
always handled the same way. It turns out that many manufacturers believe (sometimes rightly
and sometimes wrongly) that confirming to every detail of IEEE arithmetic would make their
machines either a bit slower or a bit more expensive, enough so make them less attractive in the
market place. The IEEE standards 754 for binary arithmetic specify 4 floating-point formats:
single, single extended, double and double extended.

Floating point numbers are represented in the form + — significand *2” (exponent), where
the significand is a non-negative number. A normalized significand lies in the half open interval
[1, 2), i.e., it has no leading zero bits.

Macheps is the short for “machine epsilon”, and is used below for round off error analysis.
The distance between 1 and the next larger floating point number is 2*macheps. When the exponent
has neither its largest possible value (a string of all once) nor its smallest value (a string of all
zeros), then the significand is necessarily normalized, and lies in [1, 2). When the exponent has
its largest possible value (all once), the floating-point number is +infinity, —infinity, or NAN (not-
a-number). The largest finite floatingpoint number is called the overflow threshold.

When the exponent has its smallest possible value (all zero), the significand may have
leading zeros, and is called either subnormal or de-normal (unless it is exactly zero). The subnormal
floating-point numbers represent very tiny numbers between the smallest nonzero normalized
floating-point number (the underflow threshold) and zero. An operation that underflows yield a
subnormal number or possibly zero; this is called gradual underflow. The alternative, simply
returning a zero, is called flush to zero. When the significand is zero, the floating-point number
is + = 0.
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The basic operations specified by IEEE arithmetic are first and foremost addition, subtraction,
multiplication, and division. Square roots and remainders are also included. The default rounding
for these operationsis “to nearest even”. This means that the floating point result fl (@ op b) of the
exact operation (2 op b) is the nearest floating point number to (a op b), breaking ties by rounding
to the floating point number whose bottom bit is zero (the “even” one). It is also possible to round
up, round down, or truncate (round towards zero). Rounding up and down are useful interval
arithmetic, which can provide guaranteed error bounds; unfortunately most languages and/or
compilers provide no access to the status flag which can select the rounding direction. When the
result of floating point operation is not representable as a normalized floating point number, and
exception occurs.

m FLOATING POINT ARITHMETIC AND THEIR COMPUTATION

The computer performed five basic arithmetic operations such as addition, subtraction,
multiplication and division. The decimal numbers are converted to machine numbers. The machine
number consists of only the digit 0 and 1 with a base. It’s base depending on the computer. If the
base is two the number system is called the binary number system, if the base is eight it is called
octal number system and if the base is sixteen it is called hexadecimal number system respectively.
The decimal number system has the base 10. In numerical computation, there are mainly two
types of arithmetic operations present in the system.

(a) Integer arithmetic, which deals with integer operands and
(b) Real or Floating-point arithmetic, which deals with fractional part of a number as operands.

Mostly computers carried out scientific calculations in floating point arithmetic to avoid the
difficulty of keeping every number less than 1 in magnitude during computation. A floating point
number is characterized by three parameters—the base b, the number of digit # and the exponent
range (m, M).

An n-digit floating-point number with base b has the form:

X = £(0d;Gp.....d,), °

where d,, d,, d,........... , d, are integers and satisfies 0<d,<b and the exponent e is such that
m<e<M. Also (0, dydyd, ... d ), is a b-fraction called the mantissa, and it lies between +1 and

—1. The number 0 is written as:

The floating-point number is said to be normalized if d, 20 or else d; = d, = ..............

=d, =0.1fd, d, #0 the number is said to have an n significant digits.

There are two commonly used ways to translate any given real number x into an n b-digit
floating-point number f, (x), rounding and chopping.

A floating-point number x = (0, didy ... d ), b is in n-digit mantissa standard form if it
is normalized and its mantissa consists of exactly n-digit. If a number x can be represented by
x = (0.dydydy e dd e ), b° then the floating-point number can be in chopping form

nn+l
and if it can be written as f, (x) = (0.d,dyds............. d, ), b then the floating point number is in

1
rounding form. If it can be written as fp(X) = (O-dldz ----------------- hohi1 +Ebj where first n digits are

used to write a floating-point number.
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2
Example 1. Digit normalized form of 3

Sol. fo(X) = f, (g j: 0.6666667; Result after rounding
3

2
fo(X) = fo (5 jz 0.6666666; Result after chopping

In computers, each location called word in memory stores only a finite numbers of digits.
If we assume computer memory store 6 digits in each location and also store one or more signs
then to represent real number, computer assumed a fixed position for the decimal point and all
numbers are stored after appropriate shifting with an assumed decimal point. For that, the
maximum possible numbers are stored as 9999.99 and the minimum possible numbers are stored
as 0000.01. These maximum and minimum limits for numbers are in magnitude. For this purpose,
preserve the maximum number of significant digits in a real number and increase the range of
values for that real number. This type of representation is called the normalized floating-point
mode.

Example 2. The number 58.72 x 10° is represented as 0.5872 x 107 or 0.5872e7.

Sol. Here mantissa is 0.5872 and the exponent is 7. Also shifting of the mantissa to the left
to its most significant digit, is nonzero, is called normalization.

1.8.1 Arithmetic Operations on Floating Point Numbers

Basically there are four arithmetic operations such as addition, subtraction, multiplication and
division. These operations applied on floating point numbers as follows:

Example 3. Add the following floating-point numbers 0.4546e3 and 0.5433e7.

Sol. This problem contains unequal exponent. To add these floating-point numbers, take
operands with the largest exponent as,

0.5433¢7 + 0.0000e7 = 0.5433¢7
(Because 0.4546¢3 changes in the same operand as 0.0000¢e7).

Example 4. Add the following floating-point numbers 0.6434e3 and 0.4845e3.

Sol. This problem has an equal exponent but on adding we get 1.1279¢3, that is, mantissa
has 5 digits and is greater than 1, that’s why it is shifted right one place. Hence we get the
resultant value 0.1127¢4.

Example 5. Add the following floating-point numbers 0.6434e99 and 0.4845e99.

Sol. In this example, mantissa is shifted right and exponent is increased by 1, resulting is
a value of 100 for the exponent (because sum of mantissa exceeds by 1). This condition is called
an overflow condition because exponent cannot store more than two digits.

Example 6. Find the sum of 0.123e3 and 0.456e2 and write the result in three digit mantissa form.
Sol. Sum is = 0.123e3 + 0.456¢2,

0. 123e3 + 0.0456€3 = 0.168e3 Result after chopping

0.123e3 + 0.456¢2 ,

= 0.123e3 + 0.0456e3 = 0.169¢3 Result after rounding.

Above examples (3 to 6) shows the addition of floating point numbers in different ways.

Sum is
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Example 7. Subtract the floating-point number 0.36132346 x 107 from 0.36143447 x 10”.

Sol. The number 0.36132346 x 107 after subtracting from 0.36143447 x 107 gives
0.00011101 x 107. On shifting the fractional part three places to the left we have 0.11101 x 10*
which is obviously a floating-point number. Also 0.00011101 x 107 is a floating-point number but
not in the normalized form.

Example 8. Subtract the following floating-point numbers:
1. 0.5424¢ — 99 From 0.5452¢ — 99
2. 0.3862e — 7 From 0.9682e — 7

Sol. On subtracting we get 0.0028¢ — 99. Again this is a floating-point number but not in the
normalized form. To convert it in normalized form, shift the mantissa to the left by 1. Therefore
we get 0.028¢ — 100. This condition is called an underflow condition.

Similarly, after subtraction we get 0.5820e — 7.

Above examples (7 and 8) shows the subtraction of floating points numbers with underflow
condition. Therefore we say that, if two numbers represented in normalized floating-point notation
then for addition and subtraction it is required that the exponent of the numbers must be equal,
if it is not then made be equal and shift the mantissa appropriately.

Example 9. Multiply the following floating point numbers:
1. 0.1111e74 and 0.2000e80
2. 0.234e — 49 and 0.1111e — 54
Sol. 1. On multiplying 0.1111e74 x 0.2000e80 we have 0.2222¢153. This
Shows overflow condition of normalized floating-point numbers.

2. Similarly second multiplication gives 0.1370e — 104, which shows the underflow
condition of floating-point number.

This example represent that two numbers are multiplied by multiplying the mantissa and
by adding the exponent of given normalized floating-point representation. Similarly division is
evaluated by division of mantissa of the numerator by that of the denominator and denominator
exponent is subtracted from the numerator exponent. The resultant exponent is obtained by
adjusting it appropriately and using previous results normalizes the quotient mantissa.

Example 10. Calculate the sum of given floating-point numbers:
1. 0.4546e5 and 0.5433e7
2. 0.4546e5 and 0.5433e5

Sol. 1. When the exponent is not equal, the operand is kept with large exponent number.
That is 0.5433e7 + 0.0045e¢7 = 0.5878¢7.

2. Here mantissas are added because exponent numbers are equal. That is,
0.4546e5 + 0.5433e5 = 0.9979¢5.

Example 11. Subtract the floating-point number 0.5424e3 from 0.5452¢3.

Sol. While subtracting 0.5424e3 from 0.5452¢3 we get 0.0028¢3. It can also be written as
0.28el using normalized floating point representation because mantissa is greater than or equal
to 0.1.
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Example 12. Calculate the value of e* when x = 0.5250e1 and e = 2.7183. The expression for e*

2 2
is € =1+x+—+—.
2! 3!
Sol. We have e¥ = ¢ 052501 — o5 5 025
¢S = (2718¢l) x (2718el)x (:2718¢1)x (.2718¢1)x (.2718e1)
= .1484¢3

Also, we find e-2.

’s (25) (25)

Therefore e =1+ (25) + +
2! 3!
= 1.25 + .03125 + .002604 = .1284el
Hence e520el = (11484e3) x (.1284¢1) = .1905¢3

Example 13. Compute the middle value of the number a = 4.568 and b = 6.762 using the four-digit

bh—
arithmetic and compare the result by taking ¢ = a + (Ta)

Sol. Since a = .4568¢l , b = .6762¢l and ¢ be the middle value of the numbers a and b,

a+b  4568e1+.6762¢1 .1133e2

2 .2000e1  .2000el

b-a .6762¢e1—- .4568¢€l

If we use the formula c = a + (T), we get ¢ = .4568e1 + ( 2000el )
or .4568el + .1097el = .5665¢1 which is similar result as first result.

therefore c= =.5665¢1.

Example 14. Evaluate 1 — cos x at x = 0.1396 radian. Assume cos(0.1396) = 0.9903 and compare

X
it when evaluated 2 sin?— . Also assumes in (0.0698) = 0.6794e — 1.

2
Sol. Since x = 0.1396
Therefore 1 — c0s(0.1396) = 0.1000el — 0.9903¢0
= 0.1000e1 — 0.0990e1 = 0.1000e1 — 1
X
Now sin 5 = sin(0.0698) = 0.6974e — 1

X
2sin? 5= (0.2000e1) x (0.6974¢ — 1) x (0.6974e — 1) = 0.9727¢ — 2

The value obtained by alternate formula is close to the true value 0.9728¢ — 2.

Example 15. Evaluate the following floating-point numbers:
1. 0.5334e9 x 0.1132e — 25

0.1111el0 x 0.1234e15

0.9998¢ — 5 + 0.1000e98

0.1111e51 x 0.4444e50

0.1000e5 + 0.9999¢3

ISANN RSN
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6. 0.5543e12 x 0.4111e — 15
7. 0.9998el + 0.1000e — 99

Sol. 1. 0.5334¢9 x 0.1132¢ — 25 = 0.6038¢ —17, this result shows the underflow condition of
floating point numbers.

0.1111¢10 x 0.1234¢15 = 0.1370e24

3. 0.9998¢ — 5 + 0.1000e98 = 0.9998¢ — 104, this result shows the underflow condition
of floating point numbers.

0.1111e51x 0.4444¢50 = 0.4937¢100. Hence the resultant shows an overflow condition.
0.1000e5 + 0.9999¢3 = 0.1000e2
0.5543¢12 x 0.411le — 15 = 0.2278¢ — 3

0.9998¢1 + 0.1000e — 99 = 0.9998¢101, this shows an overflow condition of floating
numbers.

N

N G

212

Example 16. For x = 0.4845 and y = 0.4800, calculate the value of using normalized

floating point arithmetic. Compare this with the value of (x — y).

Sol. Since x = 0.4845, y = 0.4800
Hence x +y = 0.4845e0 + 0.4800e0 or 0.9645¢0.
Again,

X2 = (0.4845¢0) x (0.4845¢0) = 0.2347¢0

12 = (0.4800¢0) X (0.4800¢0) = 0.2304¢0
x% — y? = 0.2347¢0 — 0.2304e0 = 0.0043¢0
x*-y* 0.

Theref 00430 0.4458¢ - 2
erefore, = = 0. e —
X+y 0.9645e0

0.4845e0 — 0.4800e0 = 0.4500e — 2

Also, X -y

Example 17. Find the solution of the following equation using floating-point arithmetic with 4-digit
mantissa x> — 1000x + 25 = 0.

Sol. Given that, x%— 1000x + 25 =0

« 1000+ V10° - 107

2
Now 10° = 0.000e7 and 10? = 0.1000e3

=

Therefore 100 — 102 = 0.1000e7 = +/10° =102 = 0.1000e4

Hence roots are:
2 2

0.1000e4 + 0.1000e4 ) ( 0.1000e4 —0.1000e4 j
and

which are 0.1000e4 and 0.0000e4 respectively. One of the roots becomes zero due to the limited
precision allowed in computation. We know that in quadratic equation ax? + bx + ¢, the product

Cc
of the roots is given by —, the smaller root may be obtained by dividing (c¢/z) by the largest root.
g Y a y y & y 24
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Therefore first root is given by 0.1000e4 and second root is as

25 0.2500e2
0.1000e4  0.1000¢4

=0.2500e—-1.

Example 18. Associative and distributive laws are not always valid in case of normalized floating-
point representation. Give example to prove this statement.

Sol. According to the consequence of the normalized floating-point representation the
associative and the distributive laws of arithmetic are not always valid. The example given below
proves the above statement:

Let a = 0.5555¢1, b = 0.4545¢1, ¢ = 0.4535¢1 then
(b —c) =0.0010el = 0.1000e -1
a(b —c) (0.5555e1) x (0.1000e — 1)
(0.0555¢0) = 0.5550e — 1
ab = (0.5555¢1) x (0.4545e1) = 0.2524¢2
ac = (0.5555¢1) x (0.4535¢1) = 0.2519¢2

Therefore ab — ac = 0.0005e2 = 0.5000e — 1

Thus, ab —c) zab - ac

This proves the non-distributivity of arithmetic.

Again let a = 0.5665¢1, b = 0.5556e — 1, ¢ = 0.5644¢1
Therefore a+b =0.5665e1 + 0.5556e — 1

= 0.5665¢1 + 0.0055e1 = 0.5720e1
(a +b) —c =0.5720e1 — 0.5644¢1 = 0.0076el = 0.7600e -1
a—c = 0.5665¢1 — 0.5644e1 = 0.0021el = 0.2100e -1
(a—c) + b = 0.2100e — 1 + 0.5556e — 1 = 0.7656e — 1
Thus, (a+b) —c 2 (a—¢c)+ D

This proves the non-associativity of arithmetic.

Example 19. Calculate the smaller root of the equation x*> — 400x + 1 = 0 using 4-digit arithmetic.

b++b? - 4ac and x b—+b? - 4ac

Sol. Roots of the equation ax? + bx + ¢ = 0 are x; = )=

2a 2a
Here b? >>|4ac| and product of roots are 2 .
c/a 2c
Therefore smaller root is ————= or ——M—MM—
[b+\/b2—4ac] b++b? —4ac
2a

a =1 = 0.1000e1,
According to the equation b = 400 = 0.4000e3,
¢ =1 = 0.1000e1
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Therefore b? — 4ac = 0.1600e6 — 0.4000 el = 0.1600e6

0.4000e3

b — 4ac

_2x(0.1000e1) _ 0.2000e1
0.4000e3+0.4000¢3  0.8000e3

PROBLEM SET 1.2

Round off the following numbers to four significant figures:

38.46235,

0.70029,

0.0022218,

19.235101 [Ans. 38.46, 0.7003, 0.002222, 19.24]
Round off the following numbers to two decimal places:

48.21416,

2.385,

52.275,

81.255,

2.3742 [Ans. 48.21, 2.39, 52.28, 81.26, 2.37]

1.265(10.21—-7.54)
47
numerical quantities are rounded off. [Hint. on taking e < 1%] [Ans. 0.06186 <x< 0.8186]

Hence smaller root is =0.25¢—-2=0.0025.

lies, if all the

Obtain the range of values within which the exact value of

Calculate the value of /102 —+/101 correct to four significant figures. [Ans. 0.04963]

Represent 44.85 x 10° in normalized floating-point mode. [Ans. 0.4485¢8]
Explain Machine Epsilon in floating point arithmetic.

Calculate the value of x* + 2x — 2 and (2x - 2) + x* where x = 0.7320e0, using normalized
point arithmetic and proves that they are not the same. Compare with the value of
(¥* - 2) + 2x. [Ans. —0.1000e-2, —0.2000e-3]

3005
Find the value of sin x= x—x_‘+% for x = 0.2000e0 using normalized floating point

arithmetic with 4-digit mantissa. [Ans. 0.1987¢0 (taking e, = 0.005)]

The following numbers are given in a decimal computer with a four digit normalized
mantissa:
(@) 0.4523¢ - 4, (b) 0.2115¢ - 3, (c) 0.2583¢1

Perform the following operations, and indicate the error in the result, assuming symmetric
rounding:

L (@+ @+ () 2. (a)- () -(c) 3. (a)/(c)
4. (@)b)/(c) 5 (a) - () 6. (b)/(c) (@)
[Ans. 1. 0.2585¢1 2. 0.2581el 3. 1.7511e-8

4. 0.3717¢-8 5. —0.1663¢-3 6. 0.1823¢3]
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10.

11.

12.

13.

14.

1,

16.

Give example to show that most of the laws of arithmetic fail to hold for floating-point
arithmetic.

Find the root of smaller magnitude of the equation x? + 0.4002¢0x + 0.8¢ — 4 = 0. Work in
floating-point arithmetic using a four decimal place mantissa. [Ans. 0.2 e-3]
Give the normalized floating-point representation for the following:
1. 22/7 2. 2275 3. 0.01
3 3
4 93 5 -1 6.3/6
[Ans. 1. 0.3143¢1 2. —0.2275e2 3. le2

4. 0.9375e1 5. 0.5¢0 6. —0.4688¢-1]
Using 5-digit arithmetic with rounding, calculate the sum of two numbers x = 0.78596¢ — 2
and y = 0.786327¢l. [Ans. 0.78712 el]
Compute 403000 x 0.197 by 3-digit arithmetic with rounding. [Ans. 0.7939¢5]

1-cosx

Evaluate f(x)= for x = 0.01, using five-digit decimal arithmetic. [Ans. 0.1 e-1]

Calculate the value of the polynomial P,(x) = 2.75x% — 2.95x2 + 3.16x — 4.67 for x = 1.07
using both chopping and rounding off to three digits, proceeding through the polynomial
term by term from left to right. [Ans. —0.133e1]

aaa



CHAPTER 2

Algebraic and Transcendental Equation

m INTRODUCTION

We have seen that expression of the form

flx) =apx" +ax""'+ . +a, x+a,
where a’s are constant (4,z 0) and 7 is a positive integer, is called a polynomial in x of degree
n, and the equation f (x) = 0 is called an algebraic equation of degree n. If f (x) contains some other
functions like exponential, trigonometric, logarithmic etc., then f (x) = 0 is called a transcendental
equation. For example,

¥-3x+6 =0,x°-7x*+3x2+36x -7 =0
are algebraic equations of third and fifth degree, whereas x> - 3 cos x + 1 = 0, xe* - 2 = 0,

x log,, x = 1.2 etc,, are transcendental equations. In both the cases, if the coefficients are pure
numbers, they are called numerical equations.

In this chapter, we shall describe some numerical methods for the solution of f(x) = 0 where
f(x) is algebraic or transcendental or both.

m METHODS FOR FINDING THE ROOT OF AN EQUATION

Method for finding the root of an equation can be classified into following two parts:
(1) Direct methods
(2) Iterative methods.

2.2.1 Direct Methods

In some cases, roots can be found by using direct analytical methods. For example, for a quadratic
equation ax? + bx + ¢ = 0, the roots of the equation, obtained by

B —b+«/b2—4ac —b—+b* —4ac

X, = Tandxzz o

These are called closed form solution. Similar formulae are also available for cubic and
biquadratic polynomial equations but we rarely remember them. For higher order polynomial
equations and non-polynomial equations, it is difficult and in many cases impossible, to get

34
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closed form solutions. Besides this, when numbers are substituted in available closed form solutions,
rounding errors reduce their accuracy.

2.2.2 lterative Methods

These methods, also known as trial and error methods, are based on the idea of successive
approximations, i.e., starting with one or more initial approximations to the value of the root, we
obtain the sequence of approximations by repeating a fixed sequence of steps over and over again
till we get the solution with reasonable accuracy. These methods generally give only one root at
a time.

For the human problem solver, these methods are very cumbersome and time consuming,
but on other hand, more natural for use on computers, due to the following reasons:

(1) These methods can be concisely expressed as computational algorithms.

(2) It is possible to formulate algorithms which can handle class of similar problems. For
example, algorithms to solve polynomial equations of degree n may be written.

(3) Rounding errors are negligible as compared to methods based on closed form solutions.

m ORDER (OR RATE) OF CONVERGENCE OF ITERATIVE METHODS

Convergence of an iterative method is judged by the order at which the error between successive
approximations to the root decreases.

The order of convergence of an iterative method is said to be kth order convergent if k is
the largest positive real number such that

Where A, is a non-zero finite number called asymptotic error constant and it depends on
derivative of f(x) at an approximate root x. ¢;and ¢, , ; are the errors in successive approximation.

In other words, the error in any step is proportional to the kth power of the error in the
previous step. Physically, the kth order convergence means that in each iteration, the number of
significant digits in each approximation increases k times.

EX] BisecTioN (OR BOLZANO) METHOD

This is one of the simplest iterative method and is strongly based on the property of intervals. To
find a root using this method, let the function f(x) be continuous between a and b. For definiteness,
let f(a) be negative and f(b) be positive. Then there is a root of f(x) = 0, lying between a and b. Let

1
the first approximation be x, = = (a + b) (i.e., average of the ends of the range).
PP 17 5 g &

Now of f(x,) = 0 then x, is a root of f(x) = 0. Otherwise, the root will lie between a and x,
or x; and b depending upon whether f(x,) is positive or negative.
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y=fx)
fib)

f(a)

FIG. 2.1

Then, we bisect the interval and continue the process till the root is found to be desired
accuracy. In the above figure, f(x,) is positive; therefore, the root lies in between a and x,. The

second approximation to the root now is x, = 7 (a + x,). If f (x,) is negative as shown in the figure

1
2
then the root lies in between x, and x,, and the third approximation to the root is x, = (x, + x;)/2
and so on.

This method is simple but slowly convergent. It is also called as Bolzano method or Interval
halving method.

2.4.1 Procedure for the Bisection Method to Find the Root of the Equation f(x) =0

Step 1:  Choose two initial guess values (approximation) a2 and b (where (a > b)) such that

fl@) . fb) < 0.

1
Step 2: Evaluate the mid point x; of a and b given by x, = 5 (a + b) and also evaluate
flxy).
Step 3: If fla) . f(x;) <O, then set b = x, else set a = x,. Then apply the formula of step 2.

Step 4:  Stop evaluation when the difference of two successive values of x, obtained from
step 2, is numerically less than the prescribed accuracy.

2.4.2 Order of Convergence of Bisection Method

In Bisection Method, the original interval is divided into half interval in each iteration. If we take
mid points of successive intervals to be the approximations of the root, one half of the current
interval is the upper bound to the error.

€i+1 _

In Bisection Method, e, , ; = 0.5¢; or =05
€
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Here ¢;and e, , , are the errors in i and (i + 1) iterations respectively. Comparing the above
equation with

e‘
lim -2 <A
i—o0

€

We get k =1 and A = 0.5. Thus the Bisection Method is first order convergent or linearly
convergent.

Example 1. Find the root of the equation x> — x — 1 = 0 lying between 1 and 2 by bisection method.

Sol. Let flx) =x*-x-1=0

Since  f(1) =13 -1 -1 = -1, which is negative
and f(2) =23-2-1 =5, which is positive

Therefore, f(1) is negative and f(2) is positive, so at least one real root will lie between
1 and 2.

First iteration: Now using Bisection Method, we can take first approximation

1+2
2 2
Then, f(15) = (15°-15-1

=3.375-15-1=0.875
- f(1.5) > 0 that is, positive
So root will now lie between 1 and 1.5.

1+15_25
2

=1.25.

Second iteration: The Second approximation is given by x, =

Then, f(1.25) = (1.25°-125 -1
= 1953 -225=-0.297 <0
- f (1.25) is negative.
Therefore, f(1.5) is positive and f(1.25) is negative, so that root will lie between 1.25 and 1.5.
Third iteration: The third approximation is given by

125+15

X, =1.375
x, = 1375
Now £(1.375) = (1.375)3 - 1.375 — 1

f(1.375) = 0.2246
f(1.375) is positive.
. The required root lies between 1.25 and 1.375.

Fourth iteration: The fourth approximation is given by

_1.25+1.375

X, =1313

Now f(1.313)
£(1.313)

(1.313)* - 1.313 - 1
— 0.0494
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Therefore, f(1.313) is negative and f(1.375) is positive. Thus root lies between 1.313 and
1.375.

Fifth iteration: The fifth approximation is given by

1.313 +1.37
yy =133 H137 3; 375 1344
o f(1.344) = (1.344)° - 1.344 - 1 = 0.0837
. f(1.313) > 0
- f(1.313) is negative and f(1.344) is positive, so root lies between 1.313 and 1.344.
Sixth iteration: The sixth approximation is given by

1.313 +1.344
X = 1313 +1.344 ) 59
2
-~ f(1.329) = (1.329)* - 1.329 — 1 = 0.0183
£(1.329) > 0

~.f(1.313) is negative and f(1.329) is positive, so that the required root lies between 1.313 and
1.329.

Seventh iteration: The seventh approximation is given by
¥ = 1.313+1.329 131
2
f(1.321) = (1.321)3 - 1.321 — 1 = - 0.0158
f(1.321) < 0
- f(1.321) is negative and £(1.329) is positive, so that the required root lies between 1.321 and

1.329.
Eighth iteration: The eighth approximation is given by
X = 1.321J2rl.329 — 1395

From above iterations, the root of f(x)=x*>-x-1=0 up to three places of decimals is 1.325,
which is of desired accuracy.

Example 2. Find the root of the equation x> — x — 4 = 0 between 1 and 2 to three places of decimal
by Bisection method.

Sol. Given f(x)=x3-x-4

We want to find the root lie between 1 and 2.

At X9=1 = f(x))=()’ —1-4=—4 negative

At X, =2 = f(x))=(23-2-4=2 positive

This implies that root lies between 1 and 2.

1+2 3
First iteration: Here, Xy =1,x;=2, x, = — =57

1.5

Now, f(xy)=-4, f(x;)=2. Then, f(x,)=(15)>-1.5-4=-2.125.
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Since f(1.5) is negative and f(2) is positive.
So root will now lie between 1.5 and 2.

15+2 175

Second iteration: Here, Xo=15X;=2,X;=

Also, f(xg)=-2.125, f(x;)=2 then, f(x,)=(1.75)>~1.75—4 = - 0.39062
Since f(1.75) is negative and f(2) is positive, therefore the root lies between 1.75 and 2.
1.75+2

Third iteration: Here, Xy =1.75,x =2, x, = =1.875

Also, f(x) =-0.39062, f(x;)=2 then, flxy) = (1.875)° —=1.875—4 = 0.71679
Since f(1.75) is negative and f(1.875) is positive, therefore the root lies between 1.75 and

1.875.

Fourth iteration: Here, x;=1.75,x; =1.875, x, = w =1.8125

Also, f(xy) =~ 039062, f(x;)=0.71679 then, f(x,)=(1.8125)° —1.8125—4 =0.14184
Since f(1.75) is negative and f(1.8125) is positive, therefore the root lies between 1.75 and

1.8125.

1.75+1.8125
Fifth iteration: Here, Xy =175, x; =1.8125, x, = — = 1.78125

Also, f(xy)=-039062, f(x;)=0.14184 then, f(x,)=(1.78125)° ~1.78125—4 =—0.12960
Since f(1.78125) is negative and f(1.8125) is positive, therefore the root lies between 1.78125

and 1.8125.

and

Repeating the process, the successive approximations are
x, = 1.79687, x, = 1.78906, x4 = 1.79296, x, = 1.79491, x,, = 1.79589, x,, = 1.79638, x,, = 1.79613
From the above discussion, the value of the root to three decimal places is 1.796.
Example 3. Using Bisection Method determine a real root of the equation f(x)=8x> —2x—-1=0.
Sol. It is given that f(x) =8x* -2x-1=0.
Then £(0)=8(0)> —2(0)-1=-1

f(1)=8(1)° -2(1)-1=5
Therefore, f(0) is negative and f(1) is positive so that the root lies between 0 and 1.

First approximation: First approximation to the root is given by

_0+1

X = 5 0.5

-~ f(0.5)=8(0.5)° —=2(0.5)-1=—1, which is negative.
Thus f(0.5) is negative and f(1) is positive. Then the root lies between 0.5 and 1.
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Second approximation: The second approximation to the root is given by

_05+1

X, =0.75
£(0.75) =8(0.75)> -2(0.75) 1
= 2.265 — 2.5 = 0.875, which is positive.
Since f(0.5) is negative, while f(0.75) is positive. Therefore, the root lies between 0.5 and 0.75.

Third approximation: The third approximation to the root is given by

X = 0.5+0.75 _ 0.625
2

£(0.625) = 8(0.625)3 —2(0.625)—-1
=1.935 — 2.25 = - 0.297, which is negative.

Therefore f(0.75) is positive, while f{0.625) is obtained negative. Therefore, the root lies
between 0.625 and 0.75.

Fourth approximation: The fourth approximation to the root is given by

X, = 0.625+0.75 _ 0.688
2

£(0.688) = 8(0.688)3 —2(0.688)-1
= 2.605 — 2.376 = 0.229, which is positive

Therefore f(0.688) is obtained positive, while f(0.625) is negative. Therefore, the root lies
between 0.625 and 0.688.

Fifth approximation: The fifth approximation to the root is given by

.62 .
(o OE5H0E
2
£(0.673) = 8(0.657)% — 2(0.673) - 1
= 2.269 — 2.314 = - 0.045, which is negative.

Therefore f(0.657) is negative and f(0.688) is positive so the root lies between 0.657 and
0.688.

Sixth approximation: The sixth approximation to the root is given by
X = 0.657 +0.688 _ 0.673
2
£(0.673) =8(0.673)> —2(0.673) —1

= 2.439-2.346 =1.093, which is positive.

Therefore f (0.673) is positive and f(0.657) is negative so the root lies between 0.657 and
0.673.
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Seventh approximation: The seventh approximation to the root is given by
X = 0.657 +0.673 _ 0.665
2
£(0.665) = 8(0.665)° —2(0.665) — 1

= 2.353 — 2.33 = 0.023, which is positive.

Therefore f(0.665) is positive and f(0.657) is negative so that the root lies between 0.657
and 0.665.

Eighth approximation: The eighth approximation to the root is given by

Xg = 0.657J2rO.665 — 0661

From last two approximations, i.e.,X; =0.665 and Xg=0.661 it is observed that the
approximate value of the root of f{x) = 0 up to two decimal places is 0.66.

Example 4. Perform five interactions of Bisection method to obtain the smallest positive root of
equation f(x) = x>—5x+1=0.

Sol. Let f(2.1) = —ve, f(2.15) = +ve.

Therefore the root lies between 2.1 and 2.15.

First approximation to the root is

X, = 21+215_ 2195
2

Now, f(2.125)=-ve

Therefore the root lies between 2.215 and 2.15.

Second approximation to the root is

X = 2.125+2.15 21375
2
Now, f(2.1375) =+ve
Therefore the root lies between 2.125 and 2.1375.

Third approximation to the root is

X = 2.125+2.1375 _ 513125
2
Now, £f(2.13125) = +ve

Therefore the root lies between 2.125 and 2.13125.
Fourth approximation to the root is

~2.125+2.13125

X, =2.1281

Now, f(2.1281)=—ve
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Therefore the root lies between 2.1281 and 2.13125.
Fifth approximation to the root is

_21281+2.13125
2

Xs =2129
Hence the required root is 2.129.

Example 5. Find the real root of equation xlog,,x=1.2 by Bisection Method.

Sol. Let f(x)=xlogyx-12=0
So that f()=1log1-12=-1.2<0
and f(2)=2log;;2-1.2=0.602-1.2
=-0.598<0
and f(3)=3log,;3-1.2

=3(04771)-1.2=0.2313>0

Thus f (2) is negative and f (3) is positive, therefore, the root will lie between 2 and 3.
First approximation: The first approximation to the root is

X =2L23=2.5

Again, f(2.5)=25log;2.5-1.2

=25(0.3979) - 1.2 = 0.9948 - 1.2 = - 0.2052 < 0
Thus, f (2.5) is negative and f (3) is positive, therefore, the root lies between 2.5 and 3.
Second Approximation: The second approximation to the root is

_ 25+3 —275

X
Now, £(2.75)=2.75log,, 2.75-1.2

=2.75(0.4393)-1.2 =1.2081-1.2=0.0081 > 0

Thus, f (2.75) is positive and f (2.5) is negative, therefore, the root lies between 2.5 and 2.75.
Third approximation: The third approximation to the root is

X5 = 2.5 +22.75 =605

Again, f(2.625) = 2.62510g 1, 2.625— 1.2
=2.625(0.4191)~1.2=1.1001-1.2 = — 0.0999 < 0

Thus, f(2.625) is found to be negative and f(2.75) is positive, therefore, the root lies between
2.625 and 2.75.

Fourth approximation: The fourth approximation to the root is

2,625 +2.75
X, = TJF =2.6875
Again, f2.6875) = 2.6875 log,, 2.6875 — 1.2

= 2.6875(0.4293) - 1.2 = 1.1537 - 1.2 = - 0.0463 < 0
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Thus, f(2.6875) is negative and f(2.75) is positive, therefore, the root lies between 2.6875 and
2.75.

Fifth approximation: The fifth approximation to the root is

26875+ 2.75
P ey Y AT
2
Now, f2.7188) = 2.7188 log,, 2.7188 — 1.2

= 2.7188 (0.4344) - 1.2 = 0.1810 - 1.2 =-0.019 < 0

Thus, f(2.7188) is negative and f(2.75) is positive, therefore, the root lies between 2.7188 and
2.75

Sixth approximation: The sixth approximation to the root is

27188 + 2.75
g = OO ETE oy
2
Again, f2.734) = 2.734 log,, 2.734 - 1.2

=2.734 (0.4368) - 1.2 = 1.1942 - 1.2 = - 0.0058 < 0

Thus, f(2.734) is negative and f(2.75) is positive, therefore, the root lies between 2.734 and
2.75

Seventh approximation: The seventh approximation to the root is

2.734+2.7
X, = LY 2.742
2
Again, f2.742) = 2742 log,, 2.742 - 1.2

= 2.742 (0.4381) - 1.2 = 1.2012 - 1.2 = 0.0012 > 0

Thus, f(2.742) is positive and f(2.734) is negative, therefore, the root lies between 2.734 and
2.742.

Eighth approximation: The eighth approximation to the root is

2.734 +2.742
Xy == S =2.738

Hence, from the approximate value of the roots x, and x;, we observed that, up to two
places of decimal, the root is 2.74 approximately.

Example 6. Using Bisection Method, find the real root of the equation f(x) = 3x — \J1+sinx =0

Sol. The given equation

flx) =3x - J1+sinx =0 is a transcendental equation.

Given flx) =3x - \J1+sinx =0 (1)
Then fl0) =0- J1l+sin0O=-1
and f1l) =3 - J1+sin1=3-/18414

=3-13570 = 1.643 > 0
Thus f(0) is negative and f(1) is positive, therefore, a root lies between 0 and 1.
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First approximation: The first approximation to the root is given by

0+1
Xq :TZO.S

Now, £0.5) =3(05) — \f1+sin (0.5)

=15 - 414794 =15 -1.2163 = 0.2837 > 0
Thus, f(0.5) is positive, while f(0) is negative, therefore, a root lies between 0 and 0.5.

Second approximation: The second approximation to the root is given by

Again, £(0.25) = 3(0.25) — \[1+sin (0.25)

=0.75 - v1.2474 =0.75 - 1.1169 = - 0.3669 < 0

Thus, f(0.25) is obtained to be negative and f (0.5) is positive; therefore, a root lies between
0.25 and 0.5.

Third approximation: The third approximation to the root is given by

025405

X, =0375

Now, £(0.375) = 3(0.375) — /1+sin(0.375)

= 1.125 - 1.3663 = 1.125 - 1.1689 = — 0.0439 < 0
Thus, f(0.375) is negative and £(0.5) is positive, therefore, a root lies between 0.375 and 0.5.

Fourth approximation: The fourth approximation to the root is given by

37 .
X, :M:0_4375
2

Now, £(0.4375) = 3(0.4375) — \[1+ sin (0.4375)

= 1.3125 - +/1.4237 =1.3125 - 1.1932 = 0.1193 > 0

Thus, f(0.4375) is positive, while f(0.375) is negative, therefore, a root lies between 0.375 and
0.4375.

Fifth approximation: The fifth approximation to the root is given by

375+ 04375
s = 0% 04063

Again, £(0.4063) = 3(0.4063) — /1 + sin (0.4063)

= 1.2189 - 1.3952 = 1.2189 - 1.1812 - 0.0377 > 0

Thus, f(0.4063) is positive, while f(0.375) is negative, therefore, a root lies between 0.375 and
0.4063.
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Sixth approximation: The sixth approximation to the root is given by

0.375+ 0.4063
=T

Again, £0.3907) = 3(0.3907) — /1+ sin(0.3907)
= 11721 - /13808 = 1.1721 — 1.1751 = - 0.003 < 0

Thus, f (0.3907) is negative, while f (0.4063) is positive, therefore, a root lies between 0.3907
and 0.4063.

Seventh approximation: The seventh approximation to the root is given by
0.3907 + 0.4063

From the last two observations, that is, x, = 0.3907 and x, = 0.3985, the approximate value
of the root up to two places of decimal is given by 0.39. Hence the root is 0.39 approximately.

=0.3907

=0.3985

Example 7. Find a root of the equation f(x) = x> — 4x — 9 = 0, using the Bisection method in four
stages.

Sol. Given fry=x3-4x-9=0
Then f2) =25 -4(2) -9 =-9
and fB3) =GP -4(3)-9=6

Therefore, the root lies between 2 and 3.
First approximation: First approximation to the root is given by

X1 = ﬁ =25
2
Thus f(25) = (2.5)3 - 4(25) - 9
= 15.625 — 19 = — 3.375
Therefore, the root lies between 2.5 and 3.

Second approximation: Second approximation to the root is given by

_25+3

X, = =275

Thus f2.75) = (2.75)° - 4 (2.75) - 9

= 20.797 - 20 = 0.797
Therefore, f(2.75) is positive and f(2.5) is negative. Thus the root lies between 2.5 and 2.75.
Third approximation: Third approximation to the root is given by

25+275
2y =220 5 605
2
Now, f2.625) = (2.625)° — 4 (2.625) — 9

= 18.088 — 19.5 = — 1.412

Therefore, f(2.625) is negative while f(2.75) is positive. Thus the root lies between 2.625 and
2.75.

Fourth approximation: Fourth approximation to the root is given by

_2.625+2.75

X, =2.6875

Hence, after the four steps the root is 2.6875 approximately.
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10.

m FALSE POSITION METHOD (OR REGULA FALSI METHOD)
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PROBLEM SET 2.1

Find the smallest root lying in the interval (1, 2) up to four decimal places for the equation
x® — x* = 2 = 1 = 0 by Bisection Method [Ans. 1.4036]

Find the smallest root of x> — 9x + 1 = 0, using Bisection Method correct to three decimal
places. [Ans. 0.111]

Find the real root of ¢* = 3x by Bisection Method. [Ans. 1.5121375]

Find the positive real root of x — cos x = 0 by Bisection Method, correct to four decimal
places between 0 and 1. [Ans. 0.7393]

Find a root of x> — x — 11 = 0 using Bisection Method correct to three decimal places which
lies between 2 and 3. [Ans. 2.374]

Find the positive root of the equation xe* = 1 which lies between 0 and 1.
[Ans. 0.5671433]

Solve x> — 9x + 1 = 0 for the root between x = 2 and x = 4 by the method of Bisection.
(U.PT.U. 2005) [Ans. 2.94282]

Compute the root of log x = cos x correct to 2 decimal places using Bisection Method.
[Ans. 1.5121375]

Find the root of tan x + x = 0 up to two decimal places which lies between 2 and 2.1 using

Bisection Method. [Ans. 2.02875625]
Use the Bisection Method to find out the positive square root of 30 correct to 4 decimal
places. [Ans. 5.4771]

This method is essentially same as the bisection method except that instead of bisecting the
interval.

x, such that f(x,) and f(x,) are of opposite signs. A
Since the graph of y = f(x) crosses the X-axis
between these two points, a root must lie in between
these points.

chord joining points {x,, f(x,)} and {x,, f (x))} is

AB by means of the chord AB and taking the point
of intersection of the chord with X-axis as an

In this method, we choose two points x, and

A{xo,f(x)o)}
Consequently, f(x,) f(x;) < 0. Equation of the

)= f(x)-f (%) (x—x,)
- X;—X 0 Xs X X3

1 0 > > X

% P(X) :

The method consists in replacing the curve ' B

y=f(x

approximation to the root.

So the abscissa of the point where chord cuts y = 0 is given by

X1 =X

=0 e F ) )
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The value of x, can also be put in the following form:
_%f (n)=xf (%)
Xy =
fa)=f(%)
In general, the (i + 1)th approximation to the root is given by

X; _ Xiaf (%) = % f (i)
U 0) - f (xi)

2.5.1 Procedure for the False Position Method to Find the Root of the Equation f(x) =0
Step 1: Choose two initial guess values (approximations) x,, and x, (where x; > x,)) such
that f(x).f(x,) < 0.
Step 2: Find the next approximation x, using the formula
_%of (1) -4 f (%)
Xy =
f(xa)=f(x)

and also evaluate f(x,).

Step 3: If f(x,) f(x;) <0, then go to the next step. If not, rename x, as x, and then go to
the next step.

Step 4: Evaluate successive approximations using the formula

. X f (x) = xif (%)
T f(n) - f(xia)

But before applying the formula for x, , ,, ensure whether f(x, ;). f(x,) < 0; if not,
rename X, , as x;, ; and proceed.

,wWherei=2,3,4,...

Step 5: Stop the evaluation when |x; —x;_j| <€, where ¢ is the prescribed accuracy.

2.5.2 Order (or Rate) of Convergence of False Position Method

The general iterative formula for False Position Method is given by

P f(xi)=xif (xiq)
T () -f (ki) -1

where x, |, x, and x,, are successive approximations to the required root of f(x) = 0.

The formula given in (1), can also be written as:
(xi - xi—l)f(xi) @)
f(x)=f(xi4)

Let o be the actual (true) root of f(x) = 0, i.e.,, {a) = 0. If e, e, and ¢, , are the successive
errors in (i — 1)th, ith and (i + 1)th iterations respectively, then

Xiy1 =X —

G =X -0, g=X—0,8, =X, 1 0
or X, =046, X =0 +¢ X, =0 + ¢,
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Using these in (2), we obtain

(e;—ei1) f(o+e)

a+ei+1:a+ei_f(a+ei)_f(a+ei_1)

(e,—ei1) f(a+e)
T Fare)-f(aren) -

e;

Expanding flo. + e,) and f(o + ¢;_;) in Taylor’s series around o, we have

@ —ei_l){f(amf' @+ (oc>+...]

i1 =€ —

{f(oc)+ cif (o) + 4 f7 (o) + } {f(oc>+ ci £ (@)+ 55 £ o)+ ]

(ei—ei_l){f(oo +ef () %f”(oc)]
[(ei—ei_l)f' (o) + [“‘j‘*]f”(a)}

ie, e, =e¢ — , [on ignoring the higher order terms]

{f(oc)+ of @)+ (a)}

R e[ ) @)

i _ {Eif,(a”e?f”(a)} [since (o) = 0]
. R LCEE +e”jf( 0]

P s 51|

7]
2 ) (@)
[on dividing numerator and denominator by f’(a)

. T - f”(ooMH(eﬁei_l]f'(oor
L.e. i+1 i I i 5 f,(OC) 5 f' (a)

ie. ei+1:ei_|:ei+_lf (o )M (6i+6i_1]ff(a)}
2 (@) 2 )f (o)
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) e —e— e;(e;+e;q) f () +if,(0€)_€i2(€i +eiq) | f7(a)
T2 fe 2fe 4 [fe)
ie., €iy1 = €6 —% +0 (31‘2)

If ., and e; are very small, then ignoring 0(e?), we get

i1 = €€ f(@)
2f" ()

which can be written as

e, = ee M, where M = ;f,(((:))

In order to find the order of convergence, it is necessary to find a formula of the type

e, 1= Aeé< with an appropriate value of k.

With the help of (6), we can write

K
e, = Ael; ore , = (e,/A)VK

Now, substituting the value of e,,, and ¢, ; in (5), we get

S
o
3
Il
)
VY
|
~—
S~
S

or Kk MA -+ 1/k).ei(1+1/k)

)
1l

Comparing the powers of e; on both sides of (7), we get
k =1+ (1/k)
or K-k-1=0
From (8), taking only the positive root, we get k = 1.618
By putting this value of k in (6), we have

e.

i+l
1618 A
4

el'+1 :Aell 618 or

€it1

i—o0

)

and would be a constant

49

(4

.(3)

..(6)

(7)

.(8)

Comparing this with lim[—kjsA, we see that order (or rate) of convergence of false

e

position method is 1.618.

Example 1. Find a real root of the equation f(x) = x> — 2x — 5 = 0 by the method of false position

up to three places of decimal.
Sol. Given that flx) =x*-2x-5=0
So that f2) =@2°-22)-5=-1
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and f3) =@)P-2B8)-5=16
Therefore, a root lies between 2 and 3.

First approximation: Therefore taking x, = 2, x; = 3, f(x,) = - 1, f(x;)= 16, then by Regula-
Falsi method, we get

_ X =%
=0 T ) )
16+1( 1)=2+ _2.0588
Now, flx,) = f2.0588)

= (2.0588)% — 2 (2.0588) — 5 = — 0.3911
Therefore, root lies between 2.0588 and 3.
Second approximation: Now, taking x, = 2.0588, x, = 3, f(x,) = - 0.3911, f(x,) = 16, then by
Regula-Falsi method, we get

o)~ f () o)

X3 =x0 -

_ 20588 — ——2008 () 3011) = 20588 + 0.0225 = 2.0813
= 20988 = 95 T go1y (7 09911) = 2.0588 + 0.0225 = 2

Now, flx;) = f (2.0813)
= (2.0813)3 - 2(2.0813) - 5 = — 0.1468
Therefore, root lies between 2.0813 and 3.
Third approximation: Taking x, = 2.0813 and x, = 3, f(x;) = - 0.1468, f(x,) = 16. Then by
Regula-Falsi method, we get

xl xO

Xy =Xg ——————f(xg)
f(x)-f (xo)
=2.0813 3720813 (- 0.1468) = 2.0813 + 0.0084 = 2.0897
o C16+0.1468 © - : -
Now, fix) = f(2.0897)

= (2.0897)% — 2 (2.0897) - 5
= 9.1254 - 9.1794 = - 0.054
Therefore, root lies between 2.0897 and 3.

Fourth approximation: Now, taking x,= 2.0897, x; = 3, f (x,) = — 0.054, f (x,) = 16, then by
Regula-Falsi method, we get

X1 =X
Xs =X0 =77 N 7/ ( )
f(x)-f (xo)
3-2.0897
= - ———— (-0.054
2.0897 16+0.054( )

= 2.0897 + 0.0031 = 2.0928
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Now, flxs) = f(2.0928)

= (2.0928)% — 2(2.0928) — 5

= 9.1661 — 9.1856 = — 0.0195
Therefore, root lies between 2.0928 and 3.

Fifth approximation: Now, taking x, = 2.0928, x, = 3, f(x,) = - 0.0195, f(x,) = 16, then we
get

%= T E ) f () )

3-2.0928
= 20928 - T — o (—0.0195)
= 2.0928 + 0.0011 = 2.0939
Now, flxy) = f(2.0939)
= (2.0939)% — 2 (2.0939) - 5
= 9.1805 — 9.1879 = - 0.0074
Thus the root lies between 2.0939 and 3.

Sixth approximation: Now, taking x, = 2.0939, x, = 3, f(x,) = — 0.0074, f(x,) = 16, then we
get

TN T ) () )

32,0939
_ _ 3720939 40074
20939 = 1007 )

= 2.0939 + 0.00042 = 2.0943
Now, flx,) = f(2.0943)

= (2.0943)% - 2(2.0943) - 5

= 9.1858 — 9.1886 = — 0.0028
Therefore, root lies between 2.0943 and 3.

Seventh approximation: Taking x, = 2.0943, x, = 3, f(x,) = — 0.0028, f(x,) = 16, then by Falsi
position method, we get

T f () )

32,0943
_ _ 3720933 4008
20943 = 100028 ¢ )

= 2.0943 + 0.00016 = 2.0945
Hence, the root is 2.094 correct to three decimal places.
Example 2. Find the real root of the equation f(x) = x> — 9x + 1 = 0 by Regula-Falsi method.
Sol. Let flx) =x*-9x+1=0 (1)
So that f2) =@2°-92)+1=-9
fB) =B -93)+1=1
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Since f(2) and f(3) are of opposite signs, therefore the root lies between 2 and 3, so taking
X, =2, % =3, flx)) = -9, flx;) = 1, then by Regula-Falsi method, we get

First approximation: X, =X, —ﬁf(xo)
1)7J (%o
=2- 3_2><(—9)=2+2=2.9
1+9 10
Now, flxy) = f(2.9)

=(29°-929 +1
= 24.389 - 25.1 = - 0.711
Second approximation: The root lies between 2.9 and 3. Therefore, taking x, = 2.9, x; = 3,

fix) = - 0.711, flx,) = 1. Then
X=X
%= e ) )

3-29

= - ——(-0711
29 1+0.711( )

=29 + 0.0416 = 2.9416
Now, flxy) = f(2.9416)

= (2.9416)3 — 9(2.9416) + 1
= 254537 — 254744 = — 0.0207

Third approximation: The root lies between 2.9416 and 3. Therefore, taking x, = 2.9416,
x; = 3, filx,) = - 0.0207, f(x,) = 1. Then we get

R T ) )

3-2.9416
=2. - —— (-0.0207
29416 1+0.0207 ( )

= 29416 + 0.0012 = 2.9428
Now, flx) = f(2.9428)

= (2.9428)% — 9(2.9428) + 1

= 25.4849 — 25. 4852 = - 0.0003

Fourth approximation: The root lies between 2.9428 and 3. Therefore, taking
X, = 2.9428, x; = 3, f(x,) = — 0.0003, f(x,) = 1. Then by False Position method, we have

X5 =Xo ——f(xo)
()= f(x)
3_2.0428
_ _ 3229828 60003
29428 = 100003 ¢ )

= 29428 + 0.000017 = 2.942817
Hence, the root is 2.9428 correct to four places of decimal.
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Example 3. Using the method of False Position, find the root of equation x® — x* — x3 -1 =0 up

to four decimal places.
Sol. Let flx) = x- 2t -3 -1
f(14) = (14)° - 14)* - (1.4)P° -1 =-0.056
f(1.41) = (141)° - (1.41)* - (1.41)° - 1 = 0.102
Hence the root lies between 1.4 and 1.41.
Using the method of False Position,

X, —X
2= T Ty )
141-14

_ T (L0056
=14 - 370240056 )

0.01
_ —— 1(0.056) = 1.4035
=14 + (0.158)( )

Now, f(1.4035) = (1.4035)° — (1.4035)* - (1.4035)° - 1
f (x)) =-0.0016 (-ve)

Hence the root lies between 1.4035 and 1.41.

Using the method of False Position,

X1 —Xp

% T e F ) )

= 1.4035 — M(_ 0.0016)
0.102+0.0016

= 1.4035 + [ 29951 ) 0016) = 1.4036
0.1036
Now, £(1.4036) = (1.4036)5 — (1.4036)* — (1.4036)° — 1

flx;) = - 0.00003 (-ve)
Hence the root lies between 1.4036 and 1.41.
Using the method of False Position,

N ) )

1.41-1.4036
- _ =20 0.00003
L4036 — 53057000003 )
0.0064
_ 0.00003) =1.4036
= 1.4036 + (0'10203 j( )

Since, x, and x, are approximately the same upto four places of decimal, hence the required

root of the given equation is 1.4036.
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Example 4. Find a real root of the equation f(x) = x> — x> — 2 = 0 by Regula-Falsi method.
Sol. Let flx)y =x*-x2-2=0
Then, fl0) =-2,f(1) =-2and f(2) = 2
Thus, the root lies between 1 and 2.
First approximation: Taking Xo =1, X =2, f(X)) ==2 and f(x,)=2. Then by Regula-Falsi
method, an approximation to the root is given by
Y1 ~%
Xo =~ S (%0)
° f(xl)_f(xo) 0
2-1 1

=1-2""(2)=1+-=15
2+2 2

Now, fx) = F(15)
=(15°%-(15?%-2
=3.375 - 425 =-0.875

Thus, the root lies between 1.5 and 2.

x2=

Second approximation: Taking x; =1.5, x; =2, f(x;)=—0.875 and f(x;)=2. Then the next
approximation to the root is given by

X1 =%p

Xy =%y ————— i f(xg)
’ ° f(x1)_f(xo)f 0
2-15
_ —(-0.875
=15~ 3 0875 )
=15 + 0.1522 = 1.6522
Now, flx;) = f(1.6522)

= (1.6522)% — (1.6522)? - 2
= 45101 — 4.7298 = — 0.2197
Thus, the root lies between 1.6522 and 2.

Third approximation: Taking x,= 1.6522, x, = 2, f(x) = — 0.2197 and f(x;) = 2. Then the next
appoximation to the root is given by

X1 =X
Xy =Xg ————— f(xg)
FTTY gy - )
2-1.6522
_ L7922 (02197
= 16522 - 5 02197 )
= 1.6522 + 0.0344 = 1.6866
Now, fx,) = f(1.6866)

= (1.6866)% — (1.6866)%> — 2
= 4.7977 — 4.8446 = — 0.0469
Thus, the root lies between 1.6866 and 2.
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Fourth approximation: Taking x, = 1.6866, x; = 2, f (x,) = — 0.046 and f (x,) = 2. Then the

root is given by

X1 =Xy
X5 =Xg —————— f (xg)
STl = flg)”
—1.
= 1.6866 — ﬂ(—0.0469)
2 +0.0469
= 1.6866 + 0.0072 = 1.6938
Now, flxy) = f(1.6938)

= (1.6938)% — (1.6938)? — 2
= 4.8594 — 4.8690 = — 0.0096
Thus, the root lies between 1.6938 and 2.

Fifth approximation: Taking x, = 1.6938, x, = 2, f(x,) = — 0.0096 and f(x,) = 2. Then the next

approximation to the root is given by

Xe =Xg ——————— f (%)
T flgy - )
2 —-1.6938
= 1.6938 - ————— (-0.0096)
2 +0.0096
= 1.6938 + 0.0015 = 1.6953
Now, flxg) = f(1.6953)

= (1.6953)% — (1.6953)? — 2
= 4.8724 — 4.8740 = - 0.0016
Therefore, the root lies between 1.6953 and 2.

Sixth approximation: Taking x,, = 1.6953, x; = 2, f(x,) = — 0.0016 and f(x,) = 2. Then the next

approximation to the root is

X1 =X
Xy = X9 —————2—— f(x,)
’ ° f(xl)_f(xo) 0
2_1.6953
_ _ 2216955 60016
16953 = 50016 ¢ )

1.6953 + 0.0002 = 1.6955

Hence, the root is 1.695 correct to three places of decimal.

Example 5. Find a real root of the equation f(x) = xe*— 3 = 0, using Regula-Falsi method correct

to three decimal places.

Sol. We have flx) =x*-3=0
Then f(1) =1e'-3 =-0.2817
and f(1.5) = (1.5)e® - 3 = 3.7225.

.. The root lies between 1 and 1.5. Therefore, taking x, = 1, x; = 1.5, flx;) = — 0.2817 and

flx,) = 3.7225. The first approximation to the root is
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First approximation:

X1

X =X —f( )
P fly = flxg)
-1 - L(—o.zsw)
3.7225 +0.2817
14 2105 052
4.0042
Now, flx,) = £(1.0352)

1.0352¢10%52 — 3
29148 - 3 = - 0.0852.

Thus, the root lies between 1.0352 and 1.5. Then taking x,, = 1.0352, x; = 1.5, f(x,)) = - 0.0852
and f(x,) = 3.7225.

Second approximation: The next approximation to the root is

X1

" = T )
- 1.0352 - % (~0.0852)
= 1.0352 + (3)2(3)23 = 1.0456
Now, fxy) = f(1.0456)

= 1.0456¢"04%¢ — 3
= 29748 - 3 = -0.0252.

Thus, the root lies between 1.0456 and 1.5. Then taking x, = 1.0456, x, = 1.5, f(x,) = —0.0252
and f(x,) = 3.7225.

Third approximation: The next approximation to the root is

X -
xp=xg— 0 ()
e f(x1) f(xo) 0
1.5 -1.0456
= - ———(-0.0252
1.0456 3.7225 + 0.0252 ( )
0.0115
———=1.0487
= 1.0456 + 37477
Now, flx,) = f(1.0487)

= (1.0487)e! 0487 _ 3
= 29929 - 3 = - 0.0071
Thus, the root lies between 1.0487 and 1.5.

Fourth approximation: Taking x, = 1.0487, x; = 1.5, f(x,) = — 0.0071 and f(x,) = 3.7225. Then
the root becomes

X1

0 f( )

x5=

f(x0)
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1.5 -1.0487
= 10487 — 37705 1 0.0071

0.0032
3.7296
Now, flxs) = f(1.0496)
= (1.0496) 104 _ 3
= 29982 — 3 = - 0.0018.
Thus the root lies between 1.0496, and 1.5.

Fifth approximation: Taking x,= 1.0496, x; = 1.5, f(x,) = - 0.0018 and f(x;) = 3.7225. Then
the next approximation to the root is given by

(~0.0071)

= 1.0487 +

= 1.0496

X1 =%
Xo =X~ 0 f(xy)
o f(x1) - f(xp) 0
1.5-1.0496
=1.0496 - ————— (—0. 0018)
3.7225+0.0018

= 1.0496 + M: 1.0498.
3.7243

Hence, the root is approximately 1.0498 correct to three decimal places.

Example 6. Find a real root of the equation x* — log, x — 12 = 0 using Regula-Falsi method correct
to three places of decimals.

Sol. Let flx) =x* —log, x =12 =0
So that fi3) =3%-log,3 — 12 = — 4.0986 and f(4) = 4> - log, 4 — 12 and 2.6137

Therefore, f(3) and f(4) are of opposite signs. Therefore, a real root lies between 3 and 4. For
the approximation to the root, taking

X, =3, x, =4, flx,)) = - 4.0986 and f(x,) = 2.6137.
First approximation: By Regula-Falsi method, the root is

© N TR ) )

4-3

=3 "T°  (4.0986)
2.6137 + 4.0986
4.0986
_ -3.6106
3+ $7123

Now, fx,) = f(3.6106)

= (3.6106)% - log, (3.6106) — 12
= 13.0364 — 13.2839 = — 0.2475.

Second approximation: The root will lies between 3.6106 and 4. Therefore for next
approximation, taking

x, =3.6106, x; = 4, f (x;) = - 0.2475 and f(x,) = 2.6137. Then the root is

BN T ) )
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4-3.6106
= - ———(-0.2475
36106 2.6137 +0.2475 ( )

0.0964 _

=3.6443
2.8612

= 3.6106 +

Now, flx;) = f(3.6443)
(3.6443)? — log, (3.6443) — 12
13.2809 - 13.2932 = - 0.0123

Third approximation: The root lies between 3.6443 and 4. Therefore, taking x, = 3.6443,
x; = 4, flx)) = - 0.0123 and f(x,) = 2.6137. Then the root is given by

X1 =X

Xy, =X - 7 f (%)
T f(a) - f(x)
a3 - 200 0103
2.6137 +0.0123
0044
= 36443 + 5 o = 36459
Now, fix,) = f(3.6459)

(3.6459)% — log, (3.6459) — 12
13.2926 — 13.2936 = — 0.001

Fourth approximation: The root lies between 3.6459 and 4. Therefore, taking x, = 3.6459,
x; = 4, fix,)) = - 0.001 and f(x;) = 2.6137. Then the root is

X1 =%

X5 =X) ——————— f (%))
f(x)=f(x0)
4-3.6459

_ _ A9 6001
36459 — 5 m 0,001\ )

0.00035

_ — 3.6460
= 3.6459 + - -
Now, fxg) = f (3.6460)

= (3.6460)* - log, (3.6460) — 12
= 13.2933 - 13.2936 = — 0.0003
Fifth approximation: The root lies between 3.6460 and 4. Then for next approximation,
taking x, = 3.6460, x; = 4, f(x,) = — 0.0003 and f(x,) = 2.6137. Then the root is
X1~ %o

O ) - f(x)

4-3.64
= 3.6460 — _4-36460 (—0.0003)
2.6137 +0.0003

f(xo)

x6:x

0.00011

= 3.6460 + = 3.6461

Hence the root is approximated by 3.646 correct to three decimal places.
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and

to four decimal places. Similarly the other roots of this equation are 1.8342 and -2.4909.

and

Example 7. (1) Solve x> — 5x + 3 = 0 by using Regula-Falsi method.
(2) Use the method of Falsi Position to solve x> — x — 4 = 0

Sol.
(1) Let flx) =x*-5x+3
Since £0.65) = 0.024625

£(0.66) = — 0.012504
Hence root lies between 0.65 and 0.66.
Let x, = 0.65 and x; = 0.66

Using method of Falsi Position,

X1 =%
X=Xy~ ——— f (%)
f(n)=f(%)
= 0.65 - 0.66 - 065 (0.024625)
~0.012504 — 0.024625
= 0.656632282
Now, flx,) = - 0.00004392

Hence root lies between 0.65 and 0.656632282.

Using method of Falsi Position,

BN TR ) )

~oks 0.656632282 — 0.65
- | =0.00004392 — 0.024625

= (0.656620474

](0.024625)

59

Since x, and x, are same up to 4 decimal places hence the required root is 0.6566 correct up

(2) Let flx) =x*-x-4
Since f(1.79) = — 0.054661

£(1.80) = 0.032
Hence root lies between 1.79 and 1.80.
Let x, = 1.79 and x, = 1.80

Using method of Falsi Position,

X — X,
Xy =Xy ——————f (%)
f(x)=f(x)
1.80-1.79
= - —————(-0.054661
179 0.032 + 0.054661 ( )

1.796307
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Now, flx,) = - 0.00012936
Hence root lies between 1.796307 and 1.80.

Using method of Falsi Position,

X1 =%

X3 =X, ——f(x())
f(x)=f(x)
1.8 —1.796307
) -0.00012936
= 1.796307 — (0.032 +0.00012936 ]( :

1.796321
Since x, and x, are same up to 4 decimal places hence the required root is 1.7963 correct up

to four decimal places.

Example 8. Find the root of the equation tan x + tan h x = 0 which lies in the interval (1.6, 3.0)
correct to four significant digits using of Falsi Position.

Sol. Let f(x) =tanx +tanh x =0
Since f(2.35) =-0.03
and (2.37) = 0.009
Hence the root lies between 2.35 and 2.37.
Let X, =235 and x; = 2.37.

Using method of Falsi Position,

X1 X

TR S Gy )
o35 272235 (403
0.009 +0.03

0.02
— 235 + —2%(0.03)=2.365
35+ 3039003

Now, flx,) = - 0.00004
Hence the root lies between 2.365 and 2.37.

Using method of Falsi Position,

X1 X

X3 =X ——————— f (%)
f(x)=f(x)
= 2.365 — M(—O.OOOOLL)
0.009 + 0.00004
_ 2365 + 200 (0.00004)
0.00904

= 2.365

Hence the required root is 2.365 correct to four significant digits.
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PROBLEM SET 2.2

1. Find the real root of the equation x*> — 2x — 5 = 0 by the method of Falsi Position correct

to three decimal places. [Ans. 2.094]
2. Find the real root of the equation x log,, x = 1.2 by Regula-Falsi method correct to four

decimal places. [Ans. 2.7406]
3. Find the positive root of xe = 2 by the method of Falsi Position. [Ans. 0.852605]
4. Apply Falsi Position method to find smallest positive root of the equation x — ™ = 0 correct

to three decimal places. [Ans. 0.567]
5. Find the real root of the equations:

(@) x = tan x [Ans. 4.4934]

(b) ¥ -log,x-12=0 [Ans. 3.5425]

(c) 3x =cos x + 1 [Ans. 0.6071]
6. Find the rate of convergence of Regula-Falsi method.
7. Find real cube root of 18 by Regula-Falsi method. [Ans. 2.62074]

8. Discuss method of Falsi Position.

m ITERATION METHOD (METHOD OF SUCCESSIVE APPROXIMATION)

This method is also known as the direct substitution method or method of fixed iterations.

To find the root of the equation f(x) = 0 by successive approximations, we rewrite the given
equation in the form

X = g(x) ..(1)
Now, first we assume the approximate value of root (let x,) , then substitute it in ¢(x) to have
a first approximation x, given by

x, = glx,) .(2)
Similarly, the second approximation x, is given by

x, = g(x) ..(3)
In general, X, =8kx) ..(4)

2.6.1 Procedure For Iteration Method To Find The Root of The Equation f(x) = 0
Step 1: Take an initial approximation as x,,
Step 2: Find the next (first) approximation x; by using x; = g(x,)
Step 3: Follow the above procedure to find the successive approximations x;,, by using
x,,=8kx),i=123..

Step 4: Stop the evaluation where relative error <g, where ¢ is the prescribed accuracy.

Note 1: The iteration method x = g(x) is convergent if |g1 (X)| <1

Note 2: When ‘gl (x)‘ >1=g'(x)>lor g' (x)<—1, the iterative process is divergent.
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2.6.2 Rate of Convergence of lteration Method
Let f(x) = 0 be the equation which is being expressed as x = g(x). The iterative formula for solving
the equation is
X = 8()
If a is the root of the equation x = g(x) lying in the interval Ja,b[, o = g (o).
The iterative formula may also be written as

Xit1 :g(x+xi—0€)

Then by mean value theorem

X, =8() + (x; —a)g’ (c) Wherea<c <b
But g(a) =a
= X =0+ (x,—a)g (c)
= X -0 =(x—-0aog () (1)
Now, if ¢,,,, e, are the error for the approximation x, , ; and x;

Therefore, €1 =X, —0, & =Xx—0

i+1 i+1
Using this in (1), we get
¢ =68 ()
Here g(x) is a continuous function, therefore, it is bounded
|g' (ci )| <k, where k e ]a,b[ is a constant.

e, S ek

i1

or —<k

e

Hence, by definition, the rate of convergence of iteration method is 1. In other words,
iteration method converges linearly.

Example 1. Find a real root correct upto four decimal places of the equation 2x — log,, x —7 = 0
using iteration method.

Sol. Here, we have  f(x) =2x —log,; x -7 =0

Now, we find that f(3) =—-1447 = -veand f (4) = 0398 = +ve

Therefore, at least one real root of f(x) = 0 lies between x = 3 and x = 4.

Now, the given equation can be re-written as

1
x= 5 [log,, x + 7] = g(x), say.

1
Now, g (x) P from which we clearly note that |g1(x)| <1 forall x e (3, 4).

Again since |f(4)| <|f(3)|, therefore, root is nearer to x = 4. Let the initial approximation be

X, = 3.6 because f(3.6) tends to zero. Then from the iterative formula x,,, = ¢(x,), we obtain

1 1
x, =g (x) = > [log,, x, + 71 = > [log,, 3.6 + 7] = 3.77815

x, = g (x,) = g (3.77815) = 3.78863
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x, =g (x,) = g (3.78863) = 3.78924
x, =g (xy) = g (3.78924) = 3.78927

Hence, the root of the equation correct to the four places of decimal is 3.7892.

Example 2. Solve x = 0.21 sin (0.5 + x) by iteration method starting with x = 0.12.
Sol. Here, x = 0.21 sin (0.05 + x)
= flx) =021 sin (0.5 + x) (1)

Here we observe that |f(x)| < 1.

= Method of iteration can be applied.
Now, first approximation of x is given by
xM =021 sin (0.5 + 0.12) = 0.21 sin (0.62)
= 0.21(0.58104) = 0.1220
The second approximation of x is given by
x@ =0.21 sin (0.5 + 0.122) = 0.21 sin (0.622)
= 0.21(0.58267) = 0.1224
The third approximation of x is given by
x® =021 sin (0.5+0.1224) = 0.21 sin (0.6224)
= 0.21(0.58299) = 0.12243
The fourth approximation of x is given by
x® =021 sin (0.5 + 0.12243) = 0.21 sin (0.62243)
= 0.21(0.58301) = 0.12243
Here, we observe that x® = x®).

Hence, the required root is given by x = 0.12243.

1
Example 3. The equation sin x = 5x — 2 can be put as x = sin™! (5x — 2) and also as x = 5 (sin x +2)

suggesting two iterating procedures for its solution. Which of these, if any, would succeed and which would
fall to give root in the neighbourhood of 0.5.

Sol. In First case, d(x) =sin! (5x - 2)
5

o = J1-(5x—2)

¢'(x)| > 1 for all x for which (5x — 2)?> <1 or x < 3/5 or x < 0.6 in neighbourhood

of 0.5. Thus the method would not give convergent sequence.

Hence,

In Second case, o(x) = = (sin x + 2)

o'(x) =

COoS X

gl
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, 1
Hence, |07 (x)|< 5 for all x because |cosX|<1

¢’(x) will succeed.

1
Hence taking x = ¢(x) = 5 (sin x + 2) and initial value x,, = 0.5, we have the first approximation

x, given by

1
X =5 (sin 0.5 + 2) = 0.4017

1
=5 (sin 0.4017 + 2) = 0.4014

=
N
|

1
3 = 5 (sin 0.4014 + 2) = 0.4014

Hence up to four places of decimal, the value of required root is 0.4014.

Example 4. Find the real root of the equation cos x = 3x — 1 correct to three decimal places, using
iteration method.

Sol. Here, we have  f(x) =cos x — 3x + 1 (1)

We observe that fl0) =2 =+veand f(r/2) = -3 (n/2) + 1 = —ve
b1
= Roots lies between 0 and 5
1
Now, the given equation can be re-written as x=3 (cos x + 1) = g(x) (say)
sinx

Then, we have g (x)=- 3 -

Hence iteration method can be applied.

< (x)| <1 in (0, ®/2)

Take the first approximation x,=0

Then we can find the successive approximation as:
1
x, = glxy) = 3 [cos 0 + 1] = 0.667
1
x, =g(x) = 3 [cos (0.667) + 1] = 0.5953
1
x, =g8(x,) = 3 [cos (0.5953) + 1] = 0.6093
1
x, =8(xy) = 3 [cos (0.6093) + 1] = 0.6067

1
xs = glx,) = 3 [cos (0.6067) + 1] = 0.6072

1
X, = 8lxs) = 3 [cos (0.6072) + 1] = 0.6071

Now, x; and x, being almost same. Hence the required root is given by 0.607.
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Example 5. Find the real root of equation f(x) = x> + x> — 1 = 0 by using iteration method.

1
Sol. Here, f(0)= -1 and f(1) = 1 so a root lies between 0 and 1. Now, x = \/m so that,
1
1
¢ () == ——p
2(1+ x)e’/2
We have, o'(x)| <1forx<1
Hence iterative method can be applied.
Take, X, = 0.5, we get
1
xl = ¢ (XO) = E:081649
1
x2 — ¢ (xl) — m:0741%
xg = 0.75487
Example 6. Find the cube root of 15 correct to four significant figures by iterative method.
Sol. Let x = (15)1/3 therefore x> — 15 = 0
Real root of the equation lies in (2,3). The equation may be written as
15+ 20x - x° 6%
x = 0 =
3X2
Now, o'(x) =1- ) therefore |¢’ (x)| <1 (for x ~ 2.5)
15+ 20%, — X3
Iterative formula is x,,, = % (1)
Put i =0, Xy = 2.5, we get x; = 247
Put i =1in (1), x, = 2.466 (wWhere x; = 2.47)
Similarly, X, = 24661

Therefore 3/20 correct to 3 decimal places is 2.466.

Example 7. Find the reciprocal of 41 correct to 4 decimal places by iterative formula
X, =X (2 - 41x).

Sol. Iterative formula is x,,; = x; (2 - 41x)) (1)
Putting i =0, X, = %y (2 - 41x)
Let x, = 0.02 then x, =(0.02) (2 - 0.82) = 0.024

Putting i =1in(1)  x,=(0.024) {2 — (41 x 0.024)} = 0.0244
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Putting i =2in (1) x, = 0.02439
Therefore reciprocal of 41 is 0.0244.

Example 8. Find the square root of 20 correct to 3 decimal places by using recursion formula

1 20
i+1 2 xi+x_i ‘

=
Il
|

. 1 20
Sol. Put i =0, x5 = E XQ*‘%
Let x, =45
x, = 1 4.5+§ =447
2 45
Put i=1 x,= 1 4.47+£ =4.472
2 4.47
Put i =2,x= 1‘ 4472 + 2 =44721.
2 4472

Therefore /20 = 4.472 correct to three decimal places.

Example 9. Show that the following rearrangement of equation x> + 6x> + 10x — 20 = 0 does not
yield a convergent sequence of successive approximations by iteration method near x =1,
x = (20 - 6x% — x3)/10.

Sol. Here x = m: f(x)
’ 10
—12x-3%*
10
Clearly, f'(x) < — 1 in nbd of x =1 Hence

the sequence < x, > does not converge.

Hence, f(x)

f’ (X)| > 1 and therefore the method and hence
Example 10. Find the smallest root of the equation

{1—x+ xzz_ x32+ x42_ x52+...=0.}
(1) 1) I 1) I 1))

Sol. Written the given equation as

X2 X3 X4 5

1+ 2 a2 T e i 2
2n @Y 4y (5hH

Omitting x? and higher powers of x, we get x = 1 approximately.

+ .= 0(x)

Taking X, = 1, we obtain

1 1 1 1
I+ v )
() 1) A 30 e 1)

X = 0(xy) = + ... = 12239

2 3 4 5
x, = 0(r) =1+ (1.2239)"  (1.2239) +(1.2239) _(1.2239) . = 13063

(21 (31)° (a1y? (51)°
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Similarly, X, = 0(x,) = 1.38
x, = 0(x;) = 1.409
x; = 0(x,) = 1.425
Xo = 0(x;) = 1.434
x, = 0(x,) = 1.439
xg = 0(x;) = 1.442

Values of x, and x, indicate that the root is 1.44 correct to two decimal places.

PROBLEM SET 2.3

1. Use the method of Iteration to find a positive root between 0 and 1 of the equation

xe* — 1. [Ans. 0.5671477]
2. Find the Iterative method, the real root of the equation 3x - log,, x = 6 correct to four

significant figures. [Ans. 2.108]
3. Solve by Iteration method:

@xX+x+1=0 [Ans. —0.682327803]

@) i 2 [Ans. —0.420365]

x-1

() ¥=2%-4=0 [Ans. 2.5943]

4. By Iteration method, find ,/30. [Ans. 5.477225575]

5. If f(x) is sufficiently differentiable and the iteration x, , = F (x,) converges, prove that the
order of convergence is a positive integer.

2 3 4
6. The equation f(x) = 0, where f(x) = 0.1 — x + X > = X 5+ X > —.. has one root in the
2n° @3H @
interval (0,1). Calculate this root correct to 5 decimal places. [Ans. 0.10260]
7. The equation x* + ax + b = 0 has two real roots o, and B. Show that the iteration method
X2 +b
X, =-|" g | is convergent near x = a if 2o <|a+p|.

NEWTON-RAPHSON METHOD (OR NEWTON’S METHOD)

This method can be derived from Taylor’s series as follows:

Let f(x) = 0 be the equation for which we are assuming x, be the initial approximation and
h be a small corrections to x,, so that

fxy+h) =0
Expanding it by Taylor’s series, we get
h2
Axy + h) = flxy) + hf'(x,) + o fixp) +..=0

Since h is small, we can neglect second and higher degree terms in /i and therefore, we get

flxg) + hf" (x)) =0
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f(%o)
From which we have, h = — (%) where [f’(x)! 0].

Hence, if x;be the initial approximation, then next (or first) approximation x, is given by

f
X; =Xy +h=x,- ,(XO)
(%)
The next and second approximation x, is given by

o - f(x)
? o(x)

f(xn)
In general, X, =X, — 2
" (%)
This formula is well known as Newton-Raphson formula.

The iterative procedure terminates when the relative error for two successive approximations
becomes less than or equal to the prescribed tolerance.

2.7.1 Procedure for Newton Raphson Method to Find the Root of the Equation f(x) =0

Step 1: Take a trial solution (initial approximation) as x,. Find f(x,) and f’(x,).

f
Step 2:  Find next (first) approximation x, by using the formula x, = x, - f’((xx(;))
Step 3: Follow the above procedure to find the successive approximations x, , , using the

()
(%)

Step 4: Stop the process when |Xn+1 —Xn| < g, where ¢ is the prescribed accuracy.

formula x, , = x , where n =1, 2, 3,...

2.7.2 Order (or Rate) of Convergence of Newton-Raphson Method

Let o be the actual root of equation flx) = 0 i.e, fla) = 0. Let x, and x, , be two successive
approximations to the actual root o. If ¢, and ¢, are the corresponding errors we have, x, = o
+e,and x, ., = o + ¢, ;. By Newton’s-Raphson formula,

f(a+e,)
w1l = G T f'((x+ en)

n+1°

2

F(0)+enf’ (o) + 5 () +

€, = €,— 5 (By Taylor’s expansion)
f(o)+e,f” (o +%f’”(oc)+...
o2
enf’(oc)+?”'f”(oc)+...
€hy1 = €~ ] [ f (o) = 0]

2
F/(0) + e (o) + 5 f 7 (0) +
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. éf'(w
T (o) e (@)
& f"(Ot)

2
f (o) {1 +e,

(On neglecting high powers of e,)

(o) é{vm%+

(o) 2| f(a)

%ggmweﬁﬁw}
o e 2f) 2[f(

f//((x)
~oF (@) (Neglecting terms containing powers of e,)

Hence by definition, the order of convergence of Newton-Raphson method is 2 i.e., Newton-
Raphson method is quadratic convergent.

This also shows that subsequent error at each step is proportional to the square of the
previous error and as such the convergence is quadratic.

Example 1. Find the real root of the equation x*> — 5x + 2 = 0 between 4 and 5 by Newton-
Raphson’s method.

Sol. Let flx) =x*-5x+2 (1)
Now, fd) =42-5x4+2=-2
and f(5) =5*-5%x5+2=2
Therefore, the root lies between 4 and 5.
From (1), we get f'x)=2x-5 ..(2)
Now, Newton-Raphson’s method becomes
o —x - f,(xn)
! (%)
~ X2 — B, + 2
= xn — —an — 5
2
or x = T2 0. .(3)
2%, -5

Let us take x, = 4 to obtain the approximation to the root by putting n = 0, 1, 2... into (3),
we get
First approximation:
X5-2 #-2 14

T 2% -5 2(4)-5 =g = e
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Second approximation: The root is given by

_xP -2 (46667 -2 19.7781

= = - = 45641
2x,-5 2(46667)-5 43334

X

Third approximation: The root is given by

x5 -2 (456417 -2 188310

X3 = = = =4.5616
2x, -5 2(4.5641)-5 4.1282
Fourth approximation: The root is given by
2 2
-2 (4.5616)" -2 .
Y = X3 ( ) —188082:4.5616

2x; -5 2(4.5616)-5 41232
Since x, = x,, hence the root of the equation is 4.5616 correct to four decimal places.

Example 2. Solve x° + 2x% + 10x — 20 = 0 by Newton-Raphson’s method

Sol. Let flx) = 2% + 2x% + 10x — 20
= f'(x) =3x* + 4x + 10
Now, by Newton-Raphson method, we have

f ()

Xpg1 =%, — f'(x )
n
_x, +2x; +10x, =20
! 3x2 +4x, +10

2(x; +x; +10)
3x% +4x, +10
Clearly, f(l)=-7<0and fi2) =16 >0

Therefore root lies between 1 and 2.

or xn+1 =

Let x, =12 be the initial approximation then

First approximation:

2(xg +x5 +10)

T B2 g + 10
2((1.2)° +(1.2)° +10) _ 26.336
T 3120 +4(12)+10 1912
or x, = 13774059

2(x +x7 +10)
3x7 + 4x, +10

2(1.3774059)° +(1.3774059)* +10 _ 29021052

3(1.3774059)2 + 1.3774059+10  2.201364
1.3688295

Second approximation: x, =

or X,

(1)
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hird X3 +x3 +10)
Third approximation: x, = 32+ 4% +10
5+4x,+10

2(1.3688295)° +(1.3688295)° + 10 _ 28.876924
T 3(1.3688295)° + 4(1.3688295) + 10 21.0964

or x, = 1.3688081
2(x3 +x5 +10)
Fourth approximation: x, =m
2(1.3633081)° + (1.3688081)° + 10 _ 28.876567
T 3(1.3683081)° + 4(1.3688081) +10  21.09%614
or x, = 13688081
Hence the required root is 1.3688081.
Example 3. Find the real root of the equation x log,, x = 1.2 by Newton-Raphson’s method.
Sol. Let flx) =xlog,,x-12=0 (1)
Then fl =-12
fi2) =21log,2-12=-0.5979
f3) =3 log,,3 - 12 = 02314
Therefore root lies between 2 and 3.
Let us take X, = 2, then from (1)
1
fx) =log,, x + XX log,, e = log,, x + 0.4343 (2)
Now, by Newton’s-Raphson method, we have
X, =X, - f(x,)
n+1 n f,(xn)
_ . Xplogyo x, —12
~ 7" logyg X, +0.4343
04343 x, +1.2
or n=0,1,2, 3. ..(3)

Y1 = W'
Putting n = 0 in (3), we get first approximation
0.4343x, +1.2
log 4 Xy + 0.4343
04343(2)+12 20686
logy (2)+0.4343  0.7353
or x, = 28133

Putting n = 1 in (3), we get second approximation

First approximation: x, =

Second approximation:

04343x;+ 1.2

27 log,y % + 04343
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0.4343(2.8133)+1.2  2.4128
- logy, (2.8133) + 0.4343 ©0.8835
x, = 27411
Putting n = 2 in (3), we get third approximation

Third approximation:
04343 x, +1.2
P logy x, +0.4343

| 04343(27411)+12  2.3905
" logy (2.7411) +0.4343  0.8722

, = 2.7408
Putting n = 3 in (3), we get fourth approximation

X

Fourth approximation:
0.4343 x5 +1.2
x
Y logg x3 +0.4343

| 04343(27408)+1.2 23903
" logyo (2.7408) +0.4343  0.8721

x, = 2.7408
Since x, = x,, hence the root of the equation is 2.7408 correct to four decimal places.

Example 4. Find the real root of the equation 3x = cos x + 1 by Newton'’s method.
Sol. Let flx) =3x-cosx-1=0 (1)
So that flo) =-2
f(1l) =3 -cos1-1=14597
So the root lies between 0 and 1.

Let us take x, =06
From (1) f(x) =3 +sin x (2
Therefore the Newton’s method gives
X
) ()

T )

X, sin x,, +cos x, +1 3)
i 3+sinyx,

X

First approximation: Putting n = 0, in (3) we get first approximation
X sin xy +cos x5 +1

s 3+ sin x;
_ (0.6)sin (0.6) + cos (0.6) +1
3 +sin (0.6)
_ (0.6)(0.5646) +0.8253 +1  2.16406
3 +0.5646 3.5646

x, = 0.6071
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Second approximation: Putting n = 1, in (3) we get second approximation

X, sin x; +cosx; +1

T2 = 3+sin x;
_ (0.6071) sin (0.6071) + cos (0.6071) + 1
- 3+ sin (0.6071)
~ (0.6071)(0.5705) +0.8213 +1 _ 21677
- 3 +0.5705 35705
or x, = 0.6071

Since x; = x, Therefore the root as 0.6071 correct to four decimal places.

Example 5. Find the real root of the equation log x — cos x = 0 correct to three places of decimal
by Newton-Raphson’s method.

Sol. Let flx) =logx—cosx=0 (1)
So that f(1) =-0.5403
f(2) = 1.1092
The root lies between 1 and 2.
Also, f(1.1) =log 1.1 — cos 1.1

= 0.0953 — 0.4535 = — 0.3582
f(1.2) =1log 1.2 —cos 1.2 = - 0.18
f(1.3) =log 1.3 — cos 1.3 = — 0.0051
f(1.4) =logl4 — cos 1.4 = 0.1665
Thus the root lies between 1.3 and 1.4.

From (1) fx) = % + sin x (2

Then by Newton’s-Raphson method, we get
x
oo - f ()
f'(x4)

log x,, —cos x,

Using (1) and (2) X, =X, —

1 .
— +sinx,,

Xn

x, + x> sinx, —x, log x,, + x,, cos x,,

= ..(3
nel 1+ x, sin x,, ©)

or X

Let us take x, =13

Now putting n = 0 into (3), we get first approximation
First approximation:

2 .
_ X+ X sin x, — X, log X + X cos x

1+ x, sin x,

_(13)+ (1.3)* sin (1.3) - (1.3) log (1.3) + (1.3) cos (1.3)
- 1+ (1.3)sin (1.3)
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1.3 (1 +1.2526 — 0.2623 + 0.2674)
1+1.2526

2.93501

2.2526
Now putting n = 1 into (3), we get second approximation

= 1.3029

or xl =

Second approximation:

X, + X7 sinx; —x; log x; + x; cos x4

X, =

1+ x; sin x4

1.3029 + (1.3029)" sin (1.3029) — (1.3029) log (1.3029)
~ +(1.3029) cos (1.3029)
- 1+ (1.3029) sin (1.3029)

1.3029 (1+1.2526 —0.2645 + 0.2647)
B 1+1.2564

or X, = 29401 _ 1.3030
2.2564

Hence the required root is 1.303 correct to three decimal places.

Example 6. Evaluate 12 to four decimal places by Newton’s iterative method.

Sol. Let x = 12 =>x2-12=0 (1)
Therefore Newton'’s Iterative formula gives,
f ()
et SN F(x,)
x-12 1 12
X1 = Xy~ 2x, ) *u X, ..(2)
Now since f(3) =-3 (-ve) and f(4) = 4 (+ve)

Therefore the root lies between 3 and 4.
Take x, = 3.5, equation (2) gives

1 12

x, = 23463+ 2| - 34641
2 34643

x, = (36814 2 | = 34641
2 34641

Since, x, = x; up to four decimal places. So we have V12 = 3.4641.
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Example 7. Find a positive root of (17)3 correct to four decimal places by Newton-Raphson’s
method.

Sol. The iterative formula for the given equation is

1 k
Xpe1 = g[zxn +;] (1)

n

17. Take x, = 2.5 because 3/8 =2, 3/27 =3
0 in (1), we get

Here k
Putting

1 17
First approximation: x, = 3 2xg +?
0

_ 1 5+—17 = 2.5733
T3 625 ) T
Putting n = 1 in (1), we get

Second approximation:

1 17
x2 = 5 2x1+x—2

1 17
X, = 5(5.1466+ 6 ) = 25713
Putting n = 2 in (1), we get
Third approximation:
1 17
x3 = :—3[2X2+X—§]
1 1
= —=| 51426+ ——— | =
Xy = 3( 66 j = 2.57128

Putting n = 3 in (1), we get

1 17
x4 = 5 2x3 +?

1 17
x, = 5(5.14256+—): 2.57138

Fourth approximation:

6.61148
Since x, and x, are accurate to four decimal places hence the required root is 2.5713.

Example 8. Using Newton’s iterative method, find the real root of x sin + cos x = 0, which is near
X = m correct to 3 decimal places.

Sol. Given, flx) =xsin x + cos x = 0 therefore f’(x) = x cos x

X, SiN X, + COS X,
n
X, COS X,

The iteration formula is, x,,, = x

With Xy =T



76 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

First approximation:

The first approximation is given by

Xo SIN Xg + COS X
X, =Xy -
Xp COS Xo
sin 1+ cos
v, =m— D EEEPT ) go33

TTCOS T

Similarly successive iterations are x, = 2.7986, x, = 2.7984, x, = 2.7984.
Since x, = x, hence the required root is 2.798 correct to three places of decimal.

Example 9. Find the real root of the equation x = e™ using the Newton-Raphson’s method.
Sol. We have flx) =xe* -1 then f'(x) = (1 + x)e*
Let x, =1 then,

First approximation:

e~y 1.1
v =1-| S5 F3l Lty | = 06839397

Now, f(x;) = 0.3553424 and f’(x,) = 3.337012
So that,

Second approximation:

4
) = 0.5774545

x, = 0.6839397 — (m

Third approximation:
x, = 0.5672297
Similarly, x, = 0.5671433
Hence the required root is 0.5671 correct to 4 decimal places.’

Example 10. Using the starting value 2(1 + i), solve x* — 5x3 — 20x? — 40x + 60 = 0 by Newton-
Raphson’s method given that all the roots of the equation are complex.

Sol. Let flx) = x* - 5x% + 20x% - 40x + 60
So that f(x) =4x> - 15x2 + 40x — 40
Therefore Newton-Raphson method gives,

f (%)

T (R,
Xt —5x2 +20x% —40x, +60
m T 4x% 1502 4+ 40x, — 40
3x* - 103 + 20x2 - 60
el T 4@ 15 + 40x, — 40
Put n = 0, take x, = 2 (1 + 7) by trial, we get
x, = 1.92(1 + i)
x, = 1915 + 1.908i
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Since, imaginary roots occur in conjugate pairs roots are 1.915 + 1.908i upto 3 places of

decimal. Assuming other pair of roots to be o + i, then

or

o+iBf+a—ip

Sum = |+1915+1908 | =20, + 383 =5
+1.915-1.908¢
= o = 0.585
Also, products of roots are (o + B?) [(1.915)> + (1.908)%] = 60
- B = 2.805

Hence other two roots are 0.585 + 2.805i.

Example 11. Apply Newton's formula to prove that the recurrence formula for finding the nth roots

, (n-1)x]' +a
of a is X =T g
nx)'
Hence, evaluate (240)17°.
Sol. Let x =a/" = x"=a or X"-a=0
Let flx) =x"-a=0
= fx) =nx"L
Now, by Newtons’s-Raphson method, we have
v = f(x:)
BTN T )
(n-1)x +a
T ~(1)
nx;

1

Now to find the value of (240)!/>
We know that (243)1/5 = (3515 =3

Take a =240 and n = 5 we get
4x° + 240
X, = ——— (2
i+1 5Xi4 ( )

First approximation:
Let i = 0, x; = x, = 2.9 (say), then from above equation (2), we get
4x5 +240  4(29) +240
X = =
! 5xg 5(2.9)*

4(205.111)+240  1060.444
= 5x707281  353.6403

2.99

Second approximation:
Leti =1, x;, = x; = 2.99 (say), then from above equation (2), we get
4x3 +240  4(2.99)° + 240

5x¢ 5(2.99)*

X, =
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4(238.977) + 240
= = 2.9925
399.627

Hence, the required value of (240)'/> correct to three places of decimal is 2.993.
Example 12. Determine the value of p and q so that rate of convergence of the iterative method

N
Xy =PX, +q 2 for computing N3 becomes as high as possible.

Sol. We have x® = N therefore f(x) = x3 - N.
Let o be the exact root, we have o = N.

. N
N=o’inx, =px +q —5, we have

Substituting x, = o +e, x,, ;= +e ,

n+1’
n

O€3

o+e, . =pla+e)+qg (a+en)2

0(3

e 2
a2(1+"j
o

2
=plo + ¢,) + go. (1+%)

2
— P(OL + en) + qo [1—2%+3(%) —]

2
= p(o + e,) + goo — 2ge, + 3q%’ - .

=p(a+e)+q

= e, =p+g-1o+@p-2q9e +0(@e)+.
Now for the method to become of order as high as possible i.e., of order 2, we must have
p+g=1and p-29=0so that p =2/3 and q = 1/3.

PROBLEM SET 2.4

1. Use Newton-Raphson method to find a root of the equation x> — 3x — 5 = 0.
(U.PT.U. 2005) [Ans. 2.279]
2. Find the four places of decimal, the smallest root of the equation e™ = sin x. [Ans. 0.5885]

3. Find the cube root of 10. [Ans. 2.15466]
S N

4. Show that the square roots of N = AB is given by JIN = 2 + S where S = A + B.

5. Use Newton-Raphson method to obtain a root, correct to three decimal places of following
equations:

X

(a) sin x = > [Ans. 1.896]
®) x +log x =2 [Ans. 1.756]

(c) tan x = x [Ans. 4.4934]
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6. Using N-R method, obtain formula for /N and find /20 correct to two decimal places.

[Ans. 4.47]
7. Find cube root of 3 correct to three decimal places by Newton’s iterative method.
[Ans. 1.442]
RS
8. Find the positive root of the equation ex =1 + x + o + B e"3* correct to 6 decimal places.
[Ans. 2.363376]
9. Apply Newton’s formula to find the values of (30)'/°. [Ans. 1.973]

) 1 [T ()
filw) 20 [F )]

10. Prove the Chebyshev formula x; = x, for the roots of the

equation f(x) = 0.

m SECANT METHOD

The Secant method is similar to the Regula-Falsi method, except for the fact that we drop the
condition that f(x) should have opposite signs at the two points used to generate the next

approximation. Instead, we always retain the last two points to generate the next. Thus, if X, _,

and X, are two approximations to the root, then the next approximation X,,; to root is given
by

o (xn _xnfl) —
T = f(xn)—f(xnfl)f(x”)’ "l -

Geometrically, in Secant method we replace the function f(x) by a straight line passing

through the points (x,,f(x,)) and (x,_,, f(x,_;)) and take the point of intersection of the straight

line with the x-axis as the next approximation to the root. In contrast to the Regula-Falsi method,
the Secant iteration does not bracket the root and it is not even necessary to bracket the root to
start the iteration. Hence, it is obvious that the iteration may not always coverage on the other
hand, it generally converges faster. Thus, by dropping the necessity of bracketing the root, we
improve the rate of convergence, however, in some cases, the iteration may not converge at all.

2.8.1 Procedure for Secant Method to Find the Root of £(x)=0
Step 1: Choose the interval [Xp,X;] in which f(x)=0 has a root, where X; > Xg.

Step 2: Find the next approximation X, of the required root using the formula
(X1 —%0)
Xy, =X ————— (X
2= ) — (%) (x1)

Step 3: Find the successive approximations of the required root using the formula

_ (xn - xnfl)
xn+1 - 811 TN . v
f(xn)_f(xnfl)

Step 4: Stop the process when the prescribed accuracy is obtained.

flx,), n=1,23,...
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2.8.2 Rate or Order of Convergence of Secant Method

On substituting x, =&+¢, , etc. in (1) we obtain the error equation as

€, —€,_ +¢g,

el =&~ ( 1)f(£:‘ ) (2)
f(&+8n)_f(g+8n71)

On expanding f(§+¢,) and f(§+¢,4) in Taylor’s series about the point & in (2), and

using f(§) = 0, we obtain

umta)| e f @ 5L @ |

€11 =& _[

On simplifying, and neglecting higher powers of ¢,, we get

Sn+1 = angn_l (3)
1f®)
c=—
where, 2 f,({%)
Now, we seek a relation of the form
€41 = kel (4

where constants k and p are to be determined.
We have from equation (4), €, =ke, | or g, ; = K ”g}/ b ..(5)
Substituting €,,; from (4), and ¢, from (5), into the error equation (3), we get
el = ck )/ p8511+p)/ p ...(6)

On comparing the powers of ¢,, we have

_1+p
p
or pPP-p-1=0
1++/5 1-+/5 1++/5
Roots of above equation are 2\F and 2\/— . Taking, p = T\F = 1.618 and neglecting

the other, we obtain from equation (4), the rate of convergence for the Secant method as p = 1.618.
The constant k is determined from (6), and it is given by k = ¢#/¢*D.

The convergence of the secant method is superlinear
The purpose of this document is to show the following theorem:

Theorem 2.1: Let {x; }: be the sequence produced by the secant method. Assume the sequence

converges to a root of f (x) =0, i.e, X — X, f(x,)=0. Moreover, assume the root X, is regular:
f'(x..)#0. Denote the error in the kth step by E, = x, — X.,. Under these assumptions, we have

Eip =~ CEk(1+J§)/2 ~ CE®, for some constant C. (1)

The theorem is implied by three lemmas.
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Lemma 2.1: Under the assumptions and notations of the theorem:
1f(x.)
E, . ~=Z1 =/
k1% ) k—1Ek . ..(2)

Proof. Using the definition of x,,,, we find

— _ X =Xk
Ep1 = X =% = % f(xk)f(xk)_f(xk_l) Koo - -(3)
We can replace x, , ; by x, + E, and x, by x, | + E, _,, so that
X +Ep =X, —E_4 y
f(xe +Ep)— f(x. + Ef_) -

To simplify this expression, we apply the Taylor expansion of f(x,, +E) and f(x,+E_;)

Epiq =x. +E — f(x. +Ey)

(4

about X :

Flra +E0) = f(x.)+ f(x.)Es +% F)EE +OED) 5)

fOa+E) = flx)+ f(x)E +%f’(xm )E; 4 +O(E; 1) . ..(6)

Subtracting f(x, +E_;) from f(x, +E.):

fOta +E )= fxw +Eey) = f/(xu)(E —Ep )+ %f”(xm WE; —Ef_1)+O(E})-O(EL1) ...(7)

Since O(EJ)-O(EZ,) is of a smaller order than E, and E,_, we omit this term. Using

E,f —E,f_l = (E, - E._ (E, + E,_;), we organize the above expression as
[ +E) = f(xo +Ey) = (B = E_)(f () + f(x)(E + Exy) - -(8)
The left of (8) appears at the right of (4), we derive the following expression:
Ex By
E,.,=E —f(x.+E) v -
b B G P+ ) B+ Ee ) )
Using a Taylor expansion for f(x, +E,) about X, (recall f(x.)=0) we have
7 1 ”,
f(xw)+5f (. )E
Epir = B —Ey ; 1, : ...(10)
f(xoo)—i_if (xoo)(Ek+Ek—1)
Now we put everything on the same denominator:
, 1 ” ’ 1 ”
f(xm)+§f (xm)(Ek+Ek_1)—f(xm)—§f (x..)Ex
Eyy1 = Ex 1 . ..(11)
f (xm)"'if (%o )(Eg + Ex_1)
which can be simplified as
1.,
Ef (xoc )Ek—l
Biw = By (12)

Fr)+ g F(x)E+ By
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1.,
Because E, —0 as k— s f7(x)E +Eq) is negligible compared to f(X.), so we omit

the second term in the denominator, to find the estimate

1f),

k+1 ~Em kEk-1. ..(13)
Lemma 2.2: There exists a positive real number v such that:
Ewr1 = CE(1E = E-™Y" = KE, for some constants C and K. ..(14)
Proof. Assuming the convergence rate is , there exists some constant A, so we can write
1 s
B, ~AE, and E, =~ AE[_, or (K Ek) =~ B, ...(15)
Now we can replace the expressions for E, and E, , in the left hand side of (14):
1 s
Eeen zC(K) EV'E, ~ BEL. .(16)
. . r . 1+1/r A r — A
Together with the assumption that E,,, =~ AE;, we obtain B = EEk So, we set K—E
and the lemma is proven. [Q.E.D.]
Lemma 2.3: For the r of Lemma 2.1, we have
1++/5
EXV _CEl o= +2‘/—. (17)
Proof. r satisfies the following equation:
1
1+ =r=r+l=r> =>n?—r—1=0. ..(18)

r

1+
The roots of n*> —r -1 =0 are r = — We take the positive value for r.

1++/5
2

Example 1. A real root of the equation f(x) = x3 — 5x + 1 = 0 lies in the interval (0.1). Perform
four iterations of the Secant method.

Sol. We have Xo =0, =1, flx) =1, f(lx) =-3
By Secant method.

The constant r = =~ 1.618 is the golden ratio.

First approximation:

First approximation is given by

= | e = 028

flx,) = - 0.234375
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Second approximation:
Second approximation is given by
X2 =%
BT L%xz)—f(xl)
flx;) = 0.074276

Third approximation:

} fx,y) = 0.186441

Third approximation is given by
Xy =X~ | —/——F—
v {f(xs)_f(xz)
flx,) = - 0.000470

Fourth approximation:

} flx,) = 0201736

Fourth approximation is given by

Xy — X3
Xs =x, —|—————| flx,) = 0201640
o {f(m)—f(%)} !
Example 2. Compute root of the equation x’¢™? = 1 in the interval [0.2] using Secant method. The

root should be correct to three decimal places.
Sol. We have, x, = 1.42, x; = 143, f(x;) = - 0.0086, f(x;) = 0.00034
By Secant method,
First approximation:
First approximation is given by
Y1~ %o
non {f(xl)—f(%)
143 -1.42
%o =143 - [0.00034 +0.0086
flx,) = - 0.000011
Second approximation: Second approximation is given by

} flx)

] (0.00034) = 1.4296

{ 2 }f( )
X, =x,— | ———— | fix
’ 2 f(x)=f(x) g
1.4296 —1.42
Xy = 1.4296 — (-0.000011) = 1.4292
—0.000011 - 0.00034

Since x, and x, agree up to three decimal places hence the required root is 1.429.

Example 3. Find the root of the equation x> — 5x* — 17x + 20 = 0 by Secant method.

Sol. Taking initial approximations as, x, = 0, x; = 1 and f(x;) = 20, f(x,) = — 1, then by Secant
method the next approximation is given by

X1 —Xp

e {f(xl)—f(xo)} fo)
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1-0
x, =1- (-1) = 1 - 0.04762 = 0.95238
-1-20

Hence, flx,) = 0.13824
Now the next approximation can be obtained by using x; and x, in Secant method.

Similarly, other approximations can be obtained by using two recent approximations in
Secant method.

These are x, = 0.95816, Ax;) = 0.00059
x, = 095818,  f(x;) = 0.00011
x. = 0.95818.

5
Thus the approximate root can be taken as 0.65818, which is correct up to five decimals.

Example 4. Find the root of the equation x> — 2x — 5 by Regula-Falsi and Secant method.
Sol. Solution by Regula-Falsi method:

Here flx) =x®-2x -5 then f(2) =-1, fi3) = 16 and f(2) f(3) <0
Therefore initial approximations are taken as x; =2, x; =3 and f (x)) = -1, f (x;) = 16
Then by Regula-Falsi method the next approximation is given by
X1 = %o
X, =X~ | T~ —~ | fix)
P {f(xl)—f(xo)} i
(3-2)

%, =3~ [1671) 16 = 3 - 09412

x, = 20588

Hence, f(x,) = - 0.3911 and f(x,) f (x,) < O, therefore the next approximation to the root is
obtained by using the values of x; and x, in Regula-Falsi method as

X —X
RS EICSCA ] R

(2.0588-3)
, = 20588 - A~

(-0.3911- 16)
x, = 20813

Hence, f(x;) = - 0.1468 and f(x,) f (x;) < 0, therefore the next approximation is obtained by
using the values of x; and x; in Regula-Falsi method.

x (=0.3911) = 2.0588 + 0.0225

Proceed in similar way to obtain the iterations as follows

x, = 2.0899, fx) <0
X, = 2.0928, fix) < 0
x, = 2.0939, fx) <0
x, = 2.0943, fx) <0
X, = 2.0945, flxg) < 0
x, = 2.0945.

9
Thus, the root can be taken as 2.0945 correct up to four decimals.
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Solution by Secant method: Taking initial approximations as x, = 2, x;, = 3 and
fxy) = -1, fix;) = 16, then by Secant method, the next approximation is given by

(%= %) F (%)

X, =X

(%) - (%)
3 (32 16 = 3 — 0.9412
Y2 =97 (16+1 7T
Hence, x, = 20588, flx,) = — 03911

Now, the next approximation can be obtained by using the values of x; and x, in Secant
method. Similarly, other approximations can be obtained by using two recent values of
approximations. These are

x, = 2.0813, fx,) = - 0.1468
x, = 2.0948, fx,) = - 0.0028
s = 2.0945, fxs) = - 0.0006
x, = 2.0945.

Thus, the root can be taken as 2.0945 correct to four decimals.

Example 5. Find the root of the equation f(x) = 4 sin x + x*> = 0 by Secant method.

Sol. In this method we neglect the condition f(x,) f(x, ;) < 0. Initially, take x, = -1, x; = -
2 and f(x,) = — 2.36588, f(x;) = 0.36281, the next approximation to the root by Secant method is
given by
(x=%) (%)

f(x)= (%)
(-2+1)(0.36281)

- [0.36281+ 2.36588]
-2+ 0.13296 = - 1.86704
- 1.86704, f(x,) = — 0.33992

Now, the next approximation x, can be obtained by using the values of x, and x, in Secant
method, which is given by,

X, = (_2)

=
N
1l

Hence, X,

f(xz) - f(xy)
(~1.86704 + 2) (-0.33992)
[-0.33992 - 0.36281]
- 1.86704 — 0.06431 = — 1.93135
Hence, x, = - 193135, f{x;) = — 0.01269

Now, the next approximation x, can be obtained by using the values of x, and x, in Secant
method. Continuing this process and using two recent approximations, to get next approximation,
in Secant method, we get

(-1.86704) —

=
[
1l

=
[
1l

x, = - 193384, f(x,) = 0.00045
x, = - 193375, f(x,) = — 0.00002
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x, = - 1.93375.

Thus, the approximation value to the root is —1.93375, correct up to five decimals.

m METHODS FOR COMPLEX ROOTS

We now consider methods for determining complex roots of non-linear equations. Even if all
coefficients of a non-linear equation are real, the equation can have complex roots. The iterative
methods like the Secant method or the Newton-Raphson method are applicable to complex roots
also, provided complex arithmetic is used. Starting with the complex initial approximation, if the
iteration converges to a complex root, then the asymptotic convergence rate is the same as that
for a real root.

The problem of finding a complex root of f(z) = 0, where z is a complex variable, is equivalent
to finding real values x and y, such that

fe) =fx+iy)=u(xy +iv(xy =0
Where 1 and v are real functions.

This problem is equivalent to solving a system of two non-linear equations in two real
unknowns x and v,

ux vy =0,v(xy) =0

Which can be solved using the methods discussed in previous section.

Example 6. Find all roots of the equation f(x) = x> + 2x*> — x + 5 using Newton-Raphson method.
Use initial approximations x, = — 3 for real root and x, =1 + i for complex root.
Sol. Given flx) =x*+2x2 —x + 5
fx) =3x2 +4x -1
Newton-Raphson formula is given by
_ . fG)
Y1 =%~
f'(x)
For real root: Taken initial approximation as x, = - 3.
f(x0)
f'(x0)
(1)

First approximation: x; =x, -

x, =-3- E7Eiaie 2.928571429
X
Second approximation: x, = x; — M
f(x)
(0.035349848)

x, = — 2928571429 +
13.01530612

x, = — 2925855408

f(x)
f(x)

Third approximation: x, = x, —
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(0.000050045)
, = — 2925855408 + ———— 7
12.97846797

x, = — 2.925851552

Since the second and third approximations are same for five decimals hence the real root is
—-2.92585 correct up to five decimals.

X

For complex root: Initial approximation is x, = 1 + i

First approximation: x; = x, - f,(xo)
f(x)
o (141 +2(1+i) —(1+i)+5
x, =1+i- ‘ ‘
3(1+i)+4(1+i)-1
X = 53-|-1ng114) = 0.486238 + i (1.045871)

Thus 0.486238 + i (1.045871) is the first approximation value of the root. Proceeding similarly,
we get next iterations as

x, = 0.448139 + i (1.23665)
x, = 0462720 + i (1.22242)
x, = 0462925 + i (1.22253)
x, = 0462925 + i (1.22253)

Since the last two iterations are similar, we take 0.462925 + i(1.22253) as the value of the
complex root.

m MULLER’S METHOD

This method can also used to determine the both real and complex root of equation
flx) = 0. Let x,,, x, |, x; be three distinct approximations to a root of f(x) = 0 and let y,,, v, |, v,
be the corresponding value of y = f(x).

Let p(x)=A(x—x)* +B(x—x,)+y; is a parabola passing through the points
(%i_5,Yi2)r (Xi1,Yi1), (x;,Y;), we have
Vi = Axi = ;) +B(xi —x;)+y; (1)
Yioa = AXig = X;)* +B(x;p = X,)+ ¥ ~(2)
Equations (1) and (2) can be written as
A(xig = %) +B(xiy = X;) = Yig —Y;
Ax; =) +B(x; 5 —x;) = Yio Vi
A= (2 =%;) (i —yi) — (i —x0) (Yi2 — i)
(i1 =xi22) (i =) (x;0 = X7)

Therefore

_ (- )* Wiy = ¥) = (g = %) Wia — W)
(X2 = X)Xy =) (X2 = X7)

B
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From A and B, the quadratic equation p(x)=A(Xx—x)?+BX—X;)+Y; =0 gives the next

—B+B* —4Ay; 3)
X = eee

' 2A

But direct solution from (3) lead to loss of accuracy therefore for maximum accuracy,
equation (3) can be written as

approximation

Xiy1 —

Zyi

B+./B?-4Ay:

Note: If B >0, we use +ve sign with square root of the equation and if B < 0, we use
—ve sign with square root of the equation.

Xiga =% =~

Example 7. Find the root of the equation y(x)= x> —x* —x—1=0 Muller’s method, taking initial
approximations as x,= 0, x;= 1, x, = 2
Sol. Let x-2=0,x-1=1,x=2
Then Yio="Lyi1=-2y =1
A= K2 =X) (Y= ¥) = (61 =%)(¥i2 — %)
(Xi—1 = Xi—2)(Xi_1 = %) Xi_2 = %)
Ao 0-2)(2-1)-(1-2)(-1-1)
(1-0)(1-2)(0-2)

A=2
B= (%2 = %) Wiy =) = (i = %) W2 = 11)
(Xi_p = %) (Xig = X)) (X2 = %;)

B (0-2)* (2-1)-(1-2)* (-1-1)
a (0-1)(1-2)(0-2)

The next approximation to I?che 5desirec'l root is
Xiy1 =X _L
B+./B* —4Ayi
Xijg =2- 2x1 (taking +ve sign)
5+4/25-4x2x1 & &
2

X =2-—— __ =1780776
5+4.123106

The procedure can now be repeated with three approximations as 1, 2, 1.780776.
Let X, =1,%_4=2,x =1.780776
Then Vi =—2,¥i_; =1y, =-0.304808

A= (g = X)(Yi1 — i) = (i = %) (Wi o — Vi)
(g = X)Xy = %)X 2 — ;)
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_ (1-1.780776)(1+0.304808) — (2 —1.780776)(~2 + 0.304808)
B (2—-1)(2—1.780776)(1-1.780776)

= 3.780773
B = (x; 5 —x; )? (Vi —y;)— (x4 — x )? (Vi —Yi)
(i = X0 ) (X1 =) (Xip — ;)
B - (1-1.780776)* (1+0.304808) — (2 — 1.780776)* (-2 + 0.304808)
(1-2)(2-1.780776)(1-1.780776)
B = 5.123098

2y;
B+4/B* - 4Ay,

2% (~0.304808)
5.123098 ++/(5.123098)? — 4x 3.780773x (—0.304808)

The next approximation to the desired root is x;, =x; —

X;p =1.780776 -

x4 = 1.837867
The procedure can repeated with three approximations as 2, 1.780776, 1.837867.

Let X;_o =2,x;_41 =1.780776, x; =1.837867
Then Yioo =1, v, =—-0.304808, y; = —0.007757
A = (X = X)W1 —Yi) = (X = %) Yi2 — i)
(%0 = x;0) (X1 = X)X —X;)
(2-1.837867)(—0.304808 + 0.007757) — (1.780776 — 1.837867)(1+ 0.007757)
A= (1.780776 —2)(1.780776 —1.837867)(2—1.837867)
A =4.619024
B = (Xi_p —%; )2(%‘71 =)= (x4 —xi)z(%fz -Y)

(Xizp =2 (X2 —x)(Xi_p — X;)

(2-1.837867)%(~0.304808 + 0.007757) — (1.780776 — 1.837867) (1 + 0.007757)
B = (2-1.780776)(1.780776 — 1.837867)(2 — 1.837867)

B =5.467225
The next approximation to the desired root is

2y;

B+4/B* —4Ay;

X, =1.837867 —

Xiyp =X —

2x(~0.007757)
5.467225 +(5.467225)” — 4x 4.619024 — (0.007757)

x,,, = 1.839284

The procedure can now be repeated with three approximations as 1.780776, 1.837867, and
1.839284.
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Let x;_, =1.780776, x;_; =1.837867, x; =1.839284
Then v, = —0.304808, y,, = - 0.007757, y; = — 0.000015
A (X0 =x) Wi —Y;i) = (X =) (Yio —V;)
B (i1 = X0 )X — X)) (X0 — X;)
_ (1.780776 —1.839284)(—0.007757 +0.000015) — (1.837867 — 1.839284)(—0.304808 + 0.000015)
(1.837867 —1.78.776)(1.837867 —1.839284)(1.780776 — 1.839284)

A

A = 4.20000

B= (X2 =% Wi = Yi) = (i = %) Y2 — Y1)
(i =2_1)(xi_1 = x;) (%X, —X;)

_ (1.780776 -1 .839284) (~0.007757 +0.000015) — (1.837867 — 1.839284)* (—0.304808 +0.000015)

B
(1.780776 —1.837867)(1.837867 —1.839284)(1.780776 —1.839284)
B = 5.20000
The next approximation to the desired root is
2y;
X =%~
B+ ./B? — 4Ay,
2x(-0.000015)
x,, = 1839284 — >
52+ \/(5.2) —4x4.2x(-0.000015)
x,, = 1.839287

i+1

Hence the required root is 1.839287

Example 8. Using Muller’s method, find the root of the equation y(x) = x3 — 2x — 5 = 0, which
lies between 2 and 3.

Sol. Let X, =19, x,=2x=21

Then Yo, =-1941,y  =-1,y = 0061
A - (xi-z —X; ) (yi_l - yi)— (xi—l — X ) (yi-z - yi)
(i1 = %i0) (im0 = %) (%0 = %)
A (-0.2) (-1.061) —(-0.1) (-2.002)
B (0.1)(-0.1)(-0.2)
A - 0.2122 -0.2002 _
- 0002
_ (X —x; )2 (i —1-y;)= (x5 —x )2 (Vi — ;)
B =
(%2 = X1 ) (%20 = %) (X2 = %;)
5 - (-0.2)* (=1.061) — (=0.1)* (2.002)
(<0.1) (<0.1)(-0.2)
B - —0.04244 + 0.02002 1101

—0.002
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The next approximation to the desired root is

X =X — 2yi
T e B - aay,
a1 2% (0.061)
11.21+,(1121)* - (24x0.061)
122
x, =21 0 - 2.004542

i+1

 1121+11.1445
The procedure can now be repeated with three approximations as 2, 2.1 and 2.094542.
Let x,, = 2, x,, = 2.1, x, = 2.094542

Then y, , = -1, y,, = 0.061, y, = — 0.0001058

(xip =) (Vi =)= (%i = %) (Vi — i)

(xi—l —Xio ) (xi—l —X; ) (xi-z —%; )
4= (2-2.094542) (0.061 +0.0001058) — (2.1 — 2.094542) (-1 + 0.0001058)
(2.1-2)(2.1-2.094542) (2-2.094542)

A=

A = 6.194492
B = (xi-z —X; )2 (%‘-1 _yi)_(xi—l _xi)z (%‘-2 _yi)
(xi-z —Xi1 ) (xi—l - X ) (xi-z - xi)
(—0.094542)2(0.061 1058) — (0.005458 )2 (-0.9998942)
(-0.1) (0.005458) (—0.094542)

B =

B = 11.161799

The next approximation to the desired root is

2y;
i+ 1 i
’ B+ B - 44y,

X, = 2.094542 —

2x(—0.0001058)

11161799 +/(11.161799)? — 4(6.194492) (~0.0001058)

0.0002116
. = 2.094542 = 2.094551
Tint i 11.161799 + 11.161916

Hence the required root is 2.0945 correct up to 4 decimal places.

m LIN BAIRSTOW METHOD

Let the polynomial equation be
p(x) =ax" + ax" + ax"? + xS+ +a,  x+a,=0 (1)
where a, # 0 and all 4} s are real.

For polynomials, if the coefficients are all real valued then the complex roots occurs in
conjugate pair. Therefore we extract the quadratic factors that are the products of the pairs of



92 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

complex roots, and then complex arithmetic can be avoided because such quadratic factors have
real coefficients.

This method extracts a quadratic factor from polynomial given by equation (1), which gives
a pair of complex roots or a pair of real roots.

Let us divide the given polynomial p (x) by a quadratic factor x> + px + g, we obtain a
quotient polynomial Q, , (x) of degree (n-2) and a linear remainder of the form Rx + S. Therefore

p, () =%+ px+qQ, ,(x)+ (Rx + ) (2

where Q, 5 (¥) =bx"2 + bx"> + bx"*+.4+b ,x + b,
If (x2 + px + q) is a factor of equation (1) then the remainder terms must vanish, therefore
the problem is then to find p and g such that
R(p,q) =0and S (p,q) =0 )]
If we regularly change the values of p and 4, we can make the remainder zero or at least
make its coefficient smaller, however this equation (3) will normally not be so, for the approximated
values of p and q.

Since R and S are both functions of the two parameters p and g then the improved values
are given by
R(p + Ap, g + Aq) =0 .(4)
Sp+Ap,qg+Aq) =0
Expand equation (4) by Taylor’s series for a function of two variables, were the second and
higher order terms are neglected. We get

oR oR
R(p, — Ap+— Ag=0
(pq>+ap P+aq q
S S
S(n, P+ Ag=0 .5
(Pq)+app " q ©)

On solving equation (5), we get

..(6)

Now the coefficients of b/s, R and S can be obtained by comparing the like powers of x in
(2). ie.,
A" + ax"™ 4 a )" +ax"3 o, )+ a, X +a, = (X% + px + q)

X (b2 + bx"3 + bx"* + . b, x* + b, x + b, ,) + (Rx + S)
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= a, =b,
a; = by + pb,
a, = b, + pb; + qb,
a = by + pb, + qb,

= pbn—Z + qbn—.’» +R

a, =S +gqb, ,
Hence, b, =a,

by =a, - pb,

b, =a, - pb, - qb,

by = ay - pb, - qb,

b, =a,-pb., -qb.,

R =a,-pb,,-qb, 4

S =a,-qgb,, .(7)
Using b, =a,-pb,,—qb, ,,r=1,23.n ..(8)
where b, =a, b_, =0, Also from (8)

b,y =a,,-pb,,—qb,;

Therefore a,, =b,, +pb,,+qb, ,
and b, =a,-pb,—4b,,
Therefore a, =b,—-pb, _,-qb,,
So equation (7) becomes R = b, ,and S =b, + pb, , ..(9)

For partial derivaties of R and S equation (8) can be used i.e., differentiate equation (8) with

respect to ‘p’ and ‘q’.

o, b v p oty B

ap ap ap
or % b ..(10)

dp  Ip
b b

— (—;br = br_z +p (_;4 + (_;72

q q q
or %o 1 _ wherer =1, 2,3, 4,.. (1)

dg g
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Now, an equation (10) and (11) shows that % :aﬂ =0 ..(12)
dg  dp
Now set, - a—b' = C,4 so that - a—b' =C. ,r=1223,. ..(13)
ap ap
ob,._ ob,_
Thus from (10) _% = by tp—Hg—=>
ap dp dp
Cr—l = br—l -p Cr—2 - qcr—B
or C =h-pC1-0C -(14)
b d a(pby)
where C, =0and ¢ " P (2, —pby) p orLy =0y (15)
From equations (9) and (15),
oR d JdR
ap = ap(h’l—l) ap n-2
oR d OR
— - —(,_ —=-C,_
aq = aq( n 1) = aq n-3
oS oy, o
— - A4 -
0 P ap(ph"l—l)
aS ab,_, d
—=-C,, + —+b, | —
= ap n—1 p ap n—1 ap (P)
= _Cnfl 0- pcn72 + bnfl
oS o, o
— - A4
2 P aq(ph"l—l)
== Cn—2 - pcn—3
On substituting these values in equation (6), we get
Ap — _|: _R(Cnfz + pcnf?) ) + Scnf?) :|
Cn72 (Cn72 + pcnf?; ) - [_Cn73 H_Cnfl - pcn72 + bn—l]
Since R =b, ,and S = b, + pb__,, therefore
Ap _ _|: _bnflcnfz _pbnflcn73 +bncnf3 + pbnflcnf3 i|
Cn72 Cn72 + pcn72 + pcnf3)_ Cn73cn71 _pcn72cn73 + bnfl Cn73]

bn Cn—3 _bn 1 Cn—Z

=" (1
Cﬁ—z _Cn 3 (Cn—l _bn—l) ( 6)

Ap
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bn—l (Cn—l - bn—l) - bn Cn—Z

Similarl Ag = -
imilarly q C’372 - Cn—3 (Cnfl _bn—l)

Then the improved values of p and g are given by
p,=p+ Ap and q, =g + Aq

The method for computation of b, and C, can be given by

ay, q a, A3 e e e e Oy a,_ a,

-p| - -pby -pb -pb, .. .. .. .. —-pb,5 -pb,_, -pb,

-q | - - —qby —qby ... ... .. .. —qgb,_s —qb,3 —qb,
by b b, by .. oo i o by, b, b,

-p| - -pCy -pC -pCy .. .. .. .. =-pC,3 —pC,_, -

-q | - - —qCy —qCy .. .. .. .. —qC,_4 —qC,5 -
o G G G Coo G

can be obtained when p and g have been determined to the desired accuracy. This polynomial is
called the defaulted polynomial. Another quadratic factor is of obtained using this default
polynomial.

If the initial approximation of p and g are not known then the last three terms of given

&1 il
—_—, q = —
CHPR

polynomial a, ,x*+a, , x +a, = 0 can be used to get approximations as p, = = B,

Example 9. Find the quadratic factor of the equation x* — 6x3 + 18x> — 24x + 16 = 0 using
Bairstow’s method where p, = — 1.5 and q, = 1. Also, find all the roots of the equation.

Sol. Let the quadratic factor of the equation be x> + px + g. Using Bairstow’s method we
find the values of p and 4.

First approximation: Let p, and g, be the initial approximations, then the first approximation
can be obtained by p, = p, + Ap and q, = q, + AQ. Because given equation is of the degree four
then.

B by C, -G,
C3 -G (Cs—bs)

bs (Cs —b, ) -b,C,

AQ = - (2
C3 =G (G~ by)
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Now to obtain the values of b, and C; we use the following procedure:

1 -6 18 —24 16
1.5 1.5 -6.75 15375 -6.1875
-1 -1 4.5 -10.25
1 45 1025 —-4.125 -0.4375
1.5 1.5 —-45 7125 9

-1 -1 3 —4.75
1 -3 475 6 3.8125

Here from the table b, = 4.125, b, = 04375, C, = -3, C, = 475, C; = 6 therefore after
substituting the values of b, and C, in equations (1) and (2) we get

\, __ 13125+1050

P =7 256+310125)

Ap = ~0.3949
(~30.6875)

Ag = -
(52.935)

A = 0.74974

Therefore the first approximation are given by
Py =Py + Ap = -1.5 + (-0.3949) = -1.8949
q, =q,+Aq =1+ 074974 = 1.74974
Second approximation: Using p, = -1.8949 and ¢, = 1.74974 for second approximation, then
P, =Py + Apand g, = q; + Aq.
Now to obtain the values of b, and C; we use the following procedure:

a |1 -6 18 —24 16
1.8949 1.8949 -7.7787 16.0526 —1.4487
~1.74974 ~1.74974 71828 —14.8229

b, |1 —41051 84715 -07645 —-0.2716
1.8949 1.8049 —4.188 4801 154044
~1.74974 ~1.74974 3.8673  —4.433

C, |1 —22102 2533 79038 10.699

After substituting the values of b, and C, in equations (1) and (2) we get

2.53722752

AP = 557781
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Ap = ~0.09919
(~5.93879)

Al = 557781

Ag = 023218

Therefore the second approximations are given by
p, =p; + Ap = -1.99409
g4, =g, + Ag =1.98192
Third approximation: Using p, = -1.99409 and g, = 1.98192 for third approximation, then
ps =P, + Ap and g, = q, + Aq.
Now to obtain the values of b, and C; we use the following procedure:

a 1 -6 18 —24 16
199400 | 199409 -7.988 160124 -00962
-1.98192 -198192 79394 -159146

h 1 -40059 80299 -0048226 —001082
199400 | 199409 -401173 406046 15952
-1.98192 -1.98192 39873  -4.0357

C. |1 -20118 003625 79995 119055

After substituting the values of b, and C, in equations (1) and (2) we get

o 011997
P = 203367

Ap = - 0.005899

. (~0.36607)
9 =~ 20337
Aq = 0.01800

Therefore the third approximation are given by
ps =p, + Ap = -1.9882
g5 =g, + Aq = 1.9999
Thus, we obtain p = -1.9882 and g = 1.9999. Hence quadratic factor of the given equation
is % — 1.9882x + 1.9999 = 0. Now if root of the quadratic factor is o.%iB, then

200 = 19882 = o = 09941, o2 + B? = 1.9999 = B = 1.0058

Hence a pair of roots is 0.9941 % 1.0058i
Other roots can be obtained by using default polynomial.

Default polynomial is given by byx* + b;x + b, = 0, where b, are given by the same procedure,
when p and g are of required accuracy.
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q |1 -6 18 24 16
1.9882 1.9882 -7.97626 1595299 —0.047343
~1.9999 ~1.9999  8.023198 —16.04687
b, |1 —4.0118 802384 -0.023812 -0.094213

Thus b, = 1, b, = —4.0118, b, = 8.02384 and thus the polynomial becomes 1x? — 4.0118x
+ 8.02384 = 0, whose roots are v = 2.0059, 6 = 2.00005

Hence the pair of roots is 2.0059+ 2.00005i

Example 10. Solve x* — 5x3 + 20x*> — 40x + 60 = 0 given that all the roots are complex, by using
Lin-Bairstow method. Take the values as p, = —4, q, = 8.

Sol. Let the quadratic factor of the equation be x? + px + g. Using Bairstow’s method we find
the values of p and g:

First approximation: Let p, and g, be the initial approximations, then the first approximation
can be obtained p, = p, + Ap and gq, = q, + Ag. Because given equation is of the degree four then

ap = BGBC o
Gy —Ci(C=by)
AC] - _ b?o(c3_b3)_b4c2 (2)

C2~Cy(Cs-by)

Now to obtain the values of b, and C; we use the following procedure:
a; |1 -5 20 —40 60

4 4 4 32 0

-8 -8 8 64

b |1 -1 8 0 4

4 4 12 48 96

-8 -8 24 -96

G |1 3 12 24 4

Here from the table b, = 0, b, = -4, C, = 3, C, = 12, C, = 24 therefore after substituting the
values of b; and C; in equations (1) and (2), we get

(-4 x3-0x(12)

& = 122 -3x(24-0)

Ap = 0.166666
0x(24-0)—(-4)x12

AT == T(12)2-3x(24-0)

Ag = —0.666666
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Therefore the first approximation are given by

Py =p, + Ap =4 + 0.166666 = -3.833334

g, =gy + Mg = 8 — 0.666666 = 7.333334

99

Second approximation: Using p, = -3.833334 and ¢, = 7.333334 for second approximation,
then p, = p, + Ap and g, = q, + Aq.

Now to obtain the values of b, and C; we use the following procedure:

a; 1 -5 20 —40 60
3.833334 3.833334 —4.472220 31.412048 —0.124203
—7.333334 —7.333334 8555551  —60.092609

b; 1 -1.166666 8.194446 -0.032401 -0.216812
3.833334 3.8333334 10.222229 42.486147 87.7763681
—7.333334 —7.333334 —19.555567 —81.277841
C; 1 2666668 11.083341 22.898179  6.2817151

After substituting the values of b, and C, in equations (1) and (2), we get

Ap = —0.015192
Ag = —0.026908

Therefore the second approximation are given by
p, =p; + Ap = -3.833334 — 0.015192 = -3.848526
g, =q, + Ag = 7.333334 — 0.026908 = 7.306426

Third approximation: Using p, = — 3.848526 and ¢, = 7.306426 for third approximation,
then p, = p, + Ap and q, = g, + Aq.

Now to obtain the values of b, and C;, we use the following procedure

a; 1 -5 20 —40 60
3.848526 3.848526 —4.431477 31.796895  0.808398
—7.306426 —7.306426  8.413159 —60.366400

b; 1 -1.151474 8.262097  0.210054 0.441998
3.848526 3.848526 10.379674 43.624369  92.859594
—7.306426 —7.306426 —-19.705810 —82.820859

C; 1 2697052 11.335345 24.128613 10.480733

After substituting the values of b, and C,in equations (1) and (2), we get

Ap
Aq

0.018582

- 0.0002186
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Therefore the third approximation are given by
Py = p, + Ap= -3.848526 + 0.018582 = — 3.829944
q; = q, + Ag= 7.306426 - 0.000218 = 7.306208

Thus, we obtain p = — 3.83 and g = 7.3062. Hence quadratic factor of the given equation is
x? — 3.83x + 7.3062. Now if root of the quadratic factor is o + B> then

200=3.83 = o = 1.915, o2 + B? = 7.3062 = B = 1.9081
Hence a pair of roots is 1.915 + 1.908li
Other roots can be obtained by using default polynomial.

Default polynomial is given by byx* + byx + b, = 0, where b, are given by the same procedure,
when p and g are of required accuracy.

a 1 -5 20 —40 60
3.820044 8820044 -4481248 31453583 0008636
~7.306208 ~7.306208 8548672 —60.002554

h 1 -1170056 8212544 0002255 0.00608185

Thus b, = 1, b, = - 117, b, = 8.2125 and thus the polynomial becomes 1x2 - 1.17x +
8.2125 = 0, whose roots are y = 0.585, 6 = 2.8054.

Hence the pair of roots is 0.585 + 2.8054i.

m QUOTIENT DIFFERENCE METHOD

This is a general method to obtain the approximate roots of the polynomial equations. The procedure
is quite general and is illustrated here with a cubic polynomial. Let the given cubic equation be

flx) = apd + ax® + ayx +a;=0 (1)
and let x;, x, and x, be its root such that 0 < [X| <[Xp| <|Xs]
The roots can be obtained, directly by considering the transformed equation

a® + ax® + ax +a;=0 (2

Whose roots are the reciprocals of those of (1).

We then have Z
ax’+ax’+ax+a =4
So that (a,3° + ax? +a,x + ay) (0 + oy + opx? +..)=1 ..(3)
Comparing the coefficients of like powers of x on both sides of (3), we get
2
1 & % _ &
o0, = —,0,=——, =—> t—3
07 G 2 R 2 g
04 !

Hence, ql(l) =1 __=



ALGEBRAIC AND TRANSCENDENTAL EQUATION 101

0 = %2 - 233
0 el
% &
And so, A1(1) = ql(Z) _ q(l) = AZ(O) =3
In general, Am(m) = @, m=1,23,..0-1)

g, =0, m=223,..,n
That is q,%, g, @V, g, ©?,..., top g’s are 0.

We also set AN =A ® = 0, for all k. [i.e., first and last columns of Q-d table are zero].

The Quotient Difference table for a Cubic Equation

q{ ¢y q5?

A(()l) AQ) AGD Ag-z)
q{V g9 a5

A(()z) AD AD Ag-l)
q q) q5)

A(()3) AQ) AD Ag))

Remarks:

(1) If an A element is at the top of the rhombus, then the product of one pair is equal to that
of the other pair. For example, in the thombus
A
g g5 We have ADgPD= AP.4P
Al(Z)
From which A,® can be computed since the other quantities are known.

(2) If a g-element is at the top, then the sum of one pair is equal to that of the other pair. For
example, in the rhombus
Gy
AP AD We have g0 + AD = g+ AD
Gy

From which g, can be computed when ¢,?, A, A,® are known.

As the building up of table proceeds, the quantities ¢,?, 4,7, 4,? tend to roots of cubic
equations. The disadvantage of this method is that additional computation is also necessary. This
method can be applied to find the complex roots and multiple roots of polynomials and also for
determining the Eigen values of a matrix.

An important feature of the method is that it gives approximate values of all the roots
simultaneously and this fact enables one to use this method to obtain the first approximations of
all roots and then apply a rapidly convergent method such as the generalized Newton method
to obtain the roots to the desired accuracy.
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Example 11. Solve the following equation by using quotient-difference method x> — 6x% +

11x -6 = 0.

Sol. To obtain the roots directly, we consider the transformed equation

Here

Therefore, we have

63+ 11x2-6x+1=0

a, =—6,a2=11,a1=—6anda0=1.
a
9,0 =- & 6
- 11- 36
ql(Z) = _ %% ef = = 4.167
&y -6

&
Al(l) = ql(z) — ql(l) = a = - 1.833

Also 3,9 =0, g,V =0and A,® = % == % = - 0.5454
First two rows containing starting values of
i 7" 75"
AE)Z) Agl) A(zo) Agfl)
6 0 0
0 -1.833 —0.5454 0
The succeeding rows can be constructed as below:
Ao | A 92 A, q3 As
6 0 0
0 -1.833 -0.545 0
4.167 1.288 0.5454
0 -0.5666 -0.2310 0
3.600 1.624 0.7764
0 -0.2556 -0.1105 0
3.344 1.770 0.8869
0 -0.1353 -0.0553 0
3.209 1.8550 0.9422
0 -0.0782 -0.0281 0
3.131 1.9051 0.9703
0 -0.0476 -0.0143 0
3.083 1.9384 0.9846
0 —0.0299 -0.0073 0
3.053 1.961 0.9919
0 -0.0192 —0.0037 0
3.0338 1.976 0.9956

It is evident that g,, q,, g, are gradually converging to the roots 3, 2 and 1 respectively.
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PROBLEM SET 2.5

1. Use Secant method to determine the root of the equation cos x — xe* = 0.
[Ans. 0.5177573637]

2. Using Secant method, find the root of x—™ = 0 correct to three decimal places by taking

x,=1and x; = 1.5. [Ans. 1.114]
3. Apply Muller’s method to obtain the root of the equation cos x — xe* = 0 which lies between
0 and 1. [Ans. 0.518]
4. Solve by Muller’s method x° + 2x* + 10x 20 = 0 by taking x = 0, x = 1, x = 2 as initial
approximation. [Ans. 1.368808108]
5. Find a quadratic factor of the polynomial x* + 5x° + 3x* — 5x — 9 = 0. Starting with Po =3
g, = — 5 by using Bairstow’s Method. [Ans. x* + 2.90255x — 4.91759]

6. Solve the equation x* — 8x> + 39x* — 62x + 50 = 0. Starting with p = 0, g = 0.

7. Find the real roots of the equation x* — 7x* + 10x — 2 = 0 by using Quotient difference
method. [Ans. 5.12487, 1.63668, 0.23845]

8. Solve the following equation x° — 8x* + 17x — 10 = 0 by using Quotient difference method.
[Ans. 5, 2.001, 0.9995]

9. Find all the roots of the equation x* — 5x* — 17x + 20 = 0 by using Quotient difference
method. [Ans. 7.018, -2.974, 0.958]

aaa



CHAPTER 3

Calculus of Finite Differences

m INTRODUCTION

Finite differences: The calculus of finite differences deals with the changes that take place in the
value of the dependent variable due to finite changes in the independent variable from this we
study the relations that exist between the values, which can be assumed by function, whenever
the independent variable changes by finite jumps whether equal or unequal.

The study of finite difference calculus has become very important due to its wide variety
of application in routine life. It has been originated by Sir Issac Newton. It has been of great use
for Mathematicians as well as Computer Scientists for solution of the Scientific, business and
engineering problems. There it helps in reducing complex mathematical expressions like
trigonometric functions in terms of simple arithmetic operations.

m FINITE DIFFERENCES

Numerical methods are very important tools to provide practical methods for calculating the
solution of problems to applied mathematics for a desired degree of accuracy.

If f is a function from x into y for a < x < b such that y = f(x), this meansthat one or more
values of y = f(x) exist corresponding to every value of x in the given range. However if the
function f is not known, the value of y can be obtained, when a set of values of x is given. The
method to find out such values is based on principle of finite differences provided the function
is continuous.

m ARGUMENT AND ENTRY

If y = f(x) be a function assumes the values f(a), fla + h), f(a + 2h), ....... corresponding to the values
of x then each value of x is called argument and its corresponding values of y is called entry.

m DIFFERENCES

Let y = f(x) be a function tabulated for the equally spaced values or argument a = x,, x, + h, x,
+2h, o, xy + 20, X, + nh, where h is the increment given to the independent variable of
function y = f(x). To determine the values of function y = f(x) for given intermediate or argument
values of x, three types of differences are useful:

104
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3.4.1 Forward or Leading Differences

If we subtract from each value of y except y, the previous value of y, we have

Yi = Yo Yo = Y Yz = Yor weeveeees , ¥,— Y, 1 These differences are called the first forward differences
of ¥ and is denoted by Ay. The symbol A denotes the forward difference operator. That is,

Ayy = Y1 = Yo

Ayy =Y -V,

Ay, =Y3- Y,

AY, =VYyi1 =Yy

Also it can be written as,
Af(x) = flx+h) — f(x)
where £ is the interval of differencing.
Similarly for second and higher order differences,
Ay, = Ay, = Ay
Ny, = Ay, - Ay,
A,y =AYy =AY,y
or Ny, = 2y, - Ay,
Ny, = Ny, - A%y,
Ny, =Ny, - Ny,
In general, nth forward difference are given by
Anyr — An_lyr—l _ An—lyr’ or
AMf(x) = A" f(x + h) — A" f(x)
Forward Difference Table:

x|yl Al A A A
Xo | Yo
Ayg
Xo+h |y A%yq
Ay A%y,
Xo+2h |y, Ay, Ay,
Ay, Ay,
Xo+3h | ys A%y,
Ay,
Xo+4h |y,

where x, + h = x;, x; + 2h = x,, ........ , Xy + 1nh =x
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Example 1. Construct a forward difference table for the following values:

x[0 5 10 15 20 25
f(x)|7 11 14 18 24 32

Sol. Forward difference table for given data is:

x| y|Ay Azy A?’y A4y A5y
0| 7
4
5|11 -1
3 2
10 | 14 1 -1
4 1 0
15|18 2 -1
6 0
20|24 2
8
25|32

Example 2. If y = x° + x> — 2x + 1, calculate values of y for x =0, 1,2, 3, 4, 5 and form the
difference table. Also find the value of y at x = 6 by extending the table and verify that the same value
is obtained by substitution.

Sol. For x =0, 1, 2, 3, 4, 5, we get the values of y are 1, 1, 9, 31, 73, 141. Therefore, difference
table for these data is as:

x| y| Ay Azy A?’y
0 1
0

1 1 3 8 6
21 9 14

22 6
3| 31 20

42 6
4| 73 26

68 6
51141 32

100
6 |[241]

Because third differences are zero therefore

Ny, =6 = Ny, - Ny, =6
= Ay26 =6 = Ay, =32
Now, A%y, =32 = Ay, -Ay, =32
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= Ay, - 68 =32 = Ay, =100
Further, Ay, =100 =y, - ys = 100
= Yo — 141 =100 = Yo = 241

Verification: For given function x® + x> - 2x + 1, at x = 6, ¥(6) = (6)°> + (6)> — 2(6) + 1 =241
Hence Verified.
Example 3. Given f(0) = 3, f(1) = 12, f(2) = 81, f(3) = 200, f(4) = 100 and f(5) = 8. From the
difference table and find A° f(0).
Sol. The difference table for given data is as follows:

x| f(x) | Af(x) | A% f(x) | A F(x) | A*F(x) | AF()
0 3
9
1 12 60
69 -10
2 81 50 —259
119 —-269 755
31 200 -219 496
-100 227
4| 100 8
-92
5 8
Hence, A’ f(0) = 755.

Example 4. Construct the forward difference table, given that:

x 5 10 15 20 25 30
y 9962 | 9848 | 9659 | 9397 | 9063 | 8660

and point out the values of A%y, Ay,

Sol. For the given data, forward difference table is as:

X y| Ay | A%y | Ay | Aty
519962
-114
10 | 9848 ~75
-189 2
15 | 9659 -73 -1
—262 1
20 | 9397 72 2
334 3
25 1 9063 —69
—403
30 | 8660

From the table, A%y, A%y is as A%y, = -73 and Aty = 1.
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Example 5. Find f(6) given that f(0) = -3, f(1) = 6, f(2) = 8, f(3) = 12, the third differences being
constant.

Sol. For given data we construct the difference table:

x| f(x) | Af(x) | A% f(x) | A% f(x)
0] -3
9
1| 6 -7
2 9
2| 8 2
4
3] 12
We have, f(6) = f(0+6) = ES 0) = (1+ A)® f(0)

= (1+6A+15A% +20A%)f(0)  [Higher differences being zero]

= £(0)+6Af(0)+15A% £(0)+20A° £(0)
=-3+6x9+15%x(-7)+20x9
= -3 + 54— 105 + 180

= 126.

Example 6. Prove that:
(a) f(4) = f3) + Af2) + A’(1) + A3 f(1).
(b) f(4) = fl0) + 4Af(0) + 6A’f(—1) + 10A%f(-1)

Sol.

() We have,  fi4) - f3) = Af3)
= A + A2)] [Because Af2) = f3) - f2)]
= M) + Af2)
= M) + A1) + AAD)] [Because Af(1) = 2) - f(D)]
= M) + N(1) + A1)

Therefore, f4) = f3) + M(2) + A’f(1) + A*f1)

(b) We have, f4) =B fi-1) = (1 + AP f(-1)

= {1 + C,A+°C,A% + SC,A% f(-1)
(On taking up to third differences)
= f-1) + 5Af(-1) + 10A% (-1) + 10A3f(-1)
= [f=1) + Af(-1)] +4[Af-1)+ Af(-1)] + 6A% f(-1) + 10A3f(-1)
= [f(-1)+ Af(-D)]+4ALF(-1) + Af (-1)] +6A% f(-1)+10A° f(-1)
= £(0)+4Af(0)+6A% f(—1)+10A° f(-1)
Because, FED+Af(-D) = f(-1)+ f(0)- f(=1) = £(0).
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Example 7. Find the function whose first difference is e*.

Sol. We know that Ae® =¢*™" —¢* =¢ (¢! —1), where 1 is the interval of differencing.

X
Therefore, ¢* = hl Ae* =A he
e —1 e —1

X

Hence, required function is given by ——.
e’ =1

Example 8. Find the first term of the series whose second and subsequent terms are §, 3,
0, -1, and 0.
Sol. If the interval of differencing is unity, then
f) = EA2)
= (I+ &7 f2)
=(1-A+A-A+ ... (2).

Since we have five observations, therefore the 4th differences will be constant and 5th
differences will be zero.

x| f(x) | Af(x) | A% f(x)
2 8
-5
3 3 -3 2
4 0 2
-1
5| -1 2
1
6 0
Hence, f1) = f(2) - A(2) + A*A(2) [Higher order differences are 0]

fil) =8—(5)+2 =15

3.4.2 Backward or Ascending Differences

If we subtract from each value of y except y,, the previous value of y, we get y, - y,,

Yo ~Y1r Y3 = Yo weeeeee v, — Y, ;- These differences are called first backward differences of y and are
denoted by Vy. The symbol V denotes the backward difference operator. That is,
VY, =h-Yo
Vi, =¥2=4
Vyn =Yy~ Y

Also it can be written as,

Vi(e+h) = fGet )= f(x)

Similarly, second forward difference is given by,
V2f(x+h) = Vf(x+h)-Vf(x)
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In general,

Vnyr+1 = Vn_lyrﬂ _Vn_lyr/ or

V'f(x+h) = V7 fx+h)-V'f(x)
Backward Difference Table:
x| y| V| v v| V¢
Xo | Yo
Vin
Xl h V2,
Vi vy,
X | Y2 vy, Vi,
Vys Vey,
X3 1 Y3 V2y4
Vy,
Xy | Vs
Example 9. Construct the backward difference table for y = log x given that:
x|10| 20 30 40 50
y| 1 |1.3010 |1.4771 | 1.6021 | 1.6990

and find the values of v3 log 40 and vy* log 50.

Sol. For the given data, backward difference table as:

x v Vy Viy Viy Viy
10 1
0.3010
20 | 1.3010 -0.1249
0.1761 0.0738
30 | 14771 -0.0511 -0.0508
0.1250 0.0230
40 | 1.6021 -0.0281
0.0969
50 | 1.6990

Hence,  V?log40=0.0738 and V* log50 = —0.0508

Example 10. Given that:

x|1(2| 3| 4| 5| 6| 7| 8
y|1]|8(27 |64 125|216 |343 | 512

Construct backward difference table and obtain v* £(8).
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Sol. Backward difference table for given data is as:

f(x)

Vi)

V2 £(x)

V3f(x) | Vf(x)

1

27

64

125

216

343

512

19

37

61

91

129

169

12

18

24

30

36

42

Hence, V*£(8)=0.

Example 11. Construct the backward difference table from the data:
sin 30° = 0.5, sin 35° = 0.5736, sin 40° = 0.6428, sin 45° = 0.7071
Assuming third difference to be constant, find the value of sin 25°.

Sol. Backward difference table for given data is as:

X

y

Vy

sz

Vsy

25

30

35

40

45

0.4225

0.5000

0.5736

0.6428

0.7071

0.0775

0.0736

0.0692

0.0643

-0.0039

—0.0044

—0.0049

-0.0005

-0.0005

Since third differences are constant therefore

Viy,, = — 0.0005

= V2y,, - V2, = 0.0005
= -0.0044 - V2y,. = -0.0005
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= V2., = -0.0039
Again, Vy,s = Vy,, = —0.0039
= 0.0736 — Vs, = ~0.0039
= Vys, = 0.0775
Again, Yao = Yo5 = 0.0775
= 050 - ;= 0.0775
= Y5 = 04225
Therefore, sin 25° = 0.4225

3.4.3 Central Differences

The central difference operator is denoted by the symbol & and central differences is given by,
h h
Sf(x):f(erE)—f(X—E) or

Oy, =Y n~Y_ n or
o

8172 =Yy~ Yy
30 =Y, — Yy

Central Difference Table:

x|y ) &? & &
Xo | Yo
Y1/,
| h 8
Y3/ 8Ys/2
XY 8%y 8y,
s/ 8Ys/2
X3 | Ys 8%y
Y7 /2
Xy | Ys

3.4.4 Other Difference Operators

(a) The Operator E: The operator E is called shift operator or displacement or translation
operator. It shows the operation of increasing the argument value x by its interval of differencing
h so that.
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Ef (x) =flx + h) or Ey, =y,

Similarly,

Eftx + h) = fix + 2h)

= Yxann O E" f(x) = f(x+nh)

In general,

E"y,
In the same manner,
Also,

E7fix) = fix = h)
E?2 fix) = flx - 2h)

E™ fx) = flx - nh)

This is called inverse of shift operator.

(b) Differential Operator D: The differential operator for a function y = f(x) is defined by

Df(x)

D* f(x)

d
Ef(x)

dZ
Wf(x) ... and so on.

The operator A is an analogous to the operator D of differential calculus. In finite differences,
we deal with ratio of simultaneous increments of mutually dependent quantities where as in
differential calculus, we find the limit of such ratios when the increment tends to 0.

(c) The Unit Operator 1: The unit operator 1 has a property that 1. f(x) = f(x). It is also called

identity operator.

(d) Averaging Operator u: The operator | is a averaging operator and is defined by,

MYy

ie., uf (x)

1 h h
5[f(x+5)+f(x—5)}

3.4.5 Properties of Operators
1. The operators A,V,E,5,uand D are all linear operators.
ie, V (af (x+ h) +bd(x + h) = [af (x + h)+bod(x + b)] — [af (x) + bd(x)]
= a[flx + ) = f)] + blo(x + h) - o(x)]
=aVflx + h) + bV ¢(x+h)
Hence, V is a linear operator.
On substituting a = 1, b = 1, we get
VIfx +h) +o6(x+h)] = VAx+h) + Vo + h)
Also on substituting b = 0, we get
Viafix + h)], =avV fix + h)
2. The operator is distributive over addition.
3. All the operators follows the law of indices. i.e.,
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NAT flx) = A flx) = AINf(x)
Also, ALf(x) + 6(0)] = Alo(x) + fix)]
4. E and A are not commutative with respect to variables.
5. If flx) = 0, then it does not mean that either A = 0 or f(x) = 0.
6. Operators E and A cannot stand without operands.

3.4.6 Relation between Different Operators
There are few relations defined between these operators. Some of them are:
1. V=1-ElorE=(1-vV)!

2. A=E-1TorE=1+ A
3. EV=VE=A
4. E=¢P =1+ A, where D is the differential operator.
5. § = EV2_ 12
1
6. W=5 (E?+E"
7. §EY?= A
Proof
3. (EV) flx) =E{V f(x)} = E{f(x) - f (x - h)}
= Ef (x) - Ef (x- 1)
=f+h)—-flx)= Af() (1)
Also, (VE)fx) = V (EF )} = Vf (e + )
= flx + h) - flx) = Af(x) (2)
From (1) and (2), we get EV = Aand VE= A
= EV =VE=A.
4, Ef(x) =f(x+h)
’ hz ” s 7
=flx)+hf (x)+ o F7() e, (By using Taylor’s theorem)
n2
=1.f(x) + hDf (x) + BT D*f (X) +evveenee
=0 f ()
Ef(x) =€ flx) or E=¢"
Since, E =1+ A, therefore A =¢" 1.
5. 8y, =Y, -y, h=E"y-E"y,
2 2
= (EV2 - E12)y
Therefore, 8§ =EV>-E2
1 1
6. hy, =5 [y Bty hJ=— (B2, + EV2y)
x 2 X+ x— 2 x x
2 2
1

== (EV2+ EV2)y,

N
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1
Therefore, u = 5 (EV2 + E17?)
129, — _ o
7. 8E yl’ - 8yx+h - yx_'_g yx_ Ay\
Therefore, SEY2 = A.

Example 12. Show that:
(@) (B2 +E2)(1 + A2 =2+A

1
(b) A= 3 &+ 8 \1+8%/4

Sol. (1) Since 1 + A = E therefore
(EV2+EVH)EV2Z=E+1=1+A+1=A +2.

(b) %82 +31+8 /4
1 2
(EV2 = E-V2)2 4 (EV2 - E-172) \/1+Z (El/z _E—l/z)

E1/2 _p1/2
(E+E'-2)+ (EV-E") |~ 5

NI~ NI~ N

QE-2)=E-1=A
Example 13. Prove that (1) A + V = %_Z QA+N1-V)=1
A

Where A and V are forward and backward difference operators respectively.

AV E-1 1-E*
1. (1 - —— = -
So () (V Ajyx 1_E71 E—-1 ]yx
[E_l}
E-1 E
= =|E-= =(E-E
E
={1+A)-0-V)}y,=(A+V)y,
Ay
Hence, vV A - + V.

2 Q+A) Q- V)y, =10+A) ly,- Vyl
=1+ A) ly,~lv,- v J1=0+ A)ly, ]

115

= E(y, ,) = EE'y_ = 1. y_ (the interval of differencing being 1)

Hence, (1 +A) (1 -V) =1
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Example 14. Evaluate the following:
I. A% (cos 2x)

II. A (3e)

I Atan™ x

IV. A(x + cos x)

the interval of differencing being h.
Sol. 1. Wehave A? (cos2x) = (E-1)?cos 2x because A=E-1.

= (E?-2E+1)cos2x
=  E?cos 2x — 2E cos 2x + cos 2x
= cos (2x + 4h) — 2 cos (2x + 2h) + cos 2x
= cos (2x + 4h) — cos (2x + 2h) — cos (2x + 2h) + cos 2x
= 2sin (2x + 3h) sin (- h) —2 sin 2x + h) sin h
= —2sinh [sin (2x + 3h) —sin 2x + h)]
= —2sinh [2 cos (2x + 2h) sin k]
= —4sin®h cos (2x + 2h).

II. We have A (3¢*) =3(A€¥) =3 (e¥* —¢¥)
= 3¢ (1)

A2(3eY) = A(A3¢") = Af3e* (1)}

= 3 (e'-1) (Ae*) = 3(e"-1) (e - &)
= 3 (e'-1) e (e"-1) = 3¢ (¢"-1)2

III. We have Atan ! x =tan™ (x + h) — tan™ x

(x+h)-x

= fan” 1+ (x+h)x

S
R ETVAREN
IV. We have A (x + cos x) = AX + A COs x

= {(x+h)-x} + {cos (x + h) - cos x}

2x+h h
= h+2sin > sin | =%

2

e B) !
= h-2sin 2 smE-

Example 15. Evaluat . (x+h) ~sin (x+h) where h being the interval of di ]
. —_— + + —— , .
xample valuate sin (x E sin (x + 1) ere h being the interval of differencing

Sol. To evaluate the given problem we use the operator property thatis, A =E-1

2 A? si n)  (E-1) E-1) si h
NowA—sin(x+h)+ :?m(x+ )=( ) sin(x+h)+( ) sin (x + 1)
E Esin (x + h) E sin(x + 2h)
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(E? =2E +1)sin(x +h)

=(E-2+E?") si h
( +E?Y) sin(x+h)+ sin(x+20)

_ [sin (x + 20) — 2 sin (x + 1) + sin 2] + {sin(x+3h)—23in(x+2h)+sin(x+h)}

sin(x + 2h)
2sin(x+2h)[cosh—1]

sin(x + 2h)
=2 (cos h—1) {sin (x + h) — 1}.

=2sin (x +h) [cosh-1] +

1
Example 16. Show that B(m + 1, n) = (=1)™ A™ (—) where m is a positive integer.
n

" » .
Sol. We know that J.e Tdx = e
0

1
Therefore, A" J‘e*”" dx = A" (—j
0 n
[ am o 1
or J.A e dx = A" (—j,
n
0
where for Ame™, n is to be regarded variable and x is to be regarded as constant.
NOW, Alte™hx = Am-1 [e—(n+1)x _ e—nx]
— Am—l X (e—x _ 1) — (e—x _ 1) Am—l X
=" -1 A"2 ™= ..
— (e—x _ 1)m X
o _ _ 1
nx x _1 _ -
Therefore, J. 0 ¢ (e ) "dx = A" (le
Put e™ = z, so that —e™ dx = dz or dx = - (1/2) dz.
0 1
Then, j z, (z=1)" (-1/z) dz = A" (—j
1 n
1
n-1 1
or (=1)y" J.Z 1-2"dz =A™ (—j
0 n
i 1
or J.anl (1 _ Z)(m + 1)-1 dz = (_1)m Al (;j
0

or B (m+1,n =)™ A" (%j
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X

A2
Example 17. Show that e* = (—] e,

5 the interval of differencing being h.

Az_ex ;
Sol. Let f(x) = ¢, then Ef (x) = f(x + h), therefore Ee* = ¢**h.
Now, Af (x) =f(x+h)-f(x)
Aet = e e = e (¢ - 1)
A%* = A (A€) = Ale(E - 1)}
A%t = (- 1) AeT= (@ - 1%

AZ
(f]e" =(A* EN)e'= A*(E' e) = A% (@)

— AZ(exe—h) — _hAz X = et (Eh _ 1)2635.
A2 Ee* o Xth
|55 =elt(e-12e 7 =l =
(E] IS A
5x+12 , , . . .
Example 18. Evaluate A’| —————— |, the interval of differencing being unity.
X" +5x+6
) S5x+12
Sol. We have A* | " 27 = "

12 12
Therefore, AZ2 ZSL = A2 _ ox+12
x* +5x+6 (x+2)(x+3)

= A? 2 + 3 =A|A 2 +A 3
x+2 x+3 x+2 x+3
_Al2 1 3 1 +3 1 _ 1
x+3 x+2 x+4 x+3

1 1
=-24A {(x+2)(x+3)}_3A{(x+3)(x+4)}

) 2[ 1 ~ 1 }
T (e +3)(x+4) (x+2)(x+3)

“3 | (x+4)(x+5) (x+3)(x+4)
~ 4 . 6
B (x+2)(x+3)(x+4) (x+3)(x+4)(x+5)

2(5x +16)
- (x+2)(x+3)(x+4)(x+5)°
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Example 19. Evaluate A" e™*b; where the interval of differencing taken to be unity?
Sol. Given A" ¢™*; which shows that f(x) = ™+,
Now A () = flx + 1) - flw)
. A(e’“'bx) :ea(x+1)+b_eax+b:eax+b(ea_1)
A2(€“+bx) = A (Aea+bx) = A {eax+b(eu _1)}
=(e"-1) (Ae™*h)
= (e = 1) e™ b (e"-1)
= (e=1)2 e+ 0,
Proceeding in the same way, we get
Aneaerb - (Ea _1)n eix + b

Example 20. With usual notations, prove that,

(1) n'h"
M) T (v h) (x +nh)

1 n-1 1 nl[ 1 1i| n-1 -h
|l = ATAl = = A — =] = A
Sol. A (x) (XJ x+h x x(x+h)

|
—
—_
~
=
—
=
+
=
~—

B (—1)A”2[ 1 1y (1 1 }
B x+h «x x+2h x+h

- (—1)A”2[ 2 1 1 }: (—1)A”2{—_2h2 }
x+h x x+2h x(x+h)(x +2h)

_ apare| 2
B x(x+h)(x+2h)

A 318
x(x +h)(x +2h)(x + 3h)

n!'h"
x(x+h)...(x+nh)

= (1"
Example 21. Prove that:

) uf(x)ug(x)—iSf(x)Sg(x)
(a) F{ (J 1 7
8t g(x—E)g(x+§)

Here, interval of differencing being unity.
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7

(b) VZ =2D?2 -1 D3+ E],14 D4~
() V-A=-VA

52
d 1+ (7] = J1+6°u°

1
(e) ud = E(A+V)

Sol.
1
uf(x)ug(x)—ZSf(x)Sg(x)

(a) Here RH.S. is = 1 1
g(x—a)g(x+5)

Now numerator of RH.S. is given by:

- % [El/z + E—l/Z] f(x) . 1(E1/2+ E—l/Z) g(x) _ % (El/z_ E—l/Z) f(x) (El/z_ E—l/Z)g(x)

|
-

1 1 1 1 1
=Z[f(x+§)+f(x ][g(x+— glx — 2)]—Z[fx+— f(x— [gx + >

1
—g(X—E)]
1 1 1 1 1 1
= 7 [f+ gl + 5)+f(x+5)g(x—— +f(x g(x+—f(x— g(x—E)
1 1 1 1 1 1 1
-+ 5) s+ 7)) - flr+ 5) 8- 3) - f(x—E)g(H5)+f(x—§)f(x—§)]
1 1 1 1 1
=5 [fe+3)er-7) + flx-7) g+ 7)1

Therefore right hand side is = 1
o(==2)2)

f x+1 f X—l 1/2 | p-1/2

1 2), 2 J|_E"?+E {f(x)}: {f(x)}
2 g(ﬂé) g(x_;) 2 g(x) g(x)
(b) We know E = e"Pand V =1 - E7, therefore V2= (1 — ¢"D)2,

oo ot oo oor |

3! 4!

= {hD— (hD)z + (hD)3 - (hD)4 F o }
2! 3! 4!
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2 2 >
= h*D? 1+{h—D—(hD) Forerreene H —Z{h—D—(hD) Foreeeene H
2 6 2 6
—thz{l hD+(i+1)(hD)2— .......... }
=hD? |1-hD+-—h"D" —......... =hD? - PDP + — h*D*.........
12 12
E-1
(c) V-A=(1-E)—(E-1)= Tj—(E—l):(E—l)(E-l—l)
(E-1)(1-E") =-

E1/2 -1/2)
2 Yx

1/2
B 1+{(E1/2 _E—l/z)zé (£ +E_1/2)2H "

|
—  —

1/2

2
(E-E7) E2+E2+2)" E+E"
14— L y=| T2y = A

4 4 2

Hence, L.LH.S. = RH.S.
(e) wdy, = W(EV>—E"?)y,

ol

— 1 (EI/Z + E—1/2) [yx+h] E1/2 + E—l/z [ ]
2 2
1 1 1 1
= 5 (yx+h + y ) (y y —h) =5 (yx+h x 5 y y —h)
2 2 T2
1 1 1
= 5 () + 5 (V) =5 (A+V)y,

(A+V).

N | =

Hence, ué =
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Example 22. Evaluate: A" [sin (ax + b)]
Sol. We know Af (x) = flx + h) — f (x) therefore

Asin (ax + b) = sin [a (x + h)+b] — sin)(ax + b)

=2sinﬂ cos |a x+ﬁ +b =2sin% sin |ax+b+
2 2 2

{ . ah . ( ah+nﬂ
Al2sin —sin|ax+b+
2 2

ah+1t)

Therefore, A sin (ax + b)

ah+T7 . ah+T7

]

(2 sin a_zh) (2 sin %) sin [ax + b +

2
ah ¥ ah+m
= (2sin—j sin ax+b+2( )
2 2
On continuing in the same manner, we get
3
A% sin (ax + b) = (ZSina—hj sin {ax-i—b-i—(@ﬂ
2
A" sin (ax + b) = (2sina—hj sin {ax+b+(@ﬂ
2
1 1 1
Example 23. Show that: u,—u, + u, — ......... = > u,~ 1 A, + 3 AUy=nn
Sol. On taking left hand side = Uy = Uy + Uy = Ugtee.
= u,— Eu, + E?uy — Eduy +........
=(1-E+E-E+ ... )u,
! 1
- 1-(-E) Yo =11+E | %
1 1
Tl Teiea ) o T2+ )
1 AY?
= E (14‘3) 1,[0
1 A AN
- 1+ ———+......... u
2 2 4 8 0
1 1 1 1
=5 Uy = Alg= g A% 7o At (R.H.S))
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Example 24. Prove that:
(1) 8[f(x) g(x)] = uf (¥)8(x) + ug(x) ¥ (x)
) S{f(x)} Hg () 8f (x) —uf (x) 8g (x)

o )

Interval of differencing is unity.

Sol.
(1) RHS. = 1 (x) 8g(x) + pg(x) df (x)
1/2 -1/2 1/2 -1/2
EE fm @ p g B o @ E) g0
B 1 1 1 1 1 1
=5 W+ )+ foe-Sh g+ ) -gl-h+ig+7)

1 1 1
+g - D+ 5) = f &=l

1 1 1 1 1
=E[{f(x+5)gx+— f(x+— —E)+f(x—5)g(x+5)
1 1 1 1 1 1
—f(x—z)g(x—z)}+{fx+ )8+ ) +flx+ 5) gl 3)
1 1 1
Fe=3) g+ g) —flr-3)8 63
1 1
- S g 3) ~f-5) g )

= El/Zf(x ) g(x) — E—l/Zf(x ) g(x) = (EV/2 - E-1/2) F) g(0) = 8 (¥) g).
@) RHS. = X (%) & (x)—pf (x) 8¢ (x)

-2y

Now first we solve the numerator of right hand side.

E1/2 +E71/2 E1/2 +E71/2

- S s ER BV fiy - =

5 fix) (EV2 - E71/?) ¢(x)

1

1 1 1 1 1
5 Mg+ 5) +glx = ) {flx + 5) = flx = ) = {flx + 5)

1 1 1
+fr = gl + 5) — gy = D

1 1 1 1 1
SUFG+ D)+ )+ Flx+ (e =2) = Fx = gl +2) = f (x =) g(x = 2)]
1 1 1 1 1 1 1 1 1
- Sl gt )= fr g =)+ fx =)+ )= f (=) glx = )]

1 1 1 1
=fr+ )8 -7) —fix-5) 8l + )
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Therefore right hand side as

1 1 1 1
_ f(x+§)g(x—E)—f(x—a)g(x+§)

1 1
g(x—a)g(x+§)

fery) )
- 1
sy gy
f(x) f(x) f(x)
- E1/2 |:m:|_ E—1/2 |:m:| — (El/z _ E—l/Z) |:m:|
f (x)}
= 3| ——=|.
Lf(X)
Example 25. Evaluate: (1) A (x_: o differencing 1. (b) A(e™ logbx) .
Sol.
(a) Let flx) =2% g(x) = (x + 1)!, therefore

Af(x)=2""1-2"=2"and Ag(x) = (x + 1+ 1)l = (x + 1)l = (x + 1) (x + 1)!
A{M} (M) - f()Ag)
gx)| ~ g(x+h)g(x)

(12T =25 (x+ D) (x+ 1!
B (x+1+D)!(x +1)!

(Because h = 1)

C2%(x+ 1) ((1-x-1) X
T (x+2) ! (x+D)! (x+2)!
(b) Again let, flx) = ™, g(x) = log bx, therefore
Af(x) — ea(x+h) —e™ = eax(eah _1)
Ag(x) = log b(x+h)-log bleog(l+ﬁ)
X

We know that Af(x)g(x) f(x+h)Ag(x)+ g(x)Af (x)

") 1og (1+ h j+ (log bx)e™ (e™ 1)

Therefore  A(e™ logbx) X

A log bx) = e[ 1og(1+ﬁ)+ (@-1) log bx].
X

Example 26. Prove that, hD =—log (1 — V) = sin b1 (ud).
Sol. Because, El = 1 -V therefore,

hD = log E=-log (EY) =-1log(1-V)
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1 _
Also, w = E(El/2+E 1/2)
S = EV/2 _ E-1/2
1 ay_ L o ipy_
Therefore, ud = E(E_E )=E(e —e "7 )=sinh(hD)

hD = sin h7! (ud).

Example 27. Show that A log f(x) = log 1+m
f(x)
log f(x+h)—log f(x)

[faem)] . [Ef()
) }_log{ﬂx)}

'(1+A)f(x)}
f(x)

_M}
f()

M)
_ 10g_1+mi|

Sol. L.H.S. Alog f(x)

log

= log

- log

1
Example 28. Evaluate (1) A" (—) (2) A" (ab*).
x

Sol.
(1 1
(1) We have, A (—) = An’! A(—).
x x
1 1 1 x—(x+1) (D
Now, A(x) T a1l ox T x(x+1)  x(x+1)

>
N
—/
R =
~
Il
>
>
/
R | =
~
Il
>

1 1
=D {(x+1)(x+2) - x(x+1)}
x-(x+2)  _ (-D)(=2)

H | _ .
{x(x+l)} =D A{x

Ag,(g) (D)

x x(x+1)(x+2)(x+3)

x(x+1)(x+2)  x(x+1)(x+2)

125
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. (1) (D)(22)(3) ()
Similarly, A (XJ Cox(x+ 1) (x+2) e (x +1)
(-1)"n!

- x(x+1)(x+2)...(x+n)

(2) Similarly, A(ab¥) = a Ab¥ = afp+ D - pey)
= a{b b — b} = a(b-1)be.
A2(ab™) = AA(ab” ) = Afa(b* ~1)b™}

= a(b’ = DAV =a(b® —1)*b™
Proceeding in the same manner, we get

An(abCX) — a(bc _ 1)nbcx.

Example 29. If p, q, r and s be the successive entries corresponding to equidistant argquments
in a table, show that when third differences are taken into account, the entry corresponding to the argument

half way between the arguments of q and r is A+iB , where A is the arithmetic mean of q, v and B is

the arithmetic mean of 3q — 2p — s and 3r — 2s — p.
Sol. On taking & being the interval of differencing the difference table is as:

x u, | Au, Azux A?’ux
p

q-p
at+h | q r=2q+p

r—q s=3r+3q-p
a+2h| r s—=2r+q

s—1
a+3h| s

1
The argument half way between the arguments of 4 and r is > (@a+h+a+2h)ie., a+%h.

Hence, the required entry is given by,

Upyayom = E¥2u =1+ A)¥? u,
- [1+EA+E.l.lA2+E.l. EEREUN u,
2 2 2 2! 22 2)3! !
(Higher order differences being neglected).
Auy+ 2 0%, - L A3
Therefore Ugyaygn = Ma T Blla Tg Bty = Al

3 3 1
2g-p)+=(r-2 - (s-3r+3g-
p+2(q p)+8(r q+p) 16(5 r+3g-p)
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3 3 1 3 3 3 3 3 1
pll-——+=—+— Hq| =——— [+r| =+— |-—s5
2 8 16 2 4 16 8 16 ) 16

9

= ——p+—g+-—r—-—38
16p 16q 16 16

L +(g+71) i+l —is
= TP 16 2/ 16

1 1
- E(q+r)+E(q+r—p—s) (1)

1
Again A = arithmetic mean of g and r = E(q +7)

B = Arithmetic mean of 3g — 2p —s and 3r — 25 — p is

= %[3q—2p—s+3r—25—p]=%(qﬂ’—s—p),
1 g+r 1
A+—B - 4+ —(q+r-s-p).
+24 2 16(q res=p)

Substituting this value in (1), we get u, LG/ = A+ i B.

Example 30. Given u, u,, u,, u,;, u, and u, Assuming that, fifth order differences to be constant.

Show that: u ; = 1c+25(c_b)+3(a_c)
2= 2 256

2

. where a = uy + ug, b= uy +u, c=u, + u,

Sol. L.H.S. uz% = E5/2u0 =1+ A)5/2u0

R EE
1+§A+ 2 ; Aot A uy

! 5!

= U +§Au0 +EA2uO +£A3u0 —iA
2 8 16 128

4 3 5
u, +—A~Au
0 256 0

= U, +§(1/{1 —u0)+%(u2 —2u, +u0)+%(u3 =3uy +3uy —uy) + .

3
+——(us —5u, +10uy —10u, +5u; —u,
256(5 4 3 2 1~ Up)
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3 25 75
= —(up +us)——— Uy +uy)+—(uy +u
256( o +s) 256( 1+1Uy) 128( 2 1i3)

3 25 75
—a-—b+—c
256 256 128

3 25 (1 11
- —a———Db+|=+— |
256 256 (2 128j

3(a—c)+25(c—b
_ %+ (@ C)2+56 €D rus)

Example 31. Given:

Uy + ug = 1.9243, u; + u, = 1.9590, u, + ugy = 1.9823, u; + u; = 1.9956. Find u,.
Sol. Since 8 entries are given, therefore we have A8 u, =0

ie. (E-1%u,=0

ie. (E®-BC,E” +8C,E® - 8C,E> + 8C,E* - 8C.E3 + 8C E? — 8C,E' + 1)u, = 0
ie. (E®—8E7 + 28E® — 56E° + 70E* — 56E°® + 28E? — 8E + 1)u, = 0

ie. ug— 8u, + 28u, — 56uy + 70u, — 561, + 28u, — 8u; + u, =0

ie. (ug + uy) — 8(u, + uy) + 28(ug + u,) — 56(us + u;) + 70u, = 0

On putting the given values, we get

1.9243 — 8(1.9590) + 28(1.9823) — 56 (1.9956) + 70u, = 0

or -69.9969 + 70u, =0
or u, = 0.9999557.
Example 32. Sum the following series 13 + 23 + 3% + ... + nd using the calculus of finite
differences.
Sol. Let 13= uy, 2% = u}, 3% =ty covueeecs , w3 =u, . Therefore sum is given by
S =y + Uy + Uy Fen + U,
=(1+E+E+E+.... + Er -,

E'-1 (1+A)" -1

1 {1+nA+n(n—1)A2+n(n—1)(n—2)A3+ ...... +A" —1};
A 2! 3! 0

-1 nn-1)(n-2
n+n(n )Au0+ ( )( )Azuo ........
2! 3!
We know Auy =u —uy=2%-1=7
Ay = u, — 2uy + uy = 33 -2(20° + 1% = 12.
Similarly we have obtained A’u, = 6 and A4u0/ A°u,... are all zero as u, =r%is a polynomial
of third degree.
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n-D(n-2)  n(r-1)(2-2)(n-3)

-~ S=n+ n(n-1) 7) + (6)

2! 6 24
2
2 n(n+1
= % (> +2n+1) = {%}

- 1 1(, A A
Example 33. Prove that: 2 Uy, =5 2 u"+Z 1_E+T_m u,.

x=0 x=0

Sol. Taking right hand side of the given expression

x=0
1 1 AY!
= E(uo+ul+uz+u3+ ........ )+ = 1+E Uy
1 1 A—l
= = (u, + Eu, ++ E2u, + E3u, +........ + = [1+2| u
3 O+ Bl v+ B+ B o) 4 3 (102] 0
1
=1(1+E+E2+E3+ ........ )u0+l 1+é 1t
2 4 2
1 1
=3 (1-E)lu, + 5 2+ A)lu,
1 1
=3 (1 -Elu, + 5 T+ Aty
1 1 1
= 5 [(T-E)"+ 1+ E)'u,
=1.2[1+E2+E4+E6+ ......... lu,
2

1l
=
S

+u2+u4+u6+ ........

= iuZx = LHS.
x=0

Example 34. Given that u, = 3, u; = 12, u, = 81, uy = 200, u, = 100, u; = 8. Find the value of
ACu,,

Sol. We know A = E — 1, therefore,

Ay = (E =1)u,
= (E® — 5E* + 10E® — 10E? + 5E — Du,
=u; — 5u, + 10uy — 10u, + 5uy —u
=8 — 500 + 2000 — 810 + 60 — 3
= 755.

0
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4. Evaluate E"¢" when interval of differencing is [Ans. E'e* =

10.

11.

COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

PROBLEM SET 3.1

Form the forward difference table for given set of data:
X: 10 20 30 40
Y: 11 20 44 79

Construct the difference table for the given data and hence evaluate A’f(2).

X 0 1 2 3 4
Y: 1.0 15 22 31 46 [Ans. 0.4]

. Find the value of E>x* when the values of x vary by a constant increment of 2.

[Ans. x* + 8x + 16]
ex+nh]

Evaluate A*(1 —x) (1-2x) (1-3x) ; the interval of differencing being unity.
[Ans. A% f(x)=-36]

If f(x) = exp (ax), evaluate A" f(x) [Ans. A"e™ =(e™ —1)"e™]
A% ) 4
Evaluate T X [Ans. 6x]
) H2x + H4x
. Find the value of A W [Ans. 42 +(a® +1)%a*"]
Evaluate:
(@) Acot2* [Ans. -Cosec 2]
(b) Asin h (a+bx) [Ans. 2sin hg cos h(a+g+bx)]
A sina
() Atanax |, cosax cosa(x +1)
Prove that:
1
@ E/?=p=28 (b) SEV2+EM*)=AET +A
(© 8=vVA-V)V2=A@1+A)"2 (d) §=AEY?2=VEY?
() VA=AV =8 (N V=AE'=E'A=1-E"
Show that:
@) Acot(a+bx)=— —s%nb
sin(a + bx) sin(a+ b+ bx)

() Asin(a+b)=(2sin2) sin(a-+bv+ O

(c) A" cos(a+bx) =(2sin g)n —— n(b+m)
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2 A%y
12. What is the difference between (%j u, and [EZ *|. If u, = x> and the interval of
u

X

6x1” +6l°
(x+2h)°

13. If flx) = ¢”, show that f{0) and its leading differences form a geometrical progression.

14. A third degree polynomial passes through the points (0, -1), (1, 1), (2, 1) and (3, 2). Find

differencing is unity. Find out the expression for both. [Ans. 6% (3x — ), |

the polynomial. [Ans. —%(x?’ +3x2 —16x+6)]

15. Prove that A sin” x = [(x+1)\/1—x2 —x\/l—(x+1)2] .

m FUNDAMENTAL THEOREM ON DIFFERENCES OF POLYNOMIAL

Statement: If f(x) be the nth degree polynomial in x, then the n difference of f(x) is constant and
A"™f(x) and all higher differences are zero when the values of the independent variables are at
equal interval.

Proof: Consider the polynomial f(x) = a, + a,x + ayx*> + ... +ax" (1)
Where 7 is a positive integer and Agr A1y Ooppencenences a, are constants.
We know Af(x) = flx + h) — flx).

On applying the operator A on equation (1), we get
Af(x) = Aa, + ax + a,x* + ... +a x")

= flx + h) = flx) =[a, + aj(x + h) +a, (x + h)> + ..... +a, (x + h)"]
—ay + ax + ax* + +a,X"]
= ah+a,[(x+h)? - 1+ as[(x+1)> = 23]+ +a, [(x+h)" —x"]

= ab + a, 2Coh + W] + a3 [Cx?h+> Coxh? + 1]+ oo, [ Cx" h 4" W2 4. C "]
= by + by X +byx” + .. +b, X"+ na,hx" (2
where b, b, ...... b, , are constant coefficients.

According to equation (2), we have the first difference of equation (1) is again a polynomial
of degree n — 1.

From this we say that Af(x) is one degree less than the degree of original polynomial.

Again, on taking a difference of equation (2) i.e. second difference of equation (1), we get
A2 f(x) = Cy +Cax + Cyx® +....o. + n(n = 1)h2a, x" ..(3)
This is a polynomial of degree n — 2.

Thus, on continuing this process up to nth difference we get a polynomial of degree zero.
Such that:

A'f(x) = n(n-1)(n-2)....1.h"a,x"™"
=nlh"a,x°

— n
= nlh"a,
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Hence, we have nth difference of the polynomial is constant and so all higher differences are
each zero. i.e.

A" ()= A" f(x)= ... =0

m ESTIMATION OF ERROR BY DIFFERENCE TABLE

Let vy Yy, Yy -y, be the exact values of a function y = f(x) corresponding to arguments
Xoy Xs Xy f eeeenns , X,. Now to determine error in such a case and to correct the functional values,
let an error § is made in entering the value of y, in the table so that erroneous value of y, is

Y, + 0.

X y Ay A%y
Xo Yo

1 Y Ayg

X2 Y2 Ay A%y,
X3 —5F0 | W’Tyl; 3

Xy XA%\_S Ay, 23
X5 Ys Ay, %8

X6 Ys Ays Ay,

From the above difference table we noted that:

1. The error in column y affects two entries in column Ay, three entries in column A%y and
so on. ie. the error spreads in triangular form.

The error increases with the order of differences.
The coefficients of &'s are binomial coefficients with alternative signs +, —, .......

In various difference columns of the above table the algebraic sum of the errors is zero.,

AN N

The errors in the column A’y are given by the coefficients of the binomial expansion
(1 -9).

6. In even differences columns of A%y, A%y, .....,, the maximum error occurs in a horizontal line
in which incorrct value of y lies.

7. In odd difference columns of Aly, Ady,....., the maximum error lies in the two middle
terms and the incorrect value of y lies between these two middle terms.

Example 1. Find the error and correct the wrong figure in the following functional values:
Sol.
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b y Ay Azy A?’y
1 2

3
2 5 2

5 1
3 10 3

8 -3
4 18¢—+— 00—

8 3
5 26 3

11 -1
6 37 2

13
7 50

133

Here the sum of all the third differences is zero and the adjacent values -3, 3 are equal in
magnitude. Also horizontal line between -3 and 3 points out the incorrect functional value 18.

Therefore coefficient of first middle term on expansion of (1 — p)® = -3

=

.. Correct functional value = 18 - 1 = 17.

Example 2. Find and correct by means of differences the error in the following table:

3e =3 = e=1

20736, 28561, 38416, 50625, 65540, 83521, 104976, 130321, 160000

Sol. For the given data we form the following difference table:

y Ay A%y Ay | Ay | Ay

20736

7825
28561 2030

9855 324
38416 2354 28

12209 352 20
50625 2706 8

14915 360 40
65540 3066 18

17981 408 —40
83521 3474 8

21455 416 20
104976 3890 28

25345 444
130321 4334

29679
160000
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From this table we have the third differences are quite iregular and the irregularity starts
around the horizontal line corresponding to the value y = 65540.

Since the algebraic sum of the fifth differences is 0, therefore -5¢ = -20 = € = 4.
Therefore the true value of y, = 65540 — 4 = 65536.

Example 3. Locate the error in following entries and correct it.
1.203, 1.424, 1.681, 1.992, 2.379, 2.848, 3.429, 4.136

Sol. Difference table for given data is as follows:

10°y 10° Ay 10°A%y 10°A%y 10°A%y

1203
221

1424 36
257 18

1681 54 4
311 22

1992 76 -16
387 6

2379 82 24
469 30

2848 112 -16
581 14

3429 126
707

4136

Sum of all values in column of fourth difference is —0.004 which is very small as compared
to sum of values in other columns.

Ay =0
Errors in this column are e, —4e, 6¢, —4e¢ and e.
Term of Maximum value =24 = 6e =24 = e =4.
Error lies in 2379.
Hence, required correct entry = 2379 — 4 = 2375.
Hence, correct value = 2.375
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Example 4. One number in the following is misprint. Correct it.
1248162642 64 93.
Sol. Difference table for given data it as follows:

135

X y Ay Azy A?’y A4y A5y
1
1
2 2 1
2 1
3 4 2 1
4 2 -5
4 8 4 —4
8 -2 10
5 16 2 6
10 4 -10
6 26 6 —4
16 0 5
7 42 6 1
22 1
8 64 7
29
9 93

In the above table, the fourth difference column have algebraic sum of all the values is 0.
The middle term of this difference column is 6.

Example 5. Locate the error in the following table:

6e=6o0re=1.

Correct value is given by 16 — 1 = 15.

10

11

y | 1.0000

1.5191

2.0736

2.6611

3.2816

3.9375

4.6363

5.3771

6.1776

7.0471

8.0000
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Sol. The difference table for the given table is:

x 10%y 10* Ay 10%A%y 10%A%y 10°Ay 10* A%y
1 10000

5191
2 15191 354

5545 24
3 20736 330 24

5875 0 0
4 26611 330 24

6205 24 27
5 32816 354 51

6559 75 -135
6 39375 429 -84

6988 -9 270

7 46363 | | - 20 | ] 186 | ]

7408 177 -270
8 53771 597 -84

8005 93 135
9 61776 690 51

8695 144
10 70471 834

9529
11 80000

Here, sum of fifth differences is small which may be neglected 0.270 and -270 are the
adjacent values which are equal in magnitude and opposite in sign. Horizontal lines between
these values point out the incorrect functional value 46363 coefficient of first middle term in
(1 - p)® is +10.

. Error is given by 10e = 270 = e = 27

46363 —27

i —— =4.6336.
Hence, correct functional value 10000

TECHNIQUE TO DETERMINE THE MISSING TERM

Let, given a set of equidistant values of arguments and its corresponding value of f(x). Suppose
for n + 1 equidistant argument values x =a, a + h, a + 2h,......... , a + nh, are given.
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y= flx) = f(xy), flx;), fx)) woee. , fla + nh). ie., f(x,).

Let one of the value of f(x) is missing. Say it f(i). To determine this missing value of f(x),
assume that f(x) can be represented by a polynomial of degree (n — 1) since n values of f(x) are
known.

Hence, A" f(x) = constant and A" f(x)=0
Therefore, (E — )" f(x) = 0 because A = E -1

S[E" - "CE" +"Cy E" [ —........... +(=D"E"" '] f(x)=0
or E" f(x)="CE"  f(x) + "CLE" 2 F(X) = v +(=1)" f(x)=0
For first tabulated value of x, put x = 0
= E"f(0)- "E" £(0) + @ Sy 100) +(=1)" £(0)=0
or f(n)-nf(n- 1)+@ (O E— +(-1)" f(0)=0 (1)

In equation (1), except missing term, each term is known and hence from this way missing
term can be obtained.

If two values of f(x) are mssing then in that case only (n — 1) values of f(x) can be given by
a polynomial of degree (n -2). i.e., A" f(x)=0 or (E -1)*" f(x) = 0.
This gives for x = 0, (the first tabulated value) and for x = 1, (second tabulated value) and

by solving these two we get the two missing values for given function f(x). Similarly method
proceeds to find three and more missing terms in given function f(x).

Example 6. Estimate the missing term in the following table:

x 0 1 2 3 4
y=f(x) 1 3 9 ? 81

Explain why values differ from 33 or 27.
Sol. Since we have given 4 values, therefore

A*f(x)=0,Vx

ie., (E-1)*f(x)=0, Vx

ie., (E* —4E® + 6E* —4E+1)f(x) =0, Vx

ie. E* f(x)—4E® f(x)+6E% f (x) - 4Ef (x) + f(x) =0, Vx

ie., fx+4)-4f(x+3)+6f(x+2)-4f(x+1)+ f(x)=0, Vx

(on taking interval of differencing being 1)
On putting x = 0, we get
f@-4f@)+6f(2)-4f1)+ f(0)=0 (1)
Substituting the value of f(0), (1), f(2), f(4) in (1), we get
81-4f(3)+6x9—-4x3+1=0
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ie., 4f(3) = 124
ie., f(3) =31
(function values are 3" type and this is not a polynomial)

Example 7. Find the missing value of the data:

x 1 2 3 4 5

f(x) 7 ? 13 21 37

Sol. Since 4 values are known, let us assume the fourth order differences being zero. Also
since one value is unknown, we assume

A*f(x)=0,Vx

ie., (E-1)* f(x)=0,Vx
ie (E* —4E® + 6E* —4E+1) f(x) =0, Vx
ie. E* f(x)—4E% f(x)+ 6E* f(x)— 4Ef (x)+ f(x)=0, Vx

ie, f(x+4)-4f(x+3)+6f(x+2)—-4f(x+1)+ f(x)=0,Vx
(on taking interval of differencing being 1)
On putting x = 0, we get
f@)-4f(3)+6f(2)-4f(1)+f(0)=0 (1)
Substituting the value of f(0), f(1), f(2), f(4) in (1), we get
37-4(21)+6(13)-4f(1)+7=0
38-4f(1)=0 = f(1)=9.5

Hence, the required missing value is 9.5.

Example 8. Find the missing values in the table:

x 45 50 55 60 65
f(x) 3 - 2 - 24

Sol. Difference table is as follows:

X y Ay A’y Ay
45 3
-3
50 0 5-2y,
2-y 3y1+y3—9
55 2 Yy t+y;—4
Y3 —2 3.6— Y, —3ys
60 Y5 ~0.4-2y,
24—y,
65 2.4
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as only three entries y,, v,, y, are given, the function y can be represented by a second degree
polynomial.

A%y, =0and A%y, =0
= 3y, +y; =9 and y, + 3y, = 3.6
On solving these, we get
y, = 2925, y, = 0.225

Example 9. Obtain the missing terms in the following table:

X 1 2 3 4 5 6 7 8

fx) 1 8 ? 64 ? 216 343 512

Sol. Here we have six known values, therefore sixth differences being zero.

ie., A6f(x)=0 For all values of x

ie., (E-1)° f(x)=0, Vx

ie., (E® —6E° +15E* —20E> +15E% —6E+1)f(x) =0, Vx

ie. E® f(x)—6E° f(x) +15E* f(x) — 20E° f(x) + 15E% f(x) — 6Ef (x) + f(x) =0, Vx

ie, f(x+6)—6f(x+5)+15f(x+4)—20f(x+3)+15f(x+2)—6f(x+1)+ f(x)=0, Vx (1)

On putting x = 1 and x = 2 in equation (1), we get
f(7)-6£(6)+15f(5)-20f(4)+15f(3)-6f(2)+ f(1)=0 -(2)
f(8) — 6f(7) + 15(6) - 20f(5) + 15f(4) - 6f(3) + f(2) = 0 -(3)

Putting the value of f(8), A7), f(6), f(4), f(2), f(1) in equation (1) and (2), we get
343 - 6 x 216 + 15f(5) —20 x 64 + 15f(3) -6 x8 + 1 =0

Also 512 -6 x 343 +15 x 216 —20f (5) + 15 x 64 - 6f (3) + 8 =0

ie., 15f(5) + 15f(3) = 2280 and 20f (5) + 6f(3) = 2662

ie., f(5) + f(3) = 152 and 10f(5) + 3f(3) = 1331

On solving these two, we get f(3) = 27 and f(5) = 125.

Example 10. Assuming that the following values of y belong to a polynomial of degree 4, compute
the next three values:
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Sol. For the given data, difference table is:

b y Ay Azy A3y A4y
0 1
-2
1 -1 4
2 -8
2 1 —4 16
-2 8
3 -1 4 16
2 A’y
4 1 A%y, 16
Ay, A’y
5 Ys A%y, 16
Ays Ay,
6 Ye A%y
Ayg
7 Y7

Since values of y belong to a polynomial of degree 4, fourth difference must be constant.

But Ay, =16

Therefore other fourth order differences will be 16.

Thus, Ay, =16,
Ay, —Ay =16
= Ay, =24

A%ys - A%y, =24

= Ay, =28
Ayy —Ay; =28

= Ay, =30
Y5 =Yy =30

= y5 =31

Again, Ay, = 16 then after solving, we get y, = 129 and A*y, = 16 gives y, = 351.
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PROBLEM SET 3.2

1. Locate the error in the following table and correct them?

x 3.60 3.61 3.62 3.63 3.64 3.65 3.66 3.67 3.68

£(x)|0.112046 0.120204 0.128350 0.136462 0.144600 0.152702 0.160788 0.168857 0.176908

[Ans. f(3.63) = 0.136482]
2. Locate the error in the following: -1, 0, 7, 26, 65, 124, 215, 342, 511
[Ans. correct value = 63, Error = 2]

3. Obtain the missing term in the following table:

x 2.0 2.1 2.2 2.3 24 2.5 2.6

f(x) 0.135 ? 0.111 0.100 ? 0.082 0.074

[Ans. f(2.1) = 0.123, f(2.4) = 0.0900]
4. Estimate the production for the year 1964 and 1966 from the following data:

Year 1961 1962 1963 1964 1965 1966 1967

Production 200 220 260 ? 350 ? 430

[Ans. f(1964) = 306 f(1966 = 390)]
5. Given, log 100 = 2, log 101 = 2.0043, log 103 = 2.0128, log 104 = 2.0170. find log 102.
[Ans. log 102 = 2.0086]
6. Estimate the missing term in the following:

X 1 2 3 4 5 6 7
y 2 4 8 ? 32 64 128
Explain why the result differs from 16. [Ans. f(4) = 16.1]

7. Find the first term of the series whose second and subsequent terms are 8, 3, 0, -1, 0.
[Ans. First term is 15.]
8. Obtain the missing term in the following table:

X 0 0.1 0.2 0.3 0.4 0.5 0.6

f(x) 0.135 ? 0.111 0.100 ? 0.082 0.074

[Ans. £(0.1)=0.123, f(0.4) = 0.090]
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9. Evaluate the production of wool in the year 1935 from the given data:

Year (x) 1931 1932 1933 1934 1935 1936 1937

Production (y) 17.1 13 14 9.6 ? 124 18.2

[Ans. 6.6]

m SEPARATION OF SYMBOLS

The relation E = 1 + A = E" = (1 + A)" has been used to express E"y_ in terms of y_ and its
differences. (1+A)" has been expanded by binomial theorem without using v in it. Such methods
of operations are known as method of separation of symbols. Point to be noted that the operations
on symbols has no meaning without operand y. i.e.,
Ysnn = Enyx = (1 + A)n Y
=(1+"CA+"CA + ......... )Y,
=y, + "C Ay, + "CAY + ...
This type of operation in which we separate the operand from operator is called separation

of symbols.

Example 1. Show that A" y,= V'y,, .
Sol. We know V=1-F.L

Therefore V', = A-ENy,
E-1Y
(£
= (E -1 (E7y,,)
= (E-1) (E'y,,)
= Ay, [*"A = E-1]
n-1
Example 2. Show that ZAZ = Af, = A,
k=0
n-1 n-1
Sol. DAt = Y (E-1
k=0 k=0

=
—

M

(E2 _2E+1) fe = i(fku =2 fia +fr)
k=0

o~
Il

0

=fh “2fH+h
+fhH-2hL+f
+fi=2f+f
+fs =2+

R 2fn—2 * Jus
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+fn - 2fn—1 T S
+ for = 20+ fua

=f,.q —f, +f,—fi, on adding and canceling the diagonal terms

=(fon £ = 1= £)

= Af, = Afy,
1 1
Example 3. Prove that yx% =3 (Y, +Y.)— 16 (Azyx + A%y ); Assuming that, A3 y, =0.
1 1,

Sol. yx% =EV2y =(@1+AYy = (1+5A—§A )yx (1)
Because A3yx =0

Now, A3yx =0

= Ay =Ny, =0

= A’yey = A’y and Ay, = Yoy -y,

Therefore from equation (1), we have

y

1
X+
2

1 1 Azyx Azyxﬂ
yx+§(yx+l_yx)— g[ 2 + 2

1 1

E(yx +yx+1)_E(A2yx +A2yx+1) .

Example 4. Using the method of separation of symbol, show that
Ug—Up+Uy — Uz + Uy — .o, =—u0—§Au0+%A2u0— ......

Sol. On taking R. H. S of given identity
2 3
Sa-Zad[2a] o 2a] e fug
2l 2 2 2
-1
= %'+u0 :%(1+%A) MO
(1+A)
2
= 2+A) 'y =1+E) " u,
= 1-E+E*-E’ +....)u,

= Uy— U+ Uy —Uz+..... Hence proved.

Example 5. Prove by the method of separation of symbols, that

U, u u u x
i +1—1,x+2—2,x2+3—3,x3+4—4,x4+ ....... =¢" {”o + XA, +7A2u0 +....

Sol. L.H.S. of given identity

Il
=
S
+
™
=
S
+
m
N
=
S
-i_
nyl
)
=
S
+
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2 3
{1+1E+X—E2+X—E3+ ...... }
1! 21 3!

oL Uy = R

uy = e -e™uy

2 3
e* {1+xA+%A2+x—A3+ ........ }uo

3!
2 3
_ e"{u0+xAu0+x—A2u + 2 AU e, }
2! 3!
= R.H.S.
Example 6. Prove that: u, = u, _, + Au, , + Azux_3+ ......... + A”‘lux_n +A'u,_,
Sol. To prove u_=1u_, + Au_, + A*u, 5 +.eeeeees + A", + A"u,_,, shift the last term of

right hand side and then solve left hand side.

u,— Au =(1-A"E"u,

1-(2 uxzi(E”_A”)uxzi E -4 I,
E E" E" | E-A

*1+4A =E=E-A=1

X—-n

1
o [Er-1 + AE™? + A2E" 3 e A 1,

(E'+ AE? + A’E3 4ot AMIE U

— 2 n-1
=u, g+ Ay oy + Auy g+t ATl

Example 7. Show that: u, ™'C,2u, , + ”C222u2n_2— ...... + (=2)" u, = (-1)" (c — 2an)

Where u, = an’ + bn + ¢

Sol. LH.S = u, "C2u, ,+"C, 2%ty ,— .. + (-2)"u,
= E'u, Cj2E"u + "C,.22 E"? u —.. + (-2)"u,
= (B 1CL2EM 4 1C,0% BN - (=2 u,
S (E-2ru, = (A-1)u, = (1) (1 - A)u

n(n-1) ,
- (1 {1—11A+—1'2 A }un

n

(On neglecting higher order differences as u, is a polynomial of second degree)

n(n-1
- (-1)" | u, - nAu, +¥A2un}

- (1) _(cmz +bn+c)—nA(an’ +bn+c)+ i

A2 (anz + bn+c)}

- (=" _(anz +bn +c)—n{adn® +bAn} + nzz—n (ar*n? )}
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= (-1)" (anz + bn+c)—n{a(n+l)2 —anz}—bn (n+1-n)+ nzz—n aA{(n +1) —nz}}

- (-D" (cm2+bn+c)—n(2an+a+b)+

1’12—1’1

-aA(2n+1)}

= (-1)"| (an® + bn+c)-n(2an +a+b)+

1’12—1’1

caf2(n+1) —Zn}}

= (-1 [(an2 +bn+ c) —n(2an+a+ b)+a(n2 - n)}
= (-1)" [c —-2an] = RH.S.

Example 8. Using the method of separation of symbols, show that:

Ay, =u,—nu_, + @ U 5= . + (D" u,,
n(n-1)
Sol. RHS. = u, —nu_, + > Uy = + D,
= u, —nE'u, +@E72ux =t ()" E ",
- [1—nE1 +@E*2 —— +(—1)E”ux}ux
= (1-E™)"u,

1Y E-1Y A"
1—E u, = T u, = E—nux
= A"E™"u, =A"u, , =LHS.
Example 9. Use the method of separation of symbols to prove the following identities:

1. IZ%) + XCIAMI + szAMZ +..= Uy + XCIAZMX_I + xC2A4ux_2 +.....

20 Uy —Upq F U~ U3+

1 1, 13(1Y 135(1Y
= E[ux(l/z)_gA ux(3/2)+7(§) A ux(5/2)—?(§) A ux7(7/2)+....

3. uy + "Cougx + "Cyupx® + "Coup® + .= (1 + )" uy + "Ci(1 + )" xAu,
+ 1Cy(1 + x)"2 x2Nuy + ...
Sol.

1. R.H.S.

Il
=

= 1w, + *CA’E  u, + "CAE U, + ...

1+ *CA’E ! + "C,AE? +...]u

X
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2. RHS.

3. RH.S.

N
T
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~ N E+A2 Y E+(E-1°|
= (1+A°E ) 'u, = 3 usz u,

E>—E+1
E

= (1 + AE)* uy = (1 + *C/AE + *C,A’E* + ....... u,

] u, =[1+EE-D'E™u,

2
= uy+ *C;AEuy + *CyA  E?uy + ...

= up+ "CAuy + xCZAZuZ + o = LHS.

[ 1, 13(1V¢ ., 135(1Y

N —

X

214 21 4

2
E1/2, _l_lAzE3/2ux+(1/2)(3/2)(1) ALE5/2,

_(W/2(3/2)(5/2) (1 )3 BT/ +}
3! 4

R e

2! 4

L C1/2)(3/2)(-5/2) (1 A2 T +} u,

31 4

X

Lpep gz,
2 4

11 AE + A?
2 4E

-1/
} ux:%E’1/22E1/2[4(1+A)+A2]’1/2ux
[R+A) T u, =+A) " u, = (1+E) M uy
M-E+E*-E*+E*-E°+..Ju,
Uy =Upq FUypp —Upg Uy — Uy s +....= LHS.

1+ 2" uy+"Cy (1L +x) " xAuy +"C,y (1 + )" 2% AUy + oo
{1 +x)+xA"uy=(1+x(1+MN"u,

(1 + xE)" u, = [1 + "C; xE + "Cx’E? + "C;x°E’ +... ... Ju,

n n 2 n 3 —
Uy + "Couy x + "Cou,xt + "Cyusx” + = LHS.
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Ax" —1Ax +13 x" —ﬁﬁx" (x+1)n—(x—1)n
Example 10. Prove that 5 24 246 +.. = 5 .

1
Al—%A+ 2 A2 4 |y

1. L.H.S.
So S 1o

n
A(L+AY 2 X" = AETV 2 = A(x - %)

(e (et (w2 (x-2] s

m FACTORIAL NOTATIONS

The product of n consecutive factors each at a constant difference and the first factor being x is
called a factorial function or a factorial polynomial of degree n and is defined by

XM = x(x = h) (x = 2h) (x = 3h)... (x - (n-1)), n >0
If interval of differencing being unity then
2 = x(x - 1) (x = 2) (x = 3)... (x=(n-1)),n>0
Because of their properties, this function play an important role in the theory of finite

differences and also it helps in finding the various order differences of a polynomial directly by
simple rule of differentiation.

Example 11. Obtain the function whose first difference is 9x> + 11x + 5.
Sol. Let f(x) be the required function so that
Af (x) =9x +1lx + 5
Let 9% + 1lx +5 =9 [xP+A[x] + B
=% (x-1)+Ax + B
On substitution x = 0, we get B = 5 and for x = 1, we get A = 20.
Therefore we have Af (x) = 9[x]> + 20 [x] + 5

On integrating, we have

f() =9 [x] 20u+5[x]+c

=3x(x—1) (x-2)+10x (x = 1) + bx + ¢
= 3% + x> + x + ¢, where c is the constant of integration.
Example 12. Find a function f, for which Af, = x(x — 1).
Sol. We have Af, = x(x - 1) = x®
Ne)

Therefore f, = = + C, where C is an arbitrary constant

_ %x(x—l)(x—2)+C
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L L (x+ 1)(m) Xy lmD)
Example 13. Prove that if m is a positive integer then = + .
m! m!  (m=1)!

Sol. To prove this we start from R.H.S. and use factorial notations to simplify.
20 . Km0 x(x=1)(x=2)...(x—m+1) . x(x=1)(x=2)...(x—m+2)
m!  (m=1)! m! (m-1)!

_ x(x-1)(x—2)...(x—m+2)

[(x—m+1)+m}

_ (x+Dx(x-1)(x=2)...(x —m+2)
_ (x+1)" .

Example 14. Prove that A*x™ = m(m—1)x""2; where m is a positive integer and interval of
differencing being unity.

Sol. We know, ™ = x(x-1)(x=2)..(x—m—1).

Therefore, A = @+ D)x(x-1)(x = 2).(x +1=m =)} {x(x = 1)....(x - m 1)}

= x(x=D(x=2)e(x—m=2)fx +1-(x—m 1)}

= mx(mD
Also, AZym) = A(Ax(m) :A{mx(m_l)}
= mAx™ D = m(m—-1)x"""2. Hence proved
Example 15. Evaluate A" (ax" +bx"™")
Sol. A" (ax" +bx" ) = aA"(x")+bA"(x" )
= an+b(0)=an!
Example 16. Denoting (Z)Z x(x—l)...(x—n+1), prove that for any polynomial ¢(x) of degree

n!
k

k o(x) =Y (F)a'p(0).
i=0
Sol. We have E"f(a) = fla + nh)

= f(a)+" CiAf(a)+" CoA? f(a)+...+" C, A" f(a)
Substitute 1 = 0, n = x we have for h = 1
fX) = f0)+* CAF(0)+" C,A F(0)+...+¥ C, A £(0)
Again f(x) = §(x) is the given polynomial of degree k therefore we have A*¢(x)=L (constant).

Therefore higher order differences become zero.
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5 0(x) = 0(0) + *CLAN(0) + *CrA%(0) +...+ *C, A" 9(0)

k
(7 pio(0)
=1

i

m RECIPROCAL FACTORIAL NOTATION

The reciprocal factorial is denoted by (- and is defined by
1 B 1
= (x+h)(x+2h)...(x+nh)  (x+nh)™
If the interval of differencing being unity, then
1 1

£

(-n)

T )4t ()™
Example 17. Prove that A2 = m(m+ 1)xm2
1
(7"1) =
Sol. We have, x (x+ 1) (x+2)(x+m)
Theref (m) = 1 _ 1
ereore A= D43 me D) (x4 D) (x+2)(xt m)
1 1 _ 1
T (x+2)(x+3)(x+m)| (x+m+1)  (x+1)
B —-m
T+ DX H2) e (x+m)(x+m+ 1)
= _mx[_(m+1)] — _mx(—m—l)
Therefore, AZxCm = A( Ax™M )= A(=m ) )

= —mAxXD = —m(—m—l)x(_m_z)
=m (m + 1) x0m2),

x-1
Example 18. Express f(x) = ( in terms of negative factorial polynomials.

X+ 1) (x + 3)
x-1
= G+
Multiply and divide by (x + 2)

Sol. Here,

(x=1)(x+2)
T (x+1)(x+2)(x+3)

1 4 N 4
Cox+1 (x+1)(x+2)  (x+1)(x+2)(x+3)

= xtD — 4x2) + 4x
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Corollary:

To show that, A =nl " and pAnl x™ =0

We know that, A = (x + )™ — ()™ (1)

Since, (x + H)™ = (x + h) x. (x = h) (x = 2h)... {x — (n-2)h}

()™ = x(x = h) (x = 2h)... {x — (n = 1)h}
Therefore from (1), we have
- @+ 1) = (@) @ = (x + k) x (x = h) (= 2h)... {x — (1 = 2h)
—x(x=h) (x-= 2h)..{x—-m-1h

or (x+m)" —(x)® =x(x=h) (x =2h) .. {x =@ -2h} [(x + h) ~{x — (n — 1h}]
or (x+h) ™ (x)® =x0-1 y»p ...(a)

This is a polynomial of degree (n — 1) in factorial notation.

Similarly, A2y = A[Ax(")] = A[nhx ("_1)] ...[using (a)]

or wh AxD = nh[(x + h)(n—l) y (n—1)]

nhl(x + h) x (x = h)... {x = (n = 3)h} — x (x = h)...{x — (n = 2)h}]
nhlx(x-h)..{x — (n — 3) h}] (nh — h)
nh (n—1) h [x (x —h) (x = 2h)... {x — (n — 3)h}]
= n(n - 1) h? x*2
This is a polynomial of degree (n — 2) in factorial notation. Proceeding in the same way,
we get

At =1 (n = 1) (1 = 2)... 321K x

= n! h"xY = n! h". This term is a constant
A[A”x““)]
A[n!h”}

=0. Because n!h" is constant

Again, AL ()

mMETHOD OF REPRESENTING POLYNOMIAL IN FACTORIAL NOTATIONS

3.11.1 Direct Method
Example 19. Express 2x3 — 3x? + 3x — 10 and its differences in factorial notation, consider the
interval of differencing being unity.
Sol. Let 2x® — 3x® + 3x — 10 = Ax® + Bx@ + CxM + D
=Ax(x-1)(x-2)+Bx(x-1)+Cx+ D ..(1)
Where A, B, C and D are constants to be found.
Now substitute x = 0 on both the sides of equation (1), we get D = — 10.
Again, substituting x = 1 on both sides of equation (1), we get
2-3+3-10=C+Die,C=2



CALCULUS OF FINITE DIFFERENCES 151

Again substituting x = 2, we get
16 -12+6-10 =2B+2C+ D
or 0=2B-61ie, B =3
By equating the coefficient of x*> on both sides of (1), we get A = 2
Hence, the required polynomial in factorial notation will be
f(x) = 2x® + 3x@ + 2xD - 10

Again by the simple rule of differentiation, we have
Af(x) = 6x? +6x+2
A’ f(x)=12x+6
A’ f(x)=12

Example 20. Find the relation between o, B and y in order that o+ Bx+yx’ may be expressible
in one term in the factorial notation.

Sol. Let, f(x)= a+Bx+yx?=(a+bx)® where a and b are certain unknown constants.
Now, (a+bx)? = (a+bx)la+b(x-1)]
= (a+bx)(a—b+bx)=(a+bx)* —ab—b>x

= (a® —ab)+(2ab—b*)x +b*x? = o+ Px + x>
Comparing the coefficients of various powers of x we get
o=a’—ab,p=2ab-b*, y=b>
Eliminating 2 and b from the above equations, we get

v +4doy=p?

This is the required relation.

3.11.2 Method of Synthetic Division
It is also called the method of detached coefficient.
Example 21. Represent 2x> —3x*+3x—10 in factorial notation using synthetic division method.
Sol. Let, fx)=2x*-3x* +3x-10 = Ax® + Bx® + CxV + D
=Ax(x—1)(x—2)+Bx(x—1)+Cx+D
In this case we divide the function f(x) by x. Then the remainder will be —10 and the

quotient will be 2x* —3x+3.
D =-10
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Now divide the quotient by (x — 1) i.e.,

2x—1

(x=1) | 26* —3x+3
2x? —2x

—x+3

—x+1

2

In this case quotient is (2x — 1) and remainder is 2 = C. Again divide (2x — 1) by (x — 2),

2
(x-2)[2x-1
2x—4

3

Therefore the quotient 2 = A and the remainder are 3 = B. Hence the required polynomial
will be
2 +3x? +2x-10
We can also simplify the above in the following way:
Taking the coefficients of various powers of x in f(x), we have

1 2 3 3 10=D (a)
0 2 -1

2 2 -1 2=C (D)
0 4

3 2 3=B (©)
0
2=A

The following steps are to be followed in the method of synthetic division:

1. Put the coefficients of different powers of x in order beginning with the coefficients of
higher power of x.

2. Put 1 in the left hand side column and write zero below the coefficients of highest power
of x (in this case we have written zero below 2 which is coefficient of x3).

3. Now multiply 2 by 1 and 0 by 1, add them to get the sum 2, put 2 below -3 as given in
(a). Now multiply -3 by 1 and 2 by 1 and add them to get the sum —1 which is to be
written below 3. The remainder 10 is the value of D.

4. Add the terms of corresponding columns of (1) and get 2, -1 and 2 of (b)

5. Now again apply the steps (1) and (3): in this way we get (2 x 2) + (0 x 2) = 4 which
is to be written below —1. The remainder 2 of (b) is equal to C.

6. Apply step (4) on (b) and get 2 and 3 of (c).

7. Again apply the steps (2), (3) and (4) to get 2 which will be equal to A and remainder 3
of (c) which will be equal to B.
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Example 22. Express f(x) = x* — 12x3 + 24x*> — 30x + 9, and its successive differences in factorial
notation. Hence show that A’ f (x) = 0.
Sol. Let flx) = A[x]* + B [x]* + C[x]* + D[x] + E.

Use method of synthetic division, we divide by x, x = 1, x — 2, x — 3 etc. successively, then

1 1 -12 24 =30 9=E
1 -11 13

2 1 -11 13 -17 =D
2 -18

3 1 -9 -5 =C
3

4 1 -6 =8B

1=A
Hence, flx) = [x]* = 6[x]® - 5[x]> — 17[x] + 9

Af (x) =iup—1aﬂ2—1mﬂ - 17
A%f(x) = 12[x]? - 36[x] - 10
Af(x) =24[x] -36 = A*f(x)=24
And Af(x) =0.

Example 23: Find the lowest degree polynomial which takes the following values:

X 0 1 2 3 4 5

f(x) 0 3 8 15 24 35

Sol. We know that
fa+mnh) =f(a)+"C, Af(a) +"CyA*f(a) +... + "C,A"f(a) (1)
Putting a =0,h=1n=x we get
fx) = f0) + °C, AF(0) + ;A% (0)+ “CyA%f (0) -

@) NE)

= f0) + XV AF(0) + T A (0)+ S AYF(0) +.. -2)
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Now form the difference table for the given data to find Af (0), A2A0), A® f(0) etc.

f(x) Af(x) A% f(x) A’ f(x)
0

3
1 3 2

5 0
2 8 2

7 0
3 15 2

9 0
4 24 2

11
5 35

Substituting the values of £(0), Af(0), A2 £(0), A® £(0) in (2), we get

@
fx) = 0+3x(1)+2_x2_'+0

= 3x+x(x—1)=x2+2x.

Example 24. A second degree polynomial passes through the points (0,1), (1,3), (2,7), (3,13). Find
the polynomial.

Sol. Let f(x) = Ax?> + Bx + C.

Now form the difference table for given points:

f | M@ | AR
1
2
1 3 2
4
2 7 2
6
3 13
Since Af(x) = AAxX* +BAx+AC
Therefore, Af(x) = Af(x+1)*—x*}+B(x+1-x)+0
= A(2x+1)+B

Put x = 0, Af(0) A+B= A+B=2
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Again, A’ f(x) =24 = A*f(0)=2=2A= A=1

Also, we have B =1

Therefore polynomial for the given point is f(x) = x2 + x + 1.

Example 25. Write down the polynomial of lowest degree which satisfies the following set of
numbers 0, 7, 26, 63, 124, 215, 342, 511.

(2) (3)
Sol. We know f(x)= f(0)+x‘l)Af(0)+x2—2,A2f(0)+’;—S,Azf(OH---

By forming the difference table we calculate £(0), Af(0), A2 £(0), A® £(0) etc.

X f(x) Af(x) A? f(x) A® f(x) A* f(x)

0 0
7

1 7 12
19 6

2 26 18 0
37 6

3 63 24 0
61 6

4 124 30 0
91 6

5 215 36 0
127 6

6 342 42
169

7 511

Now substituting the values of £(0), Af(0), A? f (O)IA3 f(0) from the difference table, we
obtain

12 6
M (2) (3)
flx) = 0+7x" + > X +3!x

= 7x+6x(x-1)+x(x-1)(x-2)
= 7x+6x*—6x+x>—3x*+2x

= > +3x2+3x
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mERRORS IN POLYNOMIAL INTERPOLATION

Let the function y(x) having (n + 1) points (x, y,) for i = 0, 1, 2, ...n, be continuous and
differentiable. Let this function be approximated by a polynomial p,(x) of degree not exceeding
n such that

p,x)=vy;, 1=0,1,2 ..., n ..(a)

Now, to obtain approximate values of y(x) at some points other than those given by (a), let
y(x) — p,(x) vanishes for

X=X, X1 ,Xg,ceenene ,X,; and y(x)—p, (x) =Lr,(x) ..(b)

holds for any intermediate values of x, say x = x/, x, < x" x,

Therefore L = w ..(0)
Tyt1 (x )
Now, construct a function F(x) such that
F(x) = y(x) = p, (x) = L1, 14 (%) - (d)
Where L is given by equation (c). it is clear that:
F(xg)=F(x1)=F(xy) = wevreene. =F(x,)=F()=0

i.e., F(x) vanishes (n + 2) times in the interval x; <x<x,
According to Rolle’s Theorem, F’(x) must vanish (1 +1) times, F”(x) must vanish n times,

etc, in the interval x, <x<x,. In particular, F"*!(x) must vanish once in the interval. Let this
part be x=1, x,< n < x,. On differentiating equation (d) (n + 1) times with respect to x and
substituting x = . We get

0 = y"™'m)-L(n+1)!

n+1(

_y
T (n+1)! ~(€)

On comparing (c) and (e) we get,

yn+1 (n)

y(x)-p,(x") = (n+1)! a1 (X))
Dropping the prime on x’,

yn+1 (n)
(n+1)!

y(x)_pn(x): nn+1(X),xO SJCSJCn

This is required expression for polynomial interpolation.
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m DIFFERENCES OF ZEROS

Let y = x™ be a function of x, where m be a positive integer. If x = 0, 1, 2, 3..., we get 0", 1™, 2™,
3", .... respectively. If we constructed difference table for this data we get leading differences is
as: A0™, A20™ A30™ and these differences are called differences of zeros.

To find differences of zeros,

A" = (E 1) "
= [E" = "C,E"] + "CEP P — ... + (-1)" "] x™
= [E" x™ — "C E" ] x™ + "CE"2 2 X — ... + (1)* I x™
=[x +n]"-"Clx +n-1]" +"C)lx + n = 2]" — ... + (=1)" x™

(Taking interval of differencing i = 1)
This expression for x = 0, becomes
[Ax™], o =n"="Ci(n = 1)" +"C)(n — 2)" — ...... +"C, (<11 ...(a)

The expression (a) for [A"x™],_, is written as A"(™ and is known as differences of

zero.
If we substitute 7 =1, m = 1, then Al0'= 1. If, n = 2 and m = 2 then A?0?=2! and so on.

Proceeding in the same way we get A"(Q" = ! Also, A"™10" =0,A"0™ =0 for n > m.
Remark: A"Q" = H(An_l Om—l + A" Om—l)

Example 26. Sum the series using differences of zero:
n? + "C,(n — 1)> + "Cy(n — 2)* + ..., n being a positive integer.
Sol. Given n? + "C,(n — 1)* + "Cy(n — 2)> + .....
(x+n)?+"Cix +n -1 +"Cyx + n -2+ .1, _,
E"x? + "C,E"! w2 + "C,E"2 x2 + "C,E"P a2 + ],
HE" + "C,E"! + "C,E"2 + "C,E™ + .7, _,
[(E+ 1" 2], oy =12+ 8" %], _,
(2" + "C2"1 A+ "CR2 A2 + L) XL,
=[2" x2 + "C 2" Ax? + "CRE AN K2+ L,
= 0 + "C 21 AQ? + "C212 A2 + MC,2M3 A3 02 + ...
n(n-1)

=
=

=n2m11 + 27221 4+ 0+ 0 + ...

Because the differences of 0" of orders higher than m are all zero.

= n2" 4+ n(n-1).2""2

= n2" 2+ n-1]=n(n+1).2"2
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1
Example 27. Prove that: A"0"*' ZWA”O”.

Sol. Using the relation AT0" = n[A"T0™ L+ A"0™ Y], we get
A = ; [An—l 0" + A Q" ]
A" = (n=D[A"P0" T + A0

An720n71 — (Tl _ 2)[An—3 On—2 + An—2 On—2]

A0*= 1[0 +A%0'].
By back substitution of these values, we get
ATO™ = nA0" +n(n—1)A"0" T +n(n—1)(n—-2)A"20" 2 +....
+n(n—-1)(n-2)...3.2.1A'0"

nn+n(n-1)(n-1)+nn-1)n-2)(n-2)!+...+n(n-1)(n-2)....3.2.1!

nfn+(m-1D)+n-2)+...+3+2+1}

al nn+1) :n(n+1)

A0 A" = n!
5 > ; Because A"0" =n

Example 28. Sum to n terms the series 1.2Ax" —23A%x" +3.4A°x" —4.5A*x" + ...

Sol. Let u, =x". Then nth difference of u, will be constant and the higher order differences

will be zero. Thus the given expression will contain terms up to A"x" as the higher order terms
will be zero. Hence the sum of the above series to 1 terms is the same as up to . Therefore

1.2Ax" —2.3A%" + 3.4A3x" —45A% " +.... = 2A[1-3A+3.2A% -2.5A% + ... Jx"

2A[1—3A+%A2 —ﬁA?’ +...}x”
2 23

2A[1+ A2 %" =2(E-1)E3x"

= 2E2-E %"

= 2[E2x" —E3x"]

2[(x-2)" = (x=3)"].
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PROBLEM SET 3.3

1. Use the method of separation of symbols to prove the following identities:

2 3

x x x >
@) wyx+u,x? +ux’ +.. = Uy + Uy + A%+ ...
1 2 3 d-x) 1 (1-2)? 1 1-2) 1
(0) A"y =uypy = "Crttgypg + "Cothgypg + ot (1) 1y
1 5 13 4 135 ¢ 1 1.5 3
—= — - = —=A +—A —A 4
(©) u, 8A ux71+8.16A Uy oy 8.16.24A Uy g5+... ux% > ux% 1 X% 3 ux%

@)y + *CA%U,  + *CoA 1y + .o =ty + “Cr AUy + “CrA Uy +....
(€) uy+ Eutg+ E%ug +...+ E"ug = "'Cyuy " Coug + "NCA% Uy + ...+ Ay
O u, + *CAE  u, + “1C,A%Eu, + 2 CA%E U, + ... =u
2. Show that (xA)™u, = (x+n-1)" A"y, .
3. Prove that if m is a positive integer, then ,(m+1) ;001 _ o ()

4. Express f(x)=2x°>-3x?+3x-10 and its differences in factorial notation, the interval of
differencing being one. [Ans. Af(x)=6x"? +6x+2,A%f(x) =12x+6,A° f(x) =12]
5. Find the successive differences of y* —124% +42x%2 —30x+9, where h, the interval of
differencing is unity.  [Ans. Af(x)=4x> —30x% +52x +1, A% f(x) = 12x% — 48x +26, A f (x)

=24x-36,A"f(x)=24]

6. Represent the following polynomials and its successive differences in factorial notation.

(@) 11x* +5x° +x-15 [Ans. 11[x]* +71[x]® +92[x]* +17[x] -15]
(b) 2x® —3x2+3x+10 [Ans. 2[x]® +3[x]* +2[x]+10]
7. Show that:

(@) (n+1A"0" =2[A" 10" +A"0"]
®) n'=n""c;(n-1)" +" cy,(n-2)" —....

8. u, is a function of x for which differences are constant and u, + u, = -786, u, + u, = 686,

Uy + us = 1088. Find the value of u,. [Ans. 570.9]

aaa



CHAPTER 4

Interpolation with Equal Interval

INTRODUCTION

Interpolation is the method of estimating unknown values with the help of given set of observa-
tions. According to Theile Interpolation is, “The art of reading between the lines of the table”.
Also interpolation means insertion or filling up intermediate terms of the series. It is the technique
of obtaining the value of a function for any intermediate values of the independent variables i.e.,
of argument when the values of the function corresponding to number of values of argument are

given.

The process of computing the value of function outside the range of given values of the

variable

is called extrapolation.

Interpolation is based on the following assumption:

1.

The values of the function should be in an increasing or decreasing order i.e., there are
no sudden change (Jumps or falls) in the values during the period of under consideration.

. The jumps and falls in the values should be uniform, this implies that the changes in the

values of the observations should be in a uniform pattern.

. When we apply calculus of finite differences on this, we assume that given set of obser-

vations are capable of being expressed in a polynomial form.

There are three methods to interpolate the certain quantity.

(§))

(2)

(3)

Graphical method: According the Graphical Method, take a suitable scale for the val-
ues of x and y i.e.,, for arguments and entries values, and plot the different points on the
Graph for these values of x and y. Draw the Curve passes through the different plotted
points and find a point on the curve corresponding to argument x and obtain the cor-
responding entry value y. This method is not reliable most of the cases.

Method of curve fitting: This method can be used only in those cases in which the
form of the function in known. This method is not exact and becomes more complicated
when the number of observations is sufficiently large. The only merit of this method lies
in the fact that it gives closer approximation than the graphical method.

Use of the calculus of finite differences: The study of finite differences for the pur-
pose of interpolation can be divided into three parts.

(a) The technique of interpolation with equal intervals.
(b) The technique of interpolation with unequal intervals.
(c) The technique of central differences.

160
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These methods are less approximate than the others and do not assume the form of the
function to be known. On using the method of calculus of finite difference, the calculations
remain simple even if some additional observations are included in the given data.

m NEWTON'S GREGORY FORMULA FOR FORWARD INTERPOLATION

Let y = f (x) be a given function of x which takes the value f(a), fla + h), fla + 2h)... fla + nh) for
(n + 1) equally spaced values a, a+h, a + 2h,... a+ nh of the independent variable x. Assume that
f(x) be a polynomial of nth degree, given by
flry=A,+A (x-a)+ A, (x-a)x—a-h) + A, (x —a)(x —a—h) (x —a~-2h)
o A(x = ). (x=a=(n=T)h) (1)
Where A, A;, A, ... A, are to be determined. Now to find the values of A, A;, A,, ... A,
putx =a,a + h, a + 2h,... a + nh in equation (1) successively.
Therefore for x = a, fla)=A, (2
for x =a+h fla+h=A+A @+h-a)
fla +h) = Ay + hA,
fla + h) — fla) = hA; [from (2)]

. 4y - 4O

For x =a + 2h
fla + 2h) = Ag+ A, (2h) + A,(2h)h

= f(a) + 2h {#} + 212A,.

=  212A, =fla + 2h) - 2f@ + h) + fl@) = A%f (@)

A*f (a)
= A= e
A3
Similarly, A, = 3{}1(3”)
An
LAY
" n!h"
Put the values of Aj, A, A, A, ... A, in the equation (1), we get
Af (a) A*f(a)
fx) = fla) + (x — a) I +(x-a)(x—a-h) SR +
A"f(a)
x-a)..(x-—a-3-1h) o
n'h
. x—a
Again, putx =a + hu = u = e have
hu) (hu—h - —2h)... -n-1
fa + ) = fla) + h Af}fzz) . ( u)z(wz ) A2 )+ (hu)(hu—h) (hu—=2h)... (hu—n—1h)
! n!h"
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-1
:fm+hm=ﬂm+Awﬁn+”%!)AZﬂm+m

which is required formula for forward interpolation.

uw(u-1)(u-2)...(u—n+1)
i n!

A" fla)

This formula is useful for interpolating the values of f(x) near the starting of the set of values
given. h is called interval of differencing while A is forward difference operator. This is applicable
for equally spaced argument only.

Example 1. The following table gives the distance in nautical miles of the visible horizon for the

given heights in feet above the earth’s surface.

x 100 150 200 250 300 350 400
y 10.63 13.03 15.04 16.81 18.42 19.9 21.27
Use Newton’s forward formula to find y when x = 218 ft.
Sol. Let us form the difference table:
X y A A? A’ A* A° A®
100 10.63
2.40
150 13.03 —-0.39
2.01 0.15
200 15.04 -0.24 -0.07
1.77 0.08 0.02
250 16.81 -0.16 —-0.05 0.02
1.61 0.03 0.04
300 18.42 -0.13 -0.01
1.48 0.02
350 19.9 -0.11
1.37
400 21.27
Here, h = 50, a = 100 = x,
x—-x,  218-100 118
L= = 0 :E=2.36
Now, applying Newton’s forward difference formula.
18 = fi) + uste) + D gy o LD g
. u(u-1) (LZZ) (u-3) N f@) ot u(u—1)6.;.(u—5) A0
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= 10.63 + 2.36 x 2.40 + w x (-0.39) + 2'36(1'366)(0'36) x (0.15)
, 236 (1.36)(;136)(—0.64))( 007) + 2% (1.36)(0.3162)0(—0.64)(—1.64) X ©02)
, 2:36(1.36) (0:36) (7—20(.)64)(—1.64) (-264) 1o

10.63 + 5.664 — 0.625872 + 0.0288864 + 0.002156 + 0.00020212776 — 0.00008893621
16.3252453777 — 0.62596093621
15.69928 (Approx.)

Example 2. Ordinates f(x) of a normal curve in terms of standard deviation x are given as:

x 1.00 1.02 1.04 1.06 1.08
f(x) 0.2420 0.2323 0.2275 0.2227

0.2371

Find the ordinate for standard deviation x = 1.025.
Sol. Let us first form the difference table:

x y A A? A’ A*

1.00 0.2420
—0.0049

1.02 0.2371 0.0001
—0.0048 —0.0001

1.04 0.2323 0 0.001
—0.0048 0

1.06 0.2275 0
—0.0048

1.08 0.2227

Here, h =0.02, 2 =1.00, x = 1.025
o L05-100_, o5
0.02
 £1.025) = fla)+uaf @)+ D w2 (o) + TN 3 gy MDD s

3! 4!
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Now on putting values of various functions, we get

0.2420+1.25x(—0.0049) + @x(oooon + 1'25(0'22)(_0'75) x(0.0001)
| 125(0.25)(-0.75)(-1.75) (0.0000)
24
=0.2420-0.006125 +0.000015625 +0.000003906 + 0.000001708
=0.242021239-0.006125 = 0.235896239 (Approx.)
Example 3. Find the cubic polynomial which takes the following data:
X 0 1 2 3
f(x) 1 0 1 10
Sol. Let us first form the difference table:
x y A A? A’
0
-1
1 0 +2
1 0.6
2 1 8
9
3 10
i faeu) = flay+ s (o) + X a2 pay M XE=2) 03 £ )
Now, X =a+ hu
Lo xma_x
o1
= X =u

Therefore from (1)
x(x=1) » x(x=1)(x-2) 3
YR A%y, +—3! A%y,

1 (et D 0y XEDGE=2)
- - !

=l-x+x2—x+x3-2x2 =x%2 + 2x
=x3 222 + 1

Yo + XAy, +

y
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Example 4. Find the number of students from the following data who secured marks not
more than 45.

Marks range 30-40 40-50 50-60 60—-70 70—-80

No. of students 35 48 70 40 22

Sol. Let us form a difference table as,

x y A A? A3 At
40 35
48
50 83 22
70 -52
60 153 -30 64
40 12
70 193 -18
22
80 215

Here, h = 10, a = 40, x = 45
x—a 45-40

U=—- 0.5
h 10
- f(40+5x0.5) = f(a)+ uAf(a)+@A2 f(a)+WA3 f(a)+ u _1)(”47 2)(u=3) 4 f(a)
354055484 05(05) o 0.5(4).2)(—1.5) (52)+ 0.5(4).5)(2;1.5)(—2.5) < (64)
=35 + 24 — 275 — 3.25 2.5
=59 -85
= 505 =51

.. No. of students who secured not more than 45 marks are 51.

Example 5. Use Newton’s Method to find a polynomial p(x) of lowest possible degree such that p(n)
=2"=0,1,2,3 4
Sol. Since P(n)=2"forn=20,1,2, 3,4
A =0,h=01
x =a+ hu

or u =x
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P(n) = P(0)+xAP(0)+
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From Newton’s formula,

n P(n) A A? A® A
0 1
1
1 2 1
2 1
2 4 2 1
4 2
3 8 4
8
4 16
MA2P(0)+X(X_13)|(X_2) A3P(0)+x(x—l)(x4—|2)(x—3)
x(x-1) N x(x=1)(x-2) N x(x—l).(x—Z)(x—?;) .
6 24
:1+x+x_2_z+[x_3_ﬁ+1]+(x_4_x_3 sz_z]
2 2 6 6 3 24 4 24 4
x° U270 Ans.
12
Example 6. Find the value of sin 52° from the given table:
0 45° 50° 55° 60°
sin@ 0.7071 0.7660 0.8192 0.8660
Sol. Here a = 45°, h = 5, x = 52 therefore u = 1.4
x° 10y 10* Ay 10* A%y 10* A%y
45° 7071
589
50° 7660 57
532 -7
55° 8192 —64
468
60° 8660

A*P(0)
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By forward interpolation formula

10* f(2)

f(a+hu) = f(a)+ulf(a)+

2!

u(u—1)

A f(a)+

7071+ (1.4)589 + % (=57) +

7880

f(52) =0.7880 or sin 52" = 0.7880

(1.4)(0.4)(-0.6)
6

=7)

Example 7. Following are the marks obtained by 492 candidates in a certain examination:

Marks 0-40 40-45 45-50 50-55 55-60 60—65
No. of Candidates 210 43 54 74 32 79
Find out
(a) No. of candidates, if they secure more than 48 but less than 50 marks.
(b) Less than 48 but not less than 45 marks.
Sol. First we form the difference table as follows:
Marks less than No. of Candidates A A? A® A* A®
40 210
43
45 253 11
54 9
50 307 20 -71
74 —62 222
55 381 —42 151
32 89
60 413 47
79
65 492
Here, I = 5,
For (a), x = 48, a = 40, -~ U= 48;40 =16
Now on applying Newton’s forward difference formula, we have
F(48)=210+1.6x43+ 16x06 1.6><(0.66)(—0.4) 194 LEXQO0H1A) oy

24
, L6X(0.6)(-04)(-14)(-2.4)

120

x222
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=210 + 68.8 + 5.28 — 1.5904 — 0.576 — 2.38694

= 284.08 — 4.553344 = 279.52 = 280
.. No. of students secured more than 48 marks but less than 50 marks = 307 — 280 = 27
for (b), x =48, a =40, .. u=16
N 1.6x(0.6)(-0.4) <O+ 1.6x(0.6)(-0.4)(-1.4)

£(48)=210+1.6x4.3+ 16x0.6 14 x(=71)
2 24
L L6X(0.6)(-04)(-14)(-24)
120

=279.52 =280
.. No. of students secured more than 45 marks but less than 48 marks = 280 -253 = 27

Example 8. Use Newton’s forward difference formula to obtain the interpolating polynomial f(x)
satisfying the following data:

X 1 2 3 4

f(x) 26 18 4 1

If another point x = 5, f(x) = 26 is added to the above data, will the interpolating polynomial be the
same as before or different. Explain why?

Sol. The difference table is

x y A A? A3 A*
1 26
-8
2 18 -6
-14 17
3 4 11 0
-3 17
4 1 28
25
5 26

As we seen here that its third difference is being constant either on taking fifth entry or on
not taking fifth entry (i.e., 26). So the interpolating polynomial should be same as before, and no
change will occur.

Here, h =1,x=5a=1

u = =4

(x—l)(x—2)><(_6)+(x—l)(x—2)(x—3)><17

fx) =26+ (x-1)(x-8) + Y 3!
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17
26 —8x +x—3x>+9x -6 - (x3—6x2+11x—6)z

- 28+x-3x? +16T7x3 —17x> +1§T7x—17

193

zx?’ —20x? +Tx+11

which is the required interpolating polynomial.

Example 9. If p , q, 1, s be the successive entries corresponding to equidistant arguments in a table.
Show that when third differences are taken into account, the entry corresponding to the argument half way

B
between the arguments at q and r is A+Z, where A is the arithmetic mean of q and r and B is arithmetic

mean of 3q — 2p — s and 3r — 25 — p.
Sol. Given A is the arithmetic mean of g and r

_atr
= A = >
= g+r =2A

Also, B is the arithmetic means of 3g — 2p — s and 3r — 25 — p.
3q—2p—s+3r—2s—p 3q—-3p—3s+3r
2 2
3(g+r)_3(p+s)
2 2
Let quantities p, g, r and s corresponds to argument a, a + h, a + 2h and a + 3h respectively
then the value of the argument lying half way between a + I and a + 2h will be

= B =

B =

I
a+h+ 5 e, a + >
3
Hence, a+mh =a+ Eh
3
= m :E
Now, difference table as follows:
X f(x) Af(x) A f(x) A’ f(x)
a p
q-r
a+h q r=2q+p
r—q §=3r+3q—p
a+2h r s—2r+q
S—r
a+3h S

Using Newton’s forward interpolation formula up to third difference only and taking
m = 3/2, we get
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flu) = tan (0.12)
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= fla) +

+ AMf(@)+———

(u D)

A’ f(a)+

3!

. By using Newton’s forward difference formula, we get

u(u-1)(u-2)

A’ f(a)+

u(u-1)(u—-2)(u-3)

3[ 34 ] 3(3 4 §_
3
fae3h) = roedaee 22 utpae 212 A f@)
= P+—(q—p)+—(r—2q+P)——(s—3r+3q—p)
p+s
= —(-p+99+9r—-s)=—(qg+r
( p+9q ) (q )- ( 1 j
= _( )__ 34-8 9A—1A B
16 16 8 8 24
= A+£
24
Example 10. The table below shows value of tan x for 0.10 < x < 0.30.
x 0.10 0.15 0.20 0.25 0.30
tanx 0.1003 0.1511 0.2027 0.2553 0.3093
Evaluate tan 0.12 using Newton’s forward difference table.
Sol. Let us, first form the difference table.
b tanx A A? A’ A*
0.10 0.1003
0.0508
0.15 0.1511 0.0008
0.0516 0.0002
0.20 0.2027 0.0010 0.0002
0.0526 0.0004
0.25 0.2553 0.0014
0.0540
0.30 0.3093
h =0.05
a =010, x =0.12
x—a_0.12-0.10 _0.02
U= =04
h 005 005

4!

A f(a)
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— 0.1003+0.4x0.0508 + x(0.0008) +

0-4_(;0-6) %(0.0002)

0.4(-0.6)(~1.6)
6

L DA0H)CLO(26) 5005
24

= 0.1003 + 0.02032 — 0.000096 + 0.0000128 — 0.00000832

= 0.1206328 — 0.00010432

= 0.12052848 Approx.

PROBLEM SET 4.1

1. The population of a town in the decimal census was as given below. Estimate the population
for the year 1895.

Year x 1891 1901 1911 1921 1931

Population y (in thousands) 46 66 81 93 101

[Ans. 54.8528 thousands]

2. If [ represents the number of persons living at age x in a life table, find as accurately as
the data will permit [ for values of x = 35, 42 and 47. Given [, = 512, I, = 390, ,, = 360,

ls, = 243.
[Ans. 394, 326, 274]

3. From the following table, find the value of e®**

x 0.1 0.2 0.3 04 0.5

e’ 1.10517 1.22140 1.34986 1.49182 1.64872

[Ans. e%*=1.271249]
4. From the table, Estimate the number of students who obtained marks between 40 and 45.

Marks 30-40 40-50 50-60 60-70 70-80
No. of students 31 42 51 35 31
[Ans. 17]
5. Find the cubic polynomial which takes the following values
x 0 1 2 3
fx) 1 2 1 10

[Ans. 2x°-7x%+6x+1]
6. Find the number of men getting wages between Rs. 10 and Rs.15 from following table:

Wages (in Rs.) 0-10 10-20 20-30 30—-40

Frequency 9 30 35 42

[Ans. 15]
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7. The following are the numbers of deaths in four successive ten year age groups. Find the
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number of deaths at 45-50 and 50-55.

Age

25-35

35—-45

45-55

55-65

Deaths

13229

18139

24225

31496

m NEWTON’S GREGORY FORMULA FOR BACKWARD INTERPOLATION

[Ans. 11278, 12947]
The following table give the marks secured by 100 students in Mathematics:

Range of marks 30—-40 40-50 50-60 60-70 70-80

No. of students 25 35 22 11 7

Use Newton’s forward difference interpolation formula to find
(1) the number of students who got more than 55 marks.
(2) the number of students who secured marks in the range from 36 to 45.

[Ans. (i) 28, (ii) 36]
From the following table of half-yearly premium for policies maturing at different ages,
estimate the premium for policies maturing at age of 46.

Age 45 50 55 60 65

64.48
[Ans. Rs. 110.52]

114.84 96.16 83.32 74.48

Premium (in Rupees)

Let y = f(x) be a function of x which takes the values f(a), fla + h), fla + 2h), ... fla+ nh) for
(n + 1) equally spaced values a, a + I, ......... , a + nh of the independent variable x. Let us assume
f(x) be a nth degree polynomial given by

F(x)= Ay + Ay (x —a—nh)+ Ay(x —a—nh)(x —a—n—1h)+...A,(x —a—hn)(x —a—n—1h)
e x—a-h) (D)

Where A, A,, A,, ....A, are to be determined.

Put X=a+nh a+ n-1h,..ain (1) respectively.
Put x = a + nh, then fla + nh) = A, ..(2)
Put x = a+ (n — 1)h, then
fla+n-1h)=Ay—hA; = f(a+nh)—hA; (from 2)
Vf(a+nh
= A =¥ )
Put x =a+ (n - 2)h, then

fla+n—2h)= Ay —2hA; +(-2h)(-h) A,
= 21h* Ay = f(a+n—2h)— f(a+nh)+2Vf(a+nh)=V?f(a+nh)
- V2 f(a+nh)

T e
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and

or

V' flatnh)
n!h"

Substituting the vaues in (1), we get

Vf(a ;:r nh) N

Proceeding in similar way, A, =

.(3)

[f(x):f(a+nh)+(x—a—nh)

V" f(a+nh)

........ (x—a-h) T ..(6)

Put x = a +nh + uh, then x —a — nh = uh
x—a-m-1h =W +1)h

x—a—-h = (Ll+1’l_—1)h
. Equation (6) becomes

u(u+1)

1) gu fa )
2!

n!h"

f(x)= f(a+nh)+uVf(a+nh)+ sz(a+ nh)+...+uh(u+1h ...(u+n-1h)

u(u+1) u(u+1)(u+n-1h)
2! n!
Which in required Newton’s Gregory formular for backward interpolation. This formula is

fla+nh+uh)= f(a+nh)+uVf(a+nh)+ sz(a+nh)+...+

V" f(a+nh)

used when we want to interpolate the value near the end of the table.

Example 1. The table below gives the value of tan x for 0.10 < x < 0.30

X 0.10 0.15 0.20 0.25 0.30
tan x 0.1003 0.1511 0.2027 0.2553 0.3093
Find (a) tan 0.50 (b) tan 0.26 (c) tan 0.40
Sol. First of all we construct the difference table:
X tanx \% V2 & %
0.10 0.1003
0.0508
0.15 0.1511 0.0008
0.0516 0.0002
0.20 0.2027 0.0010 0.0002
0.0526 0.0004
0.25 0.2553 0.0014
0.0540
0.30 0.3093
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(a) Here, It = 0.05, a = 0.30, x = 0.50
,_050-030 _,

0.05
u(u+1 u(u+1)(u+2 w(u+1)(u+2)(u+3
tan 050) = @)+ uVf(a)+ XDV fy LN g3 ) MU DUE DU 1
— 0.3093+4x0.0540 + 42L5><o.0014+ AX5X6 . 0.0004 + %x 0.0002
= 0.3093 + 0.216 + 0.014 + 0.008 + 0.007
= 0.5543
(b) Here, h = 0.05,a = 030, x = 0.26
L 026-030_
0.05
~0.8)x(0.2 N
- o.3o93+(—0.8)xo.054+%;(O)xo.oouu( 0.8)x(02)x(12) 6 6004
L (LO8)XO02)x(12)x(22) (o
24
= 0.3093 — 0.0432 — 0.000112 — 0.0000128 — 0.00000352
= 03093 — 0.04332882 = 0.2662
(c) Here, I = 0.05, a = 0.30, x = 0.40
_ 040-030 _,
0.05
£(0.40) = tan(0.40) = f(a)+uVf(a) +@v2 Fla)+ Wv?’ £(a)
N u(u+ 1)(1,,; 2)(u+3) V4f(a)
On putting the subsequent values, we get
£(0.40) = 0.3093 + 2 x 0.054 + ZLZ?)XO.O()14+ 2><3><4><O.OOO4+%:O.OOOZ

= 0.3093 + 0.108 + 0.0042 + 0.0016 + 0.0001
= 0.4241.

Example 2. Using Newton's backward difference formula find the value of ™9 from the following
table of value of e™.

x 1 1.25 1.50 1.75 2.00

e 0.3679 0.2865 0.2231 0.1738 0.1353
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Sol. Difference table for the given data as follows:

x e \ V2 v At
1 0.3679
—0.0814
1.25 0.2865 0.0180
—0.0634 —0.0039
1.50 0.2231 0.0141 0.0006
—0.0493 —0.0033
1.75 0.1738 0.0108
—0.0385
2.00 0.1353
19-2 0
Here, u = —0_25 .
using Newton’s backward difference formula
u(u+1 u(u+1)(u+2 u(u+1)(u+2)(u+3
fe) = f@ruvf@+ D g2 g LD D go ) Ut DEE DA g g,
2! 3! 4!
On putting the subsequent values, we get
—0.4) x (-0.441
f(e™) = 0.1353 + (-0.4) x (-0.0385) + %XO.M%

SEODX(0A+D(04+42) 0 oy (OAX(04+D(04+2)(04+43) 00
6 24
= 0.1353+0.0154 — 0.001296 + 0.0002112 + 0.000024
= 0.14959

Example 3. In the following table, values of y are consecutive terms of a series of which 23.6 is the
6th term. Find the first and tenth terms of the series.

X 3 4 5 6 7 8 9

y 4.8 8.4 14.5 23.6 36.2 52.8 73.9
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Sol. The difference table for the given date is as follows:

x y Vy VZy Vy
3 4.8
3.6
4 8.4 25
6.1 0.5
5 14.5 3
9.1 0.5
6 23.6 3.5
12.6 0.5
7 36.2 4
16.6 0.5
8 52.8 4.5
211
9 73.9

To obtain first term, we use Newton’s forward interpolation formula,
Here,a=3,h=1,x=1 .. u=-2

Hence we have

u(u—1 u(u—1)(u-2
A1) = s +udys + D a2y, MU s,

On putting the subsequent values, we get

A1) = 48+(-2)x3.6+ (‘2)2(—3)

Similarly, to obtain tenth term, we use Newton’s backward interpolation formula. So
a+nh =9, h=1,a+nh+uh =10
u =1

(2.5)+ (_2)(_63)(‘4) (0.5)=3.1

u(u+1 u(u+D(u+2
D gz, | W D2 g5,

Yo +uVye + Y

739 + 211 + 45 + 05 = 100

= £(10)

Example 4. Find the value of an annuity at 5 g%, given the following table:

Rate 4 41 5 51 6
2 2

Annuity Value 172.2903 162.888 153.7245 145.3375 137.6483
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Sol. Difference table,

y = y6)+ (-1.25)Vy(6)+

137.6483+(~1.25)(-7.6892) +

(~1.25)(=0.25)
2! v

y(6

(£125)(~0.25)
2!

) C129)(025)(075) 5

Rate Annuity Values \% V? V3 %
4 172.2903
-9.4014
4% 162.888 0.237
-9.1644 0.537
5 153.7245 0.774 —0.6132
—8.387 —0.0762
5% 145.3375 0.6978
-7.6892
6 137.6483
X = 5§=§,a=6,n=l
8 8

3!

(0.6978)

y(6)....

177

L E125)025)075) o o (C125)(025)075)(1T5) () 01

3!

147.2251 Approx.

4!

Example 5. In an examination, the number of candidates who obtained marks between certain limits

are as follows:

Marks 0-19 20-39 40-59 60-79 80-99
No. of candidates 41 62 65 50 17
Find no. of candidates who obtained fewer than 70 marks.
Sol. First, we form the difference table.
Marks less than (x) No.of candidates (y) \Y V2 V3 V4
19 41
62
39 103 3
65 -18
59 168 -15 0
50 -18
79 218 -33
17
99 235
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Here, we have h = 20, a = 99

70-99 =145

SoU =

Now on applying ‘Newton’s backward difference formula, we get

fi70) = @)+ uvf @)+ M2 gy LN D o g UL DD g

30 4!
(C145)(045)(055) 1)

= 235 + (-1.45)(17) + ;

x(=33)+

(~1.45)(-0.45)
2

= 235 - 24.65 — 10.76625 — 1.076625
235 — 36.492875
198.507 = 198

.. Total no. of candidates who obtained fewer than 70 marks are 198.

Example 6. The area A of a circle of diameter d is given for the following values:

d 80 85 90 95 100

A 5026 5674 6362 7088 7854

Find A for 105.
Sol. First of all we form the difference table as follow:

o | fw | VWV

80 5026
648

85 5674 40
688 -2

90 6362 38 4
726 2

95 7088 40
766

100 7854

Here, h = 5, a = 100, x = 105
"y = 105-100 -1
5

Now on applying Newton’s backward difference formula, we have

Fa0s) = f0 s D gy MDD s D20 g
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= 7854 +1x766+

40x2 1x2x3
+ X

2

1x2x3x4
+ X

4

= 7854 + 766 + 46

= 8666

6

24

Which is the required area for the given diameter of circle.

To1,
Example 7. The probability integral p — \/zJ.ezt dt has the following values:
n
0

179

X 1.00 1.05 1.10 1.15 1.20 1.25
P 0.682689 0.706282 0.728668 0.749856 0.769861 0.788700
Calculate P for x = 1.235
Sol. First we form the difference table
x f(x) \Y V2 & % v°
1.00 0.682689
0.023593
1.05 0.706282 —-0.001207
0.022386 0.000009
1.10 0.728668 —0.001198 0.000006
0.021188 0.000015 —0.000004
1.15 0.749856 —0.001183 0.000002
0.020005 0.000017
1.20 0.769861 —0.001166
0.018839
1.25 0.788700
Here, h = 0.05 a = 1.20
S

f()

_ f(a)+uVf(a)+ —”(”; Vg2 pgy 4 Mt D@ +2) +1;f” 2 v3 f(a)+

, (03)0.7)(1.7)2.7)

u(u+1)(u+2)(u+3) vt

41

24

fa)+

u(u+1)(u+2)(u+3)(u+4)

5!

Vo f(a)

0.788700+(—O.3)(0.018839)+W(—0.001166)+W(0.0000U)

0.000002) + E2ODANN2T)E7) ( 00004)

120
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= 0.788700 — 0.0056517 + 0.0012243 — 0.0000010115 — 0.00000008032
0.7888225488 — 0.00566189532
0.78316065356

Example 8: Calculate the value of tan 48°15" from the following table:

x° 45° 46° 47° 48° 49° 50°

tan x 1.00000 1.03553 1.07237 1.11061 1.15037 1.19175

Sol. Given that a + nh = 50

h=1
a + nh + uh = 48°15" = 48.25°
i 50 + u = 48.25
= u =-175
The difference table for given data is as follows:
x° 10°y 10°Vy 10°V?y 10°V3y 10°V*y 10°Vy
45° 100000
3553
46° 103553 131
3684 9
47° 107237 140 3
3824 12 -5
48° 111061 152 -2
3976 10
49° 115037 162
4138
50° 119175
y(@a+nh) = Yarun TUVYornn + u(uzT L) VY —u(u+13)'(u+2) VY g +

u(u+ 1)(u4J: 2)(u+3) v4yu+nh N u(u+1)(u+ 25)'(u +3)(u+4) V5yu+nh
(-1.75)(-0.75) (-1.75)(=0.75)(0.25) <10
2

x162+

105y48.25 = 119175+ (-1.75)x 4138 +

.\ (-1.75)(—0.725;(0.25)(1.25) (D)4 (-1.75)(—0.75)$.025)(1.25)(2.25) <(5)

10°y,g05 = 112040.2867

tan 48°15" = 1.120402867.

= Y4825
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PROBLEM SET 4.2

. The population of a town is as follows:

Year 1921 1931 1941 1951 1961 1971

Population (in lakhs) 20 24 29 36 46 51

Estimate the increase in population during the period 1955 to 1961
[Ans. 621036.8 lakhs.]

. From the following table find the value of tan 17".

) 0 4 8 12 16 20 24

tan 6 0 0.0699 0.1405 0.2126 0.2867 0.3640 0.4402

[Ans. 0.3057]
. From the given table find the value of log 5875

x 40 45 50 55 60 65

log x 1.60206 1.65321 1.69897 1.74036 1.77815 1.81291
[Ans. 3.7690058]

. From the following table, find ¥ when x = 1.84 and 2.4

x 1.7 1.8 1.9 2.0 21 2.2 2.3

e* 5.474 6.050 6.686 7.389 8.166 9.025 9.974

[Ans. 6.36, 11.02]
. From the following table of half yearly premium for policies maturing at different ages,
estimate the premium for policy maturing at the age of 63:

Age 45 50 55 60 65

Premium (in Rs.) 114.84 96.16 83.32 74.48 68.48

[Ans. 70.585152]
. The values of annuities are given for the following ages. Find the value of annuity at the

1
27=
age of X
Age 25 26 27 28 29
Annuity 16.195 15.919 15.630 15.326 15.006

[Ans. 15.47996]
. Show that Newton’s Gregory interpolation formula can be written in the form as

U, =ty + XAty — xaA>uy + xabA3uy — xabeA*ug + ...

where a = 1—%(x+1), b=1 —% (x+1), ¢ = 1—i(x+1) etc.
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m CENTRAL DIFFERENCE FORMULAE

As earlier we study formulae for leading terms and differences. These formulae are fundamental
and are applicable to nearly all cases of interpolation, but they do not converge as rapidly as
central difference formulae. The main advantage of central difference formulae is that they give
more accurate result than other method of interpolation. Their disadvantages lies in complicated
calculations and tedious expression, which are rather difficult to remember. These formulae are
used for interpolation near the middle of a argument values. In this category we use the following
formulae:

4.4.1 Gauss Forward Difference Formula

We know Newton’s Gregory forward difference formula is given by

u(u-1 w(u—1)(u-2
MU g MDD

3!
w(u—1)(u—-2)(u—-3)
’ 4!

fla+hu) = f(a)+ulf(a)+
A*f@)+... ..(1)

Substitute a = 0, h = 1 in (1), we get
Fu) = £(0)+uaf(©)+ =1 ”(” D A2 f(0)+ w

Now obtain the values of A2 f(O),A3 f(O),A4 £(0)...

u(u—1)(u—-2)(u-3)
4!

A’ £(0)+ A*FO)+... ..(2)

To get these values,

A*f(-1) =A*f(0)-Af(-1)
= A f(0) = A’ F(-D)+Af(-1)
Also, A*f(-1) = A*f(0)-A*f(-1)

= AP F0) =A*f(-1)+ A f(-1)
N f(-1) =A*f(0)-A* f(-1)
= A*F(0) =A°f(-1)+A*f(-1)
A°f(-1) = A F(0)-Af(-1)
= AS£(0) =A®f(-1)+A®f(~1) ... and so on.

Substituting these values in equation (2)

fw) = FO+uf©+ DA fp 2t f-p)]+ [A*£(-1)+ 4% F(-)]

+u(u—1)(u—2)(u—3) u(u—l)(u—Z)(u;3)(u—4)
4! 5!

u(u—1)(u-2)
31

(A f(D+a*f(-1) |+ [A°f(-D)+A°f(-1) ]+

fu) = f(0)+uAf(0)+u(” D a2 ()4 0= 1){ (”;2)}A3 )

u(u—-1)(u-2) (u=-3)] .4 u(u—1)(u—-2)(u—-3) (u-4)] .5
+ . {1+ 1 }A fED+ 1 {1+ z }A f(=1)
+u(u—1)(u—2)(u—3)(u—4)
120

A F(=1)+....
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u(u 1) (u+Du(u—1)(u—-2)

Fly = FO)+uaf©)+ a2 oy LIV o3 gy LD 1
+(u+1)u(u—15)!(u—2)(u—3) A5f(—1)+.... 0)
But AF(-2) = A (1) - AF(-2)
= Af(-1) = A (-2) + Af(-2)
and A°f(-2) = Af (-1) + A (-2)
= AF(-1) = A (-2) + AF(-2)
The equation (3) becomes
Fly = FO+unfo)+ MU a2 oy LEDHEZD 3 gy (U D) )
(u+1)u(u4| D(u-2) A5f(_2)+(u+1)u(u—15)|(u—2)(u—3) A5f(—2)
N (u+1)u(u—15)$u—2)(u—3) A6f(—2)
o fl) = FO)uaf(o)+ MR oy DD 0 gy (DD gt )
(u+2)(u+1)5u'(u 1(u—-2) AP F(=2)+ (u+1)u(u— 15)511 2)(u—-3) AS F(=2) ...
This formula is known as Gauss forward difference formula.
This formula is applicable when u lies between 0 and%
4.4.2 Gauss Backward Difference Formula
This formula is also solved by using Newton’s forward difference formula.
Now, we know Newton’s formula for forward interpolation is
fla+hu) = f(a)+ unf(a)+ =D ”(” D2 )+Wﬁ fla)+ ”(”‘1)(”4"2)(”‘3)& f(@)+ ..
(1)
Put a = 0, and & = 1, in equation (1), we get
£l = O +unf0)+ 2 a2 (o) + HENEED g3 ) MDD i
-(2)

Now  Af(0) = Af(-1)+ A% f(-1)
A’f(0)=A’F(-D)+ A% f(-1)
A f0)=AFD+A*f(-1)
A*£(0)=A*f(=1)+A°f(~1) ...and so on.
On substituting these values in (2), we get
£ = FO)+u[ A7)+ 4 F-1 [+ D42 e o ) ]+

u(u—1)(u—-2)(u—3)
i 4!

UMD 03 fty )]

[A (D) +A° f(1)]+...
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< f(u) = £0)+uAf(=1)+uA®f(- 1)[1+(”21)} u(uz N A 1)[“(1432)}

(u+1)

= fOunf-)+ D ua? pep+ DI g2y

(u+Du(u—-1)(u-2)
’ 4!

A*f(=D)+.. ..(3)
Again A f(-1)= A’ f(-2)+ A*f(-2)
A'f(D) = A f(-2)+Af(-2)
A5f(—1) = A5f(—2)+A6f(—2) ... and so on.
Therefore, equation (3) becomes
F(00= 0+ naf(-+ LD a2 ) LEDHED 03 ) a2

. (u+Du(u—-1)(u-2) (u+Du(u—-1)(u—-2)(u-3)
4! 5!

R e e e (I W

[A*f(-2)+ A f(-2) |+ (A f(-D)+A°f(-2) ]+...

+(u+1)u(u4—|l)(u—2) [1+(u;3)}A5f(_2)+...
(u+2)(u+ Du(u—1)

4!
A F(-2)+ (u+2)(u+l);t|(u—1)(u—2)

This is known as Gauss Backward difference formula and useful when u lies between

(u+ 1)u

A’ f(-2)+

AP f(-1)+

F(u) = £(0)+uAf(~1)+~——2= %

A F(=2)+...

—landO_
2

4.4.3 Stirling’s Formula
1 1 1
This is another central difference formula and useful when lul <or—o<u<—. Tt gives best

1
estimation when —— <#—. This formula is obtained by taken mean of Gauss forward and Gauss

backward difference formula.
Gauss forward formula for interpolating central difference is,

u(u 1) )+ (u+ 1);1'(u 1) A3f( 1)+ (u+1)u(u4'1)(u 2)
(u+2)(u+1)u(u D(u-— 2) (u+Du(u—-1)(u—-2)(u-3)
. A f(-2)+ =
Gauss Backward difference is,

f(u)= f(0)+uAf(-1)+ A’ f(-1)+

f(u)= fO)+ulf(0)+—=——A%f(-1)+ A*f(-2)

(u+2)(u+Du(u-1)
4!

(u+ 1)u

A’ f(-2)+

(u+Du(u-1) 3
3!



INTERPOLATION WITH EQUAL INTERVAL 185

(u+2)(u+Du(u—-1)(u—-2)
)+ T
Take mean of Equation (1) and (2)

- ulAfO) +AF D] w (u=1)+(u+1)
= £+ AL, L g D2 e D]

A*f(-2)+ A f(=2)+.... (2)

+(u+1)u(u—1)l:Asf(—l)+A3f(—2)}+(u+1)u(u—l) A4f(_2)[(u—2)+(u+2}

3! 2 3! 2
DD 5 ..
f(u)= f(0)+u [—Af (0)+2Af ( ”] LN fD+ (””);.(u_l)[Asf(_l);Asf(_Z)]
Lt =1 ””j WD gt gy LD DED0D) 3 1

This is called Stirling’s formula.

4.4.4 Bessel’s Interpolation Formula

This is one of the another type of central difference formula and obtained by (1) shifting the origin
by 1 in Gauss backward difference and then (2) replacing u by (u — 1), (3) take mean of this
equation with Gauss forward formula.

Gauss backward difference formula is,

F(0= 0+ uaf(-1)+ 2 gy LEDMEZD) 3 ) (X D2 IMUZD 1

3! 4!
+(u+2)(u+1);t|(u (u- 2)+A5f(—2)+....
Now shift the origin by one, we get .
)= £+ uaf O+ U2 0+ (DD g3 gy (DM
+(u+2)(u+1);tl(u—1)(u—2) A5f(—1)+....
On replacing u by (u — 1) ‘
) = £+ =17 0) + U 42 o)+ D) 5 gy LMD e
+(”+1)((”_1)5”‘|(”_2)(”_3) A (=)t ..(1)
Gauss forward difference formula is, .
£ = FO)+unf0)+ 2 a2 o+ DD g3 gy LEDMEDED) s g

N (u+2)(u +1)u(u -1)(u-2) A5f(—2)+ (u+Du(u—1)(u—2)(u—3)

51 5 A F(=2)+... ...(2)
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Take the mean of equation (1) and (2)

ULZ{UN {(u_;)ﬂl}Af(O) u(u~ 1){A2f(0)+2A2f( 1)}

flu)=

. u(L; |— 1) {u —2); (u+ 1)} A f(-1)+ (u+ 1)u(u4—! D(u-2) [ Al f(_l); A*F(=2) ]
, (e Du(u=1)(u-2) {(u —3)A% F(=1) +(u +2)A° f(—2)}+
5! 2

1
5 5 u(u-1)| u—=
f = 1O, { }Af(o) u(u - 1>{A f0+ 87/ 1)} 3(! j A F(-1)

A F(=2)+....

+(u+l)u(u—1)(u—2) (A F=D)+A*f(-2) ]+ (u+1)u(u-1) (u-2)(u-1/2)
4! 2 5!

1
This formula is very useful when u = > and gives best result when %< u <% .
4.4.5 Laplace-Everett’s Formula
Gausss forward formula is given by
u(u—1 u+Du(u—-1 u+Du(u—-1)(u-2
£ = O +unf0)+ 2 a2+ DD 3 g LD DD

+(u+2)(u+1)5u|(u 1)(u_2)A5f(_2) (u+Du(u-— 15)fu 2)(u—-23)

A f(-2)

ACF(=2)+... .. 1)
We know

Af(0) = f(1)~ £(0)
A1) =Af(0)- A f(-1)
A f(2) =A' f-D - AT f(-2)
Therefore, using this in equation (1), we get

u(u 1) (u+1)u(u 1)

f)= FO0)+ul fQ)- fO)]+———A%F(-1)+ (A*£(0)-A*£(-1))

. (u+ 1)u(u4—' D(u-2) A4 f(-2)+ (u+2)(u+ 1)5u'(u -D(u-2)

u(u 1)A2f( - (u+Du(u-1) Azf(—l)

3!
N (u+Du(u-1) Azf(O) N (u+2)(u+Du(u—-1)(u-2)

3! 5!

. (u+Du(u—-1)(u-2) u+2)(u+Du(u—-1)(u-2)
4! 5!

(A* (-1 A* f(=2))+..

=(1-u)fO)+uf(1)+

A*f(-1)

A f(-2)-
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=(1-u)fO)+uf(1)+

ﬂw=%ﬂn

N (u+2)(u+Du(u—-1)(u—-2)

u(u—1)(2-u)

3!

A f(-1)+

w(u+1)(u-1)
3!

+kfwﬂm

Substitute 1 — u = w in second part of equation (2)

5!

A’ £(0)+

(u+2)(u+Du(u-1)(u-2)

(u+Du(u-1)
3!

A’ £(0)

187

A Lty (D

u(u—-1)(2-u)

3!

Af(0)+

A’ f(-1)+

u+2)u+Duu-1)wu-2) 4

5!

u-1)(u-2)(3-u)
1

A f(—l)+....}

(u+Du(u-1)(u-2)(3-u)

5!

ﬂw={ﬂn

(u+Du(u-1) ,
3!

+ {wf 0)+

(w-1)w(w+1)

3!

5!

A’ f(-1)+

5!

) (w+2)(w+Dw(w—1)(w-2)

AT F(=2)+...

A* f(—2)+....} -2

At f(—2)+...}

This is called Laplace-Everett’s formula. It gives better estimate value when u > %

Example 1. From the following table, find the value of e

1.17

using Gauss forward formula:

x 1 1.05 1.10 1.15 1.20 1.25 1.30
e’ = f(x) 2.7183 2.8577 3.0042 3.1582 3.3201 3.4903 3.6693
Sol. The difference table is as given:
X y A A? A3 A4 A5 A®
2.7183
0.1394
1.05 2.8577 0.0071
0.1465 0.0004
1.10 3.0042 0.0075 0
0.154 0.0004 0
1.15 3.1582 0.0079 0 0.0001
1.619 0.0004 0.0001
1.20 3.3201 0.0083 0.0001
0.1702 0.0005
1.25 3.4903 0.0088
0.179
1.30 3.6693
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Now, let taking origin at 1.15, here i = 0.05

Then, u= ﬂ =04
0.05

On applying Gauss’s forward interpolation, we have

£ = £0)+ uf(0)+ XD 2 oy LD 3 -y LD gt g
+(u+2)(u+1)5u'(u—1)(14—2) A5f(—2)+....

£(0.4) =3.1582+0.4x(0.1619) +Wx(o.oo79) +%:)(_0'6)x(0.0004)

104 LHOA(0.6)(-1.6)(2.4)

120 x0.0001
£(0.4) =3.1582+0.06476 —0.000948 — 0.0000224 + 0.0000010752
£(0.4) = 3.22199 (Approx.)
Example 2. Given that
X 25 30 35 40 45
log x 1.39794 1.47712 1.54407 1.60206 1.65321
log 3.7 =72
Sol.
X log x Alogx A% log x A% log x A*log x
X_525 1.39794
0.07918
x_130 1.47712 -0.01223
0.06695 0.00327
X35 1.54407 -0.00896 -0.00115
0.05799 0.00212
x,40 1.60206 -0.00684
0.05115
x,45 1.65321

X

x—a
h

u

a+hu x=37,a=35h=5
37-35

=04
5
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f(u)=f0)+usf(0)+———

=1.54407 +0.4x0.05798 + wx(—w%%) L (0904-1O4+1) %(0.00212)

f(u)=1.54407 +0.023192 + 0.0010752 - 0.00011872 —0.00002576 = 1.56819272

3. 7><10
Since log 3.7 = log

log 3.7 = log 37

=

u(u 1)

A f(-1)+

oo
570
log 10 = 1.56819272 — 1 = 0.56819272. Ans.

(u+Du(u—-1)
3!

u+Du(u—-1)(u-2)

Af(-1)+

4!

6

L (04)(04-1)(04+1)(04-2)

Example 3. From the following table find y when x = 1.45.

Sol.

x 1.0 1.2 14 1.6 1.8 2.0
y 0.0 -0.112 -0.016 +0.336 +0.992 2.0
X y Ay Azy A?’y A4y
1.0 0.0
-0.112
1.2 -0.112 0.208
0.096 0.048
14 -0.016 0.256 0
0.352 0.048
1.6 0.336 0.304 0
0.656 0.048
1.8 0.992 0.352
1.008
2.0 2.0
£ = f@ +uaf@+ MU0 42y CEDMID 3 gy (e Dt A 22)
_ 1.42;1.4 — 025
Fu)= —0.016+0.25><o.352+%2"0'75)x0.256 + (0'25)("06'75)(1'25) x0.048

24

189

A f(-1)

x(~0.00115)

= (0.047875

A*f(-2)
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following values of the function f(x)
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Example 4. Use Gauss'’s forward formula to find a polynomial of degree four which takes the

x 1 2 3 4 5
f(x) 1 -1 1 -1 1
Sol. Taking center at 3 ie., x,=3 and h = 1
X=X
YT h
= u =x-3
Now, for the given data difference table becomes
x f(x) Af (x) A*f(x) A’ f(x) A*f(x)
1 1
-2
2 -1 4
2 -8
3 1 —4
-2 8
4 -1 4
2
5 1
Gauss forward formula is
u(u—1 u+u(u-1 u+u(u—1)(u-2
7= £0)+ uf(0)+ XD 2 oy« LD g3 gy EDMUEDUZD) 1)
x3x4 x3(x4)(x2) x2x3x4x5
1= 24 6- 20+ 1x— 244 2 i 124 1g4x—32+2x4—§x3 +%x2—¥x+80
.'.f(x)=§x4—8x3+@x2—56x+31. Ans.
Example 5. Use Gauss’s forward formula to find ys, for the following data
Yz Y25 Y29 Y33 Y37
18.4708 17.8144 17.1070 16.3432 15.5154
Sol. Let us take the origin at x = 29
30-29 1
then == "1~ 0.25
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Now, for the given data difference table is:

X y Ay A? y A’ y A* y
21 18.4708
-0.6564
25 17.8144 -0.0510
-0.7074 -0.0054
29 17.1070 -0.0564 -0.0022
-0.7638 -0.0076
33 16.3432 -0.0640
-0.8278
37 15.5154

Putting these values in Gauss forward interpolation formula, we have

—1.7425

191

Yoos = 17.1070+(0.25)x (-0.7638) + %;0750) X (-0.0564)
. (0.25)(—0.6750)(1.25) X (~0.0076) + (1'25)(0'25)(;2'750)(_1'75)><(—0.0022)

Yoos = 17.1070 — 0.19095 + 0.0052875 + 0.00002968 — 0.00000375

Yoos = 16.9216. Ans.

PROBLEM SET 4.3
. The values of ¢™ at x = 1.72 to x = 1.76 are given in the following table:
x 1.72 1.73 1.74 1.75 1.76
f(x) 0.17907 0.17728 0.17552 0.17377 0.17204

Find the values of ¢ using Gauss forward difference formula

[Ans. 0.1750816846]
. Apply Gauss’s forward formula to find the value of f(x) at x = 3.75 from the table:

X

2.5

3.0

3.5

4.0

4.5

5.0

f(x)

24.145

22.043

20.225

18.644

17.262

16.047

. Apply Central difference formula to obtain f(32). Given that :

£(25) = 0.2707,

£(30) = 0.3027,

£(35) = 0.3386,

. Apply Gauss forward formula to find the value of U,, if

u(0) = 14,

u(d) = 24,

u(8) = 32,

u (12) = 35,

f(40) = 0.3794.

u(16) = 40

[Ans. 19.407426]

[Ans. 0.316536]

[Ans. 33.1162109]
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5. Apply Gauss forward formula to find a polynomial of degree three which takes the values
of y as given on next page:

x 2 4 6 8 10
y -2 1 3 8 20
[Ans. 3+£x+§x2+2x3}
2 3
6. Use Gauss’s forward formula to find the annuity value for 27 years from the following
data:
Year 15 20 25 30 35 40
Annuity | 10.3797 | 124622 | 14.0939 | 153725 | 16.3742 | 17.1591

[Ans. 14.643]

1
7. Use Gauss’s forward formula to find the value of f(x), when x= b given that:

X 2 1 0 -1

100 108 105 110

f(x)

GAUSS BACKWARD

Example 1. Given that

x° 50 51 52 53 54

tan x° 1.1918 1.2349 1.2799 1.3270 1.3764

Using Gauss’s backward formula, find the value of tan 51° 42’
Sol. Take the origin at 52° and given h = 1
x—a

U=——=x-a= 51° 42’ -52°=-18 =-0.3°
Now using Gauss backward formula
) = 70 + waf () + CED ey

(u+2)(u+T)u(u-1)

. (u+1)u(u-1) - A4f(—2)

A2
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Difference table for given data is:

x° tan x° A A? A®
50 1.1918

0.0431
51 1.2349 0.0019

0.045 0.0002
52 1.2799 0.0021

0.0471 0.0002
53 1.3270 0.0023

0.0494
54 1.3764

From equation (1)

(-0

3)(0.7)

(-0.3)(0.7) (1.7)

193

f(-0.3%) = 1.2799 + (-0.3) (0.045) + TXO-OOZ%L % 0.0002
= 1.2799 - 0.0135 - 0.0002205 — 0.0000119
= 1.266167 (Approx.)
Example 2. Apply Gauss backward formula to find sin 45° from the following table
0° 20 30 40 50 70 80
Sin 6° 0.34202 0.502 0.64279 0.76604 0.86603 0.93969 0.98481

Sol. Difference table for given data is:
0° sin @° A A? A3 At A®
20 0.34202

0.15998
30 0.502 —-0.01919

0.14079 0.00165
40 0.64274 —-0.01754 -0.00737

0.12325 —0.00572 0.01002
50 0.76604 —-0.02326 0.00265

0.09999 —0.00307 —-0.00179
60 0.86603 -0.02633 0.00086

0.07366 —-0.00221
70 0.93969 —0.02854

0.04512
80 0.98481
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x—a _45-40 _ 5 _ 05
h 10 10
Now using Gauss backward formula
+1
flu) = f0) + uAf (-1) + u A*f(-1)+

2!
. (u+2)(u+1)u(u-1)
4!

u =

CERTICRS) e

AF(2) + (u+2)(u+ 1)1;'(14 -1)(u-2)

05x15 05%1.5(-0.5)
6

ASF(=2)+..

£(0.5) = 0.64279 + 0.5 x 0.14079 + x (-0.01754) + % (0.00165)

, 05x15(-05)(25)

24
0.64279 + 0.070395 — 0.0065775 — 0.000103125 + 0.00028789

0.706792. Ans.

x (~0.00737)

Example 3. Apply Gauss backward formula to find the value of (1.06)1 if
(1. 06)1° = 1.79085, (1.06)1> = 2.39656, (1. 06)*° = 3.20714, (1.06)* = 4.29187, (1.06)%° = 5.74349
Sol. The difference table is given by

x y A A? A’ A*
10 1.79085
0.60571
15 2.39656 0.20487
0.81058 0.06928
20 3.20714 0.27415 0.02346
1.08473 0.09274
25 4.29187 0.36689
1.45162
30 5.74349
"y = x;la _ 19;20 - _ 02

From Gauss backward formula

fu) = f0) + udf (1) + (u;—,l)u A’f(-1) + (”H)';# Af(-2)
+ (u+2)(uz|1)u(u_l) A*F(=2) +...
flu) = 320714 - 02 x 0.81058 — w x 0.27415 — w x 0.06928

L 02(08)(-12)(18)

0.02346
24 x
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flu) = 3.20714 - 0.162116 - 0.021932 + 0.002216 + 0.00033782
= 3.0256458 (Approx.)

Example 4. Using Gauss backward formula, Estimate the no. of persons earning wages between Rs.
60 and Rs. 70 from the following data:

Wages (Rs.) Below 40 40-60 60-80 80-100 100-120

No. of Persons (in thousands) 250 120 100 70 50

Sol. Difference table for the given data is as:

Wages below No. of Persons Ay A%y Ay Aty
40 250
120
60 370 20
100 -10
80 470 -30 20
70 10
100 540 -20
50
120 590

‘u_x—a_70—80_—_10
" h 20 20

From Gauss backward formula

=-05

(u+ 1)u

£(05) = fO)+udf(-1)+—"=Af(-1)+ A f(-2)

N (u+2)(u+1Du(u—1)
4!

x(-10)

(u+Du(u-1)
3!

A f(-2) +...

470 +(—0.5)x (+100) + x(=30)+

(~0.5)(0.5) (~0.5)(0.5)(~1.5)
2 6

, (05)(0.5)(-15)(15)
24

% (20)

470-50+3.75-0.625+0.46875
423.59375

Hence No. of Persons earning wages between Rs. 60 to 70 is 423.59375 — 370 = 53.59375 or
54000. (Approx.)
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Example 5. If f(x) is a polynomial of degree four find the value of f(5.8) using Gauss’s backward

formula from the following data:

f(4) = 270, f(5) = 648, Af(5) = 682, A(4) = 132.

Sol. Given Af(5)=682

= £6) - £(5) =682
= f(6) =682 + 648
= f(6) =1330
Also, A (4) =132

= (E-1P° f4) =132

= F()-3f(6) + F6) - F@) =132

=

F(7) =3 x 1330 — 3 x 648 + 270 + 132
F(7) = 2448

Now form difference table as:

x f(x) Af (%) A*f(x) A’ f(x)
4 270
378
5 648 304
682 132
6 1330 436
1118
7 2448
Takea=6,h=1a+ hu=>58
u=-0.2
From Gauss backward formula
u+1 u u+u(u-1
£02)= 0+ uf () + LD w2y D) 5 o
:1330+(—0.2)><682+%x436+%x132

1162.944

Hence f (5.8) = 1162.944.

1330 - 136.4 — 34.88 + 4.224
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Example 6. Using Gauss backward interpolation formula, find the population for the year 1936.
Given that

Year 1901 1911 1921 1931 1941 1951

Population (in thousands) 12 15 20 27 39 52

Sol. Here h = 10. Take origin at 1941 to evaluate population in 1936

x—a 1936-1941 -5
h 10 10
Difference table for given data is as:

= u= =-0.5

u f(u) Af (u) A? f(u) A® f(u) At f(u) A” f(u)
—4 12
3
-3 15 2
5 0
-2 20 2 3
7 3 -10
-1 27 5 -7
12 —4
0 39 1
13
1 52

Gauss backward formula is

Flu)= FO)+uaf(-1)+ LV 2 gy

(u+Du(u-1) Agf(_z) N (u+2)(u+Du(u—-1)
2!

3! 41 A¥ED

N (u+2)(u+Du(u—-1)(u-2)
5!

A® f(=3)+....

=39+ (—0.5)><12+(_0'52)(0'5)><1+(—0-5)(0-5)(—1.5)><

—4
G (-4)
=39 - 6.0-0.125 - 0.25

= 32.625 thousands

Hence, the population in 1936 is 32625 thousand.
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PROBLEM SET 4.4

Given that /12500 = 111.803399, /12510 = 111.848111, /12520 = 111.892806, /12530
= 111.937483. Using Gauss’s backward formula show that /12516 = 111.8749301

Find the value of cos 51°42! by Gauss’s backward formula from the following data:

x 50° 51° 52° 53° 54°
Cos X 0.6428 0.6293 0.6157 0.6018 0.5878
[Ans. 0.61981013]
The population of a town in the years are as follows:
Year 1931 1941 1951 1961 1971
Population (in thousands) 15 20 27 39 52

Find the population of the town in 1946 by applying Gauss’s backward formula.
[Ans. 22898]

Interpolate by means of Gauss’s backward formula, the population of a town KOSIKALAN
for the year 1974, given that:

Year 1939 1949 1959 1969 1979 1989

Population (in thousands) 12 15 20 27 39 52

[Ans. 32.345 thousands appros]

. Use Gauss interpolation formula to find y,, from the following data:

Ygo = 3678.2, y,o = 2995.1, y,, = 2400.1, y,; = 1876.2, y,, = 1416.3
[Ans. y,, = 2290.1]

Use Gauss’s backward formula to find the value of y when x = 3.75, given the following
table:

2.5

3.0

3.5

4.0

4.5

5.0

Yx

24.145

22.043

20.225

18.644

17.262

16.047

[Ans. 19.704]
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Stirling’s Formula

Example 1. Evaluate sin (0.197) from the table given:

x 0.15 0.17 0.19 0.21 0.23
sin x 0.14944 0.16918 0.18886 0.20846 0.22798
Sol. The difference table is given by
x X sin x A A? A3 A* A
-2 0.15 0.15 0.14944
0.01974
-1 0.17 0.17 0.16918 —0.00006
0.01968 —0.00002
0 0.19 0.19 0.18886 —0.00008 0.00002
0.0196 0
1 0.21 0.21 0.20846 —0.00008
0.01952
2 0.23 0.23 0.22798
T Sl 0.197-0.19 _ 035

h

From Stirling formula, we have

u[Af (0) + 4 (-D)]
2

0.02

1/{2
2
+E A f(-1) +

flu) = f0) +

(u+1)u (u=-1) [A?’f (-1) +A3f(—2)}
3! 2

. (u+1)t;2! (u-1) M)

(035+1)(0.35) (0.35-1)

6
~0.00002 (0.35)° -1
% (Tj + (035)2 l:T X0.00002

= 0.18886 + 0.0068741 — 0.0000049 + 0.0000005 — 0.00000009
= 0.19573 (Approx.)

2
, (035)
2

x (=0.00008) +

0.0196 + 0.01968}

= 0.18886 + 0.35 [ >

Example 2. Find the value of e* = at x = 0.644 using by Stirling’s formula. The following data
given below:

0.61

0.62

0.63

0.64

0.65

0.66

0.67

1.840431

1.858928

1.877610

1.896481

1.915541

1.934792

1.954237
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Sol. For the given data difference table is as:

x e* A A? A3 A* A A
-3 | 0.61 | 1.840431
0.018497
-2 | 0.62 | 1.858928 0.000185
0.018682 0.000004
-1 | 0.63 | 1.877610 0.000189 ~0.000004
0.018871 0 0.000006
0 | 0.64 | 1.896481 0.000189 0.000002 -0.000007
0.01906 0.000002 -0.000001
1 | 065 | 1915541 0.00091 0.000001
0.019251 0.000003
2 | 0.66 | 1.934792 0.000194
0.019445
3 | 0.67 | 1954237
Here h =0.01
u = xh a_ 0.64(4)1.010.64 —04
By stirling formula, we get,
= )+ SO D), L;_?" ety S D) [A?’f(—l);A?’f(—m}
L w=1) F(e) s WD DU=D@=2) \500 5,

3! 5!

2 —]
:1'896481+0'4[0.019O6+0.018871}+(0.;1) ><O'00018%(1.4)(0.:)( 0.6) [0.000004}

2 2

. (0.4)2 [(0.4)2 - l:| +0.000002 + (1.4)(2.4)(0.4)(-0.6)(-1.6) [0.000006 —0.000001:|
24 120 2

+(0.4+2)(1.4)(0.4)(—0.6)(—0.4—2)2
720
1.896481 + 0.0075862 + 0.00001512-0.000000112 — 0.0000000112 + 0.000000026 — 0.0000002
1.904081. (Approx.)

% (—0.000007)
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Example 3. Employ Stirling’s formula to evaluate y,,, from the data given below

(y, = 1+ log,, sin x).

x° 10 11 12 13 14
10°y, 23967 28060 31788 35209 38368
Sol. For the given data difference table is as:
x° 10°y, A A? A3 A*
10 23967
4093
11 28060 -365
3728 58
12 31788 -307 -13
3421 45
13 35209 —262
3159
14 38368
aou=122-12=02
From Stirling formula
2 0.2{(0.2)> -1 (02)*{(02)* -1
f(u)=31788+ % [3421+ 3728]+%(—307)+{—} L (45+ 58)+#

= 31788 — 714.9 — 6.14 — 1.648 + 0.0208
Yipg = 32495
10%y,,, = 32495

“ Y5 = 0.32495. Ans.

2

4!

201

(-13)
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Example 4. Apply Stirling’s formula to find a polynomial of degree three which takes the following
values of x and y:

X 2 4 6 8 10
y -2 1 3 8 20
Sol. Let u = x_;() Now, we construct the following difference table:
x u Yu Ay, A%y, A%y, Ay,
2 -2 -2
3
4 -1 1 -1
2 4
6 0 3 3 0
5 4
8 1 8 7
12
10 2 20

Stirling’s formula is

WAFO AT, 0 o g (0t Duu=1) {As fED+a° f(—2)}

flu)= f(0)+ 5 o 3l 5

+ %2'("‘_1) Al f(-2)

2 2
yu:3+u[ﬁ:|+u_x3+w % +0
2 2 6 2

:E’>+Zu+§u2 +E(1/l3 —u)
2 2 3

3230247, 2,
2 2 3

=E’>+Eu3 +§u2+£u
3 2 6

2 5, 3, 17 2(x-6Y 3(x-6YV 17(x-6
=—uw4+—u+—u+3== +— +—| — |+3
3 2 6 3l 2 2| 2 6| 2

= 0.0833x3 - 1.125x2 + 8.9166x — 19.

=3+Eu
3
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Example 5. Apply Stirling’s formula to find the value of {(1.22) from the following table which gives

x ¥2

1 it
the value of f(x)z—_[e 2 dx at intervals of x = 0.5 from x = 0 to 2.
e
x 0 0.5 1.0 1.5 2.0
£ (x) 0 0.191 0.341 0.433 0.477

Sol. Let the origin be at 1 and /& = 0.5

Sox=a+hu u=
’ h

x-a_122-1.00
0.5

=044

Applying Stirling’s formula

flu)=f(0)+

u[AfQ)+Af(-D)] 42

> +2—!A2f(—1)+

w+Du—1)| A’ f(~1)+A3f(-2)
3! 2

.\ (u+Du?(u—-1)

3 A f(-2)

(0.44)%

£(0.44) = f(0) + (0.44)%[Af (O)+Af (~D)]+———Af(-1)

2
(0.44)*{(0.44)* -1}
24

2 —
+(0-44>{(0-44) 1}1[A3 FED+AF(-2) ]+

4
— Af2)

= f(0) + (0.22) [Af(0) + AR-1)] + 0.0968 A2 f(-1)

— 0.029568 [A3 f(-1) + A%(-2)] — 0.06505A% f(=2) ...(1)

The difference table is as follows:

u x 10° f(x) 10° Af (x) 10°A% f(x) 10° A% £ (x) 10°A* f(x)
-2 0 0
191
-1 0.5 191 -41
150 -17
0 1 341 -58 27
92 10
1 15 433 —48
44
2 2 477
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f(0) and the differences are being multiplied by 10°
103 f(0.44) =341 + 0.22 x (150 + 92) + 0.0968 x (-58)

n

U

n

£f(0.44) = 0.389

- 0.029568 x (-17 + 10) — 0.006505 x 27

341 + 0.22 x 242 - 0.0968 x 58 + 0.029568 x 7 — 0.006505 x 27
341 + 53.24 - 5.6144 + 0.206276 — 0.175635

388.66

at x = 1.22.

Ans.

Example 6. Use Stirling’s formula to find y,g given.
Yy = 49225, y,5; = 48316,

yss = 45926,

Y, = 44306

Yy = 47236,

Sol. Let the origin be at 30 and & =5

a+hu =28
30+5u =28 = u=-04
The difference table is as follows:

=

u x y Ay A%y Ay Aty
-2 20 49225
-909
-1 25 48316 -171
—1080 -59
0 30 47236 -230 -21
—-1310 -80
1 35 45926 -310
-1620
2 40 44306

By Stirling’s formula,

Hence,

f=4)=

47236+ (—.4)

Yys = 47691.8256.

(—1080—1310 )+ (—0.4)*

S (-230)

N2 2
L (OCA(-14) (—59—80)+( A Y
3! 2 4!
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PROBLEM SET 4.5

1. Use Stirling’s formula to find Y3 from the following table:

X

20

25

30

35

40

35

y

14.035

13.674

13.257

12.734

12.089

11.309

2. Use the following table to evaluate tan 16° by Stirling’s formula:

[Ans. 13.062]

eO

00

50

10°

15°

20°

25°

30°

tan 6°

0

0.0875

0.1763

0.2679

0.364

0.4663

0.5774

[Ans. 0.2866980499]

3. Use Stirling’s formula to find the value of f(1.22) from the following data:

x f(x)

1.0 0.84147
1.1 0.89121
1.2 0.93204
1.3 0.96356
1.4 0.98545
1.5 0.99749
1.6 0.99957
1.7 0.99385
1.8 0.97385

[Ans. 0.9391002]
4. Find f(0.41) using Stirling’s formula if,
X 0.30 0.35 0.40 0.45 0.50
f(x) 0.1179 0.1368 0.1554 0.1736 0.1915

5. Use Stirling’s formula to find y,;, data being:
Yoo = 512, Y5, = 439, y,, = 346, and y., = 243,

[Ans. 0.15907168]

[Ans. 394.6875]

6. From the following table find the value of f(0.5437) by Stirling’s formula:

X

0.51

0.52

0.53

0.54

0.55

0.56 0.57

f()

0.529244

0.537895

0.546464

0.554939

0.663323

0.571616 | 0.579816

[Ans. 0.558052]
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7. Apply Stirling’s formula to find a polynomial of degree four which takes the values of y
as given below:

]

x 1 2 3 4 5
y 1 —1 1 —1 1
[Ans. Eu‘1 —guz +1
8. Apply Stirling’s formula to interpolate the value of y at x = 1.91 from the following data:
x 17 18 19 20 21 22
y 5.4739 6.0496 6.6859 7.3851 8.1662 9.0250

[Ans. 6.7531]

XY sesseLs

Example 1. Using Bessel’s formula find the value of y at x = 3.75 for the data given below:

25 3.0 3.5 4.0 4.5 5.0
24.145 22.043 20.225 18.644 17.262 16.047
Sol. Difference table for the given data is as:
x y A A A3 A* A°
-2 25 24.145
-2.102
-1 3.0 22.043 0.284
-1.818 —0.047
0 3.5 20.225 0.237 0.009
-1.581 -0.038 -0.003
1 4.0 18.644 0.199 0.006
-1.382 —-0.032
2 4.5 17.262 0.167
-1.215
3 5.0 16.047
Here h =05

x—a 375-35
0.5

h

0.5
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Now from Bessel’s formula, we have

0 1
fly =PI Lo+

u(u-1)

2!

2

3!

. (u+Du(u—-1)(u—-2)(u-1/2)

207

1
A2f(O)+A2f(-1)| M ‘1)(” ‘2]
G

A F(=2)+...

4!

2

(et Du(u=1(u-2) [A‘* FD)+A* F(=2)

= %[18.644+20.225]+(0.5—0.5)(—1.581)+

= 19.407. (Approx.)

0505 1
2

S[199+2.37]

5!

+0+(05 +1)(0.5)(4).5)(2.5)><(162Jr 2 )+0

Example 2. Following table gives the values of e* for certain equidistant values of x. Find the value
of e* at x = 0.644 using Bessel’s formula:

X 0.61 0.62 0.63 0.64 0.65 0.66 0.67
e’ 1.840431 | 1.858928 | 1.877610 | 1.896481 | 1.915541 | 1.934792 | 1.954237
Sol. Given h = 0.01, take it origin as 0.64
N Sl 0.644-0.64 _ 0.004 _04
h 0.01 0.01
u=04
Difference table for the given data is as:
x f(x) A A? A3 A* A® A®
0.61 | 1.840431
0.018497
0.62 | 1.858928 —0.000165
0.018682 0.000004
0.63 | 1.877610 0.000189 —0.000004
0.18871 0 0.000006
0.64 | 1.896481 0.000189 0.000002 —0.000007
0.1906 0.000002 —0.000001
0.65 | 1.915541 0.000191 0.000001
0.019251 0.000003
0.66 | 1.934792 0.000144
0.019445
0.67 | 1.954237
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Bessel’s formula

1
2 2 U(U—l)(—j
o = LI, L) 1) {A [0 +8%f 1)} L2 g

A’ F(=2)+....

L (D u(u=1)(u-2) (A‘* F1)+A f(-2) ]+ (u+Du(u-1)(u—-2)(u-1/2)
41 2 51

_ ( 1.896481+1.915541

> )+(4),1)(0,01906) + 0-4(;0-6) [0.000191+0.000189}

2

, (04)(-06)(-0.1(0.000002) _ (14)(04)(-0.6)(~1.6) [0.000001 +0.000002}
6 24 2

, (14)(04)(-06)(-0.1)(-1.6)
120

= 1.906011-0.001906 — 0.0000228 + 0.000000008 + 0.000000033 + 1.68 x 10-1

= 1.904082

(~0.000001)

Example 3. Find the value of y,; from the following data using Bessel’s formula. Data being y,, =
2854, y,, = 3162, y,4 = 3544, y,, = 3992.

Sol. The difference table for the data is as:

x y Ay Ay Ay

20 | 2854
308

24 | 3162 74
382 8

28 | 354 66
448

32 | 399

B .
£(0.25)= m +(=0.25)x382 + (0.25)(—0.75) [66 er 74 } + (0'25)(4)'756)(4"25)(‘8)

= 3353 - 95.5 - 6.5625 — 0.0625
= 3250.875
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Example 4. The pressure p of wind corresponding to velocity v is given by following data. Estimate

pressure when v = 25.

v 10 20 30 40
p 1.1 2 4.4 79
Sol. The difference table for the given data is as:
v p A A? A
10 1.1
0.9
20 2 15
24 0.4
30 4.4 1.1
34
40 79

Let origin = 20, i = 10,

0.5

25-20
u= =
10

Bessel’s formula for interpolation is:

uu=D)| op A
-1 7 0

1 1
Pu)==(Fy+P)+| u—= |[AR +
(1) 2(0 1) (U 2) 0 1

u—% u(u—1)
}+ AP,
3!

- %(2+4.4)+(0.5 —%jx2.4+ 0-5(0.5-1) [1'5”‘

2 2

:%x6.4+0—0.16250+0

= 3.2 - 0.16250

P,. = 3.03750

25

e

0505-1

Example 5. Probability distribution function values of a normal distribution are given as follows:

X 0.2 0.6 1.0

14

1.8

p(x) 0.39104 0.33322 0.24197

0.14973

0.07895

Find the value of p(x) for x = 1.2.
Sol. Taking the origin at 1.0 and & = 0.4
x=a+uh=12=10+ux04
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= 1.2-1.0 _ 1
0.4 2
The difference table is:
u 10° f(u) 10° Af (u) 10° A% f(u) 10°A° f(u) 10°A* f(u)
-2 39104
-5782
-1 33322 -3343
-9125 3244
0 24197 -99 -999
-9224 2245
1 14973 2146
-7078
2 7895

Bessel’s formula is

1
5 5 u(u—l)(u—j
f - L0, { }Af(O) (it~ 1>{A f0+ 8%/ 1)} 12

o))

-1

105 F(0.5) = (24197 +14973 +o+(2 2 2146-99)
2 2! 2

19457.0625

£(0.5) = 0.194570625

Hence, p(1.2) = 0.194570625.

Example 6. Given Y, Y;, Y, Y3 Yy Y5 (fifth difference constant), prove that
1  25(c-b)+3(a—c)

=—c+
yz% 2 256

where a = Yy + Y5, b=y, + Y, c =Y, + Y5

1
Sol. Put u =3 in bessel’s formula, we get

1 1,, ) 3
Yi/2 —E(yo+y1)—E(A Yo +A7Y 4 )+2_( Yat y-z)
Shifting origin to 2, we have

(yz +Y3) - (A Y2 +A2y1)+—(A4 1 +4A%Y,)

3
:E_E(% 2y, + Y1ty - 2y3+y2) 56(]/5—3]/4+2y3+2y2—3]/1+]/0)
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c 1 3
y% = E—E(yz;_ys_y2+y1)+2—56(a—3b+2c)
c 1 3
= S (b-0)+—(a-3b+2
2 16( ) 256(1Z )
c 1
= S [25(c-b)-3(a—
y% 2+256[ (c—b)-3(a—c)]

Example 7. If third differences are constant, prove that

1
Sol. Put u=—

2

y

1
X+—
2

in Bessel’s formula, we get

1 1
= E(yx +Yx1 )— E(Azyxfl + Azyx) .

1 1
Vi :E(yo +y1)—E(A2yo +4%y)

N

Shifting the origin to x.

1 1
= E(yx + yx+1) _E(Azyx + Azyx—l)

211

e
2
Example 8. Given that:
X 4 6 8 10 12 14
f(x) 3.5460 5.0753 6.4632 7.7217 8.8633 9.8986
Apply Bessel’s formula to find the value of f(9).
Sol. Taking the origin at 8, h = 2,
9=8+2uoru-= %
The difference table is:
u 10*y, 10* Ay, 10* A%y, 10* A%y, 10*A'y, 10* A%y,
-2 35460
15293
-1 50753 -1414
13879 120
0 64632 -1294 5
1258 125 24
1 77217 -1169 -19
11416 106
2 88633 -1063
10353
3 98986
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Bessel’s formula is
1
uu-1)|u—=
- 2
:_(y1+y0)+(”_—)Ayo u(u2 ) (A% + A%y )+ 3 Ny,
(u-2)(u-1) (—; )u(u +1)
5!

(u+1)u(u D(u— 2) 1
41

1( 1
4 1 2
0* 41/ = (77217 +64632)+ 0+

5
Ay,

<A4y s +AYY )+

2

( 1169-1294)+0+ .%(—19+15)+0

= 10*y, ,, =71078.27344
Y1/, =7.107827344
Hence, f(9) = 7.107827344

Example 9. Find a polynomial for the given data using Bessel’s formula f(2) = 7, f(3) = 9, f(4) =
12, f(5) = 16.

Sol. Let us take origin as 3 therefore,

u=x-3
X Ay Azy A3y
2
2
3 9 1
3 0
4 12 1
4
5 16

Bessel’s formula:

1 1 P(P-1)| A%y, +A®
yuzz(y0+yl)+(u_EjXAy0+ ( )l: /1 yo:l

2! 2
_ 9+12 N u—l X3+u(u—1)
2 2 2

21 3 u* u
= S 43u-S+——=

2 2 2 2

2
= u—+§u+9
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Putu=x-3

_ (x-3° 5
Y 2 +2

(x-3)+9
1/, 5
- E(x —6x+9)+§(x—3)+9

1
—x? —1x+6. Ans.
2 2

PROBLEM SET 4.6

. Find y (0.543) from the following values of x and y:

X 0.1 0.2 0.3 0.4 0.5 0.6 0.7
y(x) 2.631 3.328 4.097 4.944 5.875 6.896 8.013
[Ans. 6.303]

. Apply Bessel’s formula to find the value of y,,, from the data given below:

yps = 04938, y,, =04953, y,, =0.4965, y,, =0.4974

Yoo =0.4981, 5, =0.4987.
[Ans. 0.496798]
. Find y,; by using Bessel’s interpolation formula from the data:
Y20 =24, Y24 =32, Yp5 =35, Y3 =40
[Ans. 32.9453125]

. Apply Bessel’s formula to evaluate y,,. from the data:

x 60 61 62 63 64 65

7782 7853 7924 7993 8062 8129

Yx

[Ans. 7957.1407]
. Apply Bessel’s formula to obtain the value of f (27.4) from the data:

213

X

25

26

27

28

29

30

f()

4.000

3.846

3.704

3.571

3.448

3.333

[Ans. 3.649678336]
. Apply Bessel’s formula to find the value of f(12.2) from the following data:

X

5

10

15

20

25

30

f)

0.19146

0.34634

0.43319

0.47725

0.49379

0.49865

[Ans. 0.39199981]
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7. Apply Bessel’s interpolation formula, show that tan160° = 0.2867, Given that:

X

OO

50

10°

15°

20°

25°

30°

tan x

0.0875

0.1763

0.2679

0.3640

0.4663

0.5774

8. Apply Bessel’s formula to find a polynomial of degree 3 from the data:

x 4 6 8 10
y 1 3 8 20
13 47 x—6
3 2
—w+—u +—u+3u=——
[Ans. Gt g g 2 |
9. From the following table find the value of f (0.5437) by Gauss and Bessel’s formula:
x 0.51 0.52 0.53 0.54 0.55 0.56 0.57
f(x) | 0.529244 | 0.537895 | 0.546464 | 0.554939 | 0.663323 | 0.571616 | 0.579816
[Ans. 0.558052]
10. Apply Bessel’s formula to obtain a polynomial of degree three:
x 7 8 9 10 11
f(x) 14 17 19 2 25
A R
[Ans. 6 6 ]
XY LAPLACE EVERETTS
Example 1. Find the value of f(27.4) from the following table:
u 25 26 27 28 29 30
f(x) 4.000 3.846 3.704 3.571 3.448 3.333
274-27.0
Sol. Here, u = f=0-4, origin is at 27.0 h = 1
Also, w=1-u=06
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Difference table is:

u 10° f(u) 10° Af (1) 10° A2 f (1) 10°A% f(u) 10% f(u)
2 4000
-154
1 3846 12
-142 -3
0 3704 9 4
133 1
1 3571 10 -3
-123 -2
2 3448 8
-115
3 3333

By Laplace Everett’s formula,

F(04) = {(o. HE5TY + (1.4)(0.;)(—0.6) 10)+ (2.4)(1.4)(0.4)(<0.6)(~1.6) (—3)+...}

5!

. {(0. 6)(3704)+ (1.6)(0.36|)(—0.4) ©)+ (2.6)(1.6)(0.2(—0.4)(—1.4) ( 4)“.}
= 3649.678336.
Hence f (27.4) = 3649.678336.

Example 2. Using Laplace Everett’s formula, find f(30), if f(20) = 2854, f(28) = 3162,
f(36) = 7088, f(44) = 7984.

Sol. Take origin at 28, h = 8

a+ hu =30

= 28+8u=30 = u=025
Also,w=1-u=1-.25=0.75
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u flu) Af (u) A? f(u) A® f(u)
-1 2854

308
0 3162 3618

3926 —6648
1 7088 -3030

896
2 7984

By Everett’s formula,

£(25)= {(0.25)(7088)+ (1'25)(O'§?)(_0'75) (—3030)...} +{(0.75)(3162) +
= 4064

Hence f(30) = 4064.

(1.75)(0.75)(-0.25)
5!

(3618)+...}

Example 3. Apply Laplace Everett’s formula to find the value of log 2375 from the data given below:

X 21 22 23 24 25 26
log x 1.3222 1.3424 1.3617 1.3802 1.3979 1.4150
Sol. Here h = 1
We take origin at 23.
Now difference table is given by
x log x A A? A’ A* A®
-2 21 1.3222
0.0202
-1 22 1.3424 —0.0009
0.0193 0.0001
0 23 1.3617 —0.0008 —0.0001
0.0185 0 0.0003
1 24 1.3802 —0.0008 0.0002
0.0171 0.0002
2 25 1.3979 —0.0006
0.0171
3 26 1.4150
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Here h 1

x—a 23.75-23
h
w=1-075=025

From Laplace Everett formula, we have

=0.75

u =

1 -1 2 1 -1)(u-2
) :{uf(1)+—(u+ )3”'(” ) 2 ()¢ 3D )5”'(” J1=2) ys f(—1)+...}
1 -1 2 1 -1)(w-2
+{Wf(0)+(w+ );U'(w )Azf(—1)+ (w+ )(w+ );U'(w )(w )A4f(_2)+}
1.75)(0.75)(-0.25 1.75)(2.75)(0.75)(-0.25)(-1.25
= 0.75><1.3802+( JO75) )x(—0.0008)+( )275)(075) X )x(0.0002)
6 120
. .25)(—0.75(=0. 2.25)(1.25)(0.25)(-0.75)(-1.75
+ 0.25+1.3617 + 0-25(1.25)(-0.75(-0.0008) +( )(1.25)(0-25X U )x(—0.0001)
6 120
= 1.035419 + 0.340455
= 1.375874
log 2375 = log (23.75 x 100) = log 23.75 + log 100
= log 2375 = 1.375872 + 2 = 3.375872
Example 4. Find the value of e™ when x = 1.748 from the following data:
x 1.72 1.73 1.74 1.75 1.76 1.77
e 0.1790 0.1773 0.1755 0.1738 0.1720 0.1703
Sol. Here h = 0.01, take origin as 1.74.
The difference table for the given data is as:
x e A A? A A* A°
1.72 0.1790
-0.0017
1.73 0.1773 —0.0001
-0.0018 0.0002
1.74 0.1755 0.0001 —0.0004
-0.0017 -0.0002 0.0008
1.75 0.1738 —0.0001 0.0004
-0.0018 —0.0002
1.76 0.1720 0.0001
-0.0017
1.77 0.1703
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1748-174

0.01
w =02

0.8

(2.8)(1.8)(0.8)(~0.2)(~1.2)(0.0004)

£(0.8) = 0.8(0.1738) + (0.8)(1.8)(~0.2)(-0.00017) +

120
-0.8)(0.2)(1.2 1.2)(2.2)(0.2)(-0.8)(-1.
+0.2(O.1755)+%x(0.0001)+( J )(012)0( 08)( 8)><(—0.OOO4)
= 0.13904 + 0.0000816 + 0.000003225 + 0.0351 — 0.0000032 + 0.000002534

= (0.174224.

Example 5. Prove that if third differences are assumed to be constant

x(xz—l) 5 u(uz—l) 5 . '
Y= Xy +TA Yo + Uy, +TA Y_; where u = 1 — x. Apply this formula to find the value
of Yy, and y,, if y,= 3010, y; = 2710, y,, = 2285, y,5 = 1860, y,, = 1560, y,; =1510, y,, = 1835.
Sol. X, = 11;10 =02, X, = 16;5 =0.2.
x Ya Ay, A%y, A%y,
0 3010
-300
5 2710 -125
—425 125
10 2285 0
—425 125
15 1860 125
-300 125
20 1560 250
-50 125
25 1510 375
325
30 1835
Using given formula,
2
Yx =X +$Azyo +uYo +@Az -1
Y = (0.2)(1860)+M(HS)HO.S)(ZZSSHwam

= 2196
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Yi6 = (0.2)(1560)+w(zsmﬂo&(wéowW(m)

= 1786

Example 6. Find the compound interest on the sum of Rs. 10,000/- at 7% for the period 16 years

if,

X 5 10 15 20 25 30
(1.07)" 1.40255 1.96715 2.75903 3.86968 5.42743 7.61236
Sol. The difference table can be formed as:
x y A A? A® A* A°
-2 5 1.40255
0.5646
-1 10 1.96715 0.22728
0.79188 0.09149
0 15 2.75903 0.31877 —-0.35901
1.11065 —-0.26752 1.60246
1 20 3.86968 0.05125 1.24345
1.5775 0.97593
2 25 5.42743 1.02718
2.18493
3 30 7.61236
Here, h=5
U= %= 16;15 =02
w=1-u=1-02=08.
On applying Laplace Everett formula, we have
flu)= [0.2><3.86968+ 020.2+1(02=1) ) 55195, -202+2)(02 +51|)(0'2_1)(0'2 ~2) ><1.24345}

+[0.8><2.75903 +0(;8(0.8 #DO8=1 oo 0.808+2)(08 Jlr 21())(0.8—1)(0.8—2) v 4).35901)}

= 0.776593 + 2.189027 = 2.96595 (Approx.)
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w/2
Lo \1/2
Example 7. The values of the ellipitc integral k(m)= J (l—msm2 0) de for certain equidistant

0
values of m are given below. Use Everett’s formula to determine k (0.25).

m 0.20 0.22 0.24 0.26 0.28 0.30
k(m) 1.659624 1.669850 1.680373 1.691208 1.702374 1.713889
Sol. Here i = 0.02, take origin as 0.24
"y = xh a_ 0.22.0;).24 —05
w=1-u=05
m k(m) A A? A® A* A®
0.20 1.659624
0.010226
0.22 1.669850 0.000297
0.010523 0.000015
0.24 1.680373 0.000312 0.000004
0.010835 0.000019 —0.000005
0.26 1.691208 0.000331 —0.000001
0.011166 0.000018
0.28 1.702374 0.000349
0.011515
0.30 1.713889
flu) = {uf(l)+%ﬁ f(O)....}+{wf(O)+%AZ f(—1)....}

- {(0.5)(1.691208)+W(O_Ooo%lh (_1'5)(_'5)1(2'?(1'5)(2'5) (—0.000001)}

+(0.5)(1.680073)+W(o.ooomz)ﬁu ('5)(1'5)(_2)0(2'5)(_1'5) x(.000004)

= (0.845604 — 0.00002069 — 0.00000014 + 0.84018650 — 0.0000195 + 0.00000005
=1.685750
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Example 8. Find the value of log 337.5 by using Laplace Everett’s formula. Given that:

221

x 310 320 330 340 350 360
log x 2.49136 2.50515 2.51851 2.53148 2.54407 2.55630
Sol. Here i = 10, take origin as 340
_ x;a _ 337.?(; 340 _ 025
w=1-u=1+025=1.25
For the given data difference table is as:
x log x Af(x) A f(x) A’ f(x) A*f(x) A’ f(x)
-3 310 2.49136
0.01379
-2 320 2.50515 —0.00043
0.01336 0.00004
-1 330 2.51851 —-0.00039 —0.00005
0.01297 0.00001 —0.00004
0 340 2.53148 —0.00038 0.00001
0.01259 0.00002
1 350 2.54407 -0.00036
0.01223
2 360 2.55630
Flu)= {uf(1)+ (u+1)u'(u—1)A2f(0)+ (u+2)(u+1);tl(u—1)(u—2)A4f(_1)}

+{wf(0)+

(w+)w(w-1)
3!

A’f (-1

)+ (w+2)(w+1)w(w-1)(w-2)

5!

~1.25)(-0.25)(0.75
:(—O.25)><2.54407+( JE0-25)( )x(—0.00036)+1.25x2.53148

= 2.528273

a2

L025)(125)225) 15035 4 (329)(225)(1:25)(0.25)(-0.75) , 1001

6

120

0.6360175-0.0000140625 + 3.16435 — 0.00004453125 - 0.0000001428
(Approx.)
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PROBLEM SET 4.7

1. Eliminate odd difference from the Gauss Forward formula to drive Everett’'s formula:

y, =(1—u) f, +ud, = ”(”_12)'(”_2)5250 +(”+1);"(”‘1)5251 +..
XX

where %= W
2. From the following table of values of x and y = ¢”, interpolate the value of y when x = 1.91:

222

x 1.7 1.8 1.9 2.0 2.1 22
y=e" 5.4739 6.0496 6.6859 7.3891 8.1662 9.0250
[Ans. 6.7531]
3. From the following present value annuity a, table:
x 20 25 30 35 40
a, 11.4699 12.7834 13.7648 14.4982 15.0463
Find the present value of the annuity a,;, a,,.
[Ans. 13.9186, 14.2306]
4. Find the value of x'/*> when x = 51 to 54 from the data:
x 40 45 50 55 60 65
K3 3.4200 3.3569 3.6840 3.8030 3.9149 4.0207

[Ans. 3.7084096, 3.7325079, 3.7563005, 3.7797956]

£(20) = 3010, f(25) = 3979, f(30) = 4771, f(35) = 5441,

f(40) = 6021, f(45) = 6532

6. Apply Everett’s formula to find the value of f(26) and f(27) from the data given below:

5. From the following data, find the value of f(31), f(32),

[Ans. 4913, 5052]

X 15 20 25 30 35 40
f(x) 12.849 16.351 19.524 22.396 24.999 27.356
[Ans. 20.121431, 20.707077]

7. The following table gives the values of ¢* for certain equidistant values of x:

0.67

X

0.61

0.62

0.63

0.64

0.65

0.66

e* | 1.840431

1.858928

1.877610

1.896481

1.915541

1.934792

1.954237

Find the value of ¢* when x = 0.644 using Everett’s formula.

[Ans. 1.904082]
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8. Apply Everett’s formula to find the values of ¢ for x = 3.2, 34, 3.6, 3.8 if,

X

1

2

3

4

5

6

e—x

0.36788

0.13534

0.04979

0.01832

0.00674

0.00248

223

[Ans. 0.04087, 0.03354, 0.02749, 0.02248]
9. Use Everett’s formula to find the present value of the annuity of n = 36 from the table:

X

25

30

35

40

45

50

ay

12.7834

13.7648

14.4982

15.0463

15.4558

15.7619

10. Obtain the value of y,;, given that:
Yoo = 2854, y,, = 3162, y,q = 3544, y,, = 3992

[Ans. 14.620947]

[Ans. 3250.875]

aaa



CHAPTER 5

Interpolation with Unequal Interval

m INTRODUCTION

The interpolation formulae derived before for forward interpolation, Backward interpolation and
central interpolation have the disadvantages of being applicable only to equally spaced argument
values. So it is required to develop interpolation formulae for unequally spaced argument values
of x. Therefore, when the values of the argument are not at equally spaced then we use two such
formulae for interpolation.

1. Lagrange’s Interpolation formula
2. Newton’s Divided difference formula.

The main advantage of these formulas is, they can also be used in case of equal intervals but
the formulae for equal intervals cannot be used in case of unequal intervals.

ELAGRANGE’S INTERPOLATION FORMULA

Let f(x,), f(x,)... fix,) be (n + 1) entries of a function y = f(x), where f(x) is assumed to be a polynomial
corresponding to the arguments x,, x, X,,... X, So that

The polynomial f(x) may be written as
flr) =A, (x—x) (x —xy). (x—x,) + A (x—x) (x —x) .. (x=x,)+ ...
+ A, (x—x) (x=x)..(x —x,,) ..(1)
where A, A,,... A, are constants to be determined.

Putting x = x,, x;, X,,..., X, in (1) successively, we get

For [ x = x, |, flxg) = Ay (xg—x7) (x5 = x,) . (X = X,)

N _ f(x0)
Ay = (%0 —x1) (0 = %) (%9 — x,,) ~2)

For | x = x, |, flx) = Ap (x; — x)(x; — %) ... (x; = x,)

f(x)

T (g =xg) (g = x) e (9 — )

.03

Similarly,

For | x=x,|,  flx,)

n

A, (x, = x)(x, = x) . (x, —%x,;)

224
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. £ ()

" (x = ) (% =Xy ) (X, — X ) ~(4)
Substituting the values of Ay, A,,...A,, in equation (1), we get
f(x): (x_X1)(x_x2)m(x_x”) f(x0)+ (x—xo)(x—xz)...(x—xn) f(x1)

(21 —x9) (% —x3) e (% — x,,)
(¥ =x) (¥ =) (¥=X0) o
(6 —70) (5 1) (5 1,0 ) 0

This is called Lagrange’s interpolation formula. In equation (5), dividing both sides by
(x = xp) (x = xy)... (x - x,), Lagrange’s formula may also to written as

(v —x1) (%9 —x3)- (%9 — X,,)

+... +

fx) _ f(xo)
(x_XO)(x_xl)"'(x_xn) (xo _xl)(xO —xz)----(xo —xn)(x—xo)
f(xq) 1 f(x,) 1
T —x0) (61— 20) (=) (=) (e = 0) (B = ) (g —r) (X =)

Corollary. Show that Lagrange’s formula can be put in the form

o) f(x,
F(x)= Z(x )

n

where ¢(x) = [] (x - x,) and ¢'(x [ {o(x )}L —xr

r=0

(x=xp)(x=xp)eec(x =2, (x = X1 ) (x = x,,)

—x9) (%, =27 ) (2, =2, ) (X = X 01 ) (X, — X, )f(

par (x, —x0 ) (x, =27 ) (%, =x,21 ) (%, = %,p7 )oe (%, —x,)

Sol. We have, P (x) 2 (x

Now, o (x)

n .
rl_:[O (x—x;) (given)

Therefore, ¢ (x)

(x—xo)(x—xl)(x—xz)...(x—xr_l)(x—xr)(x—xr”)...(x—xn)
L) = (x=xp) (x=xp)(x =2, ) (x =3, )+ (x = xp) (x = x5 ) (x = x, ). (x— )
+ (x=xp) (x—xp)e (x =2, ) (x =2 pq ) (x =2, )+ (x = 2x9) (2 = 21 ) oee (x = 2, ) (3 =x,11)

= @) =[0I, _, = -x) K -x).. x,—x,,) & -x, ;). (x,—x,) (2

Hence from equation (1)

0(x) f (x,)
P(x)= Z( 0 () [Using (2)]
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Example 1. Using Lagrange’s formula, find the value of
Dy, ify, =4 y; =120, y, = 340, y, = 2544,
(i) Yo if Y59 = 30, Y_gp = 34, Y5 = 38, Y35 = 42,
Sol. (i) Here, x,=1,x,=3,x,=4,x,=5,
flxy) =4, flx)) = 120, flx,) = 340, f(x,;) = 2544,

Now using Lagrange’s interpolation formula, we have

(x—x)(x—xy)(x—2x3) Flxo)+ (x—xp)(x—x,) (x — x3)

" (% —x1) (%0 —x1) (%0 —x3) (2 = x0) (3 = x) (%1 —x3)

fix)

f(x)

(x—x0) (x—2x;) (x — x3) Y (x—xp)(x—x;) (x—1xy)
i (xz—xo)(xz —x1)(x2 —xs)f( 2) (xs—xo)(xg,—xl)(xg,—xz)

(x=3)(x-4)(x-5) 4 (x-1)(x-4)(x-5)
(

0 =1 3)(1-4)1-5)  (39)

f(x3)

1
Yp=f) = —¢ (0 =3) (x = 4) (x =5 + 30 (x = 1) (x = 4) (x = 5)

4
—3—30 x-D(x-3)(x-5+318(x-1) (x-3) (x—4)
(ii) Here, x,=-30,x, =-12,x, =3, x;, = 18,
Yo =30y, =34, y, = 38, y; = 42,
Now from Lagrange’s interpolation formula, we have

- (x=x)(x—xy)(x—2x3) )4 (x=xp)(x—2xp) (x—x3)
0= ) o) (o -2 ) G —m) (1) (1)
(x—xp) (x —x1) (x —x3) s (x=xp) (x —x1) (x —2xy)
+(x2—x0)(x2—x1)(x2—x3)f( 2) (x5 =x0) (x5 =x1) (%3 = x3)

v - (x+12)(x-3)(x-18) <30+ (x+30)(x—3)(x—18)
* 7 (30+12) (=30 -3) (30 —18) (-12+30) (- 12-3) (-12 - 18)
(x+30)(x+12)(x—18)>< . (x+30)(x+12)(x-3)
* (3+30)(3+12)(3-18) (18 +30)(18 + 12) (18- 3)

y, = - 0.001052188 (x + 12) (x — 3) (x — 18) + 0.00419753 (x + 30) (x — 3) (x — 18)
—0.005117845 (x + 30) (x + 12) (x — 18) + 0.001944444 (x + 30) (x + 12) (x — 3)

f(x)

f(x3)

x 34

x 42

for x =0
Y, = — 0.001052188 (12) (-3) (-18) + 0.00419753 (30) (-3) (~18)
- 0.005117895 (30) (12) (-18) + 0.001944444 (30) (12) (-3)
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Y, = — 0.681817824 + 6.7999986 + 33.1636356 — 2.09999952
Yo = 39.9636546 — 2.781817344
y, = 37.1818.  Ans.

Example 2. If y,, y,, Y, Ys.. Y, are consecutive terms of a series. Prove that y; =7—10
[56(y, + yg) = 28 (y5 + y;) + 8 (y, + yg) — (y; + Yol
Sol. Here, the arguments are 1, 2, 3,... 9 so for these values Lagrange’s formula is given by
Yx
(x-1)(x-2)(x-3)(x—4)(x-6)(x-7)(x-8)(x-9)
_ Y 4 Y2
(=) (D (-2)(=3) (-5 (-6) (-7)(-8)  (x=2)1(-1)(-2)(-4)(-5)(-6) (-7)
+ Ys + Ya
(x=3)2(1) (1) (-3) (4)(-5)(-6) ~ (x—4)321(-2)(-3)(-4)(-5)

+ Yo + Y7 + Ys
(x=6)5.432(-1)(<2)(-3)  (x-7)6543.1(-2)(-1)  (x—8)7.65.42.1(-1)

+ Yo Yx
(x-9)8.76.5.321 (x—1) (x-2) (x=3) (x—4) (x—6) (x - 7) (x = 8) (x = 9)

_ Y1 + Y2 + Y3 + Ya + Ye
—(x—1)(10080) (x-2)(1680) -720(x—3) 720(x—4) -720(x-6)

Y7 Ys Y9
T 720 (x—7) " -1680 (x—8) 10080 (x—9)

Now for y,, put x =5

Ys _ N O SR -
4.3.2.1(-1)(-2)(-3) (—4) —4x10080 3x1680 (-720)x2

Y4 Ye Y7 Ys Yo
T720x1 " (C1)x (-720) T (2)x720 * (~1680)x (-3) " (—4)x (~10080)

s __ N Y Y5 Y4 Yo Y7 Y8 _ Yo
576 40320 5040 1440 720 720 1440 5040 40320
Yy 1 Lo 1 __ 1
576 720 (va+Y6) 1440(% y7)+5040 (v2+ys) 40320(% +Y9)

_%( " )_ﬂ( n )+ﬂ( + )_ﬂ( ~ )
Y5 = 720 Yat Vs 1440 Ys+Y7 5040 Y2 tYs 20320 Y1—=Y9

_i[70><576( N )_576><70( N )+576><70( N )_576><70( N )}
Ys = 70| 720 VATV T T WYY TRgag W2 Y8 T a1 T

1
Ys = o5 [56 (s + ) =28 (5 + y) + 8 (4 + ¥g) = (4, + yg)l.  Proved.
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Example 3. Find f(x) as a polynomial of x if
x : -1 0 3 6 7
fx) : 3 -6 39 822 1611
Sol. Now from Lagrange’s interpolation formula,

B B (x-0)(x=3)(x-6)(x-7) (x+1)(x=3)(x-6)(x-7)
P() = flx) = C1-0)(-1-3) (- 1-6)(-1-7) > " [0+ 1)(0-3)(0-6)(0-7) x(=6)
(x+1)(x=0)(x—6)(x=7) 394 (x+1)(x=0)(x=3)(x-7)

T BAD(G-0)3-6)3-7) " (6+1)(6-0)(6-3)(6-7)

(x+1)(x=0)(x—-6)(x-3)
+ 7)) (7=0)(7=3)(7=6) 1

x 822

3 6
P(x)—ﬁ x(x - 3)(x—6)(x—7)+ﬁ x+D)x-3)(x-6)(x-7)

39 822 1611
+m (x+ Dx (x— 6)(3(—7)—126 (x+Dx(x-3) (x- 7)+ﬂ(x+1)x(x 6) (x—3)

39

P(x) = 52 (x* = 1623 + 81x% - 126x) + —— a4 (x* = 12x3 + 29x2 + 42x)

+ 5 (x* — 1523 + 23x2 — 45x — 126)
126

822 3 1611 5
~ 1% (x* = 9x3 + 1142 +21x)+—224 (x* = 8x3 + 9x2 + 18x)
3 39 6 822 1611 3(-16x3 12x39 15x6 822x9 1611x8
Pa)=x* | st P o o [+ - - + -
224 144 126 126 224 224 144 126 126 224

+ + +
224 144 126 126 224

—45x6 126x3 39x42 822x21 1611x18
i x( 126 24 | 144 126 24 j_
P(x) = x*1) + x3 (=3) + x*(5) -
P(x) = x*=3x3+ 5x2- 6
which is the required polynomial.

(3><81 39x29 23x6 822x11 9><1611]

Example 4. Value of f(x) are given at a, b, c. Show that the maximum is obtained by

f(a) (bz —c2)+f(b) (c2 —a2)+f(c)(a2 —bz)
[f(a)(b—c)+f(b)(c—a)+f(c)(a—b)}
Sol. Here, x,=4a,x,=b,x,=¢,

foxg) = fla), flxy) = fib), fixy) = fie)
By applying Lagrange’s formula, we have

- (x—b)(x—c) . (x a)(x c) (x a)(x b)
L P s A (R s Ay e Y

f()
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x* —(a+b)x +ab

=Sy ©

x*—(a+c)x+ac

(b-a)(b—0)

x?—(b+c)x+be
flx) = (a-b)(a-c)
For maximum, we have
fx)=0
2x—(b+c)f(a) 2x—(a+c)f(b) 2x—(a+b)f(c
SOEA (a—(b)(a)—fc() ' (b—(a)(b)—fc() ' (c—(a)(c)—J;() )
2x-0OG+0)}(b-0c) fla) + 2x - (a+ )} (c—a) fib) + {2x — (a + b)}(a-b) f (c) =0

2x [(b-0) fa) + (c ~a) f(b) + (a =) fle)] = (* -~ ?) fla) + (¢~ @) f(b) + (a* = b*) f(c)
(- 2#0)

f(a)+

(bz —c? )f(a)+(c2 —a? )f(b)+(a2 —b? )f(c)

= . Proved.

f(@)(b=c)+ f(b)(c—a)+ f(c)(a—b)

Example 5. Applying Lagrange’s formula, find a cubic polynomial which approximate the following

data

X : -2 -1 2 3

y(x) : 12 -8 3 5

Sol. Now, using Lagrange’s formula, we have

(x+1)(x=2)(x=3)x(-12) (x+2)(x—2)(x-3)x(-8)
0 = ) (2-3) T (C1+2)(C1-2)(-1-3)
(x+2)(x+1)(x=3)x3 (x+2)(x+1)(x-2)x5
2+2)2+1)(2-3) = (3+2)(3+1)(3-2)

313 2 2r 3 A2 1r 3 Irs, 2
flx) = g[x - 4x +x—6]—§[x—3x —4x+12]—z[x —7x—6]+z[x +2° — 4x - 4]
flx) = 3 P—E—l+l}+x2 [—E+2+l}+xP+§+Z—1}+§—%+§—l
5 3 4 4 5 4 5 3 4 5 3 2
f()=——x3—ix2+gx—39
15 20 60

Example 6. (i) Determine by Lagrange’s formula, the percentage number of criminals under 35
years:

Age % no. of Criminals
Under 25 year 52
Under 30 years 67.3
Under 40 years 84.1
Under 50 years 94.4

(ii) Find a Lagrange’s interpolating polynomial for the given data:
xg=1,x, =25 x,=4,and x; = 55
flx)) =4, fix,) =75, fix,) = 13 and f(x;) = 17.5
also, find the value of f(5)
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Sol. (i) Here x, = 25, x; = 30, x, = 40 and x, = 50
flxy) = 52, flx,) = 67.3, f(x,) = 84.1 and f(x;) = 94.4
By using Lagrange’s interpolation formula, we have

(x—30) (x — 40) (x — 50) (x—25)(x —40) (x - 50)
T = (25 230) (25— 20) (25-50) * > * (30— 25) (30— 40) (30— 50) <

(x—-30)(x—25)(x-50) 8414 (x—25)(x—30)(x—40)
(40 — 25) (40 — 30) (40 —50) (50— 25) (50 — 30) (50 — 40)

x94.4

Now for f(35), put x = 35

f(35) = MX52+MX67.3+MX%J+MXQ4A
(-5) (-15)(-25) (5) (-10) (=20) (15) (10) (-10) (25)(20) (10)

f(35) = — 10.5 + 50475 + 42.05 + 4.72

1(35) = 77.405

(ii) By using Lagrange’s formula, we have

_ (x-25)(x-4)(x-55) (x-1)(x—4)(x-55)

T (1-25)(1-4)(1-55) " T (25-1)(25-4)(25-55)*°

fix)

(x-1)(x-25)(x-5.5) . (x-1)(x-25)(x-4)

(4-1)(4-25)(4=55) T (55-1)(55-25)(55-4) "
Put x =5
f(5) = (25)(1)(-05) X4+ (4)(1)(-05) x7.5 +W x 13+ M x17.5
(-15)(-3)(=45) (15)(-15)(=3) " (3)(15)(-15)  (45)(3)(15)

_ 15 65 175
fO) = 5025 675 675 2025

f(5) = 18.51850831 — 2.222222 = 16.296296.  Ans.

= 0.246913 — 2.2222 + 9.62962 + 8.641975

—4 7.5
flx) = 005 (x-2.5)x—-4)(x-55)+ o (x-1)(x—4)x-55)
(-13) 17.5
+ a5 (x-1) (x = 25) (x - 5.5) +30.25 (x=1) (x-25) (x - 4)

P(x) = — 0.1481x% + 1.5555x> — 1.6666x + 4.2592
which is a required polynomial
At x =5, flx) = 16.3012 (Approx.)

Example 7. By means of Lagrange’s formula, show that

. 1 11 1
Dyy=75 -y 3 [5 (ys—y1)—5(y_1 —y_a)}
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(ii) y; = 0.05 (y, + y,) — 0.3 (y, + y5) + 0.75 (y, + y,)
(iii) y; = y; = 0.3 (y; —y5) + 02 (y5 — y_)
Sol. (i) For the arguments — 3, -1, 1, 3, the Lagrange’s formula is

(x+1)(x-1)(x=-3) (x+3)(x-1)(x=3)

Y= Cae)(B-1)(3-3) " T 143y (1-1)(-1-3)

(x+3)(x+1)(x=3) +(x+3)(x+l)(x—l)
(1+3)(1+1)(1-3) "' T (3+3)(3+1)(3-1)"°

(x+1)(x=1)(x-3) +(x+3)(x—1)(x—3)y

Yo = (—48) Y3 16 -1

(x+3)(x+1)(x-3) gt (x+3)(x+1)(x-1)
(-16) ! 48

Y (1)

Putting x = 0 in (1), we get

1 9 9 1
Yo="Tg Yot Tg¥1+ g%~ To¥s

1|1 1
= % (y, +v4) -3 [E (ys _yl)_z(y—l —y—s)}

(ii) For the arguments 0, 1, 2, 4, 5, 6, the Lagrange’s formula is

~ (x=1)(x-2)(x—4)(x-5)(x-6) +(x—O)(x—2)(x—4)(x—5)(x—6) :

* 7 T(0-1(0-2) (0-4) (0-5)(0-6) " (1-0)(1-2)(1-4)(1-5)(1-6)

(x=0)(x=1)(x—4)(x=5)(x-6) (x=0)(x=1)(x-2)(x=5)(x-6)
+ Yo t 4
20212 9)(2-5)(2-6) " (E-0)(4-1)(4-2)(4-5)(4-6)

+(x—0)(x—1)(x—2)(x—4)(x—6) (x=0)(x-1)(x-2)(x—4)(x- 5)

G-0)G-16-26-9(-6) " " (6-0)(6-1)(6-2)(6-1)(6-5) ** "?
Putting x = 3 in (2), we get
Y3 =005y,-03y, + 075y, + 075y, - 03 y; + 0.05y,
¥y =0.05 (y, +y,) — 03 (y; +ys) + 075 (v, + y,)
(iif) For the arguments -5, -3, 3, 5, the Lagrange’s formula is
~ (x+3)(x=3)(x=5) (x+5)(x=3)(x-5)
Y+ = (55+3)(55-3)(5-5) " " (-3+5)(3-3)(3-5)""
(x+5)(x+3)(x-5) (x+5)(x+3)(x—3)y5 3

T 5+3)(3+3)(3-5) " T (5+5)(5+3)(5-3)
Putting x =1 in equation (3), we get
¥y, = (02)y 5+ 05y, + y, — 03y;
=Y~ 03 (s~ ¥y + 02 (Y5 -y5)
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Example 8. Prove that Lagrange’s formula can be expressed in the
P,(x) | x x%.x"

Flxg) | xp x5..x)
Fx) | xg xfoxj] =0

where P, (x) = f(x).

Sol. Let P (x) = ay + a)x + a,x* +... ax" (1)
Given that P (x) = f(x)
= P(x)=fl)i=0172.,n -2

Substitute x = x,, x;, X,,... X, Successively in equation (2)
— 2 n
= Axy) = ay + axy + axq +... + a,xj
— 2 n
Axy) = ay + ax; + axy +.. + a,xy
_ 2 n
fx,) =ay + ayx, + a5 +.. +ax’

Now Eliminating a,, a,, a,..., a, from above equations, we get

—P,(x) Ix x*.x" P,(x) 1 x x*.x"
—f(xp) I xg 5.5 Flx) ! xy x5..x)
—f(x) lxg xf.xf| =0 or flx) !l x xf.xf| =0
_f (xn) lxn x;% .XZ f(xn) l Xn x;% XZ

Example 9. Four equidistant values u_,, u, u, and u, being given, a value is interpolated by
Lagrange’s formula show that it may be written in the form.

y(yz—l) x(x2 —1)
3! 3!
Sol. Au; =(E-12?u,=(E*-2E+ 1) u,=u —2uy+u,

A%uy = (Ey = 2E + 1) uy = u, — 2u, + u,

+(1—x){(1—x)2 -1}

- 2 2 -
U, = Yu, + Xil; + Au_, + A“u, where x +y = 1.

RHS. = (1 - x) uy + xu, (uy; = 2uy + u)

3!
2-1
+% (uy — 2u; + uy) where y =1 -x
x(x—l)(x—Z)u +(x+2)(x_l)(x_2)u +(x+1)x(x—2)u
= 5 -1 > . ' 1
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Applying Lagrange’s formula for the arguments — 1, 0, 1 and 2.

L= x(x—l)(x—Z)u +(x—2)(x—1)(x+1)u +(x+1)x(x—2)u +(x+1)x(x—1)u
D)) OEHE) T @OE T Beo

B _x(x—l)(x—Z)u_ +(x—2)(x—1)(x+1)u _(x+1)x(x—2)u +(x+1)x(x—1)u2.

= 6 1 > 0 > 1 6 -(2)
From (1) and (2), we observe that R.H.S. = L.H.S.
Hence the result.
Example 10. Find the cubic Lagrange’s interpolating polynomial from the following data
X 01 2 5
f(x) : 2 3 12 147
xy =0, x; =1, Xy =2, X3 =5,
Sol. Here, f0)=2, f(x)=3, f(x)=12 f(x)=147,
Lagrange’s formula is
() (x-xm)(x-xs) (x=x) (x=%) (x - x3)
fix) = (x = x1) (%0 —x2) (%0 —x3) f(XO)+(x1 =) (% —x2) (% —xs)f(X1)
(x=x9) (x—x) (x—x3) (x=x9) (x=x) (x—x,)
" (22 =x0) (2 = x1) (%2 — x3) f(XZ)+(x3 =) (x5 —x1) (%3 —xz)f(xs)
~ (x=1)(x-2)(x=5) (x=0)(x-2)(x-5)
) = 0y 0-2)0-5) Pt ao)a=2)ass)
(x=0)(x-1)(x-5) (12)+ (x=0)(x-1) (x:2) (147)

(2-0)(2-1)(2-5) (5-0)(5-1)(5-2)
-1

= x-1) (x-2) + %x(x—Z) (x-5-2x(x-1) (x-5) + ;L—(g)x(x—l) (x-2)

1 3
-3 (x3 = 8x% + 17x - 10) 2 (x® = 7x% + 10) — 2 (x3 — 6% + 5x)

49
+— (=32 + 2x)
20
= flx) =¥ +x2-x+2

which is the required Lagrange’s interpolating polynomial.

Example 11. The function y = f(x) is given at the points (7, 3), (8, 1), (9, 1) and (10, 9). Find
the value of y for x = 9.5 using Lagrange’s interpolation formula.

Sol. We are given

x 78910
f(x) 311 9
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Xy =7, x; =8, X, =9, x3 =10,
Here, f(x)=3 f(x)=1 f(x)=1, f(x3)=9,
Lagrange’s interpolation formula is

(x—x)(x—x)(x—x3) (x—x0) (x—x5) (x = x3)
(0 —x1) (x0 — %) (%0 —%3) (=) (31 = x5 ) (%1 = x3)
(x—xp)(x—x1) (x—2x3) (x=—xp)(x—x1)(x—1xy)
(v —xg) (22 —x1) (% —x3) (3 +x0) (23 =) (x5 — x2)
_ (x—8)(x—9)(x—10)(3)+(x—7)(x—9)(x—10) (x=7)(x-8)(x-10)
(7-8)(7-9)(7 -10) (8-7)(8-9)(8-10) (9-7)(9-8)(9-10)

(x=7)(x—8)(x-9)

" (10-7)(10-8)(10-9)

flx) =

fxo)+

f(x)

)+

f(x3)

M+ 1)

©)

=—% (x—8)(x—9)(x—10)+%(x—7)(x—9)(x—10)—% (x=7) (x = 8) (x —10)

+ % x=-7)(x-8 x-9 ..1)
Putting x = 9.5 in eqn. (1), we get

£(9.5) = —% (9.5 — 8) (9.5 - 9) (9.5 — 10) +% (9.5 - 7) (9.5 - 9) (9.5 — 10)

3
- % (9.5-7) (9.5 -38) (9.5 -10) + > (95-7)(95-8) (95-9)
= 3.625
Example 12. Find the unique polynomial P(x) of degree 2 such that:

P(1) =1 P3) =27 P4) = 64
Use Lagrange’s method of interpolation.

X0 =1, x, =3, X, =4,
f(x)=1 f(x)=27, f(x,)=64,

Lagrange’s interpolation formula is

Sol. Here,

P = (x—x)(x—1xy) Flxo)+ (x—xp)(x—x,) Flr)+ (x—x)(x—xp)

- (xo—xl)(xo—xz) (xl—xo)(xl—xz) (xl—xo)(xz—xl)
(x=3)(x-4) (x-1)(x-4) (x-1)(x-3)
B (e [C A C T R e T

1 64
=% (x2—7x+12)—2—27(x2—5x+4)+? (% — 4x + 3)

f(x2)

=8x* — 19x + 12
Hence the required polynomial is,
P(x) = 8x* — 19x + 12
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PROBLEM SET 5.1

1. Using Lagrange’s interpolation formula, find y(10) from the following table.

X : 5 6 9 11
Y : 12 13 14 16

[Ans. 14.6666667]

2. Use Lagrange’s interpolation formula to fit a polynomial for the data

x : -1 0 2 3
U, -8 3 1 12
Hence or otherwise find the value of u,. [Ans. u, = 2% — 6x* + 3x + 3, u, = 2]

3. Compute the value of f(x) for x = 2.5 from the following data:

x 12 3 4
f(x) : 1 8 27 64

Using Lagrange’s interpolation method. [Ans. 15.625]

4. If y(1) =-3, y(3) =9, y(4) = 30 and y(6) = 132, find the four point Lagrange’s interpolation
polynomial which takes the same values as the function y at the given points.

[Ans. x* — 3x% + 5x — 6]
5. Find the polynomial of degree three which takes the values given below:

x : 01 2 4 1 B 2

_—3 —_ - =
y: 1125 [Ans. 12x+4x2 3x+1]

6. Find f(x) by using Lagrange’s interpolation formula:

x : 0 2 3 4
f(x) : 659 705 729 804

Exe’ - &xZ + Ex + 659]
24 8 12
[No real value of x exist for which f(x) is max.]

7. Given log,, 654 = 2.8156, log,, 658 = 2.8182, log,, 659 = 2.8189 and log,, 661 = 2.8202. Find
log,, 656 by Lagrange’s interpolation formula [Ans. 2.8169]

Also find maximum value of f(x) [Ans.

8. Compute Sin 15° by Lagrange’s Method from the data given below:
x o 0° 30° 45° 60° 90°

y : 00000 050000 0.70711 0.86603 1.0000 [, 028258

9. The percentage of Criminals for different age group are given below:
Age less than : 25 30 40 50
Percentage of Criminals 52 67 84 94
Apply Lagrange’s formula to find the percentage of criminals under 35 years of age.
[Ans. 77]
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10. If flx) = show that

a—Xx

1

flxy x4 X5y Xy, o X)) = and f(x, x;, X,, X, ... X,, X)
v oy (a—xp)(a—xy)...(a—x,) v vy s
_ 1
(a—xp)(a—2xy)...(a—x,)(a—x)
11. Certain corresponding values of x and log,, x are given as
x ;300 304 305 307
loggx : 24771 24829 24843 24871
Find the log,,301 by Lagrange’s formula. [Ans. 2.4786]
12. The following table gives the normal weights of babies during the first 12 months of life:
Age in Months 0 2 5 8 10 12
Weight in Ibs : 7.5 10.25 15 16 18 21
Find the weight of babies during 5 to 5.6 months of life. [Ans. 15.67]
13. Find the value of tan 33° by Lagrange’s formula if tan 30° = 0.5774, tan 32° = 0.6249, tan
35° = 0.7002, tan 38° = 0.7813. [Ans. 0.64942084]

14. Apply Lagrange’s formula to find f(5) and f(6) given that f(2) = 4, f(1) = 2, f(3) = 8, f(7) =
128. Explain why the result differs from those obtained by completing the series of powers
of 2? [Ans. 38.8, 74; 2" is not a polynomial]

m ERRORS IN POLYNOMIAL INTERPOLATION

Let the function y(x), defined by the (n + 1) points (x, y)i = 0, 1, 2, ..n be continuous and

differentiable (n + 1) times, and let y(x) be approximated by a polynomial ¢, (x) of degree not
exceeding n such that

o, (x) =yi,i=1,2, .n (1)

Now use ¢, (x) to obtain approximate value of y(x) at some points other than those defined

by (1). Since the expression y(x)-¢, (x) vanishes for x = x;, x,,... x,, we put

yx) -0, (x) =Lm, 4 (x) Q)
where ©t,; (x) = (x — x) (x — xp)... (x —x,) .(3)

and L is to be determined such that equation (2) holds for any intermediate value of x, say
x =x,x,<x <x, clearly,
L = y(x )_q)n'(x) (4)
Ty 41 (X )
We construct a function F(x) such that

F(x) = y(x) =9, (x) — L., 41 () (5
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where L is given by (4).
It is clear that
F(xy) = F(x;) =... F(x,) = F(x) = 0
that is F(x) vanished (n + 2) times in the interval x, < x < x,; consequently, by the repeated

application of Rolle’s theorem, F'(x) must vanish (n + 1) times, F'' (x) must vanish 7 times, etc.,
in the interval x; < x < x,;. In particular, F"+ 1) (x) must vanish once in the interval. Let this point

be given by x = €, x, <& < x,. On differentiating (5) (n + 1) times with respect to x and putting
x = &, we obtain

0=yr+D (E) =L (n+ 1)

(n+1)
_y 7 ®)
so that L= (n+1): ...(6)

On comparison of (4) and (6), we get

(n+1)
y @)

y(x,) _q)n (x,) = (1’1 + 1)| n+1 (x,)
Dropping the prime on x’, we obtain
T, (X
y () -0,k = (n+§)') yr D (&), x, <€ <x, A7)

Which is the required Expression for error.

5.3.1 Error in Lagrange’s interpolation formula

To estimate the error of Lagrange’s interpolation formula for the class of functions which have
continuous derivatives of order upto (1 + 1) on [, b] we use above equation 7 (Art. 5.3).
Therefore we have,

Tt1 (JC) (1+1)

(n+1)! (8) a<t<b

y()-L,x) =R (x)=

and the quantity E, where
E =max IR (x)I
[a,0] "

L

may be taken as an estimate of error. Further, if we assume that

‘y(””) (&)‘ <M,,, a<t<b

Mn+1 max

L < m [a,6] |Tn+1 (x)|

then E

Example 1. Find the Value of Sin (1—72) from the data given using by Lagrange’s interpolation
formula. Hence estimate the error in the solution.

x : 0 w4 m/2
y=sinx : 0 070711 1.0
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[n_onn_n] [n_oln_n]
Sol. sin(fj _ \6 6 2] 070711) +48 6 4 )
6) (m_,\(m_= LETERE:
) R E
1 .
_ 8 0.70711) — ~ = 269688 _ 51743

9 9 9
Now, y(x) = sin x, y'(x) = cos x, y”(x) = sin x, y'”(x) = — cos x,
Hence, |y (€) <1
When x = t/6

IR, (x)) < (2_0)(2 3!2)(22)‘ = 0.02392

where agrees with the actual error in problem.

Example 2. Show that the truncation error of quadratic interpolation in an equidistant table is

3
bounded by 973 max| f”§| where h is the step size and f is the tabulated function.

Sol. Let x; ;, x;, x;,, ; denote three consecutive equispaced points with step size h. The
truncation error of the quadratic Lagrange interpolation is bounded by

Ex (F5) & 222 max [(x=x) (v =) (= %0 )

where x, ;< x< x;,,and M, = _{I;e}él|f”’(x)|
Substitute t = % then,
xX-x_;=x-(-h=x-x+h=th+h=(t+1)h
X=x,,=x-(;+h) =x-x,—h=th-h=(t-1)h
and (x-x;_ ) (x—x) (x—2x;, ) =(+1) Kt -1 =t(t* - 1) b® = g(t)
Setting g’(t) = 0, we get

1
3 -1=0= t = iﬁ
For both these values of t, we obtain
2 21
max ‘(x—xi_l)(x—xi)(x_xm) = max |y (t _1)|: =5

Hence, the truncation error of the quadratic interpolation is bounded by

h3
[E> (fo)|5mM3

3
IE, (f 57) < 9% max £ (&)
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Example 3. Determine the step size that can be used in the tabulation of f(x) = sin x in the interval

[0, %} at equally spaced nodal points so that the truncation error of the quadratic interpolation is less than

5 x 1078
Sol. From Example 2, we know
3

h
|E2 (f;x)|£9\/§M3

For f(x) = sin x, we get f” (x) = - cos x and M, = o ax |cos x| =1
SXST

Hence the step size & is given by

3
55107 or h=0.009
93

5.3.2 Inverse Interpolation

We know different formulae for obtaining y corresponding to argument value of x (for equal and
unequal spaced argument). On the other hand the process of Estimating the value of x for a entry
value of y (which is not in the table) is called Inverse Interpolation. In this case when the
values of x are unequally spaced, we use Lagrange’s method and when x are equally spaced, then
Iterative method should be employed.

(a) Lagrange’s method for inverse interpolation: The only difference of this formula
from Lagrange’s method is that x is assumed to be expressible as a polynomial in y. So on
interchanging x and y in the Lagrange’s formula we have,

v o)) =p) o =50)y=va) (V=)

Wo-v1)Wo—v2)-Wo—vu)  (v1=Vo) (1 —V2) (1 = V)

W =v0) (Y =v1) (V= ¥u-1) ;
Wn=0) Wn = 1) (Y = Yua) "

X+ .

Which is the inverse interpolation formula.

(b) Iterative method: Newton’s forward interpolation formula is

u(u-1 u(u-1)(u-2
Y, =Yyt UAY, + —( o )Azyo +—( 3)|( )A3y0+...
From this
_ 1 u(u-1) o u(@-1)(u-2) ;
u= A_yo Yu=Yo _Z—!A yO_TA Yo — (1)

On neglecting the second and higher order differences, we get first approximation to u as

Yu = Yo
= — (2
“ Ay, @
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To find second approximation, retaining the term with second difference in (1) and replace
u by u,, we get

1 uy (u; =1
Uy = —— {yu—yo——l( . )AZyO

Ayo 2!
1 -1 -1 -2
Similarly, Uy = A_yo |:yu - Yo _% Azyo ) (uz 3|) (”2 )A?’yo

This process is continued till two successive approximations of u agree with desired accuracy.
This technique can equally be also applied by starting with any other interpolation formula. This
method is a powerful iterative procedure for finding the roots of an equation to a good degree.

Example 4. Using Inverse interpolation find the real root of the equation x> + x — 3 which is closed
to 1.2.

Sol.
X y Ay Ay Ay Aty
-2 1 -1
0.431
-1 11 -0.569 0.066
0.497 0.006
0 12 -0.072 0.072 0
0.569 0.006
1 13 0.497 0.078
0.647
2 14 1.144

Let the origin be at 1.2. Using Stirling’s formula

Asy—l +A° Yo

2 —
)+ u—2(0.072)+ u(u 1) (
2 6

_ +u AyO + Ay—l
y - yO 2 2
0.569 + 0.497
we have, 0=-0072 +u —
or 0=
or 0 = - 0.072 + 0.532u + 0.036u% + 0.00113

From equation (1)

u = 0.1353 - 0.0675u> — 0.0019u3
Neglecting all terms beyond the R.H.S of (2), we get

u® = 0.1353

]+ﬁA2y_1+(”‘”)z(”‘”[

)

— 0.072 + 0.533u + 0.036u2 + u (u2 - 1) (0.001)

0.006 + 0.006 ]
2

(1)

-(2)
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Substitute u® for u in (2), we get second approximation
u® = 0.1341

u) and u@ are nearly equal up to third decimal place so the required root is

X=X
x =uh+x,=12+ 01x0.134. Since u =TO = 1.2134

0
Example 5. Values of elliptic integral F(9) = x/fj are given below:
0

dae
\1+cos’ @
6 : 21° 23° 25°
F(6) : 0.3706 0.4068 0.4433
Find @ for which F(9) = 0.3887.
Sol. By inverse interpolation formula
_ (E-R)(F-B) . (E-K)(F-K)  (F-K)(E-K)
= 0 1
(h-h)(h-E)  (E-RK)(A-E)  (R-K)(E-R)

2

(03887 - 0.4068) (0. 3887 — 0.4433)
" (0.3706 — 0.4068) (0.3706 — 0.4433)

(0.3706) +... +...

7.884 + 17.20 — 3.087 = 22°

Example 6. From the given table

x : 20 25 30 35
y(x) : 0342 0423 05 0.65

Find the value of x for y(x) = 0.390.
Sol. By inverse interpolation formula,

=) (y-v)(Y—vs) W =0)(y=v2)(y-¥s)

X = x0+

(Yo —v1) (Yo —¥2) (o —¥3) (1 —v0) (1 —v2) (Y1 —v3) !

-v)-y)y-v) . -y)l-n)ly-y)
W2 =90) V2 -v)Wa-v3) " (Vs =Y0) (s =) (Vs —12)

(39-.423)(:39 - .5)(39 - .65)
 (342-.423)(:342 - 5)(:342 - .65)

(.39 -.342) (39 - 5) (.39 - .65)
(423 —.342) (423 - 5) (423 - .65)

(20) +

(25)

(.39 —.342) (.39 — 423) (.39 - .65)
(5-.342) (.5 - 423)(5-.65)

(.39 - .342) (.39 - 423) (.39 - 5)
(.65 —.342) (.65 —.423) (65 - .5)

(30)+ (35)

22.84057797.  Ans.
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Example 7. Find the value of x correct to one decimal place for which vy = 7

Given x 1 3 4
y : 4 12 19
Sol. Here we use Lagrange’s inverse interpolation formula i.e.,
e Wmnly-y) o ) -w) o ) -m)
(Yo =) (Yo — ¥2) (1 =v0) (- v2) (V2 =%0) (v2—v1)
_ (7-12)(7-19) (7-4)(7-19) (7-4)(7-12)

T a2)@E-19) " T2-a12-19) T 19-4)(19-12) "
0.5 + 1.9286 — 0.5714
1.8572

X

Example 8. Tabulate y = x° for x = 2, 3, 4, 5 and calculate the cube root of 10 correct to three
decimal places.

Sol. For x=2,y =28
x=3,y=27
x=4y=064
x =5, y = 125 respectively.
Here h = 1 so form forward difference table

X y Ay Ay Ay
2
19
3 27 18
37 6
4 64 24
61
5 125
The first approximation is given by (using Newton’s Forward formula)
0 = AL% v, - v = % (10 - 8) = 0.1

The second approximation is

1 u, —1
u, = _(yu—yo—(lz—!)Azyoj

Ay,

1 {10 g (01 (0.1-1) 18}
19 2

0.15
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The third approximation is

1 uy (uy =1) uy (uy —1) (1, —2) A3 ]
- Yo
Ay 2!

Us =—(yu—y0——A Yo 30

1 0.15(0.15-1 0.15(0.15-1)(0.15-2
= — [10-8- ( )18— ( )( )6
19 2 6
= 0.1532
Similarly fourth approximation is
1
u, = —
* Ay,
Us (U, —1 Us (Uy —1) (U —2 Us (U —1) (U —2) (1, =3
=[yu—yo— 3(23' )Azyo_ 3(3 3?(3 )Asyo_ 3(3 )(43' )(3 )A4y0]
1 0.1532 (0.1532 - 1) 0.1532 (0.1532 - 1) (0.1532 - 2)
= —|10-8- 18 — 6
19 6
= 0.1541
and fifth approximation is
us = 0.1542

Hence u,~ u; (correct to 3 places of decimal)
We have to find cube root of 10. Since 10 lies between the value of y corresponding to x =2

and x = 3, therefore the required value of 3/10 is x = x, + uh

2+ 01541 x 1
2.154. Ans.

X

5.3.3 Expression of Function as a Sum of Partial Fractions

+x-3

¥ —2x? —x+2

Example 9. Let f(x) =
Sol. Consider ¢ (x) = x2 + x — 3 and tabulate its values for x = 1, -1, 2, we get
X 1 -1 2
P +x-3 -1 -3 3
Using Lagrange’s formula, we get

(x+1)(x—2)(_1)+ (x=1)(x-2) (_3)+(x—1)(x+1)(3)

fo = (1+1)(1-2) (-1-1)(-1-2) (2-1)(2+1)
:%(x+1)(x—2)—%(x—l)(x—2)+(x—1)(x+1)
B o(x)
= O e (-2)
N (N
T 2(x-1) 2(x+1) x-2° Ans.
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Example 10. Show that the sum of Lagrangian co-efficients is unity.
Sol. Let JI(x) = (x=xp)(x—x7)...(x—x,)

1 1
The reciprocal of [](x) = =
P () IM(x) (x—x)(x—x7)...(x—x,)
Let 1 S A A A
(x=xp)(x—x)(x—x,)  x-X x-X X-X xX-Xx,
= 2 " L (This can be expressible as partial fractions.)
i=0" M
1

Now, A; = (1)

(v —xg) (2 =2y ) (3 =X, ) (3 = X01) e (%5 — X))
is obtained by taking L.C.M. of (1) and setting x = x;

1 1
A. can be written as A, = —; = T
' ' I (x)at(x—x,») I (xl)
1 c 1
From (1 — = N
M I1(x) g&n (x) (x—x;)

Multiply both sides by [1(x), we get

) > ) - n L; (x). Prove
1 ;H'(xi)(X—xi) g(; 1( ) P d.

PROBLEM SET 5.2

1. Given that y,, = 1754, y,; = 2648, y,, = 3564, find the value of x for y = 3000 by using,
iterative method of inverse interpolation. [Ans. 16.935]

2. Given that

x : 1.8 20 22 24 26
y : 29 36 44 55 67

Find x when y = 5 using iterative interpolation formula.

3. Using inverse interpolation find the real root of the equation x* — 15x + 4 = 0 close to 0.3
correct upto 4 decimal places. [Ans. 0.2679]

4. Find the value of§ if {9) = 0.3887 from the table given below:
0 21° 230 250
£(8) 03706 0.4068 0.4433 [Ans. 22°]

5. Find x when f(x) = 14 for the following data using Lagrange’s inverse interpolation formula.

7 0 5 10 15
f(x) 1635 14.88 13.59 12.46 [Ans. 8.337]



INTERPOLATION WITH UNEQUAL INTERVAL 245

3x° +x+1
6. Using Lagrange’s interpolation formula express the function (x—1)(x-2)(x-3) as sums

5 15 31
of partial fractions. Ll 2( x— 1) T x—2 * 2(x = 3)

2 +6x+1

(x2 —1)(x—4)(x—6)

7. Express the function as a sum of partial factions using Lagrange’s

. ) Ans 1 N 3 13 N 71
interpolation formula. y 5(x—1) 35(x+1) 10(x—4) 70(x—6)

8. From the following data find the value of x corresponding to y = 12 using Lagrange’s
technique of inverse interpolation.
x : 12 21 28 41 49 62

y : 42 68 98 134 155 19.6 [Ans. 3.55]

9. Obtain the values of t when A = 85 from the following table using Lagrange’s Method of
inverse interpolation.
t o2 5 8 14

A : 948 879 813 687 [Ans. 6.5928]

m DIVIDED DIFFERENCE

When the values of the argument are given at unequal spaced interval, then the various differences
will also be affected by the changes in the values of the argument. The differences defined by taking
into consideration the changes in the values of argument are known as divided differences
where as the difference defined earlier are called ordinary differences. Lagrange’s interpolation
formula has the disadvantage that if any other interpolation point were added, the interpolation
co-efficient will have to be recomputed. So an interpolation polynomial, which has the property that
a polynomial of higher degree may be derived from it by simply adding new terms, in Newton’s
divided difference formula.

Let (xo, vo), (X1, 1), (X3, Yy)-- (x,, y,) be given (n + 1) points. Let y,, v, y,,.--y, be the values
of the function corresponding to the values of argument x, x;, X,,...x,, which are not equally spaced.
Since the difference of the function values with respect to the difference of the arguments are called
divided differences, so the first divided difference for the arguments x,, x,, is given by

Y1=Yo

flxg %)) = ﬁyl =[xy 1] = X - %,

.. _ _ Y=
Similarly flx;, x,) = Ay, = [x;, x,] = =—— and so on.

Xo xZ _xl
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The second divided difference for x,, x,, x, is given by

[x1, %2 ] =[x, 1]

Xy =X

f(x()r X1s xz) = [xor X1s xz] =

The third divided difference for x,, x,, x,, x5 is given by

[xll X2, X3]— [x0/ X1, x2]
Axy x1, %y X5) =[x Xy, Xy, X5] = P and so on.
3~ Xp

[xl, X2,...,xn] — [xo, xl,...,xn_l]
X, — Xo

Axy x3, Xpexy) = [Xg Xy, Xpex, ] =

5.4.1 Properties of Divided Differences

1. Divided differences are symmetric with respect to the arguments i.e., independent of the

order of arguments.

ie., [x0, ] =[x}, x,]

Also, [x0, 1, %] =[x, x5 ;] o1 [x, %, %]

. The n'" divided differences of a polynomial of n" degree are constant.

Let flx) = A" + Ax"! + ..+ A, x+ A by a polynomial of degree n provided A; % 0
and arguments be equally spaced so that

Xp =Xy =Xy =X =X, - X =h
Then first divided difference
_ Yo _AYo
[xy %] = Y%, K

Second divided difference
1

2 = AW

[XO’ X1 xz] =

1
[x, x;, %X, _,, x ] =
0 1 2 n-1 n Tl!hn

Since, function is a n™ degree polynomial

= Ay

Therefore, A"y, = constant

- nth divided difference will also be constant.

. The n™ divided difference can be expressed as the quotient of two determinants of order
(n+1).ie,

[x, x,] = Yo=Y _ % Y
Xp—X)  X1—X X —X
_ Y1 Yo 1 %o
= Do xd=h" 117k 1

Yo h V2 XS X x)
Similarly, [xg x;, %] = |xg X1 x| +[%g X,  Xp|.. and so on.
1 1 1 1 1 1

4. The n'" divided difference can be expressed as the product of multiple integral.
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5.4.2. Relation Between Divided Differences and Ordinary Differences

Let the arguments x,, x,, x,,... x,, be equally spaced such that
Xp =Xy =Xy =X ==X, =X, =h
X, =X, +h
X, = x, + 2h
X, =X, + nh
Now, first divided difference for arguments (x,, x,) be given by

) L) -f ) flarh)-f) A (x)

A (1
o f(xo P . p 1)
Similarly, second divided difference be given as
1
x/%if(x‘)) T xn-x L7 3) = f o, 1)
1 [ fe)=f(a)  f(n)-f(%)
_ 1 fxo+2h)— f(xo+h) flxo+h)=f(x)
2h h h
1 A%f(x
= 57 [f(xg=2h)=2f(xo + 1)+ f(x0)] = 2{ 5120) (2
1
A f(x) = [f(x1,%2,%3) = f(x0, %1, %,)]
X1 XpX3 2 —Xp
1 A f(x) A’f(x) 3 A f (x)- A% f(xg) F 1
Tan| o | 61> (From (1
~ A (%)
3’
In general, we have
An
A" flxg) = % which shows the relation between divided difference and ordinary
Xq..X n:

difference.

mNEWTON’S DIVIDED DIFFERENCE FORMULA

Let vy, y,--- Y, be the values of y = f(x) corresponding to the arguments x,, x,,...x,, then from the
definition of divided differences, we have

[x,x,] = ¥ ~Y%
x—x,
So, that, y=yo + (x —x9) [x, %] (1)
X, X - x5, x
Again, [x,xo,x1]=[ o] = [x0,%]

X=X
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which gives, [x,x0] = [x0,x1] + (x=2x1)[x, %0, %1 ] -(2)
From (1) and (2), y=yo + [x—x] (x0,x1) + (¥ —x0)(x—x;)[x,%0,x] -(3)
Also [x, %0, %1, ;] = v 30,m] = [, )
x—x,
which gives, [x,%0,%1] = [x0, %1, 2] + (x=x,)[x, %0, %1, %] -(4)

From (3) and (4)
y=yo + (x=x0)[x0, 2] + (x=2x0)(x—x1)[x0, %1, %] + (x=x0)(x—2x1)(x~2x2)[x,%0,%,%7]
Proceeding in this manner, we get
v =) = vy + (- x) [ry 1]+ (- x) (- x) [x x,, 1]

+ (0 = xp) (x = x)) (x = x,) [xp X, X X5] + oo+ (x = X)) (X = x) (x = xp)

o= x, ) [xg X x, ]+ (0= x) (0 = xp) o (0= x) [X X X, Xy,
This is called Newton’s general interpolation formula with divided differences, the last term
being the remainder term after (n + 1) terms.

Newton’s divided difference formula can also be written as

Y=y, + (x —x)Ayy + (x = xp) (x - xy) A2y0 +(x = xp) (x = x)) (x = x,) A3y0
+ (= xp) (x = x) (x = xy) (x = x3) A4y0 o+ (0= xp) (x = x))s (= x,4) Ay,
Example 1. Apply Newton’s divided difference formula to find the value of f(8) if

fl1) =3, f(3) = 31, fl6) = 223, f(10) = 1011, f(11) = 1343,
Sol. The divided difference table is given by

X f(x) A A? A’
3
28/2=14

3 31 50/5=10

192/3 =64 9/9=1
6 223 133/7 =19

788/4=197 8/8=1
10 1011 135/5=27

332/1=332
11 1343

On, applying Newton's divided difference formula, we have

fx) or y, =y + (x — x) Ay + (x — xp) (x — 1)) APy, + (x — xp) (x — x)) (x — x) APy +...
feory, =3+ x-1) x 4+(x-1)(x-3) x 10+ (x-1) (x-3) (x-6) x 1

for f(8), we put x = 8 in above equation, we get

f8) =3+ (7) (14) + (7) (5) (10) + (7) (5) (2)
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f(8) =3 + 98 + 350 + 70
f(8) = 521. Ans.
Example 2. Find the function u., in powers of x — 1 given that
U, = 8 u; =11, u, = 68, Us = 123,
Sol. Here,
X=Xy X =1,x,=4,x,=05,
Yo=8 vy, =1, y, =68, y, = 123,
The divided difference table is given by

X f(x) A A? A?
0 8

3
1 11 4

19 1
4 68 9

55
5 123

From Newton’s divided difference formula, we have
Y, =8+ (x-0x B+ x-0)(-1x 4+ (x-0) (x-1) (x -4)x1
y, =8+ 3x + 4x? — 4x + x(x*> - 5x + 4)
y,=x3—x*+3x +8

In order to express it in powers of (x — 1), we use synthetic division method as,

1 1 -1 +3 8
1 0 3
1 1 0 3 11
1 1
1 1 1 4
1
1 2

WB-x2+3x+8=x-1°2+2x-1)%*+4(x~-1) + 11. Ans.

249
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Example 3. Find the Newton’s divided difference interpolation polynomial for:

x = 05 1.5 30 50 6.5 8.0
f(x) : 1.625 5875 31.0 131.0 282.125 521.0

Sol. The divided difference table is given as, if here

x = 05 1.5 30 50 6.5 8.0
f(x) : 1.625 5875 31.0 131.0 282.125 521.0

The table for divided difference is as:

x f(x) A A? A® A*
0.5 1.625
4.25
1.5 5.875 5
16.75 1
3.0 31.0 9.5 0
50 1
5.0 131.0 14.5 0
100.75 1
6.5 282.125 19.5
159.25
8.0 521.0

By using Newton’s divided difference formula, we have
vy, =1625 + (x - 05)x 425+ (x - 0.5) (x = 1.5)x 5+ (x - 0.5) (x - 15) (x -3)x 1
y, = 1.625 + 4.25x — 2.125 + 5x* — 10x + 3.75 + (x — 0.5) (x? — 4.5x + 4.5)
v, = 1.625 + 425x — 2.125 + 5x* — 10x + 3.75 + x> — 4.5 x* + 4.5x — 0.5x2 + 2.25 x — 3.25
y, =2+ 1lx - 10x + 1

y,=x+x+ 1 Ans.

Example 4. Construct a divided difference table for the following:

x 1 2 4 7 12
f(x) : 22 30 82 106 216
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Sol. The divided difference table is given as,

251

x f(x) Af (x) A f(x) AN f(x) A f(x)
2
30— 22
-8
2-1
11
5 36—
82-30 3-6__ .
-2 7.1
8-26 0535+ 1.6
4 82 ST 36 DT 0,194
7_2 -1
106 — 82 175436
-8 2T 0535
7_4 -2
2_8
7 | 106 7% 175
-4
216 - 106
2070 0
5
12 | 216
Example 5. (i) Prove that A° 1 = — L
P ) bed|\a | abcd

(it) Show that the nth divided differences [x,, x,,...x,] for u, = 1 is l:
X

Sol. (i)

(="
X, Xq,.. Xy,

X f(x) Af (x) A*f (x) A’f (x)
1 I I I
a -
a
1
b a__ l
b—a ba
1 2 1
b b 1) abc
1 1
c b__1 (_1)3 1
c—b be abed
1 2 1
¢ c 1) bed
1 1
d ¢ :_l
d-c dc
1
d d
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3 1 1
From the table, we observe that A | = | = — —— (1)
bed | g abcd

(ii) From (1), we see that

L?I’S (1j S (= 13fla, b, c d)

bed \ A abed
n 1 -1 i
In general, A — | = ()" Axy xp XpX,) = S o S
X0, X,X, | Xg [XO, X1, XZ,...Xn]

Example 6. (i) Find the third divided difference with arquments 2, 4, 9, 10 of the function f(x) =
x% — 2x.

1
(ii) if f(x) = ?’ find the first divided differences f(a, b), fla, b, c,), f (a, b, ¢, d)

(ii1) If fix) = g(x) h(x), prove that
fix,, x,)) = g(x;) hix;, x,) + g (x;, x,) h (x,)

Sol. (i)
x f(x) Af (x) A f(x) N f (x)
2 4
56 -4
— =26
4-2
131 -26
4 56 =15
9-2
711 - -
56 _131 23 -15 _1
9-4 10-2
269 — 131
9 711 ﬂzzg,
10-4
980 — 711
— =269
10-9
10 980

Hence third divided difference is 1.



INTERPOLATION WITH UNEQUAL INTERVAL 253

(1)

x f(x) Af (x) A’ (x) A f (x)
. 1
7
1 1
P2 g2 (atb
b-a | a%?
1 ab +bc + ca
b b_2 a’b?c?
b+c abc + acd + abd + bed
N ﬁ N a?b?c*d?
1 bc+cd +bd
‘ 2 VARd
c+d
- c*d?
1
1|7

From the above divided difference table, we observe that first divided differences,

a+b
f(gr b) == (2_192]

a
ab+bc+ca
fla, b, c) = 2022
abc + acd + abd + bed
and f(ﬂ, br ¢, d) == ( a2b2c2d2 j

h(xy)=h -
(iii) RHS. = g(x)) (xiz) _ x1(x1) * g(xiz) - il(xl ) h(xz)
- Iig (e () = 8(xy) h(xy)) + {glxy) 1 () = g(xy) 1 (x))}]

Xp—Xq

_ g(xz)h(xiz):il(xl) h(x) _ ﬁ g () I (x) = ﬁf(xz) flx,, x,) = LHS.

Hence the result.

Example 7. The following are the mean temperatures (°F) on three days, 30 days apart round the pds.
of summer and winter. Estimate the app. dates and values of max. and min. temperature.
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Summer Winter
Day
Date Temp. Date Temp.
0 15 June 58.8 16 Dec. 40.7
30 15 July 63.4 15 Jan 38.1
60 14 August 62.5 14 Feb. 39.3

Sol. Divided difference table for summer is:

x f(x) Af (x) A’f(x)
0 58.8
4.6
1 63.4 -2.75
-0.9
2 62.5

f(x) = 588 + (x - 0) (46) + (x — 0) (x — 1) (-2.75)
=—275x% + 7.35 x + 58.8

For maximum and minimum of f(x), we have

ff=0
= -55x +735 =0= x =1342
Again, f’(x) =-55<0

- flx) is maximum at x = 1.342
Since unit = 30 days
1.342 = 30x 1.342 = 40.26 days

. Maximum temperature was on 15 June + 40 days i.e., on 25 July and value of maximum
temperature is

[f (O] pax = (0]} 340 = 63.711°F approximately.
Divided difference table for winter is as follows:

x f(x) Af (x) A*f(x)
0 40.7

1 38.1 1.9
1.2

2 39.3
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flx) =407 + (x - 0) (-2.6) + x(x — 1) (1.9)
= 1.9x2 — 4.5x + 40.7
For f(x) to be maximum or minimum, we have f’(x) =0
38x-45=0 =x =1.184
Again, f"(x) =38>0
- flx) is minimum at x = 1.184
Again, unit 1 = 30 days
. 1.184 = 30x1.184 = 35.52 days

~. Minimum temperature was on 16 Dec + 35.5 days i.e., on the mid night of 20th Jan. and
its value can be obtained similarly.

()] in = [A0)]; 154 = 63.647 °F approximately.

Example 8. The mode of a certain frequency Curve y = f (x) is very near to x = 9 and the values
of frequency density f(x) for x = 8.9, 9.0 and 9.3 are respectively equal to 0.30, 0.35 and 0.25. Calculate
the approximate value of mode.

Sol. Divide difference table for given frequency density is as

x 100 f (x) 1004f (x) 100A° f (x)
8.9 30

50

9
9.0 35 3500
36
_100
3

9.3 25

Applying Newton’s divided difference formula

100 f(x)

50 3500
30 + (x — 8.9)x 9t (x —89) (x -9) (_Y)

- 97. 222x% + 1745.833x — 1759.7217
flx) = - 09722x2 + 17.45833x — 17.597217

F(x) = — 1.9444x + 17.45833

Putting f’(x) = 0, we get
_17.45833
1.9444
Also, f”(x) = - 19444 ie., (-) ve

- flx) is maximum at x = 8.9788
Hence, mode is 8.9788.

= 8.9788
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Example 9. Using Newton's divided difference formula, prove that

fix) = fl0) + x Af (1) +@ AP f(-1) +% A3 f(-2) +..

Sol. Taking the arguments, 0, -1, 1, -2,... the Newton’s divided difference formula is

@) = f0) +¥ f0) + xGx+ D AT O 4 xx+ D) G- D, O+ )
f(x) = f0) +¥8 f) + xGe+ DAL fiel) + x(x+ 1) (- 1A f2) +

A gy = JO-FED e
Now, ¢ f-1) = 0= (1) =Af(-1)

L) = [a7@-af()]

1
1-(-1)

1 1,
5 [0 -] = S22

1 ) )
D) = oy 8D -8 )

- 2 2

1 [AZ f) A f(—zq
3

A AD) N

3x2 = 31 and so on.

Substituting these values in (1)

f(x) = f0) + xAf(-1) ) A1) +

21

rl)x(x-1) 1);(x D F2)+..

Example 10. Using Newton’s divided difference formula, calculate the value of f(6) from the
following data:

o1 2
f(x) : 1.5 5 4
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Sol. The divided difference table is

[ W ] N [ A [ A
1
4
2 | s -2
3
0 1
14
7 5 =
6
-1
8 4

Applying Newton’s divided difference formula,

2 1
fl)y=1+x-1) 4 +(x-1) (x—2)(_§j+(x—1) x-2)(x-7) (Ej

2 1
1+20+ (5 (4)(—§j + (5) @) (-1 (ﬁj

6.2381

f(6)

Example 11. Find the value of log,, 656 using Newton's divided difference formula from the data
given below:

x ;654 658 659 661
log;px : 2.8156 2.8182 2.8189 2.8202

Sol. Divided difference table for the given data is as:

X 10° f(x) 10° Af (x) 10° A% f(x) 10° A% f(x)
654 281560
@ =65
4
70 _ 65
658 281820 ; =1
70_ 70 —1.66-1_ 10.38
1
659 281890 65-70 _ _ 1.66
@ =65
2
661 282020
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For the given argument, the divided difference formula is,

fx) =y, + (x = x) Ay + (x = x) (x — x;) A2y0 +(x = xp) (x = x)) (x = x,) A3y0

105 f(x) = 281560 + (x — 654) 65 + (x — 654) (x — 658).1 + (x — 654) (x — 658) (x — 659) (0.38)
On Substituting x = 656, we get

10° flx) = 281560 + 2x 65 + (—4) + (—4) (-3)x (0.38)
281560 + 130 — 4 + 4.56

10° f(x) = 281690. 56
=  flx) = 2.8169056
= loglo 656 = 2.8169056

PROBLEM SET 5.3

. By means of Newton’s divided difference formula,

Find the value of f(8) and f(15) from the following table:

x 4 5 7 10 11 13
f(x) : 48 100 294 900 1210 2028 [Ans. 448, 3150]

. Using Newton’s divided difference formula, find a polynomial function satisfying the

following data:

X : 4 -1 0 2 5
f(x) : 1245 3 5 9 1335
Hence find £(3) [Ans. f (x) = 3x* - 5x%+ 6x* — 14x + 5, f (3) = 89]

. From the given data, find f(x) as a polynomial in powers of (x — 5)

x 0 2 3 4 7 9
f(x) : 4 26 58 112 466 922

[Ans. (x — 5)° + 17 (x = 5% + 98 (x — 5) + 194]

. Find the value of log,, 33 from the data given below:

log,, 2 = 03010, log,, 3 = 0.4771, log,, 7 = 0.8451, [Ans. log,, 33 = 1.5184]
. Find f'(10) from the given data:
x : 3 5 11 27 34
f(x) : -13 23 899 17315 35606 [Ans. £(10) = 23]
. Find approximately the real root of the equation x*> — 2x — 5 = 0 [Ans. 2.0945595]
. Find the value of f(x) at point x = 2 and 5 from the data:
x : 15 3 6
f(x) : 025 2 20 [Ans. f(2) = 0, f(5) = 12]

. Evaluate f(9) using Newton’s divided difference formula.

x 5 7 11 13 17
f(x) : 150 392 1452 2366 5202 [Ans. f (9) = 810]
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9. Use Newton’s divided difference formula to find f(7) if f(3) = 24, f(5) = 120, f(8) = 504
f(9) = 720, and £(12) = 1716 [Ans. f (7) = 328]

10. There is a data be given

x :01 2 5
f(x) : 2 3 12 147

What is the form of the function? [Ans. ¥* + 2% — x + 2]
11. Find yx in powers of x — 4 where y, = 8, y, = 11, y, = 68, y; = 125
1 2 2
Ans. o 11(x—4)" +117 (x —4)~ — 447 (x —4) + 680

12. Express the function as a sums of partial functions.

¥ +6x-1

(xz—l)(x—4)(x—6)

1 3 13 71
Ans. 4 = 4
l: 5(x-1) 35(x+1) 10(x-4) 70(x—6)}
13. If f(x) = u (x) v(x), find the divided difference f(x,, x,) in terms of u (x,), v (x;) and the divided
differences u(x, x,), v (x, x,)
14. Find £(3), using Newton’s divided difference formula from the given data

x 0 1 2 45 6
f(x) : 1 14 15 5 6 19 [Ans. 10]

m HERMITE’S INTERPOLATION FORMULA

Hermite’s interpolation is similar to as Lagrange’s interpolation. The difference is that in the
Lagrange’s interpolation the interpolating polynomial consider with f(x) at the interpolation points
Xy Xy, Xy,.--X, Where as Hermite’s interpolation formula interpolate both the function as well as its
derivative at each of the points. Sometimes it is also called osculating interpolation formula.

Let the set of data points (x, y,, '), 0< i< n be given. A polynomial of the least degree say
H(x) is to be determined such that

H(x) =y;and H" (x) =y';i=10,1,2,.n (1)
H(x) is called Hermite’s interpolating polynomial

Since there are 2n + 2 conditions to be satisfied, H(x) must be a polynomial of degree
<2n+1

The required polynomial may be written as

HO) = D1 () v+ D0 (y,] )
i=0 i=0

Where u; (x) and vi(x) are polynomials in x of degree< 2n + 1 and satisfy.
0,i#]
(@) u; (x) = |1 Ji=j ..(3a)
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(i) v; (x) = =0 Vi j .(3b)
(iii) u; (x) = 0 Vi, j (3c)
0,i#]
Using the Lagrange fundamental polynomials L; (x), we choose
 (¥) =4 ()L (0]
and 5 ..(4)
v (%) =B (x)[L; (x)]

where L, (x) is defined as
(x=x0) (x =) (x =2,y ) (X = xp4q ) (x = x,,)
(x; =) (2 =2y ) (3, =221 ) (3 — X141 ) (% — X))

Since L? (x) is a polynomial of degree 21, A. (x) and B, (x) must be linear polynomials.

L (x) =

Let A; (x) = ax + b,and B, (x) = cx +d,
therefore from (4), u; (x)=(a; x +b,)[L; (x)]” (5
v; (x)=(cix +d;) [Li (X)T
using conditions (3a) and (3b) in (5), we get
ax +b =1 ...(6a)
and cx+d. =0 (6b) Since [L, (x)]* =1
Again, using conditions (3c) and (3d) in (5), we get
a;+ 2L (x) = 0 ...(6¢)
and c, =1 ...(6d)
From equations 6(a, b, ¢, & d), we deduce
a;=—2L; (x;)
bi :1+ 2xi Li, (xi)
Ci = 1
and d, =-x ..(7)
Hence, from (5)
u, (x) = [-2xL (x) + 1 + 2x.L/ (x)] [L; (0)]?
= [1 -2 (x - xi) Li, (xi)] [Li (x)]2
and v, (x) = (x — x) [L, ()]
Therefore from (2),

n

H = D, (-2 (x=x) L (o) [ Py, + D - [L@Fy/

i=0 i=0

Which is the required Hermite’s interpolation formula.
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Example 1. Apply Hermite's interpolation formula to obtain a polynomial of degree 4 from the
following data.

X, 01 2
y1109
y, 0 0 24

Sol. Using i Hermite’s interpolation formula

2 2
H(x):z [1—2(95—951')141"(99')] [Li(x)]2 yi + 2,(95'951‘)[141-(90]2 Vi
i=0 i=0
We have,
H(x) = {1 -2 (x = x)) Ly (xp)} [Ly (01 yp + {1 = 2(x = x)) Ly (x)} [Ly (0],
{1 -2 (x - xz) Lzl (xz)} [Lz (x)]2 yz + (x - xo) [L() (x())]2 ylo
+(x-x) L, WPy, +x-x)[L, WPy,
_ ew)(x-x)  (-D(x-2) 1,
fo () = (xo —x1) (%o —%)  (0-1)(0-2) _2(

)
)
L, (x) = (x~ xo;(x—xz) C(x-0)(x-2)
)
)

—3x+2)

=2x—x2

(1 —xg (xl—xz)_(l—O)(O—Z)

L () = (x=x)(x—%) (x-0)(x-1) %(x —x)

(2 -x) (2 -%) (2-0)(2-1)

, 2x-3 , 2x -1
Ly (x) = L (0)=2-2x, L) (x) = >

7

7 3 7 y 3
LO (XO) = —E, Ll (xl) = O, L2 (xz) = E,

Using these values in equation, we get

HE =[1-2(x-0) (—3/2)]% (2 +3x+22x 1
1 1
+-2(-2 G/l (@-2Px 9+ x-27 (-xPx24

H(x) = (1 + ?wc)i(x2 +3x+22%+ (1 -3x+ 6)% (x* = x>+ (x = 2)6 (x* — x)?
H(x) = x* - 2x> + 1

Example 2. Apply Hermite’s interpolation formula to find a cubic polynomial which meets the
following specifications.
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Sol. Hermite’s interpolation formula is

H(x) = 2[1_2(3( -x)L ()] [ L (x)T Yi +Z,(x_xi)[Li (X)JZ v

i=0
H(x) = [1 - 2(3( - xo) LO, (x())] [LO(X)]2 y() +[1 - 2(3( - xl) Li,(xl)] [Ll(x)lz y1
+ (x —x) [Ly 0Py, + (x = x) [LOPy,  ..(1)

Ly(x) =-1 and L/ (x)=1
Hence, L)(x) =-1and L," (x)) =1
From (1),
H@)=[1-2-0 1 1-2% 0 +[1-2(x-1) D)x¥*(1)

+(x=0)(1=x20) + (x - D% (1)

=202 (x - 1)+ 22 (x - 1)
2-x?(x-1)=x%(2 -x)
=22 -8

Example 3. Apply Hermite interpolation to find the value of sin (1.05) from the following data

X 1.00 1.10
Sin x 0.84147 0.89121
Cos x 0.54030 0.45360

Sol. Here, f(x) = sin x, f(x) = cos x, x, = 1 & x; = 1.10

x-x; _x-110

L, (x) = = =—10x + 11
X —-x% 1-1.10
L'y (x) = - 10
- ~1.00
and Lo()= —20 -~ — 10x - 10

X, —x 110-1.00
L', (x,) =10
fix,) = 0.84147, fix,) = 0.54030
fix,) = 0.89121, fx,) = 0.45360

Now, using Hermite’s formula, we have

H(x) = Z[l—ﬂlk (xk)(X—xk)J[Lk (OF f(x)+ Z(x_xk)[Lk T (%)

k=0
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He) ={1-2Ly (x) (x =20 )} [Lo () £ (x0)+{1-2L1 () (x = )} [ ()T £ (x1)

+(x—x0)[L0 (x)]z f,(x0)+(x_x1)l:Ll (x)]z f(x)
H(x) = {1 + 20 (x — 1)} (<10x + 11)? (0.84147) + {1 — 20(x — 1.10)} (10x — 10)? (0.89121)
+ (x = 1.00) (<10x + 11)? (0.54030)2 (0.54030) + (x — 1.10) (10x — 10)? (0.45360)
Put, x =1.05, so we get
H (1.05) = sin (1.05) = {1 + 20(1.05 — 1)} (=10(1.05) + 11)? (0.84147)
+ {1 = 20((1.05) — 1.10)} (10(1.05) — 10)? (0.89121) + ((1.05) — 1.00)
(-10(1.05) + 11)? (0.54030) + ((1.05) — 1.10) (10(1.05) — 10)? (0.45360)
H(x) =2(0.25) (0.84147) + 2(0. 25) (0.89122) + (0.05) (0.25) (0.54030) — (0.5) (0.25) (0.45360)
sin (1.05) = 0.420735 + 0.445605 + 0.00675375 — 0.00567
sin (1.05) = 0.86742. Ans.

Example 4. A switching path between parallel railroad tracks is to be a cubic polynomial joining
positions (0,0) and (4,2) and tangent to the lines y = 0 and y = 2 as shown in the figure. Apply Hermite’s
interpolation formula to obtain this polynomial

4 4, 2)
A

(0,0

Sol. Since tangents are parallel to X-axis,
y" = 0 in both the cases.
. We have the table of values.

x y v
0
4 2 0

Hermite interpolation formula is

1

H(x) = 2[1—2L; () (x—x; )J[Li ()] f(xi)+2(x—xi)[Li P f (x) .1

i=0 i=0

x—x; x—4
xXp—x% 0-4

X
Now, L, (x) = 1
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x—x5 x=0 «x
x—-x5 4-0 4

L1 (x) =

’ 1 , 1
Ly () = —; and L (x)=7

> —

Hence, L, (x,) =- % and L, (x;) =

Therefore from (1)

- oo oo ol

+ (x—O)(l—%)zx0+(x—4)(2)2x0

H) = {p(’f“*ﬂﬁzw

2 8 16

H(x) = = (6x> — x%). Ans.

16
Example 5. Using Hermite interpolation formula, estimate the value of 1, (3.2) from the following
table:

, 1
x y =1, (x) y'=
x

3 1.09861 0.33333

3.5 1.25276 0.28571

4.0 1.38629 0.25000

Sol. Using Hermite’s interpolation formula, we have

2 2
H(x) = Za[l -2L; (%) (x— x;) ] [LOF v+ Za(x -x;)[Li (X)JZ y;
H(x) = [1 —2(3( - xo)LO, (x())] [L()(x)]2y0 + [1 - 2(3( - xl) le (xl)] [Ll (x)]Z y1
+ [1 - 2(3( - xz) Lzl (xz)] [Lz(x)lz yz + (x - xo) [L() (x)]Z y(),
+(x - x) [L; Py + (x - x) [L, )1y,
(x—x)(x-x) (x-35)(x-4)
Now, Ly (%) = (3, =5, ) (xg - %2)  (3-35 )(3—4)

=2(x* —4x - 35 x + 14)
=2(x? - 7.5x + 14)
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X) = (x=xp) (x—x,) _ (x=3)(x-4)
b () (x1=x0) (x1 —x) (35-3)(35-4)
=_4(x2—7x+ 12)

o (x=xp)(x—xp) :(x—3)(x—3.5)

L, () = (2 —x9) (% —xp) 1x0.5
= 2(x* - 6.5x + 10.5)
Ly (¥) = 4x - 15, L (x) = — 8x + 28,
Ly (t) =—3,L (x,) =0
L, (x) = 4x - 13
ie, Ly (x,) =3

Hex) = [1-2(x=3)(-3)] [2(x* ~75x + 14)}2 x (1.09861) +[1-2 (x = 3.5) (0)]
x [4 (x® =7x+ 12)}2 x (1.25276)+[1-2(x-4) (3)] [2 (x* - 65x + 10.5)}2
X (1.38629) + (x = 3) [ 2 (x* ~7.5x + 14)}2 x (0.33333) + (x — 3.5)
x [4 (x* -7x+ 12)}2 x(0.28571)+ (x—4)[2(x* — 657+ 10.5)]2 % (0.25000)
On Putting x = 3.2, we get
HEB2) = [1-2(02)(-3)][2(32)° -7.5(3.2) + 14]2 x (1.09861) + 0+ [1-2(~12)(3)]
x[2((32)° -65(32)+ 10.5)]2 x(1.386929) +(0.2) [2((32)" -7.5(32) + 14)]2
x(0.33333) +(-0.3)[ 4 (32)" -7 (3.2) + 12)]2 x (0.28571) + (-1.2)

x [2 (327 -65(32) + 10.5)]2 % (0.25000)

I (32) = (2.2 [4(0.0576)} x (1.09861)+0(8.2)[4(0.0036)]x (1.38629) + (0.2)
x[4(99.2016)](0.33333) - (0.3)
x[+46 {0.0256} ](0.28571) - (1.2)[ 4{0.0036} ] (0.25000)

1 (32) = 1.6314

Example 6. Show thatf(a;bj = f(a);f(b)_,_(b_”)[f,f;)_f' (b)]

Sol. By Hermite’s interpolation formula.

x f(x) f(x)
a f(a) f(a)
b f(b) f(b)
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Hermite’s interpolation formula is

1
H(x) = 21 2(x—x;) L) ()] L; [(x)PP yl+2(x x)[Li (x):|2 y;
i=0
= [1_2 (x - xo) LO, (xo)] [ 0 (x)] y()"' [1 - ( - xi) Lll (xl)] [Ll(x)]zyl
+(x = xp) [L, 0Py, + (x - x) [L, 0P 1 (1)
o x-x _x-b
Now, L, (x) = xo—xl_a—b
L _X-Xxy _x-—a
1) = x—-x b-a
1
lé(JC) = aib and L{ (X) = m
, 1 1
Hence, Lj(xy) = " and L] (x;) = -
Therefore from equation (1)
(x-a)](x-bY (x-b))(x-aY
H(x) = {1 22—~ P Ma—b] fla)+|1-2 b=a ||o=a f(b)
b2
+(x—a>[x‘ £(@)+ (x - b)[ ]f(b)
a-b
H(T) =12 a-b a-b fla)+|1-2 b- b-a f®)
a+b Y atb Y
b b
{2 5 e
b b-
R RS ey U
= f(a);f (b- a)[f ;a) f b)] Hence Proved.

PROBLEM SET 5.4

1. Apply Hermite formula to find a polynomial which meets the following specifications:

[Ans. x* — 4x3 + 4x7]

X 0 1 2
Vi 0 1 0
Vi 0 0 0
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2. Apply Hermite’s interpolation to find f(1.05) given:

x f f
1 1.0 0.5
1.1 1.04881 0.47673

3. Apply Hermite’s interpolation to find log 2.05 given that:

X log x =
x
2.0 0.69315 0.5
2.1 0.74194 0.47619

267

[Ans. 1.02470]

[Ans. 0.71784]

4. Determine the Hermite polynomial of degree 5 which fits the following data and hence find

an approximate value of log, 2.7

x y+log, x Y= 1
x
2.0 0.69315 0.5
2.5 0.91629 0.4
3.0 1.09861 0.33333
5. Find y = f(x) by Hermite’s interpolation from the table:
24 Yi vi
-1 1 -5
0 1 1
1 3 7

Computer y, and y,.

[Ans. 0.993252]

[Ans. 1 + x — x* + 2x*, y, = 31, v, = 61]
Y Y

6. Compute .,/ by Hermite’s formula for the function f(x) = ¢" at the points 0 and 1. Compare

the value with the value obtained by using Lagrange’s interpolation.

[Ans. (1 + 3x) (1 — x)? + (2 — x) ex’; 1.644, 1.859]
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7. Apply Hermite’s formula to find a polynomial which meets the following specifications:

Xi Yi Yi
-1 -1 0
0 0 0
1 3 5 }
1 1 0 Ans. — (5x° —3x
Ans. 2 (55 -32")

8. Apply osculating interpolation formula to find a polynomial which meets the following

requirements:
% Yi Yi
0 1 0
1 0 0
2 ? 0 [Ans. x* — 4x° + 4x7]

9. Apply Hermite’s interpolation formula to find f(x) at x = 0.5 which meets the following

10.

requirements:
X, f(x) f'(x)
-1 1 -5
0 1 1
1 3 7

Also find f(-0.5).

[Ans. 2t —x? +x+1;

Construct the Hermite interpolation polynomial that fits the data:

x f(x) f(%)
1 7.389 14.778
2 54.598 109.196

Estimate the value of f(1.5).

11.

ﬂé}
8’ 8

[Ans. 29.556x° — 85.793x% + 97.696x — 34.07; 19.19125]

(1) Construct the Hermite interpolation polynomial that fits the data:

x f(x) f(%)

0 0 1
0.5 0.4794 0.8776
1.0 0.8415 0.5403

Estimate the value of f(0.75).
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12.

13.

Al SOME RELATED TERMS

(i7) Construct the Hermite interpolation polynomial that fits the data

x y(x) y'(x)
0 4 -5

1 -6 -14
2 22 -17

Interpolate y(x) at x = 0.5 and 1.5.
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Obtain the unique polynomial p(x) of degree 3 or less corresponding to a funcion f(x) where

f0) =1, f0) =2 f1) =5 f(1) = 4.

(1) Construct the Hermite interpolation polynomial that fits the data

X f () f1()
2 29 50
3 105 105

Interpolate f(x) at x = 2.5

(1) Fit the cubic polynomial P(x) = ¢, + ¢;x + czx2 + 63x3 to the data given in problem 13 (7).
Are these polynomials same?

5.7.1 Some Remarkable Points about Chosen Different Interpolation Formulae

We have derived some central difference interpolation formulae. Obviously here a question arise
that which one of these formulae gives the most accurate or approximate, nearest result?

@
@

)

4)

If interpolation is required near the beginning or end of a given data, there is only
alternative to apply Newton’s Forward and backward difference formulae.

For interpolation near the center of a given data, Stirling’s formula gives the best or

1 1 1
most accurate result for ~1 <u< 1 and Bessel’s formula is most efficient near u = >
1 3
or —<u< =.
4 4

But in the case where a series of calculations have to be made, it would be inconvenient
to use both these (Stirling’s & Bessel’s) formulae i.e., the choice depends on the order of
the highest differences that could be neglected so that contributions from it and further
differences would be less than half a unit in the last decimal place. If this highest difference
is of odd order. Stirling’s formula is recommended; if it is even order Bessel’s formula
might be preferred.

It is known from algebra that the n™ degree polynomial which passes through (1 + 1)
points is unique. Hence the various interpolaion formulae derived here are actually, only
different forms of the same polynomial. Therefore all the interpolation formulae should
give the same functional value.
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(5) Here we discussed several interpolation formulae for equispaced argument value. The
most important thing about these formulae is that, the co-efficients in the central difference
formulae are smaller and converges faster than those in Newton’s formulae. After a few
terms, the co-efficients in the stirling’s formula decrease more rapidly than those of the
Bessel’s formulae and the co-efficient of Bessel’s formula decreases more rapidly than
those of Newton’s formula. Therefore, whenever possible central difference formulae
should be used in preference to Newton’s formulae. However, the right choice depends
on the position of the interpolated value in the given pairs of values.

The Zig-Zag paths for various formulae

y A A A° A A° A°

. Newton’s Backward

. Newton’s Forward

. . . . Gauss Backward
L] L] * [ ]
. . . . Gauss Forward

. Stirling

. Bessel's

. Laplace Evertt’s
FIG. 5.1

5.7.2 Approximation of Function

To evaluate most mathematical functions, we must first produce computable approximations to
them. Functions are defined in a variety of ways in applications, with integrals and infinite series
being the most common types of formulas used for the definition. Such a definition is useful in
establishing the properties of the function, but it is generally not an efficient way to evaluate the
function. In this part we examine the use of polynomials as approximation to a given function.

For evaluating a function f(x) on a computer it is generally more efficient of space and time
to have an analytic approximation to f(x) rather than to store a table and use interpolation i.e.,
function evaluation through interpolation techniques over stored table of values has been found
to be quite costlier when compared to the use of efficient function approximations. It is also
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desirable to use the lowest possible degree of polynomial that will give the desired accuracy in
approximating f(x). The amount of time and effort expended on producing an approximation
should be directly proportional to how much the approximation will be used. If it is only to be used
a few times, a truncated Taylor series will often suffice. But if an approximation is to be used
millions of times by many people, then much care should be used in producing the approximation.
There are forms of approximating function other than polynomials.

Let f,, f,...f, be the values of given function and ¢;, ¢,... §,, be the corresponding values of the
approximating function. Then the error vector is ¢ where the components of e are given by
e; = f; —0;. So the approximation may be chosen in two ways. One is, to find the approximation

such that the quantity \/e? + ¢2 +...¢> is minimum. This leads us to the least square approximation.

n
Second is, choose the approximation such that the maximum components of ¢ is minimized. This
leads to Chebyshev polynomials which have found important applications in the approximation
of functions.

(i) Approximation of function by Taylor’s series method: Taylor’s series
approximation is one of the most useful series expressions of a function. If a function f(x) has upto
(n + 1)! derivatives in an interval [a, b], near x = X, then it can be expressed as,

(X—xo)2 (x=xp)

F =) + 7 () (e =200) +f7(g) == e f100) 7 xRy ()

In the above expansion f'(x,), f”'(x,) etc., are the first, second derivatives of f(x) evaluated at x,,.

() (e =xp)"
(n+1)!

The term

is called the remainder term. The quantity s is a number which is a function of x and lies
between x and x, The remainder term gives the truncation error if only the first n terms in the
Taylor series are used to represent the function. The truncation error is thus:

fn+1 (S)H(x_xo)n+1

i = (2
Truncation error (n+ 1) | 2)
‘(X — %, )n+1
T =——M ..(3
* =T () ©

where M = max.‘fwr1 (S)‘ for x in [a, b].

Obviously, the Taylor’s series is a polynomial with base function 1, (x — x), (x — x))* ...
(x = xy)" . The co-efficients are constants given by f(x,), f'(x,), f"'(x,) f"'(x,)/2! etc. Thus the series
can be written in the rested form.

(ii) Approximation of function by Chebyshev polynomial: The polynomials are
linear combination of the monomials 1, x, x, ... x,. An examination of the monomial in the interval
(-1, + 1) shows that each achieves its maximum magnitude 1 at x = + 1 and minimum magnitude
Oatx=0.

y(x) = ay + ax + )%+ + ax"
dropping the higher order terms or modification of the co-efficients a,, a,... a, will produce little
error for small x near zero. But probably substantial error near the ends of the interval
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(x near +1). In particular, it seems reasonable to look for other sets of simple related functions that

have their extreme values well distributed on their interval (-1, 1). We want to find approximations
which are fairly easy to generate and which reduce the maximum error to minimum value. The

cosine functions cos@, cos 26,... cos n® appear to be good candidates. The set of polynomials
T (x)=cosn@,n=0,1.. generates from the sequence of cosine functions using the transformation.

-1

0 = cos x

is known as Chebyshev polynomial. These polynomial are used in the theory of approximation of
function.

Chebyshev polynomials: Chebyshev polynomial T, (x) of the first kind of degree n over
the interval [-1, 1] is defined by the relation

T, (x) = cos [n cos™ (x)] (1)

Let cos™ x = @, so that x = cos@

= T, (x) =cosn@
for n=0T,(x)=1
for n=1T (x) =x
The Chebyshev polynomials satisfy the recurrence relation
T, (x)=2xT (x)-T, ,(x) -(2)

which can be obtained easily using the following trigonometric identity.
cos (n+1)e +cos(n—1)9 =2 cos® cos no

Above recurrence relation can be used to generate successively all T, (x), as well as to express
the powers of x in terms of the Chebyshev polynomials. Some of the Chebyshev polynomials and
the expansion for powers of x in terms of T, (x) are given as follows:

T,(x) =1, 1 =T, (x),
T, (x) = x, x =T, (x),
T,(x) = 2x* -1, x? = % (T, (x) + T, (x))
T, (x) = 4x% - 3x, x% = %(37"1 (x)+ Ty (x)),
1
T, (x) = 8x* - 8x2 + 1, xt = §(3TO (x)+4T, (x)+ T, (x)),
1
T, (x) = 16x° — 20x® + 5x, x5 = E(lOTl (x)+5T; (x) +T5 (x))
1
T, (x) = 32x% — 48x* + 18x2 - 1, x6 = 5(107"0 (x)+15T, (x)+ 6T, (x)+ T, (x)),
T, (x) = 647 — 11225 + 563 — 7x,
T, (x) = 128x% — 256x© + 160x* — 3222 + 1,
Ty (x) = 256x% — 576x7 + 432x° — 120x° + 9x,
T, (x) = 512x10 — 1280x® + 1120x° — 400x* + 50x2 — 1 (3
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Note that the co-efficient of x" in T, (x) is always 2", and expression for x" i.e., 1, x, x*..x"
will be useful in the economization of power series.

Further, these polynomials satisfy the differential equation.
dy _ dy
1-x*) = —x—L+n’y= 0
( ) dx* dx Y
where, y=T,(x),
We also have |Tn (x)| <1, xe[-1,1] (4)
Also, the Chebyshev polynomials satisfy the orthogonality relation

1 0, if m#mn;

J. ! T, (x)T, (x)dx=<m, ifm=n=0; )
1_x2 .en
1

E,ifm:n;to
2

Another important property of these polynomials, is that, of all polynomials of degree n where
the co-efficient of x" is unity, the polynomial 2= T (x) has the smallest least upper bound to its
magnitude in the interval [-1, 1], i.e.,

max
-1<x<1

27T, ()< _max [P, (x) .(6)

This is called the minimax property.

Here, p, (x) is any polynomial of degree n with leading co-efficient unity, T (x) is defined by
T, (x) = cos(n cos™ x) = 2"t x " —_. (7)

Because the maximum magnitude of T, (x) is one, the upper bound referred to is 1/2" i.e.,

21" This is important because we will be able to write power-series representations of functions
whose maximum errors are given in terms of this upper bound.

Thus in Chebyshev approximation, the maximum error is kept down to a minimum. This
is called as minimax principle and the polynomial P, (x) = 21" T (x); (n> 1) is called the minimax
polynomial. By this process we can obtain the best lower order approximation called the minimax
approximation.

Example 1. Find the best lower-order approximation to the cubic 2x° + 3x2.
Sol. Using the relation gives in equation (3), we have

233 4 342 = 2 E {3T; (x)+T; (x)}} +3x%

, 3 1

= 3x +5 T, (x) +5 T, (%)
, 3 1 )

= 3x +§x+§ T, (x), Since T, (x) = x

3
The polynomial 3x? + ¥ is the required lower order approximation to the given cubic with

1
a maximum error + 5 in the range [-1, 1].
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Example 2. Obtain the best lower degree approximation to the cubic (x> + 2x?), on the interval
[-1, 1].

Sol. We write

1
3+ 2x? =2 BT, (x) + Ty ()] + 242,
=2x2+E T, (x) +1 T, (x)
4 1 4 3V

=2x% + Ex +1 T, (x)
4 4 3V
> 3
Hence, the polynomial(zx +ij is the required lower order approximation to the given
cubic.
The error of this approximation on the interval [-1, 1] is
1

1
Jmax 2 [T (=7

Example 3. Use Chebyshev polynomials to find the best uniform approximation of degree 4 or less
to x®on [-1, 1].

Sol. x° in terms of Chebyshev polynomials can be written as

5 5 1
5= —Ti+—T+—T,
TTe 16 7 160
Ts
Now T, being polynomial of degree five therefore we omit the term 7 - and approximate

5 5
— 15 -1 +—T.
flx) = x> by (8 176 3).
Thus the uniform polynomial approximation of degree four or less to x° is given by

s 5 5 5 5 3
X :§T1+E T3=§x+1—6 [4x° — 3x]

T
and the error of this approximation on [-1, 1] is max |~ :i.
-1<x<1{ 16 | 16

Example 4. Find the best lower order approximation to the polynomial.

o xt X 11
y(x)=l+x+—+—+—+-—,x€e|-—=,= |
2 6 24 120 2 2

Sol. On substituting x = %, we get

2 3 4 5
y(§)=1+%+%+i—8+§?‘4+%,—1<§<1.
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Above equation can be written in Chebyshev polynomals
1

53T (O+T5 (®)]

WE) =Ty (B) + 5 T, (8) + = [Ty(8) + T, (E)] +
# o 3Ty @+ 4T, )+ Ty @+ = [10T; @) +5T, @)+ T (@)
= 1.063477T,(E) + 0.515788T, (£) + 0.063802T,(E) + 0.00529T, (&)
+ 0.000326T,(§) + 0.000052T,(&)
dropping the term containing T; (), we get

y(E) =1+ 0.4999186& + 0.125&2 + 0.0211589&> + 0.0026041&*.
Hence, y(x) =1 + 0.999837x + 0.5x% + 0.0211589x3 + 0.041667x*.
Properties of Chebyshev polynomial 7, (x)
1. T (x) is a polynomial of degree 7.
2.T(=x)=(1)"T, (x),
which show that T, (x) is an odd function of x if 7 is odd and an even function of x if 1 is even.
3. |T, (x)

4. T (x) assumes extreme values at (1 + 1) points

< xe[-1,1]

x, = cos(mn),m=0,1,2,..n

and the extreme value of x, is (-1)™.

) 0,if m#n
5. J.le (x)T, (x)dx=sm/2,iff m=n#0
m,if m=n=0

which can be proved easily by putting x = cos 6.
Also T, (x) are orthogonal on the interval [-1, 1] with respect to the weight function

w(x) = 1/,(1-%)
6. If P, (x) is a monic polynomial of degree 1 then max |21_” T, (x)| < max [P, (x)| is known
-1<x<1 -1<x<1

as minimax property since |T, (x) <1.

Chebyshev polynomial approximation: Let f(x) be a continuous function defined on
the interval [-1, 1] and let B, + Bx + Bx*+..B A" be the required minimax polynomial approximation

for f(x).
Suppose f(x) = %0 zﬂiTi (x) is Chebyshev series expansion for f(x). Then the truncated series
i=1

of the partial sum.
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P (x) = %0 gl,”i T (x) (1)

is very near solution to the problem.

-1<x<1 -1<x<1

max f(x)—iBixi =— min f(x)—iBixi
i=0 i=0

i.e., the partial sum (1) is closely the best approximation to f(x).

Chebyshev polynomial approximation

B I I

P

- |.|.|

T N R T Y Y T N
-1 -6 -4 -2 0 2 4 6 .8 1
X

o

Chebyshev polynomials

FIG. 5.2. Chebbyshev polynomiats T (x) through T (x). Note that T/ has j roots in the interval (-1,1)
and that all the polynomials are bounded between +1.

(iii) Economization of power series: To describe the process of economization, which
is essential due to Lanczos, we first express the given function as a power series in x. Let power
series expansion of x is.

Fx)= Ay + Apx+ Apx® 4+ Ax";  —1<x<1 (1)

Now convert each term in the power series, in terms of Chebyshev polynomials. Thus we

obtain the Chebyshev series expansion of the given continuous function f(x) on the interval
[-1, 1]. ie.,

P,(x)= Y BT;(x) -(2)

i=0

or P, (x)=By+BTy(x)+B,T(x)+....... +B,T, (x)
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Now, if the truncated Chebyshew expansion is taken by (2) then
Erllgé|f(x)—Pn(x)| <[Bya|+|Byia| +oovennn <€

and Hence P, (x) is a good uniform approximation to f(x) in which the number of terms retained

depends on the given tolerance of e . However for a large number of functions, an expansion as
in (2), converges more rapidly than the initial power series for the given function.

This process is known as ‘economization of the power series’, which is essentially due to Lanczos.
Replacing ea'ch Chebyshey polynomial Ti(x) by its Polypomlal form and rearranging the terms, we
get the required economized polynomial approximation. We have, thus economized the initial
power series in the sense of using fewer terms to achieve almost the same accuracy.

Example 5. Economize the power series.
, ¥ oxt X
Sinx=x-——+—+ +
6 120 5040

to 3 significant digit accuracy.

2,5 7
Sol. Here, we have sin x = x —— + —

+ +
6 120 5040

Now it is required to compute sin x correct to 3 significant digits. So truncating after 3 terms

as the truncation error after 3 terms of the given series is <

! =0.000198 . Thus,
40

. X
sin x=x — —+—
6 120

Now converting the powers of x in to Chebyshev polynomials.

sin x = T, (x) - i BT, (x) + T, (0)] + ﬁ[lOT1 (x)+5T5 (x)+ Ty (x)]

169
i =~ —T T
= sm X 1921() 128 3() 5()

L . Lo 1
Again, since the truncation error after two terms of the series is <——=10.00052 . Thus we

have

sin x = 1()@%()

Now, to get the economlzed series, we put basic values of T, and T,

sin x = @(x)—i@x?’ —Bx)
192 128
sin x = @x—ixs
= T84 R
= sin x = 0.9974x — 0.1562x3

Which gives sin x to 3 significant digit accuracy and therefore, it is the economized series.
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Example 6. Prove that \1-x* T, (x)=U, ., (x)-xU, (x).
Sol. If x = cos @, we get
T, (cos @) = cos n@
and U,(cos §) =sinn@ [here U (cos §) =sin n0]
is Chebyshev polynomial of second kind of degree n over the interval [-1, 1].
Then we have to prove,
sin@ cos n® =sin (n + 1)6 — cosO sin n@
Now, RHS =sinn@ cos® + cos n@ sin@ — cos 6 sin n 9
=sin® cos n® = L.HS.

Example 7. Find a uniform polynomial approximation of degree four or less to sin”! x on [-1, 1],
using Lanczos economization with an error tolerance of 0.05
Sol. We have,
¥ 3 5 15

in! x = —+—x"+ —x" +..
sm - X X + 6 40 336

Since the error is required to be less than 0.05 and we see that if the given series is truncated
after three terms then the truncation error.

15
336

On [-1, 1] hence, we retain three terms and write

< 0.044643

.1 x3 3 5
smx =x+ — + —X
6 40

1 3
T, + 1 [3T, + T5] + %10 [10T, + 5T, + T4]

75
64 384 640

3
Now, the co-efficient of T = a0 = 0.0046875 and as |T5|<1

For all xe [-1, 1], we have

< 0.0046875

640
Therefore, we omit this term and this omission will not affect the desired accuracy, because
the total error

0.044642857 + 0.0046875
0.04933 < 0.05
Hence, required expension for Sin™! x is

sin! x = 7 T, + 25
64 384
125 25 4

— X+ —x
128 96
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Example 8. Find a uniform polynomial approximation of degree 4 or less to e*in [-1, 1], using
lanczos economization with a tolerance ofe = 0.02.
23 4,5
F=1l+x+ —+—+_—+—+
2 6 24 120

Sol. Since f(x)

1

— = 0.00833...
120

Since,

4
Therefore, we take f(x) up to 2—4 with a tolerance of € = 0.02

2 .3 .4
x° x0T x
St =e'=1 —t—+— (1
) pxe el ®
Changing each power of x in (1) in terms of Chebyshev polynomials, we get
81 9 13 1 1
= —Ty+-T1+—T, +—T; +—T,
64 ° 871 48?24 % 102t

Neglecting the last term because its magnitude 0.005 is less than 0.02. Hence, the required
economized polynomial approximation for e*is given by

3
&5 = §T0+2T1 +ET2+iT3 X B
64 8 48 24 6 24 192

(iv) Least square approximation: To obtain a polynomial approximation to the given
function f(x) on the interval [a, b] using least square approximation, with weight function w(x).

- 2 2
Let P, (x) = a, + a,x* + a,x” + ... +a,x" (1)
be a polynomial of degree n. Where a, a,, a,,... a,, are arbitrary constant we then have,

b " 2
S (a1, = | w(x){f (x)—Zaixf] i 0

i=0

where w(x) > 0 is a weight function.

The necessary conditions for S to be minimum, are given by

39S b i n
2w f(x)—i;)aixf]dwo,

b [ n
5751:—2‘1.w(x) f(x)—;aixi]xdx:O,
ﬁz_zj'w(x) f(x)—iaixi x*dx =0,
oa, ) =
d5 :—2j.w(x) f(x)—ialxl x"dx =0,
oa, =
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after simplication, we get

b b

aOJ.w dx+a1J.xw( Ydx +...+a, J.x w(x J.w(x)f(x)dx
b b b b

aojxw (x)dx + alszw (x)dx +...+a, J.x”“w(x) dx = J.xw (x) f (x)dx
b b b b

aOJ.x”w (x)dx + alj.x””w (x)dx+...+a, J-xznw(x) dx = J-x”w (x) f(x)dx

which are normal equations for P, (x). These are (n + 1) equations in (n + 1) unknowns and are
solved to obtain a, a,, a,,... a,.

Example 9. Obtain a least-square quadratic approximation to the function y(x) = /x on [0, 1] w.rt.
weight function w(x) = 1.

Sol. Let Y = a,+ a;x + a,x’ be required quadratic approximation
1
h S _ I,z 2 — i
t en, (aor alr az) = X - ﬂO — X —arX X = Imimnimum
0
The normal equations are

2Jx —ay —ax —a,x” dx =0
wo | X —a,x° |
1
2
—ay — X —ayx° [dx=0
8a1 _[ 1 2 J
0
1
X172 _ 2 _
0 —MX —ax” |dx =0
8a2 b[ 1 2 Jd
1 1 1 1
or Jxl/z dx =a, de +a J.xdx+ a, J.xzdx
0 0 0 0

1 1 1 1
J 32 dx = a, dex+aljx2dx+azjx3dx
0 0 0 0
1 1 1 1
st/z dx = a, sz ax + ay J.xg’ dx + a, J.x4dx
0 0 0 0

or Simplifying above equations, we get

pltymg q 24

g+ B 2
2 3

a a a
B 4 B _

3
2
2 3 4 5
G M 2
3 4 5 7
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On solving the equations, we get

6 48 20
aoz—,alzg =

,H —
35 27 35

Hence the required quadratic approximation to y =+/x on [0, 1] is
6 48 20 ,
y= -—x
35 35 35
- 2
or y = £(6+48x—20x ). Ans.

Example 10. Using the Chebyshev polynomials, obtain the least square approximation of second
degree for f(x) = x*on [-1, 1].

Sol. Let fx)= P(x) = CT, (x) + C,T, (x) + G,T, (x)
1 2
We have, S(Cy Cy, C,) = J(X“ =GCoTy (1) =CiTy (1) = G T, () dx
x|
which is to be minimum when 95 =— 05 _ 95 _
acy  dey ac2
1
aS Ty (x
Now, —=0 = J.<x4 -G Ty (x)-CG T (x)-GC,T, (x)) 0 (¥) dx=0

acy ] J1-x?

_leTO(x) 3
"n 1 V1-x

1

aS %)
Similarly, EZO = J.<x4 -CTpy (x)-CTh (x)-GT, (x)) 11 (x dx=0
x| /
2 1T (%)
=0= ——dx=0
1 “:[ J1-x?
1
95 T, (x
and BTZO = J.<x4 -G T, (x)-CT (x)-G,T, (x)) \/f(i)zdx:()
2 b .

_2 j- x* T, (x) i _1
Tl J1- 2

Hence the required approximation is f(x) = gTO + % T,.
Example 11. The function f is defined by

X

1 1—e"
f(x)=;_([ :
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Approximate f by a polynomial P(x) = a + bx + cx? such that

Y f(x)-P(x) <5x 107

|x[<1

Sol. The given function

X s 8 10
fo) = 1 1—_ ——t—+t——t—+... dt
X 0 24 120 720
x x4 x* a8 xlO
Sl A (1)
6 30 168 1080 7920
given that e =5x 103
= e = 0.005
Now, truncating the series (1) at 18, we have
T
() =130 168 " 1080
1 1
=Ty-1; (To+ T) +545 (T, + 4T, + 3T)) - o= —— (Ty + 6T, + 15T, + 10T,
1
T + 8T, + 28T, + 56T, + 35T,
* Tasza0 (1o + 8T * 2 0)

0.92755973T,, — 0.06905175T, + 0.003253T, — 0.000128T, + 0.000007T ...(2)
Truncate the equation (2) at T,, to get required polynomial
P(x) = 0.92755973T, — 0.06905175T,
0.99661148 — 0.13810350x2
or P(x) = 0.9966 — 0.1381 x°. Ans.

Example 12. Obtain a linear polynomial approximation to the function y(x) = x° on [0, 1] using
the least squares approximation with respect to weight function w(x) = 1.

Sol. Let y = a, + a,x be the required linear approximation

1

Then, S(ay a,) = J’[xs — —aledx = minimum
0
= yz—ZJ.x —ao—ulx]dx 0
0
1 1 1
- a, J.dx + @ J.xdx = J.xg’dx (1)
0 0 0
. S . [r.a
Similarly, a_ul ==2 J.|:x —ag — tzlx]xdx =0

_ J.xdx +ay j. = j.x4dx -(2)
0 0
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From (1) and (2)

a 1
Wt 5Ty
B o1
2 3 5
b =2 a =—1
= 0 10 s 5"
. . N 3 . 9 1,
Hence the required linear approximation to y(x) = x°on [0, 1] is y = 0 —gx .

Example 13. Using the Chebyshev polynomials obtain the least square approximation of second
degree for x> + x? + 3 on the interval [-1, 1].

Sol. Let f(x) = a T, (x) + a,T; (x) + a,T, (x)
1
So, S, a, a,) = 1 [(x?’ +x% 4 3)—(a0T0 () + Ty (x)+ a,T, (x))} dx

T1-x2

For S to be minimum £=£=£=0
da, oa, o4,
Therefore, we have
1
T
J.[x3 +x% +3—a,T, (x) - ayT; (x) - a,T, (x)} 0 (x)z dx=0
1-x
A

2

J.[x3 +x% +3-a,T, (x)-a;T; (x)—a,T, (x)} L () dx=0
-1 1-x

1

J.[x3 +x% +3-a,T, (x)-a;T; (x)—a,T, (x)}
-1 1-x

T, (x)

dx=0

Using the orthogonality conditions, we have

lj.(x3+x2+3)T0 (%) dx:z

a. =
° he \/1 - 2
2 | (x3 +x° +3)T1 (x) 3
a == dx ==
T ] \/1 . 4
21(x3+x +3)T2 (x) 1
gz = — = —
T b \/1 — 2 2
Hence, the required least-square approximation is,

0 = 2T O+ T @)+ T (1)
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Minimax polynomial approximation: Let f(x) be continuous on [a, b] and it is
approximated by the polynomial P, (x) = a, + a;x +..+a,x", then the minimax polynomial
approximation problem is to determine the constants 4, a,, a,...4, such that

uglf;(b |€ (x)| N uISninSlb |€ (x)| (1)
where, € (x) = flx) - P, (x). (2

If P, (x) is the best uniform approximation in the sense of eqn. (2) and

E,= i5es |f (1) =P, (%)
then there are at least (n + 2) points a = x, < x; < x, < .. x, < x,,; = b where error must alternate
in signs, and
() e x)=+E,i=0,1,2,.n+1

(e (x) == (x,,1),1=0,2,.,n

(i) e (x) =0fori=1,2,.,n

Example 14. Obtain the Chebyshev linear polynomial approximation (Uniform approximation) to
the function f(x) = x?, on [0, 1].

Sol. Let P, (x) =a, +ax and x, =0, x;, = o, x, = 1

Therefore, e(x) = ¥ —ay —ayx
Thus, e(x) = —e(x)
= e(xg)+e(x;) =0 or € (0)+e(a)=0..(1)
and e(x) = -e(x) = e(x)+e(x)=0
e(a) +e(1) =0 -(2)
and el (x)=2x-a, =0 ~(3)

Hence from (1),
—ay+ o —a,—a0=0
= o —ao—2a, =0 ()

Similarly from (2)

o —ay—ao+1-ay—a; =0 ..(5)
= o —(l+a)oy —24p+1 =0 .(6)
From (3), 200 —a, =0
From eq. (4), (5), and (6) we get

1 1
a,=——,0=—=, a4 =1

Therefore the required Chebyshev linear approximation is

1
P(x) = - 3 + x. Ans.
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1
Example 15. Determine the best minimax approximation to f(x) = L [1, 2] with a straight line
y = a, + a,x. Calculate the constants a,and a, , correct to two decimals.
Sol. Given  y =4, + a;x
1
Therefore, ¢ (x) = ? -a,-ax and x,=1,x = a, x,=2
We have, e(1)+e(a)=0
e(a)+e(2)=0
(1)

, 2
€ (x):—x—g—a1

Thus, from (1), we have

1-2a,+ iz—(l+0c)a1:0
o

1 1
——2ay+——-(2+0a)a; =0
4 0 az ( ) 1
2
—+a,=0
ol
On solving these equations, we get a, = 1.66 and a, = — 0.75

Hence, the best minimax approximation is y = 1.66 — 0.75x.

5.7.3 Spline Interpolation

Sometimes the problem of interpolation can be solved by dividing the given range of points by
subintervals and use low order polynomial to interpolate each subintervals. Such types of polynomial
are called piecewise polynomial.

Y Piecewise polynomial

Ducks

FIG. 5.3
In the above figure piecewise polynomial exhibit discontinuity at some points. If it is possible
to construct piecewise polynomial that prevent these discontinuities at the connecting points. Such
piecewise polynomial are called spline fur21cti0n. According to the idea of draftsman spline, it is
required that both—y and the curvatured—g are the same for the pair of cubics that join at each
x

dx

point. The spline have possess the given properties.
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1.S(x) =fx);i=0,1,2,.n

2. On each subinterval [x, ;,x;], 1< i< n, S(x) is a polynomial in 7 of degree at most 7 .
3. S(x) and its (n —1) derivatives are continuous on [a, b].

4. S(x) is a polynomial of degree one for x < a2 and x > b.

The process of constructing such type of polynomial is called spline interpolation.

5.7.4 Cubic Spline Interpolation for Equally and Unequally Spaced Values

dy dzy

According to the idea of draftsman spline, it is required that both e and the curvature e are
x x

the same for the pair of cubic that join at each point. The cubic spline have possess the following
properties:

1. S(x)=f,i=0,1,2,...n

2. The cubic and their first and second derivatives are continuous i.e., S(x), S' (x) and S¥ (x)

and continuous on [a, b]
3. On each subintervals [x, ;, x;] 1< i< 1, S(x) is a third degree polynomial.

4. The third derivatives of the cubics usually have jumps discontinuities at the ducks or the
junction points.

P.
Y4 i Spline curve

|
|
|
|
|
|
|
|
|
|
|
|
I
P, I
|
|
|
:
X

I
I I
I I I
I I I
I I I
I I I
I I I
1 1 1 ; X
Xo X4 Xp Xiiq Xii2 Xn-1 Xy
FIG. 5.4
Where x;, =fori=0,1,2.., n may or may not be equally spaced.
Let a cubic polynomial for the i interval is
S(x;) = a;(x = x>+ b; (x = x> + ¢; (x = x)) + d (1)
Since this polynomial is valid for both the points x; and x,,, therefore,
S(x) =a;(x; — x)>+ b, (x, - x)* + ¢, (x;, — x) + d, (2
= S(x) = d,
S(xiy1) = 4 (g = X)° + by (g = X+ ¢ (g = X) +
= S(xi+1) = Hl' hl?ii-l +bih2i+1 + Cihi+l + di (3)

where i, | =x; | - x;.
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Now, Twice differentiate Equation (1) we get,
S"(x) =3a;(x = x)? + 2b, (x - x) + .(4)
S”(x) = 6a. (x — x)* + 2b, ..(5)
Now, Let P,=S" (x,) then equation (5) becomes
P. = 6a, (x - x)) + 2b,

at X =X,
b
P, =2b. =Y =5 ..(6)
at X =X,
ie1 =60, (x;, - x) + 2D,
ie1 =00 (x g —x) + P [using (6)]
ieq = 6ah g + P
Pi+1 - Pz
ai = TIH (7)
Now substituting the values of d, 4; and b, from (2), (6) and (7) in (3)
1 P.
6hi+1 i+1 2
2. q
S(xi1) = (Pi+1 _Pi) hgl +% i + ¢y +5(x;)
P,-P P
S(xi) = S(xi)( - 1+—l]h2i+1 +Ciltiy
6 2
_ h2i+l
S(xi+1) = S(xi):_(PiH _Pi+3pi)+cihi+l
S(x; - S(x; 2.
= )3 gy g,
hi+1 6
S xi -S xl‘ .
(= SCE)750) iy o -®
hi+1 6

Now, the slope at the point x; (because the curve has equal slope at the point [x, S(x,)]
hence from equation (4).

S (x) =3a; (x;— x)* + 2b, (x, — x) + ¢; =5 (x;)=¢ (9)
S X; -S X; .
=8 =—( 1)=S( )_M [PiHJrzpi] ..(10)
hi+1 6
But S’ (x)) for the last subinterval is,
S"(x) =3a_h? + 2b,_, h + c; . .(11)

and after using a,,, b, ;, and ¢, ,

1 1 S(x1)+S(xi_y h;
S’ (xi) =3 6_]/11[1)1 —Pi_l]hiz +25 Pi—l hi +%_E[PI _21%_1]

1
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S(x; ) +S(x;
S (x) = () +5( 1)+2P By, .(12)
h; 6
For equation (9) and (10)

¢, =3a,,=h?+2b_ h +c,

On substituting the Values of a;, 4, b4, ¢, and c;
S(x; S(x: S(x:)=5S(x: . .
( +1) ( ) hl+1 (1)1‘4.1 +21)i)= (xl) (xl—h)+ 21)lhl +£
by 6 h; 6 6
S(x::)=5(x;) S(x;)—S(x;_ . . 3
(x1+1) (xl) _ ( ) ( 1) _ ti+l hz+1 (Pz+1 + ZP ) zpzhz + Pz—lhz

S(xi+1)_s(xi)_5(xi)—5(xi_1) hiyi P (hi+1+hi)Pi +hipi—1
hi h; 6 3 6
for i=1,2,.n-1

S(x1)-S(x;)  S(x;)-S(x
- HprPry + 2(Byy + 1) P+ 1 Py (x”lh) (%) _5(x) ; (*i1) .(13)

i+1 i

Now for equally spaced argument i.e., h; = h Equation (13) becomes

B[P, +4P+P_]=2 [s (%) =25 () + 5 (x1)]

or P.

i+1

+ 4Pi + Pi— 1= h [S(xl + 1) 25 (xi) + S(xi—l)] ...(14)

while the S(x) for equally spaced becomes.

5(0)= [~ ) P+ (r=xi0) B+ 1 —x)[ [x _1)- Eplﬂ

2
+ %(x—xi_l){S(xi)—%Pi}
~.(15)

Equation (15) gives cubic spline interpolation while equation (14) gives the condition for P,.
Remarks:

(1) If By =P,=0; it is called free boundary conditions and the spline curve for this condition

is called the natural spline because the splines are assumed to take their natural straight
line shape outside the interval of approximation.

@ ItPy =P, P =P, fo=fu, fi = fus1, I =h,. then spline is called periodic splines.

(3) For a non-periodic spline we use.

f@=fo, f )= f,

fi ~1
i)

6 fn fn 1
h_n[fn hn ]

= 2P, + P,

N P, +2P,
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Example 1. Obtain cubic spline for every subinterval, given in the tubular form.

x 01 2 3
f(x) 1 2 33 244

With the end conditions M, = 0 = M,
Sol. Here, we have equal spaced intervals as h; = h, = h, = 1, hence the condition for M,

becomes.

My +4M; + M,y =6 f(x0) =2 f(x; )+ f(x:4)] i =12
= M, +4M, +M2:6[f(x2)—2f(x1)+f(x0)]
= M1+4M2+M3=6[f(x3)—2f(x2)+f(xl)}

Now, after substituting the values of f(x;) and M, = 0 = M; we get
4M, + M, =180 and M, + 4M, =1080

Ml = 24 and Mz = 276

x,=0 x =1 X, =2 X, =3
hl = 1 h2= 1 h3: 1
ty=1 t, =2 t, =33 ty =244

Now, the corresponding cubic spline can be obtained by having
1 3 3 1
f(x):a [(xi -x) M +(x—-x) Mi] te (x;—x)
2
[f(xi—l)_h_g Mi—1i| +% (x _xi—1)|:f(xi)_%Mi:|r i=12,3

Now, for i = 1 (the interval is [0, 1]), filx) = — 4x®> + 5x + 1
Similarly, for [1, 2], f(x) = 50x% — 162x2 + 167x — 53 and for [2, 3],
flx) = — 46x3 + 414x% — 985x + 715.

Example 2: Find the cube splines for following data:
x 01 2 3
f(x) -1 2 5 11

with the end condition My = 0 = M, and also calculate f (2.5)and f'(2.5).
Sol. Here intervals are equally spaced with difference 1 and n = 3. Now, the condition for

M. is
M;_; +4M; + M, 4 :6[f(xi+1)—2f(xi)+ f(xi_l)]izl,z

= MO+4M1+M2:6[f(x0)—2f(x1)+f(x2)]
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= M1+4M2+M3:6[f(x1)—2f(x2)+f(x3)]
but M, = 0 M, then it becomes
4AM; + M, =12 and M, =4M, =18
M,=2and M, = 4

Now, the corresponding cubic spline can be obtained by having

f(x):éih[(xi —x)3 M +(x = x4 )3 MZJ +(x; — x)

[f(xi_l)—Méi‘1 +(x—xi_l)}[f(xi)—%},izl,z?;

Now, for i = 1 (the interval is [0, 1])

fx) = %(x3 +2x+3)

1
Similarly, for [1, 2] fix) =5 (* + 2x + 3) and for [2, 3], fix) = (-2x° +18x% - 34x + 27)

W=

Now, f(2.5) = 7.66 and f’ (2.5) = 6.16

Example 3. Obtain the cubic spline for the following data:
x 0 1 2 3
f(x) : 2 -6 -8 2
Sol. Take initial conditions M, =0 = M,fori=1,2 .. n
WMy + 4M; + M) = 6 [f, - 2fi + fi]
Here, h = 1;

MO +4M1 +M2 :6(f2—2f1 +f0)f0}"0£xg1
M1+4M2 +M3 :6(f3—2f2 +f1)f01’1£3€£2
M, + 4M, + M, =36
M +4M, + M, =72

Using initial conditions, we get
M, =48, M, =168
Hence for 0< x< 1 spline is given by

S() = %[(1_")3 My +(x=0) My +(1-x)(6f, - My )+ (x = 0) (6f; —M1)]
- %[x?’ (48)+(1-x)(12) + x (-36-4.8) |

= 08x>-88x+2

Hence for 1< x< 2 spline is given by
S(x) = 2x3 — 3. 6x2 — 5.2x + 0.8
Similarly, for 2< x< 3
S(x) = —2.8x3 + 25.2x% — 62.8x + 39.2. Ans.
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Example 4. Estimate the function value f at x = 7 using cubic splines from the following data: Given
P,=P,=0.
2= %o

X; 4 9 16
fi 2 3 4
Sol. hy=x,-x,=9-4=5
hy=x,-x,=16-9=7
hy hy +h, h, 1 1
— P+ Pb+—==—(f,-fH)-—(fi—
6 0 3 130 hz(fz f1) hl(fl fo)
— Pl:—i:—0.0143
70

Since, n = 3 therefore, there are two cubic splines given by
S, (¥) = x,< x< x;
S, (x) =x< x< x,

S(x):i{(xi —x)3 Py +(x—x4 )3 Pz}

6h;
1 hiz 1 hiz
+h—i{(xi—x)(fi—1 __6 Pi—lJ}"‘ h—i{(x—xi_l)(fi_? l}

1 4 3
S(x)=—127(-0.0143 —+—=(3+25x%x0.0024
()= [27 (- 00148)] + £+ (3. 25 0.0024)

S(7)=2.64862. Ans.

PROBLEM SET 5.5

1. Using the Chebyshev polynomials T,(x), obtain the least square approximation of degree

i 4 4 4
- =l Ans.f(x)=—T, (x)——T, (x)——T,; (x)—— T (x
eleven for f(x) = cos™ x. [ f(x) 20() nl() 9n3() 25“5()
4 4 4 ]

—— 1Tk —— T —— T
2or 7 )~ g1 T ()= 1, T ()]

2. Find the linear least-squares polynomial approximation to the function f(x) = 5 + x* on the

interval [0, 1]. [Ans. y=—(29+6x)

N

3. Find the quadratic least squares polynomial approximation to the function f(x) = x*/? on the

1
interval [0, 1]. [Ans. y= s (—2 +48x + 60x2)
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10.

11.

12.

13.
14.

15.

16.

17.
18.

2
. Economize the series ¢ =1 + JC2 +

. Find the lowest order polynomial which approximates the function f(x) =1 — x + x* — x
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. Using the Chebyshev polynomials T, (x), obtain the least squares approximation of second

degree for f(x) = 4x* + 2x* + 5x — 2 on the interval [1, 1].
[Ans. f(x) = - T, (x) + 8T, (x) + T, (x)]

Find the best lower-order approximation to the cubic 9x° + 7x* , -1 < x < 1.
[Ans. 7x% + 2747 X, Max.error =Z in [-1, 1]}

4 x6 x8 xlO x12

— et —t—+— i _
> " "o T 10 T 70 +... on the interval [-1, 1]
allowing for a tolerance of 0.05. [Ans. e'*2 = 1.0075 + 0.869x> + 0.8229x%]

¥ Ad x’
. . R S . 2 .
. Economize the series x + e "0 T 5000 O the interval [-1, 1], allowing f;gr?)a tolle;ance
Ans. sinhy="—x+-—-x°

of 0.0005. [ 384 % }

. Find a uniform polynomial approximation of degree 1 to (2x — 1)° on the interval [0, 1] so

that the maximum norm of the error function is minimized, using Lanczos economization.
Also calculate the norm of the error function.

+1 3 1
Hint: Put x = R linear approximation = Z(ZX —1), maximum error = 1
3

160 , 160 131}
——x+

28" 128" T128

Obtain an approximation in the sense of the principle of least squares in the form of a
1

=1+ 2 in the range -1< x< 1.

+ x* 0 < x <1 with an error less than 0.1. [Ans.f(x)z

polynomial of second degree to the function f(x)

3 15 )
[Ans. P (x) = 1 2r—5) +Z(3 -p) x7]

Find the polynomial of second degree, which is the best approximation in maximum norm

41 1 9 »
i 0,—,—,1,0¢. Ans. P(x)=—+2x——x
to,/x on the point set{ 9’9 } [ (x) 16 3 }

2
Find a polynomial P(x) of degree as low as possible such that I‘niii( e —P(x )‘ <0.05

x|

[Ans. 1.0075 + 0.8698x% + 0.82292x*]

1
Prove that x* = E[TO (x)+T, (x)]

Express T, (x) + 2T, (x) + T, (x) as polynomials in x. [Ans. 2x + 2x%]

Economize the series f(x) =1 - - —-——-—"

¥ at af

E ize th i =1- —+—-—"-
conomize the series cos x > Y o1 "7
Prove that T, (x) is a polynomial in x of degree n
Find the best lower order approximation to the cubic 5x° + 4x” in the closed interval

5
[-1, 1]. [Ans. 4x? + 27
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19.

20.

21.

22.

23.

24.

Find cubic spline for the following data:
x 012 3
f(x) 1 2 5 11
with end conditions P, = 0 = P, and also calculate f(2.5), f'(2.5).
Estimate the function value f at x = 7 using cubic splines from the following data:
i 01 2
x 4 9 16
fi 2 3 4
Fit the following points by the cubic spline:
x : 12 3 4
f(x) : 15 11 8
By using the conditions M, = 0 = M,. Hence find f(1.5) and f’(2)

[Ans. S, (7) = 2.6229]

[Ans. f(x) =% [17x° —51x* + 94x - 45| 1< x <2

f (x)=%[—55x3 —381x% ~770x +53 ] 2< ¥ <3
= 1 ’ 2 15 :@ ! 2 :%
f(x)—ﬁ[?)Sx — 456x" +1741x —1980]3<x <4 [ (L) ol O==

Find the cubic spline corresponding to the interval [2, 3] which means the following
representation:
x 1 2 3 4 5
f(x) : 30 15 32 18 25
with the end condition M; = 0 = M; and also compute f(2.5), f(3)

[Ans. f(x)= % [-142.9x% +1058.4x” — 2475.2x + 1950 | f (2.5) =— 24.03 & f'(3) = 2.817}

Fit the following points by Cubic spline and obtain y(1.5):
x : 1 2 3 3

y ;-8 -1 18 [Ans. 3(x—-1) +4x-12

y(1.5)=-5.625]

Obtain cubic spline approximation valid in the interval [3, 4],
Given that

x 1 2 3 4
y 3 10 29 65
Under the natural spline conditions M(1) = 8 = M(4).

[Ans. S(x)= % {-56x° +72x* — 2092x + 2175}

62 112
N el ¥

aad



CHAPTER 6

Numerical Differentiation
and Integration

m INTRODUCTION

The differentiation and integration are losely linked processes which are actually inversely related.
For example, if the given function y(t) represents an objects position as a function of time, its
differentiation provides its velocity,

o) =2y

On the other hand, if we are provided with velocity v(t) as a function of time, its integration
denotes its position.

y(t)= [ottyat
0

There are so many methods available to find the derivative and definite integration of a
function. But when we have a complicated function or a function given in tabular form, they we
use numerical methods. In the present chapter, we shall be concerned with the problem of numerical
differentiation and integration.

m NUMERICAL DIFFERENTIATION

The method of obtaining the derivatives of a function using a numerical technique is known as
numerical differentiation. There are essentially two situations where numerical differentiation is
required.

They are:

1. The function values are known but the function is unknown, such functions are called
tabulated function.

2. The function to be differentiated is complicated and, therefore, it is difficult to differentiate.

The choice of the formula is the same as discussed for interpolation if the derivative at a
point near the beginning of a set of values given by a table is required then we use Newton
forward formula, and if the same is required at a point near the end of the set of given tabular

294
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values, then we use Newton’s backward interpolation formula. The central difference formula
(Bessel’s and Stirling’s) used to calculate value for points near the middle of the set of given
tabular values. If the values of x are not equally spaced, we use Newton’s divided difference
interpolation formula or Lagrange’s interpolation formula to get the required value of the

derivative.

6.2.1 Derivation Using Newton’s Forward Interpolation Formula

Newton’s forward interpolation is given by

-1 ~D(u-2
1) gy MDD

Y=Yy +uly, + 3

X=X
where u= A

Differentiating equation (1) with respect to u, we get

dy 2u-1 .5  Bu—6u+2 3
ﬁ_Ay(ﬁ o A"y, + 31 VAN T/
1d
NOW d_y: ﬂ d_u = — —y
dx du dx h du
Therefore,
dy 1 2u-1 .,  Bu*—-6u+2 .5  4u-18u*+22u-6 4
57%“ T LA TR L 4l Ay

Asx=x, u=0, therefore, putting u = 0 in (3), we get
dy 1[ 1o 1 1.4 }
e =—|Ayy —=A"Yy +=A"yYy ——A"y,......
[ dxl:xo I Yo 5 Yo 3 Yo 2 Yo
Differentiating equation (3) again w.r.t. 'x’, we get

Ay _d(dy\du _1 d (dy
dx?  duldx |dx h dul dx

1 6u> —18u+11
= F{Azyo +(u-1)Ayg +——————A'yy—...... }

Putting u = 0 in (4), we get

d? ) ;11
dx_Z :_Z[A yO—A yO+EA yo— ...... j|
L -X=Xq
Similarly,
_dBy_ 3 4
dx_B :h—B[A yo——A yo"r‘ ...... j| and SO On.

(1)

(2)

-.(3)

(4

..5)
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Aliter: We know that

I+A:E:ehD,D=i
dx
hD =log(1+A)
A2 A At A5 AS
=A——mMF— —— F— ——+......

2 3 4 5 6

2 3 4 5 6
or D:l A_A_+A__A_+A——A—+ ......
h 2 3 4 5 6
..(1)
DZZL_A_A_Z A_S_A_4+A—5—£+ 2
R = 5 3 1 = gt
1 [ 2 3 11 4 i|
=— | A=A+ AL
ml > ..(2)
_ 3
1 A% AP Af
D¥=—|A-"42 2 4 .
also n®| 2 3 4 }
1.5 3 4
= | A2 AY 4
-3 } -(3)

Applying equations (1), (2) and (3) for y, we get

dy | 1 1o 1. 1.4 }
= =—| Ay —=A"Yy +=A"yy ——A"yy +......
[dx_xzx h[ Yo 5 Yo 3 Yo 2 Yo
0
d%y | 1. s 11,
and dx_Z :? A yO—A yO+EA Yo —-eeee
-X=Xq
4% | _1 A3 3A4
ﬁ _F yO_E Yo t+eeeeee
—-X=Xq

6.2.2 Derivatives Using Newton’s Backward Difference Formula

Newton’s backward interpolation formula is given by

u(uJ'rl) V2 ) Jru(u+1)(u+2) e )

y=y,+uVy, + 31 Ypyooone (1)

xX—x
where u = n,

n
Differentiating both sides of equation (1) with respect to x, we get

2
ﬂzl vy +2u+1V2y +3u +6u+2

3
| Y o ” Y VoY, +.. (2)
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At x=x,,u=0. Therefore putting u = 0 in (2), we get

_ 1[
h
Again differentiating both sides of equation (2) w.r.t. x, we get

dzy

1

ax? K

1.0 13
Vy +=Vy +=V°y +..
Yn 5 Yn 3 Yn

n

{szn + 6”6+ oviy

At x=x,u=0. Therefore putting u = 0 in (3), we get

Similarly,

Aliter: We know that

L Hx=xy

h3

1-V=E'=¢"P
—hD =log (1-V)

Applying these identities to y,, we get

HJx=xy

or
and D* =
and D’ =
dy ']
dx |
d%y |
and dx_z
4y |
and l:dx_?’

. 12u? +36u+22
24

297
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6.2.3 Derivatives Using Stirling’s Formula

If we want to determine the values of the derivatives of the function near the middle of the
given set of arguments. We may apply any central difference formula. Therefore using Stirling’s
formula, we get.

(Ayo +Ay )+u—2A2y + u(u’® —1)[A3y1 +A%y, ]+ u*(u® 1) Aty
2

o 1 3 > 1 e S (1)

Now, differentiating w.r.t. x, we get

2 3 3 3 _
%: Ay +AY +uA2y,1+(3u DAYy, +A7Y, +(4” 2”)A4y72+ ...... du
X 2 3! 2 4! dx
mce h
du_1
dx h
r 2 3 3 3 _
ﬂzl Ay0+Ay71+uA2y71+3u 1 Ay +A%, +4u ZuA4y,2+ """" (2)
x h 2 3! 2 4!

At x=x,u=0, therefore, putting u = 0 in (2), we get

[ﬂ} —l_AyO tAY 1A%y, +8%, +
) T > A S [Fre

Again differentiating, we get

Ay 1 6ul Ay ,+A% , ) 12u%-2
y:_[Azyﬁ_”[ YA TR Yo | T TA Ny . (3)

e 6 2 41

At x=x,,u=0 therefore, putting 4 =0 in (3), we get

dzy 1 2 1 4
[—dx2:|x ) :h—Z[A yil_EA y72+ ......... j| and SO on.
=X

6.2.4 Derivative Using Newton’s Divided Difference Formula

Newton’s divided difference formula for finding the successive differentiation at the given
value of x. Let us consider a function f(x) of degree n, then

y=f(x)=f(x0) +(x—xO)Af(xO)Jr(x—xo)(x—xl)Azf(x0)+(x—xo)(x—xl)(x—xz)Asf(xo)

Froet (X =20) (X =X )eee(x = x,,_1) A" f(x)



NUMERICAL DIFFERENTIATION AND INTEGRATION

299

Differentiate this equation w.r.t. ‘x” as many times as we require and put x=x; we get the

required derivatives.

d
Example 1. Find —Zat x = 0.1 from the following table:

d
X 0.1 0.2 0.3 0.4
y 0.9975 0.9900 0.9776 0.9604
Sol. Difference table:
x y Ay A%y A’y
0.1 0.9975
-0.0075
0.2 0.9900 -0.0049
-0.0124 0.0001
0.3 0.9776 -0.0048
-0.0172
0.4 0.9604

Here, x,=0.1,h=0.1 and y, =0.9975 we know that, Newton’s forward difference formula.

H
dx |01

Example 2. Using following table.

1
h

1
01

1 1
= —[Ayo _EAzyo +§A3yo}

[—0.0075—%(—0.0049)%(0.0001)} —_0050167.  Ans.

X 1.0 1.1 1.2 1.3 1.4 1.5 1.6
y 7.989 8.403 | 8.781 9.129 9.451 9.750 10.031
dy dzy
Find — and —5at x = 1.1.
dx dx?

Sol. Since the values are at equidistant and we want to find the value of y at x = 1.1.
Therefore, we apply Newton’s forward difference formula.
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x y Ay A%Y A’y Aty ASY A’y
1.0 7.989
0.414
1.1 8.403 -0.036
0.378 0.006
1.2 8.781 -0.030 —-0.002
0.348 0.004 0.001
1.3 9.129 -0.026 —-0.001 —-0.002
0.322 0.003 —-0.001
14 9.451 -0.023 -0.002
0.299 0.005
1.5 9.750 -0.018
0.281
1.6 10.031
We have,
dy 1[ 1 2 1 3 1 4 1 5 1 6 i|
— =—| Ay —=A"Yg+ =AYy —— A yg+=Ayg ——Ayp.....
[dx:|x=x0 I Yo 5 Yo 3 Yo 1 Yo 5 Yo 6 Yo
Putting x, =1.1, Ay, =0.378, A2y0 =0.030,and so on and & = 0.1, we get
d
[—y} :i[0.378—1(—0.030)+1(0.004)—1(—0.001)+1(—0.001)}
dx |;; 0.1 2 3 4 5
=10[0.378 +0.015+0.0013 +0.00025 - 0.0002]
=10[0.39435] = 3.9435
dzy 1 2 3 11 4 5 5 137 6 ]
2 = A%y =A%y + =AYy, — 2 A%y + = Ay, ...
and l:dx2 L 2 [ Yo Yo+ 58 Vo= Yotqara Vo
0
dZ
N —g _ 1! 3 [—0.030—0.004—E><0.001+EX0.001:|
dax” | (0.1) 12 6
=100[- 0.030 —0.004 — 0.0009 +0.0008] = 100 (— 0.0341)
=-0.341. Ans.
Example 3. Using the given table, find dy/dx at x = 1.2
X 1.0 1.2 14 1.6 1.8 2.0 2.2
y | 27183 3.3201 4.0552 4.9530 6.0496 7.3891 | 9.0250
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Sol.
x y Ay A2Y Ay Aty Ay A%y
1.0 2.7183
0.6018
1.2 3.3201 0.1333
0.7351 0.0294
14 4.0552 0.1627 0.0067
0.8978 0.0361 0.0013
1.6 4.9530 0.1988 0.0080 0.0001
1.0966 0.0441 0.0014
1.8 6.0496 0.2429 0.0094
1.3395 0.0535
2.0 7.3891 0.2964
1.6359
22 9.0250
We have
dy 1[ 1 2 1 3 1 4 1 5 1 6 i|
- =—| Ay, —= A"y, += Ay — =A%y, + =Ny, —= Ay, .....
[dxlc:x() I Yo 5 Yo 3 Yo 2 Yo 5 Yo 6 Yo
Here, xo =1.2, Ay, =0.7351,A%y, =0.1627, and so on and h=02, we get

dx 0.2

=5[0.7351-0.08135+0.0120 — 0.002 + 0.00028]

=3.32015. Ans.

2

Y 4y V3,4 v = - :
Example 4. Find » and of y=x"'"at x = 50 from the following table:

[@} :i[0.7351—1(0.1627)+1(0.0361)—1(0.0080)+1(0.0014)}
- 2 3 4 5

d dx?
X 50 51 52 53 54 55 56
y= x1/3 3.6840 3.7084 3.7325 3.7563 3.7798 3.8030 3.8259
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Sol.

x y=x'" AY A%y A’y
50 3.6840

0.0244
51 3.7084 —0.0003

0.0241 0
52 3.7325 —0.0003

0.0238 0
53 3.7563 —0.0003

0.0235 0
54 3.7798 —0.0003

0.0232 0
55 3.8030 —0.0003

0.0229
56 3.8259

Here, x,=50,h=1.Then, we have Newton’s forward difference formula.

[d_y} = 1[Ayo —%A2y0 +1A3y0 — e }
X=X

dyy 1 1. 1
(Ej50—1(0-0244 2( 0'0003)4-3(0))

=(0.0244 +0.00015) = 0.02455

A’y 1
and (dx—2j = ?(A2y0 —A3y0 +o )
=XQ
1
= @ [(—0.0003)]
2
- [d—zl —-0.0003. Ans.
dax® |

Example 5. The table given below reveals the velocity v of a body during the time t. Find its,
acceleration at t = 1.1.

v 43.1 47.7 52.1 56.4 60.8
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Sol. Difference table:

1.0 43.1
4.6
1.1 47.7 -0.2
44 0.1
1.2 52.1 -0.1 0.1
43 0.2
1.3 56.4 0.1
44
1.4 60.8
We have, t,=11,0,=4.77 and L =0.1
Then the acceleration at t=1.1 is given by
@ = 1 Av, —1A2vo +1A3v0
dt )y, 2 3
1 1 1
=—|44-—(-0.1)+=(0.2
0.1[ 2( ) 3( )}
=1- 4.4+0.5+%
3
=45.167 (approx.)Ans.
Example 6. Find f(1.1) and f'(1.1) from the following table :
X 1.0 1.2 1.4 1.6 1.8 2.0
f(x) 0 0.1280 0.5440 1.2960 2.4320 4.0000
Sol. Difference table
x f(x) Af(x) | A%f(x) | Af(x) A* f(x)
1.0 0
0.1280
1.2 0.1280 0.288
0.4160 0.048
1.4 0.5440 0.336 0
0.7520 0.048
1.6 1.2960 0.384 0
1.1360 0.048
1.8 2.4320 0.432
1.5680
2.0 4.0000

303
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Here we have to find the derivatives at x=1.1 which lies between given arguments 1.0 and 1.2.
So apply Newton'’s forward formula, we have
x—xy x-1

=T =5 1) (1)

u=
4(4 1) .- u(u—l)(u—Z)A3

£(x)= £ () +uf () + =5 S

A% f(xo) +

Differentiating w.r.t. x, we get

f'(x){Af(xo)Jz”‘ Do)+ ﬂﬁf(xo)}%

du

Also, from (1) It =5

f(x)= S{Af( )+ B0 g (1) 202 o (0)}

At X =1.1, u= 5(11 — 1) =

2(05)-1 3(0.5)° —6(0.5)+2
2 6

F(11)= 5|:0.128+ (0.288)+ (0.048)1

=5[0.128+0-0.002]

f’(1.1)=0.63. Ans.
Differentiating equation (2) again w.r.t. ‘x’, we get

6u—6

£7(0)=5{ 82 (20 + 20 ) | 9

f7(1.1)= 25[0.288 +(0.5-1)x 0.0481]3 =25[0.288 - 0.024]

Hence, f”(1.1)=6.6. Ans.
Example 7. Find f(1.5) from the following table:

X 0.0 0.5 1.0 1.5 2.0

fx) 0.3989 0.3521 0.2420 0.1245 0.0540

Sol. Here we want to find the derivatives of f (x) at x = 1.5, which is near the end of the
arguments. Therefore, apply Newton’s backward formula.
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Difference Table

x f(x) Vf (x) V3£ (x) V3£ (x) VA (x)
0.0 0.3989
-0.0468
0.5 0.3521 -0.0633
-0.1101 0.0609
1.0 0.2420 -0.0024 -0.0215
-0.1125 0.0394
1.5 0.1295 0.037
0.0755
2.0 0.0540

Here, x =1.5,h=0.5
dy _ 1 1 2 1 3 1 4
Therefore, (Elﬂn = E[Vyn +§V Yn +§V Yn +ZV Yt
£/(15)= i[_o.1125+1(—0.0024)+1(0.0609)}
0.5 2 4

=2[-0.1125-0.0012+0.0152251] = 2[~0.098475]

= £’(1.5)=-0.19695. Ans.
. . dy d’y
Example 8. From the following table, find the values of Ir and P at x = 2.03.
x
x 1.96 1.98 2.00 2.02 2.04
y 0.7825 0.7739 0.7651 0.7563 0.7473

Sol. Difference table

x y Vy Viy vy Viy
1.96 0.7825
~0.0086
1.98 0.7739 ~0.0002
~0.0088 0.0002
2.00 0.7651 0 ~0.0004
~0.0088 ~0.0002
2.02 07563 ~0.0002
~0.0090
2.04 0.7473
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Here, x, =2.04h=002u=2"% — @ _1. 503
h dx h

_203-204 001 _ 1

002 002 2

Then, by Newton’s backward formula, we have

y(x)zyn+uVyn+u(u2+1)V2yn+u(u+1)(u+2)V3y +u(u+1)(u+2)(u+E’,)Vg,ynjL

6 " 24
Differentiating w.r.t. x, we have

41° + 181> +22u+6 _y

2
2u+1_, 3u +6u+2V3yn+ Vi, +..... } -.(2)

y'(X)=%{Vyn + VY, +

2 6 24

1 2
1 3(—2) +6(—2)+2
¥’ (2.03) = 02 —0.0090+0+ (—0.0002)

6
3 2
4(—;) +18(—;) +22(—;)+6
+ (-0.0004)

24
=50[-0.0090 +0.000008 +0.000017] = —0.44875 ~ Ans.
Again differentiating equation (2) w.r.t. x,
, 1{cs  6u+6_5 122 +36u+22 _,
X)=—=| V2, +—— V3, + ——— TV
y"(x) hz{ YotV 1 Yn
2
. . 12(—;) +36(—;)+22
y"(2.03) = 00002+ == +1 |- 0.0002)+ (~0.0004)
(0.02) 2 24
= 2500{~ 0.0002 - 0.0001—0.00012]
y”(2.03) = —1.05. Ans.
Example 9. Find f’(5) from the following table:
X 1 2 4 8 10
flx) 0 1 5 21 27

Sol. Here the arguments are not equally spaced. So we use Newton’s divide difference
formula.
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Difference table

x f(x) A (x) | Af(x) | Af(x) | A'f(x)
1 0
1
1
2 1 5
2 0
1 1
4 5 5 _m
_1
4 16
1
8 21 —g
3
10 27

Newton’s divided difference formula is given by:
F0) = f(xg)+ (2= x0)Af (xg) + (=g )(x = 1) A% f (x9) + (¥ = xp)(x — x1) (¥~ x3)

A3 F(xp) + (=10 )X — 1) (x =1, )(x = x3)A () (1)
Differentiating (1) w.r.t. x, we get

F(x) = Af (xg) + (23 = xg — X7 )A? F (20 ) +[(x = 27 ) (X = X)) + (% = X ) (X = %) + (¥ — %0 ) (x = X7 )JA® F(%0) + ..
At x=5

f’(5):1+(10—1—2)%+[(5—2)(5—4)+((5—1)(5—4)+(5—1)(5—2)]><0
+[(5—2)(5—4)(5—8)+(5—1)(5—4)(5—8)+(5—1)(5—2)(5—8)+(5—1)(5—2)(5—4)]%
eI L A
f—1+7(5J 144[—9—12—36+12]—1+3+144

Hence f'(5)=3.6458. Ans.

Example 10. Find f"(5) from the data given below:

X 2 4 9 13 16 21 29

fx) 57 1345 66340 402052 1118209 4287844 21242820

Sol. Here, the arguments are not equally spaced and therefore we shall apply Newton’s divided
difference formula.

fx)= f(x0)+(x—xO)Af(x0)+(x—x0)(x—xl)Azf(x0)+(x—xo)(x—xl)(x—xz)

' [
A3 F(xp) + (=10 )X — 1) (x =1, )(x = x3)A* F(xg) (1)
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x f) Af(x) Af) | Af(x) A*f () A f(x) A°f(x)
2 57
644
4 1345 1765
12999 556
9 66340 7881 45
83928 1186 1
13 402052 22113 64 0
238719 2274 1
16 1118209 49401 89
633927 4054
21 4287844 114265
2119372
29 21242820

Substituting values in eqn. (1), we get
f(x) =57+ (x—2)(644) + (x — 2)(x — 4)(1765) + (x — 2)(x — 4)(x — 9)(556)

Hx—=2)(x—4)(x —9)(x —13)(45) + (x = 2)(x — 4)(x — 9)(x = 13)(x = 16)(1)
=57 +644(x —2) +1765(x* —6x +8) +556(x> —15x2 +62x —72)
+45(x* —28x° +257x% —878x +936) + x° — 4dx* +705x> —4990x*
+14984x —14976
F/(x) = 644 +1765(2x — 6) +556(3x” — 30x +62) + 45(4x° —84x* + 514x —878)

+5x* —176x° +2115x% —9980x +14984

F7(x) = 3530 +556(6x —30) + 45(12x* —168x + 514) +20x°> —528x> + 4230x — 9980

F7(x) = 3336+ 45(24x —168) + 60x* —1056x + 4230

=60x2+24x+6
Where x=25;

F7(5) = 60(5)* +24(5)+6=1626 . Ans.

Example 11. Find f(4) from the following data:

X 0 2 5 1

f(x) 0 8 125 1

Sol. Though this problem can be solved by Newton’s divided difference formula, we are giving
here, as an alternative, Lagrange’s method. Lagrange’s polynomial, in this case, is given by
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(x=2)(x-5)(x-1) N (x=0)(x=5)(x-1)

0= 020500 e-ne-se-1 "
. (x=0)(x—-2)(x-1) (125)+ (x=0)(x—2)(x-5) 1)
(5-0)(5-2)(5-1) 1-0)1-2)(1-5)
= —g(x?’ —6x° +5x)+%(x3 —3x? +2x)+%(x3 —7x% +10x) = x°
f(x) =37

When x = 4, f/(4) = 3(4)? = 48.

Ans.

Example 12. Find f’(0.6) and f”(0.6) from the following table:

X 0.4 0.5 0.6 0.7 0.8
f(x) 1.5836 1.7974 2.0442 2.3275 2.6510
Sol. Here, the derivatives are required at the central point x = 0.6, so we use Stirling’s
formula.
Difference table
u x f&) M) | A | A | At
-2 0.4 1.5836
0.2138
-1 0.5 1.7974 0.0330
0.2468 0.0035
0 0.6 (2.0442) (0.0365) (0.0002)
0.2833 0.0037
1 0.7 2.3275 0.0402
0.3235
2 0.8 2.6510
Here we have x; =0.6,h=0.1,u= atx=0.6,u=0
Stirling’s formula is
Ayg +Ay ), w2 W —u( Ny +A8%, ) ot 4
f@)=y=y, ( 5 At T (1)
Differentiating (1) w.r.t. x, we get
2 3 3 3
-1 A +A -
3u 1 YV Yo n 4u 2u A4

f’(x) - 1[(% j+ 1,1A2y71 +

h 2

3

2

24
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Using difference table, we have
Ayp =0.2468, Ay_; =0.2833, A%y_; =0.0365, A’y_; =0.0035,

A%y, =0.0037, A*y_, =0.0002,

F(0.6)=|[2-2468+02833 ) ) 1(00035+0.0037 | 1
2 6 2 01

=10[0.26505—0.0006]

= f(0.6) = 2.6445. Ans.
Again differentiating (1), we get

” 1 Ay +A%y, ) 1202 -2
f (x)=?{A2y1+u[ e 5 y2]+ L124 A4y2+..}

£7(0.6)=

! - [0.0365+0—l><0.0002}
0.1) 12

=100[0.0365—0.000016]
Hence, f7(0.6)=3.6484  Ans.

Example 13. Find f'(93) from the following table:

X 60 75 90 105 120
f(x) 28.2 38.2 43.2 409 37.7
Sol. Difference table
u x f0 () | A% | A | At
-2 60 28.2
10 -5
-1 75 38.2
5 -7.3 -2.3
0 90 43.2) 8.7)
2.3 -0.9 6.4
1 105 40.9
-3.2
2 120 37.7
Here we have x; =90,x=93,h =15
X—xy _ 93-90 :i _1 _02
h 15 5




NUMERICAL DIFFERENTIATION AND INTEGRATION 311

Now using Stirling’s formula

Ay, +Ay_4 +u—2A2y71 . W —u Asy,l +A3y72 N U2
2 2 6 2 24

f(x)zy:yoﬂl(
Differentiating (1) w.r.t. x, we get

, 1| ( Ay + Ay 3 —1( A%y +A% ) 4u®—2u
f(x)zzli(—yozyl}"’ﬂzy_1+ 5 [ y12 y2]+ o A*Y o+

Putting the values of x = 93, u = 0.2, h = 15 and
Ayo =5,Ay_1 =-2.3, A’y 1 =-7.3 A%y =-23, A%, =64, A'y,=87

We get,
e s -
£(93) = 115-23 102(-7.3)+ 3(0.2)" -1(-23+6.4 N 4(0.2)° =2(0.2) 87)
150 2 2 24
_ 2_1.46_3.608_3.2016}
L 2 6x2 24

1

1

= L1135-1.46- 26013 —0.1334}
15, 2

= %[1.35—1.46—0.30065 ~0.1334]

£(93)=-0.03627. Ans.

Example 14. Find x for which y is maximum and find this value of y

X 1.2 1.3 1.4 1.5 1.6

y 0.9320 0.9636 0.9855 0.9975 0.9996

Sol. The Difference table is as follows:

X u A N? A3 A*
1.2 0.9320
0.0316
1.3 0.9636 -0.0097
0.0219 -0.0002
1.4 0.9855 -0.0099 0.0002
0.0120 0
1.5 0.9975 -0.0099
0.0021
1.6 0.9996
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Let y,=0.9320 and a=12
By Newton'’s forward difference formula

u(u—1)
2

Y =Yo tuly,+

-1
=0.9320+0.0316u + % (-0.0097) (Neglecting higher differences)

2u—1

ﬂ =0.0316 +(
du

)(—0.0097)

At a maximum,

Y _o
du

= 0.0316 = (u —% j(0.0097) - u=3.76
x=xy+hu=12+(0.1)(3.76) = 1.576

To find ., We use backward difference formula,

x=x +hu
= 1576 =1.6+(0.1)u = u=-0.24
y(1.576) =y, +uVy, + u(uzJ'r 1) vy + u(u +13)|(u +2) vy

=0.9996 — (0.24x0.0021) +%21—0-24)

(-0.0099)

=0.9999988 = 0.9999 nearly
Maximum y = 0.9999. (Approximately) Ans.

Example 15. From the following table, for what value of x, y is minimum. Also find this value of y.

X 3 4 5 6 7 8
y 0.205 0.240 0.259 0.260 0.250 0.224
Sol. Difference table
x Yy A A N
3 0.205
0.035
4 0.240 ~0.016
0.019 0.000
5 0.259 -0.016
0.003 0.001
6 0.262 -0.015
-0.012 0.001
7 0.250 -0.014
-0.026
8 0.224
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Now taking x, = 3, we have y, =0.205, Ay, =0.035, A%y, =-0.016 and A%y, =0.
Therefore, Newton’s forward interpolation formula gives
u(u—1)

y =0.205+u(0.035)— 5 (-0.016) ..(1)
Differentiating (1), w.r.t. u, we get
Y _ 0035+ 2L 0.016)
du 2
.. dy
For y to be minimum put - 0
u
= 0.035-0.008(2u—-1)=0
= u=2.6875
Therefore, x=x + uh

=3+2.6875x1=5.6875
Hence, y is minimum when x = 5.6875.

Putting u = 2.6875 in (1), we get the minimum value of y given by

=0.205+2.6875%x0.035 + % (2.6875x%1.6875)(-0.016)
= 0.2628. Ans.

PROBLEM SET 6.1

1. Find f’(6) from the following table:

x 0 1 3 4 5 7 9

f(x) 150 108 0 54 -100 ~144 -84

[Ans. -23]

2. Use the following data to find f’(3):

x 3 5 11 27 34

£(x) -13 28 899 17315 35606

[Ans. 1.8828]

3. Use the following data to find f’(5):

x 2 4 9 10

£(x) 4 56 711 980

[Ans. 2097.69]

. d
4. From the table, find d_y atx=1,x=3and x =6:
x
X 0 1 2 3 4 5 6
f(x) 6.9897 7.4036 7.7815 8.1291 8.4510 8.7506 9.0309

[Ans. 0.3952, 0.3341, 0.2719]
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Find f’(5) and f ”(5) from the following data:

b 2 4 9 13
f(x) 57 1345 66340 402052
Using Newton’s Divided Difference Formula, find f /(10) from the following data:
kg 3 5 11 27 34
f(x) -13 23 99 17315 35606

[Ans. 232.869]

From the table below, for what value of x,  is minimum? Also find this value of y.

3

4

5

6

7

8

0.205

0.240

0.259

0.262

0.250

0.224

[Ans. 5.6875, 0.2628]

A slider in a machine moves along a fixed straight rod. Its distance x (in cm.) along the rod is
given at various times ¢ (in secs.)

t

0

0.1

0.2

0.3

0.4

0.5

0.6

X

30.28

31.43

32.98

33.54

33.97

33.48

32.13

Evaluate % att=0.1and att=0.5

[Ans. 32.44166 cm/sec.; —24.05833 cm/sec.]

A rod is rotating in a plane. The following table gives the angle 9 (radians) through which
the rod has turned for various values of the time ¢ (seconds).

0.2

0.4

0.6

0.8

1.0

1.2

0.12

0.49

1.12

2.02

3.20

4.67

Calculate the angular velocity and acceleration of the rod when ¢ = 0.6 sec.
[Ans. (i) 3.82 radians/sec. (ii) 6.75 radians/sec?]

The table given below reveals the velocity " of a body during the time ‘t” specified. Find its
acceleration at t = 1.1.

1.0

1.1

1.2

1.3

14

43.1

47.7

52.1

56.4

60.8

[Ans. 44.92]
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m NUMERICAL INTEGRATION

Like numerical differentiation, we need to seek the help of numerical integration techniques in the
following situations:

1. Functions do not possess closed from solutions. Example:

Fx)= cje-f2 dt.
0

2. Closed form solutions exist but these solutions are complex and difficult to use for
calculations.

3. Data for variables are available in the form of a table, but no mathematical relationship
between them is known as is often the case with experimental data.

m GENERAL QUADRATURE FORMULA

Let ¥ = f(x) be a function, where y takes the values Yo Yoy Yoy ovene y, for x =x, x,, X, ..o x . We

b
want to find the vaule of [ = J f(x)dx.

a

Let the interval of integration (a, b) be divided into n equal subintervals of width 1 = (b;a )so

n
that xy =a, x; =xy+h, x, =xy +2hT,............ X, =Xy +1nh=b.
b X0+
I= j F(x)dx = j F(x)dx (1)
a JCO

Newton’s forward interpolation formula is given by

-Du-2
u(u 3)|(u )Ag,yo

u(u—1
y=f(x)=yo +uly, + (2, )A2y0+

X=X
h

duz%dx = dx=hdu

Where u=

-. Equation (1) becomes,

I:hj Yo +uAy, +@Azy0 +WA3%+ ....... }du
! ! !

_ 2
=nh|y, +§Ay0 +%Azyo +%A3yo +.cece.tup to(n+1) terms}

12 24

Xy r P
'[f(x)dx =nh|y, +gAy0 +MA2yO +MA3yO +.tupto(n+1) terms} -(2)
xo L

This is called general quadrature formula.
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m TRAPEZOIDAL RULE

Putting 7 =1 in equation (2) and taking the curve y = f(x) through (x, y,) and (x, y,) as a polynomial
of degree one so that differences of order higher than one vanish, we get

XO+h

1 h h
J f(x)dx = h(yo A )=5[2yo +(11 —o) ] =5 +1)
X
Similarly, for the next sub interval (xo+h, xo+2h),we get

xo+2h x +1h

h 0 h
f f(X)dX=§(y1+yz) ------ f f(x)dx=§(yn_1+yn)

xg+h xg+(n-1h

Adding the above integrals, we get

x0+nh

J f(x)dx = %[(yn +10)+ 201 + Yo+ H Y |

X0

which is known as Trapezoidal rule.

IEX] sivpsoN's ONE-THIRD RULE

Putting n = 2 in equation (2 ) and taking the curve through (xy,v,),(x;,1;) and (x,,y,) as a
polynomial of degree two so that differences of order higher than two vanish, we get

xo+2h

1
j F(x)dx = Zh[yo + Ay + gAzyo]

X0

2h h
:Z[éyo +6(v1 —yo)+ (W2 —2v1 — ¥o) ] =§(yo +4y; +Y2)
XO+4h

h
Similarly, J f(x)dx = 3 (Y2 +4y5+Yy) e

Xg+2h

X +nh

h
f(x)dx = 5(%472 + 4yn71 + yn)

xoHn-2)h
Adding the above integrals, we get

x0+nh

J f(X)dx=§[(yo Y )+ AW Y3 A Y ) F 2AY2 Vs FH Yo) |

*0
which is known as Simpson’s one-third rule.

Note: Using the formula, the given interval of integration must be divided into an even number of sub-
intervals.
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‘W@ SIMPSON’S THREE-EIGHT RULE

Putting n = 3 in equation (2) and taking the curve through (x, y,)), (x,y,), (x,, v,) and (x,, y,) as a

polynomial of degree three so that differences of order higher than three vanish, we get

x0+3h

[ Food= 3h[yo +%Ay0 +%A2y0 +%A3yo}

X0

3h
:§[8y0 +12(y1 = Yo )+ 6(y2 —2y1 + Yo )+ (¥ =32 + 31 — ¥p) |
3h
:g(yo +3y; +3y, +13)
X0+6h
3h
Similarly, J fx)dx = ?(VB +3Yy +3Y5+Yg )
xg+3h
Xp+6h

3h
f(x)dx = ?(%%3 + 3%44 + 3%171 + yn)

xo+(n—3)h
Adding the above integrals, we get

xq+nh

3h
_[ fx)dx = g[(yo Yy F W+ Yo+ Ys st Yo F Y1) F2Y3 + Yo ot Yys)]

X0

which is known as Simpson’s three-eighth rule.

Note: Using this formula, the given interval of integration must be divided into sub-intervals whose

number # is a multiple of 3.

IEX] sooLE's RULE

Putting n = 4 in equation (2) and neglecting all differences of order higher than four, we get

xo+4h

[ o= hj:[yo +rAyo+ ’(’2‘! D a2y,

4!

X0

5 +r(r—1;fr—2) A3y0+1’(7—1)(7—2)(7—3) A4y0}dr

(By Newton's forward interpolation formula)

n(2n-23) —Azyo N

12 24 5 2 3

n
:4h|:y0 +5Ay0+ 2

5, 2 3 7 4 }
=4h| Yy +2AY, + =AYy + =AY, +—A
[yo Yo 3 Yo 3 Yo % Yo
2h
= E(7y0 +32y; +12y, +32y5 +7y,)

X0+8h 2h
Similarly, _[ flx)dx = 4—5(7y4 +32y5 +12y, +32y; +7Y5) and so on.

X0+4h

n(n=2)" Ay, +[£ 8w 1w —3n]A4yO

I
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Adding all these integrals from x, to x, + nh, where 1 is a multiple of 4, we get

nh
[ fy d= 5 7 + 323, +129, + 325 + 14y, + 3295 + 12y, + 32y, +14y; )
Yo

This is known as Boole’s rule.

Note: Using Boole’s rule, the number of sub-intervals should be taken as a multiple of 4

m WEDDLE’S RULE

Putting n = 6 in equation (2) and neglecting all differences of order higher than six, we get
X0 +6h

_[f(X)dx h'[[y0+rAy0 rr 1) A2 +r(r—15?fr—2)A3

+ r(r=1)(r-2)(r-3) A4
4!

r(r 1)(r—2)(r-3)(r— 4)
51

LHr=1)(r- 2)(1’67 3)(r—4)(r->5) A%y, } dr

2 32 4
r 1(r r 1(r
:h{%*i%*z(z 3]“”0*6(2”3”2}3”‘)

5 6
N EAR A = SRS VI B AP - A UAS PR L
24| 5 2 3 120( 6 4 3

6
1 (v 58 5 225r* 274r .2 a6
+720[7 5 +17r i +—3 60r ]AyOL

+_
20" Yot Yo

= 6h [y0+3Ay0+§A2yO+4A3yO+£A4y HA 8%110 yo}

_3h
[20y0+60( 1—y0)+90(y2—2y1+y0)+80(y3—3y2+3y1—y0)]

+41(y, —4y; + 6y, — 4y, + o)+ 11(y5 — 5y, +10y; — 10y, +5y; — )

41
+(Y —6Y5 +15y, —20y5 + 15y, — 6y, + )] [ o = 1}

=10 (Vo *+5Y1+ Y2+ 6Y3 +Ya +5ys + s )
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X0+12h

3h
Similarly, J. f(x)dx = E(% +5Y; +Yg +6Yg + Y19 + 511 + Y12)

Xg+6h

xq+nh 3h
-[x0+(n—6)h f(x)dx = E (ynf6 + 5yn75 + yy—4 + 6%173 TYnot 5%44 + yn)
Adding the above integrals, we get
xq+nh 3h
J.x f(x)dx = E(yo +5Y1+ Y2 +6Y3 + Y4 +5Ys5 + 2y + 57 + Y + 69 + Y10 +5Y11 + 2Y12 + )
0

which is known as Weddle’s rule. Here n must be a multiple of 6.

11
Example 1. Use Trapezoidal rule to evaluate _[0 Tex dx.

Sol. Leth =0.125and y = f(x) = % , then the values of y are given for the arguments which
+x

are obtained by dividing the interval [0,1] into eight equal parts are given below:

11 h
J. ——dx=_[yo+2(1 + Yo + Y3 +Ya+ Y5 + Yo + ¥7)+ sl

0 1+x

2

X 0 0.125 0.250 0.375 0.5 0.625 0.750 0.875 1.0
y= ﬁ 1.0 0.8889 0.8000 0.7273 | 0.6667 | 0.6154 0.5714 0.5333 0.5
Yo Y Y, Ys Yy Ys Y Y, Ys

Now by Trapezoidal rule

_ 012 [1+2(0.8889+0.800+0.7273+0.6667 + 0.6154 + 0.5714+ 0.5333) +0.5]
0.125 0.125
=——[1.5+2(4.803)] = — [11.106] = 0.69413. Ans.
J T dx .
Example 2. Evaluate | 142 using

1 1
(i) Simpson’s % rule taking h =

3
(ii) Simpson’s 5 rule taking h =

3

8

1
(iii) Weddle’s rule taking h= s

4
1
6

Hence compute an approximate value of m in each case.
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Sol. (i) The values of f(x)= at x= 0,1 zrérl are given below:
1+x 44 4
X 0 1 1 3 1
4 2 4
16
1 — 0.8 0.64 0.5
f(x) 7
Yo h Y2 Y3 Yq

By Simpon’s % rule

1 dx h
J.o 1+ 22 :E[(y0+y4)+4(y1 +Y3)+2y,]

-1 (1+0.5)+ 4{E + .64}+ 2(0.8) | =0.78539215
12 17

T dx -1 -1 T
Also, _[0 1442 [ an x]o an 4
g = 0.785392156 = 1t = 3.1415686. Ans.
(i) The values o f(x)—1 . atx=0, prorprpr g1 are given below:
X 0 1 2 3 4 3 1
6 6 6 6 6
36 9 4 9 36 1
f&) ! 7 10 5 I o1 2
Yo n Y2 Y3 Ya Y5 Yo
. , 3
By Simpson’s 3 rule
T dx 3h
_[ Y =—[(vo +Ye)+ 31 + Y2 + Y4 +ys5)+2y5]
0 1+x 8
3 1]
_ \6 (1 N l) N 3{% L2.9. %} N z(é) — 0.785395862
8 2 37 10 13 61 5
Jl dx _m
Also, 01+x> 4

2:0.785395862 — 1 = 3.141583. Ans.
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(iif) By Weddle’s rule

T dx 3h
J.o T2 :E(yo+5y1+y2+6y3+y4+5y5+y6)

1

6 )1 15(30 2 (22 1530 1] = 0785399611
10 37)°10 \5) 13 |61 2

' Jl dx _m
Since 01442 4
b
1 =0.785399611
= T = 3.141598

6 dx
Example 3. Evaluate _[ 0 1442 by using
(i) Trapezoidal Rule
(ii) Simpson’s one-third rule
(iii) Simpson’s three-eighth rule
(iv) Weddle's rule.
Sol. Divide the interval (0, 6) into six parts each of width i = 1.

The value of f(x)= 5> are given below:

1+x
x 0 1 2 3 4 5 6
1 1 1
f(x) 1 0.5 0.2 0.1 o % =
Yo Vi Y Ys Y, Ys Ys

(i) By Trapezoidal rule,

6 dx h
J. 5 == W0 +Y6)+2(y1 + Y2 + Y3 + Y4 +Ys)]
0 1+x~ 2

:1 1+i +2 O.5+O.2+O.1+i+i
2 37 17 26

= 1.410798581. Ans.
(ii) By Simpson’s one-third rule,

6 dx h
J 5=~ [(Yo+Ye)+4(y1 +Y3 +¥5)+ 22 +Y4)]
01+x° 3

1

1 1 1
==||1+=— [+4] 05+0.1+— |+2| 02+— || =
3[( 37) ( 26) ( 17 ﬂ = 1.366173413. Ans.
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(iif) By Simpson’s three-eighth rule,
01+x> 8

= 3 1+i +3 O.5+0.2+i+i +2(0.1)
8 37 17 26

= 1.357080836. Ans.

[(Yo +Y6) +3(v1 + Y2 + Ya +Y5) +2y5]

(iv) By Weddle’s rule,

_[6 dx _3h
0 1+x%> 10

(Yo +5y1 + Yo +6Y5+ Y4 +5Y5+Yg)

:i 1+5(0.5)+0.2+6(0.1)+i+5 L +i
10 17 26 ) 37

=1.373447475. Ans.

6 dx
Example 4. Using Simpson’s one-third rule, find _[0 W (B. Tech. 2002)
- . . . 6-0 _ 1
Sol. Divide the interval [0,6] into 6 equal parts with /= — 1. The values of ¥ = 142 at
each points of sub-divisions are given by
X 0 1 2 3 4 5 6
1
y=—"—"">3 1 0.25 0.11111 0.0625 0.04 0.02778 0.02041
(I+x)
Yo Y Y, Ys Yy Ys Ys

By Simpson’s one-third rule, we get
6 dx h
IO Aix? =§[yo +4(Y + Y3 +Ys5) + 2Y2 +Ya) Y]
[1+4(0.25+0.0625+ 0.02778) +2(0.11111+ 0.04) + 0.02041]

[1.02041 + 4(0.34028) + 2(0.15111)]

W= Wl

= % [1.02041+1.36112+ 0.30222]%(2.68375)

0.89458. Ans.

4
Example 5. Evaluate x'[ al 5 using Boole’s rule taking
0

1+x
(i) h=1 (i) h = 0.5
Compare the rusults with the actual value and indicate the error in both.
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Sol. (i) Dividing the given interval into 4 equal subintervals (i.e. 1 = 1), the table is as below:

x 0 1 2 3 4
1 1 1 1

Y 1 2 5 10 17
Y, v, Y, Y, Y,

Using Boole’s rule,

4
.[o ydx = 2—2(7% +32y, +12y, + 32y5+7y,)

= zf) [7(1)+32( ]+12(%)+32(%)+7[%ﬂ = 1.289412 (approx.)

4 dy
j ~1.289412. Ans.
0 1+x2

(i) Dividing the given interval into 8 equal subintervals (i.e. & = 0.5), the table is as below:

X 0 0.5 1 15 2 25 3 35 4
1.0 0.8 0.5 2 0.2 2 0.1 d i
Y : : : 13 . 29 . 53 17

Yo Y Y, Y, Y4 Ys Ys Y, Ys

Using Boole’s rule,

_[ ydx = 7y0 +32y; + 12y, + 32y, + 14y, + 32y5 + 12y, + 32y, + 7yg

1 4 4 4 1
4—5{7(1)+ 32(8)+12(5)+ 32(1—3)+ 7(2)+7(2)+ 32(2—9 )+ 12(.1)+ 32(5 )+ 7(5 ﬂ

= 1.326373

'J4 dx

= = 1.326373
01 +x

But the actual value is

4 dx 10\ -1
=(t =t 4)=1.325818
'[0 e (an x)o an~ (4)

1.325818 —1.289412
1.325818

Error in I result = ( Jx 100 = 2.746%

1.325818 -1.326373
1.325818

Error in II result = ( )x 100 = -0.0419%



324 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

6 d
Example 6. Evaluate the integral J.o ] el 5 by using Weddle's rule.
+x
Sol. Divide the interval [0,6] into 6 equal parts each of width h = 6—;0 =1.Thevalueof ¥ = T
at each points of sub-divisions are given below:
X 0 1 2 3 4 5 6
y 1.0000 0.5000 0.1111 0.0357 0.0153 0.0079 0.0046
Yo Y, Y, Ys Ya Ys Y

By Weddle’s Rule, we get

J'6 dx  3h

0 1_+x3 :E[yo+5(y1 +Y5)+ Yo Yy +6Yy;3 +y6]

= % [1.0000 + 5(0.5000 +0.0079) + 0.1111 +0.0153 + 6(0.357) + 0.0046 ]

= 1%[1.131 +5(0.5079)+6(0.0357)]
= % [1.131+2.5395 +0.2142]

- %(3.8847) =11654  Ans.

3
e’ -1

15
Example 7. Evaluate the integral -[o dx by using Weddle's rule.

Sol. Dividing the interval [0, 1, 5] into 6 equal parts of each of width h= Lé_o =0.25 and the

3

values of ¥ =— " at each points of sub-interval are given by
e p—
x 0 0.25 0.50 0.75 1.00 1.25 1.50
Y 0 0.0549 0.1927 0.3777 0.5820 0.7843 0.9694
Yo Y, Y, Ys Y, Ys Y

Now by Weddle’s rule, we get

3

15 yx 3h
I . dx=—[y0+5(y1+y5)+yz+y4+6y3+y6]
0 e*—1 10

3025

[0+45(0.0549 +0.7843) + 0.1927 + 0.5820 + 0.9694 + 6(0.3777)

= 0.075[1.7441 + 5(0.8392) +6(0.3777)]
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= 0.075[1.7441 + 4.196 + 2.2662] = 0.075(8.2063)
= 0.6155. Ans.

52
Example 8. Evaluate the integral L log xdx, using Weddle's rule.

Sol. Divide the interval [4, 5.2] into 6 equal sub-interval of each width =% =0.2 and

values of i = log x are given below:

X 4.0 4.2 44 4.6 4.8 5.0 52
y 1.3862 1.4350 1.4816 1.5261 1.5686 1.6094 1.6486
Y Y Y, Yy Y, Ys Ye

By Weddle’s Rule, we get

52 3h
_[4 log xdx = E[yo +5(Y1 +Y5)+ Yo + Y4 +6Y5 + Y6l
3(0.2)
= T[l .3862 +5(1.4350 +1.6094) +1.4816 + 1.5686 + 6(1.5261) + 1.6486]
= (;—06 [1.3862+5(3.0444) +1.4816 +1.5686 + 6(1.526) + 1.6486]
0.6
=~ [6.085+5(3.0444) + 6(1.5261)
0.6
= E[6.085 +15.222+9.1566]

= %(30.4636) =1.8278  Ans.

Example 9. A river is 80 m wide. The depth y of the river at a distance “x’ from one bank is given by the
following table:

X 0 10 20 30 40 50 60 70 80
y 0 4 7 9 12 15 14 8 3

Find the approximate area of cross section of the river using
(i) Boole’s rule.
(ii) Simpson’s one-third rule.
Sol. The required area of the cross-section of the river.
80
= JO ydx (1)

Here no. of sub intervals is 8
(i)  Boole’s rule,

80
J . ydx = i—g [7v0 + 32y +12y, +32y5 + 14y, +32y5 + 12y + 327 +7Yg |
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~2(10)
45
= 708

Hence the required area of the cross-section of the river = 708 sq. m. Ans.

[7(0) +32(4) + 12(7) + 32(9) + 7(12) + 32(15) + 12(14) + 32(8) + 7(3)]

(ii) By Simpson’s one-third rule,

80 I
_[0 ydx ZE[(yo +Yg)+ (Y1 + Y3 +Ys +Y7) +2Yp +Ys + V)]

:%[(0+3)+4(4+9+15+8)+2(7+12+14)]
=710
Hence the required area of the cross-section of the river = 710 sq. m. Ans.
1 dx L . . o ,
Example 10. Evaluate -[o Tex by dividing the interval of integration into 8 equal parts. Hence find

log, 2 approximately.

Sol. Since the interval of integration is divided into an even number of subintervals, we shall
use Simpson’s one-third rule.

1
Here, y—m— f(x)
1 1 8
=f(0)=——=1, 8 1 9 =fl=|==,
Yo = £(0) 140 1+§ v=f 3175
3 8 4\ 2 5 8
ys—f(gj—ﬁr y4—f(§)—§r y5_f(§j_ﬁ’
_ (6 4 _H7)8 _ =l
y6_f(8j_7f y7_f(8j_15' and ys—f(l)—z-
Hence,
e | o | L 2z s | 5| e | 7 .
8 8 8 8 8 8 8
1 8 4 8 2 8 4 8 1
y 9 5 11 3 13 7 15 2
Yo 4 Y2 Y3 Ya Ys Ye Y7 Y8

By Simpson’s one-third rule

T dx h
—=§[(yo+y8)+4(y1 + Y3+ Y5 +Y7)+ 2y + Yy + V)]

01+x
= 1 1+l +4 §+§+§+i +2 é+E+é (Hence, h = 1/8)
2 9 11 13 15 5 3 7

= 0.69315453. Ans.
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T dx 1
Since 0 Tox [log, (1+x)], =log2

log, 2 = 0.69315452.  Ans.

m EULER-MACLAURIN'S FORMULA

This formula is based on the expansion of operators. Suppose AF(x)= f(x), then an operator A™,
called inverse operator, is defined as

F(x)=A"f(x)
Again we have AF(x)= f(x,)

= F(x1)—F(xg) = f(x,)

F(xp)=F (%)= f(x)

F(xn)_ F(xnfl) = f(xnfl)
Adding all these, we get

n-1
F(x,)=F(xo) = ) f(x;) ()
i=0
where x x, x, are the (n+1) equidistant values of x with interval /.

Now F()=A"f(x)=(E-1)" f(x)

=(° 1) f)
-1
= {1+hD+ hZZD'z + h33?3 +oe J—l} fx)

22 1,313 1
:(hD+hD +hD +oaren ] f(x)

2! 3!
-1
=(hD)™ {1+(h—D+h2D2 +] }f(x)

:lD‘1 {1—[h—D+ D" o ]+ EDE2) Lh—D+h2DZ +oe ]2 +}f(x)

h 2! 3! 2! 2! 3!

212 A4
:1[)*1 1_h_D+hD _hD
h 2! 12 720

+...]f(x)

h3

i () (2)

h ’
— [ Fex=2 e+ - 0 -
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Between limits x = x, and x = x from equation (2), we have

F(x,) = Fli) = [ Fde= 2 {fx,) = F) 35 )= )

h3
—%{ F70) = F7 () + v (3)

From egs. (1) and (3), we have

n-1 X, h , ,
Fle = [ Fdr= L) = Fob =L )= £ x0))

i=1

h3
~70 {F7(x) = 7 (xo)} oo

n—l1 n
But Zf ()= Zf (x)=f (%) and X, =xy +nh. Then the above relation reduces to

i=0 i=0

1 ¢xo+nh 1 1 ho.., :
) fd = ;ﬂxi)—a{f(xn) +f (o)} = U o+ 1) = (0}

3
_%0{ F7 + 1) = F () e )

= JZ f(x)dx :g{f(xo)-F 2f(x;)+ Zf(x2)+---+2f(xn—1)+f(x”)}

h? n
_E{f'(xn)—f'(xo )}+%{f"(xn)—f"(xo)}+....

b 200 o) s i
= xOy —Zyo W +2y, +..+2y, 1 +y, 7 Yn—Yo 720 Yn—Yo) Tt

which is known as Euler’s Maclaurin’s summation formula.
b dx , . ) -
Example 11. Evaluate -[0 Tex to five places of decimal, using Euler-Maclaurin’ formula.
x

1
1. L =—
Sol. Let y e

Here, we have x, =0, n =10 and 1 = 0.1

X1
Then we want to evaluate '[ ydx
X0

’ 1 77
h [ — [
where Y (1+x)2 and ¥ (1+x)4

Using Euler-Maclaurin formula, we get
4

Udx _h 2o
JO Toz =2 Wot 21+ 200 ety ) = (U =40 )+ s (W = Y0) + -
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et —+——+—+ +—+
211 101 102 103 1.04 105 1.06 1.07 1.08 1.09 2

_(0-1)2[_i+ }r(on [ £+£}
12 22 12] 720 [ 2* 14

= 0.693773 — 0.000625+0.000001 = 0.693149. Ans.

01[ 2 2 2 2 2 2 2 2 2 1}
+ +

1 d
Example 12. Using Euler-Maclaurin’s formula, obtain the value of log, 2 from . ﬁ .

Sol. Let y=f(x)= Tex

y= 1i ,%9=0,n=10,h=0.1,x, =1.
r_ 1 ”_ 2 "n_ 6
= Yo ar)”Y Taeay d Y T

Then by Euler-Maclaurins’s formula, we get

[ 2 2 2 2 2 2 2 }
_[ ydx + + + + + ot
1+0 1+01 1+02 1403 1+04 1+05 1406 1+1.0

012 1 -1 (0.1)* { 6 6 }
- + - +
12 [(1+12 A+072 | 720 | (1+1* (1+0)*

= 0.693773 — 0.000625 + 0.0000010
= 0.631149. Ans.

Example 13. Find the sum of the series using Euler-Maclaurin formula.
S S U
51 53 55  99%

Sol. Here, we have yziz,xo =51,n=24,h=2
x

1 =2 . 24
Then y :x—g,/]/ :_x_S and so on.

Using Euler-Maclaurin’s formula, we get
Iz

V{4 III+
720(y24 )
_[L+i+i+ +L+L}_i[_i+i}+£[_£+£}+

512 532 552 972 992 | 12| 99 513 ] 720 99° 51°

1.2 2 2 fgi [1 1}_§[L_L}+
512 532 552 72 992 2 51° 99° | 15|51° 55°

99
Z[L-l- 1 i| J'99 1 l: +Li|+2l:i_ii|_ﬁlii_iil+
512 532 552 ' 992 51 x2 512 992 | 3|51 993 ] 15[51° 55°

% 1 h "
JSl Fdx:E(yo+2y1+2y2+...+2yz3"‘y24)—ﬁ(y24 o)+

which gives
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R S S +L:1[_1}99+1[L+L}+1{L_L}_i{L_L}+
512 53% 552 99> 2| x|y 2[51% 99%] 3[51% 99%] 15[51° 99°]
= 0.00475 + 0.00024 + 0.000002 + ......
= 0.00499.  Ans.

Example 14. Use Euler-Maclaurin’s formula to prove that

ixz _n(n+1)@2n+1)
6

i

Sol. By Euler-Maclaurin’s formula,

1 h 1 10
I d - /_ 7 _ ///_ 77 - U_ v —
hLO e+ (Vo= Y1) = s (U= Y6 )+ s (=6 . (1)

Here, y(x)=x%,y/(x)=2x and h=1

- From (1),
Sum :J: xzdx+%<n2+1)+1—12(2n—2) [‘.’%yozé,%yn:n—;J
=%(n3_1)+%(n2+1)+%(n—1)=w. (Proved)
. Use Trapezoidal rule to evaluate J; x*dx consisting five sub-intervals. [Ans. 0.26]

/2
. Calculate an approximate value of integral Jn sinx dx , by using Trapezoidal rule.
0

[Ans. 0.99795]

4
Evaluate the integral J e“dx by Simpson’s one-third rule. [Ans. 53.87]
0
. : ,. 3 11 . 1
Using Simpson’s — rule, evalute J ——dx with h=—- [Ans. 0.69319]
8 01+x 6
n/2
. Use Boole’s rule te [ Jsinxdx. Ans. 1.18062
se Boole's rule to compute | = ysinxdx [Ans ]
5 dx
. Using Weddle’s rule to evaluate J . [Ans. 0.4023]
0 4x+5

/2
ekt p e e e 1j T ekt (o el o) b orte (P bl
valuate the integral | \Jcos y dividing the interval into six parts. [ 1
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8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Evaluate using Trapezoidal rule

b 2
(i) jo ¢ sint dt (ii) .[_2 5t+dt2t [Ans. (i) 3.14, (if) —0.747]

Use Simpson’s rule dividing the range into ten equal parts to show that

1 2
[ e _ 073
0 T+x

Arocket is launched from the ground. Its acceleration is registered during the first 80 seconds
and is given in the table below. Using simpson’s one-third rule, find the velocity of the rocket
at t = 80 seconds.

t (sec) 0 10 20 30 40 50 60 70 80

f (cm/ secz) 30 31.63 33.34 35.47 37.75 40.33 43.25 46.69 50.67

[Ans. 30.87 m/sec.]
16y

Find by Weddle’s rule the value of the integral I =J dx by taking 12 sub-intervals.

04 sin hx
[Ans. 1.0101996]

14
Evaluate '[ (sinx—log, x+e*)dx approximately using Weddle’s rule correct to four
02

decimals.
[Ans. 4.051]

using Weddle’s rule. [Ans. 0.52359895]

1/2
Evaluate '[
0 2

1-x

[Ans. 1.019286497]

e & 1 e , 6 dx
Using 5 th Simpson’s rule. Evaluate -[o T
+ X
2

1
Evaluate '[0 x2 +i dx, using Weddle’s rule correct to four places of decimals. [Ans. 1.7854]
X+

1
Evaluate '[ A/sinx +cosx dx correct to two decimal places using seven ordinates. [Ans. 1.14]
0

/2
Evaluate Jn sinx dx using the Euler-Maclaurin’s formula. [Ans. 1.000003]
0

n 2
Prove that Zx?’ = {@} applying Euler-Maclaurin’s formula.
1

Find the sum of the fourth powers of the first n natural numbers by means of the Euler-

2 4 3

n- n n n
laurin’s f la. Ans.—+—+———}
Maclaurin’s formula { 5 2 3 130

Using Euler-Maclaurin’s formula, sum the following series.
L1 1 1 1
@) —+—+.—+—
400 402 498 505
1 1 1 1 1

(i) —— Attt —— [Ans. (i) 0.11382114 (ii) 0.0490291]
100 101 102 103 104

aaa



CHAPTER 7

Numerical Solution of Ordinary
Differential Equation

AN INTRODUCTION

In the fields of Engineering and Science, we come across physical and natural phenomena which,
when represented by mathematical models, happen to be differential equations. For example,
simple harmonic motion, equation of motion, deflection of a beam etc., are represented by differ-
ential equations. Hence, the solution of differential equation is a necessity in such studies. There
are number of differential equations which we studied in Calculus to get closed form solutions. But,
all differential equations do not possess closed form of finite form solutions. Even if they possess
closed form solutions, we do not know the method of getting it. In such situations, depending upon
the need of the hour, we go in for numerical solutions of differential equations. In researches,
especially after the advent of computer, the numerical solutions of the differential equations have
become easy for manipulations. Hence, we present below some of the methods of numerical
solutions of the ordinary differential equations. No doubt, such numerical solutions are approxi-
mate solutions. But, in many cases approximate solutions to the required accuracy are quite
sufficient.

(&% TAYLOR’'S METHOD

Consider the differential equation

dy
Y x, es
ix f(xy) 1)
with the initial condition y(x,) = y,
If y(x) is the exact solution of (1) then y(x) can be expanded into a Taylor’s series about the

point x = x, as

3
(x_x )2 ” X=X r7r
2!0 Yo +( 3|0) y0+ ....... (2)

y(x)=yo +(x—yo)vo +

where dashed denote diferentiation w.r.t. “x’
Differentiating (1) successively w.r.t x, we get

» Of ofdy of .of [0 0
y _8x+8yabc_8x+f8y_[ax+f8y]f

332

.03
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w3, o, of
e | )

VLRV Y AL
g 9x oy f8x8y+f8xay+f[a_y] +f a_y2 (4

and so on.

Putting x = x, and y = y, in the expressions for y’,y”,y"......... and substituting them in
equation (2), we can obtain the solution of (1).

Note: Taylor’s series method has advantages that it is derived in any order and values of y(x) are
easily obtained. However, the method suffers from time consumed in computing higher derivatives.

Example 1. Solve the differential equation

dy
E=x+y with y(0)=1, x € [0,1]

by Taylor series expansion to obtain y for x = 0.1.

Sol. Here, X =0y,=1
= (x+y), yo =0+1=1
y' = 1+y), yo = 1+1=2
= (0+y"), yo =0+2=2

Using Taylor series expansions about x, = 0 is given by

2 3
’ x=0 ’” x-0 "
=y +te-0 s Ly OO

at x = 0.1

2(0.1) 1) 4
0" 2000 200"

21 31 41
=1+01+ 0.1 + 0000333 + 0.0000083
- 1.11033.  Ans.

y(0.1)=1+0.1+

Example 2. Using Taylor series for y(x), find y(0.1) correct to four decimal places if y(x) satisfies
y'=x+(—y2), y(0)=1 where x(0) = 0.
Sol. Here, x; =0, y, = 1

y'=x-y*, yo=0-1=-1
y'=1-2yy’, vy =1-2x1x(-1)=3
Y ==2yy"-2y"” Yo' =-8
y"==2yy"-6y"y", Yo =34

2222 1 r_

v ==2yy"" -8y y" ~6y" Yo '=—186

’
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The Taylor sereis expansion about x, = 0 is given by

2 3 4 5
’ x_o ’” x_o 4 x_O 7 x_O
y(x):y0+(x—y)y0+( 2,) Yo +( 3|) Yo +( 4|) Yo +( 5|) Yo A

at x = 0.1,
1)? 1)° n? 1)
y(0.1) =1 + 0.1(-1) +(021!) (3)+ (031!) (-8)+ (041!) (34) + (05!) (-186) +......
= 0.91379
= 09138. Ans.

Example 3. Using Taylor’s series, find the solution of the differential equation xy’=x-y, y(2) =2
at x = 2.1 correct to five decimal places.

Sol. Here, x;, = 2, y, = 2.

Also, y'=1—z, yo=0
x
b ¥y . 2 1
=<+, =—0+===
YT Yo 4 2
44 y” Zy, Zy 1724 3
==t = ——
x x2 A8 Yo 4

197 y Sy” 6y, 6y
_ Sy by v _
y PR RN R 0

Using Taylor series expansion, we obtain

2 3
4 x_x ’’ x_x 7 x_x 1444
y(x)=y0+(x—xo)yo+( 2,0) Yo +( 3,0) Yo +( o) 0

at x=2.1,

2 3 4
(21-2)" 1 (21-2)( 3\ (21-2) (3
2.1)=2+(2.1-2)(0)+ X—+ = | =
y(1) ( )©) 2! 2 3! ( 4) 4! 2
= 2.00238. (correct to five decimal places) Ans.

Example 4. Using Taylor’s series Expansion tabulate the solution x =4 to x =4.4 in steps of 0.1
of differential equation.

Sxy +y’ -2=0
y@) =1

Sol. Differentiating successively the differential equation, we obtain

with

5xy”+5y"+2yy’=0

S5xy”+10y” +2yy” + 2]/'2 =0

7’ 4 4

Sxy””+15y"" +2yy”" + 6y’y” =0

5xy””’+20y””+2yy””+8y’y”’+6y”2 :0
The values of various derivatives at X,=4,y=1 are

y6=005, yg=—00175, y¢'=.01025, y;” =—.00845, (" =.008998125.
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Then by Taylor series, we obtain
y(x)=1+0.05(x—4)—.00875 (x—4)” +.0017083 (x —4)’ +(-.0003521) (x — 4)"

+.00007498 (x—4) +

Tabulating from x=4 to x=4.4 we obtain

y(4.3)=1.014256 and y(4.4)=1.018701.  Ans.

Example 5. Solve the equation y'=2xy+1, given that y=0, at x =0, by the use of Taylor series,
taking h=0.2 and going as far as x=4.

Sol. The first few derivatives and their values at x,=0, 1,=0, are

y'=2xy+1, yo=1
y'=2(xy'+y), yg =0
y'=2(y YY), vy =4
Y7220y YY), v =0

7

yll/l/zz(xy +y/l/+yll/+yl/l+y///), y(/)////:32
Now by Taylor’s series, we have

2 3 4 5
4 rox 7’ X=X 777 X=X 7 X=X 17007
y(X)=y0+(x—x0)y0+( 210) y0+( 3!0) Yo +( 4!0) Yo +( 5|0) v+

Substituting the values of 1y, and its derivatives, we obtain

y(2)=0+(2)(1)+(:2)* (0)+ (2 (4)+ (2)° (0)+ (2 (32)

3! 4! 5!
=.2 + .00533 + .00002133
= 20535466
=.21

Now, with x;=.2, y;=.21, we compute y(.4). So, we have
¥ =2(2)(:21)+1=1.084
Yy =2{.2(1.084)+.21) = 8536
v =2{.2(.8536)+2x1.084}=4.67744
Y =2{.2(4.67744)+ 3x 8536} =6.992576
Y7 =2{.2(6.992576)+ 4x 4.67744}=40.21655

Substituting the values of y; and its derivativies in Taylor series expansion, we obtain

2 3
x _x 7 x _x 77
( 12!0) yl+( 13!0) 1+

y(0)=y1 +(x =) y1 +
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y(4)=21+ .2(1.084)+g(.8536)+%(4.67744)+%(6.992576)+%(40.21655)

= 45068 = .451. Ans.

& PICARD’S METHOD OF SUCCESSIVE APPROXIMATIONS

Consider first order differential equation

dy
E—f(x,y) (1)
with the initial condition

Y=Y, at x=x,

Integrating (1) with respect to x between x, and x, we have

J;O dy=J:0 f(x,y)dx

or Y=o _[x (x,y)dx o)

X0
Now, we solve (2) by the method of successive approximation to find out the solution of (1).

The first approximate solution (approximation) y; of ¥ is given by

Y1=Yo X, Yo )ax
+| f(xyo)d

X0

Similarly, the second approximation y, is given by

Y=Y +_[; fx,yy )dx

for the nth aproximation y is given by

Vo = Yo+ [, F(0yaa)ix -0)

with ¥ (xy)=vo.
Hence, this method gives a sequence of approximation ¥,V ...cccccovuvuunee. Y, and it can be

proved f(x,y) is bounded in some regions containing the point (xy,1,) and if f(x,y) satisfies

the Lipchitz condition, namely
f (xy)- £ (x.y)|<kly-v,

Yir Yo cemreenrieinrnnn, converges to the sol. (2).

where k is a constant. Then the sequence

Example 6. Use Picard’s method to obtain Y for x = 0.2. Given

d
d—z=x —Y with initial condition y = 1 when x = 0.
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Sol. Here, f(x,y)=x—y, x=0, yo=1

We have first approximation,

Y1=Y%o +JO f(x,yo)dx=1+J0 (x—1)dx

:1—x+_
2

Second approximation,

y2:y0+JO f(x,yl)dx:1+JO (x—yl)dx

X xz
:1+J x—=1+x—— |dx
0 2

3

X
=1-x+x2 -
6

Third approximation,

Ys = Yo +JO flx,y)dx = 1+ Jo (x =y, )dx

. 3
= 1+.[o Ex—1+x—x2+%)dx

3 x4

=l-x+x2- —+—
6 24

Fourth approximation,

vy = yor [ flrys)dx =14 [ (x-ys)dx

. 304
_ 1+J PO WPV S S Y
0 3 24
3 .4 5
s lextad -
3 12 120

Fifth Approximation,

Ys = yO+J0 f(x,yy)dx = 1+J0 (x—yy )dx

0 3 12 120
) 344 45 46
= l-x+x"—"—+—-"t+—
3 12 60 720
When x=0.2, we get
Y, =.82, Y, =.83867, Y5 =.83740
v, =.83746, Y5 =.83746

Thus, y=.837 when x=.2. Ans.

337



338 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

Example 7. Find the solution of %:1+xy, y(0) = 1 which passess through (0, 1) in the interval
x

(0, 0.5) such that the value of Y is correct to three decimal places (use the whole interval as one interval

only) Take h = 0.1.
Sol. The given initial value problem is
dy
—=f(x,y)=1+xy; y(0)=1
o= (y)=1+ay; y(0)
ie., y=yo=1latx=x,=0
2
Here, y1=1+x+?

2 3 x4

y2:1+x+x—+—+—
2 3 8

2 3 x4 x5 x6

Y3=l+x+—+= += +—+—
2 3 8 15 48

VNS N
V=05 384

When x=0,y=1.000
x=0.1,y,=1.105,y,=1.1053.......
y=1.105
x=0.2,y,+1.220,y,=1.223=y,

y=1.223
x=03, y=1.355 as Y»=1355=y,
x=0.4, y=1505

x=05, y=1677 as y,=y;=1.677

Thus,
X 0 0.1 0.2 0.3

y 1.000 1.105 1.223 1.355

(correct up to 3 decimals)

(correct up to 3 decimals)

0.4 0.5
1.505 1.677

We have numerically solved the given differential equation for x =0.1,0.2,0.3,0.4 and 0.5.

Example 8. Using Picard’s method of successive approximation to

obtain y(.25), y(.3) and y(1) correct to 3 decimal places.
2

Sol. Here, f(x,y) = ;C , xy=0 and y,=0.
y+1
The first approximation y; of y is given by
2 3
x oy x
=0+| —dx=—
D=0+ T3

with y(0) = 0,
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Similarly, the second approximation y, of ¥ is given by

J. 3
=0+ dx_tan —
27 01+Jc /3 3

3 9
X X
We see that y; and y, agree to first term, namely ? . Neglecting g , we obtain the range
in which the result is correct to 3 decimal places, i.e., we put
L9 < 0005
81

which yield x < .7.

1
Hence, we obtain ¥ (-25)=§(.25)3 =.005

y(.5):%(.5)3 — 042

y(1)= %( )’ - (1)3_321 Ans.

d
Example 9. Use Picard’s method to obtain y for x = 0.1. Given that d—i=3x +y’;y=1 gt x = 0.

Sol. Here f(x,y)=3x+y2;x0=0,y0=1
X
First approximation, ¥1=¥%o +J 0 f (x,yo)dx

X
= 1+.[0 (3x+1) dx

_1 Exz
=l+x+ 5

d imati =l+x+—x +éx3+§x4+ix5
Second approximation, Y2 > 3 4 20

i imati 1+x+5x +2x +23 4 §x5+@x6+@x7
Third approximation, Y3= > 7 7 45 1260
78, 47 9, 27 o, 8l
32 240 400 4400
When, x=0.1, we have
y;=1.115, Y, =1.1264, y;=1.12721

Thus, y=1.127 when x=0.1. Ans.
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Example 10. Obtain y when x = 0.1, x = 0.2 Given that %:xwty; y(0) = 1, Check the result
x

with exact value.
dy
Sol. We have, E=f(x,y)=x+y;xo=0 and y,=1
Now First approximation,
2

X
1 :1+J‘0 (1+x)dx=1+x +x7
Second approximation,
3

x 2
yz=1+j [x+1+x+x—]dx:1+x+x2+x—
0 2 6

Third approximation,
34

=l+x+xi 4+
¥s 3 24

When x=.1, y,;=1.105

v, =1.11016

y3=1.11033 (closer appr.)
When x=.2

y3=1.2427
We can continue further to get the better approximations. Now we shall obtain exact value

E—y=x is the given differential equation. General sol. is
= (14x)+c (IF=e™)

ve
Putting y=1,x=0 we obtain, c¢=2.
y=—x—-1+2¢"
When x=0.1,y=1.11034
x=0.2, y=1.24281

and
These results reveal that the approximations obtained for x=0.1 is correct to four decimal

places while that for x=0.2is correct to 3 decimal places.

dy y-x
Example 11. If E:m Find the value of Y at x = 0.1 using Picard’s method. Given that

y(0) = 1.
Sol. First approximation,
X Yy—x x[1-x
=1y, + dx=1+ —d
N=hT, Yo+x g -[o (1+x] g

:1+Jx (i—l]dx
0| 1+x

=1-x+2log(1+x)
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Second approximation,

Yo :1+x—2jx o
0 1=2log(1+x)
which is difficult to integrate.
Thus, when, x=0.1,y;, =1-0.1+21og (1.1)=0.9828 . Ans.

Here in this example, only I approximation can be obtained and so it gives that approximate

value of y for x=0.1

Example 12. Find the series expansion that gives Y as a function of x in the neighbourhood of

d
x = 0, when d—i=x2+y2, with y(0) = 0.

Sol. Here, f(x,y)=x"+y*,xy=0and y,=0. The nth approximation y, of ¥ is given by

X
Yn=Yo +Jx0 f(x'yn—l )dx
As an initial approximation, it is given that y,=0. Then, the first approximation y, is given
by
3
_ T2 _Xx
y1—0+'[0 (x +0)dx =3

Similarly, the second approximation y, is given by

s, (£ 2 P
=0+ +H = | [dx = —=—+=
Y2 -[o * [3 ] R

Likewise, the higher order approximations are given as

s, (& X 2 B ol 4B
y3:0+'[ X+ —+— —+—+
0 3 63 2079 59535

3 63
. B 7 oyl 15 2
y4:0+j X + dx
0 3 63 2079 59535

eyl 2, B sy
3 63 2079 218295

If the series is truncated after the third term and used to approximate y to 4 decimal places,

13 15

then using the first neglected term, namely mx

as an approximation of the error, we have.

13
218295
Taking logarithm, we obtain
(.00005)(218295)
13

x"® < 00005.

15 log x < log

or x < .988.
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i 7
Thus, — + —+
3 63 2079
ie. —0.988 < x < 0.988.

!t represents y correct to 4 decimal places. In the range x| < .988.

d 1
Example 13. Integrate the differential equation d_z = x sin my with y = 5 at x = 0, by Picard’s
method of successive approximations.

Y=Y+ f;f(xry)dX- (1)

Sol. The first approximation y, of y is obtained by substituting y = % In the right hand
member of (1) i.e., we have
y, = %+J;xsin(n%)dx = ;erzz
Similarly, the second and third approximation y, and y, are given as
(1 + xz) nx?

1 X 1 X
2 = = ' = —+ | xcos—dx
y 2+_[Oxsm . x =5 J;) >

1 2.4

= —+_[x 1= 4
2 %0 8

_ 1o

2 2 48
1 2 2y . 2 2.6

and Yy = —+ | xsinmy—+—— =+ | xcosm — - dx
0 2 2 48 2 8

1l
N =
+
oo
f_/_\
—_
|
N | =
/N

a
N | R
N
»P;‘N
| =
[o)}
~
N
%,—/
&

= +
2 2 48
We observe that y, agree with y, upto and including term in x°.
. 1 o« . , —x°
We can use the relation y = ) + - with the knowledge that the error is approximately =

Thus, we can find y, and y, correct to 4 decimal places with h = 0.1.

(&3 EULER’'S METHOD

The oldest and simplest method was derived by Euler. In this method, we determine the change
Ay is y corresponding to small increment in the argument x. Consider the differential equation.

d
d—z=f (xv) (1)

with the initial condition y(xy)=1o.
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Integrating (1) w.r.t. x between x, and x;, we get
n X1
[May=] " f(xry)dx
Yo X0

x]
Y1=Yo +J f(x,y) dx -(2)
*0
Now, replacing f(x,y) by the approximation f(x,y), we get
x]
Y1=Yo +J. £ (x0,y0)dx
*o

=Yo+f (X0, ¥0) (1 —%p)
Y1 =Yo+hf (X0, o) (v x,—x,=Ax = h)
This is the formula for first approximation y, of y.

Similarly, second approximation y, is given by

Y2=h +hf(x1,y1)

In general,

Yn+1=Yn +hf (xnryn )

&% EULER’S MODIFIED METHOD

Instead of approximating f(x,y) by f(xo,¥y) in equation (2). Let the integral is approximated by

Trapezoidal rule to botain.

h
1=Yo +E[f(x0ryo)+f(x1y1)]
We obtain the iteration formula,

y'f”=yo +§[f(XOryo)+f(x1,y§n)ﬂ n=0,1,2......

where, y,® is the nth approximation to y,.
The above iteration formula can be started by y,(V) from Euler’s method.
Q= yp + hixgyy)
Example 14. Using Euler’s method, compute y(0.5) for differential equation

dy o, 2

-_—= -X-, = =

It y with y = 1 when x = 0
Sol. Let h:%:O.l

xo:O,yozl,f(x,y)zyz - x°

Using Euler’s method we have

Yne1=Yn +hf (xnryn )
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But considering n=0,1,2, ........ in succession, we get
y1=Yo +hf (o0, ¥0)
=1+0.1(1*-0)=1.10000
Y2=y1 +hf (x1,11)
= 1.10000+0.1[(1.1OOOO)2 —(O.l)zJ =1.22000

Ys=yo+hf (x2,9>)
=1.22000 + 0.1[(1.22)2 —(0.2)2} =1.36484

Ya=Ys+hf (x3,3)
=1.36484+0.1[(1.36484)% _ (0.3)’] =1.54212
Ys=Ya+hf (x4,Ys)
:1.54212+0.1[(1.54212)2 —(0.4)2J =1.76393
Hence, the value of ¥ at x=0.5 is 1.76393. Ans.

Example 15. Using Euler’s method, compute y(0.04) for the differential equation.
y' =y with y(0) =1 (Take h = 0.01)
Sol. Using Euler’s method
Yne1=Yn +hf(xnryn)

By considering n=0,1,2,....... in succession, we obtain

y1=Yo +hf (o0, ¥0)
=1+0.01(-1)=0.99
Ya=y1+hf (x1,1)
=0.99+0.01(—0.99)=0.9801
¥3=0.9801+0.01(-0.9801)=0.970299
¥4 =0.970299+0.01(-0970299)=0960596

Hence, the value of y(0.04) is 0.960596. Ans.

Example 16. Find the solution of differential equation
ﬂ—x ith y(1) = 5
ix Y with y(1) =
in the interval 1,1.5] using h = 0.1.
Sol. As per given we have
7=l y=5 f(w)=xy
Using Euler’s method

Yn+1=Yn +hf (xnryn )
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Now, by considering 7=0,1,2...... in succession, we get

For n=0 y1=Yo+0.1f (x0,%0)
=5+0.1(l><5)=5.5

For n:1 yz =y1+0.1f(x1,y1)
=55+0.1(1.1x5.5)=6.105

For n=2 Y3=y, +0.1f (x3,1)
:6.105+0.1(1.2><6.105)=6.838

For n=3 Ya=y3+0.1f (x3,¥3)
—6.838+0.1(1.3x6.838)=7.727

For n=4 v =y, + 0.1 f(x, y,)
=7.727+0.1(1.4><7.727)=8.809

Hence, the value of y(1.5) is 8.809. Ans.

Example 17. Given y'zﬂ with y, = 1 find Y for x = 0.1 in four steps by Euler’s method.
y+x

0.1
Sol. Let h=Z=0-025, given y,=1, where x=0

We know that
Yni1=Yn +hf (xnryn )
By putting 1n=0,1,2,3, we obtain
y1=Yo +hf (o0, ¥0)

(1-0)
=1+0.025—-7Z= —1.025

(1+0)
= y,=1.025
Again, Y2=y1 +hf (x1, 1)
:1.025+0.025M
(1.025+0.025) (where x; =x,+h=0+0.025 =x,=0.025)
= 1.0488
= v, = 1.0488
Now again Yy = Y, + hf(xy, ) (where x, = x, + 2h = 0 + 2 x 0.025 = 0.05)
=1.0488 + 0.025 M = 1.07152
(1.0488 + 0.05)
N y;=1.07152

Ya=Yys+hf (x3,43) (where x5 =x,+3h=0+3x0.025=0.075)
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(1.07152-0.075)

=1.07152+0.025 =1.09324
(1.07152+0.075)

= y,=1.09324 at (x4 =2x9+4h=0+4x0.025=0.1)

Hence, Y01=1.0932. Ans.

d
Example 18. Given d_];:x +Y with initial condition y(0) = 1. Find y(.05) and y(.1) correct to 6

decimal places.
Sol. Using Euler’s method, we obtain

1O =y =y +hf (x0,) = 1+05(0+1)=1.05
We improve y; by using Euler’s modified method

D_

—yo+§[f(x(>/yo)+f(x1fy?)}

=1+%[(0+1)+(.05+1.05)]

Yy

=1.0525.
y? =1+%[(0+1)+(.05+1.0525)]

=1.0525625

§e :1+%[(0+1)+(.05+1.0525625)]

=1.052564

yo :1+%[(0+1)+(.o5+1.o52564)]

=1.0525641.

Since, yf’) = y§4) =1.052564 correct to 6 decimal places. Hence we take y; =1.052564 i.e., we
have y(.05)=1.052564
Again, using Euler’s method, we obtain
v =y, =y1 +hf (x1, 1)
=1.052564+.05(1.052564 +.05)
=1.1076922.

We improve y, by using Euler’s modified method

y$ =1.052564 +% [(1.052564 +.05)+(1.1076922+.1) ]

=1.1120511.
Yy :1.052564+%[(1.052564+.05)+(1.1120511+.1)]
=1.1104294.
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) :1.052564+% [ (1.052564+.05)+(1.1104294 +.1) |
=1.1103888.

y$H :1.052564+% [ (1.052564+.05)+(1.1103888+.1) |
=1.1103878.

y$ :1.052564+% [(1.052564+.05)+(1.1103878+.1) |

=1.1103878.

Since, y(24) = yf) =1.1103878, correct to 7 decimal places. Hence, we take y,=1.1103878.
Therefore, we have y(.1)=1.110388, correct to 6 decimal places. ~Ans.

Example 19. Find y(2.2) using Euler’s method for

ﬂ:—xyz, where y(2) = 1. (Take h=.1)

dx

Sol. By Euler’s method, we obtain,

W =y =y +hf (%9, 9)=1+.1(-2)(-1)* =8,

This value of y, is improved by using Euler’s modified method

ygl) =Yo +g[f(x0fyo )+f(x1’y50))}

=1+%{—2(1)2 +(=21)(8)'}

=.8328

0.1
Similarly y? =1+?{—2(1)2 +(-2.1)(8328)’}

=.8272

y® =1+%{—2(1)2 +(-21)(8272)}

=.8281

y® =1+%{—2(1)2 +(-21)(8281)}

=.8280

y® =1+%{—2(1)2 +(-21)(8280)° }

= .8280
Since y§4) = y§5) =0.8280. Hence, we take y;=.828at x;=2.1

Now, if vy, is the value of ¥ at x=2.2. Then, we apply Euler’s method to compute y(2.2),
i.e., we obtain

ygo)zyzzyl +hf (%1, 1)
=828+.1(-2.1)(:828)2 = .68402
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Now, using Euler’s modified formula, we obtain

- 828+ 21 [( 2.1)(.828) +(~2.2)(.68402) ]
= 70454

o = gog+ 21 [( 2.1)(.828)% +(~2.2)(.70454) ]
=70141.

) = gog4+ 21 [( 2.1)(.828) +(~2.2)(.70141) ]
=.70189.

o — g+ 21 [( 2.1)(.828) +(~2.2)(.70189) ]
=.70182

4 = gog4+ 21 [( 2.1)(.828) (22)(70182)]

=.70183
Since, y§4) = y§5) =.7018, correct to 4 decimal places.
Hence, we have y(2.2)=.7018.  Ans.

Example 20. Find y(.2) and y(.5) Given

dy

=z

Y gy (e+)
with initial condition y = 1 for x = 0.

d
Sol. Let d—Z=f(x,y)=log10 (x+y) and h=2

By Euler’s formula, we have

VO =yy =y +hf (%0, )
=1+.2log(0+1)=1

Now, we improve this value by using Euler’s modified formula and thus we obtain
h
=y +E[f(x0,yo)+f(x1,y§o))}
0.2
:1+7{log(0+1):log(.2+l)}
=1.0079
@ _,,02
v —1+7{log(O+1)+10g(.2+1.0079)}
=1.0082
y =1+0;22{1og(0+1)+1og(.2+1.0082)}

=1.0082
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Since, y{® =y{®)=1.0082. Hence, we take 1;=1.0082 at x=2, ie., y(.2)=1.0082. Ans.

Again using Euler’s formula, we obtain

]/g)) =y, =y1 +hf (x;+y,)
=1.0082+0.3[ log (0.2+1.0082) |=1.0328

To improve y,, we use Euler’s modified formula and we obtain

Yo :1.0082+0—;[log(1.0328+.5)+log(.2+1.0082)}
=1.0483

y$? :1.0082+0;23|:10g(1.0483+.5) log (:2+1.0082) ]
=1.049

y$ :1.0082+O—; [log (1.049+.5)+1log (:2+1.0082)]
=1.0490
Since y{¥ =y =1.0490, we take y,=1.0490, i.e, y(5)=1.0490. Ans.

Example 21. Using Euler’s modified method, compute y(0.1) correct to six decimal figures, where

dy - .
E_x +Y with y = .94 when x = 0.
Sol. By Euler’s method, we have

=1 =y +hf (x0,0)
=.94+.1(0=.94)
=1.034
Now, we improve y, by using Euler’s modified formula and we obtain

yfl) =Yo +§[ f (%0, %0 )+f(x1y§0))}
94 + 0—;[(0 +oa)+ ) + 1.034}]
= 1.0392
y<1z>:.94+0—;[(0+.94)+{(.1)2+1.o392}}

=1.03946

y® =.94+% [(0+.94)+{(.1)2 + 1.03946}}

=1.039473
g :.94+% [(0+ 94)+{(1)? +1.039473H

=1.0394737
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Since, yf’) :y§4) =1.039473, correct to 6 decimal places
Hence, we have y(.1)=1.039473. Ans.

d
Example 22. Using Euler’s modified method, solve numerically the equation d—ZZX +|\/§| with
y(0) =1 for 0 < x < 0.6, in steps of 0.2.

Sol. The interval h=0.2

By Euler’s method, we obtain 1) =y, =y, +1(x,,1,)

=1+02(0+[V1[)=12.
The value of ygo) , thus obtained is improved by modified method.
(n+1)

Yi :y0+§[f(x0,y0)+f(x1,y§"))}

By considering n = 0, we obtain
h
y, O = Yo + 5 [f(xoyyo)+f(x1,y1)]

0.2
=1+7[(0+‘\/ﬂ)+(0.2+‘«/ﬁm
=1.2295

By considering n=1, we obtain

yo :H%[(o+|ﬁ|)+(o.2+|\/1.2295|)}

=1.2309.

By considering n=2, we obtain

e :1+0_;[ (o+|ﬁ|)+(0.2+|\/1.2309|)}
=1.2309.

Since y{* =y{¥) =1.2309. Hence, we take y;=1.2309 at x=0.2 and proceed to compute ¥ at
x=0.4.

Again, applying Euler’s method, we obtain

ys) = y,=1.2309+0.2(0.2+/v1.2309))=1.49279

Now, we apply modified method for more accurate approximations and we obtain

ye :1.2309+§[(2+ [VT2309] )+ (0.4+ [T 45279 )
—~1.52402

ye :1.2309%[(z+|M|)+(o.4+|\/1.52402|)}

=1.525297
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NS :1_2309+§[(2+|m|)+(o.4+|\/1.525297|)}

~1.52535
49 :1_2309+-2_2 [(2[vT:2309])+ (0.4+]752535]
~1.52535

Since, yf’) = yé‘*) =1.52535. Hence, we take y,=1.52535 at x=0.4. To find the value of y(=y3)
for x=0.6, we apply Euler’s method to have

y O =y3:1.52535+.2[(4+|\/1.52535|)} — 1.85236
For better approximations, we use Euler’s modified formula and we obtain

4 152535 J%[ (4+ V152535 + (0.6 +|1.85256] |
~1.88496

§e :1_52535+§[(.4+|\/%|)+(0.6+|\/1.88496|)}
~1.88615

¥e :1_52535+§[(,4 +[V1.52535] )+ (0.6-+[v1.88615] |
~1.88619

¥ :1'52535+§[(,4+|M|)+(0.6+|\/1.88619|)}

=1.88619, correct to 5 decimal places.
Since, y{¥ =y{¥ =1.88619. Hence, we take y=1.88619 at x=0.6.  Ans.

PROBLEM SET 7.1

1. Solve by Taylor’s method, y'=x"+y"”,y(0)=1. Computer y(0.1). [Ans. 1.11146]

2. Solve by Taylor’s method, %: —E;y(O)zl . Also compute y(0.1). [Ans. 1.0954]
% y
d
3. Given differential equation %= 21+ with y(4)=4. Obtain y(4.1) and y(4.2) by Taylor’s
Al

series method. [Ans. 4.005. 4.0098]

d
4. Apply Picard’s method to find the third approximation of the solution of d_z = x + i> with

3, 4 3
the condition y(0) = 1. [Ans. = 1+x+5x +§x +...]

d
d—i=x(1+x3 y); ¥(0)=3 Compute the value of

y(0.1) and y(0.2). [Ans. 3.005, 3.020]

5. Using Picard’d method, obtain the solution of
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6. Solve the following initial value problem by Picard method

d
d—i=xey with y(0)=0, compute y(0.1). [Ans. 0.0050125]

d
7. Use Picard’s method to approximate ¥ when x=0.2, given that d_z=x —Y with y(0)=1.
[Ans. 0.0837]

d
8. Use Picard’s method to approximate the value of ¥ when x=0.1, given that d—z— 3x+y* with

y(0)=1. [Ans. 1.12721]

d
9. Solve by Euler’s method d—z—2y=0,y(0)=1,h=0-1 and x€[0,0.3]. [Ans. y(0.3) = 0512]

. : : dy
10. Apply Euler’s method to find the approximate solution of —-=x+ v,¥(0)=1,h=0.1 and
xe [0,1]. [Ans. 3.1874]

&y _ Yy
11. Obtain by Euler’s modified method for the numerical solution for y(1) of =777 with
y(3)=2 and h=0.1. [Ans. y(1) = 0.94771]

d
12. Using Euler’s modified method, solve d—z=1—y with y (0)=0 in the range 0<x<0.2

(take h=0.1). [Ans. y(0.1) = 0.09524, y(0.2) = 0.1814076]

[ RUNGE-KUTTA METHOD

The method is very simple. It is named after two german mathematicians Carl Runge (1856-1927)
and Wilhelm Kutta (1867-1944). These methods are well-known as Runge-Kutta Method. They are
distinguished by their orders in the sense that they agree with Taylor’s series solution upto terms
of " where r is the order of the method.

It was developed to avoid the computation of higher order derivations which the Taylors’

method may involve. In the place of these derivatives extra values of the given function f(x,y)are

used.
(7) First order Runge-Kutta method
Consider the differential equation

dy

Ezf(xr]/); y(x0)=1o (1)
By Euler’s method, we know that

1= Yo +1f (0, Y0)=yo+hyg -(2)

Expanding by Taylor’s series, we get
W2
=y (o +h)=yo+yo+— o + -(3)

It follows that Euler’s method agrees with Taylor’s series solution upto the terms in h. Hence
Euler’s method is the first order Runge-Kutta method.
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(i) Second order Runge-Kutta method
Consider the differential equation

=f(xy); y(xo)=vwo

Let j be the interval between equidistant values of x. Then the second order Runge-Kutta
method, the first increment in ¥ is computed from the formulae

ky = hf (x0,40)
ky = hf (xo +h,yo +ky)

1
A]/ZE(]Q +ky)
Then, X1 =x0+h
1
V1=Yo+AY =Y, +§(k1 +ky)

Similarly, the increment in ¥ for the second interval is computed by the formulae,
ky = hf (x1, 1)
ky = hf (x1+ 1, y1 +Ky)
&y ==k +ky)
and similarly for other intervals.
(77i7) Third order Runge-Kutta method

This method agrees with Taylors’ series solution upto the terms in /. The formula is as
follows:

n :]/0+%(k1 +4ky +k3 )0 =xy+h

where, ky =hf (xo,v0)

hf( +—,y0+—j

ks = hf (xg+h,yo + 2k, —ky)
Similarly for other intervals.
(iv) Fourth order Runge-Kutta method
This method coincides with the Taylor’s series solution upto terms of p*.

Consider the differential equation

dy
dx

values of x. Then the first increment in ¥ is computed from the formulae.

ky =hf (%0, %)

ky = hf(onfgryo +k—1)

= f(x,y) with initial condition y (x0)=vo- Let 1 be the interval between equidistant

2
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h k
ky =hf| xg+—=,yy +—=
3 f(xo zyo 2)
ky =hf (xo +h,yo +k3)
1
Then Y1 =Yo "‘g(kl +2k; +2k; +ky )

al’ld xl =x0+h

Similarly, the increment in ¥ for the second interval is computed by

ky =hf(x1,y1)

hf| x;+= ,y1+—)

=i
hf(m_,yﬁ_)
(

hf x1+h y1+k3)

Then, V2= 5 (kl +2ky +2ky +ky )

al’ld xZ = xl + h
and similarly for the next intervals.

Runge-Kutta Method for Simultaneous First Order Equations

Consider the simultaneous equations
dy
- = X, Y,z
ix f 1( y )
dy
—~=f(x,y,z
ix f 2( y )

With the initial condition y(xy)=y, and z(xy)=z,. Now, starting from (xg,¥o,20),

increments ¢ and [ in ¥ and z are given by the following formulae:
ko =My (%0, Yo, 20); L =nf (o, Y%0,2%);

L

k. 1
kz—hfl(xo Yot Zo+;j lz—hfz(xo /Yot +Ej

l l
k3:hf1( ryO +32); lszhfz( ryO +Ezj
k4 _hfl (x0+h yo +k3,ZO +l3) l4 —hf2 (xO +h yo +k3,ZO +l3)
1 1
Hence, Y1=Yo +g(k1 +2ky +2k; +ky ); Z1=2 +g(ll +2l, +215 +1,)

To compute y,,z,, we simply replace (Xy,o,Z9)by (x1,¥1,21) in the above formulae.
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Example 1. Apply Runge-Kutta Method to solve.

% =xy"®,y(1)=1 to obtain y(1.1).

Sol. Here, x, =1,y, =1 and 5 =0.1. Then, we can find
ky = hf (x0,Y0)
=0.1(1)(1)"? =01

ky

h

1/3
= 0.1(1 +%)(1 +%) =0.10672

h k
ky=h N T
3 f(xo 2y0 2)

1/3
= 0.1(1 + % )(1 + 0'1(;672 ) =0.10684

ky =hf (xo+h,yo +k;3)
=0.1(1+0.1)(1+0.10684)"° =0.11378 =0.11378

1
y(ll):yo +g(k1 +2k2 +2k3 +k4)

= 1+%(0.1+2><O.10672+2><1.0684+0.11378)

=1+0.10682=1.10682.  Ans.
Example 2. The unique solution of the problem
vy =-xy withy,=11is y:e*xz/z.
Find approximately the value of y ,, using one application of Runge-Kutta method of order four.
Sol. Let h=0.2, we have y, =1 when x = 0.

ky =hf (%0, %)
=0.2[(0)1] =0

h k
ky =hf| xg+=,yy +—
2 f(xo zyo 2)

0.2

=o.2{—(0+7)(1+0)} =-0.02

h k
hf(x0+§,y0+?2j

el ) -22] s

ks
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k4 = hf(xo +h,y0 +k3)
= 0.2(0 +0.2)(1-0.0198) =0.039208

y(02)=y,+= (k1 +2k, +2k3 +ky)

=1 +g[o +2(~0.02)+2(-0.0198) +(~0.039208)]

=1.0000-0.198013
= 0.9801986 = 0.9802
The exact value of y(0.2) is 0.9802.

Example 3. Solve the equation y'=(x+y)with y, = 1 by Runge-Kutta rule from x = 0 to x = 0.4
with h = 0.1.

Sol. Here f(x,y)=x+y,h=0.1, given y,=1 when x, =0.
We have,
ko = hf (x0, o)
=0.1(0+1)=0.1

= hf /yo+—)

(0.05+1.05) =0.11

(
hf( bk

=0.1(0.05+1.055) =0.1105

ky =hf (xg+h,y9+k3)
=0.1(0.1+1.1105) =0.12105

1
Y1 =Yx=01) = Yo +g(k1 +2ky +2k3 +ky)

:1+%(0.1+0.22+0.2210+0.12105) —1.11034

Similarly for finding y, =y(x=0.2), we get
of (x1; =0.1)[(0.1)+1.11034 |=0.121034

hf( ,y1+—j

0.1[0.15+1.11034 +0.660517 | = 0.13208

hf | x fy1+—j

=0.1[0.15+1.11034 +0.06604] = 0.13208
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ky =hf (x1+h,y, +k3)
=0.1 [0.20 +1.11034 + 0.13263] =(0.14263

1
Y2 =Y(=02) = W1 +g(k1 +2ky +2k3 +ky )

=1.11034 + %[0.121034 +2(0.13208 +0.13263 + 0.14429)] =1.2428

Similarly, for finding y; =y(x=0.3), we get
ky = hf (x,1,)=0.1[(0.2)+1.2428 |=0.14428

h k
ky=hf| %) +—=,y, +—
2 f(xz zyz 2)

=0.1[0.25+132428 +0.07214 | = 0.15649

h k
ky =hf| x, +=,y, +—=
3 f(xz 5 Y2 2)

=0.1[0.25+1.2428 +0.07824] = 0.15710
ky=hf (% +h,y, +k3)

=0.1[0.30 +1.2428 +0.15710 ] = 0.16999
Y3 =Y(x=03) TY2 Tt % (ky +2K; +2K;5 +ky )

=0.13997

Similarly, for finding y, =y(x =0.4), we get

k; =(0.1)[0.3+1.3997]=0.16997 = k; =0.16997
ky =(0.1)[0.35+1.3997 + 0.08949] = 0.18347 = k, =0.18347
ks =(0.1)[0.35+1.3997 +0.9170] = 0.18414 = k;=0.18414
ky =(0.1)[0.4+1.3997 +0.18414] = 0.19838 = k; =0.19838

y, =1.3997 + %[0.16997 +2(0.18347 +0.18414 +0.19838) |
y, =1.5836. Ans.

Example 4. Given % y—x with y(0) = 2, find y(0.1) and y(0.2) correct to 4 decimal places.

x =
Sol. We have x,=0, y,=2, h=01
Then, we get
ky =hf (x0, o)
=0.1(2-0)=02
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hf( ,y0+—j
1[2+——(0+—H=O.205
hf( ,y0+—j

112+ % —(0 % ﬂ =0.20525

ky =hf (xo+h,yo+k3)
=0.1 [2 +0.20525—-(0 + 0.1)] =0.210525

I
o

Therefore,
=2+0.2051708 = 2.2051708
= y(0.1)=2.2052 Corect to 4 decimal places.

For y(0.2), we have x;, =0.1, y,=2.2052, we get

ky =hf(x0,y0)
=0.1 (2.2052 — 0.1) =0.21052

h k
ky = hf| xy +=,yy +—
2 f(xo zyo 2)

= 0.1[2.2052 + 0'212052 (0 1+ 021 )} =0.216046

h k
k3=hf(x0 ,y0+?2)

= 0.1[2.2052 +&26046 (O 1+ 021 )} =0.2163223

ky = hf (xo + 1,0 +k3)
= 0.1[2.2052 +0.2163223 - (0.1 + 0.1)] =0.22215223
Hence, (O 2) 2.2052 +— [kl +2k2 +2k3 +k4]

=2.2052+0.2162348
=2.4214. Ans.

d
Example 5. Solve d_z =-2xy* with y(0) =1 and h = 0.2 on the interval [0.1] using Runge-Kutta

fourth order method.
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Sol. As per given, we have x, =0, y,=1, =02
ko = hf (%0, o)
=-2(0.2)(0)(1)* =0

h k
ky =hf| xy+=,yp +—
2 f(xo zyo 2)

= _2(0.2)(%2 )(1)2 =04

ks

h

= _2(0.2)(% )(0.98)2 =-0.38416

ky =hf (xg+h,yo+k3)

=-22(0.2)(0.2)(0.961584)" = —0.0739715
Hence,

1
y(oz):yo +g[k1 +2k2 +2k3 +k4]

=1 +% [0-0.08-0.076832-0.0739715]

=0.9615328
Now, we have

x; =0.2,y; =0.9615328,h =0.2, we get
ky =hf(x1,y1)
= —2(0.2)(0.2)(0.9615328)2 =-0.0739636

h k
ky =hf| x; +=,y, +—
2 f(xl 2% 2)

=-2(0.2)(0.3)(0.924551)" =0.1025754

h k
ky =hf| x, +=,y; +—=
3 f(xl 5 N 2)

— ~2(0.2)(0.3)(0.9102451)% = 0.0994255
ky = hf(x; + h, y; + ky)

=-2(0.2)(0.4)(0.8621073)" =—0.1189166

1

=0.9615328 +% [-0.0739636 —0.2051508 —0.1988510 — 0.1189166 |

=0.8620525

359
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Similarly, we can obtained

y(0.6) =0.7352784
y(0.8) =0.6097519

y(1.0)=0.500073. Ans.
1 i Ay _ Z+X E=xz+ ;
Example 6. Solve Ix y . v

Given that y(0) = 1, z(0) = -1 for y(0.1), z(0.1).

Sol. Here, fi(x,y,z)=yz+x

fx,y,z)=xz+y
h=0.1,x0 =O,y0 = 1,20 =_1

ky = fy (x0,Y0,20) = h(Yozo + X9 ) =~ 0.1

ll :hf2 (xO,yo,Zo):h(xOZO +y0)20.1

h k l
kz :hfl (xo +E,y0 +31,ZO +Elj

= hf, (0.05,0.95,-0.95) = —0.08525

h k 1
L=h Y,z + =
2 fz(xo 5 Yo > Zy 2)

= hf,(0.05,0.95,-0.95) = -0.09025
h k L

= hf; (0.05,0.957375,-0.954875) = —0.0864173

h k 1
I=h +—, Yy + 2,20+ 2
3 fz(xo 5 Yo > Z 2)

= hf,(0.05,0.957375,-0.954875 = —0.0864173
ky = hf,(xy + hy, + hy, z, + 1) = -0.073048
l, = hfy(xy + h, y, + hy, 2y + 1) = +0.0822679

k= %(k1 12k, +2k; +k, ) = ~0.0860637

y, =(0.1)=y, +k = 1-0.0860637 = 0.9139363
2z, =2(0.1) =z, +k = -1+0.0907823 = —0.9092176
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&A@ VMILNE’S PREDICTOR-CORRECTOR METHOD

Predictor-Corrector Methods

Predictor-Corrector formulae are easily derived but require the previous evaluation of y and
v =f(x,y) at a certain number of evenly spaced pivotal point (discrete points of x; of
x-axis) in the neighbourhood of x;.

In general the Predictor-Corrector methods are the methods which require the values of
Yoat x,,X, 1,X, oeerreeenes For computing the value of ¥ at x,,,;. A Predictor formula is used to

predict the value of y,,;. Now we discuss Milne’s method which is known as Predictor-Corrector
methods.

Milne’s Method

The method is a simple and eresonable accurate method of solving the ordinary first order differential
equation numerically. To solve the differential equation

dy
—_—= = x,

S =YV =f(uy)
by this method we first obtain the approximate value of v, by Predictor formula and then

improve the value of y,,,;by means of a corrector formula. Both these formulas can be derived from

the Newton forward interpolation formula as follows:
From Newton’s formula, we have

f(x):f(xo +”h):f(xo)+uAf(x0)+”(”_1)

12 A*f (%))

N u(u—-1)(u-2)
1x2x3

X—x
where u= 0

, Or x=x,+uh.

Putting ¥’ = f(x) and yy=f(xy) in the above formula, we get

(=1) o, w(u=1)(u=2) 5, u(u-1)u=2)(u=3) 4,
A“Yy + Ay + A
x2 oW 1x2x3 0 1x2x3x4 Yo ~()
Intergrating (2) from x, to x,+4h ie. from u=0 to u=4, we get
x0. 4 -1 “1)(u-2
J. Ora ydx = hJ.O Yo+ UuAY, + u(u2 )A2y6 + u(u 6)(u )A3y6

X0

’ ’ ’ u
Y = Yo +ulyy+

N u(u—-1)(u—-2)(u—-3)

o A*y).....] du

(" hdu = dx) which gives
, , 20 5, 8.3, 28 4,
Ysgran ~Yxy = h[4ho +8AY) +— Ay +- Ay +—A4yo}
3 3 90
[considering upto fourth differences only]
Using A=E-1, we get

, , 20 , 8 , 14 4,
y4—y0=h[4yo+8(E—1)y0+?(E—1)2y0+§(E—1)3y0+4_5A4y0}
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= W yo— [2y1 yz+2y3] A%y, -(3)

This is known as Milne s predictor formula. The corrector formula is obtained by integrating
(2) from x, to x, + 2h i.e., from u =0 to u = 2.

J~x0 +2h

Xo

-1
ydx — h_[oz[y() T ulyl + ”(”2 ) w2y +...Jdu

4 ’ 1
= V2= Yo h[Zyo + 28y + 2 Ay o yo}
Using A=E-1, and simplifying we get
Y2=Yo+t [yo +4y; + yz] Ay, ..(4)

Expression (4) is called Milne’s corrector formula.
The general forms of equations (3) and (4) are

4h
Yyt = Yoz +—- [2yn_z + Y+ 2] (5
h
and Ynt = Yt + 3 [Vna +4Y5 i .(6)
- 4h ’ ’ ’
ie., Ypr1 ~Yn-3 = ? [zyn—z tYpat zyn] (7)
h
and Yus1 = Y1+ [yn_l + 4y + Y ] -(8)

In terms of f the Predictor formula is

gn+1 Yn-3 +4 [an 2 fn—l +2fn] (9)

and the corrector formula is

Yor1 =Yna +t5 [fn 1 +4fn+fn+1] (10)

d
Example 7. Tabulate by Milne’s method the numerical solution of d—Z =X+Y with initial conditions
x,=0,y,=1, from x = 0.20 to x = 0.30.
Sol. Here y'=x+y

7 7’ V44 77

y//:1+y/,y///:y//,y :y ,y :y PEETIT
Hence, Yo=xy+y,=0+1=1

yo=1+yp+=1+1=2
Yo =Yo =
y(/)///_ 2 y(/)//// — 2
Now taking h=0.05, we get

y, =1.1026, y, =1.2104, y3 =1.3237
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Using Milne’s Predictor formula, we get
4h 7 ’ 7
Ya=Yo +?(2y1 —Y2+2y3)

4(0.05
1+M

[2.2052-1.2104 +2.6474] = 1.2428

Y, =xy+y, =02+1.2428 =1.4428

Using corrector formula, we get
h 7 7 7
Ya=Y> +§[]/2 +4y; +]/4]

.05
=1.1104 + % [1.2104 +5.2948 +1.4428] =1.2428

which is the same as the predicted value.
Y4 =Yoo0 =1.2428

and vy =1.4428

and putting n = 4, h = 0.05, we get

4h.. , ,
Ys=h +?[2y2 —y5+2y, ]

=1.0526 + [2.4208 -1.3237 +2.8856] =1.3181

4(0.05)
3

Y5 =x5 +y5 =0.25+1.3181 =1.5681.
Using Milne’s corrector formula, we get
h ’ ’ -
Ys=Yst3 Y3 +4yy+ys

0.05
=1.1737 + (—3) [1.3237 +5.7712+1.5681] =1.3181

which is the same as the predicted value.
Y5 =Yoos =1.3181
and y5 =1.5681

Again putting n=5, h=0.05 and using Milne’s predictor formula, we get

4h 7 7 7
Ye :]/2+?[2]/3 _]/4+2]/5]

4(0.05)

=1.1104 = [2.6474-1.4428 +3.1362] =1.3997

?’6 =0.3+1.39972 =1.6997

which is corrected by
h ’ ’ ’
Yo =Y +5[Va+4y5 +g]

0.05
=1.2428 + % [1.4428 +6.2724+1.6997] = 1.3997

363
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which is same as the predicted value.
Y6 =Yoz0 =1.3997
and v =1.6997

The result can be put in the tabular form

x 0.20 0.25 0.30
Yy 1.2428 1.3181 1.3997
v 1.4428 1.5681 1.6997

Example 8. Compute y(2) if y(x) is the solution of % = %(x+y) using Milne Predictor-corrector
x

method. Given y(0)=2,y(0.5)=2.6336,(1.0) = 3.595,y(1.5) = 4.968.

Sol. Here, we have
X =0,=2 f0=%(0+2):1
x; =—0.5,y; =2.636 A= %(0.5+ 2.636)=1.568
x, =1,y, =3.595 fo= %(1+3.595) =2.2975
x3 =1.5,y; =4.968 f3= %(1.5+4.968) =3.234

Using Predictor formula, we get

4h
Yo =%+ 5 @f, - f, + 2f;)
4x0.5

=20+ (2 x 1.568 — 2.2975 + 2 x 3.234) =6.871

and fa=x4+y,= %(2+ 6.871)=4.4335
Using corrector formula, we get

h
Ya=Y2 +§[f2 +4fs+ ]
0.5
=3.595+ > (22975 +4x3.234 + 4:4355)

=6.873166 ~ 6.8732

1 1
Thus, corrected fu= 5 (xy+yy)= 5 (2.0+6.8732) = 4.4366

Again, using Corrector formula, we get
h
Ya=Y2 +§(fz +4f3+f1)

= 3.595+0;35(2.2975+4>< 3.234+4.4366)
= 6.87335 ~ 6.8734
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d
Example 9. The differential equation & 1 + y? satisfies the following sets of values of x and y.

dx

X 0 0.2

0.4

0.6

Yy 0 0.2027

0.4228

0.6871

and

Sol. Firstly, we calculate the following

fo=1+yg =1

fi=1+ y? =1.0411
fr=1+ y} =1.1787
fo=1+ y} = 14681

Using Predictor formula, we get

Y4=Yo +%(2f1_f2+2f3)

4x0.2
3

= fi=1+y3 =1+(1.0239)° =2.0480

Using Corrector formula, we have

Ys :yz+§[fz+4f3+f4]

=0+

= 0.4228+0;32(1.1787 +4x1.4681+2.0480) —1 094

= y(0.8)=1.0294

The corrected value of
fa=1+y; =2.0597

Now, to find f (1) we use predictor formula such that

4h
Ys=Y + 3 2f -+ 2

x 0.2
3

4
= 0.2027 +

[2(1.0411)~1.1787 +2(1.4681)] —1.0239

fo = 1+ y2 =1+ (1.5384) = 3.3667

Finally using corrector formula, we get

Y5 =Y3 +§[f3 +4fy + f5]

0.2

=0.6841+ Y (1.4681 +4(2.0597) + 3.3667)

=1.5556733 =1.5557.

[2(1.1787) — 1.4681 + 2(2.0597)] = 1.5384
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Example 10. Solve vy’ = 2¢* — y at x = 0.4 and x = 0.5 by Milne’s method, given their values of
the four points.

X 0 0.1 0.2 0.3

y 2 2.010 2.040 2.090

Sol. Here we find the value of f,f,,fs

f =21 -2.010 = 0.2003
= £, =0.2003

fo =2¢% —2.040 = 0.4028
= f, =0.4028

f5 =2¢% —2.090 = 0.6097
= f5 =0.6097

By Milne” predictor formula, we have
4h
Ya=Yo +?(2f1 -f2+2f3)

4x0.1
3
=2.162293 = 2.1623

y, =2.1623

=2+ [2(0.2003) - (0.4028) +2(0.6097)]

Now f, =26 —2.1623 = 0.8213494 = 0.8213
N f, =0.8213

Now again by Corrector formula, we get
h
Ya=V2 g[fz +4fs+ fu]

=204+ % [.4028]—4(0.6097 )+2(0.8213)

=2.162096 = 2.1621
- y, =2.1621

Again by using Predictor formula
4h
Ys = +?(2f2 ~f3+2fy)

4x%0.1
3

=2.2551867 = 2.2552
- ys = 2.2552

=210+ [2(0.4028)—-0.6097 +2(0.8215) |



NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATION

then fs =2e%° —2.2552
=1.0422425=1.0422

= fs =1.0422

By Corrector formula, we get
h
Ys=VY3 +§[f3 +4f,+fs5]

= 2.090+%|:0.6097+4(0.8215)+1.0422]

= 2.2545967 = 2.255
- ys =2.255.  Ans.

Example 11. Apply Milne’s method to find a solution of the differential equation

the range 0 < x < 1 with y(0) = 0.

Sol. Here, we use Picard” method to compute y;,y,, and ys.

Picard’s successive approximations are given by

yn=yo+fo(x/yn-1)dx
0
for n=1, we have

2
" =0+J; xdx=x7

for n=2,
.2
V2 =0+JZ {x_[x?] ]dx
EESE
2 20
X 2 5 ’
Similarly, Y3 :0+J0 {x_[%_%] ]dx
BESHE SN
2 20 160 4400

2 A0
Let us take Y =———

>0 for finding the various values of y/sand f/s

y, = v(0.2)=0.019987 = 0.02, £,=0.199%
¥, =y(0.4)=0.079488 = 0.0795, £, =0.3937
y3 =y(0.6)=0.176112=0.176, f5 =0.5690

Now, using Predictor formula, we get

Y1=Yo +4—:(2f1 - f+2f3)

367
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4x0.2
3

=0.3049333 = 0.3049
Further, using corrector formula, we get

Yy :]/2+§[f2+4f3+f4]

=0+ [2 (0.1996)—0.3937+2(0.5690)]

=0.0795 +0;32(o.3937 +4x0.5690 +0.7070) =0.3046
(+* fa =24+ y4 =08 - (0.3049)" = 07070359 = 0.7070)

Hence, y, =0.3046 at x=0.8 and corrected f, =0.8—(0.3046)" = 0.7072

Again, using Predictor formula, we get,

4h
Ys=h +?(2f2 —f3+2fs)
4x%0.2

=02+ (2x0.3937 —0.5690 + 2x0.7072)

=0.4554133 = 0.4554
Now, (- f5 =15 +ys =1-(0.4554)" = 792610 = 0.7926)

Using corrector formula, we get

Y5 =Y3 +§[f3 +4fy + f5]

=0.176+ 0—32 [0.5690 + 4x0.7072+0.7926

=0.45536 = 0.4554
Hence, y(1)=0.4554. Ans.

Example 12. Given %:%(uﬁ)ﬁ and y(0) = 1, y(0.1) = 1.06, y(0.2) = 1.12, y(0.3) = 1.21.
X

Evaluate by Milne” predictor—Corrector method y(0.4).
Sol. Milne’s predictor formula is

4h ’ ’ ’
Y1 = Yust ? (Zyn—z “Ypa t Zyn )

Putting 1 =3 in the above formula, we get

Ya=Yo +%(2y{ —Y2+2y3) (1)
We have

Yo =1y, =1.06,y, =112,y =121, and h=0.1
The given differential equation is

y'=%(1+x2)y2



NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATION 369

v, =%(1+x12) V2 =%[1+(0.1)2}<(1.06)2

=0.505%(1.06)> = 0.5674

A =%(1+x§) 2 =%[1+(0.2)2}<(1.12)2
=0.52%(1.12)" = 0.6522
A =%(1+x§)y§ =%[1+(0.3)2}<(1.21)2

=0.545x(1.21)° = 0.7980
Substituting these values in (1), we get

- 4x(0.1
y, =1 +&[2x0.5674 —0.6522+2x0.7980]
=127715 =1.2772 ~(2)
(correct to 4 decimal places)
- We get

o= [(1+33)3]

= %[1+(0.4)2J><(1.2772)2 =0.9458
Milne’s corrector formula is
h ’ ’ id
Yur1 =Yna + g(zynl +4y, +Y nn ) (3
Putting n = 3 in (3), we get
h ’ ’ —
Y=Y +§ Yo +4ys+ya

=112+ % [0.6522+4x0.798 +0.9458] =1.2797  (correct to 4 decimal places)

y(0.4)=1.2797.  Ans.

[&: B AUTOMATIC ERROR MONITORING

Error Analysis: The numerical solutions of differential equations certainly differs from their exact
solutions. The difference between the computed value y, and the true value y(x)) at any stage is
known as the total error. The total error at any stage is comprised of truncation error and
round-off error.

The most important aspect of numerical methods is to minimize the errors and obtain the
solutions with the least errors. It is usually not possible to follow error development quite closely.
We can make only rough estimates. That is why our treatment of error analysis at times, has to be
somewhat intuitive.

In any method, the truncation error can be reduced by taking smaller sub-intervals. The
round-off error cannot be controlled easily unless the computer used has the double precision
arithmetic facility. In fact, this error has proved to be more elusive that the truncation error.
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1 ’”
The truncation error in Euler’s method is Ehzyn i.e., O (h*) while that of modified Euler’s

. 1 3 .
method is Eh Y, ie., O ((W).
Similarly, in the fourth order Range-Kutta method, the truncation error is of O (h°)
In the Milne’s method, the truncation error,

(i) due to predictor formula %}ﬁy;”” and

.o 1 7727
(i1) due to corrector formula = ~% hSyn

i.e., the truncation error in Milne’s method is also of O (h°).

The relative error of an approximate solution is the ratio of the total error to the exact value.
It is of greater importance than the error itself for if the true value becomes larger than a larger, error
may be acceptable. If the true value diminishes, then the error must also diminish otherwise the
computed results may be absurd.

Convergence of a Method

Any numerical method for solving a differential equation is said to be convergent if the
approximate solution y approaches the exact solution y(x ) at / tends to zero provided the
rounding error arising from the initial conditions approach zero. This means that as a method is
continually refined by taking smaller and smaller step-sizes, the sequence of approximate solutions
must converge to the exact solution.

Taylor’s series method is convergent provided f (x, i) possesses enough continuous derivatives.
The Runge-Kutta methods are also convergent under similar conditions. Predictor-corrector methods
are convergent if f(x, y) satisfies Lipschitz condition, i.e.,

f(xy)-f (xy) <k(y-V)
k being constant, then the sequence of approximations to the numerical solution converges to the
exact solution.

STABILITY IN THE SOLUTION OF ORDINARY DIFFERENTIAL
EQUATION

7.9

There is a limit to which the steps-size /1 can be reduced for controlling the truncation error, beyond
which a further reduction in & will result in the increase of round-off error and hence increase in
the total error.

A method is said to be stable if it produces a bounded solution which imitates the exact
solution. Otherwise it is said to be unstable. If a method is stable for all values of the parameter,
it is said to be absolutely or unconditionally stable. If it is stable for some values of the parameter,
it is said to be conditionally stable.

Euler’s method and Runge-Kutta method are conditionally stable. The Milne’s method is,
however, unstable since when the parameter is negative, each of the error is magnified while the
exact solution decays.

Two types of stability considerations in the solution of ordinary differential equations.

(1) Inherent stability

(i1) Numerical stability
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Inherent stability is determined by the mathematical formulations of the problem and is
dependent on the eigen values of Jacobian Matrix of the differential equation.

Numerical stability is a function of the error propagation in the numerical method. Three
types of errors occur in the application of numerical integration methods:

(a) Truncation error
(b) Round-off error
(c) Propagation error

Example 13. Applying Euler’s method to the equation.

i .
—dy =y, given y(xp)=y,
X

determine its stability zone.
What would be the range of stability when A = —1.

Sol. Here, y=Ay,y(xy)=1yo (1)

By Euler’s method, we have
Yn = Yur THY 0 = Yoy MY,y

=(1+AY)Yua

Yn1=(1+AY) V2

v =(1+2y)yo
Multiplying all these equations, we obtain (2

Y =(1+2y)" yo
Integrating (1), we get y=ce™
Using y(xy)=Yyo, we obtain y, = ce™0
Hence, we have y= yoex(JHCO)
In particular, the exact solution through (x,,y,, is

y= yoe)”(xnfxO) = yoe”‘h [x, = x, +nh]

(Ah)"
2

or y=yo (e )n =Yo| 1+M+ ~(3)

Clearly, the numerical solution (2), agrees with exact solution (3) for small values of /. The
solution (2), increases if [1+MA4]>1.

Hence, |1+ A |< 1 defines a stable zone.

When A is real, then the method is stable if |1 +AMil< ie.,
2 <M <0.

When )\ is complex (=a+ib), then it is stable if
[1+(a=ib)h] <1
ie,  (1+ah)’ +(bh) <1
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periodic stability.

Euler’s method is conditionally convergent.

10.

. Using Runge-Kutta method solve simultaneous differential equation
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ie., (x + 1> + y* < 1 where x = ah, y = bh.
ie., I lies within the unit circles shown in Fig. 7.1
When A is imaginary (= ib), 11 + Al =1, then we have a

Unstable 4 I (Ah)

Hence, Euler’s method is absolutely stable if and only if —>

(1) real A: -2 < A <. R(Ah)
(i) Complex A, Ah lies within the unit circle (Fig. 7.1) i.e.

(iify When A = -1, the solution is stable in the range
2<-h<0,ie,0<h<?2. FIG. 7.1

PROBLEM SET 7.2

d 1
. Apply Runge-Kutta method find the solution of the differential equation 2 3y +§y with

dx
Yo=1 at x=0.1 [Ans. 1.066652421875]

d
. Given - 1+y* where y=0when x=0, find Y02), Y04 and Y(0.e), using Runge-Kutta

dx
formula of order four. [Ans. v, = 02027, y,, = 04228, y . = 0.6841]

Use classical Runge-Kutta method of fourth order to find the numerical solution at x = 1.4 for
dy

—2 =V +x%,y(1)=0 Assume step size h=0.2. [Ans. y(1.2)= 0.246326, y(1.4)=0.622751489]

dy

. Using Runge-Kutta method to solve 10-Z = x? + 12 = for the interval 0 < x<0.4 with
g & dx Y y(o)

h=0.1- [Ans. 1.0101, 1.0207, 1.0318, 1.0438]

2x—1

d
. Solve the differential equation - Yy+1where x,=1, y, =2, h=0.2. Obtain ¥12) and

dx  x?
Y14y using Runge-Kutta method. [Ans. 2.658913 and 3.432851]

aj_

Yt)= t
Y f () =+

d
and d—z =ty+x=g(x,y,t)where t,=0, x,=1, yy=-1, h=02. [Ans. y,, = -0.8341]

. By Milne’s method solve ? =2-xy* with Yo = 1 for x=1taking h=0.2 [Ans. 1.6505]
x

Apply Milne’s method to solve the differential equation ? =—xy* at x=0.8 given that
x
y(o) = 2, y(0.2) = 1923, y(0_4) = 1724, y(0.6) = 1471 [Ans. y(U.S) = 1219]
. dy 1 2\, 2

- Given that = °= 5(1 +x )y and y(0)=0, y(0.1)=1.06, y(0.2)=1.12,y(0.3)=1.21. Evaluate

y(0.4) by Milne’s predictor corrector method. [Ans. y, =1.2797]
d

By Milne’s method solve y(0.3) from % =x*+y?, y(0)=1. Find the initial values y(-0.1)
and y(0.1), y(0.2) from the Taylor’s series method. [Ans. 1.4392]

(| |



CHAPTER 8

Solution of Simultaneous
Linear Equation

m INTRODUCTION

Let us consider a system of non-homogeneous linear equations in 7 unknowns X;,X;,........ Xy
Ay Xy +apXy +.c4ay,X, =b

Ay X1 + Xy + .ot 0y, X, = by

a,1X]+a,0%y +...+4a,,X, =b,
which we can solve by matrix method.
Apart from this method we have some other direct methods to find out the solution of
a system of equations like Gauss-Elimination method, Gauss-Jordan’s method etc. The drawback
with Cramer’s and matrix inversion method is having the too much calculations. If we consider
a system of 10 equations (or variables) then Cramer’s rule contains 7,00,00,000 multiplication
while in matrix inversion method, evaluation of A™ by cofactors became very complicated.

Now, we shall describe a few direct methods to solve a system of linear equations:

m GAUSS-ELIMINATION METHOD

This is one of the most widely used method. This emthod is a systematic process of eliminating
unknowns from the linear equations. This method is divided into two parts: (i) Triangularization,
(ii) Back substitution.

Let the system of equations in three unknowns, x, y, z be
allx + alzy + a13Z = bl
Ay X + 0y Y +ay2=b, (1)
A3 X + A5y + 337 = by

We multiply the first equation by %1 and subtract it from second equations to eliminate

11
a
x from second equation. Similarly, we multiply the first equation by 731 and subtract it from

11
third equation to eliminate x from third equation. Then the above system (1) becomes,

373
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apX+apy+a;z=b
a§2y+ a§3z =0l .(2)
Ay +a3z = b3
Again, to eliminate ¥ from the third equation of the system (2), we multiply the second
equation by a% and subtract it from the third equation. Then, the above system of equations
(2) becomes: 2
apX+apy+a;z=>b
Ay +ay,z=b) ..(3)
axz = by

from which the values of x,¥,2z, can be obtained by back substitution. The values of z,¥
and x can be obtained from third, second and first equations respectively.

The Gauss-Elimination method can be generalized to find the solutions of n simultaneous
equations in n-unknowns.

Example 1. Solve the system of equation by Gauss-Elimination method.

2x+3y-z=5
4x+4y-3z=3 (D)
2x-3y+2x=2

Sol. To eliminate x from the second equation of the system (1), we multiply the first
equation by 2 and subtract it from the second equation and obtain.

2y—z=-7
or 2y+z=7
Similarly, to eliminate x from the third equation of the system (1) we subtract first
equation from the third equation and obtain.
—6y+3z=-3

Now, the system of equation (1) becomes.

2x+3y—-z=5
2y+z=7
-6y +3z=-3 (2)

Now, to eliminate y from the third equation of the system (2) we multiply the second
equation by 3 and add it to third equation of the system (2) and obtain

6z =18
Thus, the system of equation (2) becomes.
2x+3y-z=5
2y+z =7

6z =18
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By back substitution, gives the solution
z=3,y=2 and x=1
Example 2. Solve the following system of equations by Gauss-Elimination method.
2x+y+z=10
3x+2y+3z=18 ..(1)
x+4y+9z=16

Sol. To eliminate x from the second equation of the system (1), we multiply the first
equation by g and subtract it from the second equation and obtain.
y+3z=6
Similarly, to eliminate x from the third equations of the system (1), we multiply the first

1
euqaiton by > and subtract it from the third equation and obtain.

7y+17z=22
Now, the system of equation (1), becomes
2x+y+z=10
y+3z=6 -(2)
7y+17z=22

Now, to eliminate ¥ from the third equation of the system (2), we multiply the second

equation by 7 and subtract it from the third equation of the system (2) and obtain

4z=20
Thus, the system of equation (2) becomes
2x -y +z=10, y + 3z = 6; 4z = 20 .(3)

Back substitution gives the solution.
z=5y=-9 and x =7. Ans.

mGAUSS-ELIMINATION WITH PIVOTING METHOD

Pivoting: One of the ways around this problem is to ensure that small values (especially zeros)
do not appear on the diagonal and, if they do, to remove them by rearranging the matrix and
vectors.

Partial Pivoting: If zero element is found in diagonal position i.e., a, for i=j which is
called pivot element interchange the corresponding elements of two rows such that new
diagonal element ; if non-zero and having maximum value in that corresponding column. The
process can be explained in following steps. In the first step the largest coefficient of x, (may
be positive or negative) is selected from all the equations. Now we interchange the first
equation with the equation having largest coefficient of x,. In the second step, the numerically
largest coefficient of x, is selected from the remaining equations. In this step we will not
consider the first equations now interchange the second equation with the equation having
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largest coefficient of y. We continue this process till last equation. This procedure is known as
partial pivoting. In general, the rearrangement of equation is done even if pivot element is
non-zero to improve the accuracy of solution by reducing the round off errors involved in
elimination process, by getting a larger determinant, which is done by finding a largest element
of the row as the pivotal element.

Complete Pivoting: If the order of elimination of x, x,, x,, ........ is not important, then we
may choose at each stage the largest coefficient of the whole matrix of coefficients. We may
search the largest value, not only in rows but also in columns. After searching largest value, we
bring at the diagonal position. This method of elimination is known as complete pivoting.

The superiority of this method is that it gives the solution of a system, provided its
determinant does not vanish in finite number of steps.

mILL-CONDITIONED SYSTEM OF EQUATIONS

A system of equations A X = B is said to be ill-conditioned or unstable if it is highly sensitive
to small changes in A and B i.e,, small change in A or B causes a large change in the solution
of the system. On the other hand if small changes in A and B give small changes in the solution,
the system is said to be stable, or, well conditioned. Thus in a ill-conditioned system, even the
small round off errors effect the solutions very badly. Unfortunately it is quite difficult to
recognize an ill-conditioned system.
For example, consider the following two almost identical systems.
X —x, =1 X=X, =1
x;—1.00001 x, =0 and x;-0.99999 x,=0
Respective solutions are:
(100001, 100000) and (-99999, —100000)
obviously the two solutions differ very widely. Therefore the system is ill conditioned.
Example 3. Show that the following system of linear equations is ill-conditioned.
7x=10y =1
5x+7y =07
Sol. On solving the given equations we get x=0 and y=0.1.
Now, we make slight changes in the given system of equations. The new system becomes.
7x+10y =1.01
5x+7y=0.69
Here we get x=-0.17 and y=022

Hence the given system is ill-conditioned.

ITERATIVE REFINEMENT OF THE SOLUTION BY GAUSS
ELIMINATION METHOD

The solution of system of equations will have some rounding error, we will discuss a technique
called as ‘iterative refinement’ which leads to reduced rounding errors and often a reasonable
solution for some ill-conditioned problems is obtained.
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Consider the system of equations:
mx+by+cz=d
Lx+by+cz=d, ()
a3x+bsy+cyz=d,
Let x, i/, z’ be an approximate solution, Substituting these values on the left-hand sides, we
get new values of d,, d,, d; as d’,, d’,, d’,, so their new system becomes;
;X +by +cz =d]
a,x"+byy +c,2" =dj )
a X" +byy +c,2" =d;
Subtracting each equation in (2) from the corresponding equations in (1), we get
ax, +by, +¢z, =k
a,x, +byy, +¢,z, =k, e

azx, +bzy, +c3z, = k3

where, X, =X=X, Y, :y—y', z, =2—z and k; =d;, —d]
We now solve the system (3) for x,,y,,z, giving z=x"+x,, y=y'+y,, z=z+z, which
will be better approximations for *,¥,z. We can repeat the process for improving the accuracy.

Example 4. An approximate solution of the system 2x + 2y —z =6, x —y + 2z = 8§ —x + 3y
+ 2z =4 is given by x = 2.8, y' = 1, z = 1.8. Using the iterative method improve this solution.

Sol. Substituting the approximate value x" = 2.8, ' = 1, z/ = 1.8 in the given equations,
We get
2(28)+2(1)-1.8=538
2.8+1+2(1.8)=7.4 (1)
-2.8+3(1)+2(1.8)=3.8
Subtracting each equation in (1) from the corresponding given equations, we get
2x, +2y, -z, =02
X, +Y,+2z,=0.6 -(2)

-x, +3y, -2z, =0.2
where x, =x-28,y,=y-1,z,=2z-18
Solving the equations (2), we get x, = 0.2, y, =0, z, = 0.2
This gives the better solution x=3, y=1, z=2, which incidentally is the exact solution.
Ans.

ITERATIVE METHOD FOR SOLUTION OF SIMULTANEOUS
LINEAR EQUATION

All the previous methods seen in solving the system of simultaneous algebraic linear equations
are direct methods. Now we will see some indirect methods or iterative methods.
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This iterative methods is not always successful to all systems of equations. If this method
is to succeed, each equation of the system must possess one large coefficient and the large
coefficient must be attached to a different unknown in that equation. This condition will be
satisfied if the large coefficients are along the leading diagonal of the coefficient matrix. When
this condition is satisfied, the system will be solvable by the iterative method. The system,

ay Xy + Xy +ay3%3 =by
Ay Xy +a3Xy + X3 =b,
31X 1 +a3X, +a33X3 =b;
will be solvable by this method if
|| >[ara] +ass|
|| > |z |+ |az)|
| s3] > [ ] +[az2]
In other words, the solution will exist (iterating will converge) if the absolute values of the
leading diagonal elements of the coefficient matrix A of the system AX = B are greater than the

sum of absolute values of the other coefficients of that row. The condition is sufficient but not
necessary.

Under the category of iterative method, we shall describe the following two methods:
(i) Jacobi’s method (i) Gauss-Seidel method.

8.6.1 Jacobi’s Method or Gauss-Jacobi Method

Let us consider the system of simultaneous equations.
mx+by+cz=d
X +byy+cy,z=d, (1)
a3 X +bsy+c3z=dj

such that a;,b,, and c; are the largest coefficients of x,y,z, respectively. So that convergence is

assured. Rearranging the above system of equations and rewriting in terms of x,y,z, as:

1 A
x=—(d,—-by—cz)
0

7

1
}/=b—(dz—‘12x_czz) -(2)

2

1
z=—(dy —azx—bsy)

C3 J
let x,, y,, z, be the initial approximations of the unknowns x, y and z. Then, the first approximation
are given by

1
X = a_(dl -by, —Clzo)
1

1
1 :b_(dz —hXy _szo)
/)
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1
1= C—(ds — 43Xy _bsyo)
3

Similarly, the second approximations are given by

1

Xy :_(dl by _Clzl)
0
1

Yo = b—(dz —yX] —CyZ1)
)
1

Zy = —(ds —a3X _bsyl)
G

Proceeding in the same way, if x,,y,,z, are the nth iterates then

1
Xpyl = (dl by, -¢z, )
1

1
Yne1 = —(dy —0,%, — 2,,)
b,

1
Zps1 = C_(dS —azXxy _bSyn)
3

The process is continued till convergency is secured.
Note: In the absence of any better estimates, the initial approximations are taken as x, =0, y,=0,
ZO = 0

Example 5. Solve the following system of equation using Jacobi’s method

Sx—y+z=10
2x+4y =12
X+y+b5z=-1

Start with the solution (2, 3, 0).
Sol. Given system of equation can be written in the folliwng form, if we assume, x, y,,
z, as initial approximation:

Xy :é{10+y0 +2y}
1
n=4{12-2%,)

1
leg{_l_xo_yo}
Now if x5 =2, y;=3, zy=0, then

First approximation: x; = %{10 +3-0}=26
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y1:%{12—4}:2.0

2 :é{—1—2—3}:—1.z

Second approximation: x, = é{m +2+1.2}=2.64

Y =i{1z—5.z}= 1.70

2 =é{—1—2.6—2} =-112

1
Third approximation: Y=g {10+1.7 +1.12} = 2.564

Yy = %{12— 5.28} = 1.680

25 = é{—l— 2.64-1.7}=-1.068

1
Fourth approximation: ¥4= 5 {10+1.68+1.068}=2.5496

Yy = %{12—5.128} =1.7180

z4 = %{—1 —2.564—1.68} = —1.0488.
1

Fifth approximation: X5 =5 {10 + 1.718 + 1.0428} = 2.553

1

Yy = 1{12 - 5.0992} = 1.725,
1

5= 5 (-1 —2.5496 - 1.718} = — 1.054

Hence, approximating solution after having some other approximations is (up to 3 decimal
places)
x = 2.556
y =1725
z = -1.055. Ans.

Example 6. Solve the following system of equations by Jacobi iteration method.
3x + 4y + 15z = 54.8, x + 12y + 3z = 39.66 and 10x + y — 2z = 7.74.

Sol. The coefficient matrix of the given system is not diagonally dominant. Hence we rearrange
the equations, as follows, such that the elements in the coefficient matrix are diagonally dominant.

10x +y -2z =774
x + 12y + 3z = 39.66
3x + 4y + 15z = 54.8
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Now, we write the equations in the form

X =
—l(39 66—x—3z)
Y R

zZ=

774y 22)

%5 (54.8—-3x—4y)

1

(1)

We start from an approximation = x, = y, = z, = 0
Substituting these on RHS of (1), we get

First approximation:

Second approximation:

Third approximation:

Fourth approximation:

Fifth approximation:

X, =

V=

1
1o [7.74 - 0+ 2(0)] = 0.774

1
T [39.66 — 0 — 3(0)] = 1.1383333

1
751548 - 3(0) - 4(0)] = 3.6533333

1
o [7.74 - 11383333 + 2(3.6533333)] = 1.3908333

1
T [39.66 — 0.744 — 3(3.6533333)] = 2.3271667

1
= —[54.8 — 3(0.744) — 4(1.1383333)] = 3.1949778

15

1
0 [7.74 — 2.3271667 + 2(3.1949778)] = 1.1802789

1
5[39.66 — 1.3908333 - 3(3.1949778)] = 2.3903528

1
= ——[54.8 — 3(1.3908333) — 4(2.3271667)] = 2.7545889

15

1
) [7.74 — 2.3903528 + 2(2.7545889)] = 1.0858825

1
5[39.66 — 1.1802789 — 3(2.7545889)] = 2.5179962

1
= —[54.8 — 3(1.1802789) — 4(2.3903528)] = 2.7798501

15

%[7.74 —2.5179962 +2(2.7798501 )] =1.0781704
1—10[39.66 —-1.0858825-3 (2.7798501)] =2.5195473

1—15[54.8—3(1.0858825)—4(2.5179962)]: 2.7646912
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Sixth approximation:

Xg= %[7.74 — 25195473 +2(2.7646912) | = 1.0749835
Yo = %[39.66 —~1.0781704 - 3(2.7646912) ]= 2.5239797

zg = 1—15[54.8— 3(1.0781704) - 4(2.5195473) = 2.76582

Seventh approximation:

Xy = %[7.74 ~2.5239797 +2(2.76582) | = 1.074766
Y, = 1—12[39.66 ~1.0749835 - 3(2.76582) |= 2.523963

z; = l[54.8 —3(1.0749835) |- 4(2.5239797 ) = 2.7652754
15

From the sixth and seventh approximations:

x=1.075, y=2524 and z=2.765 correct to three decimals. Ans.

8.6.2 Guass-Seidel Method
This is a modification of Gauss-Jacobi method. As before, the system of the linear equations.
mx+by+cz=d
a,x+by+c,z=d,
asx +bsy+c3z =dj
is written as
1

x :Z(dl ~byy—cz) (1)
— 1 d
y—g( 2 —0pX —CyZ) (2)
1
G

and we start with the intial approximation x, y,, z, Substituting y, and z, in Eqn. (1), we get
1
Xy =—(dy ~bypy—c1%)
o
Now substituting x =x;,z=2, in Eqn. (2), we get
1
h= b—(dz —yX; — %)
2
Substituting x=x; y=y, in Eqn. (3), we get
1

Z) = C—(ds —a3Xy _bsyl)
3
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This process is continued till the value of X,¥,z, are obtained to the desired degree of
accuracy. In general, kth iteration can be written as

Xey1 = (dl =byy, —C1Zk)

1

G
1

Yer1 = o (dz — Xy — o2 )

2

1
Zky1 = . (ds = 3X41 —D3Yii )
3

The rate of convergence of Gauss-Seidel method is roughly twice that of Gauss-Jacobi
method.

Example 7. Solve by Gauss-Seidel iteration method the system of equations
8x =3y + 2z = 20; 6x + 3y + 12z = 35 and 4x + 11y — z = 33.
Sol. From the given equations, we have

x:%(20+3y—22) (1)
1

y=17(88-4x+z) )
1

2:5(35—6x—3y) ..(3)

Putting y=0, z=0 in RHS of (1), we get x=%0=2.5
Putting x=2.5, z=0 in RHS of (2), we get

y= 1—11[33 —4(2.5)]=2.0909091
Putting x=2.5, ¥=2.0909091 in RHS of (3), we get

7 = 1—12[35 ~6(2.5)-3(2.0909091)]=1.1439394

For the second approximation:

Xy :%(20+3y1 -2z))
= %[20 +3(2.0909091)— 2(1.1439394)] =2.9981061
Y :l[33—4X2 +Zl]
11
= 1—11[33 —4(2.9981061) +1.1439394 | = 2.0137741
2 =i[35—6x2 -3y5]
12

=1—12[35—6(2.9981061)—3(2.0137741)]:0.9141701
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Third approximation:

X = %[20 +3(2.0137741) - 2(0.9141701) | = 3.0266228
Yy = 1—11[33—4(3.0266228)+0.9141701]= 1.9825163

Z3 = 1—12[35 —6(3.0266228) - 3(1.9825163) |= 0.9077262
Fourth approximation:

X, = %[20 +3(1.9825163) - 2(0.9077262) = 3.0165121
Yy = %[33 —4(3.0165121) +0.90777262 ] = 1.9856071

Z, = %[35 -6(3.0165121) - 3(1.9856071) |= 0.9120088
Fifth approximation:

X5 = %[20 +3(1.9856071) - 2(0.9120088 ) |= 3.0166005
ys = 1—11[33 —4(3.0166005) +0.9120088 ]= 1.9859643

Z5 = 1—12[35 —6(3.0166005) - 3(1.9859643) |= 0.9118753
Sixth approximation:

Xg = %[20 +3(1.9859643)—-2(0.9118753 )]: 3.0167568
Yo = 1—11[33 —4(3.0167568)+ 0.9118753] =1.9858913

Zg = %[35 -6(3.0167568)— 3(1.9858913 |= 0.9118099
Seventh approximation:

X, = 1_18 [20 + 3(1.9858913) —2(0.9118099)] = 3.0167568
Y, = %[33 — 4(3.0167568) + 0.9118099] = 1.9858894

z, = i[35 — 6(3.0167568) —3(1.9858894)] = 0.9118159
712

Since at the sixth and seventh approximations, the values of X,Y,Z, are the same, correct
to four decimal places, we can stop the iteration process.
x=3.0167, y=1.9858, z=0.9118.

We find that 12 iteration are necessary in Gauss-Jacobi Method to get the same accuracy
as achieved by 7 iterations in Gauss-Seidel method.
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Example 8. Solve the following system of equations using Gauss-Seidel method:
10x+y+2z=44
2x+10y+z=>51
x+2y+10z =061

Sol. Given system of equations can be written as:

1
=— (44-y-2
x=15(44-y-2%)

1
=—(51-2x—
y 10( xX—2)

1
z=—(61-x-2
L v)
If we start by assuming y, =0=2z, then, we obtain
1
X =—(4-0-0)=44
1= (#4-0-0)
Now we susbtitute x=4.4 and z, =0 for y; and we obtain

1
=—(51-88-0)=4.22
L)1 10( )

Similarly, we obtain z; = %(61 —44-2x4.22)=4816
Now for second approximation, we obtain
x, =4.0154
y, =3.0148
z, =5.0955
Third approximation is given by
x5 =3.0794
Y5 =3.9746
z5 =4.9971
Similarly, if we proceed up to eighth approximation, then, we obtain
xg =3.00
yg =4.00
zg =5.00

PROBLEM SET 8.1

1. Apply Gauss-Elimination method to solve the system of equations.

x+4y—-z=-5

z+y—6z=-12

3 —4 v, =l ==L
x_y_Z— ns. 71/ y 71/

7=

385

s,
71
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Solve the following system of equations using Gauss-Elimination method:

(a) x—y+z=1 b) x+3y+6z=2
—3x+2y—-3z=-6 x—4y+2z=7

1

2x—5y+4z=>5 [Ans. -2, 3, 6] 3x—y+4z=9 [Ans. 2, -1, E]

() Sx+y+zt+u=4

z+7y+z+u=12

X+y+6z+u=-5
x+y+z+u=—6 [Ans. 1, 2, -1, 2]

What do you understand by ill-conditioned equations? Consider the following system of
equations:

100x —200y =100

—200x +401y =100
Determine, whether given system is ill-conditioned or not.
Solve the following system of equations by Jacobi’s iterations method:

(a) 2x+y—2z=17 ) Sx+2y+z=12
3x+20y—z=-18 x+4y+2z=15
2x—3y+20z =25 [Ans. 1, -1, 1] X+2y+5z=20 [Ans. 1.08, 1.95, 3.16]
Using Gauss-Seidel method, solve the following system of equations:
(a) 10x+y+z=12 b 2x-y+z=5
2x+10y+z=13 2+3y—2z=7
2x+2y+10z =14 [Ans. 1, 1, 1] x+2y+3z=10 [Ans. 3, 2, 1]

(c) 20x+y—2z=-17
3x+20y—z=-18
2x—3y+20z=25 [Ans. 1, -1, 1]

aaa



CHAPTER 9

Curve Fitting

m INTRODUCTION

In many branches of applied mathematics and engineering sciences we come across experiments
and problems, which involve two variables. For example, it is known that the speed v of a ship
varies with the horsepower p of an engine according to the formula p = a + bv®. Here aand b are
the constants to be determined. For this purpose we take several sets of readings of speeds and the
corresponding horsepowers. The problem is to find the best values for 4 and p using the observed
values of v and p. Thus the general problem is to find a suitable relation or law that may exist
between the variables x and y from a given set of observed values (x, y), i =1, 2, ............. , 1. Such
a relation connecting x and ¥ is known as empirical law.

The process of finding the equation of the curve of best fit, which may be most suitable for
predicting the unknown values, is known as curve fitting. Therefore, curve fitting means an exact

relationship between two variables by algebraic equations. There are following methods for fitting
a curve:

I. Graphic method

II. Method of group averages
III. Method of moments
IV. Principle of least square.

Out of above four methods, we will only discuss and study here principle of least square.

m PRINCIPLE OF LEAST SQUARES

The method of least square is probably the most systematic procedure to fit a unique curve through
the given data points.

YA

*
Pi(x;y;) :/
¢ i
Pi(x4.y4) : °
I
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Let the curve
y=a+bx+cx® +........ fx™ ! (1)
be fitted to the set of n data points (x1,11), (x2,¥2), (%3,Y3) sy (X, Y)- At (x = x,) the observed

(or experimental) value of the ordinate is y; = p;m; and the corresponding value on the fitting curve

(i) is a+bx; + ox} + .kt = L;M; which is the expected or calculated value. The difference of the
observed and the expected value is P, M, — L, M, = ¢, (say) this difference is called error at (x = x,)
clearly some of the error e;,e,,es,....., €......,e, Will be positive and other negative. To make all

errors positive we square each of the errors i.e., S=e? +¢3 +e% +...+¢? +...+¢> the curve of best fit

is that for which ¢’s are as small as possible i.e. S, the sum of the square of the errors is a minimum
this is known as the principle of least square.

9.2.1 Fitting of Straight Line

Let a straight line y=a+bx (1)
Which is fitted to the given date points (x,y1),(x2,¥2),(X3,Y3),-eeeveene () -

Let y, be the theoretical value for x; then e; =y, —y,

= e =y —(a+bx;)
2 2
= ey =(y1—a-bx,)
Now we have S=el+es+e3 4 +e?

n
_ 1
S= E e;
i=1

S= (vi—a-bx,’
i=1
By the principle of least squares, the value of S is minimum therefore

aS

—_— O

E (2

% =0 3
And 3 (3

On solving equations (2) and (3), and dropping the suffix, we have

Zyzna+b2x ..(4)
ny=a2x+b2x2 ..(5)

The equation (3) and (4) are known as normal equations.

On solving equations (3) and (4), we get the value of g and b. Putting the value of 4 and

b in equation (1), we get the equation of the line of best fit.

9.2.2 Fitting of Parabola

Let a parabola y=a+bx+cx? (1)
which is fitted to a given date (x,11), (%2,¥2), (X3,¥3)meeveernee. HEMN)
Let y; be the theoretical value for x; then e, =y, -y,
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= elzyl—(a+bx1+cx12)
2
2 2
= e =(y1—a—bx1—cx1)
n
_ 2
Now we have 5= Zei
i=1

S :i(yl —a—bx; —cxiz)2
i=1

By the principle of least squares, the value of S is minimum therefore,
95 _o, 95 _g and -9 )
da ob dc

Solving equation (2) and dropping suffix, we have

Zy =na+b2x+c2x2 -(3)
ny= a2x+ b2x2+c2x3 (4)
szy = az x? +bz x%+ CZ x* ..(5)

The equation, (3), (4) and (5) are known as normal equations.

On solving equations (3), (4) and (5), we get the value of a, b and c. Putting the value of 4,
b and ¢ in equation (1), we get the equation of the parabola of best fit.

9.2.3 Change of Scale

When the magnitude of the variable in the given data is large number then calculation becomes
very much tedious then problem is further simplified by taking suitable scale when the value of
x are given at equally spaced intervals.

Let 1 be the width of the interval at which the values of x are given and let the origin of
x and y be taken at the point x,,y, respectively, then putting

u:(x_xo)

N and v=Y-1p

_ x—(middle term)
~ interval (h)

If m is odd then,

x — (mean of two middle term)

But if m is even then, u = T
E(interval)

Example 1. Find the best-fit values of a and b so that y=a+bx fits the data given in the table.
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Sol. Let the straight line is y=a+bx (1)
x y xy X
0 1 0 0
1 1.8 1.8 1
2 3.3 6.6 4
3 4.5 13.5 9
4 6.3 252 16
D x=10 D y=169 Y =471 D x* =30

Normal equations are:

Here n=5,

szlo,

Zy=na+b2x
ny=a2x+b2x2

Y y=169,

D xy=47.1

Putting these values in normal equations we get,

2x2=30

)
-0

16.9 = 5a+10b
47.1=10a+30b
On solving these two equations we get, a=0.72, b=1.33.
So required line ¥y =0.72+1.33x. Ans.

Example 2. Fit a straight line to the given data regarding x as the independent variable.

X

1

2

3

4

5

6

y

1200

900

600

200

110

50

Sol. Let the straight line obtained from the given data by y =a+bx

Then the normal equations are Z y=na+ bz x

ny =a2x+ bez

X y X2 Xy
1 1200 1 1200
2 900 4 1800
3 600 9 1800
4 200 16 800
5 110 25 550
6 50 36 300
Y x=21 D y=3060 D =91 ) xy =6450

()
)
-0
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Putting all values in the equations (2) and (3), we get

3060 = 6a+21b

6450 = 21a+91b
Solving these equations, we get
a=1361.97 and p=-243.42

hence the fitted equation is
y = 1361.97 — 243.42x.

Ans.

391

Example 3. Find the least square polynomial approximation of degree two to the data.

x 0

1 2

3 4

y —4

-1 4

11 20

also compute the least error.

Sol. Let the equation of the polynomial be y = a+bx+cx?

(1)

X v xy x? P’y x° x*
0 4 0 0 0 0 0
1 -1 -1 1 -1 1 1
2 4 8 4 16 8 16
3 1 33 9 99 27 81
4 20 80 16 320 64 256
N x=10 | D y=30 | Y ay=120 | Y x*=30 | D x’y=434 | > ¥’ =100 | D> x* =354

The normal equations are :

Zy= na+b2x+c2x2
nyzaZerbez +C2x3
2x2y=a2x2+b2x3 +C2x4

Here n=5, Zx=10, Zy=30, ny=120,

2x4 = 354.

Putting all these values in (2), (3) and (4), we get

y=—4+2x+x2, errors = 0.

30 =5a+10b+30c

120 = 10a+ 30b+100c
434 = 30a +100b +354c
On solving these equations, we get a=—4, b =2, ¢=1. Therefore required polynomial is

Ans.

D x* =30, Y xPy=434, » x*=100,

)
-0
)

.05
.(6)
()



392

COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

Example 4. Fit a second-degree parabola to the following data taking x as the indenpendent

variable.

X 1 2 3 4 5 6

7

8 9

2 6 7 8 10 11

y

11

10 9

Sol. The equation of second-degree parabola is given by y=a+bx+cx* and the normal

equations are :

Zy=na+b2x+c2x2
ny=a2x+b2x2+c2x3
2x2y=a2x2+b2x3+c2x4

Here n=9. The various sums are appearing in the table as follows:

(1)

X y xy x2 xzy x3 x4
1 2 2 1 2 1 1
2 6 12 4 24 8 16
3 7 21 3 63 27 81
4 8 32 16 128 64 256
5 10 50 25 250 125 625
6 11 66 36 396 216 1296
7 11 77 49 539 343 2401
8 10 80 64 640 512 4096
9 09 81 81 729 729 6561
Nox=45 | D y=74| Y ay=421| Y x* =279 | D x’y=2771 | > x* =2025 | ) x*=15333

Putting these values of ZX, Zy, zxz, zxy, szy,

(1) and solving the equations for g,b and c; we get
a=-0923; b=3.520; c=-0.267.
Hence the fitted equation is

y=-0.923+353x-0.267x% Ans.

3 4 . .
Zx , and ZX , in equation

Example 5. Show that the line of fit to the following data is given by y=0.7x+11.28.

X 0 5 10 15 20 25

12 15 17 22 24 30

y

Sol. Here m =6 (even)

Let x,=125, h=5, y,=20 (say)
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Then, u= x—125 and v=y—-20, we get

X y u v uv u?

0 12 -5 -8 40 25
5 15 -3 -5 15 9
10 17 -1 -3 3 1
15 22 1 2 2 1
20 24 3 4 12 9
25 30 5 10 50 25

Zu=0

Zv=0

Zu2=70

The normal equations are :

0=6a+0xb =a=0

122 =0xa+70b = b=1.743

Thus line of fit is

or

or

v=1.743u.

y—20= (1.743)(%@'50):%—8.175

y=0.7x+11.285.
Example 6. Fit a second-degree parabola to the following data by least square method.

Ans.

1929 | 1930 | 1931 | 1932 | 1933 | 1934 | 1935 | 1936 | 1937
352 356 357 358 360 361 361 360 359
. (x=xp)
Sol. Taking x,=1933, y, =357 then u= i
X u=x-1933 ¥ o=Yy—- 357 uo uz uzv u3 u4
1929 -4 [ 352 -5 20 16 -80 —64 256
1930 -3 [ 360 -1 3 9 -9 -27 81
1931 -2 [ 357 0 0 4 0 -8 16
1932 -1 (358 1 -1 1 1 -1 1
1933 0 |360 3 0 0 0 0 0
1934 1 |361 4 4 1 4 1 1
1935 2 | 361 4 8 4 16 8 16
1936 3 1360 3 9 9 27 27 81
1937 4 1359 2 8 16 32 64 256
Total | ) u=0 No=11 | Y uo=51|Y 1> =60 D wo=-9|Yu*=0| Y u*=708

Here

h=1

Taking u=x-x, and v=y-y,, therefore y=x-1933 and v=y-357

Then the equation y=a+bx+cx? is transformed to v=A+Bu+ Cu?

()
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Normal equations are:
D 0=9A+BY u+CY u’ = 11=9A+60C
2uv=AZu+B2u2+C2u3 = B=17/20
Y uo=AY P +BY P +CY ut = _9=60A+708C

. . 694 17 247
On solving these equations, we get A=——, B=-_ and C=
& q & 231 7720 "9
694 17 247 ,
=t —Uu—-——1u
231 20 924
L y-357= @ ;—7( - 33)—ﬁ+( x—1933)?
- y_357_694 17 _32861_247 2_&( 3866 )_£+(1933)
231 20 20 924 924
. y- @_32861_E(1933) 17 247x3866 247 ,
231 20 0 924 924
= y = 3-1643.05—998823.36 + 357 +0.85x + 1033.44x — 0.267x>
= y =-1000106.41+1034.29x ~-0.267x%.  Ans.

Example 7. Fit second degree parabola to the following

X 0 1 2 3 4

y 1 1.8 1.3 2.5 6.3

Sol. Here m=5 (odd) therefore x, =2

Now let u=x-2, v=y and the curve of fit be v=a+bu+cu®.

X Y u v uv u? u*o u’ ut

0 1 -2 1 -2 4 4 -8 16

1 1.8 -1 1.8 -1.8 1 1.8 -1

2 1.3 0 1.3 0 0 0 0 0

3 25 1 25 25 1 25 1 1

4 6.3 2 6.3 12.6 4 25.2 8 16
Total 0 12.9 11.3 10 33.5 0 34

Hence the normal equations are:

Zv=5a+b2u+c2u2
Zuv=a2u+b2u2+c2u3
Zuzv=a2u2+b2u3+c2u4
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On putting the values of zu , zv etc. from the table in these, we get

129=5a+10c, 11.3=10b, 33.5=10a+ 34c.
On solving these equations, we get
a=148, b=1.13 and c¢=055

Therefore the required equation is v =1.48+1.13u+ 0.55u°.
Again substituting 4y =x-2 and v=y we get
y =1.48+1.13(x —2) +0.55(x — 2)?
or y =1.42-1.07x +0.55x%. Ans.

9.2.4 Fitting of an Exponential Curve

Suppose an exponential curve of the form
y =ae™
Taking logarithm on both the sides, we get
logy y =1logy, a+bxlogy, e
ie., Y =A+Bx

where Y =log;, v, A=logya and B=blogy,e.

The normal equations for (1) are,

D Y=nA+BY x
ZxY=A2x+BZx2

On solving above two equations, we get A and B.

B

log,, e

then a=antilogA, b=

9.2.5 Fitting of the Curve y = ax +bx*

Error of estimate for i th point (xi Vi ) is

6 = (yi —ax; _bxiz)

We have, S= Z el-z
i=1

= i (yi —ax; _bxiz )2
i=1

By the principle of least square, the value of S is minimum

as 35

a - and

395

(1)
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Now —=0

n n

_ 2 3

or XY = az X; +bz X;
i=1

d E =
an ob

n

N 22(% - ax; —bxiz)(—xiz) -0

i=1

n n n

2. _ 3 4

5 I IR
1 i=1

i=1 i=

Dropping the suffix ; from (1) and (2), then the normal equations are,
ny = asz +b2x3
Zx2y= a2x3 +b2x4

9.2.6 Fitting of the Curve y = ax+£
X

Error of estimate for ith point (xi,yi) is

We have, S= el-2

§=O and E:o
oa ob
Now %:0
= gz{%—ﬂxi—%J{—%Jzo
o '” XiYi =aix?+nb

(D)

-2)

(D)
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9 _
and %
N b 1
ihznaﬂa , =
o -1 i i1 x;

xy=ay x>+nb
2=a),

Where n is the number of pair of values of xand y.

9.2.7 Fitting of the Curve y = £ +¢,/x
x

Error of estimate for i th point (xi,yi) is

%
€ :[yi — T a4% ]
X
n

2
We have, 5= Z €

i=1

Y 2
= Z{yi —C—O—Cn/xTJ
i1 X

By the principle of least square, the value of S is minimum

95 o and L0
acy aq
dS
L -0
Now %,

0

= c 1
N D 2y -2 ey fx) -
i1 Xi Xi

n n n
yi _ 1 1
= 2 x VL2 ta o
i=1 i i=1 Xi i=1 Vi
dS
° 0
and
ac

397
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n

or Z,yinT = Co;%”lzxi (2

i i=1

Dropping the suffix i from (1) and (2), then the normal equations are,
y 1 1
== ) S+ )+
DTS AT R
1
x

Example 8. Find the curve of best fit of the type y= ae™ to the following data by the method of

least sqaures:

X: 1 5 7 9 12
10 15 12 15 21

Sol. The curve to be fitted is y=ae™ or Y+A+Bx, where Y=log,v, A=log,,a,and
B=blogy,e.

Therefore the normal equations are:

D Y=5A+B) x
ZszAZerBZxZ

x y Y =log,, vy x? xY

1 10 1.0000 1 1

5 15 1.1761 25 5.8805

7 12 1.0792 49 7.5544

9 15 1.1761 81 10.5849

12 21 1.3222 144 15.8664
Yy x=34 DY =57536 Y x% =300 Y xy

Substituting the values of zx , etc. and calculated by means of above table in the normal
equations. We get,
5.7536 = 5A + 34B
and 40.8862 = 34A + 300B
On solving these equations we obtain, A = 0.9766; B = 0.02561

= 0.059

Therefore a = antilog,; A = 94754; b =
0810 €

Hence the required curve is y = 9.4754¢%0%%.  Ans.

Example 9. For the given data below, find the equation to the best fitting exponential curve of the

form y = aeb~.

y 1.6 4.5 13.8 40.2 125 300
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Sol. y = ae

399

On taking log both the sides, log y = log a + bx log ¢, which is of the form Y = A + Bx, where
Y =log y, A =logaand B =b log e.

and

x y Y =logy x> xY

1 1.6 0.2041 1 0.2041

2 4.5 0.6532 4 1.3064

3 13.8 1.1399 9 3.4197

4 40.2 1.6042 16 6.4168

5 12.5 2.0969 25 10.4845

6 300 2.4771 36 14.8626

D x=21 D Y =81754 Y ¥ =91 D XY =36.6941
Normal equations are: Z Y=6A+ BZ X

ZxY:AZx+B2x2

Therefore from these equations, we have,
8.1754 = 6A+21B
36.6941 = 21A+91B
= A =-0.2534, B = 0.4617

Therefore, a=antilog A = antilog(—0.2534) = antilog(1.7466) = 0.5580

B 04617

=——=—-=1.0631
loge 0.4343

Hence required equation is y =0.5580¢'%!*.  Ans.

Example 10. Given the following experimental values:

x 0 1 2 3
y 2 4 10 | 15

Fit by the method of least squares a parabola of the type y =a+bx’.

Sol. Error of estimate for i th point (x;,y;) is & = (yi —a—bxiz)

By the principle of least squares, the values of 2 and p are such that
4 4

S= Zeiz = Z(yi —a—bx? )2 is minimum.

i=1 i=1
Therefore normal equations are given by

%=0=>Zy=na+b2x2

% =0= szyzasz +b2x4

(1)
-(2)
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data:
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x y x? K’y x*
0 2 0 0 0
1 4 1 4 1
2 10 4 40 16
3 15 9 135 81
Total | Y y=31|Y 22=14|Y x’y=179|) x* =98
Here n=4

From (1) and(2), 31=4a+14b and 179 = 14a+98b
Solving for a and b, we get a = 2.71 and b = 1.44

Hence the required curve is y=2.71+1.44x"

Example 11. By the method of least square, find the curve y = ax+bx> that best fits the following

X 1 2 3 4 5

y 1.8 5.1 8.9 14.1 19.8

Sol. Error of estimate for ith point (x;,y;) is € = (yi —ax; —bxf)
By the principle of least squares, the values of a and b are such that
5 5

2
2 2\ L
S= z el = Z(yi —ax; —bx; ) is minimum.
i=1 i=1
Therefore normal equations are given by

35_0 > _ . 2 b5 3 aS_O \ 20 =
P ﬁgxiyi—aizlxi+ Z‘xi and o ﬁzxiyi—”

Dropping the suffix i, normal equations are :

ny = az x? +bz x® (1)
szy = az x° +b2 x* -(2)

5
x; +172‘ch1

i=1

5
i=1 i=1

X y x? x° ¥t Xy xzy
1 1.8 1 1 1 1.8 1.8
2 5.1 4 8 16 10.2 20.4
3 8.9 9 27 81 26.7 80.1
4 14.1 16 64 256 56.4 225.6
5 19.8 25 125 625 99 495
Total D =55 D 27 =225 x* =979 xy =194.1| D x’y=8229
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Substituting these values in equations (1) and (2), we get

194.1=55a+225b and 822.9 = 225a+979b

83.85
1= 15
= 55

p=274_ 049

and 664

Hence required parabolic curve is y=1.52x+0.49x%

Ans.

Example 12. Fit an exponential curve of the form y=ab* to the following data:

X

1 2

3 4

5 6 7

8

y

1.0 1.2

1.8 2.5

3.6 4.7 6.6

9.1

Sol. y=ab" takes the form Y =A+Bx, where Y =logy; A=loga and B=logb.

Hence the normal equations are given by

Y Y=nA+BYx and D xY =AY x+ ) x’

x y Y =logy xY x?
1 1.0 0.0000 0.000 1
2 12 0.0792 0.1584 4
3 18 0.2553 0.7659 9
4 25 0.3979 1.5916 16
5 3.6 0.5563 2.7815 25
6 47 0.6721 40326 36
7 6.6 0.8195 47365 49
8 9.1 0.9590 7.6720 64
D x=36 D y=305 D ¥=37393 D xY =227385 D x? =204

Putting the values in the normal equations, we obtain
3.7393=8A+36B and 22.7385=36A+204B = B=0.1406 and A = 1.8336

= b=antilogB=1.38 and a=antilogA=0.68.

Thus the required curve of best fit is y =(0.68)(1.38)x. Ans.

Example 13. Fit a curve y=ab* to the following data:

X

2 3

4 5

6

y

144

172.8

248.8

207 .4

298.5

Sol. Given equation y =ab" reduces to Y = A + Bx where Y = log y, A=loga and B=logb.
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The normal equations are:
Zlogy = nloga+logb2x

leogy= logzzZ‘erlogbZ‘x2

The calculations of Zx, Zlogy, sz and leogy are substitute in the following
tabular form.

x ¥ x? logy x log y
2 144 4 2.1584 4.3168
3 172.8 9 2.2375 6.7125
4 207.4 16 2.3168 9.2672
5 248.8 25 2.3959 11.9795
6 298.5 36 2.4749 14.8494

20 90 11.5835 47.0254

Putting these values in the normal equations, we have
11.5835 = 5loga+20logb
47.1254 =20loga+90logbx®. Ans.
Solving these equations and taking antilog, we have a=100, b = 1.2 approximate. Therefore

equation of the curve is y=100(1.2)x.

Example 14. Derive the least square equations for fitting a curve of the type y = ax* + (b/x) to
a set of n points. Hence fit a curve of this type to the data.

X 1 2 3 4

y -1.51 | 0.99 | 3.88 | 7.66

Sol. Let the n points are given by (x,y1), (x2,¥2), (X3,Y3) ,eeeeeeeeenne , (%,,¥,). The error of

estimate for the ith point (x;,y;) is ¢ =[y; —ax? —(b/x;)].
By the principle of least square, the values of 2 and b are such so that the sum of the square
of error S, viz.,

1

2
n
S=) el = —ax? b is mini
= P = Yi i is minimum.
i=1 i

Therefore the normal equations are given by

§ = O, § = 0
oa ob
or Zyixiz:afo+b in and tha x;+b lz
i=1 i=1 i=1 P ) i=1 Xi

These are the required least square equations.
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1 1 y
2 4 st il 2 z
x y x x X 2 yx x
1 -1.51 1 1 1 1 -1.51 | -1.51
2 0.99 16 0.5 0.25 3.96 | 0.495
3 3.88 9 81 0.3333 0.1111 3492 | 1.2933
4 3.66 16 256 0.25 0.0625 | 12256 | 0.9150
10 354 1.4236 | 159.93 1.1933
Putting the values in the above least square equations, we get
159.93=354a+10b  and  2.1933 =10a+1.4236b.
Solving these, we get a=0.509 and b=-2.04.
Therefore the equation of the curve fitted to the above data is y =0.509x —%. Ans.
x
Example 15. Fit the curve pv' =k to the following data:
2
p(kg/em®) | 0.5 1 1.5 2 2.5 3
v(litres) 1620 1000 750 620 520 460
Sol. Given pol =k
1/v
o= k] = KL/
p
On taking log both the sides, we get
logvz1 log k—1 log p
Y Y
This is of the form Y =A+BX
Where Y = log v, X = logp, A:1 log k and B:—1
Y Y
p v X Y XY X?
0.5 | 1620 —-0.30103 3.20952 —0.96616 0.09062
1 1000 0 3 0 0
1.5 750 0.17609 2.87506 0.50627 0.03101
2 620 0.30103 2.79239 0.84059 0.09062
25 520 0.39794 2716 1.08080 0.15836
3 460 0.47712 2.66276 1.27046 0.22764
Total Y X=105115 | > Y=1725573 | D XyY=27319 | Y X*=0.59825
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Here n=6
Normal equations are,
17.25573 =6A+1.05115B

2.73196 =1.05115A + 0.59825B
On solving these, we get

A=299911 and B=-0.70298

11
B~ 0.70298

Again logk = yA = 4.26629
k = antilog(4.26629) = 18462.48

=1.42252

’Y:

Hence the required curve is po#%? =18462.48. Ans.

Example 16. For the data given below, find the equation to the best fitting exponential curve of
the form y = ae™.
x 1 2 3 4 5 6
y 1.6 4.5 13.8 | 40.2 | 125 | 300

Sol. Given y = ae', taking log we get log y = log a + bx log,, ¢ which is of the Y = A + Bx,
where Y = log y, A = log a and B = log,, e.

Put the values in the following tabular form, also transfer the origin of x series to 3, so that
u=x-23.

X Y logy =Y Xx=3=u uY u?
1 1.6 0.204 -2 —408 4
2 4.5 0.653 -1 —653 1
3 13.8 1.140 0 0 0
4 40.2 1.604 1 1.604 1
5 125.0 2.094 2 4194 4
6 300 2477 3 7431 9
Total 8.175 3 12.168 19

In case Y = A" + B".u, then normal equations are given by

Y Y=nA"+BY u =8175=6A"+3F (1)

D uy =AY u+BY u® = 12168 =3A"+198’ -(2)

Solving (1) and (2), we get
A’ =1.13 and B’ = 0.46
This equation is Y = 1.13 + 046w, ie., Y = 1.13 + 0.46(x — 3)
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or Y = 0.46x — 0.25
which gives loga = -25 i.e., antilog(-25) = anti log(1.75) = 0.557
B 64

= = =1.06
log,ye 0.4343

1.06

Hence the required equation of the curve is y=(0.557)e""x. Ans.

PROBLEM SET 9.1

1. Fit a straight line to the given data regarding x as the independent variable:

X 1 2 3 4 6 8

y 2.4 3.1 3.5 42 5.0 6.0

[Ans. y=2.0253+0.502x ]
2. Fit a straight line y =a+bx to the following data by the method of least square:

x 0 1 3 6 8
y 1 3 2 5 4 [Ans. 1.6+0.38x]
3. Find the least square approximation of the form y = a + bx? for the data:
x 0 0.1 0.2 0.3 0.4 0.5
y 1 1.01 0.99 0.85 0.81 0.75

[Ans. y =1.0032-1.1081x* |
4. Fit a second degree parabola to the following data:

x 0.0 1.0 2.0
. 1.0 6.0 170 [Ans. y=1+2x+3x"]
5. Fit a second degree parabola to the following data:
x 1.0 15 20 25 3.0 3.5 4.0
y 1.1 1.3 1.6 2.0 2.7 3.4 4.1

[Ans. y=1.04-0.193x+0.243x” |
6. Fit a second degree parabola to the following data by the least square method:

x 1 2 3 4 5

¥ 1090 1220 1390 1625 1915

[Ans. y = 27.5x% +40.5x +1024 ]
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10.

11.

12.
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. Fit a parabola y = a + bx + cx? to the folliwng data:

X

2

4

6

10

3.07

12.85

31.47

57.38

91.29

the following data:

[Ans. y=0.34—0.78x +0.99x* ]

X

2

10

4.077

11.084

30.128

81.897

222.62

. Determine the constants 2 and p by the method of least squares such that y = ae™ fits

[Ans. i =1.49989¢%50001 |

. Fit a least square geometric curve y = ax? to the following data:

X

1 2

3

4 5

0.5 2

4.5

8 12.5

[Ans. y =0.5012¢"%7 ]
A person runs the same race track for five consecutive days and is timed as follows:

Day (x)

1

2 3

4

5

Time (y)

15.3

15.1 15

14.5

14

. . . b
Make a least square fit to the above data using a function a+—+— .

c

XX2

[Ans. ¥ =13.0065+

6.7512 + 4.4738

2

X X

C
Use the method of least squares to fit the curve Y = ;0+C1\/§ to the following table of

values:

0.1 0.2 0.4 0.5 1 2
21 11 7 5 6
[Ans. Yy =

1.97327

+3.28182Vx |

Using the method of least square to fit a parabola y=a+bx+cx? in the following data:

(x,¥):(-1,2),(0,0),(0,1),(1,2)

1 3,
[Ans. Yy=—+—-x"]

2 2
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13. The pressure of the gas corresponding to various volumes V is measured, given by the
following data:

1% (cm3 ) 50 60 70 90 100

p(kgem™) 64.7 51.3 40.5 25.9 78

Fit the data to the equation pV" =c.
[Ans. pV*2* = 167.78765 |

IEE) recression

We know that in a functional relation between two variables, if we know the value of one variable,
then the corresponding value of the other variable can be determined exactly.

But, in a statistical relationship between the two variables, when the value of one variable
is known, we can simply estimate the corresponding value of another variable.

Regression analysis is the method used for estimating the unknown values of one variable corresponding
to the known values of another variable.
9.3.1 Dependent and Independent Variables
Suppose there is a relation between two variables. The variable, whose values are known, is known

as independent variable, while another one is called the dependent variable.

9.3.2 Line of Regression

Let {x;,y;}:1<i<n and 1<j<n} be a bivariate distribution. If we plot the corresponding values

of x and Y, taking the values of x along x-axis and the values of ¥ along y-axis, we obtain a
collection of dots, called the scatter-diagram.

If the scatter diagram indicates some relationship between x and y, then the dots of the
scatter diagram will be concentrated round a line, called the line of regression or the line of best
fit.

9.3.3 Regression Line of yon x
If we have to predict the values of ¥ from given values of x, then the line of regression has an

equation of the form y =a+bx. This is called the regression line of y on x.

9.3.4 Regression Line of xon y

If we have to predict the values of x from given values of y, then the line of regression has an
equation of the form x = a + by. This is called the regression line of x on y.

9.3.5 To obtain the Equation of Line of Regression of y on x

Suppose that the line approximating the set of point (x1,11),(x2,¥2),(x3,¥3) ey (%, ) has the
equation:
y=a+ bx (1)
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Then, y; =a+bx; and x,y; = ax; +bx? for each i=1,2,.....,n therefore

D yi=na+by x, o)
and inyi = ”Z X; +b2 xiz -(3)

Equations (2) and (3) are normal equations for this line.

Solving (2) and (3) for a and p and putting these values in (1), we obtain the required

equation of the line of regression of ¥ on x.
9.3.6 To obtain the Equation of Line of Regression of x ony

Suppose that the line approximating the set of points (x1,11),(x2,¥2),(x3,¥3),-..,(%,, ¥, ) has the
equation:

x=a+by (1)

Then, x; =a+by; and x;y; =ay; +byi2 for each i=1,2,.....,n therefore

in =na+ bz i -(2)
and inyi = ”Z i +b2 yiz -(3)

Equations (2) and (3) are normal equations for this line.

Solving (2) and (3) for a and p and putting these values in (1), we obtain the required

equation of the line of regression of x on .

Example 1. Find the line of regression of Y on x for the following data:

10 9 7 4
8 12 7 10 9
Sol. Here n=7. Now form the table given below:
Xi Yi xiz XiYi
10 8 100 80
9 12 81 108
8 7 64 56
7 10 49 70
6 8 36 48
4 9 16 36
3 6 9 18
Da=47 | Dyi=60 | Yai=352 | Y xy =416

Let the required equation be y =a+bx

Then,

y; =a+bx; and x;y; =ax; +bx? for each i.

(1)
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Therefore the normal equations are:

Y yi=na+b x, o)
inyi = ﬂzxi +bzxz‘2 ..(3)

Putting the values from the table in (2) and (3), we get

60=7a+47b
416 = 47a+355b
Solving these equations, we get 4=8582 and b =1.094.

Putting these values in (1) the required equation is y = 8.582 + 1.094x  Ans.
Example 2. Find the line of regression of x on y for the following data:
x 6 2 10 4 8
y 9 11 5 8 7
Sol. Here n=5. Now, form the table given below :
Xi Yi y; XiYi
6 9 81 54
2 11 121 22
10 5 25 50
4 8 64 32
8 7 49 56
D % =30 Dyi=40 | Y yi=340 | Y xy =214
Let the required line be, x =a+by (1)

Then x; =a+by; and xy; =ay; +by? for each ;.

Therefore the normal equations are:

in =na+b2yi - (2
D xyi=ay yi+by i e

Putting the values from the table in (2) and (3), we get

30=5a+40b = a+8h=6
214 = 40a+340b = 20a+170b =107
On solving these equations we get g4=16.4 and p=-1.3.

Therefore the requried equation is, x =16.4-1.3y. Ans.
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Example 3. Prove that arithmetic mean of the coefficient of regression is greater than the coefficient
of correlation.

.. . o c
Sol. Coefficients of regression are r—L, r—%
G, c,
We have to prove that A.M. > r.
Y c 1|0 c
or 11,201,850 or L2 >1
2| o, o, 2|0, o,
6, ©
v.9% 550 [6% +6%-206,6,]>0
or G c or G.G X y x=y
X y X7y
or [c, -0, > which is true. Proved.
0,0,

Example 4. Find the regression line of Y on x for the following data:

X 1 3 4 6 8 9 11 14

y 1 2 4 4 5 7 8 9

Estimate the value of ¥, when x=10.

Sol.

SNo. | «x y xy x?
1 1 1 1 1
2 3 2
3 4 4 16 16
4 6 4 24 36
5 8 5 40 64
6 9 7 63 81
7 11 8 88 121
8 14 9 126 196

Total | 56 | 40 364 524

Let y = a + bx be the line of regression of ¥ on x. Therefore normal equations are :

Z%‘ = ”‘Hbz Xi = 40=8a+56b (1)
Y oxiyi=a) x+bY X7 = 364=56a+524b -(2)
On solving (1) and (2) we get
a= 6 d?b —1
TR T
The equation of the required line is
6 7
= —4— — =
y 1 11x or 7x-1ly+6=0
If x=0 y:£+1(10):ﬁz69. Ans.

11 11
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Example 5. In a study between the amount of rainfall and the quantity of air pollution removed
the following data were collected.

Daily Rainfall in 0.01cm 43 | 45 5.9 5.6 6.1 5.2 3.8 2.1

Pollution Removed (mg/m?) 126 | 12.1 | 11.6 | 11.8 | 11.4 | 11.8 | 13.2 | 141

Find the regression line of y on x.

Sol.
x (metre) y xy x2
4.3 12.6 54.18 18.49
4.5 12.1 54.45 20.25
59 11.6 68.44 34.81
5.6 11.8 66.08 31.36
6.1 11.4 69.54 37.21
52 11.8 61.36 27.04
3.8 13.2 50.16 14.44
2.1 14.1 29.61 4.41
37.5 98.6 453.82 188.01

Let y =a+bx be the equation of the line of regression of ¥ on x.

. Normal equations are:

D yi=na+bd x; = 98.6=8a+37.5b

Y xiy;=a) x+bY 37 = 453.82 = 37.50+188.01b

After solving these normal equations we get 7=15.49 and p=-0675.
The equation of the line of regression is y = 15.49 — 0.675x. Ans.

9.3.7 Another Form of Equations of Lines of Regression

Theorem 1: Show that the equation of the line of regression of ¥ on x is given by

Oy

y-y= 7-6_(3‘ —-X ), where x and ? are the means of x-series and y-series respectively; r is the
X

coefficient of correlation between x and ¥; 6, and O, are the standard deviations of x-series and
the y-series respectively.

Proof: Suppose that the line approximating the set of points (x1,y1),(X2,Y2) eeeeees (X, Y1)
has the equation

y=a+bx (1)

Then y; =a+bx; and x;y,; = ax; +bxi2 for each i=1,2,........... M.

Y yi=na+b x, o)
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inyi = “in +bzxz‘2 ..(3)
QY 2
n n

Thus, it follows that (g,ﬁ) lies on the line.

=a+b

From (2), we have or gz a+bx ..(4)

Shifting the origin to (x,¥) (2) becomes
Y (vi-y)=na+b) (x,-x) or a=0
[+ X (xi-%) = X(vi-9) = 0]
Shifting the origin to (¥, y) and taking a = 0,
(1) becomes (y—y)=b(x—x) -.(5)

(3) becomes Z(xi —J_C)(yi —y) = bZ(xi —3_6)2 ..(6)

From (6), we have

2(xix)vi-y) _ X dy)

b: =

S(x-x) )

n(o,)’ -7 n(cx,cy)

Putting this values of p in (5), the required equation of the line if regression of y on x i

- c -
y
—y)=r—(x—x
(y=y)=r-g(x=x)
c
Coefficient of Regression of y on x: The real number b=r.—L is called the coefficient
c

X

c
of regression of ¥ on x and is denoted by by, . Thus by, = r—~
GX

Theorem 2: The equation of the line of regression of x on y is given by

(x—’_C)ﬂ-z’y‘(y—y)

Proof: Proceed as in theorem 1.

Coefficient of Regression of x on y: The real number b = r.2% is called the coefficient
c
y
of regression of x on y and is denoted by b,,. Thus b,, = r9x

Q

y
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Theorem 3: Prove that:

)

5 g (ZHE)

{Zy?—(zyi)}

Proof: (i) By definition, we have

() by, =

(i) by =

(o )z [ 6,0, = cov(x, y)]

Similarly, (i7) can be proved.

Example 6. Find the regression coefficient by, between x and Yy for the following data: Zx =24,

Yy=44 > xy=306, Y x’ =164, Yy’ =574 and n = 4,

Sol. The given data may be written as in =24, Zyi =44, inyi =306, lez =164,
Z%’z =574 and n = 4.

Sy 2IARN) g 20

byx = 2 = 2
‘ (24)
{w(z:,) } 1642

(306 -264) 42 -
e 20 Dol A

Example 7. Find the regression coefficient b,, between x and y for the following data:

Nox =30, Yy =42, D xy =199, > x> =184, > y* =318 and n = 6.
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Sol. The given data may be given as under: ZXi = 30, Zyi = 42, ZXiyi = 199,
Ya' =18, Yy’ =318and n = 6.

g (T
52

30><42)

199-

=( o =(199_210)=_—11——0.46. Ans.
318 >6< ) 318-294 ) 24

Example 8. For the following observations (x, y), find the regression coefficient b and b and
hence find the correlation coefficient between x and y: (1, 2), (2, 4), (3, 8), (4, 7), (5, 10), (6 5), (7 14),
(8, 16), (9, 2), (10, 20).

Sol. Here n = 10. We may prepare the table, given below:

Xi Yi xiz yiz XiYi
1 2 1 4 2
2 4 4 16 8
3 8 9 64 24
4 7 16 49 28
5 10 25 100 50
6 5 36 25 30
7 14 4 19 98
8 16 64 256 128
9 2 81 4 18
10 20 100 400 200
Y % =55 Dy =88 D x? =385 Dy =1114 D xy; =586

586 —

i ‘ 55x 88
in% -
n _ 10

102
wx = (> ) (557 825
DI 385
N S () (2w) )(Z%) 562
W ‘ (gg) 73396
T (Znyz) 1114_T
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o

Gy Oy 2 . . . .
Now, byx'bxy = 7"0— r-—= |=1", where r is the coefficient of correlation.
X y

r= by by, =+1.24x0.30 =0.609.
Thus, by, =124, b, =030 and r=0.609. Ans.

9.3.8 Some Properties of Regression Coefficients

Let, the regression coefficient of ¥ on x is byx; the regression coefficient of x on ¥ is bxy; and,
the correlation coefficient between x and ¥ is r. Then, we have the following results.

Theorem 1: Prove that r= /byx -bxy .

c c
Proof: We have: b,, =r—L and b, =r—*. Therefore, by, by, = r2orr=b,.Db
O, Gy

Remark: Clearly we can say that, correlation coefficient is the geometric mean between the
two regression coefficients.

Theorem 2: Prove that 7, b and b are of the same sign.

Proof: We know that b,, =rZ—z and by, =r§—;. Since 6, and O, are both positive, it
follows from the two equations, given above that b, and by, have the same sign as r.

Hence 7, byx and bxy are always of the same sign.

Theorem 3: Prove that the arithmetic mean of regression coefficient is greater than the
correlation coefficient.

Proof:  Clearly, the required result is true,

1 1 Gy Oy

- ; : —|lr—L+r—=|>
If Z(byx +be) >7 ie., if 5 {r = r o, 1 r
ie., if (55 +02 > 20,0,
. . 2 2\2
ie., if (0, -0y)" -20,0,>0
ie., if ((Sy —(sx)2 >0, which is true.

Hence the required result is true. Proved

Theorem 4: Let 6 be the angle between the regression line of ¥ on x and the regression

(1_72) Ox/0y

line of x on Y. Then, prove that tan0= . .
F r (2ol

Proof: The equation of the line of regression of x on V is

(x—J_c): 7-Z—x(y—9) (i)

y
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And, the equation of the line of regression of ¥ on x is

9

(y-y)=r—(x-x) ...(ii)
Gx
Let m; and m, be the slopes of (i) and (ii) respectively.
c .0
Then, m; =—~ and m, =—>.
1.0, o,
-m
Therefore, tan 0 = (my —mz)
1+mym,
6, 10

Yy
_ 10, O, _{(1—1’)2 0,0y
= X =

p .(G§+G§)}. Proved.

Example 9. The lines of regression of xon Y and Y on x are respectively x = 19.13 — 0.87y
and y = 11.64 — 0.50x. Find:

(a) The mean of x - series;

(b) The mean of y- series;

(c) The correlation coefficient between x and Y.

Sol. Let the mean of x-series is x and that of y-series be .

Since the lines of regression pass through (M), we have:

x =1913 -087y orx + 087y =19.13 (1)

and y=11.64-050x or 050x+y=11.64 - (2)

On solving (1) and (2), we get

x¥=15.94 and y=3.67.

Therefore, mean of x-series = 15.94

And mean of y-series = 3.67
Now, the line of regression of ¥ on x is:
y=11.64-0.50x by, =-0.50

Also, the line of regresson x on ¥ is:

x=19.13-0.87y bxy =-0.87
r= ,/byxbxy = ,/(— 0.50)(— 0.87) =4/0.435 = -0.66
Clearly, r is taken as negative, since each one of byx and bxy is negative.

Example 10. Out of the following two regression lines, find the line of regression of x ony:
2x+3y =7 and 5x + 4y = 9.
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Sol. Let 2x+3y =7 be the regression line of x on V.
Then, 5x + 4y = 9 is the regression line of y on x.

Therefore 2x+3y=7 and 5x+4y=9

oo 3,7 P R -
= 2Y"72 md YRy =2 W T G Ty
= b, = 312 i
= 7'=\/xOx =~ Y [~ 7 by by have the same sign]
15 e .
=g < -1, which is impossible.
Therefore our choice of regression line is incorrect.
Hence, the regression line of x on ¥ is 5x + 4y = 9. Ans.

Example 11. Find the correlation coefficient between x and Y, when the lines of regression are:
2x-9% +6=0and x -2y +1=0.
Sol. Let the line of regression of x on ¥ be 2x -9y + 6 = 0

Then, the line of regression of ¥ on x is x-2y+1=0.

Therefore 2x-9y+6=0 and x-2y+1=0

x—g -3 d —lx+1
= 2y an y 5 5
9 1
= bxy:E and byx:E
=[b b, = 9><1 —3>1 hich is i ibl
= r= xy Oyx = E E —E , which 1S 1mpossible.

So, our choice of regression line is incorrect.

Therefore, the regression line of x on ¥ is x-2y+1=0.

And, the regression line of ¥ on x is 2x-9y+6=0.

2y—1 = gx + 2
= x=2y— and y 973
d b, = 2
= bxy = 2 an e = 6
2) 2
= 1’=‘¢bxy.byx = (2)(6):5
Hence, the correlation coefficient between x and ¥ is % Ans.

Example 12. The equations of two lines of regression are: 3x + 12y = 19 and 3y + 9x = 46. Find
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(i) the mean of x-series
(ii) the mean of y-series

(iii) Regression coefficient b,, and b,
(iv) Correlation coefficient between x and y.
Sol. Let the mean of x-series be x and that of y-series be y . Then, each of the given lines passes
through (x,y).
Therefore 3x+12y =19 (1)
And 9x + 3y = 46 -(2)

On solving (1) and (2), we get x =5and ? = %

o |
Therefore mean of x-series is 5 and mean of y-series is 3

Now, let the line of regression of x on y be 3x + 12y = 19
Then, the line of regression of y on x is 3y + 9x = 46.
Therefore 3x + 12y = 19 and 3y + 9x = 46

19 46
—4y + 3 and vy = -3x + 3 :bxy=—4andbyx=_3

—J(-4)(-3) = —2J3 < -1, which is impossible.

. Our choice of regression line is incorrect.

= X

—1 r

Consequently, the regression line of x on y is 3y + 9x = 46.
And, the regression line of y on x is 3x + 12y = 19.
Therefore 3y + 9x = 46 and 3x + 12y = 19

1 46 1 19

= YTy and  y=— At

bo=-Lp =1 (1Y 1) -1l _—3
= xy 31 yx 4 and r = —5 _Z _m_T

(Because r, b, and b have the same sign).

Example 13. You are given the following data:

Series X Y
Mean 18 100
standard deviation 14 20

Correlation coefficient between x and Y is 0.8. Find the two regression lines.
Estimate the value of Y, when x is 70.

Estimate the value of x, when Y is 90.
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Sol. Given that x =18, ? =100, o, =14, C, = 20 and r=0.8.
Therefore the line of regression ¥ on x is:

o

—y=r—L(x-x
y-y rcx (x x)
0.8x20
or (y—lOO):( n j(x—l8)
or y=114x+79.41

When x =70, we have: y=(1.14x70+79.41) =159.21
And, the line of regression of x on Y is:

__ G_ __
x—x—r.G; (y y)

or (x-18)= 0.8x;—§(y—100)

or x =0.56y —38
When =90, we have x =(0.56x90-38)=12.4. Ans.

To Find b, and b, Using Assumed Mean: Let the assumed means of x-series and y-series

be A and B respectively. Then, taking dx; = (x; — A) and dy; = (y; —B), we have

(XS

, _Z(dxfdyi)—f
s 2

dx; dy;

And b 2. (d;-dy;) 2 )n(z )
S (- 1)

Example 14. Find the regression coefficients and hence the equations of the two lines of regression from
the following data:

Age of husband (x)| 25 22 28 26 35 20 22 40 20 18
Age of wife (y) 18| 15 | 20 | 17 | 22 | 14 | 16 | 21 | 15 | 14

Hence estimate
(i) The age of wife, when the age of husband is 30.
(ii) The age of husband, when the age of wife is 19.
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Sol. We have

_ X; - i
x:Z =@=25.6and :Zy :%:17'2

X 10 n

Let the assumed mean of x- series and y- series be 26 and 17 respectively. Then, we may prepare
the table given below:

X Yi dx; =(x; —26) | dy; =(y; ~17) (dx; )2 (dy; )2 dx; X dy;
25 18 -1 1 1 1 -1
22 15 4 -2 16 4 8
28 20 2 3 4 9 6
26 17 0 0 0 0 0
35 2 9 5 81 25 45
20 14 -6 -3 36 9 18
22 16 4 -1 16 1 4
40 21 14 4 19 16 56
20 15 -6 -2 36 4 12
18 14 -8 -3 64 9 24
N =256 y=17| Y dx=—4| Y dy=2| Y (dx)" =450 Y (dy, ) =78| Y dx,dy, =172
Therefore,
dx; dy;
z(dxi.d%)_(Z () o 9)
b, = n _ 10
" (S ax, ) (-4’
z (dx; )2 - Tl 0= 10

(172+0.8) 17238
=0 = 0= 0385
7 (450 -16) 4484

(D )X dvi) (-4)(2)
i Y (dx; dy; )~ p 172 0

Z(dyi)z—(zz%)z _ {78_i§}

_(172+08) 1728
¥ (78-04) 776

by,

2.23

Therefore the equation of the line of regression of ¥ on x is:

(y=9)=by,-(x=7) or (y—17.2) = (0.385)(x—25.6)
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Now, when x = 30, we get
y—17.2=(0.385)(30-25.6) or y =19 (approximately).
-, When the age of husband is 30 years, the estimated age of husband is 19 years.
Again, the equation of the line of regression of x on y is:
(x=x) = b, (y-y) or (x - 256) = (223)(y -17.2)

Thus, when y = 19, we get x = 30 (approximately).
So, when the age of wife is 19 years, the estimated age of husband is 30 years. Ans.

m ERROR OF PREDICTION

The deviation of the predicted value from the observed value is known as the standard error of
prediction. It is given by
2
E 2 (v-y)

x = Y
4 n

where ¥ is the actual value and ¥, the predicted value.

Theorem: Prove that:

(1) B, =o,./(1-7), (2) Eyy =0,/(1-7%)

Proof: (1) The equation of the line of regression of ¥ onx is

9

—y=r-YL(x—x
Y-y r.cx(x x)
- © _
vy =y+r—(x=%) e
Z(y_yr')z 1 — o, - v
So, ny=#= ;Z{y—y—rc—x(x—x)}
, . 1/2
Ax— 2 _ _
LD iy i L B T
o, oy
I TV TN T 1z
_ Z(y y) +r Xop Z(X x) _2r.0y Z(X x)(y y)
n o2 n o, n
2 2 1/2
:{c§+r:§y .csﬁ—z:;jy .r.cx.cy}

=(G§—1’y(52)1/2=0'y. (l—rz) .

(2) Similarly, (2) may be proved.



422 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

Example 15. For the data given below, find the standard error of estimate of Y on x.

X 1 2 3 4 5

y 2 5 3 8 7

Sol. We leave it to the reader to find the line of regression of y on x.

This is: y=13x+1.1. So, y, =13x+11
Now form the table for given data:
x y y, =13x+1.1 (y—yp) (y—yp )2
1 2 24 -0.4 0.16
2 5 37 13 1.69
3 3 5 -2 4
4 8 6.3 1.7 2.89
5 7 7.6 0.6 0.36
2
Z(y—yp) =9.10

2
Therefore ny = Z(y_yp) = 9'510 =41.82 =1.349. Ans.
n

mMULTIPLE LINEAR REGRESSION

There are a number of situations where the dependent variable is a function of two or more
independent variables either linear or non-linear. Here, we shall discuss an approach to fit the
experimental data where the variable under consideration is linear function of two independent
variables.

Let us consider a two-variable linear function given by

y =a+bx+cz (1)
The sum of the squares of the errors is given by
o 2
5 = X (yi—a-bx;-cz) )
i=1
Differentiating S partially w.r.t. a, b, c, we get
aS -
— =0 = ZZ(yi—a—bxi—czi)(—l) =0
da 0
as !
o 0 = 2> (y;—a-bx;—cz;)(-x;) =0
i=1
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and

which on simplification and omitting the suffix i, yields.

2y = ma+ bXx + Xz

Xxy
Xyz

ayx + b Xx% + Oxz
ayz + byxz + 27?2

aS C
> = 0 = 22(%‘ —a-bx; —cz;)(-z;) =0
i=1

423

Solving the above three equations, we get values of 4, b, and c. Consequently, we get the linear
function y = a + bx + cz called regression plane.

Example 16. Obtain a regression plane by using multiple linear regression to fit the data given

below :
X : 1 2 3 4
y: 0 1 2 3
z: 12 18 24 30

(U.P.TU. 2002)

Sol. Let ¥ = a + bx + cz be required regression plane where 4, b, ¢ are the constants to be
determined by following equations :

Qy=ma+bXx+cXz

Sxy=aXx+bYIx*+cYxz

and Syz=aYz+bYzx+cYz? (1)
Here, m = 4
X z Y x? 2z xy Xz yz
1 0 12 1 0 12 0 0
2 1 18 4 1 36 2 18
3 2 24 9 4 72 6 48
4 3 30 16 9 120 12 90
N x=10 D z=6| > y=84| D x?=30| D 2 =14| D> xy=240 | D xz=20 | Y yz=156

From table, equation (1) can be written as
84 = 4a + 10b + 6¢

and

Solving, we get

240
156

a

Hence the required regression plane is

10a + 30b + 20c
6a + 200 + 14c
10, b=2,c=14

y = 10 + 2x + 4z. Ans.
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PROBLEM SET 9.2

. Find the equation of the lines of regression on the basis of the data:

X: 4 2 3 4 2

y: 2 3 2 4 4

[Ans. y=3.75-0.25x,x =3.75-0.25y |

- Find the regression coefficient b, for the data:

Y x=55 Y y=88, D x*=385, D y’=1114, » xy=586, and n=10

[Ans.1.24]

. The following data regarding the heights (y) and weights (x) of 100 college students

are given:
Y x=15000, ) x*=2272500, Y y=6800, D y*=463025 and M xy=1022250.
[Ans. y=0.1x+53]

. Find the coefficient of correlation when two regression equations are:

x=-02y+42 and y=-0.80x+84. [Ans. =—04]
. Find the standard error of estimate of ¥ on x for the data given below:
x: 1 3 4 6 8 9 11 14
y: 1 2 4 4 5 7 8 9

[Ans. ny =0.564 ]

. If two regression coefficients are 0.8 and 0.2, what would be the value of coefficient of

correlation? [Ans. r=04 ]

. x and Y are two random variables with the same standard deviation and correlation

1+r

coefficient 7. Show that the coefficient of correlation between x and x+y is -

. Show that the geometric mean of the coefficients of regression is the coefficient of

correlation.

(| |



CHAPTER 10

Time Series and Forecasting

m INTRODUCTION

Business executives, economists, and government officials are often faced with problems that
require forecast such as future sales, future revenue and expenditures, and the total business
activity for the next decade. Time series analysis is a statistical method, which helps the
businessman to understand the past behaviour of economic variables based on collection of
observations taken at different time intervals. Having recognized the behaviour or movements
of a time series, the businessman tries to forecast the future of economic variables on the
assumption that the time series of such an economic variable will continue to behave in the
same fashion as it had in the past. Thus analyzing information for the previous time periods
is the subject of time series analysis.

Thus the statistical data, which are collected, observed or recorded at successive intervals
of time or arranged chronologically are said to form a time series.

“A time series a set of observations taken at specified times, usually (but not always) at
equal intervals”. Thus a set of data depending on time, which may be year, quarter, month,
week, days etc. is called a time series.

Examples:

1. The annual production of Rice in India over the last 15 years.

2. The daily closing price of a share in the Calcutta Stock Exchange.
3. The monthly sales of an Iron Industry for the last 6 months.

4. Hourly temperature recorded by the meteorological office in a city.

Mathematically, a time series is defined by the value y, ¥p,.cccoueunnn. , of a variable ¥y

(closing price of a share, temperature etc.) at time ¢, t,, t,, ...... . Thus y is a function of
t and given by

y=f(

MHMES SERIES GRAPH

A time series involving a variable y is represented pictorially by constructing a graph of y
verses f.

425
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FIG. 10.1

m COMPONENT OF TIME SERIES

The analysis of Time Series consists of the description and measurement of various changes or
movements as they appear in the series during a period of time. These changes or movements
are called the components of elements of time series. Fluctuations in a time series are mainly
due to four basic types of variations (or movements). These four types of component are:

1. Secular Trend or Long Term Movement (T)

2. Seasonal Variation or Seasonal Movement (S)

3. Cyclical Fluctuation or Cyclic Variation (C)

4. Residual, Irregular of Random Movement (I)

(D

(2)

Secular Trend: In Business, Economics and in our daily conversation the term Secular
Trend or simply trend is popularly used. Where we speak of rising trend of population
or prices, we mean the gradual increase in population or prices over a period of Time.
Similarly, by declining trend of production or sales, we mean gradual decrease in
production or sales over a period of time. The concept of trend does not include short
range Oscillations, but refers to the steady movement over a long period time.

“Secular trend is the smooth, regular and long term movement of a series showing
continuous growth stagnation or decline over a long period of time. Graphically it
exhibits general direction and shape of time series”. The trend movement of an economic
time series may be upward or downward. The upward trend may be due to population
growth, technological advances, improved methods of Business Organization and
Management, etc. Similarly, the downward trend may be due to lack of demand for the
product, storage of raw materials to be used in production, decline in death rate due to
advance in medical sciences, etc.

Seasonal Variation: Seasonal variation is a short-term periodic movement, which occurs
more or less regularly within a stipulated period of one year or shorter. The major factors
that cause seasonal variations are climate and weather conditions, customs and habits of
people, religious festivals, etc. For instance, the demand for electric fans goes up in
summer season, the sale of Ice-cream increases very much in summer and the sale of
woolen cloths goes up in winter. Also the sales of jewelleries and ornaments go up in
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(3)

4)

m ANALYSIS OF TIME SERIES

marriage seasons, the sales and profits of departmental stores go up considerably during
festivals like Id, Christmas, etc.

Although the period of seasonal variations refers to a year in business and economics, it
can also be taken as a month, week, day, hour, etc. depending on the type of data
available. Seasonal variation gives a clear idea about the relative position of each season
and on this basis, it is possibe to plan for the season.

Cyclical Fluctuations: These refer to the long term oscillations, or swings about a trend
line or curve. These cycles, as they are some times called, may or may not be periodic
that is they may or may not follow exactly similar patterns after equal intervals of time.
In business and economic activities, moments are considered cyclic only if they recur after
intervals of more than one year. The ups and downs in business, recurring at intervals of
times are the effects of cyclical variations. A business cycle showing the swing from
prosperity through recession, depression, recovery and back again to prosperity. This
movement varies in time, length and intensity.

Residual Irregular or Random Movement: Random movements are the variations in a
time series which are caused by chance factors or unforeseen factors which cannot be
predicted in advance. For example, natural calamities like flood, earthquake etc, may
occur at any movement and at any time. They can be neither predicted nor controlled.
But the occurrence of these events influences business activities to a great extent and
causes irregular or random variations in time series data.

Time series analysis consists of a description (generally mathematical) of the component
movements present. To understand the procedures involved in such a description consider
graph (A), which shows Ideal Time Series, Graph (A1) shows the graph of long-term, or secular,
trend line. Graph (A,) shows this long-term trend line with a superimposed cyclic movement
(assumed to be periodic) and graph (A,) shows a seasonal movement superimposed of graph
(A2). The concept in graph (A) suggests a technique for analyzing time series.

Y

Long Term Trend

FIG. 10.2 (Graph A1)

In Traditional or classical time series analysis, it is normally assumed that there is

multiplicative relationship between the four components. Symoblically.

y=TxIx(xI (1)

Y =Result of the Four Components (or original data)
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It is assumed that trend has no effect on seasonal component. Also it is assumed that the
business cycle has no effect on the seasonal component. Instead of Multiplicative model (1)
some statisticians may prefer an additive model.

y=T+3+(+I (2)

where ¥ is the sum of the four components.

t t
. Long Term Trend, Cyclical
Long Term Trend and Cyclical Movement and Seasonal Movement

FIG. 10.3

10.4.1 Analysis of Trend or Secular Trend
In time series analysis the analysis of secular trend is very important. It helps us to predict or
forecast future results. There are four methods used in analyzing trend in time series analysis.
They are:

(a) Method of Free Hand Curve (or graphic)

(b) Method of Semi Averages

(¢) Method of Moving Averages

(d) Method of Least Square

(a) Free Hand Method: It is simplest method for studying trend. In this graphic method,
the time series data are first plotted on the graph paper taking time on the x-axis and observed
values of the other variable on y-axis. Then points obtained are joined by a free hand smooth
curve of first degree. The line so obtained is called the trend curve and it shows the direction of
the trend. The vertical distical of this line from x-axis gives the trend value for each time period.
This method should be used only when a quick approximate idea of the trend is required.

Example 1. Fit a trend line to the following data by the free hand grpahical method.

Year | 2000 | 2001 | 2002 | 2003 | 2004 | 2005 | 2006

Sales 52 54 56 53.5 57 54.5 59
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Sol.
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(b)) Method of Semi Averages: This method is very simple and gives greater accuracy
than the method of free hand or graphical. In this method, the given data is first divided into
two parts and an average for each part is found. Then these two averages are plotted on a
graph paper with respect to the midpoint of the two respective time intervals. The line obtained
on joining these two points is the required trend line and may be extend both ways to estimate

intermediate values.

Remark: If given data is in odd number, then divide the whole series into two equal parts

ignoring the middle period.

Example 2. Fit a trend line to the following data by the method of semi averages.

Year 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 | 2001 | 2002 | 2003
Bank 53 79 76 66 69 94 105 87 79 104 97 92 101
Clearance

Sol. Here =13 i.e., odd no. of data
Now divide the given data into two equal parts (by omitting 1997)

Year Clearenc e Semi Total Semi Avarage

1991 53

1992 79

1993 76 53+79+76+66+69+94 437/6=72.8333
1994 66

1995 69

1996 94

1997 105

1998 87

1999 79

2000 104 87+79+104+97+92+101 560/6=93.333
2001 97

2002 92

2003 101
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Now the two semi averages 72.833 and 93.333 are plotted against the middle of their

respective periods.
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Example 3. Draw the trend line by semi-average method using the given data

Year 1998 1999 2000 2001 2002 2003
Production
253 260 255 266 259 264
(In Tons)
Sol. Here n = 6
Year Pr oduction Semi Total Semi Average
1998 253 253+ 260+ 255 768/3 =256
1999 260
2000 255
2001 266
2002 259 266 + 259 + 264 789/3 =263
2003 264
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(0 Method of Moving Averages: In the moving average method, the trend is described
by smoothing out the fluctuations of the data by means of a moving average.

Let (t1,y1),(f2,42),eeevveeenne , (t,,y,) be the given time series, where t;,t,t5, ccccvvveneee , t, denote
the time periods and vy, 15, Y3, -eeeeeee. ,Y, denote the corresponding values of the variable.
The p-period moving totals (or sums) are defined as Yi/Y2/Y3/meeeeeen Yy,
Yo, Yz Ypit, Y3r YarYseeeeemnene s Yps2, and so on.

The p-period moving averages are defined as

p p p

The p period moving totals (or sums) and moving averages be also called moving totals
(or sums) of order P and moving averages of order P respectively. These moving
averages are also called the trend values.
When we estimate the trend, we should select the order or period of the moving average
(such as 3 yearly moving average, 5 yearly moving average, 4 yearly moving average, 8
yearly moving average, etc.). This order should be equal to the length of cycles in the time
series. The method of moving averages is the most frequently used approach for
determining the trend because it is definitely simpler process of fitting a polynomial.
(1) Calculation of Moving Averages when the Period is Odd: In the case of odd
period we would obtain the trend values and trend line as follows:

(a) In the case of 3—yearly period, first of all calculate the following moving totals (or

sums) Yy, + Yo + Y, Yo + Y3 + Yy Y3 + Yy + Y5, . e

In the case of 5 yearly period, calculate the following moving total (or sums)
Vit tYs+tYstYs Nt YstVptYstYo  Yst Yyt Vs + Y+ Yy oo tC

A period may be a year, a week, a day, etc.
(b) Place the moving totals at the centres of three respective time.
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(c) Calculte the corresponding moving averages for 3 yearly or 5 yearly periods by
dividing the moving totals by 3 or 5 respectively. Place these at the centre of the
respective time.

(d) If required we can plot these moving averages or trend values against the periods
and obtain the trend line (or curve) from which we can determine the
increasing or decreasing trend of the data.

(e) It is more convenient to calculate the moving averages when the period is odd
than when it is even, because there is only one middle period when the peirod is
odd so and the moving average can be easily centred.

(2) Calculation of Moving Averages when the Period is Even: When an even number
of data is included in the moving averages (as 4 years), the centre point of the group will
be between two years. It is therefore necessary to adjust or shift (known technically as
centre) these averages so that they concide with the years. The 4 yearly moving total and
the 4 yearly moving average may be obtained by the methods already outlined for the
odd period average. To centre the values, a 2 yearly moving average is taken of the even
period moving average.

A 2 yearly moving average is taken of the 4 yearly moving average. The resulting average
is located between the two 4 yearly moving average values and, therefore, coincides with
the years. The end results (i.e., a 2 yearly moving average of 4 yearly moving average) are
known as the 4 yearly moving average centred.

We shall follow the steps given below in calculating the moving average when the order
is even, say 4.

(i) We calculate the following moving totals:

Y1+Yr+Ys3+Y,, Yo +Ys+Ys+Ys, Ys+YstYs+Ye, wooennnnnne etc.

(ii) Place these moving totals at the centres of the respective time spans. In the case or
4 yearly time period, there are two middle terms viz. 2nd and 3rd. Hence, place this
moving total against the centre of these two middle terms. Similarly, place other
moving totals at the centres of 3rd and 4th periods, 4th and 5th periods and so on.

(i) Calculate the corresponding moving averages for 4 yearly periods by dividing the
moving totals by 4. Place these at the centres of the time spans. i.e., against the
corresponding moving totals. (Note that the moving averages so placed do not
coincide with the original  time period.)

(iv) We take the total of 4 yearly moving averages taking two terms at a time starting
from the first and place the sum at the middle of these two terms. The same
procedure is repeated for other averages.

(v) Finally, we take the two-period averages of the above moving averages by dividing
each by 2. These are the required trend values. This process is called centreing of
moving averages. If required, we can plot these moving averages or trend values and
obtain trend line or curve.

The major disadvantage of this method is that some trend values at the beginning and

end of the series cannot be determined.

Example 4. Calculate 3 yearly moving averages or trend values for the following data.

Year (t) 1998 | 1999 | 2000 | 2001 | 2002 | 2003 | 2004 | 2005

Value(y) 3 5 7 10 12 14 15 16
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Sol. 3 yearly moving averages means that there are three values induced in a group.

Calculation of 3 yearly moving averages

Year | Value 3 Yearly 3 Yearly Moving Total
Q) () Moving Total (Trend Valuea)

1998 3

1999 5 15 5.00

2000 22 7.33

2001 10 29 9.67

2002 12 36 12.00

2033 14 41 13.67

2004 15 45 15.00

2005 16

Hence the trend values are 5.00, 7.33, 9.67, 12.00, 13.67, 15.00

Example 5. Compute the 4 yearly moving averages from the following data:

Year 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998
Annual sales 43 43 34 44 54 34 24
(Rs. In crores
Sol. Calculation of 4 yearly moving averages
Year 2 Yearly 4 Yearly
Annual Sales 4 Yearly 4 Yearly Total of | Centred Moving Average
(Rs in Crores) | Moving Totals | Moving Average | col. 4 (Centred) (Trend wvalues)
1991 36
1992 43
1993 43 156 39
1994 34 164 41 80 40
1995 44 175 43.75 84.75 42.375
1996 54 166 41.50 85.25 42.625
1997 34 156 39 80.50 40.25
1998 24

Hence the trend values are 40, 42.375, 42.625, 40.25.

Example 6. Assuming 5 yearly moving averages, calculate trend value from the data given below
and plot the results on a graph paper.

Year 1971 | 1972 | 1973 | 1974 | 1975 | 1976 | 1977 | 1978 | 1979 | 1980 | 1981|1982 | 1983
Production o=V 107 | 100 {112 | 124 | 116 | 118 | 121 | 123 | 124 | 125|127 | 120
(Thousand)
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Sol. Calculation of 5 yearly moving averages
Year Value 5 Yearly 5 Yearly Moving
Moving Total Averages (trend value)

1971 105 - -

1972 107 - -

1973 109 547 109.4

1974 112 558 111.6

1975 114 569 113.8

1976 116 581 116.2

1977 118 592 118.4

1978 121 602 1204

1979 123 611 122.2

1980 124 620 124.0

1981 125 628 125.6

1982 127 - -

1983 129 - -

Hence the trend values are 109.4, 111.6, 113.8, 116.2, 118.4, 120.4, 122.2, 124.0, and 125.6.

squares of the differences, S; is minimum i.e.
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(d) Method of Least Square: This method is widely used for the measurement of trend.
In method of least square we minimize the sum of the squares of the deviation of observed
values from their expected values with respect to the constants.

Let

T=a+bx Dbe the required trend line

By the principal of least square, the line of the best fit is obtained when the sum of the

S = Z(TZ —a—Dbx; )2 is minimum
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When S; is minimum, we obtain normal equations as

2T=na+b2x
2Tx=a2x+b2x2

On solving these two equations, we get

ZT b= ZTx
n’ sz

Remark: If we take the midpoint in time as the origin, the negative values in the first half
of the series balance out the positive values in the second half so

szO

Example 7. Determine the equation of a straight-line which best fits the following data

a =

Year 1974 1975 1976 1977 1978
Sales 35 56 79 80 40
(in Rs. 000)

Compute the trend values for all the years from 1974 to 1978.

Sol. Let the equation of the straight-line of best fit, with the origin at the middle year 1976
and unit of x as 1 year, be

y=a+bx

By the method of least squares, the values of a2 and p given by

Y
o 2

x2

and

Here N = number of years = 5

Calculations for the line of best fit

Year Sale (Rs '000) y x x? xy

1974 35 -2 4 70
1975 56 -1 1 56
1976 79 0 0 0
1977 80 1 1 80
1978 40 4 80
1979 Yy =29 0 Y =10 Y oxy =34
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. y 290
Using (2), a = 2 =

X
= —=58andb=2—2=%=3.4
N 5 dx* 10

From (1), the required equation of the best fitted straight-line is Y = 58 + 3.4x.

Year x Trend Values (y = 58 + 3.4x)
1974 -2 58 + 34 x (-2) = 51.2

1975 -1 58 + 3.4 x (-1) = 54.6

1976 0 58 + 3.4 x 0 = 58.0

1977 1 58 + 34 x1 =644

1978 2 58 + 3.4 x 2 = 64.8

Example 8. Fit a straight-line trend equation by the method of least square and estimate the trend
value.

Year 1961 1962 1963 1964 1965 1966 1967 1968

Values 80 90 92 83 94 99 92 104

Sol. Here N = Number of years = 8, which is even

Let the straight line trend equation by the method of least squares with the origin at the mid
point of 1964 and 1965, and unit of x as 1/2 year be

y =a+bx ..(1)
Then a and b are given by

a = & and b = —zxy
N sz

Calculations for fitting the straight-line trend

Year Value y x K2 xy
1961 80 -7 49 -560
1962 90 -5 25 —450
1963 92 -3 9 276
1964 83 -1 1 -83
1965 94 1 1 94
1966 9 3 9 297
1967 92 5 25 460
1968 104 7 49 728
Total >Y =734 0 > x> =168 ¥ XY =210
. Yy 734 Xy 210
Using (2), a=ZT:?:91.75, and b=%=@:125
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- From (1), the required equation of the straight-line trend is

y=91.25+1.25x

Trend Value

Year X (y = 91.75 + 1.25x)

1961 -7 91.75 + 1.25 x -7 = 83.0
1962 -5 91.75 + 1.25 x -5 = 85,5
1963 -3 91.75 + 1.25 x -3 = 88.0
1964 -1 91.75 + 1.25 x -1 = 90.5
1965 91.75 + 1.25 x 1 = 93.0

1

1966 3 91.75 + 1.25 x 3 = 955
1967 5 91.75 + 1.25 x 5 = 98.0
1968 7 91.75 + 1.25 x 7 = 100.5

Note: If the number of years is even, there is no middle year and in this case the midpoint,
which is take as the origin, lies midway between the two middle years. In example 8, the
midpoint (i.e., the origin) lies midway between July 1, 1964 and July 1, 1965, which is January
1, 1965 (or December 31, 1964). To avoid fractions, the units of x are taken as 1/2 year (or 6
months).

10.4.2 Analysis of Seasonal Variation

Seasonal variations are short term fluctuations in recorded values due to different circumstances,
which affect results at different times of the year, on different days of the week, at different
times of day or whatever.

Seasonal variations are measured through their indices called the seasonal indices. The
measurement of seasonal variations requires determining the seasonal component s, which
indicates how a times series from quarter to quarter, month to month, or week to week, etc.
through out a year. A series of numbers showing relative values of a variable during the
quarters or months or weeks etc. of the year is called seasonal index for the variable.

If Rs. x be the average quarterly (or monthly) sales in a year and I be the Seasonal index
of that quarter (or month), then

Sale for the Qaurter or Month =1% of x=%><x.

The following methods are commonly used for measuring seasonal variations.
(a) Method of Averages (Quarterly, Monthly or Weekly)

(b) Moving Average Method

(c) Ratio to Trend Method

(d) Link Relative Method

(a) Method of Averages: This method is used when trend and cyclical fluctuations, if any,
have little effect on the time series.
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If quarterly data are given, first find quarterly totals for each quarter and the averages
for the four-quarter of the years. To find these averages, we divide the quarterly totals by
the number of the years for which the data are given. Then we find grand average of the
4 quarterly averages.
X)X+ XXy

4

If we use multiplicative identity, then the seasonal indices are the 4 quarterly averages
expressed as percentages of the grand average G.

Grand average G=

e, Ax100, 2x100, 23x100, £x100
G G G G

Similarly, if we use additive model, then seasonal variations for the 4 quarters are
x_l_G/ 7Z_GI x_3_Gr X_4—G

When monthly or weekly data are given, we find monthly (or weekly) averages for the
12 months or (52 weeks).

Example 9. Calculate Seasonal indices for each quarter from the following percentages of wholesale

price indices to their moving averages.

Year Quarter
I 11 1 v
1996 - - 11.0 11.0
1997 12.5 13.5 15.5 14.5
1998 16.8 15.2 13.1 15.3
1999 11.2 11.0 12.4 13.2
2000 10.5 13.3 - -

Sol. Calculation for Seasonal Indices

Year Quarter
I 11 I v
1996 - - 11.0 11.0
1997 12.5 13.5 15.5 14.5
1998 16.8 15.2 13.1 15.3
1999 11.2 11.0 12.4 13.2
2000 10.5 13.3 - -
Total 51.0 53.0 | 52.0 54.0
Averages 12.75 13.25 | 13.0 13.5
12.75+13.25+13.0+13.5

Grand Average (G) = 1

= 525 =13.125
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A X
Using Multiplicative model, Seasonal index = Gmn;l]ezr:f;eer;;e)(G)XlOO

Seasonal indices for the first, second, third, and fourth quarters are respectively

1275 x100=97.14
13.125
1325 %100 =100.95
13.125
13.0 %100 = 99.95
13.125
135 %100 =102.86
13.125
Example 10. Compute the Seasonal Index for the following data:
Qaurters
Year I 11 11 1%
2001 75 60 54 59
2002 86 65 63 80
2003 90 72 66 85
2004 100 78 72 93

Sol. Let Cyclical Fluctuations and Trend are absent in the given data

Year Quarters

I II 1 v
2001 75 60 54 59
2002 86 65 63 80
2003 90 72 66 85
2004 100 78 72 93
Total 351 275 255 317
Averages (Xx;) 87.75 68.75 63.75 79.25
(Total/4)

87.75+68.75+63.75+79.25 299.50

Grand Average (G) = 1 = 1 = 74.875
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Now, using Multiplicative model,

Average (X;)

Seasonal index x100
Grand Average (G)
Hence Seasonal indices for the 1st, 2nd, 3rd and 4th quarters are respectively

87.75

1st = x100 = 117.2

T 74875 0
68.75

= ———x100 =

2nd 74875 91.82

3rd = 572 100 = 85.14
74.875

ath = 22 100 = 105.84
74.875

Hence the sum of Seasonal indices is 400.
Similarly, we can obtain Seasonal indices using additive model. Using additive model,

Seasonal index = Average (x;) — Grand average (G)

Therefore 1st, 2nd, 3rd and 4th quarters are respectively
12.875, — 6.125, —-11.125, 4.375
Hence the sum of seasonal indices for the four quarters is
12.875 + 4.375 — 11.125 - 6.125 = 0.  Ans.

(b)) Moving Average Method (or ratio to moving averages): This is a improved method
over method of averages and is widely used for measuring seasonal variation. According
to this method, if monthly data are given, we find 12-month centred moving averages, if
quarterly data are given, we find 4 quarter centred moving averages and so on. This
represent trend and then eliminate the effect of trend by using either additive model or
multiplicative model.

Case 1: If multiplicative model is used, then express the original data as percentage of
the corresponding moving averages expressed as percentage that is ratio to moving
averages expressed as percentage. These percentages for corresponding months or quarters
are then averaged by the method of averages, gives the required seasonal indices. This
method is known as Ratio to Moving Average Method.

Example 11. Calculate Seasonal indices by the ratio to moving average method from the following

data.
Iron Prices (In Rupees Per Kg.)
Quarter Year 2001 2002 2003 2004
Quarter 1 75 86 90 100
Quarter 2 60 65 72 78
Quarter 3 54 63 66 72
Quarter 4 59 80 85 93
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Calculation of Ratio to moving averages

411

Year/Quarter Prices 4 Quarter 2 Point 4 Quarter Ratio to
moving Moving Average Average
total total (2-pt. Moving
+8)
2001 Q, 75 \
Q, ( 60 (
Qs % 54 ( 248 }
() J 3 p0-s521
Q, 59 259 507 63.375 63.375 .
> %100 =90.25
2002 Q, 86 264 523 65.375 65.375 .
86 x100=128.12
Q, 65 273 537 67.125 67125 .
65 x100=91.71
Qs 63 294 567 70.875 70.875 .
i>< 100 = 85.14
Q, 80 298 592 74.000 74.000 .
80 x100=106.41
2003 Q, 90 305 603 75.375 75.375 -
%0 x100=117.46
Q, 72 308 613 76.625 76.625 .
72 x100=92.75
Qs 66 313 621 77.625 77 625 .
66 %100 = 83.02
Q, 85 323 636 79.500 79,500 .
8 x100=104.29
2004 Q, 100 329 652 81.500 81,500 .
10 100=120.48
Q, 78 335 664 83.000 83.000 .
78 %100 =92.04
Qs 72 343 678 84.750 84750 .
Q, 93
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Calculation for Seasonal Indices

Quarter
Year Q Q, Qs Q
2001 - - 85.21 90.25
2002 128.12 91.71 85.14 106.14
2003 117.46 92.75 83.02 104.29
2004 120.48 92.04 - -
Total 366.06 276.50 253.37 300.68
Averages 122.02 92.17 84.46 100.23
Grand Average (G) = 122.024—92.17184.464—100.23 —9972
“ Seasonal indicies for 4 quarters are respectively

= 122'022 x100=122.36

1

= 92.17 x100=92.43
72

2

_ 84.46

Q, =2222100 = 84.70
99.72

Q, =19923 16010051
99.72

Hence sum of seasonal indices is 400. Ans.

Case 2: If the additive model is used, to eliminate trend subtract the moving averages
from the original data and also obtain deviations from trend. Now apply the method of
averages to these deviations to obtain required seasonal variations.

Example 12. Obtain Seasonal Fluctuation from the following time series using moving averages
method.

Quaterly output for 4 years

Year I 11 11 v
1998 65 58 56 61
1999 68 63 63 67
2000 70 59 56 52
2001 60 55 51 58
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Sol. Calculation of moving averages and deviations from trend
Year/Quarter Output 4-Quarter 2-Point 4-Quarter Deviation from
Moving total | Moving total | Moving Average Trend
1998 Q, 65
Q, 58
Q, 56 240
Q, 61 243 483 483/8 = 60.38 | 56 -60.38 = —4.38
1999 Q, 68 248 491 491/8 = 61.38 | 61-61.38 = —0.38
Q, 63 255 503 503/8 = 62.88 | 68-62.88 = 5.12
Q, 63 261 516 516/8 = 64.50 | 63 -64.50 = -1.50
Q, 67 263 524 524/8 = 65.25 | 63 -65.50 = -2.50
2000 Q, 70 259 522 522/8 = 6525 | 67-65.25 = 1.75
Q, 59 252 511 511/8 = 63.88 | 70-63.88 = 6.12
Q, 56 237 489 489/8 = 61.13 | 59-61.13 = -2.13
Q, 52 227 464 464/8 = 58.00 | 56 -58.00 = -2.00
2001 Q, 60 223 450 450/8 = 56.25 | 52-56.25 = —4.25
Q, 55 218 441 441/8 = 55.13 | 60-55.13 = 4.87
Q, 51 224 442 442/8 = 55.25 | 55-55.25 = —0.25
Q, 58
Calculate the Seasonal Fluctuations
Deviation from Trend
Year Quarter-I Quarter-11 Quarter-111 Quarter-1V
1998 --- --- —4.38 -0.38
1999 5.12 -1.50 -2.50 1.75
2000 6.12 -2.13 -2.00 —-4.25
2001 4.87 -0.25 - --
Total 16.11 -3.88 -8.88 -2.88
Average x; 5.37 -1.29 2.96 -0.96

Grand Average (G) = 5.37 + (-1.29) + (2.96) + (-0.96) =0.16 +- 4 = 0.04

Therefore the seasonal functions are (x_i—G) ie.,

5.37-0.04 = 533

-1.29-0.04 = -1.33

296-0.04 = 292

-0.96-0.04 = -1.00 respectively
(c) Ratio to Trend Method: In this method trend values are first determined by the
method of least squares fitting a mathematical curve and the given data are expressed as
percentage of the corresponding trend values. Using the multiplicative identity these
percentages are then averaged by the method of averages.
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(@) Link Relative Method: According to this method for given data for each quarter or
mO089onth are expressed as percentage of data for the preceding quarter or month. These
percentages are known as Link relatives. The link relative for the first quarter (or 1st
month) of the year cannot be determined. An appropriate average (Arithmetic Mean or
Median) of the link relatives for each quarter (or month) is then found. From these
average link relatives, we find the chain relative with respect to 1st quarter (or 1st month)
for which the chain relative is taken as 100. If Q,, Q,, Q,, Q, denotes 4 quarters respectively
and chain relative represents by C.R., or link relative represents by L.R. then
CR. for Q, = (Average LR. for Q, x C.R. for Q,) + 100
CR. for Q, = (Average LR. for Q, x C.R. for Q,) + 100
CR. for Q, = (Average L.R. for Q, x C.R. for Q;) + 100
and 2nd CR. for Q, = (Average L.R. for Q, x C.R. for Q,) + 100

Generally, the 2nd C.R. for Q, will be either higher or lower than the first C.R. 100 for Q,
depending on the presence of an increase or decrease in trend.

If d = 2nd CR. for Q,-100, i.e., the difference between 1st and 2nd C.R. for Q, then we
subtract
(1+4) 2+4)d, 3+4) (4+4)d
From the chain relatives for Q,, Q, and Q, and the 2nd C.R. for Q, respectively to
obtain the adjusted chain relatives. These adjusted chain relatives expressed as percentages of
their A.M. gives the required Seasonal indices.

Example 13. Calculate seasonal indices by method of link relatives from the data given in
Example 12.

Sol. Calculate of Average Link Relatives
Link Relatives
Year/Quarter Quarter-1 Quarter-I1 Quarter-111 Quarter-1V

1998 - 89.23 96.55 108.93

1999 111.48 92.65 100.00 106.35

2000 104.48 84.29 94.92 92.86

2001 115.38 91.67 92.73 113.73

Total 331.34 357.84 384.20 421.87

Averages (A.M.) 110.45 89.46 96.05 105.47

The link relative (L.R.) for the 1st quarter Q, of the first year 1998 cannot be
determined. For the other three quarters of 1998,

LR. for Q, = (58+65) x 100,

LR. for Q, = (56+58) x 100,

LR. for Q, = (61+56) x 100,
Similarly, we determine the other link relative.
From the average link relatives obtained in the last row of the above table, we now
find chain relatives, taking 100 as the chain relative (C.R.) for Q,.

CR. for Q, = 100

CR. for Q, = (89.46 x 100) + 100 = 89.46
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CR. for Q, = (96.05 x 89.46) + 100 = 85.93
CR. for Q, = (10547 x 85.93) + 100 = 90.63
2nd CR. for Q, = (11045 x 90.63) + 100 = 100.10
d = 100.10 - 100 = 0.10;

1 d =0.025, 2 d =0.050, 3 d =0.075, 4 d=0.10.
4 4 4 4

The adjusted chain relatives are respectively
100,  89.46 - 0.025, 85.93-0.05,  90.63 —0.075,

ie. 100,  89.435, 85.88, 90.555

or 100,  89.44, 85.88, 90.56.

AM. of the adjusted chain relative = (100 + 89.44 + 85.88 + 90.58) +~ 4 = 91.47

The required seasonal indices are 100 % 100, 8.44 % 100, 85.88 % 100, 2056 %x 100
91.47 91.47 9147 91.47

re., 109.33, 97.78, 93.89, 99.00. Ans.

10.4.3 Analysis of Cyclical Fluctuation or Cyclic Variations

To analyse Cyclical fluctuation, we first find trend (T) and seasonal Variation (S) by any suitable
method i.e., by the method of moving averages or other method and then eliminate them from
the original data by using additive or multiplicative identity. Irregular movement is removed
by using moving average of appropriate period depending average duration of irregular
movement, leaving only cyclical fluctuation.

10.4.4 Analysis of Irregular of Random Movements

Irregular movements are obtained by eliminating trend (T), seasonal variation (S) and cyclical
fluctuation (C) from the original data. Normally irregular movements are found to be of small
magnitude.

MIMPORTANCE OF TIME SERIES

The time series analysis is of great importance not only to a businessman, scientist or economist,
but also to people working in various disciplines in natural, social and physical sciences. Some
of its uses are:

1. It enables us to study the past behaviour of the phenomenon under consideration, i.e.,
to determine the type and nature of the variations in the data.

2. The segregation and study of the various components is of paramount importance to
a businessman in the planning of future operations and in the formulation of executive
and policy decisions.

3. It enables us to predict or estimate or forecast the behaviour of the phenomenon in
future, which is very essential for business planning.

4. It helps us to compare the changes in the values of different phenomenon at different
times or places, etc.
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PROBLEM SET 10.1

1. Fit a trend line to the following data by the free hand method.

Year 1990 | 1991| 1992 | 1993 | 1994 | 1995 1996 | 1997

Sales
(in million Rs.)

62 64 66 63.5 | 67 64.5 | 69 67

2. Draw a trend line by semi average method using the following data.

Year 1991 | 1992 | 1993 | 1994 | 1995 ( 1996 | 1997 | 1998

Production

(in tons) 36 | 43 | 43 34 | 44 | 54 | 34 | 24

[Ans. Semi Average 39.30]
3. Obtain the 5 yearly moving averages for the following series of observations.

Year 1997 | 1998 | 1999 | 200 2001 | 2002 | 2003 | 2004

Annual Sales

(Rs’0000) 3.6 4.3. 43 34 44 54 34 24

[Ans. 5 yearly moving averages are 4, 4.36, 4.18 and 3.80]

4. Find the trend from the following series using a three year weighted moving
average with weight 1, 2 and 1.

Year 1 2 3 4 5 6 7

Values 2 4 5 7 8 10 13

[Ans. Trend values 3.75, 5.25, 6.75, 8.25 and 10.25]

5. For the following series of observations, verify that 4 year centred moving average

is equivalent to a 5 year weighted moving average with weight 1, 2, 2, 2, 1
respectively.

Year 1984 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994

Sales (Rs. '000) | 2 6 1 5 3 7 2 6 4 8 3

6. Represent the following data graphically and show the trend of the series on the
basis of three year moving averages.

Year 1971 1972 1973 1974 1975 1976 1977 1978 1979
Birthrate| 309 302 291 314 334 302 304 31.0 29.0
Year 1980 1981 1982 1983 1984 1985 1986 1987 1988
Birthrate| 279 27.7 264 247 241 231 277 226 236
Year 1989 1990 1991
Birthrate| 23.0 22.0 22.6

[Ans. Trend values are: 30.7, 30.2, 31.3, 31.7, 30.5, 30.1, 29.3, 28.2, 27.3, 26.3, 25.6,
24.0, 25.0, 23.8, 24.6, 23.6, 229, and 22.5.]



TIME SERIES AND FORECASTING

7. The revenue from sales Tax in U.P. during 1948-99 to 1952-53 is shown in the following

table. Fit a straight-line trend by the method of least square.

Years Revenue (Rs. Lakhs)
1948-49 427
1949-50 612
1950-51 521
1951-52 195
1952-53 490

[Ans. Trend values are 311.2, 410.1, 509.0, 607.9, and 706.8.]

8. Find the seasonal indices by the method of moving averages from the series

observations.
Sales of Woollen Yarn (‘000 Rs.)
Quarter 1976 1977 1978 1979
I 97 100 106 100
11 88 93 96 101
111 76 79 83 88
v 94 98 103 106

[Ans. Seasonal Indices 10.12, 0.13, —-14.08, 3.83.]

9. Calculate the seasonal index from the following data using the average method.

Year 1st Quarter 2nd Quarter 3rd Quarter 4th Quarter
1995 72 68 80 70
1996 76 70 82 74
1997 74 66 84 80
1998 76 74 84 78
1999 78 74 86 82

average method from the given data

[Ans.

96.4, 92.1, 106.9, 100.5]

10.Using 4-Quarterly moving averages find seasonal indices using ratio to moving

Quarter
Year I I 11 v
1998 101 93 79 98
1999 106 96 83 103
2000 110 101 88 106
[Ans. 110.9, 99.9, 84.9, 104.3]
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m FORECASTING

The method and principles of Time series are used in the important work of the forecasting.
Forecasting is an art of making an estimate of future conditions on a systematic basis using
prior available information. On another way we say that the forecasting is the projection of the
past data into future and therefore it has varity of applications. Forecasting is done on specified
assumption and is always made with probability ranges. The need for forecasting arises because
future is characterized by uncertainty. Successful business activity demands a reasonably accurate
forecasting of future business conditions upon which decisions regarding production, inventories,
price fixation, etc. depend. To estimate guesswork modern statistical methods are employed as
a very useful tool of forecasting.

('@ FORECASTING MODES

The time series analysis essentially involves decomposition of the time series into its four
components for forecasting. The main purpose is to estimate and separate the four types of
variations and to bring out the relative impact of each on the over all behaviour of the time
series. For the purpose of forecasting these will be two-model decomposition of time series.

10.7.1 Additive Model

This model is used when it is assumed that the four components of time series are independent
of one another. Thus, if M, is taken represent the magnitude of time series then,
M, =T, +5+C, +1

where T, = Trend Variation at time t

S, = Seasonal Varaition at time t

G

I, = Irregular or random Variation at time t

When the time series data are recorded against years, the seasonal component of time

series vanish and therefore we have.

M, =T, +C, +1,

Cyclical Variation at time t

10.7.2 Multiplicative Model

This model is used when it is assumed that the forces giving rise to the four types of variations
of time series are interdependent. i.e.
M, =T, xS, xC, x1I,
Similarly to additive model, if the time series data are recorded against years then S,
vanish and we have
M

p =Ty x G x I

by taking logarithm on both sides,
log M, = log T, + log C, + log I,

This implies the four components of time series are essentially additive, in additive as well
as multiplicative models.
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Note: The multiplicative model is better than the additive model for forecasting when the trend is
increasing or decreasing over time. In such circumstances, seasonal variations are likely to be increasing
or decreasing too. The additive model simply adds absolute and unchanging seasonal variations to the
trend figures where as the multiplicative model, by multiplying increasing or decreasing trend values by
a constant seasonal variation factor, takes account of changing seasonal variations.

LX) TYPES OF FORECASTING AND FORECASTING METHODS

Forecasting are of two types:
(a) Qualitative Forecasting: Qualitative forecasting is used when past data is not available.
(b) Quantitative Forecasting: Quantitative forecasting is used if historical or past data
are available.

Quantitative forecasting are two types. One is Time Series Forecasting and another is
Casual Forecasting. In casual forecasting methods, factors relating to the variable whose values
are to be predicted are determined and in time series forecasting method, projection of the
future values of a variable is indicated depending on the past and the present movements of
the variable. Different forecasting methods using time series are given in the following.

1. Mean Forecast: It is the simplest forecasting method. According to this method the
mean y of the time series is taken as a forecast or predicted value for the value of y,

of the series for the time period t ie., ¥ = V.
2. Naive Forecast: In this method, recent past is considered for the predication of immediate

future. If there exist high correlation between the pair of values in the time series then
the value y, for the time period t is the forecast of the value y,,, for the time period

(t+1) ie, Y41 = Y

3. Linear Trend Forecast: In this method, the equation of the trend line y =a+bx for the

given time series is first determined by the method of least squares. Then the forecast
for the period t is found from the relation ¥, = a + bx, where x is obtained from the
value of t.

4. Non Linear Trend Forecast: In this method a parabolic or non-linear relationship
between the time and the response value (time series observation) is first determined
by the method of least squares. Then the forecast for the period ¢ is found from the

relation ¥ = a + bx + cx?, where x is obtained from value of .

KXY smootHING OF CURVE

Smoothing techniques are used to reduce irregularities (random fluctuations) in time series
data. They provide a clearer view of the underlying behaviour of the series. In some, time
series, seasonal variation is so strong it obscures any trends or cycles, which are very important
for the understanding of the process being observed. Smoothing can remove seasonality and
makes long-term fluctuations in the series stand out more clearly. The most common type of
smoothing technique is moving average smoothing although others do exist. Since the type of
seasonality will vary from series to series, so must the type of smoothing.
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(2 Exponential Smoothing: Exponential smoothing is a smoothing technique used to
reduce irregularities (random fluctuations) in time series data, thus providing a clearer view
of the true underlying behaviour of the series. It also provides an effective means of predicting
future values of the time series (forecasting).

(b)) Moving Average Smoothing: A moving average is a form of average, which has been
adjusted to allow for seasonal or cyclical components of a time series. Moving average smoothing
is a smoothing technique used to make the long-term trends of a time series clearer. When a
variable, like the number of unemployed, or the cost of strawberries, is graphed against time,
there are likely to be considerable seasonal or cyclical components in the variation. These may
make it difficult to see the underlying trend. These components can be eliminated by taking a
suitable moving averages. By reducing random fluctuations, moving average smoothing makes
long term trends clearer.

(0 Running Medians Smoothing: Running medians smoothing is a smoothing technique
analogous to that used for moving averages. The purpose of the technique is the same, to make
a trend clearer by reducing the effects of other fluctuations.

aaa



CHAPTER 11
Statistical Quality Control

RERJ nrrobucTION

The important, appealing and easily understood method of presenting the statistical data is the
use of diagrams and graphs. They are nothing but geometrical figures like points, lines, bars,
squares, rectangles, circles, cubes etc., pictures, maps or charts. Diagrammatic and graphic
representation has a number of advantages. Some of them are given below:

1.

Diagrams are generally more attractive and impressive than the set of numerical data.
They are more appealing to the eye and leave a much lasting impression on the mind
as compared to the uninteresting statistical figures.

Diagrams and graphs are visuals aids, which give a bird’s eye view of a given set of
numerical data. They present the data in simple, readily comprehensible form.

They register a meaning impression on the mind almost before we think. They also save
lot of time, as very little effort is required to grasp them and draw meaningful inferences
from them.

The technique of diagrammatic representation is made use of only for purpose of
comparison. It is not to be used when comparison is either not possible or is not necessary.

When properly constructed, diagrams and graphs readily show information that might
otherwise be lost a mid the detail of numerical tabulations. They highlight the salient
features of the collected data, facilitate comparisons among two or more sets of data and
enable use to study the relationship between them more readily.

11.1.1 Difference between Diagrams and Graphs

There are no certain method to distinguish between diagrams and graphs but some points of
difference may be observed

1.

Generally graph paper is used in the construction of the graph, which helps us to study
the mathematically relationship between the two variables, whereas diagrams are generally
constructed on a plain paper and used for comparison only not for studying the
relationship between two variables.

In graphic mode of representation points or lines (dashes, dot, dot-dashes) of different
kinds are used to represent the data while in diagrammatic representation data are
presented by bars, rectangles, circles, squares, cubes, etc.

451
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3. Diagrams funish only approximate information. They do not add anything to the

meaning of the data and therefore, are not of much use to a statistician or researcher for
further statistical analysis. On the other hand graphs are more obvious, precise and
accurate than the diagrams and are quite helpful to the mathematician for the study of
slopes, rate of change and estimation i.e., interpolation and extrapolation, whenever
possible.

. Construction of graphs is easier as compared to the construction of diagrams. Diagrams

are useful in depicting categorical and geographical data but it fails to present data
relating to frequency distributions and time series.

11.1.2 Types of Diagrams

A variety of diagrammatic devices are used commonly to present statistical data.

(2) One Dimensional Diagrams i.e., line diagrams and bar diagrams.

Two Dimensional Diagrams i.e., rectangle, squares, circles and pie diagrams.

Three Dimensional Diagrams i.e., cubes, spheres, prisms, cyclinders etc.

(d) Pictograms.

(e) Cartograms.

11.1.3 Rules for Drawing Diagrams

m LINE DIAGRAM

1. The first and the most important thing is the selection of a proper scale. No definite

rules can be laid down as regards the selection of scale. But as a guiding principle the
scale should be selected consistent with the size of the paper and the size of the
observations to be displayed so that the diagram obtained is neither too small nor too
large.

. The vertical and horizontal scales should be clearly shown on the diagram itself. The

former on the left hand side and the latter at the bottom of the diagram.

. Neatness should be strictly being written on the top in bold letter and should be very

explanatory. If necessary the footnotes may be given at the left hand bottom of the
diagram to explain certain points of facts.

This is the simplest of all the diagrams. It consists in drawing vertical lines, each vertical line
being equal to the frequency. The variate values are presented on a suitable scale along the
X-axis and the corresponding frequencies are presented on a suitable scale along

Y-axis.

Example 1. Draw line diagram for the following data:

No. of rooms

1

2

3

4

5

No. of houses

170

183

191

146

105

75

42

30

25
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Sol.

Line Diagram
250

200

150 +
100 +

0+

1 2 3 4 5 6 7 8 9

FIG. 11.1

ERE] 54R DiaGRAM

The terms ‘bar” is used for a thick wide line. The width of the bar diagram shows merely to
make the diagram more explanatory. Bar diagrams are one of the easiest and the commonly
used diagram of presenting most of the business and economics data. They consist of a group
of equidistant rectangles one for each group or category of the data in which the length or
height of the rectangles represents the values or the magnitudes, the width of the rectangles
being arbitrary. There are various types of bar diagrams.

(a) Simple Bar Diagram: It is used for comparative study of two or more items or
values of a single variable or category of data.

Example 2. Birth rate of a few countries of the World during the year 1934.

Country | India | Germany | Irish Free State| Soviet Russia New Zealand Swedon
Birth Rate| 33 16 20 40 30 15
Sol.

45

//70,/.6
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(b) Subdivided Bar Diagram: If a magnitude is capable of being broken into component
parts or if there are independent quantities which form the subdivisions of the total,
in either of these cases, bars may be subdivided into the ratio of the various components

to show the relationship of the parts to the whole.

Example 3. Represent the following data by sub-divided bar diagram.

Family A Family B
Income Rs. 500 Income Rs. 300
Food 150 150
Clothing 125 60
Education 25 50
Miscellaneous 190 70
Saving or Deficit 10 ()30
Sol.
Subdivided Bar Diagram
600
500 E—
400 4 [l Saving or Deficit
300 - [ Miscellaneous
200 - [0 Education
100 — - [l Clothing
0 R O Food
100 Income Rs. 500 Income Rs. 300
Family A Family B
FIG. 11.3

(c) Percentage Bar Diagram: Subdivided bar diagrams presented graphically on percentage
basis give percentage bar diagrams. They are especially useful for the diagrammatic

portrayal of the relative changes in the data.

Example 4. Draw a bar chart for the following data showing the percentage of the total

population in villages and towns.

Percentage of total Population in
Villages Towns
Infants and Young Children 13.7 12.9
Boys and Girls 25.1 23.2
Young men and women 32.3 36.5
Middle aged men and women 20.4 20.1
Elderly person 8.5 7.3
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Sol.

Villages Towns
Y Cumulative % % Cumulative %
Infants and young children 13.7 13.7 12.9 12.9
Boys and Girls 25.1 38.5 23.2 36.1
Young men and women 32.3 71.1 36.5 72.6
Middle aged men and women | 20.4 91.5 20.1 92.7
Elderly persosn 8.5 100 7.3 100
Percentage Diagram Showing Total Population
100%
90% —
80% —
70%
60% W Elderly Persons
50% 7 O Middle aged men and
40% - Women
30% - [ Young men and Women
20%
10% - - [l Boys and Girls
0% [ Infants and young
Cumulative % Cumulative % children
Villages Towns
FIG. 114

455

Some other bar diagrams are multiple bar diagram, Deviation bar, Broken bars etc. In a
multiple bar diagram two or more sets of interrelated data are represented. The method of
drawing multiple bar diagram is the same as that of simple bar diagram. Deviation bars are
popularly used for representing net quantities excess or deficit, i.e., net loss, net profit etc. Such
types of bars have both positive and negative values. Obviously positive values are shown
above the base line and negative values below the base line.

Example 5. Draw a multiple bar diagram from the following data.

Year Sales (‘000 Rs.) Gross Profit (‘000 Rs.) Net Profit (‘000 Rs.)
1992 120 40 20
1993 135 45 30
1994 140 55 35
1995 150 60 40
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Sol.
Multiple Bar Diagram

160

1407 [0 Sales (‘000 Rs.)
120
100
[l Gross Profit ('000 Rs.)
80 —
60 —
40 - [ Net Profit ('000 Rs.)
20
0 I I I
1 2 3 4

FIG. 11.5

Example 6. Present the following data by a suitable diagram showing the sales and net profits
of private industrial companies.

Year Sales Net Profits
1995-1996 14% 49%
1996-1997 10% -25%
1997-1998 13% 1%

Sol.

60%
50% —
40% —
30% —

[ series 1

. [ Series 2

1997-1998

20% —

10%

0% —

1995-1996

-10% —
—20% —
-30%

FIG. 11.6

m ONE DIMENSIONAL DIAGRAM

In one dimensional diagram magnitude of the observations are represented by only one of the
dimension. i.e., height (length) of the bars while the widths of the bars is arbitrary and uniform.
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mTWO DIMENSIONAL DIAGRAMS

In two dimensional diagrams, the magnitude of given observations are represented by the area
of the diagram. Thus the length as well as width of the bars will have to be considered. It is
also known as are diagram or surface diagram. Some two dimensional diagrams are

(a) Rectangles Diagram: A rectangle is a two dimensional diagram because area of

rectangle is given by the product of its length and widths. i.e., length and width of the
bars is taken into consideration.

Example 7. Represent the following data on detail of cost of the two commodities by the
rectangular diagram.

Details Commodity A Commodity B
Price per unit Rs. 4 Rs. 5
Quantity sold 40 units 30 units
Value of raw material Rs. 52 Rs. 50
Other expenses of production Rs. 64 Rs. 60
Profits Rs. 44 Rs. 40
Sol. Let us calculate the cost of material, other expenses and profit per unit.
Commodity A Commodity B
40 units 30 units
Items Total (Rs.) Per Unit (Rs.)| Total (Rs.) Per Unit (Rs.)
Value of raw material 52 1.3 50 1.6
Other expenses of production 64 1.6 60 2.0
Profits 44 1.1 40 14

Costs and Profits per unit of Commodity A & B

180
160
140
120
100
80
60 O Profits
40 +
20 - O Other expenses
0 - I T : [ - )
N Q M Value of raw material
S D
S S
S é’ | ltems
s s
S (@)
FIG. 11.7

(b) Square Diagram: It is specially useful, if it is desired to compare graphically the
values or quantities which differ widely from one another. The method of drawing a
square diagram is very simple. First of all take the square root of the values of the
given observations and then squares are drawn with sides proportional to these
square roots, on an appropriate scale, which must be satisfied.
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Example 8. Draw a square diagram to represent the following data.

Country A B C
Yield in (kg) per hectare 350 647 1,120
Sol. First find out the square root of the quantities.

Country A B C

Yield in (kg) 350 647 1,120

Square root 18.7083 25.4362 33.4664
25.4362 33.4664

j j =136 =179
Ratio of the sides of the square 1 18,7083 187083

Square Diagram

O Ratio of the sides
of the squares

B Square root

@ Yield in (kg) per

A B
1 Square cm = 350 kg

FIG. 11.8
(o) Circle Diagram: Circle diagrams are alternative to square diagrams and are used for

the same purpose. The area of circle, which represents the given values, is given 72,

22 . . .
where n=7 and r is the radius of circle. That is the area of circle is proportional to

the square of its radius and consequently, in the construction of the circle diagram the
radius of circle is a value proportional to the square root of the given magnitude. The
scale to be used for constructing circle diagrams can be calculated as:

For a given magnitude ‘a’, Area = nr? square units = a
1 it = —
= 1 square unit = —5
q ;)
Example 9. Represent the data of example 8 by a circle diagram.

Sol. Above example shows as follows.

Scale 1 square cm. = @=%=111.36 kg.
n
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(A)

(B)

(©)

diagram,

FIG. 11.9

(d) Pie diagram: Pie diagram are also called circular diagrams. For the construction of pie

1. Each of the component values expressed by a percentage of the respective total.

2. Since the angle at the center of the circle is 360°, the total magnitude of various
components is taken to be equal to 360° and each component part is to be expressed

proportionally in degrees.

3. Since 1 per cent of the total value is equal to

360
100

= 3.6°, the percentage of the

component parts obtained in step 1 can be converted to degrees by multiplying

each of them by 3.6.

4. Draw a circle of appropriate radius using an appropriate scale depending on the
space available.

5. The degrees represented by the various component parts of given magnitude can be

obtained directly without computing their percentage to the total values.

Degree of any component part =

component value

Total value

x 360°

Example 10. Draw a pie diagram to represent the following data.

Items

A

B

Proposed Expenditure (in million Rs.)

4,200

1,500

1,000

500
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Sol. Following table gives proposed expenditure in angle form

Items Proposed Expenditure Angle at the centre
A 4,200 ;L—; x360° =210°
B 1,500 ;—; x360° =75°
C 1,000 ;—g x360° = 50°
D 500 ;—g x360° = 25°
Total 7,200 360°

Pie Diagram

D

FIG. 11.10

m THREE DIMENSIONAL DIAGRAMS

Three dimensional diagrams are also known as volume diagrams, consists of cubes, cylinders
spheres etc. length, width and height have to be taken into account. Such diagrams are used
where the range of difference between the smallest and the largest value is very large. Of the
various three dimensional diagrams, ‘cubes’ are the smallest and most commonly used devices
of diagrammatic presentation of the data.

thW@ PICTOGRAMS

Pictograms is the technique of presenting statistical data through appropriate pictures and is
one of very important key particularly when the statistical facts are to be presented to a layman
without any mathematical background. Pictograms have some limitations also. They are difficult
to construct and time consuming. Besides, it is necessary to one symbol to represent a fixed
number of units, which may create difficulties. It gives only an overall picture, not give minute
details.
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m CARTOGRAMS

Cartograms or statistical maps are used to give quantitative information on a geographical
basis. Cartograms are simple and elementary forms of visual presentation and are easy to
understand. Normally it is used when the regional or geographical comparisons are to be
required to highlight.

mGRAPHIC REPRESENTATION OF DATA

Graphs is used to study the relationship between the variables. Graphs are more obvious,
precise and accurate than diagrams and can be effectively used for further statistical analysis,
viz., to study slopes, forecasting whenever possible. Graphs are drawn on a special type of
paper known as graph paper. Graph paper has a finite network of horizontal and vertical lines;
the thick lines for each division of a centimeter or an inch measure and thin lines for small
parts of the same. Graphs are classified in two parts.

1. Graphs of frequency distribution

2. Graphs of time series

11.9.1 Graphs of Frequency Distribution

The so-called frequency graphs are designed to reveal clearly the characteristic features of a
frequency data. The most commonly graph for charting a frequency distribution of the data are:

(a) Histogram: A frequency density diagram is a histogram. According to Opermann, “A
histogram is a bar chart or graph showing the frequency of occurrence of each value
of the variable being analyzed”. In another way we say that, a histogram is a set of
vertical bars whose areas are proportional to the frequencies represented. While
constructing histogram the variable is always taken on the x-axis and the frequencies
depending on it on the y-axis. It applies in general or when class intervals are equal.
In each case the height of the rectangle will be proportional to the frequencies.

When class intervals are unequal, a correction for unequal class intervals is required.
For making the correction we take that class which has lowest class interval and adjust
the frequencies of other classes. If one class interval is twice as wide as the one having
lowest class interval we divide the height of its rectangle by two, if it is three times
more we divide the height of its rectangle by three and so on.

Example 11. Represent the following data by a histogram.

Marks No. of Students Marks No. of Students
0-10 8 50-60 60
10-20 12 60-70 52
20-30 22 70-80 40
3040 35 80-90 30
40-50 40 90-100 05

Sol. Since the class intervals are equal throughout no adjustment in frequencies are
required.
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70

60

50

40

30 + 29

20 +
12

1018

0

Marks
FIG. 11.11
Example 12. Represent the following data by a histogram.
Weekly Wages in Rs. No. of Workers

10-15 7
15-20 19
20-25 27
25-30 15
30-40 12
40-60 12
60-80 08

Sol. Since class intervals are unequal, frequencies are required to adjust. The adjustment
is done as follows. The lowest class interval is 5 therefore the frequencies of class 3040 shall
be divided by two since the class interval is double, that of 40-60 by 4 etc.

30

27

25
20
15

15

10+

FIG. 11.12

(b) Frequency Polygon: ‘Polygon’ literally means ‘many-angled” diagram. A frequency
polygon is a graph of frequency distribution. It is particularly effective in comparing
two or more frequency distribution. There are two ways for constructing frequency

polygon.
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1.

Draw a histogram for a given data and then join by straight lines the midpoints of
the upper horizontal sides of each rectangle with the adjacent once. The figure so
formed is called frequency polygon. To close the polygon at both ends of the
distribution, extending them to the base line.

Take midpoints of the various class-intervals and then plot the frequency corresponding
to each point and to join all these points by a straight lines. The figure obtained
would exactly be the same as obtained by method no. 1. The only difference is that
here we have not to construct a histogram.

Example 13. Draw a frequency polygon from the following data.

Marks 0-10 | 10-20 2040 | 40-50 | 50-60 | 60-70 | 70-90 | 90-100

No. of students 4 6 14 16 14 8 16 5

Sol. Since class intervals are unequal, so we have to adjust the frequencies. The class 20-
40 would be divided into two parts 20-30 and 30-40 with frequency of 7 each class.

18

16
16

14 A

12 A

10

FIG. 11.13

(o) Frequency Curve: A frequency curve is a smooth free hand curve drawn through the

vertices of a frequency polygon. The area enclosed by the frequency curve is same as
that of the histogram or frequency polygon but its shape is smooth one and not with
sharp edges. Smoothing should be done very carefully so that the curve looks as
regular as possible and sudden and sharp turns should be avoided. Though different
types of data may give rise to a variety of frequency curves.

Symmetrical Curve Asymmetrical Curve
FIG. 11.14
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1.

2.
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Symmetrical Curve: In this type of curve, the class frequencies first rise steadily, reach
a maximum and then fall in the same identical manner.

Asymmetrical (skewed) frequency curves: A frequency curve is said to be skewed if
it is not symmetrical.

U-Curve: The frequency distributions in which the maximum frequency occurs at the
extremes (i.e., both ends) of the range and frequency keeps on falling symmetrically
(about the middle), the minimum frequency being attained at the centre, give rise to
a U-shaped curve.

4.

U-Shapped Curve J-Shaped Curve Inverted J- Shaped
FIG. 11.15
J-Shaped Curve: In a J-shaped curve the distribution starts with low frequencies in the

lower classes and then frequencies increase steadily as the variable value increases and
finally the maximum frequency is attained in the last class. Such curves are not regular
but become unavoidable in certain situations.

(d) Cumulative frequency curve or Ogive: Ogive, pronounced Ojive, is a graphic
presentation of the cumulative frequency distribution. There are two types of cumulative
frequency distributions. One is ‘less than’ ogive and second is ‘more than’ ogive. The curve
obtained by plotting cumulative frequencies (less than or more than) is called a cumulative
frequency curve of an ogive.

1.

‘Less than’ method: In this method we start with the upper limits of the classes and
go on adding the frequencies. When these frequencies are plotted we get a rising
curve.

‘More than’ method: In this method we start with the lower limits of the classes and
from the frequencies we subtract the frequency of each class. When these frequencies
are plotted we get a declining curve.

11.9.2 Graphs of Time-Series

A time series is an arrangement of statistical data in a chronological order i.e., with respect to
occurrence of time. The time series data are represented geometrically by means of time series
graph, which is also known as Historigram. The various types of time series graphs are

1.

2
3.
4
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Horizontal line graph or historigrams

. Net balance graphs

Range or variation graphs

. Components or band graphs.

Statistical quality control abbreviated as SQC involves the statistical analysis of the inspection
data, which is based on sampling and the principles involved in normal curve. The origin of
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Statistical Quality Control is only recent. Walter A. Shewhart and Harold F. Dodge of the Bell
Laboratories (U.S.A) introduced it after the First World War. They used probability theory to
developed methods for predicting the quality of the products by conducting tests of the quality
on samples of products turned out from the factory. During the Second World War these
methods were used for testing war equipment. Today the methods of SQC are used widely in
production, storage, aircraft, automobile, textile, plastic, petroleum, electrical equipment,
telephones, transportation, chemical, medicine and so on. In fact, it is impossible to think of any
industrial field where statistical techniques are not used. Also it has become an integral and
permanent part of management controls.

The makers of the product normally set the quality standards. The quality consciousness
amongst producer is always more than there is competition from rival producers. Also when
consumers are quality conscious. The need for quality control arises because of the fact that
even after the quality standards have been specified some variation in quality is unavoidable.

Further, the SQC is only diagnostic. It can only indicate whether the standard is being
maintained. The re-medical action rests with the technician. It is therefore remarked, “Quality
control is achieved most efficiently, of course, not by the inspection operation itself, but by getting at
causes”. —Dodge and Roming)

Statistician’s role is there because the analysis is probabilistic. There is use of sampling
and rules of statistical inference. Also SQC refers to the statistical techniques employed for the
maintenance of uniform quality in a continous flow of manufactured products.

“SQC is an effective system for co-ordinating the quality maintenance and quality improvement
efforts of the various graphs in an organization so as to enable production at the most economical levels
which allow for a full customer satisfaction”. —A.V. Feigenbaum

Advantages and Uses of SQC: SQC is a very important technique, which is used to
assess the causes of variation in the quality of the manufactured product. It enables us to
determine whether the quality standards are being met without inspecting every unit produced
in the process. It primarily aims at the isolation of the chance and assignable causes of variation
and consequently helps in the detection, identification and elimination of the assignable causes
of erratic fluctuations whenever they are present.

“A production process is said to be in a state of statistical control if it is operating
in the presence of chance causes only and is free from assignable causes of variation”.

There are some advantages, when a manufacturing process is operating in a state of
statistical control.

1. The important use and advantage of SQC is the control, maintenance and improvement
in the quality standards.

2. Since only a fraction of output is inspected, costs of inspection are greatly reduced.

3. SQC have greater efficiency because much of the boredom is avoided, the work of
inspection being considerable reduced.

4. An excellent feature of quality control is that it is easy to apply. One the system is
established person who have not had extensive specialized training can operate it.

5. It ensures an early detection of faults and hence a minimum waste of rejects production.

6. From SQC charts one can easily detach whether or not a change in the production
process results in a significant change in quality.

7. The diagnosis of the assignable causes of variation gives us an early and timely
warningabout the occurrence of defects. These are help in reduction in, waste and
scrap, cost per unit etc.
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8. The presence of an SQC scheme in any manufacturing concern has a very healthy
effect as it creates quality consciousness among their personal. Such ways keep the
staff and the worker on their alert they are by increasing their efficiency.

11.10.1 Causes of Variation

In every manufacturing concern, it is intended that all the products produced should be exactly
same quality and should confirm to same prescribed specification. However refined and accurate
the manufacturing process is, some amount of variation among manufactured products is
always noticed which is mainly due to two types of causes:

(@) Chance Causes: Variation, which results from many minor causes, that behaves in a
random manner. This type of variation is permissible and indeed inevitable, in
manufacturing. There is no way in which it can completely be eliminated when the
variability present in a production process is confined to chance variation only, the
process is said to be in a state of statistical control. These type of causes are also
known as random causes. These small variations, which are natural to and inherent in
the manufacturing process, are also called allowable variations as they cannot be
removed or prevented altogether in any way. The allowable variation is also sometimes
known as natural variation, as it cannot be eliminated and one has to allow for such
variation in the process.

(b) Assignable Causes: These are some variations which are neither natural nor inherent
in the manufacturing process and they can be assigned as well as prevented if the
causes of such variations are detached. These variations are generally caused by the
defects and faults in the production design and manufacturing process.

11.10.2 Types of Quality Control

The control refers to action (or inaction) designed to change a present condition or causes
it to remain unchanged; and quality refers to a level or standard which is turn, depends on
manpower, materials, machines and management. The main purpose of any production process
is to control and maintain a satisfactory quality level for produced product and also it should be
ensured that the product conforms to specified quality standards i.e., it should not contain a large
number of defective items. The quality of a product manufactured in any factory may be controlled
by two ways.

(a) Process Control: The first way for controlling the quality is process control which is
concerned with controlling the quality during the process of production i.e., the control
of a process during manufacture. Also, when statistical techniques are employed during
manufacturing period for controlling the quality by detecting the systematic causes of
variation as soon as they occur then it is called process control. Process control is achieved
by the technique of control charts pioneered by W.A. Shewhart in 1924.

(b) Product Control: This is concerned with the inspection of goods already produced
whether these are fit to be dispatched. On the other hand by product control we mean
controlling the quality of the product by critical examination at strategic points and this
is achieved through ‘Sampling inspection plans’ pioneered by Dodge and Romig.
Process Under Control: A production process is said to be under control when there

is no evidence of the presence of assignable causes (or these causes have been detached
and removed) and it is governed by the chance causes of variations alone.
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Tolerance of the Specification Limits: The manufactures of the manufactured goods often
standards to which these product must confirm if they are to be considered of good quality. These
standards generally specify the desirable process average together with the limits above and
below this process average. These upper and lower limits are called the specification limits or the
tolerance limits.

CONTROL CHARTS

A control chart is a statistical device principally used for the study and control of repetitive
process. A control chart is essentially a graphic device for presenting data so as to directly
reveal the frequency and extent of variations from established standards of goals. Control charts
are simple to construct and easy to interpret and they tell the user at a glance whether or not
the process is in control i.e., with in the tolerance limits.

Walter A. Shewhart of Bell Telephone laboratories made the discovery and development
of the control charts in 1924. A control chart is an indispensable tool for bringing a process
under statistical control. The Shewhart’s control charts provides a very simple but powerful
graphic method of obtaining if a process is in statistical control or not. Its construction is based
on 3-c limits and a sequence of suitable sample statistics e.g., mean(x), Range(R), Standard
deviation(S), fraction defective(p) etc. Computed from independent samples drawn at random
from the product of the process.

These sample points depict the frequency and extent of variations from specified standards.
A control chart consist of three horizontal lines:

(1) Upper Control Limit
(2) Lower Control Limit

(3)Central Limit
together with a number of sample points. In the control chart UCL and LCL are usually plotted
as dotted lines and the CL is plotted as a bold line.

__________________________________________ ucL
3-c6
<@
3 CL
1]
=
©
3 3-c
LCL

i 2 83 4 5 6 7 8 9 10
Sample (Subgroup) Numbers

FIG. 11.16
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Remarks:

1. A central limit representing the average value of the quality characteristics, or
desired standard or level of the control process.

2. An upper control limits (UCL) and lower control limits (LCL) indicates the upper
and lower tolerance limit.

3. Ordinarily UCL and LCL are at equal distance from central line, this common
distance being equal to three items the standard deviation ¢ (called “standard
error’ in sampling theory) of the sample characteristics for which the control
chart is prepared.

4. If t is the underlying statistic, then UCL and LCL depends on the sampling

distribution of ¢+ and are given by

UCL = E(t) + 3S.E.(t)
LCL = E(t) — 3S.E(t)
CL = E(1)

m 3-6 CONTROL LIMITS

Control chart is based on the fundamental property of area under the normal distribution. The
standard normal probability curve is given by the equation

P(t):;e‘tz/z;—mgtgm, where tzﬂ

oV2n c

and x is normally distributed with mean p=x and standard deviation o. Therefore by the

property of normal distribution
Plu-30<x<u+30]=0.9973 (1)

the probability statement in (1) states that if x is normal with W and standard deviation o,
then the probability or chance that a randomly selected value of x will lie outside the limit
u+ 30 is 1.0-0.9973 =0.0027, i.e. very small, only 27 out of 10,000. In veiw of this, 3-¢ limits,
are termed as LCL and UCL for quality characteristic x.

In other words 1 + 36 covers 99.73 percent of the sample. Hence if points fall outside 3-¢
limits, they indicate the presence of some assignable cause all is not due to random causes. It

should be noted that if points fall outside 3-c limits, there is a good reason for believing that they
point to some factor contributing to quality variation that can be identified.

IRB KR TYPES OF CONTROL CHART

There are two main types of control charts.
1. Control charts for variable (X, R, G chart)
2. Control charts for attributes (p, pn and C-chart)
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11.13.1 Control Chart for Variable

The chart used for characteristics on which the actual measurements in numerical forms are
possible to be made, i.e., whose samples are subjected to quantitative measurements such as
weight, length, diameter, volume etc. are called control for variables.

The charts used for qualitative characteristics as ‘defective” or ‘non-defective’, as ‘good” or
‘bad’, as ’better’ or 'worst’, are called control charts for attributes.

Control Chart for Mean (X) : The mean chart is used to show the quality averages of the
samples drawn from a given process. Before a (X) chart is constructed the following values
must be obtained.

1. Obtain the Mean of Each Sample: Let x|, X, X, ccooovvvuerneees , x, be the means of sample
on the 1st, 2nd, 3rd,................. , ith sample observations respectively and let R, R, R,,
............ , R, be the values of corresponding ranges for the ith samples. Thus for the jth
sample (j = 1, 2, 3,........... , 1)

X; = Mean of observations on the jth sample
— 1
= X; = [Sum of observations on the jth sample]

where 7 is the sample size.

Rj =R is the

lowest observation in the jth sample.)

(where R__ is the largest and R

max min’ min

2. Obtain the Mean of Sample Mean: Now, J=c, the mean of j sample mean and R, the
mean of the i sample ranges are given by

3. Setting of Control Limits for x: From sampling theory, we know that if L be the
process mean and ¢ be the process standard deviation then sample mean x is normally

c .
distributed with mean U and stadnard deviation on T ie.,
n

E (;C) =U and S.E. (J_C) =T’ where 7 is the sample size. Hence the 3-c control limits for
x chart are:

E(x)%3SE.( x) (1)

or H—\/E
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UCL=p+Ac
ic, CL=n @)
LCL=p-Ac

where A:i is a constant and obtained for different values of n. Equation (2) are

N7

applicable in those situations in which values of [ and ¢ are known.
Remark: If B and ¢ are not known then we use their estimates provided by the i-given

samples. Now x provides an unbiased estimate of the population mean M, while process

R
standard deviation ¢ is estimate by —; where d, is a constant depending on the given
2

sample size n. Thus

n = ¥ and sz— (where d, is correlation factor)
2

Substitute these values in (1) to obtain 3-c¢ control limits for x-chart.

+ 3[%]x % = + [dzix/ﬁjﬁ

Il
=R
=R

- x =+ AR
3 . . .
where A, = is a constant depending on sample size .
Wn
UCL = x+AR
CL = x
LCL = x—A,R

4. Construction of (x) Chart: The control chart for mean is drawn by taking the sample
number along the horizontal line (x-axis) and the statistic (x) along the vertical line (y-
axis). The sample points are plotted as points or dots against the corresponding sample
number. These points may or may not be joined. The central line is drawn as a bold

and UCL or LCL are plotted as dotted horizontal lines at the compute values.

5. Control Chart for Range (R): The R chart is used to show the variability or dispersion
of the quality produced by a given process. The R chart is generally presented along
with the (x) chart and procedure for constructing the R chart is similar to that for
(x) chart. The required values for constructing R chart are

1. The range of each sample R
2. The mean of the sample ranges (R)

3. Setting of control limits for R
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The three sigma limits for R-chart if process standard deviation is known, are given by
UCL = up+30y
CL = pg
LCL = pg|-30y (1)

Now if quality characteristics x is normally distributed with mean M and standard
deviation ¢ then

ur = E(R)=d,o, where E(R) = expected mean for R
or = JU(R) =d;0, where v(R) = Variance of R

Therefore equation (1) becomes
UCL = dy06+3d;6=(d,+3d3)6=D,0
CL = d,o
LCL = d,6-3dy6=(d, -3d;)6=D;c -(2)
where d,, D, and D, are constants depending on sample size n and have been computed

for different values of n from 2 to 25. Since range can never be negative so if it comes
out to be negative, it is taken as zero. Equation (2) is used when ¢ is known.

Remark: When standard deviation are not known i.e., ¢ is unknown then in this case ¢
is obtained by

Therefore from equation (2)

uct = D, R-p,R
d,
cL =4 R-R
d,

icL = b, X -p,R
d

ie., UCL = D,R
CL = R
LCL = DR

D; and D, also depends on sample size n and tabulated for different values of n from
2 to 25.
1. Construction of (R) Control Chart: The control chart for mean is drawn by taking

the sample number along the horizontal line (x-axis) and the statistic (R) along the
vertical line (y-axis). The sample points are plotted as points against the corresponding
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sample number. The central line is drawn as a bold and UCL or LCL are plotted as
dotted horizontal lines at the computed values. Point to be noted that the use of R
chart is recommended only for relatively small samples sizes (near 12 to 15 units). For
the large sample sizes (n > 12) the ¢ chart is to be recommended.

2. Standard Deviation ¢ Chart: The variability in the quality characteristic is controlled
by ¢ chart (when n > = 10). Control limits of ¢ charts are given by

UCL = pg+30,
CL = us
LCL = yug - 30, (1)
For normally distributed variable x, u, and o, is given by
Us = E(S) = CZG
-1
and 6. =o(S)=0 (”n )_¢2 -(2)
Therefore from (1) control limits are:
-1
UCL = Cy0+ 30, | "1 _ 2
n
LCL = Cy0-30,| =1 2
n
- UCL =B,c
LCL =B;c .(3)

These control limits are employed when standards (¢ is given) are given. If standards are
not given then in that case ¢ is estimated by

- —\2

S = Z (x - x) Sum of sample standard deviations
’ where S= =

G n Number of samples

Using value of ¢ in equation (3) we get control limit as
UCL = ﬂé:Bﬁ
G

cL = ©35-5
G

LCL = ﬁé:Bﬁ
G
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11.13.2 Control Chart for Attributes

The chart used for qualitative characteristic are called control charts for attributes. When we
deal with quantity characteristic which cannot be measured quantitatively, in such cases the
inspection of units is accompanied by classifying them as acceptable or non-acceptable, defective
or non-defective. Here we use two words ‘defect” and ‘defective’. Any instance of a characteristic
or unit not conforming to specification (required standards) is known as a defect. A defective
is a unit which contains more than allowable number (usually one) of defects. Control chart for
attributes are:

1. Control chart for fraction defectives, i.e., p-chart

2. Control chart for number of defectives, i.e., np-chart

3. Control chart for number of defects per unit, i.e., c-chart

1. Control Chart for Fraction Defectives (p-Chart): Control chart for fraction defective

is used, when sample unit as a whole is classified as defective or non-defective, or
good or bad.

. . Total no. of defective units
Fraction defective =

Total no. of units

ie., p=—
n

therefore sampling distribution of the statistic ‘p” is given by

E(p)=p

S-E-(P)=\/?; where Q = 1-p

(/) 3-0 Control Limits for p-Chart: 3-c control limits for p-chart are given by
E(p)+3S.E.(p).

pQ

ie., px3 7

Therefore if p is known then

UCL=p+3 /@
n

CL=p

LCL=p—3J£ where Q = 1-p
n

Again if p is not given, then p is denoted by p and is obtained as

Total no. of defective in all samples

P= Total no. of units in all samples

. o2t 2
ie., p_zn_ "

(when k sample is used out of n)
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Therefore control limits of p-chart are

UCL=p+3 p(-r)
n
CL=p
=
LCL=p-3 p(-r)

It can also be written as

n
UCL = p+AJp( p)

CL=p

LCL=p-A p( -p

v

Where A:i is obtained for different values of n from the table.

Jn
(i7) Construction of p Chart: To construct p-chart, take the sample number along the
horizontal scale and the statistic ‘p” along the vertical scale. Then the sample fraction

defectives p,, P, Py wverererenennnnn. p, are plotted against the corresponding sample
numbers as points (dots). The central line as a dark horizontal line and UCLp and LCLp

are plotted as dotted horizontal lines at the computed values. Since p cannot be
negative so if LCL obtained as negative, it is taken as zero for control chart.

2. Control Chart for Number of Defectives (np-Chart): If the sample size is constant
for all the samples, say n then the sampling distribution of the statistic

d = No. of defectives in the sample = np

is given by  E(d) = np and S.E.(d) = npQ
Hence the 3-¢ limits for np-chart are given by

E(d) + 3 SE(d)

=np£3npQ =np£3,np(1-p); where Q=1-p
Hence UCL,,, =np+3\/np(1-p)

CL,, =np

LCL,, = np—3,np(1-p)

If p is not known, then p is obtained by sample values and given by

Total no. of defectives in all sample inspected

P= Total no. of samples inspected
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Thus control limits for np-chart are

UCL =np+3,/np(1-p)

CL:n;_a

LCL =np-3,[np(1-p)

475

3. Control Chart for Number of Defects per Unit (c-Chart): The statistical basis for the
control c-chart is the poisson distribution. If we regard the statistic c distributed as a

poisson variate with parameter A then,

E(c)=1and S.E.(c)=+A

where A is the average number of defects in all the inspection units. Hence the 3-c

control limits are given by

E(c)+3S.E.(c)
=At3VA
ie., UCL=2+3A
CL=A
LCL=A-3VA
If % is unknown then, K:E:ZI;‘C:Q +c, +k .......... +c;
where ¢;,Cp, i ,C; are the numbers of defects observed in kth sample observation.
Hence, UCL=c+ 3\/2
CL=c
LCL=c-3Vc

Since ¢, the number of defects per unit cannot be negative so if LCL_is obtained from

above formula as negative then it is taken as zero.

Construction of c-Chart: The sample points c;,c,,

........... ,¢, are plotted as dots by taking

sample statistic ¢ along the vertical scale and the sample number along the horizontal scale. The

central line (CL) is drawn as bold horizontal line at A or ¢ and UCL, and LCL, are plotted as

dotted lines at the computed values.

Example 1. There are given the values of sample mean x and range (R) for ten samples of size

5 each. Draw Mean and Range charts and comment on the state of control of the process.

Sample No.| 1 2 3 4 5 6 7 8 9 10
X 43 49 37 44 45 37 51 46 43 47
R 5 6 5 7 7 4 8 6 4 6

Given forn = 5, A, =058 D,=0, D, = 2115
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Sol. Mean Chart

X
Mean of 10 sample mean X = ; _2 44.2
10 10
_ R
Mean Range of 10 sample ranges R= 21‘4_0 :i’_i =58

As we have, for n=5, A,=058, D;=0, D,=2115
3-6 control limits for x chart are:

UCL. = X+ AR
= 44.2+0.58x5.8 = 47.567

LCL. = X-A,R
=442-0.58x5.8 = 40.836
CL. =X=442
Range Chart: 3-6 Control Limits for R chart are:
UCLg = D,R=2.115x5.8 =12.267

LCLg = D;R=0x58=0

CLgy =R=58
Mean Chart
60
50 — —
;3 < < h 2
—e * £
c 40
s ) g 3
=
9 30
o
£
©
n 20
10
0 T T T T T
0 2 4 6 8 10 12
Sample Number

FIG. 11.17

From mean chart we see that 2nd, 3rd, 6th and 7th samples lies outside the control limits.
Hence the process is out of control. This shows that some assignable causes of variation
are operating which should be detected and removed.
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FIG. 11.18
Since all the points with in the control limits. Hence the process is in statistical control.
Example 2. The following are the mean lengths and ranges of lengths of a finished product from

10 samples each of size 5. The specification limits for length are 200+5cm. Construct x and R-chart
and examine whether the process is under control and state your recommendation.

Sample No. | 1 2 3 4 5 6 7 8 9 10
X 201 198 202 200 203 204 199 196 199 201
R 5 0 7 3 4 7 2 8 5 6

Assume for n = 5, A, = 0.577, D, =0, D, = 2.115.

Sol. In given problem specification limits for length are given 200 + 5 cm. Hence standard
deviation is unknown.

(1) Control Limits for x-chart are:
Central limit, CLy= p = 200

UCL. =p+A,R=200+0577x4.7

=202.712; R==_=""

LCL. =p—A,R=200-0.577x4.7 = 197288 R-47
(2) Control limits for R-Chart are:
UCLg =9.941=D,R=2.115x4.7
CLg =47=R
LCLg =0=D;R=0x4.7

from control charts for mean and range, the process is in statistical control in R-Chart because
all points lies with in the control limits where as in x-chart, process is out of control because
sample 5, 6 and 8 lies outside the control limits. The process therefore should be halted to check
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whether there are any assignable causes. If assignable causes found, the process should be
re-adjusted to remove assignable cause.

Mean Chart
205
204 A *
203 ?
£ 202 o *
S 2017 e 4
Q 4
2 200 &
g 199 + L 4 *
» 198 - L 4
197 4
196 + ®
195 T T T T T
0 2 4 6 8 10 12
Sample Number
FIG. 11.19
Range Chart
10
g 8 4
g N N
x 6 4
o 4 L 4
g. 4 \ 4
» 2 d 23
0 T T
0 5 10 15
Sample Number

FIG. 11.20

Example 3. In a glass factory, the task of quality control was done with the help of mean (x) and
standard deviation G charts. 18 samples of 10 items each were chosen and then values ¥.X and XS were
found to be 595.8 and 8.28 respectively. Determine the 3-c limits for mean and standard deviation chart.
Given that n = 10, A, = 1.03, B, = 0.28, B, = 1.72, XS = 8.28.

Sol.

No. of samples 18

g . 25 _ 828
18 18
hence, 3-6 control limits for standard deviation chart are:

= 0.46

UCL; = B,S = 172 x 048 = 0.7912
LCL; = B,.S = 0.28 — 046 = 0.1288
CL; = 046
3-0 control limits for mean chart (X) are:
X = =X 2 5P8 55
18 18
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UCL, = X + Ao
= 33.1 + 1.03 x 0.46
UCL, = 33.57
LCL, = x - Ao
= 33.1 - 1.03 x 0.46
LCL, = 32.63
CL, = 33.1.
Example 4. If the average fraction defective of a large sample of a product is 0.1537, calculate
the control limits when subgroup size is 2,000.
Sol. Here, Sample size n = 2,000 for each sample
Average fraction defective = 0.1537 i.e.,, P = 0.1537

= Qzl—P:1_01537
Q = 0.8463
Hence, 3—6 control limits for P-Chart are :
p+3 [P
n
UCL, = 0.1537+3 2123708463
2,000

UCL, = 0.1537 + 0.02418 = 0.17788

’0.1537><0.8463

LCL, =0.1537 —0.02418 = 0.12952
CLp =0.5137.

Example 5. The following data gives the number of defectives in 10 independent samples of
varying sizes from a production process.

Sample no. 1 2 3 4 5 6 7 8 9 10

Sample size 2000 | 1500 | 1400 | 1350 | 1250 | 1760 | 1875 | 1955 | 3125 | 1575

No. of defectives| 425 430 216 341 225 322 280 306 337 305

Draw the control chart for fraction defective.

Sol. (In problem 4 sample size is fixed whereas in this problem sample size is variable)

Since it is a problem of variable sample size so control chart for fraction defective can be
drawn in two ways.

(1) By first way, we set up two sets of control limits, one based on the maximum sample
size, n=3125 and the second based on minimum sample size n=1,250.

(a) For n=3,125; UCL =0.200, LCL =0.159
(b) For n=1,250; UCL=0.212, LCL=0.147
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FIG. 11.21 Control Chart for Fraction Defective

Since there are 4 points lies outside (based on minimum sample size) of control limits,
so process is of out of control.
(2) By second way, 3-¢ limit for each sample separately obtained by using formula

P+3 rQ
n

Total no. of defectives Zd

where P= =
Total sample size Z n

andn is corresponding sample size.

>d_ 3187
Xn 17790

P= =0.1791 = Q=1-P=0.8209

(PQ) = 0.1791 x 0.8209 = 0.1470231

d P =dm 1/n % \/? 3 x \/? ucL LCL
2000 425 0.2125 0.0005 0.000735 0.008573 0.025719 0.205 0.153
1500 430 0.2867 0.00066 0.000098 0.009899 0.029698 0.209 0.149
1400 216 0.1543 0.00071 0.000105 0.010247 0.030741 0.210 0.148
1350 341 0.2526 0.00074 0.000109 0.010440 0.031321 0.210 0.148
1250 225 0.1800 0.00080 0.000118 0.010863 0.032588 0.212 0.147
1760 322 0.1829 0.00057 0.000084 | 0.009138 0.027413 0.207 0.152
1875 280 0.1495 0.00053 0.000078 0.008854 0.026562 0.206 0.153
1995 306 0.1565 0.00051 0.000075 0.008672 0.026015 0.205 0.153
3125 337 0.1078 0.00032 0.000047 | 0.006856 0.020567 0.200 0.159
1575 305 0.1937 0.00063 0.000093 0.009659 0.028977 0.0208 0.150
17790 3187
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Sample points corresponding to sample no. 1, 2, 4, 7 and 9 lie
outside the control limits. Hence, process is out of control.

FIG. 11.22

Example 6. A daily sample of 30 items was taken over a period of 14 days in order to establish
attributes control limits. If 21 defectives were found, what should be upper and lower control limits of
the proportion of defectives?

Sol. Since a sample of 30 items is taken daily over a period of 14 days.
Total No. of items inspected = 30 x 14 = 420
No. of defective found = 21
n =30
21

— = 0.05
420

. Average fraction defective P

UCL, = P+3 PO where Q=1-P
n

_ P(1-P
BaaP0=P) (0545 [@05)<095
n 30

UCL, = 0.05 + 3 x 0.0398
UCL, =0.1694
_ P(1-P)
LCL, = P-3,/———~
n
=0.05 - 0.1194 < 0 (negative)
LCL, = 0.

Example 7. The past record of a factory using quality control melthods show that on the average
4 articles produced are defective out of a batch of 100. What is the maximum number of defective articles
likely to be encountered in the batch of 100, when the production process is in a state of control?

Sol. n = Sample size = 400

P = Process fraction defective = = 0.04

100
1-P=09%

@)
I
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Let d be the number of defectives in a sample size of n. i.e., np. The 3—c limit for number
of defectives are given by

E(d)+3sE(d)

or np £ 3nPQ
=400x0.04 +3/400%0.04x0.96

=16%315.36 =16 +3x3.9192
=16+11.7576 =(4.2424,27.7576)

Therefore if the production process is in a statistical control, the number of defective items
to be encountered in a batch of 400 should lie within the control limits, viz. (4.2424, 27.7576),
ie., (4, 28). Hence the maximum number of defective items in this batch is 28.

Example 8. In a blade manufacturing factory, 1000 blades are examined daily. Following information
shows number of defective blades obtained there. Draw the np-chart and give your comment?

Date 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

No. of

. 9 10 12 8 7 15 10 12 10 8 7 13 14 15 16
Defective

Sol. Here 7=10000, k=15 (sample no.)

If P denotes the fraction defectives produced by the entire process then

kn  15x1000

: np =1000x0.011=11
Hence control limits are

CL=np=11
UCL =np =3,/np-(1-p)
=11+3,/11-(1-0.011)
UCL = 20.894

LCL=np-3 /nﬁ—(l—f;)
=11-3,/11-(1-0.011)

LCL=1.106

Since all the 15 points lies within the control limits, the process is under control.
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Example 9. The number of mistakes made by an accounts clerk is given below:

Week 11213

10

11

12

13

14

15

16

17

18

19

20

O(1(0(1]|0|1]| 2

3

3

1

0

0

7

1

No. of Mistakes | 1|0 | 2

Establish a suitable control chart and state how it should be used in future in order to control the
mistakes of the clerk.

Sol. The control chart to be used for the given problem is the number of defects chart i.e.,
C-chart.

Average no. of mistakes.

. 3C 24
€= "0 20

Thus the control limits for ¢ -chart are;

(/) UCL= c+3Jc = 12+3J1.2 = 449
(i) CL=c¢=12
(fii) LCL = ©-3J¢ = 12-3J12 =209 = 0

“» The number of mistakes during the 16th week lies outside the UCL the process is not
under control.

Now to establish the suitable control chart for future, we homogenize the data for future
control by eliminating the data corresponding to the 16th week.

17

Crew =1—9 =0.895. Hence the revised control limits for ¢ chart are:

UCL = ¢+ 3y = 0.895+3/0.895 = 3.73
LCL = c—3vc = 0.895—3/0.895 = —1.94 = 0

CL=C= 17 _ 0.895.
19
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So the revised C-chart for revised control limit is in statistical control, i.e., all the points
lies within the control limits.

8
TS
2 6
-
[°]
@
s 4
S X
2 2 * .
* o o o 'S o o
0_ .......... ’ ......... ’. ....... ’ ........ ’ ................................. ‘. .............. ‘ ........ ‘ ..............................
Week
FIG. 11.24

Example 10. During the examination of equal length of cloth, the following are the number of
defects observed.
2 3 4 0 5 6 7 4 3 2

Draw a control chart for the number of defects and comment whether the process is under control
or not?
Sol. Let the no. of defects per unit (equal length) be denoted by c.

The average no. of defects in 10 samples

e 30 46
20 10
Hence 3-c limit for c-chart are:

c+3e

=3.6+34/3.6
=3.6+3x1.8974

=3.6+5.6922
UCL: = 3.6 + 56922 = 9.2922
LCL; = 3.6 - 5.6922 = - 2.0922 = 0
CL; = 36
(LCL: = 0 because no. of defects per unit cannot be negative)
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FIG. 11.25
Since all the points are within the control limits therefore the process is in statistical

control.

485

Example 11. An automobile producer wishes to control the number of defects per automobile. The

data for 16 such automobiles is shown below:

Sample No. 1123 |4]|5]|6

14

15

16

No.of defects | 2 | 4 | 3 | 2 | 1 | 8

1. Set up the control Imits for c-charts.

2. Do these data come from a controlled process ? If not, calculated the revised control charts

limits.
Sol. Here k = 16
Average no. of defects in 16 units

1 42
T=.YC=22=
PRT:

2.625

Thus, the control limits for c-chart are:

UCL = ¢+3JC = 2.625+32.625 = 2,625+ 4.861 = 7.486

CL =7c¢ =262

LCL = ¢-3Jc = 2.625-342.625 = 2.625-4.861 = —2.236 ~ 0

10

8

L 2

No. of Defect

Sample Number

FIG. 11.26
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Negative LCL being taken as zero. Also for drawing the control chart we mark the sample
No.’s along the horizontal axis and control limits and central line marked along the
vertical axis. Finally the number of defects. (c) per inspection units are marked in the c-

chart.

From the control chart, we observe that the point corresponding to 6th inspection unit
goes beyond UCL showing a out-of-control situation. So for computing revised control
limits we omit this unit and use the remaining 15 inspection units for the purpose. The
average number of defects in the remaining 15 units is

15

1 34
C=EZQ =2 _007

i=1 15

so the revised limits for c-chart are:

UCL=c+ 3\/2 =227+3J227 =227 +4.52=6.79

CL=c=227

LCL=c— 3\/: =227-3v227 =227-452=-225=0

Negative LCL being as zero.

Example 12. A food company puts mango juice into cans advertised as containing 10 ounces of
the juice. The weights of the juice drained from cans immediately after filling for 20 samples are taken
by a random method (at an interval of every 30 minutes). Each of the samples includes 4 cans. The
samples are tabulated in the following table. The weights in the table are given in units of 0.01 ounces
in excess of 10 ounces. For example, the weight of juice drained from the first can of the sample is
10.15 ounces whch is in excess of 10 ounces being 0.15 ounces (10.15 — 10 = 0.15) since the unit in
the table is 0.01 ounce, the excess is recorded as 15 units in the table. Construct an x-chart to control
the weights of mango juice for the filling.

Weight of each can (4 cans in each sample, x, n = 4)
Sample Number

xl xZ x.% x4
1 15 12 13 20
2 10 8 8 14
3 8 15 17 10
4 12 17 11 12
5 18 13 15 4
6 20 16 14 20
7 15 19 23 17
8 13 23 14 16
9 9 8 18 5
10 6 10 24 20
11 5 12 20 15
12 3 15 18 18
13 6 18 12 10
14 12 9 15 18
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= 13.15 - 0.729 x 10.55

= 546

15 15 15 6 16
16 18 17 8 15
17 13 16 5 4
18 10 20 8 10
19 5 15 10 12
20 6 14 12 14
Sol.
Total Sample Sample
Weight of each can weight of Mean Range
(4 cans in each sample, x, n = 4) 4 cans
Sample Number " .
X X, X Xy 2x Xx=— = Xoar ™ Xogin
4
1 15 12 13 20 60 15.0 8
2 10 8 8 14 40 10.0 6
3 8 15 17 10 50 12.5 9
4 12 17 11 12 52 13.0 6
5 18 13 15 4 50 12.5 14
6 20 16 14 20 70 17.5 6
7 15 19 23 17 74 18.5 8
8 13 23 14 16 66 16.5 10
9 9 8 18 5 40 10.0 13
10 6 10 24 20 60 15.0 18
11 5 12 20 15 52 13.0 15
12 3 15 18 18 54 13.5 15
13 6 18 12 10 46 11.5 12
14 12 9 15 18 54 13.5 9
15 15 15 6 16 52 13.0 10
16 18 17 8 15 58 14.5 10
17 13 16 5 4 38 9.5 12
18 10 20 8 10 48 12.0 12
19 5 15 10 12 42 10.5 10
20 6 14 12 14 46 11.5 8
Total 2 X = 263.0 2R =211
UCL=x+A,R
= 13.15 + 0.729 x 10.55 (A, = 0.729 for n = 4)

UCL = 20.84095

CL=x=13.15

LCL=x-A,R
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The values in above computation are expressed in units of 0.01 ounces in excess of 10
ounces. The actual value of UCL = 10.2084, and LCL = 10.0546 ounces. Since all points are
falling with in control limits the process is in a statistical control.

Now since standards are not given calculating
1. The mean of the sample mean X is given by
- x
DRI Ipe
20 20
2. The mean of the Range valuesR is given by

_ R
R 2R
20 20

3. Trial control limits for x -chart

20
*
¢ *
15 L 4 A 4
® o
o® . S
5
0 T T T T 1
0 5 10 15 20 25
FIG. 11.27

PROBLEM SET 11.1

1. A machine is set to deliver packets of a given weight 10 samples of size 5 each were
recorded. Data being given below:

Sample no. 1 2 3 4 5 6 7 8 9 10
Mean x 15 17 15 18 17 14 18 15 17 16
Range R 7 7 4 9 8 7 12 4 11 5

Calculate the values for the central line and control limits of mean chart and the
range and then comment on the state of control.

Given for n=5, A,=058, D;=0, D,=2115.
UCL; =15.614 UCL; =20.492

Ans. {LCLg=0 LCL- =11.908

CLy =74 CL; =162

5=
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2. The data below give the number of defective bearing in samples of size 150. Construct
p-chart for these data and state your comment.

Sample no. 1(2({3(4(5(6(7|8|9(10(11|12|13|14|15|16|17 |18 |19 |20

No. of defective |12 |7 |5|4|1|5|9|0(15| 6 |7 |4 |13 |6 |8|10|5 |27

Compute control limits for p-chart. [Ans. UCL = 0.08650, CL = 0.03905, LCL = 0]

3. A process produces rubber belts in lots of size 2300. Inspection of the last 20 lots
reveals the following data:

Lot no. 112(3|4(5|6|7|8|9|10|11(12|13|14(15(16|17|18|19 |20

No. of

. 308(342|311|285|327 (230|346 221 (435|230 (407 |221|269|131|414|198 (331|285|394 456
defective belts

Compute control limits for p-chart.
[Ans. UCL, = 0.1548, CL, = 0.1335, LCL, = 0.1122]

4. The following figure give the number of defectives in 20 samples, each sample
containing 2,000 items.

425 430 216 341 225 322 280 306 337 305

356 402 216 264 126 409 193 326 280 389

Calculate the control limits for fraction defective chart (p-chart). Draw the p-chart
and state the comment. [Ans. UCLp = 0.178, CLp = 0.154, LCLP = 0.130]
5. An inspection of 10 samples of size 400 each from 10 lots revealed the following no.
of defective units;
17, 15, 14, 26, 9, 4, 19, 12, 9, 15.
Calculate control limits for the no. of defective units. Plot the control limits and the
observations and state whether the process is under control or not.
[Ans. UCL, = 25.02679, CL, = 14, LCL, = 2.97231]
6. The following data refer to visual defects found during inspection of the first 10

samples of size 100 each. Use them to obtain upper and lower control limits for
percentage defective in sample of 100.

Sample no. 1 2 3 4 5 6 7 8 9 10

No. of defective 4 8 11 3 11 7 7 16 12 6

[Ans. UCL, = 1687, CL, = 85, LCL, = 0.13]
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7. The pieces of cloth out of the different rolls of equal length contained the following
number of defects:

3 0 2 8 4 2 1 3 7 1
prepare a c-chart and state whether the process is in a statistical control?
[Ans. UCL = 838, CL_= 3.1, LCL, = 0]

8. The following table gives the no. of defects in carpets manufactured by a company.

Carpet serial no. 1 2 3 4 5 6 7 8 9 10

No. of defective 3 4 5 6 3 3 5 3 6 2

Determine the control line and the control limits for c-chart.

9. The following data relate to the number or break downs in the rubber covered wires
in 24 successive lengths of 10,000 feet each.

8 1 1 3 7 1 2 6 1
10 5 0 19 16 20 1 6 12 4
2 3 7 5

Draw c-chart and state your comment.
[Ans. UCL, = 13.0715, CL, = 5.875, LCL, = 0 (Process out of control)]

10. A drilling machine bores holes with a mean diameter of 0.5230 cm. and a standard
deviation of 0.0032 cm. Calculate the 2-sigma and 3-sigma upper and lower control
limits for mean of sample of 4.

UCL =0.5262 cm UCL =0.5278 cm
Ans. 2-sigma {LCL=05198cm 3-sigma < LCL=0.5182cm
CL =0.5230 cm CL =0.5230 cm

aaa



FACTORS USEFUL IN THE CONSTRUCTION OF CONTROL CHARTS

Mean Chart Standard Deviation Chart Range Chart

Sample Factors for Factors for Factors for control limits Factors for Factors for control limit

size control limits central line central line
n A A, A, C, B, B, B, B, d, D, D, D, D,
2 2121 3760 1.880 | 0.5642 0 1.843 0 3.267 1128 0 3.686 0 3.267
3 1.732 2394 1.023 | 0.7236 0 1.858 0 2.568 1.693 0 4358 0 2.575
4 1.500 1.880 0.729 | 0.7979 0 1.808 0 2.266 2059 0 4698 0 2.282
5 1342 1596 0577 | 0.8407 O 1.756 0 2.089 2.326 0 4918 0 2.115
6 1.225 1410 0483 | 0.8686 0.026  1.711 0.030 1.970 2534 0 5078 0 2.004
7 1.134 1277 0419 | 08882 0.105 1.672  0.118 1.882 2704 0205 5203 0.076  1.924
8 1.061 1175 0373 | 0.9027 0.167 1.638  0.185 1.815 2847 0387 5307 0136 1.864
9 1.000 1.094 0337 | 09139 0.219 1.609  0.239 1.761 2970 0546 5394 0.184 1816
10 0949  1.028 0308 09227 0.262 1584 0.284 1.716 3.078 0.687 5469 0223 1777
11 0905 0973 0285 | 09300 0.299 1561 0.321 1.679 3173 0812 5534 0256 1744
12 0866 0925 0266 | 09359 0331 1541 0.354 1.646 3258 0924 5592 0284 1716
13 0.832 0.884 0249 | 09410 0359 1523 0.382 1.618 333 1.026 5646 0308 1.692
14 0.802 0.848 0.235 | 09443 0384 1507  0.406 1.594 3407 1121 5693 0329 1.671
15 0775 0816 0223 | 09490 0.406 1492 0.428 1.572 3472 1207 5737 0348  1.652
16 0750 0.788  0.212 | 09523 0.427 1478 0.448 1.552 3532 1285 5779 0364 1.636
17 0728 0.762 0203 | 09551 0.445 1.465 0.466 1.534 3588 1.359 5817 0379 1.621
18 0.707 0738 0.194 | 09576 0.461 1454 0.482 1.518 3.640 1426 5854 0392 1.608
19 0.688 0717 0187 09599 0477 1443 0497 1.503 3.689 1490 5888 0.404 1.596
20 0.671  0.697 0180 | 09619 0491 1433 0.510 1.490 3735 1548 5922 0414 1.586
21 0.655 0.679 0173 | 09638 0.504 1.424 0.523 1.477 3778 1.606 5950 0425 1575
22 0.640 0.662 0.167 | 09655 0.516 1415 0.534 1.466 3819 1.659 5979 0434 1.566
23 0.626  0.647 0.162 | 09670 0.527 1.407  0.545 1.455 3858 1710 6.006 0.443  1.557
24 0.612 0.632 0157 | 09684 0538 1399  0.555 1.445 3395 1759 6.031 0452 1.548
25 0.600 0.619 0.153 | 09696 0548 1392  0.565 1.435 3931 1.804 6.058 0459  1.541
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CHAPTER 1 2

Testing of Hypothesis

m INTRODUCTION

Suppose some business concern has an average sale of Rs. 10000/- daily estimated over a long
period. A salesman claims that he will increase the average sales by Rs. 700/- a day. The concern
is interested in an increased sale no doubt, but how to know whether the claim of the man is
justified or not? For this some such a mathematical model for the population of increased sales
is assumed which agrees to the maximum with the practical observations. In the example given,
let us assume that the claim of the girl about her sales is justified and that the increase in sales
is normally distributed with mean p = 700 and variance ¢2. This assumption is called statistical
hypothesis. Thereafter the suitability of the assumed model is examined on the basis of the sale
observations made. This procedure is called testing of hypothesis.

A statistical hypothesis is some statement or assertion about a population or equivalently
about the probability distribution characterising a population which we want to verify on the
basis of information available from a sample. If the statistical hypothesis specifies the population
completely then it is termed as a simple statistical hypothesis, otherwise it is called a composite
statistical hypothesis.

Example: If X, X, ..., X is a random sample of size n from a normal population with mean
u and variance o2, then the hypothesis.

Hy pu=yp, 6* = o

is a simple hypothesis, whereas each of the following hypothesis is a composite hypothesis:

1) u=mn
(2) o = o)
(3 =y, o <oy
4) < p,c*>op
G) n <y o®=0cy
(6) =y c*>ocy

(7) L= Uy, o’ = 002
A hypothesis which does not specify completely ‘+" parameters of a population is termed as
a composite hypothesis with r degrees of freedom.

492
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m SOME IMPORTANT DEFINITIONS

Test of a Statistical Hypothesis: A test of a statistical hypothesis is a two action decision problem
after the experimental sample values have been obtained, the two actions being the acceptance
or rejection of the hypothesis under consideration.

Null Hypothesis: The statistical hypothesis tested under the assumption that it is true is
called null hypothesis. It is tested on the basis of the sample observations and is liable to be
rejected as well, depending upon the outcome of the statistical test applied. There are many
occasions where null hypothesis is formulated for the sole purpose of rejecting it.

In other words, null hypothesis is statement of zero or no change. If the original claim
includes equality (< =, =, or > =), it is the null hypothesis. If the original claim does not include
equality (<, not equal, >) the null hypothesis is the complement of original claim. The null hypothesis
always includes the equal sign. The decision is based on the null hypothesis. The null hypothesis
is denoted by H,,

Alternative Hypothesis: Statement which is true if the null hypothesis is false is known as
alternative hypothesis. In other words a possible or the acceptable alternative to the null hypothesis
called alternative hypothesis, and is denoted by H.,. It testing if H is rejected, then H, is accepted.
The type of test (left, right, or two tail) is based on the alternative hypothesis.

Type 1 Error and Type II Error: When a null hypothesis H| is tested against an alternative
H,, then there can be either of the following two types of errors:

(a) Rejecting the null hypothesis H, when actually it is true

(b) Failing to reject the null hypothesis when it is false

These are called errors of Type I and Type II and denoted by o and B respectively.

The other two possible outcomes of testing are:

(c) Rejection of H, when it was wrong and

(d) Acceptance of H, when it was true.

H, is true H, is true (H, is false)
Accept H,, Correct decision Type 1I error (B)
Accept H, (reject H) Type I error (o) Correct decision

Alpha: The probability of rejecting H;, when it was true = The probability of committing
type I error = The size of type I error = a.

Beta: The probability of accepting H,, when it was wrong = The probability of committing
type II error = The size of type II error = f3.

Level of Significance: Alpha, the probability of type I error is known as the level of
significance of the test. It is also called the size of the critical region. In other words, the maximum
value of type I error which we would be willing to risk is called level of significance of the test.
In general, 0.05 and 0.01 are the commonly accepted values of the levels of the significance. When
the level of significance is 0.05, it simply means that on the average in 5 chances out of 100 we
are likely to reject a correct H,,.

Probability (/~Value) Value: The probability of getting the results obtained if the null
hypothesis is true. If this probability is too small (smaller than the level of significance), then we
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reject the null hypothesis. If the level of significance is the area beyond the critical values, then
the probability value is the area beyond the test statistic.

Test Statistic: “Sample statistic used to decide whether to reject or fail to reject the null
hypothesis”.

Critical Region: Set of all values which would cause us to reject H,. Suppose the sample
values x,, x,, .... x, determine a point E on the n-dimensional sample space S which would be the
set of the various sample points corresponding to the all possible outcomes of the experiment.

The testing of statistics hypothesis is made on the basis of the division of this sample space
into two mutually exclusive regions:
(1) Acceptance region
(2) Rejection (critical region) region of H,
The null hypothesis H, is rejected as soon as the sample points falls in the critical region of
the sample space S. The region of rejection is denoted either by R or by C.

Critical region Rc S

| acceptance region A < 5

] A+R=S

L

I —

FIG. 12.1

The null hypothesis is accepted as soon as the sample point falls in the acceptance region,
which is denoted by A. The values which separates the critical region from the non-critical region
is known as critical values. The critical values are determined independently of the sample statistics.

Decision: Decision is a statement based upon the null hypothesis. It is either “reject the null
hypothesis” or “fail to reject the null hypothesis” we will never accept the null hypothesis.

Conclusion: Conclusion is a statement which indicates the level of evidence (sufficient or
insufficient), at what level of significance, and whether the original claim is rejected (null) or
supported (alternative).

Unbiased Critical Region: A critical region is said to be unbiased if the size of type II error
B comes out to be less than the size of type I error.

m UNDERSTANDING THE TYPE OF TEST

The type of test is determined by the Alternative Hypothesis (H,). The following way explain how
to determine if the test is a left tail, right tail, or two tail test.

(a) Left Tailed Test
H, : Parameter < value

Notice that the inequality points to the left.
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Decision Rule: Reject H), if t.s.< c.v.

Critical region

ey

Non Critical region

Critical value
FIG. 12.2
(b) Right Tailed Test
H,: Parameter > value
Notice that the inequality points to the right.

Decision Rule: Reject H,, if t.s. > c.v.

Critical region

Non Critical region &

Critical value
FIG. 12.3

(c) Two-Tailed Test
H, : Parameter not equal value another way to write not equal is < or >
Notice that the inequality points to both sides.
Decision Rule: Reject H) if t.s. < c.v. (left) or t.s. > c.v. (right)

Critical region Critical region

){ Non Critical region

Critical value Critical value

FIG. 124
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The decision rule can be summarized as: Reject H,, if the test statistic falls in the critical
region (Reject H,, if the test statistic is more extreme than the critical value).

m PROCEDURE FOR TESTING OF HYPOTHESIS

(1) Null Hypothesis: Set up the Null Hypothesis H,

(2) Alternative Hypothesis: Set up the Alternative Hypothesis H,. This would decide
whether we have to use a one tailed test or two tailed test.

(3) Level of Significance: Choose the appropriate level of significance o.
(4) Test Statistic: Compute the test statistic.
t—E(t)
S.E.(t)
under the null Hypothesis

(5) Conclusion: We compare Z the computed value of Z in above step 4 with the significant
value (tabulated value ) Z , at the given level of significance “o/".

(@) If 1Z1 < Z , we say that it is not significant i.e., there is no significant difference and
we accept H,.

(b) If 1Z1 > Z , we say that it is significant and the null hypothesis H is rejected at
level of significance .

m STANDARD ERROR

The standard error is defined as the standard deviation of the sampling distribution of a statistic.
This is denoted by S.E. The standard error (S.E.) plays a very important role in the large sample
theory and forms the basis of the testing of hypothesis. If t is any statistic, for large sample.

t—E(t)
S.E.(h)

is normally distributed with N(0, 1) i.e., mean 0 and variance unity.

For large samples, the standard errors of some of the well known statistic are given below.

Statistic Standard Error
1. Sample mean: X o/n
2. Observed sample proportion: ‘P’ JPQ/n
3. Sample standard deviation: S Jo?/2n
4. Sample variance: S? o*\2/n
6.2 6,
5. Difference of two sample P
- - 1 2
means: (xl —XZ)
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2 2
. (o2} (o)
6. Difference of two sample p + Eo
1 2
S.D.’s (S; - S,)
PQ, | PO,
7. Difference of two sample n, + ",
proportions

Standard error of a statistic may be reduced by increasing the sample size, but this results
in corresponding increase in cost, time, labour, etc.

Now in the similar manner we given below the critical values of Z at commonly used levels
of significance o for both two tailed and single tailed tests. These values have been obtained on
using normal probabilities for equations.

p(Z2]>2,)=05p(Z>2) =0;p(Z <-Z,) =0

Critical Values (Z ) of Z

Level of significance (o)
Critical values 1% 5% 10%
z,)
Left tailed test Z,=-233 Z,=-1645 Z,=-128
Right tailed test Z, =233 Z, = 1645 Z,=128
Two tailed test | Zy|=2.58 | Zy|=1.96 | Zy| =1.645

mTEST OF SIGNIFICANCE FOR LARGE SAMPLES

If sample size is large (For n > 30) the number of trials, almost all the distribution i.e., poisson,
binomial, negative binomial etc. are very closely approximated by normal distribution. Therefore
we use the normal test which is based on the fundamental area property of the normal probability
curve. The test of significance for large samples follows some important tests to test the significance:

(A) Testing of Significance for Single Proportion: This test is used to find significant
difference between the population and proportion of the sample. If X is the number of successes
in n independent trials with constant probability P of success for each trial then

E(X) = nP, V(X) = nPQ; where Q = 1- P = Prob. of failure
In the sample of size 7, let X be the number of persons possessing the given attributes then

X
oo p(say) is called the observed proportion of success.

E(p) = E(f) =LY pg=Lap=r
n n

n
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= E(p) = P
Thus the sample proportion ‘p’ gives an unbiased estimate of the population proportion.
1
Similarly Vip) = vfﬁ)zvoo
n n
nPQ _ PQ
n’ n
p
vy = 2
n
and SE.(p) = PQ
n

p-E®) _ p-P
S.E(p)  S.-E.(p)

p-P
JPQ/n

This Z is called test statistic. This is used to test the significant difference of sample and
population proportion.

~ N, 1)

The General pattern of test statistic is,

observed — expected

Test Statistic =
standard deviation

Remarks: (1) Since the probable limit for a normal variate X are E(X) £ 3,/V(X), the

probable limits for the observed proportion of success are
E(p) = 3 S.E.(p)

5.|PQ
n

ie., P =

Hence this shows the confidence limits for observed proportion p.

(2) If P is not known then taking p (the sample proportion) as an estimate of P, the confidence
limits for the population proportion are

pq

P

(3) The probable limit for the observed proportion of successes, at the level of significance

o are given by
pq
R

where Z  is the significant value of Z.
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Example 1. A bag contains defective switch, the exact number of which is not known. A sample of
100 from the bag gives 10 defective switches. Find the limits for the proportion of defective switch in the
bag.
. . . 10
Sol. We have p = proportion of defective switch = 100 - 01, g=1-p=1-01=09

Since the confidence limit is not given, we assume it is 95%. ... level of significance is 5%
Z = 1.96.
o

Again, the proportion of population P is not given. To get the confidence limit, we use p and

e pq 0.1x0.9
it is given by p + Z o= 0.1 = 1.96 00 - 0.1 = 0.0588 = 0.1588, 0.0412.

Hence 95% confidence limits for defective switch in the bag are (0.1588,0.0412).

Example 2. A manufacturer claims that only 4% of his products supplied by him are defective. A
random sample of 600 products contained 36 defectives. Test the claim of the manufacturer.

Sol. (i) P = observed proportion of success.
ie.,, P = proportion of defective in the sample = % = 0.06

p = Proportion of defectives in the population = 0.04
Hy p = 0.04 is true.
i.e., the claim of the manufacturer is accepted.
H: (i) p # 0.04 (two tailed test)
(ii) If we want to reject, only if p > 0.04 then (right tailed).

p-P _ 006-004 _
[PQ \/0.04>< 0.96
n 600

Conclusion: Since |Z| = 2.5 > 1.96, we reject the hypothesis H, at 5% level of significance
two tailed.

Under Hy, Z =

If H, is taken as p > 0.04 we apply right tailed test.

1Z1 =25 > 1.645 (Z,) we reject the null hypothesis here also.

In both cases, manufacturer's claim is not acceptable.

Example 3. A machine is producing bolts of which a certain fraction is defective. A random sample
of 400 is taken from a large batch and is found to contain 30 defective bolt. Does this indicate that the
proportion of defectives is larger than that claimed by the manufacturer where the manufacturer claims that
only 5% of his product are defective. Find 95% confidence limits of the proportion of defective bolts in
batch ?

Sol. Null hypothesis H: The manufacturer claim is accepted

i—005
100

1-P=1-0.05=0.95
0.05 (Right tailed test).

observed proportion of sample

ie.,

\Y

Alternative hypothesis:

= < O ~
1
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30

= —— =0.075
400
s p-P
Under H, the test statistic Z =
JPQ/n
0.075-0.05
Z = ——= =229%1.
0.05 % 0.95
400
Conclusion: The tabulated value of Z at 5% level of significance for right tailed test is
Z, = 1.645,
Since [Z1 = 22941 > 1.645,

Therefore, H, is rejected at 5% level of significance. i.e., the proportion of defective is larger
than the manufacturer claim.

Also,to find 95% confidence limits of the proportion.

It is givenby p+ Z /PQ/n

0.05x 0.95

=005 + 1.96 a0 - 0.05 + 0.02135 = 0.07136, 0.02865

Hence 95% confidence limits for the proportion of defective bolts are (0.07136, 0.02865).

Example 4. Twenty people were attacked by a disease and only 18 survived. Will you reject the
hypothesis that the survival rate, if attacked by this disease, is 85% in favour of the hypothesis that it is
more, at 5% level. (Use Large Sample Test).

Sol. Given that

n =20
X = Number of persons who survived after attack by a disease
=18
p = Proportion of persons survived in the sample
18
=20 0.90
Null Hypothesis, H: P = 0.85, i.e.,, the proportion of persons survived after attack by a

disease in the lot is 85%.
Alternative Hypothesis, H:P > 0.85 (Right-tail alternative).
Test Statistic. Under H, the test statistic is:
p-P
Z = \/m ~ N(0, 1), (since sample is large).

0.90-0.85 0.05

N 7 Z = =
o 4/0.85x0.15/20 0.079

= 0.633
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Conclusion: Since the alternative hypothesis is one-sided (right-tailed), we shall apply right-
tailed test for testing significance of Z. The significant value of Z at 5% level of significance for
right-tail test is + 1.645. Since computed value of Z = 0.633 is less than 1.645, it is not significant
and we may accept the null hypothesis at 5% level of significance.

Example 5. A dice is thrown 9,000 times and a throw of 3 or 4 is observed 3,240 times. Show that
the dice cannot be regarded as an unbiased one and find the limits between which the probability of a throw
of 3 or 4 lies.

Sol. If the coming of 3 or 4 is called a success, then in usual notations we are given

n = 9,000; X = Number of successes = 3,240
Under the null hypothesis (H)) that the dice is an unbiased one, we get
P = Probability of success = Probability of getting a 3 or 4

1 1 1
= —4 — = —

6 6 3
Alternative hypothesis, H,: p # %, (i.e., dice is biased).

X—-nP . .
We have Z = ——= ~ N(0, 1), since n is large.

JnQP

240 — 1 240 24

Now, 7 - 3240-9000x1/3 _ 0 _ 536

Jo000x (1/3)x(2/3) 2000 ~ 4473

Since | Z | > 3, H, is rejected and we conclude that the dice is almost certainly biased.

1
Since dice is not unbiased, P # 3 The probable limits for ‘P” are given by:

p =3 ﬁé/n =p=+3 Jpq/n;

A 3240 A
where P =P= —— =036and Q=g =1-p = 0.64
9000 Q=4 P

Hence the probable limits for the population proportion of successes may be taken as

\ 5 v o5 036064
=0.36 = —_——
PQ/n V"~ 9000

0.6 x0.8

0.360 + 0.015 = 0.345 and 0.375.
Hence the probability of getting 3 or 4 almost certainly lies between 0.345 and 0.375.

p

I+
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Example 6. A random sample of 500 pineapples was taken from a large consignment and 65 were
found to be bad. Show that the S.E. of the proportion of bad ones in a sample of this size is 0.015 and deduce
that the percentage of bad pineapples in the consignment almost certainly lies between 8.5 and 17.5.

Sol. Here we are given n = 500
X = Number of bad pineapples in the sample = 65
. . . 65
p = Proportion of bad pineapples in the sample = 500 = 0.13
qg=1-p=087

Since P, the proportion of bad pineapples in the consignment is not known, we may take (as
in the last example)

A

P

p = 0.13,

~

Q
S.E. of proportion = \[pQ/n = /0.13x0.87/500 = 0.015

Thus, the limits for the proportion of bad pineapples in the consignment are:

q =087

P £3PQ/n = 0130 £ 3 x 0.015 = 0.130 + 0.045 = (0.085, 0.175)

Hence the percentage of bad pineapples in the consignment lies almost certainly between 8.5
and 17.5.

Example 7. A coin was tossed 400 times and the head turned up 216 times. Test the hypothesis that
the coin is unbiased.
Sol. H,: The coin is unbiased i.e., P = 0.5
H,: The coin is not unbiased (biased); P # 0.5
n = 400; X = No. of success = 216

_ . 216
proportion of success in the sample o =100 - 0.54

p

Population proportion = 05=P; Q=1-P=1-05=0.5.
p-P

JPQ/n

054-05

4J0.5%x0.5

400

Under H, test statistic Z

1Z| =16

we use two tailed test.
Conclusion: Since 1Z| = 1.6 < 1.96
ie, |Z1 <z, z, is the significant value of z at 5% level of significance.
i.e., the coin is unbiased if P = 0.5
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Example 8. A random sample of 500 apples was taken from a large consignment and 60 were found
to be bad. Obtain the 98% confidence limits for the percentage number of bad apples in the consignment.

2.33
UO o (H)dt = 0.49 nearly}

Sol. We have:

60
p = Proportion of bad apples in the sample = 500 = 0.12

Since the significant value of Z at 98% confidence coefficient (level of significance 2%) is

given to be 2.33, 98% confidence limits for population proportion are:

p+233 [pg/n = 012 +233 J012x0.88/500

0.12 = 2.33 x J0.0002112 = 0.12 + 2.33 x 0.01453
0.12000 + 0.03385 = (0.08615, 0.15385)

Hence 98% confidence limits for percentage of bad apples in the consignment are (8.61,
15.38).

Example 9. In a sample of 1,000 people in Maharashtra, 540 are rice eaters and the rest are wheat
eaters. Can we assume that both rice and wheat are equally popular in this state at 1% level of
significance ?

Sol. We have:
n = 1000
X = Number of rice eaters = 540
. . X
p = sample proportion of rice eaters = "
_ 280 e
© 1000

Null Hypothesis, H: Both rice and wheat are equally popular in the state so that
P =Population proportion of rice eaters in Maharashtra = 0.5
= Q =1-P=05
Alternative Hypothesis, H;: P # 0.5 (two-tailed alternative).
Test Statistic. Under H,, the test statistic is:

-P
z = F ~ N (0, 1), (since n is large).
JPQ/n
0.54-0.50 0.04
Now, Z = = 2532

J05x05/1000  0.0138

Conclusion: The significant or critical value of Z at 1% level of significance for two-tailed
test is 2.58. Since computed Z = 2.532 is less than 2.58, it is not significant at 1% level of significance.
Hence the null hypothesis is accepted and we may conclude that rice and wheat are equally
popular in Maharashtra State.
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(B) Testing of Significance for Difference of Proportions: Let X, X, be the two samples
of sizes n, and n, respectively from the two populations respectively. Thus sample proportions
are given by

X
P, = =,
n
X
P, = =2
L)

If P, and P, are the populations proportions, then

E(p) = P,
E(py) = P,

and Vip) = PlTQl
P

Vi) - 22

Under the null hypothesis H,, there is no significant difference between the sample
proportions ie., P, = P,. Also for large samples p, and p, are asymptotically normally distributed
therefore their difference p, - p, is also normally distributed.

Then
7 (Pl —Pz)_E(Pl -p2) ~N (0, 1)
\/V(Pl - p2)
Since E(p, - p,) = E(p)) - E(p)) =P, -P,=0
Also, V(p, = py) = Vipy) + V(p,)

the covariance term COV (p,, p,) vanishes, because sample proportions are independent

1 1
Vip, - p) = PQ a_g

Since under null hypothesis
Hy: P, = P,=P,

Q1 = Qz = Q
Therefore,
7 — __ 7P | N (0, 1)
o
ny Ny
np; +n
where P = Py " #aPa and Q=1-P
ny +1n,

Remark: Suppose population proportions P, and P, are given to be distinctly different i.e.,
P, # P, and we want to test if the difference (P, — P,) in population proportions is likely to be
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hidden in simple samples of sizes n; and 7, from the two populations respectively i.e.,

P, - P.
|z| = # ~N (O, 1)
P1Q1+P2Q2
n n

Example 10. A cigarette manufacturing firm claims that its brand A of the cigarettes outsells its
brand B by 8%. If it is found that 42 out of a sample of 200 smokers prefer brand A and 18 out of another
random sample of 100 smokers prefer brand B, test whether the 8% difference is a valid claim. (Use 5%
level of significance).

Sol. We are given:

X, 4

n, =200, X, = 42 =>p1=Z=2—00=021
X 18

n, =100, X, = 18 :pzzn—z—ﬁ_m&
2

We set up the Null Hypothesis that 8% difference in the sale of two brands of cigarettes is
a valid claim,

ie., Hy P, - P, = 0.08.
Alternative Hypothesis:

Hp;: P, - P, # 0.08 (Two-tailed).
Under H,, the test statistic is (since samples are large)

(p1=p2)- (P - P,)

zZ = ~ N(, 1)
-
o M
X, +X 42+1
where p = 17 %2 +18 =ﬂ=0.20
ny +n, 200+ 100 300
= Q =1-p =080
Therefore. 7 — (021-0.18)-008 -005  -005 Lo
Creore 2= 1 1) 016x0015 00489 ~
0.2><0.8(+)
200 100

Since | Z | = 1.02 < 1.96, it is not significant at 5% level of significance.

Hence null hypothesis may be retained at 5% level of significance. Also we can say that a
difference of 8% in the sale of two brands of cigarette is a valid claim by the firm.

Example 11. Before an increase in excise duty on tea, 800 people out of a sample of 1000 persons
were found to be tea drinkers. After an increase in the duty, 800 persons were known to be tea drinkers
in a sample of 1200 people. Do you think that there has been a significant decrease in the consumption of
tea after the increase in the excise duty?
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Sol. Given that
n, = 800, n, = 1200

_ Xy _ 800 _ 4
Pro= S T 1000 5
X, 800 2
p2 = — = — = —
ny 1200 3
p - Pt pn X+ X,
ny +n, ny +n,
_ 800+800 8'Q— 3
©1000+1200 117 T 11
Also, Null hypothesis H,: Py = P,

i.e.,there is no significant difference in the consumption of tea before and after increase of
excise duty.

H;: p, > p, (right tailed test)

- 0.8 — 0.6666
The test statistic, Z = \/ PP j = \/ = 6.842

8 3(1+1)
117 111000 * 1200

Conclusion: Since the calculated value of | Z1 > 1.645 also |Z| > 2.33, both the significant
values of z at 5% and 1% level of significance. Hence H, is rejected i.e., there is a significant
decrease in the consumption of tea due to increase in excise duty.

Example 12. In two large populations there are 30% and 25% respectively of fair haired people. Is
this difference likely to be hidden in samples of 1200 and 900 respectively from the two populations.

Sol. P, = proportion of fair haired people in the first population = 30% = 0.3; P, = 25%
=025 Q, =07, Q,=0.75.

Here H;: Sample proportions are equal i.e., the difference in population proportions is likely
to be hidden in sampling.

H:P, # P,
P -P 3-0.
7z = L2 = 05-0.2 = 2.5376.
PQ |, PQ, \/0.3><0.7+0.25><0.75
n 1, 1200 900

Conclusion: | Z| > 1.96 the significant value of Z at 5% level of significance. H,, is rejected.
However |Z| < 2.58, the significant value of Z at 1% level of signficance, H, is accepted. At 5%
level, these samples will reveal the difference in the population proportions.

Example 13. 500 articles from a factory are examined and found to be 2% defective, 800 similar
articles from a second factory are found to have only 1.5% defective. Can it reasonably be concluded that
the product of the first factory are inferior to those of second?
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Sol. n, = 500
n, = 800
p, = proportion of defective from first factory = 2% = 0.02

p, = proportion of defective from second factory = 1.5% = 0.015

Hy: There is no significant difference between the two products ie., the products do not
differ in quality.

H,: P, < p, (one tailed test)
Under H; : z = N o Ul o
e
ny Ny
mpy+ 1Py
P = n +n,
0.02(500) + (0.015)(800)
B 500 + 800
= 0.01692
Q=1-P=1-0.01692
= 0.9830
0.02-0.015
Z —_
1 1
0.01692 x 0.983( + )
500 800
= 0.68

Conclusion: As |Z| < 1.645, the significant value of Z at 5% level of significance, H, is
accepted i.e., the products do not differ in quality.

Example 14. Random samples of 400 men and 600 women were asked whether they would like to
have a flyover near their residence. 200 men and 325 women were in favour of the proposal. Test the
hypothesis that proportions of men and women in favour of the proposal, are same against that they are
not, at 5% level. [Agra Univ. M.A., 1992]

Sol. Null Hypothesis H; P, = P, = P, (say), i.e., there is no significant difference between the
opinion of men and women as far as proposal of flyover is concerned.

Alternative Hypothesis, H:P; # P, (two-tailed).

We are given:

n, = 400, X, = Number of men favouring the proposal = 200

n, = 600, X, = Number of women favouring the proposal = 325

p, = Proportion of men favouring the proposal in the sample

X, _ 200
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p, = Proportion of women favouring the proposal in the sample

Test Statistic. Since samples are large, the test statistic under the Null Hypothesis, H; is:

7 = __ 7P N (0, 1)
n N
where P = mpy Py X;+X,
ny + 1, 1y +n,
_ 200+ 325 _ 525 0595
400+600 1000
= Q = 1-P =1-0525=0475
5 _ 0.500 — 0.541
1 1
0.525 x 0.475 % ( + j
400 600
B -0.041
0.525><0.475><(5j
1200
-0.041 -0.
= = 0.041 = -1.269
1/0.001039 0.0323
Conclusion: Since | Z | = 1.269, which is less than 1.96, it is not significant at 5% level of

significance. Hence H, may be accepted at 5% level of significance and we may conclude that men
and women do not differ significantly as regards proposal of flyover is concerned.

Example 15. A machine produced 16 defective bolts in a batch of 500. After overhauling it produced
3 defectives in a batch of 100. Has the machine improved ?

Sol. We have,
16
= — =0.032; n, = 500
P17 500 1
3
P2 = J00 = 0.03; n, = 100
Null Hypothesis Hy: The machine has not improved due to overhauling
Ho:py = P

ie., H,:p, > p, (right tailed)
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p = PR 05
ny +n, 600
Under H, the test statistic
_ Pr—P2 0.032-0.03

\/pg(nl + nlj \/ (0.032)(0.968)(5(1)0+1(1)0j
1 2

Conclusion: The calculated value of 1Z| < 1.645, the significant value of Z at 5% level of
significance, H,, is accepted i.e., the machine has not improved due to overhauling.

Example 16. A company has the head office at Calcutta and a branch at Bombay. The personnel
director wanted to know if the workers at the two places would like the introduction of a new plan of work
and a survey was conducted for this purpose. Out of a sample of 500 workers at Calcutta, 62% favoured
the new plan. At Bombay out of a sample of 400 workers, 41% were against the new plan. Is there any
significant difference between the two groups in their attitude towards the new plan at 5% level ?

Sol. In the usual notations, we are given:
n, = 500, p; =0.62 and n, =400, p,=1- 041 = 0.59

Null hypothesis, H,: P, = P,, ie., there is no significant difference between the two
groups in their attitude towards’ the new plan.

Alternative hypothesis, H,: P, # P, (Two-tailed)

Test Statistic. Under H, the test statistic for large samples is:

7 = SEPE—PZ ): P1—P2 ~N(0,1)
E(p1-p A n
1P PQ(l N 1}
np Ny
A 62+ 4 .
where, b= mpr+ 1Py 500 x 0.62 + 400 x 0.59 0607
ny, +n, 500 + 400
and QO =1-P =039
0.62 -0.59
7 =
1 1
0.607 x 0.393 x ( + j
500 400
_ 00, 005 _ 017,

Jo00107 00327

Critical Region: At 5% level of significance, the critical value of Z for a two-tailed test is 1.96.
Thus the critical region consists of all values of Z > 1.96 or Z < -1.96.

Conclusion: Since the calculated value of | Z | = 0.917 is less than the critical value of Z

(1.96), it is not significant at 5% level of significance. Hence the data do not provide us any
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evidence against the null hypothesis which may be accepted, and we conclude that there is no
significant difference between the two groups in their attitude towards the new plan.

Example 17. On the basis of their total scores, 200 candidates of a civil service examination are
divided into two groups, the upper 30 per cent and the remaining 70 per cent. Consider the first question
of this examination. Among the first group, 40 had the correct answer, whereas among the second group,
80 had the correct answer. On the basis of these results, can one conclude that the first question is no good
at discriminating ability of the type being examined here?

Sol. Here, we have
n = Total number of candidates = 200

n, = The number of candidates in the upper 30% group

30
= —x200 =
100 60
n, = The number of candidates in the remaining 70% group

70
= —x200 =
100 140

X, = The number of candidates, with correct answer in the first group
=40
X, = The number of candidates, with correct answer in the second group
=80
p, = X _ 40 0.6666 and p, = % _ 80 0.5714.
ny 60 ny 140

Null Hypothesis, H,: There is no significant difference in the sample proportions, i.e., P, = P,,
ie., the first question is no good at discriminating the ability of the type being examined here.

Alternative Hypothesis,
H :P, # P,
Test Statistic: Under H, the test statistic is:

7= NP N1 (since samples are large).

where oo XitXy  40+80
/ P im0+ 140

-~ ~

O =1-P =04

0.6666 — 0.5714 0.0953

1 1 00756
0.6 x 0.4( + )
60 140

= 1.258
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Conclusion: Since |Z| < 1.96, the data are consistent with the null hypothesis at 5% level
of significance. Hence we conclude that the first question is not good enough to distinguish
between the ability of the two groups of candidates.

(C) Testing of Significance for Single Mean: Let x,, x,, .... x, be a random sample of size
n from a large population X, X, ...... Xy, (of size N) with mean u and variance 62 Then sample

mean (?) and variance (S?) are

and 2= — ) (xj—-x

Also, the standard error of mean of a random sample of size n from a population with

variance 62 is 6/ /1 .

i.e., SE(J_C) = \/f = %

For large samples, the standard normal variate corresponding to X is
x-p
Z =
o/\n

where ¢ is the standard deviation of the population.

Under the null hypothesis, H, that the sample has been drawn from a population with mean
U and variance 62, ie., there is no signficiant difference between the sample mean (J_C) and

population mean (u), for large samples the test statistic is

x-p

7 =
o/Jn

If the population standard deviation ¢ is not known

X-u
S/\n

where S is the standard deviation of the sample.
Confidence Limits for p

1. If the level of significance is o and Z  is the the critical value then

x-u
o/\n

The limit of the population mean L are given by

-7 <

o

<Z

o

J_C—Za < U<y +Z,

S
Jn

SE
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2. 95% confidence interval for p at 5% level of significance are

_ o — c
x-196 — < u<x+19% —
Jn Jn

Similarly, 99% confidence limits for u at 1% level of significance are

_ c _ c
x-258 — < u<x+258 —
Jn Jn

3. In sampling from a finite population of size N, the corresponding 95% and 99% confidence
limits for u are

GNn

and fi25si N”

4. The confidence limits for any parameters P U etc.) are known as its fiducial limits.

Example 18. A sample of 900 members has a mean 3.5 cms, and S.D. 2.61 cms. Is the sample from
a large population of mean 3.25 cms, and S.D. 2.61 cms?
If the population is normal and its mean is unknown. Find the 95% and 98% fiducial limits of true
mean.
Sol. Null hypothesis, (H;): The sample has been drawn from the population with
mean
u = 325 cms. and S.D. 6 = 2.61 cms.

Alternative Hypothesis, H,: u # 3.25 (Two-tailed)
Test Statistic. Under H,, the test statistic is:

Z = /—\/M_ ~ N (0, 1), (since n is large)

3.4 cms., n =900 cms., u = 3.25 cms. and 6 = 2.61 cms.

340-325  015x30 73
T o261/4/900 ¢ 0 261

Since 1Z1 < 1.96, we conclude that the data don’t provide us any evidence against the null
hypothesis (H,), which may, therefore, be accepted at 5% level of significance.

95% fiducial limits for the population mean U are:

x 196 6/ = 340 =196 x 2.61/ Jop0
= 3.40 + 0.1705, ie, 3.5705 and 3.2295
98% fiducial limits for W are given by:

Y o+ 233 2 e, 340 233 x 20
33 —=, ie, 340+ 2. e
X Jn 30

0.2027, ie, 3.6027 and 3.1973

Here, we are given X

I+

I+

= 3.40

I+
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Remark: 2.33 is the value z, of Z from standard normal probability intergrals, such that
P(|Z|>z) =098 = P(|Z]|>z) =049.
Example 19. The average marks in Mathematics of a sample of 100 students was 51 with a S.D.
of 6 marks. Could this have been a random sample from a population with average marks 50?7
Sol. Given
n=100, x =51,s=6, 1 =50 (o is unknown in this problem)

H, : The sample is drawn from a population with mean 50, u = 50
Hy:u # 50
Under H 7o B SIS0 10
nder H,, = = ——=— =1 .
0 s/n " 6/4100 6

Conclusion: Since | Z1 =1.666 < 1.96, Z , the significant value of Z at 5% level of significance,
H, is accepted.

Example 20. An insurance agent has claimed that the average age of policyholders who insure
through him is less than the average for all agents, which is 30.5 years.

A random sample of 100 policyholders who had insured through him gave the following age distribution:

Age last birthday No. of persons
16-20 12
21-25 22
26-30 20
31-35 30
36—40 16

Calculate the arithmetic mean and standard deviation of this distribution and use these values to test
his claim at the 5% level of significance. You are given that Z(1.645) = 0.95.

Sol. Null Hypothesis, H,, u = 30.5 years, i.e., the sample mean (;c) and population mean (L)

do not differ significantly.
Alternative Hypothesis, H, : u < 30.5 years (Left-tailed alternative).

Calculations for Sample Mean and S.D.

) x-28

Age last No. of Mid-point d= fd fa?
. 5

birthday persons (f) X
16-20 12 18 -2 —24 48
21-25 22 23 -1 22 22
26-30 20 28 0 0 0
31-35 30 33 1 30 30
36-40 16 38 2 32 64
Total N =100 S = 16 SAP = 164
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=28 0 g4

X =28+ — 5 =288 years

s=5x 700 "\100) = 635 years
Since the sample is large, § ~s = 6.35 years.

Test Statistic. Under H,, the test statistic is:

z = X% N (0, 1), (since sample is large).
Vs /n
Now 7 - 28.8-305  -17 _ 68l

6.35/+/100  0.635

Conclusion: Since computed value of Z = -2.681 < -1.645 or | Z | = 2.681 > 1.645, it is

significant at 5% level of significance. Hence we reject the null hypothesis H, (Accept H,) at 5%
level of significance and conclude that the insurance agent’s claim that the average age of
policyholders who insure through him is less than the average for all agents, is valid.

Example 21. A normal population has a mean of 6.8 and standard deviation of 1.5. A sample of 400
members gave a mean of 6.75. Is the difference significant?

Sol. H, : There is no significant difference between x and .

H, : There is significant difference between x and .

Given L=680=15x =675 and n = 400
x-u 6.75- 6.8
. TR S 22700 067 =067
2] o /\n 1.5/4/900 | |

Conclusion. As the calculated value of |Z| < Z = 1.96 at 5% level of significance. H,, is

accepted therefore there is no significant difference between 3 and p.

Example 22. The mean muscular endurance score of a random sample of 60 subjects was found to
be 145 with a S.D. of 40. Construct a 95% confidence interval for the true mean. Assume the sample size
to be large enough for normal approximation. What size of sample is required to estimate the mean within
5 of the true mean with a 95% confidence? [Calicut University B.Sc. (Main State) 1989]

Sol. We are given: n =60, x =145 and s = 40.

95% confidence limits for true mean (U) are:

X

I+

1.96 s/n (0% = &2, since sample is large)

1.96 x 40 =145 + 784 =145 + 10.12 = 134.88, 155.12

V60 7.75

1l
—_
S
Q1
I+
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Hence 95% confidence interval for u is (134.88, 155.12). we know that

(za.c)z  (196x40Y’
E ) 5
[ Zyps =196, & =s =40 and | x-p| <5 = E]

= (15.68)? = 245.86 ~ 246.

Example 23. A random sample of 900 members has a mean 3.4 cms. Can it be reasonably regarded
as a sample from a large population of mean 3.2 cms and S.D. 2.3 cms?

Sol. We have:

n

n=900, x =34, u=2320=23
H, : Assume that the sample is drawn from a large population with mean 3.2 and
SD. =23
H, : n# 325 (Apply two-tailed test)
x—u 3.4-32

Under H., : Z = = = 0.261
0 o/Jn 234900

Conclusion: As the calculated value of 1Z| = 0.261 < 1.96, the significant value of Z at 5%

level of significance, H, is accepted therefore the sample is drawn from the population with mean
3.2 and S.D. = 2.3.

Example 24. The mean weight obtained from a random sample of size 100 is 64 gms. The S.D. of
the weight distribution of the population is 3 gms. Test the statement that the mean weight of the population
is 67 gms at 5% level of significance. Also set up 99% confidence limits of the mean weight of the
population.

Sol. We have:

n=100, 1 =67, x =64 6=3
H, : There is no significant difference between sample and population mean.
ie., U = 67, the sample is drawn from the population with @ = 67.
H, : n# 67 (Two-tailed test).

x-u 64-67
o/~n 34100

Conclusion: Since the calculated value of 1Z1 > 1.96, the significant value of Z at 5% level
of significance, H,, is rejected i.e., the sample is not drawn from the population with mean 67. To

Under H,: Z = =-10 .. 1ZI| = 10.

- o
find 99% confidence limits. It is given by x + 2.58 ﬁ

3
~J100

(D) Test of Significance for Difference of means of two large samples: The test statistic
is given by, in this case

= 64 + 258 x = 64.774, 63.226
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where y, be the mean of a sample of size n; from a population with mean p, and variance 6,>

x, be the mean of an independent sample of size 1, from population with mean p, and
variance G,2.

Remarks: 1. Under the null hypothesis H; W, = W, ie., there is no significant difference
between the sample means therefore 6, = 6,2 = 6° ie., if the sample have been drawn from the
populations with common standard deviation ¢ then

7 o X —Xx2

fl 1
o |—+—
n Ny

2. If (512 * (522 and 6, and ©, are not known, then test statistic estimated from sample values. i.e.,

X, —x2

S 2 2
S L[S
m 5
3. If o is not known, then its test statistic based on the sample variances is used.

n1512 + n2522

If 6, = 0, weuse 6°= — _—— to evaluate G.
ny + 1,

X =%

\/nlSlz + nzS% (1 + 1]
mtn, \mo o
(E) Test of Significance for the Difference of standard Deviations: If S, and S, are
the standard deviations of two independent samples, then under the null hypothesis,
H,: 6, = o, (the sample S.D. do not differ significantly), the test statistic is given by
51-5
S.E(S1-5,)

Test statistic Z =

Z = (For large samples)

but the difference of the sample standard deviation is given by

I

SE (51-5) = 5 * o
,_ 55

o, 05"

2n; 2n,

when 6,2 and 6,2 are not known (i.e., population S.D. are not known) then the test statistic reduces
to

515
S, 50
2n;  2n,

7/ =
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Example 25. Intelligence tests were given to two groups of boys and girls

Mean S.D. Size
Girls 75 8 60
Boys 73 10 100

Examine if the difference between mean scores is significant.
Sol. Null hypothesis H,: There is no significant difference between mean scores i.e.,
X, = X,
H : x =%,

, X, 75-73
Under the null hypothesis Z = = = 1.3912

2 2
5,5 \/8 L1070
n N, 60 100
Conclusion: As the calculated value of |Z1 < 1.96, the significant value of Z at 5% level of
significance, H, is accepted.

Example 26. The means of two single large samples of 1000 and 2000 members are 67.5 inches and
68.0 inches respectively. Can the samples be regarded as drawn from the same population of standard
deviation 2.5 inches? (Test at 5% level of significance).

Solution: Given: n, = 1000
n, = 2000
x1 = 67.5 inches

X2 = 68.0 inches

Null hypothesis: Hy u, = u, and o = 2.5 inches

ie., the samples have been drawn from the same population of standard deviation 2.5
inches.

Alternative hypothesis: H;: u, #u, (Two-tailed)
Test statistic: Under H, the test statistic (For large samples)

X1 —X2

7 = —
S8
n Ny
, 67.5— 68.0 =05
B 1 1 © 25x0.0387
25 (+]
1000 2000
7 = -5.1

Conclusion: Since | Z | > 3, the value is highly significant and we reject the null hypothesis

and conclude that samples are certainly not from the same population with standard deviation
2.5.

Example 27. The average income of persons was Rs. 210 with a S.D. of Rs. 10 in sample of 100
people of a city. For another sample of 150 persons, the average income was Rs. 220 with standard
deviation of Rs. 12. The S.D. of incomes of the people of the city was Rs.11. Test whether there is any
significant difference between the average incomes of the localities.
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Sol. Given that 1,=100, 1, = 150, x1 = 210, x2 = 220, S, = 10, S, = 12.

Null Hypothesis: The difference is not significant. i.e., there is no difference between the
incomes of the localities.

= x2,Hj: x1 # x2

T
=
—

|

X, —x 210 - 220
Under H, 7z - L7 = 71428 - 17| = 7.1428

s, s JW+122
n Ny 100 150
Conclusion: As the calculated value of |Z1 > 1.96, the significant value of Z at 5% level of

significance, H, is rejected i.e., there is significant difference between the average incomes of the
localities.

Example 28. In a survey of buying habits, 400 women shoppers are chosen at random in super
market “A’ located in a certain section of the city. Their average weekly food expenditure is Rs. 250 with
a standard deviation of Rs. 40. For 400 women shoppers chosen at random in super market ‘B” in another
section of the city, the average weekly food expenditure is Rs. 220 with a standard deviation of Rs. 55. Test
at 1% level of significance whether the average weekly food expenditure of the two populations of shoppers
are equal.

Sol. We have: 1, = 400, n, = 400, X1 = Rs. 250, X2 = Rs. 220, S, = Rs. 40, S, = Rs. 55

Null hypothesis, Hyw =y,

i.e., the average weekly food expenditures of the two populations of shoppers are equal.

Alternative Hypothesis, H: n, #1, (Two-tailed)

Test Statistic: Since samples are large, under H; then

X1—X2

2 2
o o
0" Oy
ny ny

Since ¢, and &, are not known then we use

7/ =

X1 — X2

2 2
S S
o1 2"
1y ny

7/ =

250 - 22
Z = M = 8.82 (Approx.)

(40" , (55)°
400 400
Conclusion: Since |Z| is much greater than 2.58, the null hypothesis (1, = W) is rejected
at 1% level of significance and we conclude that the average weekly expenditures of two
populations of shoppers in market A and B differ significantly.

Example 29. In a certain factory there are two independent processes manufacturing the same items.
The average weight in a sample of 250 items produced from one process is found to be 120 ozs. with a
standard deviation of 12 ozs. While the corresponding figures in a sample of 400 items from the other
process are 124 and 14. Obtain the standard error of difference between the two sample means; Is this
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difference significant? Also find the 99% confidence limits for the difference in the average weights of items
produced by the two processes respectively.

Sol. Given: n, = 250, x1 =120 ozs, S, = 12 0zs = G,
n, = 400, x2 = 124 ozs, S, = 14 0zs = G,
2 2 2 2
- = c o S S
SE (x1-x2) = |- |+ =2 = || 22 |+] =2
( 1 2) \/( , j ( 1 J \/( n j (nz j (Samples are large)
(144+196) = /0.576 +0.490 = 1.034
250 400
Null Hypopthesis, Hy u, =, (ie, the sample means do not differ significantly)

Altnerative Hypothesis, H, =y, #u, (Two-tailed)
Test Statistic: Under H;, the test statistic is given by

X1 - X2 120 — 124
Z = p— — =
S.E.(x1 —xz) 1.034
1zl = 2 _3g7
1.034

Conclusion: Since |Z| > 3, the null hypothesis is rejected and we can say that there is

significant difference between the sample means. 99% confidence limits for |1.L1 - Uy | is

|3c1 _§2| + 258 S.E. |3cl —3c2|

4 + 2.58 x 1.034
4 + 2.67 (Approx.)
6.67 (on taking +ve sign) and 1.33 (on taking —ve sign).

133 < |u-ua| <667

Example 30. Two populations have their means equal, but S.D. of one is twice the other. Show that
in the samples of size 2000 from each drawn under simple sampling conditions, the difference of means will,
in all probability not exceed 0.156, where G is the smaller S.D. what is the probability that the difference
will exceed half this amount ?

Sol. Let standard deviations of the two populations be ¢ and 26 respectvely and let . be
the mean of each of two populations.

Given n, =n, = 2000
If x1and x> be two sample means then
(J_Cl —J_CZ)—E(J_Cl —J_Cz)

Z
S.E.(J_Cl —J_cz)

Now E(§1—;2) E(;l) -E (xz) =u-pu=0
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2 2
- - c 20
Also S.E (x1 —xz) = —+( )
m )
Y
2000 2000
; xX1-x2 N ©,1)
- S.E.(J_q —J_Cz) ’
Under simple sampling conditions, we should in all probability have
1zl <3
= ‘ X1 -x2 ‘ < 3 S.E. (J_Cl —J_Cz)
= ‘&1—&2‘ <0150

which is the required result.

- - 1
We want p =P |:x1—X2|>E><0.15Gj|

.. ;1 _;2
P [0.05 6 1ZI > 0.075 o] “ 2= 0050

=
Il

P[1Zl > 15]

1-P[1ZI <15]
1-2P(0<Z<15)

1-2x 04332 = 0.1336.  Ans.

Example 31. Random samples drawn from two countries gave the following data relating to the
heights of adult males:

Country A Country B
Males height (in inches) 67.42 67.25
Standard deviation 2.58 2.50
Number in samples 1000 1200

(i) Is the difference between the means significant?
(ii) Is the difference between the standard deviations significant?

Sol. Given: n, = 1000, n, = 1200, x;= 67.42; %, = 67.25, s, = 2.58, 5, = 2.50
Since the samples size are large we can take

6, =5 =258

6, = 5, =2.50.
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(i) Null Hypothesis: H, :
Alternative hypothesis: H; : u, # U, (two-tailed test)

W, = U, Le., sample means do not differ significantly.

X1 —x2 67.42—-67.25

z = = =1.56
s \/(2.58)2 , 2507
n N, 1000 1200

Since |zl < 1.96 we accept the null hypothesis at 5% level of significance.
(if) We set up the null hypothesis.

Hy o, = o, ie., the sample S.D.s do not differ significantly.

Alternative hypothesis: H, : 6, # ©, (two-tailed)

. The test statistic is

z = 515 S (- o, =5, 0, = s, for large samples)
2 2 2 2
O1 [ %2 51 S
2n,  2n, 2n;  2n,
258250 0.08

) = = 1.0387.
(258)° . (250)° \/6.6564+ 625
2x1000  2x1200 2000 2400

Since |zl < 1.96 we accept the null hypothesis at 5% level of significance.

PROBLEM SET 12.1

1. 325 men out of 600 men chosen from a big city were found to be smokers. Does this
information support the conclusion that the majority of men in the city are smokers?
[Ans. H, rejected at 5% level]

2. A sample of size of 600 persons selected at random from a large city shows that the
percentage of males in the sample is 53. It is believed that the ratio of males to the total
population in the city is 0.5. Test whether the belief is confirmed by the observation.

[Ans. H, accepted at 5% level]

3. In a city a sample of 1000 people were taken and out of them 540 are vegetarian and
the rest are non-vegetarian. Can we say that the both habits of eating are equally
popular in the city at (i) 5% level of significance (ii) 1% level of significance.

[Ans. H, rejected at 5% level
H, accepted at 1% level]

4. In a hospital 475 female and 525 male babies were born in a week. Do these figures
confirm the hypothesis that males and females are born in equal number?

[Ans. H, accepted at 5% level]

5. A random sample of 500 bolts was taken from a large consignment and 65 were found
to be defective. Find the percentage of defectives bolts in the consignment.
[Ans. Between 17.51 and 8.49]

6. In a town A, there were 956 births of which 52.5% were males while in towns A and
B combined, this proportion in total of 1406 births was 0.496. Is there any significant
difference in the proportion of male births in the two towns? [Ans. H;: Rejected]
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1,000 apples are taken from a large consignment and 100 are found to be bad. Estimate
the percentage of bad apples in the consignment and assign the limits within which the
percentage lies.

In a referendum submitted to the students body at a university, 850 men and 560
women voted. 500 men and 320 women voted yes. Does this indicate a significant
difference of opinion between men and women on this matter at 1% level?

[Ans. H,: Accepted]

A manufacturing firm claims that its brand A product outsells its brand B product by
8%. If it is found that 42 out of a sample of 200 persons prefer brand A and 18 out of
another sample of 100 persons prefer brand B. Test whether the 8% difference is a valid
claim. [Ans. H: Accepted]

In a large city A, 25% of a random sample of 900 school boys had defective eye-sight.
In another large city B, 15.5% of a random sample of 1,600 school boys had the same
defect. Is this difference between the two proportions significant?

[Ans. Not Significant]

A sample of 1000 students from a university was taken and their average weight was
found to be 112 pounds with a S.D. of 20 pounds. Could the mean weight of students
in the population be 120 pounds? [Ans. H;: Rejected]

A sample of 400 male students is found to have a mean height of 160 cms. Can it be
reasonably regarded as a sample from a large population with mean height 162.5 cms
and standard deviation 4.5 cms? [Ans. H: Accepted]

A random sample of 200 measurements from a large population gave a mean value of
50 and a S.D. of 9. Determine 95% confidence interval for the mean of population?

[Ans. 48.8 and 51: 2]

The guaranteed average life of certain type of bulbs is 1000 hours with a S.D. of 125
hours. It is decided to sample the output so as to ensure that 90% of the bulbs do not
fall short of the guaranteed average by more than 2.5%. What must be the minimum
size of the sample? [Ans. n = 4]

The heights of college students in a city are normally distributed with S.D. 6 cms. A
sample of 1000 students has mean height 158 cms. Test the hypothesis that the mean
height of college students in the city is 160 cms.

[Ans. H,: Rejected at both level 1% and 5%]

A normal population has a mean of 0.1 and standard deviation of 2.1. Find the probability
that mean of a sample of size 900 will be negative? [Ans. 0.0764]

Intelligence tests on two groups of boys and girls gave the following results. Examine
if the difference is significant.

Mean S.D. Size
Girls 70 10 70
Boys 75 11 100

[Ans. Not a significant difference]
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18. Two random samples of sizes 1000 and 2000 farms gave an average yield of 2000 kg
and 2050 kg respecitvely. The variance of wheat farms in the country may be taken as
100 kg. Examine whether the two samples differ significantly in yield.

[Ans. Highly significant]
19. A random sample of 200 measurements from a large population gave a mean value of

50 and S.D. of 9. Determine the 95% confidence interval for the mean of the population?
[Ans. 49.58, 50.41]

20. The means of two large samples of 1000 and 2000 members are 168.75 cms and 170 cms
respectively. Can the samples be regarded as drawn from the same population of
standard deviation 6.25 cms? [Ans. Not significant]

21. A sample of heights of 6400 soldiers has a mean of 67.85 inches and a S.D. of 2.56
inches. While another sample of heights of 1600 sailors has a mean of 68.55 inches with
S.D. of 2.52 inches. Do the data indicate that the sailors are on the average taller than
soldiers? [Ans. Highly significant]

22. The yield of wheat in a random sample of 1000 farms in a certain area has a S.D. of 192
kg. Another random sample of 1000 farms gives a S.D. of 224 kg. Are the standard
deviations significantly different?

[Ans. Z = 4.851 and standard deviations are significantly different]

L@ TEST OF SIGNIFICANCE FOR SMALL SAMPLES

Generally when the size of the sample is less than 30, it is called small sample. For small sample
size we use t-test, f-test, z-test and chi-square ()?) test for testing of hypothesis. Chi-square test
is flexible for small sample size problem as well as large sample size.

For small sample it will not be possible for us to assume that the random sampling distribution
of a statistic is approximately normal and the values given by the sample data are sufficiently
close to the population values and can be used in their place for the calculation of the standard
error of the estimate.

12.7.1 Chi-Square (y?) Test
x* test is one of the simplest and general known test. It is applicable to a very large number as
well as small number of problems in general practice under the following headings.

(i) As a test of goodness of fit.

(ii) As a test of independence of attributes.

(iii) As a test of homogenity of independent estimates of the population variance.

(iv) As a test of the hypothetical value of the population variance 2.

(v) To test the homogeneity of independent estimates of the population correlation coefficient.

The quantity x? describes the magnitude of discrepancy between theory and observations.
If x = 0, the expected and the observed frequencies completely coincide.

The greater the discrepancy between the observed and expected frequencies, the greater is
the value of y2. Thus x? affords a measure of the correspondence between theory and
observation.
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IfO,(i=1,2, .. , n) is a set of observed (experimental) frequencies and E; (i = 1, 2,...., n)
is the corresponding set of expected (theoretical or hypothetical) frequencies, then, y? is defined as

5| (0 -E)
. zlu}

i=1 i

where XO, = ZE, = N (total frequency) and degrees of freedom (d.f) = (n - 1).
Remarks
(i) If x> = 0, the observed and theoretical frequencies agree exactly.
(i) If x> > 0, they do not agree exactly.

Degrees of Freedom (d.£.): The number of independent variates which make up the statistic
x* is known as the degrees of freedom (d.f.) and is denoted by v (Greek alphabet Nu).

In other way, the number of degrees of freedom, is the total number of observations less the
number of independent constraints imposed on the observations.

ie., v =n-k
where n = no. of observations
k = the number of independent constraints in a set of data of n observations.

Thus in a set of 1 observations the d.f. for y? are (n —1) generally, one d.f. being lost because
of linear constraints.

ZOZ- = ZEZ- = N, on the frequencies.
For a p x q contingency table, v = (p -1)(g —1); where (p columns and g rows)

Also, in case of a contingency table, the expected frequency of any class

Total of rows in which it occurs x Total of columns in which it occurs

Total no. of observations

Conditions For the Validity of x> Test: x? test is an approximate test for large values of
n. For the validity of chi-square test of ‘goodness of fit" between theory and experiment, the
following conditions must be satisfied.

1. The sample observations should be independent.
2. The constraints on the cell frequencies, if any, should be linear. e.g.
20,=XE,
3. N, the total number of frequencies should be large. It is difficult to say what constitutes

largeness, but as an arbitrary figure, we can say that NV should be atleast 50, however, few the
cells.

4. No theoretical cell-frequency should be small. Also it is difficult to say what constitutes
smallness, but 5 should be regarded as the very minimum and 10 is better. If small theoretical
frequencies occur (i.e., < 10), the difficulty is overcome by grouping two or more classes together
before calculating (O — E). It is important to remember that the number of degrees of freedom
is determined with the number of classes after regrouping.

5. %2 test depends only on the set of observed and expected frequencies and on d.f. It does
not make any assumptions regarding the parent population from which the observations are
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taken. Since %2 does not involve any population parameters it is termed as a statistic and the test
is known as Non-parametric test or Distribution-Free test.

Remark: The probability function of y? distribution is given by

o) = C(Xz)(%‘l)_e-xz/z

where e = 2.71828,
v = degree of freedom

¢ = a constrant depending only on v.

For large sample sizes, the sampling distribution of % can be closely approximated by a
continuous curve known as the chi-square distribution.

If the data is given in a series of “n” numbers then degrees of freedom = n -1
In the case of Binomial distribution d.f. = n -1

In the case of Poisson distribution d.f. = n - 2

In the case of Normal distribution d.f. = n — 3.

(i) Chi-Square test For Population Variance: Under the null hypothesis that the population
variance is 6% = 6,2 the statistic

-2
o gl
i=1 002
2
1 i 2x
= — zxiz_( 1)
Gy~ |i=1 n
X P

follows chi-square distribution with (n -1) d.f.
This test can be applied only if the population from which sample is drawn is normal.

If the sample size n is large (1 > 30) then we can use Fisher’s approximation

ie., Z = J2x2 - J2n-1

and apply Normal test.

Example 1. Test the hypothesis that ¢ = 10, given that S = 15 for a random sample of size 50 from
a normal population.

Sol. Null Hypothesis,

Hy:o =10
We are given n = 50,5 =15
ns?
o= 7
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50 x 225
100

= 1125

Since n is large, the test statistic is

Z = 2%* - J2n-1~N (0, 1)
Now, Z = 225 - \/99 =15-9.95 = 5.05

Since | Z | > 3, it is significant at all levels of significance and hence H, is rejected and we
conclude that ¢ # 10.
Example 2. It is believed that the precision (as measured by the variance of an instrument is no more

than 0.16. Write down the null and alternative hypothesis for testing this belief. Carry out the test at 1%
level, given 11 measurements of the same subject on the instrument:

2.5, 2.3, 2.4, 23, 25,6 27, 25 26, 26, 27, 25

[B.U. (2006), Kanpur (2007)]
Sol. Null Hypothesis, Hy: 6> = 0.16
Alternative Hypothesis, H;: 6> > 0.16

Computation of Sample Variance

X X-X (x- >_()2
25 ~ 001 0.0001
23 ~ 021 0.0441
24 ~ 0.1 0.0121
23 ~ 021 0.0441
25 ~ 001 0.0001
27 +019 0.0361
25 ~ 001 0.0001
26 +0.09 0.0081
26 +0.09 0.0081
27 +019 0.0361
25 ~ 001 0.0001
X - % - 251 $(x-X) = 01891

Under the null hypothesis H,: 6?=0.16, the test statistic is:

,_ nS* S(x-X)° _ 01891

o? - o? 0.16

which follows y2-distribution with d.f. (11 — 1) = 10.

= 1.182
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Since the calculated value of y? is less than the tabulated value 23.2 of 2 for 10 d.f. at 1%
level of significance, it is not significant. Hence H; may be accepted and we conclude that the data
are consistent with the hypothesis that the precision of the instrument is 0.16.

(if) Chi-Square Test of Goodness of Fit: ¥ test is an approximate test for large values of
n. y? test enables us to ascertain how well the theoretical distributions fit empirical distributions
or distribution obtained from sample data. If the calculated value of chi-square is less than the
table value at a specified level of significance the fit is considered to be good. Generally we take
significance at 5% level. Similarly if the calculated value of x? is greater than the table value, the
chi-square fit is considered to be poor.

Example 3. The following table shows the distribution of digits in numbers chosen at random from
a telephone directory:

Digits 0 1 2 3 4 5 6 7 8 9

Frequency | 1026 1107 997 996 1075 | 933 1107 | 972 964 853

Test whether the digits may be taken to occur equally frequently in the directory.

Sol. Null Hypothesis H: The digits taken in the directory occur equally frequently. Therefore
there is no significant difference between the observed and expected frequency.

10,000

Under H,, the expected frequency is given by = 0 - 1000.
To find the value of y?
O, 1026 1107 997 996 1075 1107 933 972 964 853
E; 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000
(O, - E)*| 676 11449 | 9 1156 5625 11449 | 4489 784 1296 21609
X0,-E) 5854
Y = = = 58.542.

E; 1000

Conclusion. The tabulated value of %2 at 5% level of of significance for 9 d.f. is 16.919. Since
the calculated value of y? is greater than the tabulated value, H, is rejected.

i.e., there is significant difference between the observed and theoretical frequency.

ie., the digits taken in the directory do not occur equally frequently.

Example 4. The following table gives the number of aircraft accidents that occurs during the various
days of the week. Find whether the accidents are uniformly distributed over the week

Days Sun.  Mon.  Tues. ~ Wed. Thus.  Fri.  Sat.

No. of accidents ... 14 16 8 12 11 9 14

(Given: The values of chi-square significant at 5, 6, 7, d.f. are respecitvely 11.07.,12.59, 14.07 at the
5% level of significance.

Sol. Here we set up the null hypothesis that the accidents are uniformly distributed over the
week.

Under the null hypothesis, the expected frequencies of the accidents on each of the days
would be:
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Days Sun. Mon. Tues. Wed. Thus. Fri. Sat. Total
No. of accidents ... 12 12 12 12 12 12 12 84
(14-12)° (16-12)° (8-12)* (12-12)°

XZ = + + +
12 12 12 12

2 2 2
, =197 (9-12)° (14-12)
12 12 12

i416160194—@
12(++++++)_12

4.17
The number of degrees of freedom

= Number of observations — Number of independent constraints.
=7-1=6
The tabulated 2, for 6 d.f. = 12.59

Since the calculated %2 is much less than the tabulated value, it is highly insignificant and
we accept the null hypothesis. Hence we conclude that the accidents are uniformly distributed
over the week.

Example 5. Records taken of the number of male and female births in 800 families having four
children are as follows:

No. of male births 0 1 2 3 4
No. of female births 4 3 2 1 0
No. of families 32 178 290 236 94

Test whether the data are consistent with the hypothesis that the Binomial law holds and the chance
of male birth is equal to that of female birth, namely p = q = 1/2.

Sol. H: The data are consistent with the hypothesis of equal probability for male and female
births, ie., p = q =1/2.

We use Binomial distribution to calculate theoretical frequency given by:
N(r) = NxPX=r)

where N is the total frequency. N(r) is the number of families with r male children:

P(X — r) — Hcr prqn—r

where p and g are probability of male and female births, n is the number of children.

1) 1
N(0) = No. of families with 0 male children = 800 x 4C0 (E) =800 x 1 x ot = 50

1)1\ 1\2(1)2
N(2) = 800 x *C (—j (—j = 200; N(2) = 800 x *C ()( ) =300
1 2)\2 ’ 2 2)\2
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1V (1) 171}
N@4) =800 x *C, | = || = | =200; N(4) =800 x *C, |[5||=]| =50
3\2)\2 1 (2)\2

Observed frequency O, 32 178 290 236 94
Expected frequency E; 50 200 300 200 50
(O, - E)? 324 484 100 | 1296 | 1936

2
(Oi - Ei)
E— 6.48 242 0.333 6.48 | 38.72

i
2
>(O; - E;
Y2 = % = 54.433

1

Conclusion. Table value of y? at 5% level of significance for 5 — 1 = 4 d.f. is 9.49.
Since the calculated value of y? is greater than the tabulated value, H, is rejected.

i.e., the data are not consistent with the hypothesis that the Binomial law holds and that the
chance of a male birth is not equal to that of a female birth.

Since the fitting is Binomial, the degrees of freedom v =n -1 ie, v=5-1=4

Example 6. A survey of 320 families with 5 children each revealed the following distribution:

No. of boys 5 4 3 2 1 0
No. of girls 0 1 2 3 4 5
No. of families 14 56 110 88 40 12

Is this result consistent with the hypothesis that male and female births are equally probable ?

Sol. Let us set up the null hypothesis that the data are consistent with the hypothesis of equal
probability for male and female births. Then under the null hypothesis:

p = Probability of male birth = — =4

N | =

Probability of ‘¥ male births in a family of 5

D= ()G

The frequency of r male births is given by:

N. p(r) = 320 x @ X GJS

5
= 10 x @ (1)

p(r)

f(r)
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Substituting r = 0, 1, 2, 3, 4 successively in (1), we get the expected frequencies as follows :
f(O) =10 x 1 =10, f(l) =10 x 5C1 =50
f(2) = 10 x 5C, = 100, f(3) = 10 x °C, = 100
f(4) = 10 x °C, =50, f(5) = 10 x °C; = 10

Calculations for y?

Observed Expected (O - Ey? (O - E?/E
Frequencies Frequencies
©) (E)
14 10 16 1.6000
56 50 36 0.7200
110 100 100 1.0000
88 100 144 1.4400
40 50 100 2.0000
12 10 4 0.4000
Total 320 320 7.1600
(O-E)
X = > —f |=716

Tabulated x?%),s for 6 — 1 =5 d.f. is 11.07.

Calculated value of %2 is less than the tabulated value, it is not significant at 5% level of
significance and hence the null hypothesis of equal probability for male and female births may
be accepted.

Example 7. Fit a Poisson distribution to the following data and test the goodness of fit:

X: 0 1 2 3 4 5 6
f: 275 72 30 7 5 2 1

Sol. Mean of the given distribution is:

g o 2w 0.482
X ==y T2

In order to fit a Poisson distribution to the given data, we take the mean (parameter) m of
the Poisson distribution equal to the mean of the given distribution, i.e., we take

m = X = 0482

The frequency of r successes is given by the Poisson law as:

e"*%2(0.482)"

f(r) cr=0,1,2, ..., 6

Now, 1(0)

Np(r) = 392 x

r!
392 x ¢ 0482 = 392 x Antilog [- 0.482 log ]
392 x Antilog [- 0.482 x log 2.7183] [ e =27183]
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= 392 x Antilog [- 0.482 x 0.4343]
= 392 x Antilog [- 0.2093]

= 392 x Antilog [1.7907] = 392 x 0.6176 = 242.1
f(1) = m x f0) = 0.482 x 242.1 = 116.69

m
f2) = — x f(l) = 0.241 x 116.69 = 28.12

2
m 0.482
fB) = 3 xf) = =5~ x 2812 = 4518

m 0.482
fd) = 7 xf3) = T x 4518 = 0544

m 0.482

f5) = 5 xfid) = = x 0.544 = 0.052
m 0.482

fl6) = & xf(5) = —— x 0.052 = 0.004

Hence the theoretical Poisson frequencies correct to one decimal place are as given below:

X 0 1 2 3 4 5 6 Total

Expected Frequency 2421 116.1 28.1 4.5 0.5 0.1 0 392

CALCULATIONS FOR CHI-SQUARE

Observed Expected (O-E) (O - E)? (O — E)’/E
Frequency Frequency
(0) (E)
275 2421 32.9 1082.41 4.471
72 116.7 447 1998.09 17.121
30 28.1 1.9 3.61 0.128
7 4.5
5 0.5
2" 01! 9.9 98.01 19.217
1 0
392 392.0 40.937
2
Y(O-E
X = % = 40.937

degree of freedom =7-1-1-3=2

Tabulated value of x? for 2 degree of freedom at 5% level of significance is 5.99.
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Conclusion: Since calculated value of x? (40.937) is much greater than 5.99, it is therefore
highly significant. Hence we say that poisson distribution is not a good fit to the given data.

Example 8. A die is thrown 270 times and the results of these throws are given below:

No. appeared on the die 1 2 3 4 5 6

Frequency 40 32 29 59 57 59

Test whether the die is biased or not.
Sol. Null Hypothesis H: Die is unbiased.

276
Under this Hj, the expected frequencies for each digit is o = 46.

To find the value of %2,

; 40 32 29 59 57 59

E; 46 46 46 46 46 46

(O,-E) | 36 | 196 | 2890 | 169 | 121 | 169

Conclusion: Tabulated value of y? at 5% level of significance for (6 — 1= 5) d.f. is 11.09. Since
the calculated value of y? = 21.30 > 11.07 the tabulated value, H,, is rejected.

i.e., die is not unbiased or die is biased.
Example 9. The theory predicts the proportion of beans in the four groups, G,, G,, G; G, should

be in the ratio 9: 3: 3: 1. In an experiment with 1600 beans the numbers in the four groups were 882, 313,
287 and 118. Does the experimental result support the theory.

Sol. H: The experimental result support the theory, i.e., there is no significant difference
between the observed and theoretical frequency under H, the theoretical frequency can be
calculated as follows:

1600 x 9
EG,) = T;< — 900;

1
E(G,) = % = 300;

1600 x 3
E(G,) = 1—6X — 300;

1600 x 1

EG,) = = 100.
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To calculate the value of x>

Observed frequency O, 882 | 313 287 118
Expected frequency E, 900 | 300 300 100

2
(Oi - Ei)
—r 0.36 | 0.5633 | 0.5633 | 3.24

i
20, - E)’
x2 = E— = 4.7266.

Conclusion: Table value of x? at 5% level of significance for 3 d.f. is 7.815. Since the calculated
value of x? is less than that of the tabulated value. Hence H, is accepted i.e., the experimental
result support the theory.

(iii) %2 test as a test of Attributes: Let us consider two attributes A and B, A divided into
r classes A;, Ay , A, and B divided into S classes B,, B,, .......... Bg, such a classification in
which attributes are divided into more than two classes is known as manifold classification. The
various cell frequencies can be expressed in the following table known as r x s manifold contingency
table. Here (A) is the number of persons possessing the attributes and (B)) is the number of
persons possessing the attributes (Bj) and (AiBj) is the number of persons possessing both the
attributes

A; and Bj for[i=1,2 ..,1j=12, ... S]

zAi = Z{Bi = N, is the total frequency.
i=1 i=

The contingency table for r x s is given below:

A A, A, A, | A | Total
B

B, (AB) | (4,B) | (AB) | .(AB)| B,

B, (ABy) | (A,B) | (AB) | .(AB)| B,

B, (ABy) | (A,B) | (ABy | .(ABy)| B,

B, (A4B) | (4,B) | (AB) |.(AB)| (B)
Total (A) A4,) | @y |.@4) | N

The problem is to test if two attributes A and B under consideration are independent or not.

Under the null hypothesis, both the attributes are independent, the theoretical cell frequencies
are calculated as follows.
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>

P(A,) = Probability that a person possesses the attribute A, = N ic 1,2, ..,r
” . (5)
P(B) = Probability that a person possesses the attribute B; = N
(4:8)
P(AB;) = Probability that a person possesses both attributes A; and B; =

N
If (A;B)), is the expected number of persons possessing both the attributes A; and B,

(AB), = N.P (AB) = NP (A)(B)

oy @) (B) _ ()
N N N
(Since A and B are independent)

L %5 [an)-tam)]

=1 e (AB),

Therefore

which is distributedd as a x? variate with (r -1)(S -1) d.f.

Some Remarkable points:

a/b

1. For a 2 x 2 contingency table where the frequencies are /d x> can be calculated from

(a+b+c+d)(ad -bc)”
(a+b)(c+d)b+d)(a+c)

independent frequencies as x? =

2. If the contingency table is not 2 x 2, then the above formula for calculating y? cannot
be used. Hence, we have another formula for calculating the expected frequency (A;B),

~ (Ai)(B /.) Product of column total and row total

i.e., expected frequency in each cell is = whole total

a/b ad — bc

3. If o/d is the 2 x 2 contingency table with two attributes, Q = 7577~ is called the

a c
coefficient of association. If the attributes are independent then — = —.

b d

Remark: Yates’s Correction: In a 2 x 2 table, if the frequencies of a cell is small, we make
Yates’s correction to make x> continuous.

1
Decrease by 5 those cell frequencies which are greater than expected frequencies, and

1
increase by 5 those which are less than expectation. This will not affect the marginal columns.

This correction is known as Yates’s correction to continuity.
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N(bc —ad - NJ

After Yates’s correction x> = (a+ b+ dfc+d)fa+b) when ad —bc <0
N(ad bc - NJ

2 = when ad —bc >0

(a+c)b+d)c+d)(a+D)
Example 10. (2 x 2 contingency table). For the 2 x 2 table,

a b

c d

prove that chi-square test of independence gives

Y2 = N(ad—bc)2 N=a+b+c+d )
(a+c)(b+d)(a+b)(c+d) !

[Guwahati Univ. B.Sc., 2002]
Sol. Under the hypothesis of independence of attributes,

o 0165
N
E@) - (a+Db)(b+d)
N
E(o) = o oea)
N
and E@d) = brdfe+d)
N
a b a+b
c d c+d
a+c b+d N
B ) R 1) =) =) S
Ea) E(b) E(c) E(d)
by - o 0
N

a(a +b+c+d)—(a2+ac+ab+b6) ad — be

N N
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Similarly, we will get

_ad—bc C - E(@); d - E@) = ad}:}bc

b—-ED) =
Substituting in (2), we get

(ad - be)” { 1 1 1 1 }

N2 |E@  E®)  E@© " E@)

X =

(ad - bc)2 H 1 N 1 } N { 1 N 1 H
N (a+b)a+c) (a+Db)b+d) (a+c)c+d) (b+d)(c+d)

_ (ad - bc)’® { b+d+a+tc btd+a+c }
N (a+b)a+c)b+d) (a+c)c+d)(b+d)

— (ad - beY c+d+a+b

= (ad = b {(a+b)(a+c)(b+d)(c+d)}

~ N(ad - bc)”

~ (a+b)a+c)(b+d)(c+d)

Example 11. From the following table regarding the colour of eyes of father and son test if the colour
of son’s eye is associated with that of the father.

Eye colour of son

Light Not light
Eye colour of father Light 471 51
Not light 148 230

Sol. Null Hypothesis H,,: The colour of son’s eye is not associated with that of the father i.e.,
they are independent.

Under H, we calculate the expected frequency in each cell as

Product of column total and row total

whole total
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Expected frequencies are:

537

Eye colour
of son Light Not light Total
Eye colour
of father
Ligh 619 x 522 359.02 289 x 522 167.62 522
t ———= _ 359, 7R ey
s 900 900
Not Light 619 % 378 259.98 289 % 378 121.38 378
o8 90 900
Total 619 289 900

(471-359.02)" (51-167.62)° (148-259.98)" (230-121.38)°
+ + +

359.02
261.498.

167.62

259.98

121.38

Conclusion: At 5% level for 1 d.f., x> is 3.841 (tabulated value)

Since tabulated value of x> < calculated value of % Hence H, is rejected.

Example 12. The following table gives the number of good and bad parts produced by each of the
three shifts in a factory:

Good parts Bad parts Total

Day shift 960 40 1000
Evening shift 940 50 990
Night shift 950 45 995
Total 2850 135 2985

Test whether or not the production of bad parts is independent of the shift on which they were
produced.

Sol. Null Hypothesis H,: The production of bad parts is independent of the shift on which
they were produced.

i.e., the two attributes, production and shifts are independent.

[(48,),~(48,)]

(4B;),

2 3

=2

=1 j=1

Under H,

Calculation of expected frequencies

Let A and B be the two attributes namely production and shifts. A is divided into two classes
A,, A, and B is divided into three classes B, B,, B,.
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(A))B,)  (2850)x(1000)

- - = 954.77;
(4:B1)o N 2985 95477,
A,)B 2850) x (990
(AB), = (A)B) _ (285003 (990) _ g, 50
N 2985
(A1)(B5) _ (2850)x (995)
AiBs)o = " = 2985 = 90,
(A,)(B,)  (135) x (1000)
- - = 4527
(42810 N 2985 >
A)B 135)x(990
(A,B,), = (4)By) _ (A35)x(%90) _ 44.773;
N 2985
Ay - A2Ba) _ (135)%9%5) _
27370 N 2985
To calculate the value of y2.
Class O, E, (O, - E)? (O, — E)*/E;
(A,B) 960 954.77 27.3529 0.02864
(A,B,) 940 954.226 27.3110 0.02889
(A,By) 950 950 0 0
(A,B) 40 45.27 27.7729 0.61349
(A,B,) 50 44.773 27.3215 0.61022
(A,B,) 45 45 0 0
1.28126

Conclusion: The tabulated value of %2 at 5% level of significance for 2 degrees of freedom
(r — 1)(s 1) is 5.991. Since the calculated value of %2 is less than the tabulated value, we accept
H,. ie., the production of bad parts is independent of the shift on which they were produced.

12.7.2 Student’s t-distribution

The t-distribution is used when sample size is less than equal to 30 (< 30) and the population
standard deviation is unknown.

Let X, i=1,2, ... , 1 be a random sample of size n from a normal population with mean
1 and variance 6. Then student’s t is defined by

X-u
S/\n

~t (n-1df)

n
1 Y X; is the sample mean
=

>
I

where
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n

s = ﬁ (x;-X)’

i=1
is an unbiased estimate of the population variance o2.

The t-distribution has different values for each d.f. and when the d.f. are infinitely large, the
t-distribution is equivalent to normal distribution.

Example 13. The 9 items of a sample have the following values 45, 47, 50, 52, 48, 47, 49, 53, 51.
Does the mean of these values differ significantly from the assumed mean 47.5 ?
Sol. Hy: u = 47.5
i.e., there is no significant difference between the sample and population mean.
H: w# 475 (two tailed test): Given: n = 9, u = 47.5

X 45 47 50 52 48 47 49 53 51

X-X -41 -21 0.9 29 -1.1 2.1 -0.1 3.9 1.9

—\2
(X - X) 16.81 | 441 0.81 8.41 1.21 441 0.01 15.21 3.61

% = =2 o s(x-X) - sas;
X =y T g T R
3(x-x)°
P=———) =68 . s=2619
(n-1)
X-u  491-475  (L6)W8
Applying t-test t = - - = 1.7279
PPymg +5s s/\n T 2619/J8 2619
toos = 2-31 for y = 8.

Conclusion: Since ‘ t ‘ < t, 05 the hypothesis is accepted i.e., there is no significant difference
between their mean.
Example 14. A random sample of 10 boys had the following 1. Q’. s: 70, 120, 110, 101, 88, 83, 95,

98, 107, 100. Do these data support the assumption of a population mean 1.Q. of 100 ? Find a reasonable
range in which most of the mean 1.Q. values of samples of 10 boys lie.

Sol. Null hypothesis, H,: The data are consistent with the assumption of a mean 1.Q. of 100
in the population, i.e., u = 100.

Alternative hypothesis: H, : u # 100

Test Statistic. Under H, the test statistic is:

(x-n)

t= ~ L ¢

Jsm

where x and $2 are to be computed from the sample values of L.Q.’s.
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Calculation for Sample Mean and S.D.

_ 2
: (x5 (X

70 -27.2 739.84

120 22.8 519.84

110 12.8 163.84

101 3.8 14.44

88 -9.2 84.64

83 -14.2 201.64

95 -2.2 4.84

98 0.8 0.64

107 9.8 96.04

100 2.8 7.84

Total 972 1833.60

- 972 1833.60
Hence n = 10, x = 10 - 972 and S? = = 203.73
|97.2-100| 28 28

| | = = = =0.62
J20373/10 /2037 4514

Tabulated ¢ 5 for (10 - 1) i.e., 9 d.f. for two-tailed test is 2.262.

Conclusion: Since calculated ¢ is less than tabulated . for 9 d.f, H, may be accepted at
5% level of significance and we may conclude that the data are consistent with the assumption
of mean 1.Q. of 100 in the population.

The 95% confidence limits within which the mean 1.Q. values of samples of 10 boys will lie
are given by
X £togs S/n = 972 + 2262 x 4514 = 972 + 10.21 = 107.41 and 86.99
Hence the required 95% confidence intervals is [86.99, 107.41]

Example 15. The mean weekly sales of soap bars in departmental stores was 146.3 bars per store.
After an advertising campaign the mean weekly sales in 22 stores for a typical week increased to 153.7 and
showed a standard deviation of 17.2. Was the advertising campaign successful?

Sol. We are given: n =22, x = 153.7, s = 17.2.
Null Hypothesis: The advertising campaign is not successful, i.e.,
Hy p = 1463

Alternative Hypothesis: H;: u > 146.3. (Right-tail).
Test Statistic: Under the null hypothesis, the test statistic is:

x-p

b= —— ~ 1y =1y
s/ (n-1)
153.7-146.3 7.4x+21
Now t = = =9.03

Ja7.2)% /21 17.2
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Conclusion: Tabulated value of t for 21 d.f. at 5% level of significance for single-tailed test
is 1.72. Since calculated value is much greater than the tabulated value, therefore it is highly

significant. Hence we reject the null hypothesis.
Example 16. A machinist is making engine parts with axle diameters of 0.700 inch. A random

sample of 10 parts shows a mean diameter of 0.742 inch with a standard deviation of 0.040 inch. Compute
the statistic you would use to test whether the work is meeting the specifications. Also state how you would

proceed further.

Sol. Here we are given:

W = 0.700 inches, x = 0.742 inches, s = 0.040 inches and n = 10
Null Hypothesis, Hy: u = 0.700, ie., the product is conforming to specifications.

Alternative Hypothesis, H;: u # 0.700
Test Statistic : Under H, the test statistic is:

Pow _ Fen
Js2 /n \/52/(11—1)

J9(0.742 - 0.700)
Now, t = =3.15
0.040
Here the test statistic ‘¢’ follows Student’s t-distribution with 10 — 1 = 9 d.f. We will now
compare this calculated value with the tabulated value of t for 9 d.f. and at certain level of
significance, say 5%. Let this tabulated value be denoted by t,.

(i) If calculated ‘t’ viz., 3.15 > t,, we say that the value of ¢ is significant. This implies that

~ 1t

t = (n-1)

x differs significantly from p and H, is rejected at this level of significance and we
conclude that the product is not meeting the specifications.
(i) If calculated t < t, we say that the value of ¢ is not significant, i.e., there is no significant

difference between x and . In other words, the deviation (J_C—u) is just due to

fluctuations of sampling and null hypothesis H, may be retained at 5% level of
significance, i.e., we may take the product conforming to specifications.

Example 17. A random sample of size 16 has 53 as mean. The sum of squares of the derivation from
mean is 135. Can this sample be regarded as taken from the population having 56 as mean ? Obtain 95%
and 99% confidence limits of the mean of the population.

Sol. H;: There is no significant difference between the sample mean and hypothetical
population mean.

Hy w=56; Hi: u#56 (Two tailed test)

X-u
to: ~tn-14df)
s/n 4
— —\2
Given: X =53, u=>56n=163(X-X) =135

—\2
(X - X) 135 L B5%
S —_— = —_ =0 = = —
n-1 15 3/16

|t] = 4,df =16-1=15.
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Conclusion: f,,. = 1.753.

Since | t| =4 > t;,; = 1.753 i.e, the calculated value of t is more than the table value. The
hypothesis is rejected. Hence, the sample mean has not come from a population having 56 as
mean.

95% confidence limits of the population mean

3

— s
=X £ = lygs = 53 % = (1725) = 51.706; 54293

99% confidence limits of the population mean

X+ ¢ =53+ 5 (2602) = 51.048; 54.951.

\/E 0.01, \/E

(7) £Test of Significance for Mean of a Random Sample: To test whether the mean of a
sample drawn from a normal population deviates significantly from a stated value when
variance of the population is unknown.

H,;: There is no significant difference between the sample mean x and the population mean
U ie.,, we use the statistic.

X-u —
t = where X is mean of the sample.
s/n P
1 L -
2 = N Z(Xi - X)2 with degrees of freedom (n — 1).
n a—

i=1
At given level of significance o, and degrees of freedom (1 — 1). We refer to t-table ¢ (two

tailed or one tailed). If calculated t value is such that | t | < t,, the null hypothesis is accepted and

for | t| > t,, H, is rejected.
(77) #Test For Difference of Means of Two Samples: This test is used to test whether the
two samples x;, x,, ..... Xy s Yir Yor s Y, Of sizes n;, n, have been drawn from two

normal populations with mean p, and u, respectively under the assumption that the
population variance are equal. (6, = 6, = ©).
H,: The samples have been drawn from the normal population with means p, and u, ie.,
Hy wy # W,
Let X, Y be their means of the two samples.
(X7

Under this H, the test of statistic t is given by t = T
s ’—+—
ny ny

2 2
. - . 1151 +1,5
Also, if the two sample’s standard deviations s,, s, are given then we have s> = —1"L " 272

ny +n,-2

X-Y
And, if n, = n, = n, t = ——== can be used as a test statistic.

2,2
s1+5;
n-1
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If the pairs of values are in some way associated (correlated) we can’t use the test statistic
as given in Note 2. In this case, we find the differences of the associated pairs of values and apply

for single mean ie., t = s/—\/% with degrees of freedom n — 1.

d

d _
The test statisticis t = ——= or t = ———, where { is the mean of paired difference.
s/n s/n-1 P
i.e., di = xi — yi
di = X-Y, where (x;, y,) are the paired datai =1, 2, ...... , .

Example 18. Samples of sizes 10 and 14 were taken from two normal populations with S.D. 3.5 and
5.2. The sample means were found to be 20.3 and 18.6. Test whether the means of the two populations are
the same at 5% level.

Sol. Hy u, = W, ie., the means of the two populations are the same.
Hpi:y, # W,
Given X =203, X, =18.6;n, =10, n, = 14,5, = 35,5, = 5.2
2 2 2 2
+ 10(3.5)" + 14(5.2
@ o Mmsitms  10BY +UGY L,y
ny +1y -2 10 +14 -2
X1-X 20.3-18.6
p= 122 o = 0.8604

1 1 1 1
S| —+— —+— 4772
ny N, 10 14
The value of t at 5% level for 22 d.f. is t, . = 2.0739.

Conclusion: Since ‘ t‘ = 0.8604 < t, s the hypothesis is accepted i.e., there is no significant

difference between their means.

Example 19. Two samples of sodium vapour bulbs were tested for length of life and the following
results were got:

Size Sample mean Sample S.D.
Type 1 8 1234 hrs 36 hrs
Type 11 7 1036 hrs 40 hrs

Is the difference in the means significant to generalise that Type I is superior to Type 1l regarding

length of life ?
Sol. Hy oy,
Hi:y,

U,, i.e., two types of bulbs have same lifetime.

\Y

W, ie., type I is superior to type IL

1,57 +11,53
ny+n,—2
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2 2
7(4
_ 8OO HTEON _ eso0me. s = 407317
8+7-2

The t-statistic

1234 -1036

40.7317‘{l +l
8 7

toos at d.f. 13 is 1.77 (one tailed test).

= 181480 ~ t(n, + n, -2d.f)

Conclusion: Since calculated | t| > t,05 H, is rejected ie., H; is accepted.

0.05”

. Type I is definitely superior to Type I

where X :i X Y :i i s2 = _ [E(XA_X)ZJF(Y._?)Z} is an unbiased
i T on, ny 41, -2 i j

estimate of the population variance 2.
t follows t-distribution with n, + n, — 2 degrees of freedom.

Example 20. The following figures refer to observations in live independent samples:

Sample 1 25 30 28 34 24 20 13 32 22 38

Sample 11 40 34 22 20 31 40 30 23 36 17

Analyse whether the samples have been drawn from the populations of equal means.

Sol. H: The two samples have been drawn from the population of equal means. i.e., there
is no significant difference between their means.

ie., W, = U,
Hp:py # U, (Two tailed test)
Given n

Sample I size = 10; n, = Sample II size = 10

To calculate the two sample mean and sum of squares of deviation from mean. Let X, be
the Sample I and X, be the Sample IL

X, 25 30 28 34 24 20 13 32 22 38

X -X1 - 16 34 1.4 7.4 2.6 —6.6 -13.6 5.4 4.6 11.4
— \2

(Xl - Xl) 2.56 | 11.56 1.96 54.76 6.76 | 43.56 | 184.96 [ 29.16 | 21.16 | 129.96

X, 40 34 22 20 31 40 30 23 36 17

X, - Xo 10.7 4.7 -73 -93 1.7 10.7 07 [-63 6.7 | -12.3
— \2

(X2 - Xz) 114.49 | 22.09 53.29 86.49 2.89 | 114.49 049 [ 39.67 | 44.89 | 151.29
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10 10
— X, _ X, 293
X = —_ :266 X = - = 2293
1 ; my 2 ; n, 10
— 2 — \2
(X, -X1) = 4864  Z(X,-X2) =63008
1 <. \2 %\
2 = ———— [Z(Xl —X1) +Z(X2—X2) }
n +n, -2
1
= ————— [486.4 + 630.08] = 62.026. .. S =7.875
10+10 -2

Under H, the test statistic is given by

X1-X 6 - 29.
t = 11 21 = 263 07666 t(n, + 1, ~ 2 df
s+ 7875+
ny Ny 10 10
|t] = 0.7666.

Conclusion: The tabulated value of t at 5% level of significance for 18 d.f. is 2.1. Since the
calculated value | t| = 0.7666 < t,.. H, is accepted.

i.e., there is no significant difference between their means.
ie., the two samples have been drawn from the populations of equal means.

Applications of £Distribution: The t-distribution has a wide number of applications in
statistics, some of them are:

1. To test if the sample mean (X) differs significantly from the hypothetical value pu of the

population mean.
2. To test the significance between two sample means.
3. To test the significance of observed partial and mutiple correlation coefficients.

4. To test the significance of an observed sample correlation co-efficient and sample regression
coefficient. Also, the critical value or significant value of t at level of significance o and
degree of freedom v for two tailed test are given by

Pl > t, (a)]
= Pl <t, (o]

o

1- o

The significant value of t at level of significance ‘0 for a single tailed test can be obtained
from those of two tailed test by considering the values at level of significance 20.

12.7.3 Snedecor’s Variance Ratio Test or F-test

Suppose we want to test (i) whether two independent samples x; and y; For i = 1, 2....,, n; and j
=1,2, ..., n, have been drawn from the normal populations with the same variance o2, (say) or
(ii) whether two independent estimates of the population variance are homogenous or not.
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Under the null hypothesis H,, (i) 6> = 6, = 6 i.c,, the population variances are equal or
(ii) two independent estimates of the population variances are homogeneous, then the statistic
F is given by

S.?

F = Syz
where S2 = nll—l g{(xi—y_c)z
1 Py, o\
8= ]Zz‘{(yz )

It follows Snedecor’s F-distribution with d.f. v; = n, -1 and v, = n, 1. Also greater of two
variances S % and S yz is to be taken in the numerator and 7, corresponds to the greater variance.
The critical values of F for left tail test Hy 67 = 67 against H: 67 < 03 are given by
F<F, ,, 4 (-0

1"

and for the two tailed test, Hy: 67 = 67 against H: 67 # G5 are given by
o o
F< Pnlfl,n272(§] and F< Fnlfl,n272(17§] :

12.7.4 Fisher’s Z-test

To test the significance of an observed sample correlation coefficient from an uncorrelated bivariate
normal population, t-test is used. But in random sample of size 7, from a normal bivariate
population in which P # 0 it is proved that the distribution of ‘7" is by no means normal and in
the neighbourhood of p = + 1, its probability curve is extremely skewed even for large n. If
p # 0 Fisher’s suggested the transformation.

1 1+r )
Z = 5 log, 7, =tani'r

and proved that for small samples, the distribution of Z is approximately normal with mean

1 1+p
¢, = 2 log, 1-p = tanh™! p

and variance 1/(n — 3) and for large values of n, (n > 50) the approximation is very good.

Example 21. Two independent sample of sizes 7 and 6 had the following values:

Sample A 28 30 32 33 31 29 34

Sample B 29 30 30 24 27 28

Examine whether the samples have been drawn from normal populations having the same
variance.

Sol. H,: The variance are equal. i.e., 6] = G%'
i.e., the samples have been drawn from normal populations with same variance.
. o2 2
H;: o7 # o;
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§2
Under null hypothesis, the test statistic F = =L (s7 > s3)
52
Computations for s? and s?
— = \2 _ 2
o [xem | mow) | n Jmex | o
28 -3 9 29 1 1
30 -1 1 30 2 4
32 1 1 30 2 4
33 2 4 24 -4 16
31 0 0 27 -1 1
29 -2 4 28 0 0
34 3 9
28 26
_ = \2
Xp = 3L =73(X-X1) =28
_ = \2
X2 = 28,1, =6 (X, - X2) =26
—\2 - \2
. (X, - X1) B (X, - X2) %,
17 n, -1 T T TURT n, -1 S5 7
53
- 52 _ 22 g2 g2
F= 3= Gae - 1S (82> 59

Conclusion: The tabulated value of F at v, = 6 -1 and v, =7 ~1 d.f. for 5% level of significance
is 4.39. Since the tabulated value of F is less than the calculated value, H, is accepted i.e., there
is no significant difference between the variance i.e., the samples have been drawn from the
normal population with same variance.

Example 22. The two random samples reveal the following data:

Sample no. Size Mean Variance
I 16 440 40
II 25 460 42

Test whether the samples come from the same normal population.

Sol. A normal population has two parameters namely the mean W and the variance 6. To
test whether the two independent samples have been drawn from the same normal population,
we have to test

(i) the equality of means (ii) the equality of variance.
Since the t-test assumes that the sample variance are equal, we first apply F-test.
F-test: Null hypothesis: 62 = 62

The population variance do not differ significantly.
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Alternative hypothesis: 67 # o3

2
Under the null hypothesis, the test statistic is given by F = 5—12, (s2 > s2)
2

Given: n, = 16, n, = 25; s7 = 40, s3 = 42

st
-1 16 x 40 24
F=S o0 x = 0.9752.
S5 Nn,S5 15 25 % 42
n,—1

Conclusion: The calculated value of F is 0.9752. The tabulated value of F at 16 -1, 25 -1 d.f.
for 5% level of significance is 2.11.

Since the calculated value is less than that of the tabulated value, H is accepted, i.e., the
population variance are equal.

t-test: Null hypothesis: H; ; u, = W, i.e., the population means are equal.
Alternative hypothesis: Hy: W, # W,

Given: n

L= 16,n, =25, X1 =440, X» = 460

2 2
2 _ MSy+Mps;

2 - _ 16x40+25x42 _ 43333, - 5= 6582
7+, —2 16+25-2
- KXo Xo | M0-480 9490 for (n, + n, - 2) df
sl 1 6.582\/1+1
n 16 " 25

Conclusion: The calculated value of | t| is 9.490. The tabulated value of t at 39 d.f. for 5%
level of significance is 1.96.

Since the calculated value is greater than the tabulated value, H; is rejected.

ie., there is significant difference between means, i.e., y, # |,

Since there is significant difference between means, and no significant difference between
variance, we conclude that the samples do not come from the same normal population.

PROBLEM SET 12.2

1. The following table gives the number of accidents that took place in an industry

during various days of the week. Test if accidents are uniformly distributed over the

week.
Day Mon Tue Wed Thu Fri Sat
No. of accidents 14 18 12 11 15 14

[Ans. H, is accepted]
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2. Verify whether Poisson distribution can be assumed from the data given below:

No. of defects 0 1 2 3 4 5

Frequency 6 13 13 8 4 3

[Ans. H,, is accepted; Poisson distribution provides a good fit to the given data]
3. A survey of 320 families with 5 children shows the following distribution.

No. of boys 5 4 3 2 1 0 Total
No. of girls 0 1 2 3 4 5
Families 18 56 110 88 40 8 320

Given that values of 2 of 5 d.f. are 11.1 and 15.1 at 0.05 and 0.01 significance level
respectively, test the hypothesis that male and female births are equally probable.

[Ans. H,, is accepted at 1% level of significance and rejected at 5% level of significance]

4. The following table gives the frequency of occupance of the digits 0, 1, ....., 9 in the last
place in four logarithm of numbers 10-99. Examine if there is any peculiarity.

Digits 0 1 2 3 4 5 6 7 8 9

Frequency 6 16 15 10 12 12 3 2 9 5

[Ans. No]

5. The sales in a supermarket during a week are given below. Test the hypothesis that the
sales do not depend on the day of the week, using a significant level of 0.05.

Days : Mon Tues Wed  Thurs Fri Sat
Sales (in 1000 Rs.) : 65 54 60 56 71 84
[Ans. Accepted at 0.05 significant level]
6. A die is thrown 90 times with the following results:
Face : 1 2 3 4 5 6 Total
Frequency - 10 12 16 14 18 20 90

Use y>test to test whether these data are consistent with the hypothesis that die is
unbiased. Given y?),; = 11.07 for 5 degrees of freedom.

[Ans. Accepted at 0.05 significant level]

7. 4 coins were tossed at a time and this operation is repeated 160 times. It is found that
4 heads occur 6 times, 3 heads occur 43 times, 2 heads occur 69 times, one head occur
34 times. Discuss whether the coin may be regarded as unbiased. [Ans. Unbiased]

8. A sample analysis of examination results of 500 students, it was found that 280 students
have failed, 170 have secured a third class, 90 have secured a second class and the rest,
a first class. Do these figures support the general belief that above categories are in the
ratio 4 : 3 : 2 : 1 respectively? [Ans. Yes, these figures support]
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9. In the accounting department of bank, 100 accounts are selected at random and
estimated for errors. The following results were obtained:

No. of errors : 0 1 2 3 4 5 6
No. of accounts 35 40 19 2 0 2 2

Does this information verify that the errors are distributed according to the Poisson
probability law? [Ans. May be]

10. Fit a Poisson distribution to the following data and best the goodness of fit:
x : 0 1 2 3 4
f 109 65 22 3 1
[Ans. Poisson lawfits the data]
11. What are the expected frequencies of 2 x 2 contigency tables given below

0 a | b @[5 ]10

c d

Ans. (i) (a+c)(a+D) (b+d)(a+D)
a+b+c+d a+b+c+d
(a+c¢)(c+d) (b+d)(c+d)
a+b+c+d a+b+c+d

(if) 4 8
4 8

12. In a locality 100 persons were randomly selected and asked about their educational
achievements. The results are given below:

Education
Middle High school College
Sex Male 10 15 25
Female 25 10 15

Based on this information can you say the education depends on sex.

[Ans. Yes]
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13. The following data is collected on two characters:

14.

1,

16.

17.

18.

19.

20.

Smokers Non smokers
Literature 83 57
Illiterate 45 68

551

Based on this information can you say that there is no relation between habit of smoking
and literacy. [Ans. No]

In an experiment on the immunisation of goats from anthrax, the following results

were obtained. Derive your inferences on the efficiency of the vaccine.

Died anthrax Survived
Inoculated with vaccine 2 10
Not inoculated 6 6

[Ans. No]

The lifetime of electric bulbs for a random sample of 10 from a large consignment gave
the following data:

Item 1 2 3 4 5 6 7 8 9 10

Life in ‘000" hrs. | 42 | 46 | 39 | 41 | 52 | 38 | 39 | 43 | 44 | 56

Can we accept the hypothesis that the average lifetime of bulb is 4000 hrs ?
[Ans. Accepted]

A sample of 20 items has mean 42 units and S.D. 5 units. Test the hypothesis that it
is a random sample from a normal population with mean 45 units. [Ans. H is rejected]

The following values gives the lengths of 12 samples of Egyptian cotton taken from a
consignment: 48, 46, 49, 46, 52, 45, 43, 47, 47, 46, 45, 50. Test if the mean length of the
consignment can be taken as 46. [Ans. Accepted]

A sample of 18 items has a mean 24 units and standard deviation 3 units. Test the
hypothesis that it is a random sample from a normal population with mean 27 units.

[Ans. Rejected]
A filling machine is expected to fill 5 kg of powder into bags. A sample of 10 bags gave
the following weights: 4.7, 4.9, 5.0, 5.1, 5.4, 5.2, 4.6, 5.1, 4.6 and 4.7. Test whether the
machine is working properly. [Ans. Accepted]

Memory capacity of 9 students was tested before and after a course of meditation for
a month. State whether the course was effective or not from the data given below.

Before

10

15

9

3

7

12

16

17

4

After

12

17

11

18

20

3

[Ans. H, is accepted]
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21. A certain stimulus administered to each of 12 patients resulted in the following increase
of blood pressure: 5,2,8,-1,3,0,-2,1, 5,0, 4, 6. Can it be concluded that the stimulus
will in general be accompanied by an increase in blood pressure?

[Ans. H, is rejected]

22. The mean life of 10 electric motors was found to be 1450 hrs with S.D. of 423 hrs. A
second sample of 17 motors chosen from a different batch showed a mean life of 1280
hrs with a S.D. of 398 hrs. Is there a significant difference between means of the two
samples? [Ans. Accepted]

23. The height of 6 randomly chosen sailors in inches are 63, 65, 68, 69, 71 and 72. Those
of 9 randomly chosen soldiers are 61, 62, 65, 66, 69, 70, 71, 72 and 73. Test whether the
sailors are on the average taller than soldiers. [Ans. H; is accepted]

[ | |



CHAPTER 1 3

Computer Programming
in ‘C’ Language

m INTRODUCTION

At its most basic level, programming a computer simply means telling it what to do, and this
vapid-sounding definition is not even a joke. There are no other truly fundamental aspects of
computer programming; everything else we talk about will simply be the details of a particular,
usually artificial, mechanism for telling a computer what to do. Sometimes these mechanisms are
chosen because they have been found to be convenient for programmers (people) to use; other
times they have been chosen because they're easy for the computer to understand. The first hard
thing about programming is to learn, become comfortable with, and accept these artificial
mechanisms, whether they make ‘sense’ to you or not.

Many computer programming mechanisms are quite arbitrary, and were chosen not because
of any theoretical motivation but simply because we needed an unambiguous way to say something
to a computer. C is sometimes referred to as a “high-level assembly language”.

Elements of Real Programming Languages

There are several elements which programming languages, and programs written in them, typically
contain. These elements are found in all languages, not just C.

1. There are variables or objects, in which you can store the pieces of data that a program
is working on. Variables are the way we talk about memory locations (data). Variables
may be global (that is, accessible anywhere in a program) or local (that is, private to
certain parts of a program).

2. There are expressions, which compute new values from old ones.
3. There are assignments which store values (of expressions, or other variables) into variables.

4. There are conditionals which can be used to determine whether some condition is true,
such as whether one number is greater than another. In some languages, including C,
conditionals are actually expressions which compare two values and compute a ‘true’
or ‘false’ value.

5. Variables and expressions may have types, indicating the nature of the expected values.

6. There are statements which contain instructions describing what a program actually
does. Statements may compute expressions, perform assignments, or call functions.

7. There are control flow constructs which determine what order statements are performed
in. A certain statement might be performed only if a condition is true. A sequence of
several statements might be repeated over and over, until some condition is met; this
is called a loop.

553
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8. An entire set of statements, declarations, and control flow constructs can be lumped
together into a function (also called routine, subroutine, or procedure) which another piece
of code can then call as a unit.

9. A set of functions, global variables, and other elements makes up a program.

10. In the process of specifying a program in a form suitable for a compiler, there are
usually a few logistical details to keep track of. These details may involve the specification
of compiler parameters or interdependencies between different functions and other
parts of the program.

Computer Representation of Numbers

Most computers represent integers as binary numbers with a certain number of bits. A computer
with 16-bit integers can represent integers from 0 to 65,535 or if it chooses to make half of them
negative, from -32,767 to 32,767. A 32-bit integer can represent values from 0 to 4,294,967,295, or
+-2,147,483,647. Most of today’s computers represent real (i.e., fractional) numbers using
exponential notation. The advantage of using exponential notation for real numbers is that it lets
you trade off the range and precision of values in a useful way. Since there’s an infinitely large
number of real numbers, it will never be possible to represent.

Characters, Strings, and Numbers

One fundamental component of a computer’s handling of alphanumeric data is its character set.
A character set is, not surprisingly, the set of all the characters that the computer can process and
display. (Each character generally has a key on the keyboard to enter it and a bitmap on the screen
which displays it.) A character set consists of letters, numbers, and punctuation.

A character is, well, a single character. If we have a variable which contains a character value,
it might contain the letter ‘A’, or the digit ‘2", or the symbol ‘&’. A string is a set of zero or more

L7 AT

characters. For example, the string “and” consists of the characters ‘a’, ‘n’, and ‘d".

Compiler Terminology

C is a compiled language. This means that the programs we write are translated, by a program
called a compiler, into executable machine-language programs which we can actually run.
Executable machine-language programs are self-contained and run very quickly. A compiler is a
special kind of progam: it is a program that builds other programs. The main alternative to a
compiled computer language or program is an interpreted one, such as BASIC . In other words,
for each statement that you write, a compiler translates into a sequence of machine language
instructions which does the same thing, while an interpreter simply does it.

Example

Program to print “hello, world” or display a simple string, and exit.

# include < stdio.h>

main()

{

printf (“Hello, word'\n");

return 0;

}
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Printf is a library function which prints formatted output. The parentheses surround printf’s
argument list: the information which is handed to it which it should act on. The semicolon at the
end of the line terminates the statement.

The second line in the main function is
return 0;

In general, a function may return a value to its caller, and main is no exception. When main
returns (that is, reaches its end and stops functioning), the program is at its end, and the return
value from main tells the operating system whether it succeeded or not. By convention, a return
value of 0 indicates success.

Basic Data Types and Operators

The type of a variable determines what kinds of values it may take on. An operator computes new
values out of old ones. An expression consists of variables, constants, and operators combined to
perform some useful computation.

There are only a few basic data types in C.

e char a character

e int an integer, in the range — 32,767 to 32,767

e long int a larger integer (up to +-2,147,483,647)

e float a floating-point number

double a floating-point number, with more precision and perhaps greater range than float.

Constant: A constant is just an immediate, absolute value found in an expression. The
simplest constants are decimal integers e.g., 0, 1, 2, 123. Occasionally it is useful to specify con-
stants in base 8 or base 16 (octal or hexadecimal).

A constant can be forced to be of type long int by suffixing it with the letter L. A constant
that contains a decimal point or the letter e (or both) is a floating-point constant: 3. 14, .01, 123e4,
123.456€7. The e indicates multiplication by a power of 10; 123.456e7 is 123.456 times 10 to the
7th, or 1,234, 560,000.

A character constant is simply a single character between single quotes: ‘A’, ", “%’. The
numeric value of a character constant is, naturally enough, that character’s value in the machine’s
character set. Characters enclosed in double quotes: “apple”, “hello, world”, “this is a test”.
Within character and string constants, the backslash character \ is special, and is used to represent
characters not easily typed on the keyboard or for various reasons not easily typed in constants.
The most common of these “character escapes” are:

\n a “newline” character

\b a backspace

\r a carriage return (without a line feed)

\" a single quote (e.g., in a character constant)
\"” a double quote (e.., in a string constant)
\\ a single backslash

Declarations: Informally, a variable (also called an object) is a place where computer can
store a value. So that they can refer to it unambiguously, a variable needs a name. A declaration
tells the compiler the name and type of a variable we’ll be using in our program. In its simplest
form, a declaration consists of the type, the name of the variable, and a terminating semicolon:
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char c;

int i;

int i1, i2.

it is on line.

Variable Names: Variable names (the formal term is “identifiers”) consist of letters, num-
bers, and underscores. For our purposes, names must begin with a letter. The capitalization of
names in C is significant.

Arithmetic Operators

The basic operators for performing arithmetic are the same in many computer languages:
+ addition
— subtraction
* multiplication
/ division
% modulus (remainder)

The operator can be used in two ways: to subtract two numbers (as in a — b), or to negate
one number (as in —a + b or a + -b).

When applied to integers, the division operator/discards any remainder, so 1/2 is 0 and
7/4 is 1. But when either operand is a floating-point quantity (type float or double), the division
operator yields a floating—point result, with a potentially non-zero fractional part. So 1/2.0 is 0.5,
and 7.0/4.0 is 1.75.

The modulus operator % gives you the remainder when two integers are divided: 1 % 2 is
1, 7 % 4 is 3. (The modulus operator can only be applied to integers.)

An additional arithmetic operation you might be wondering about is exponentiation. Some
languages have an exponentiation operator (typically " or).

Multiplication, division, and modulus all have higher precedence than addition and subtrac-
tion. The term “precedence” refers to how “tightly” operators bind to their operands. All of these
operators “group” from left to right, which means that when two or more of them have the same

precedence and participate next to each other in an expression, the evaluation conceptually pro-
ceeds from left to right.

Assignment Operators

The assignment operator = assigns a value to a variable. For example,

x=1
sets x to 1, and
a=b

sets a to whatever b’s value is. The expression

i=i+1

is, as we’ve mentioned elsewhere, the standard programming idiom for increasing a vari-
able’s value by 1.

Function Calls

Any function can be called by mentioning its name followed by a pair of parentheses. If the
function takes any arguments, you place the arguments between the parentheses, separated by
commas. These are all function calls:
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printf("Hello, world!\n"), printf("%d\n", i), sqrt(144), getchar()

The arguments to a function can be arbitrary expressions.

Statements And Control Flow

Statements are the "steps" of a program. Most statements compute and assign values or call
functions. By default, statements are executed in sequence, one after another. We can, however,
modify that sequence by using control flow constructs which arrange that a statement or group
of statements is executed only if some condition is true or false, or executed over and over again
to form a loop.

“A statement is an element within a program which we can apply control flow to;
control flow is how we specify the order in which the statements in our program are
executed”.

Expression Statements: Most of the statements in a C program are expression statements. An
expression statement is simply an expression followed by a semicolon. The lines

i=0;
i=1i+1;
and

printf("Hello, world'\n");

are all expression statements. The semicolon is a statement terminator; all simple statements are
followed by semicolons.

If Statements: The simplest way to modify the control flow of a program is with an if
statement, which in its simplest form looks like this:

if(x > max)
max = X;
More generally, the syntax of an if statement is:
if (expression)
statement
Where expression is any expression and statement is any statement.
If
if(expression)
{
statement < sub > 1 </sub >
statement < sub > 2 </sub >
statement < sub > 3 </sub >

}

An if statement may also optionally contain a second statement, the “else clause”, which is to be
executed if the condition is not met. Example:

If(n > 0)
average = sum/n;

else {
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printf("can’t compute average\n");
average = 0;
}

The first statement or block of statements is executed if the condition is true, and the second
statement or block of statements is executed if the condition is not true.

Boolean Expressions

An if statement like
if(x > max)
max = X;
is perhaps deceptively simple. Conceptually, we say that it checks whether the condition x > max

is “true” or “false”. The study of mathematics involving only two values is called Boolean algebra.
In C, “false” is represented by a value of 0 (zero), and “true” is represented by value 1.

The relational operators such as <, <=, >, and >= are in fact operators, just like +, —, ¥, and
/. The relational operators take two values “return” a value of 1 or 0 depending on whether the
tested relation was true or false. The complete set of relational operators in C is:

< less than

<= less than or equal

> greater than

>= greater than or equal
== equal

= not equal

While Loops: Loops generally consist of two parts: one or more control expressions which
control the execution of the loop, and the body, which is the statement or set of statements which
is executed over and over. The most basic loop in C is the while loop. A while loop has one control
expression, and executes as long as that expression is true.

Example:
int x = 2;
while(x < 1000)
{
printf(“%d\n”, x);
X=x%*2;
}
The general syntax of a while loop is
while (expression)
statement

A while loop starts out like an if statement: if the condition expressed by the expression is
true, the statement is executed. However, after executing the statement, the condition is tested
again, and if it’s still true, the statement is executed again.

For Loops: More generally, the syntax of a for loop is
for(expr < sub > 1 </sub >; expr < sub >2 </sub >; expr < sub > 3 </sub >)

statement
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(Here we see that the for loop has three control expressions. As always, the statement can be
a brace-enclosed block.)

fori=0i<10,i=1i+1)
printf(“i is %d\n”, i);
The three expressions in a for loop encapsulate these conditions: expr <sub>1</sub> sets up
the initial condition, expr < sub > 2 </sub > tests whether another trip through the loop should be

taken, and expr < sub > 3 </sub > increments or updates things after each trip through the loop
and prior to the next one. All three expressions of a for loop are optional.

Break and Continue: Sometimes, due to an exceptional condition, we need to jump out of
a loop early, that is, before the main controlling expression of the loop causes it to terminate
normally. Other times, in an elaborate loop, we may want to jump back to the top of the loop
without playing out all the steps of the current loop. The break and continue statements allow to
do these two things.

here is a program for printing prime numbers between 1 and 100:
#include<stdio.h>
#include<math.h>
main()
{
int i, j;
printf("%d\n", 2);
forG=31i<=100;i=1+ 1)
{
forG=2j<i;j=j+1)
{
if(i% j == 0)
break;
if(j > sqrt(i))
{
printf("%d\n", i);

break;
}
}
}
return 0;
}
Arrays
The declaration
int i;

declares a single variable, named i, of type int. It is also possible to declare an array of several
elements.
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The declaration
nt a[10];

declares an array, named a, consisting of ten elements, each of type int. an array is a variable
that can hold more than one value. We can represent the array a above with a picture like this:

a:

(01 [1] [2] [3] [4] [51 [6] [7] [8] [9]

In C, arrays are zero-based: the ten elements of a 10-element array are numbered from 0 to
9. The subscript which specifies a single element of an array is simply an integer expression in
square brackets. The first element of the array is a[0], the second element is a[l], etc.

Array Initialization

Although it is not possible to assign to all elements of an array at once using an assignment
expression, it is possible to initialize some or all elements of an array when the array is defined.
The syntax looks like this:

int a[10] = {0, 1, 2, 3,4, 5,6, 7, 8, 9};
The list of values, enclosed in braces {}, separated by commas, provides the initial values for
successive elements of the array.

If there are fewer initializers than elements in the array, the remaining elements are auto-
matically initialized to 0. For example,

int a[10] = {0, 1, 2, 3, 4, 5, 6};

would initialize a[7], a[8], and a[9] to 0.

In the case of arrays of char, the initializer may be a string constant:
char s1[7] = "Hello";

char s2[10] = "there";

char s3[] = "world!";

Arrays of Arrays (“Multidimensional” Arrays)

The declaration of an array of arrays looks like this:
int a2[5][7];
illustration of the use of multidimensional arrays

int i, j;

fori=0i<5i=1i+1)
{
for(=0,j<7j=j+1)

a2fi] [jl = 10 *i +j;

Functions and Program Structure

A function is a “black box” that we’ve locked part of our program into. The idea behind a
function is that it compartmentalizes part of the program, and in particular, that the code within
the function has some useful properties:

1. It performs some well-defined task, which will be useful to other parts of the program.
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2. It might be useful to other programs as well; that is, we might be able to reuse it (and
without having to rewrite it).

3. The rest of the program doesn’t have to know the details of how the function is
implemented. This can make the rest of the program easier to think about.

4. The function performs its task well. It may be written to do a little more than is required
by the first program that calls it, with the anticipation that the calling program (or some
other program) may later need the extra functionality or improved performance.

Function Basics

It has a name that you call it by, and a list of zero or more arguments or parameters that you hand
to it for it to act on or to direct its work; it has a body containing the actual instructions (statements)
for carrying out the task the function is supposed to perform; and it may give you back a return
value, of a particular type.

print f: printf’s name comes from print formatted. It generates output under the control
of a format string (its first argument) which consists of literal characters to be printed and also
special character sequences--format specifers--which request that other arguments be fetched,
formatted, and inserted into the string. There are quite a number of format specifiers for printf.
Here are the basic ones:

%d print an int argument in decimal

%1d print a long int argument in decimal

%c print a character

Yos print a string

%f print a float or double argument

Y%oe same as % f, but use exponential notation

%og use %e or %f, whichever is better

%0 print an int argument in octal (base 8)

Yox print an int argument in hexadecimal (base 16)
%% print a single %

It is also possible to specify the width and precision of numbers and strings as they are
inserted.

Character Input and Output

The most basic way of reading input is by calling the function getchar. Getchar reads one character
from the “standard input”, which is usually the user’s keyboard, but which can sometimes be
redirected by the operating system. Getchar returns (rather obviously) the character it reads, or,
if there are no more characters available, the special value EOF (“end of file”).

A campanion function is putchar, which writes one character to the “standard output”.

Assignment Operators

The first and more general way is that any time you have the pattern

v=vope
where v is any vairable (or anything like a[i]), op is any of the binary arithmetic operators, and
e is any expression.



562 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

For example, replace the expressions

i=i+1
j=j-10
k=k*(n+1)
afi] = ali] /b
with

i+=1
j—=10
k*=n+1
afi]/ =b

Increment and Decrement Operators
C provides another set of shortcuts: the autoincrement and autodecrement operators. In their simplest
forms, they look like this:

++i add 1 to i

-=j subtract 1 from j

The ++ and-— operators apply to one operand (they’re unary operators). The expression ++i
adds 1 to i, and stores the incremented result back in i. This means that these operators don’t just
compute new values; they also modify the value of some variable.

Strings

Strings in C are represented by arrays of characters. The end of the string is marked with a special
character, the null character, which is simply the character with the value 0. The null or string-
terminating character is represented by another character escape sequence, \0.

The C Preprocessor

Conceptually, the “preprocessor” is a translation phase that is applied to your source code before
the compiler proper gets its hands on it. Generally, the preprocessor performs textual substitutions
on your source code, in three sorts of ways:

e File inclusion: Inserting the contents of another file into your source file, as if you had
typed it all in there.

® Macro substitution: Replacing instances of one piece of text with another.

e Conditional compilation: Arranging that, depending on various circumstances, certain
parts of your source code are seen or not seen by the compiler at all.

Pointers and Arrays
Pointers do not have to point to single variables. They can also point at the cells of an array. For
example, we can write

int *ip;

int a[10];

ip = & a[3];
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and we would end up with ip pointing at the fourth cell of the array a (remember, arrays are 0-
based, so a[0] is the first cell). We could illustrate the situation like this:

ip: .\\/

* ip gives us what ip points to, which in this case will be the value in a[3].

Once we have a pointer pointing into an array, we can start doing pointer arithmetic.

Null Pointers

A null pointer is a special pointer value that is known not to point anywhere.

mALGORITHM FOR BISECTION METHOD

Step 1. Start of the program to compute the real root of the equation
Step 2. Input the value of x; and x,

Step 3. Check f(x;) x f(x,) <0

Step 4. If no, print ‘Error’ and exit

Step 5. If yes, compute x, = X1 +Xy

Step 6. Compute f(x,)

Step 7. Again, if f(x)) x f(x;) <0

Step 8. Setx, =X,

Step 9. Else, set x; = X,

Step 10. Continue the process step 5 to step 9 till to get required accuracy.
Step 11.  Print output
Step 12. End of the program.

mPROGRAMMING FOR BISECTION METHOD

(1) Find the Real Root of the Equation x> - x =1 =0
#include<conio.h>
#include<stdio.h>
#include<math.h>
void main()
{

void bisec(float, float);

float i, j;

float at n, x0, sum =0, sum 1 =0, a, b;

clrscr();
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prinf(“Enter the range:”);
scanf(“%ft”, & n);

fori = 0; 1 < = n; i++)

sum = pow(i, 3) -i -1;
forG=i+1;j <=n;j++)

suml = pow(j, 3) 5§ -1;
if(sum < 0 && suml > 0 || sum > 0 && suml < 0)

a=1i
b=j;
bisec(a, b);
break;
}
}
}
getch();
}
void bisec(float a, float b)
{
int i;
float x1, sum;
for( = 1; i <= 20; i++)
{
x1 =(a +b)/2;
sum = pow(x1, 3)-x1-1;
if(sum < 0)
a=x1,;
else
b = x1;
}
x1 =(a +b)/2;
printf(“%f” ,x1);
}
The root of the given equation is 1.3247.
(2) Find the Real Root of the Given Equation e* — 3x = 0

#include<conio.h>
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#include<stdio.h>
#include<math.h>
void main()
{
void bisec(float, float);
float i, j, e = 2.718;
float n, x0, sum =0, sum 1 =0, a, b;
clrscr();
prinf(“Enter the range:”);
scanf(“%f”, &n);
fori = 0; i < n; i++)
{
sum = powl(e, i) — (3*i);

forG =i+ 1;j <= n; j++)

suml = powf(e, j) — (3%);
if(sum < 0 && suml > 0 || sum > 0 && suml < 0)

a=i
b=j;
bisec(a, b);
break;
}
}

getch();

void bisec(float a, float b)

{
int i;
float x1, sum; e = 2.718;
for i(i = 1; i <= 20; i++)

x1 = (a+Db)/2;

sum = pow (e, x1) — (3*x1);
if(sum < 0)

a=x1,;

else
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b = x1;

x1 =(a +b)/2;
printf(“%f” ,x1);
}
The root of the given equation is 1.5121.

mALGORITHM FOR FALSE POSITION METHOD

Step 1. Start of the program to compute the real root of the equation
Step 2. Input the value of x, x; and e
Step 3. Check f(x)) x f(x;) <0
Step 4. If no, print “Error” and exit
xof(x1) = x1£(xo)
Step 5. If yes, compute x, = £y )—£(xo)
Step 6. Compute f(x,)
Step 7. Again, if f(x;)) x f(x)) <0
Step 8. Setx; =x,
Step 9. Else, set x;, = x,

Step 10. Continue the process step 5 to step 9 till to get required accuracy
Step 11.  Print output
Step 12. End of the program.

m PROGRAMMING FOR FALSE POSITION METHOD

(1) Find the Real Root of the Given Equation x> - 2x = 5 = 0
#include<conio.h>
#include<stdio.h>
#include<math.h>
void false(float, float);
void main()

{
float x0 = 3, x1 = 4;
clrscr();
false(x0, x1);
getch();
}
void false(float x0, float x1)

{
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The root of the given equation is 2.094.
(2) Find the Real Root of the Given Equation 3x + sin x — e* = 0

int i;

floatx2=0,a=0,b=0,c=0;

for(i = 0; i < 12; i++)

{
a = pow(x0, 3)-2*x0-5;
b = pow(x1, 3)-2*x1-5;
x2 = x0—(x1-x0)/(b—a)*a);
¢ = pow(x2, 3)-2*x2-5;

if(c < 0)

x0 = x2;
else

x1 = x2;

printf(“%t”, x2);
}

#include<conio.h>
#include<stdio.h>

#include<math.h>
float flase(float, float);
void main()

{

floata, x0 =0, x1 =1, b, x2;
clrscr();

a = false(x0, x1);

b = false(x2);

printf(“%t”, b);

getch();

float false(float x0, float x1)
float x2;

int i;

forGi = 1; i <= 13; i++)

y0 = 3*x0 + sin(x0)-pow(2.7187, x0);
yl = 3*1 + sin(x1)-pow(2.7187, x1);
x2 = x0-(x1-x0)/(y1-y0)*y0;

y2 = 3*x2 + sin(x2) — pow(2.7187, x2);

if(y2 < 0)

567
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x0 = x2;
else
x1 = x2;

}

return (x2);

}

The root of the given equation is 36042.

EALGORITHM FOR ITERATION METHOD

Step
Step
Step
Step

ok » N e

Step

o

Step
Step 7.

Step 8.

Step 9.
Step 10.
Step 11.
Step 12.

Start of the program to compute the real root of the equation
Input the value of x, (initial guess)

Input the value of required alllowed error e

Input the total iteration to be allowed n

Compute ¢(x,), x; ¢ 0(x,)

(step 7 to 8 are repeated until the procedure converges to a root)
Fori=1 ton, in step 2 to step 4 do

Xy € Xp, Xq ¢(x0)

X1 = Xp

If < e then GOTO step 11

X1
end for
Print “does not converge to a root”, x,, X,
Stop

Print “converge to a roof ”, i, X

End of the program.

PROGRAMMING FOR ITERATION METHOD

(1) Find the Real Root of the Given Equation xe* = 1

#include<conio.h>

#include<stdio.h>

#include<math.h>

void main()

{

void iterat(float);

int i, j;

float x0, a;

clrscr();
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a =05
x0 = a;
iterat(x0);
getch();
}
void iterat(float x0)
{
int i;
float x1, x2;
for(i = 1; i <= 12; i++)

x1 = 1/pow(e, x0);

x2 = 1/pow(e, x1);

x0 = x2;
}
print(“The result is: %f”, x2);
}
The root of the given equation is 0.5671.

(2) Find the Real Root of the Given Equation 2x -log,, x = 7

#include<conio.h>
#include<stdio.h>
#include<math.h>
void main()
{
void iterat(float);

int 1, j;

float x0, a;

clrscr();

a=37

x0 = a;

iterat(x0);

getch();
}
void iterat(float x0)
{

int i;

float x1, x2;

fori = 1; i <= 12; i++)
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x1 = (7 + log(x0)/2;
x2 = (7 + log(x1)/2;
x0 = x2;
}
print(“The result is: %f”, x2);
}
The root of the given equation is 4.2199.
(3) Find the Real Root of the Given Equation x sin x =1
#include<conio.h>
#include<stdio.h>
#include<math.h>
void main()
{
void iterat(float);
int i, j;
float x0, a;
clrscr();
a=15
x0 = a;
iterat(x0);
getch();
}
void iterat (float x0)
{
int i;
float x1, x2;
for i =1;1<=12; i++)

x1 = 1/sin (x0);

x2 = 1/sin (x1);

x0 = x2;

}
printf(“The result is: %f”, x2);
}
The root of the given equation is 1.114.
(4) Find the Real Root of the Given Equation 2x — log,, x = 7

#include<stdio.h>
#include<conio.h>
#include<math.h>
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float iteration(float);

void main()

{

float a;
float x = 3.7;

clrscr();

a = iteration(x);
printf(“%t”, a);
getch();

float iteration(float x)

{

}

int i;
float s = 0;
for(i = 0; i < 15; i++)

s = 0.5%(7 + log(x));

X =5,

return(s);

}

The root of the given equation is 4.2199.
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mALGORITHM FOR NEWTON’S RAPHSON METHOD

Step
Step
Step
Step
Step
Step

Step 6a.

Step 6b.
Step 6c.
Step 7.
Step 8.
Step 9.
Step 10.

AN

Start of the program to compute the real root of the equation
Input the value of x, n and e

Fori=1 and repeatifi < =n

£0 = f(x,)

df 0 = df(x,)

Compute x1 = x, — (f0/df 0)

If X1 =X

<e
X1

Print “convergent”

Print x1, f(x1), i

End of the program

Else, Set x, = x1

Repeat the process until to get required accuracy
End of the program.
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m PROGRAMMING FOR NEWTON RAPHSON METHOD

(1) Find the Real Root of the Given Equation x* = 12
/ /program-netwon raphson
#include<conio.h>
#include<stdio.h>
#include<math.h>
float f(float x)

{
return((x*x)—(12));
}
float d(float x)
{
return((2*x));
}
void main()
{
float x, y, s;
inti,c=0;
clrscr();
fori = 0; ; i++)
{
if(f(i) > 0)
break;

X =1
aa:
{
++c;
y = x=(f(x)/d(x));
X=y;
s = (y*10000);
printf(“\nthe position of iteration %d”, c);
printf(“\nthe root is %t”, y);
y = (y*10000);
if(y !=s)
goto aa;

printf(“\nreal root is %t”,y);
getch();
}
The root of the given equation is 3.4641.
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(2) Find the Real Root of the Given Equation x> - 5x + 2 = 0

13.10

(1) Find the Real Root of the Given Equation x> - x> - x -1 =0

/ /program-netwon raphson

#include<conio.h>

#include<stdio.h>

#include<math.h>
float f(float x)

{

}

return((x*x) — (5*x) + 2;

float d(float x)

{

}

return((2*x) — 5);

void main()

{

}

float x, y = 0;
int i;
clrscr();
for(i = 0;; i++)
{
if(f@) > 0)
break;
}
X =1i;
for(i = 0; i < 10; i++)
{
y = x—f(x)/d(x);
X=y;
printf(“\nreal root is %f”, y);
}
getch();

The root of the given equation is 0.438447.
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PROGRAMMING FOR MULLER’S METHOD

#include<conio.h>

#include<stdio.h>
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#include<math.h>

void main()

{
int 1, j;
flat x0, x1, x2, x3, y0, y1, y2, a, b;
float val(float);

clrscr();
x0 = 1.9;
x1 = 2.0;
x2 =2.1;

forG = 0; 1 < 3; i++)

{

y0 = val(x0);
yl = val(x1);
y2 = val(x2);

a = (x0x1)*(yl-y2)-(x1-x2)) (y0-y2))/((x1-x0)*(x1-x2)*(x0-x2));
b = (pow((x0—x1), 2)*(yl-y2)-pow((x1-x2), 2)*(y0-y2))/((x0-x1)*(x1-x2)*(x0-x2));
x3 = x2—((2*y2)/(b + pow((pow(b, 2)—4*a*y2), .5)));

x0 = x1;
x1 = x2;
X2 = x3;

}
printf(“%t”, x3);
getch();
}
float val(float x)
{
float y;
y = pow(x, 3) — pow(x, 2) - x - 1;
return(y);
}
The root of the given equation is 1.8382067.
(2) Find the Real Root of the Given Equation x> - 3x = 5 = 0
#include<conio.h>
#include<stdio.h>
#include<math.h>
void main()
{
int 1, j;

float x0, x1, x2, x3, y0, y1, y2, a, b;
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float val(float);

clrscr();
x0 = 1.9;
x1 = 2.0;
x2 =27,

forG = 0; 1 < 3; i++)

y0 = val(x0);
yl = val(x1);
y2 = val(x2);

a = ((x0—x1)*(y1-y2)—(x1-x2)*(y0-y2)) / (x1-x0)*(x1-x2)*(x0-x2));
b = (pow((x0—x1), 2)*(yl-y2)-(pow(x1-x2), 2)*(y0-y2))/((x0-x1)*(x1-x2)*(x0-x2));
x3 = x2—((2*y2)/(b + pow((pow(b, 2)—4*a*y2),. 5)));

x0 = x1;
x1 = x2;
X2 = x3;

}
printf(“%t”, x3);
getch();

float val(float x)

float y;
y = pow(x, 3)-(3" x) -5;
return(y);

}
The root of the given equation is 2.417728.

ALGORITHM FOR NEWTON’S FORWARD INTERPOLATION
METHOD

Step 1. Start of the program to interpolate the given data
Step 2. Input the value of n (number of terms)

Step 3. Input the array ax for data of x

Step 4. Input the array ay for data of y

Step 5. Compute h = ax[1] — ax[0]

Step 6. Fori=0;i<n-1;i++

Step 7.  difffi] [1] = ay[i+1]-ayl[i]

Step 8. End of the loop i

Step 9. Forj=2;j<=4;j++
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Step 10. Fori = 0;i < n+; i++

Step 11. diff[i][j] = diff[i+1] [j-1] — diff[i] [j-1]

Step 12. End of the loop i

Step 13. End of the loop j

Step 14. i=0

Step 15. Repeat step 16 until ax[i]<x

Step 16. i=i+1

Step 17. i=i-1

Step 18. p = (x — ax[i])/h

Step 19. yl = p * diff [i-1] [1]

Step 20. y2=p * (p + 1) * diff [i - 1] [2]/2

Step 21. y3=p* (p +1)* (p-1) * diff [i - 2] [3]/6
Step 22. yd=p*(p+1)*(p+2)*(p-1)*diff [i — 3] [4]/24
Step 23. Print the output x, y

Step 24. End of the program.

m PROGRAM FOR CONSTRUCTING DIFFERENCE TABLE

//program for newton forward difference table
#include<conio.h>
#include<stdio.h>
#include<math.h>
int fact(int a)
{
if(a==0)
return 1;
else
return (a*fact(a—1));
}
void main()
{
float x[60], y, diff[5][5], £x[60], u, h, temp = 1.00, sum;
intn,i=0,j=0,k=0;
clrscr();
printf(“enter the no. of values”);
scanf(“%d”,&n);
printf(“\n\n enter the values of x having constant difference between them \n”);
for i =0;1<n;i++)
scanf(“%f”, & x[i]);
printf(“\n enter the values of y = f(x)\n");
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fori = 0; i < n; i++)
scanf(“%ft”, & fx[i]);
for(i = 0; i<n—1; i++)
diff[0][i] = fx[i+1]-fx[i];
fori = 1; i < n-1; i++)
for(j = 0; j < n-1; j++)
diff[i][j] = diff[i-1][j+1]-diff[i-1][j];
printf(“n\n\t newton forward difference table is:\n");
printf(“\nX Y -Y");
for(k = 2; k < n; k++)
printf(“-"%dY” k);
printf(“\n”);
fori = 0; i < n; i++)
{
printf(“\n”);
printf(“%f %t”, x[i], £x[i]);
for(j = 0; j < n-1-; j++)
printf(“%f 7, diff[j][i]);
}
getch();

}

PROGRAMMING FOR NEWTON’S FORWARD INTERPOLATION
METHOD

#include<stdio.h>
#include<conio.h>
#include<math.h>
#include<string.h>
int fac(int a)

{
if(a==0)
return (1);
else
return (a*fac(a-1));
}
void main()
{

int x[60], X;
float dif[5][5], £x[60];
float u, h, sum, temp = 1.00;
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ntn,i=0j=k=0;
clrscr();
print(“Enter the no. of values”);
scanf(“%d”,&n);
printf(“Enter the values of x having constant diff b/w them\n”);
fori = 0; i < n; i++)
scanf(“%d”, &x[i]);
printf(“Enter the values of Y = f(x)\n”);
fori = 0; i < n; i++)
scanf(“%f”, & fx[i]);
forGi = 0; i < n-1; i++)
dif[0][i] = fx[i+1]-£x[i];
forG = 1; i < n-1; i++)
for(j = 0; j < n-1-; j++)
dif[il[j] = dliffi-1[+1]-iffi-L]f];
printf(“\n\t The Newton Forward Difference Table is given by:-\n");
printf(“\nX\tY\t\t=Y");
for(k = 2; k < n; k++)
printf(“\t-"%dY”, k);

printf(“\n”);
fori = 0; i < n; i++)
{
printf(“\n”);

printf(“%d\t%f\t”, x[i], fx[i]);

for(j = 0; j < n-1-; j++)

printf(“%f ”, diffjl[i]);
printf(“\n\n\tEnter the value of X for which u want F(X)\t”);
scanf(“0%d”, & X);
h = (x[1}-x[0]);
u = ((X=x[0])/h);
sum = fx[0];

fori = 0; i < n; i++)

for( = 0; j <=1; j++)

temp* = (u-j);

sum+ = ((temp/fac(i+1))*dif[i][0]);

temp = 1;

}
printf(“\n\n\tThe value of F(%d) is %f\t”, X, sum);
getch();
}



COMPUTER PROGRAMMING IN ‘C’ LANGUAGE 579

13.14 ALGORITHM FOR NEWTON’S BACKWARD INTERPOLATION
) METHOD

Step 1. Start of the program to interpolate the given data
Step 2. Input the value of n (number of terms)
Step 3. Input the array ax for data of x
Step 4. Input the array ay for data of y
Step 5. Compute h = ax[1]-ax[0]

Step 6. Fori=0;i<n-1;i++

Step 7. diff[i] [1] = ay[i+1]-ayli]

Step 8. End of the loop i

Step 9. forj=2;j<=4;j++

Step 10. fori=0;i < n; i++

Step 11. diff [i][j] = diff[i+1] [j-1] — diff[i][j-1]
Step 12. End of the loop i

Step 13. End of the loop j

Step 14. i=0

Step 15. Repeat step 16 until ax[i] < x

Step 16. i =i+l

Step 17. x0 = mx[i]

Step 18. Sum = 0, y0 = my[i]

Step 19. fun =1

Step 20. p = (x —x0)/h

Step 21. Sum =0

Step 22. for k =1; k <= 4; k++

Step 23. fun = (fun * (p — (k - 1)))/k

Step 24. sum = sum + fun* diff[i] [k]

Step 25. End of the loop k

Step 26. Print the output x, sum

Step 27. End of the program.

PROGRAMMING FOR NEWTON’S BACKWARD INTERPOLATION
METHOD

#include<stdio.h>
#include<conio.h>
#include<math.h>
#include<string.h>
int fac(int a)
{

if(a==0)
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return (1);
else
return (a*fac(a—1));
}
void main()
{
int x[60], X;
float dif[5][5], £x[60];
float u, h, sum, temp = 1.00;
intn,i=0,j=0,k=0;
clrscr();
printf(“Enter the no. of values”);
scanf(“%d”, &n);
printf(“Enter the values of x having constant diff b/w them\n");
fori = 0; i < n; i++)
scanf(“%d”, & x[i]);
printf(“Enter the values of Y = f(x)\n”);
fori = 0; i < n; i++)
scanf(“%f”, & fx[i]);
forGi = 0; i < n-1; i++)
dif[0][i] = fx[i+1]-£x[i];
forG = 1; i < n-1; i++)
forG =0; j < n-1; j++)
dif[il[j] = diffi-1]f+1]-iffi-L][];
printf(“\n\tThe Newton Backward Difference Table is given by:-\n");
printf(“\nX\tY\t\tY”);
for(k = 2; k < n; k++)
printf(“\t "%dY”, k);
printf(“\n”);
fori = 0; i < n; i++)

{
printf(“\n”);
printf(“%d\t%f\t”, x[i], fx[i]);
for(j = 0; j < n-1-; j++)
printf(“%f ”, diffjl[i]);

}

printf(“\n\n\t Enter the value of X for which u want F(X)\t”);
scanf(“%d”, & X);

h = (x[1}-x[0]);

u = (X=x[n-1])/h);
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sum = fx[n-1];
fori = 0; i < n; i++)

for( = 0; j <=1; j++)

temp* = (u +j);

sum+ = ((temp/fac(i+1)*dif[i][n—2-i]);
temp = 1;

printf(“\n\n\tThe value of F(%d) is %f\t”, X, sum);
getch();

KRN ALGORITHM FOR GAUSS FORWARD INTERPOLATION METHOD

Step 1. Start of the program to interpolate the given data
Step 2. Input the value of n (number of terms)
Step 3. Input the array ax for data of x

Step 4. Input the array ay for data of y

Step 5. Compute h = ax[1] —ax[0]

Step 6. Fori=0;i<n-1;i++

Step 7. (diff[i] [1] = ay[i+1]-ayli]

Step 8. End of the loop i

Step 9. forj=2;j<=4;j++

Step 10. fori=0;i < n-; i++

Step 11. diff [i][j] = diff[i+1] [j-1] — diff[i][j-1]
Step 12. End of the loop i

Step 13. End of the loop j

Step 14. i=0

Step 15. Repeat step 16 until ax[i] < x

Step 16. i=i+1

Step 17. i=i-1

Step 18. p = (x—ax[i])/h

Step 19. yl = p *diff[i] [1]

Step 20. y2=p* (p-1)* diff[i-1] [2]/2

Step 21. y3 =p * (p+1)*(p-1)* diff[i-2] [3]/6
Step 22. y4=p* (p+l) * (p-1) * (p—2) * diff[i-3][4]/24
Step 23. y=ayl[i] +yl+y2+y3+y4

Step 24. Print the output x, y

Step 25. End of the program.
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13.17 PROGRAMMING FOR GAUSS FORWARD INTERPOLATION
) METHOD

#include<stdio.h>

#include<conio.h>

#include<math.h>

#include<string.h>
#include<process.h>

void main()

{

int n;

int i, j;

float ax[10];

float ay[10];

float x;

float nr, dr;

float h;

float p;

float diff[20][20];

float y1, y2, y3, v4;

clrscr();

printf(“enter the no. of term—*);
scanf(“%d”, & n);

printf(“enter the value in the form of x-");
fori = 0; i < n; i++)

{

printf(enter the value of x%d”, i+1);
scanf(“%ft”, & ax[i]);

}

printf(“enter the value in the form of y”);
fori = 0; i < n; i++)

{

printf(“enter the value of y%d”, i+1);
scanf(“%f”, & ayli]);

}

printf(“enter the value of x for”);
printf(“which you want the value of y”);
scanf(“%f”,%x);

h = ax[1] —ax[0];

fori = 0; i < n-1; i++)
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{

diff[i][1] = ay[i + 1]-aylil;

}

for( = 2, j <= 4; j++)

{

for(i = 0; i < n+j; i++)

{

diff[i][j] = diff[i+1][j-1]-diff[i][j-1];
}

}

i=0;

do

{

i++;

Jwhile(ax[i] < x);

i-—

p = (x—ax[i])/h;

yl = p*diff[i][1];

y2 = pH(p-1)diffli-1][21/2;

y3 = (p+1)p*(p-1)*diffli-2][3]/6;
y4 = (p+1)p*(p-1)(p-2)diffli-3][4]/24
y = ay[i] + yl + y2 + y3 + y4;
printf(“when x = %6.4f, y = %6.8f”, x, y);
printf(“press enter to exit”);
getch();

}

OUTPUT

Enter the no. of term -7

Enter the value in form of x—
Enter the value of x1 — 1.00
Enter the value of x2 — 1.05
Enter the value of x3 — 1.10
Enter the value of x4 — 1.15
Enter the value of x5 — 1.20
Enter the value of x6 — 1.25
Enter the value of x7 — 1.30
Enter the value in the form of y-
Enter the value of y1 — 2.7183
Enter the value of y2 — 2.8577
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Enter the value of y3 — 3.0042

Enter the value of y4 — 3.1582

Enter the value of y5 — 3.3201

Enter the value of y6 — 3.4903

Enter the value of y7 — 3.6693

Enter the value of x for

Which you want the value of y — 1.17
When x = 117, y = 3.2221

Press enter to exit.

m ALGORITHM FOR GAUSS BACKWARD INTERPOLATION METHOD

Step 1.  Start of the program to interpolate the given data
Step 2. Input the value of n (number of terms)
Step 3. Input the array ax for data of x

Step 4. Input the array ay for data of y

Step 5. Compute h = ax[1] —ax[0]

Step 6. Fori=0;i< n-1; i++

Step 7.  diff[i] [1] = ay[i+1]-ayli]

Step 8.  End of the loop i

Step 9. forj=2j<=4j++

Step 10. fori=0;1< n-; i++

Step 11.  diff [i][j] = diff[i+1] [j-1] — diff[i][j-1]
Step 12.  End of the loop i

Step 13.  End of the loop j

Step 14. i=0

Step 15.  Repeat step 16 until ax[i] < x

Step 16. i=1i+1

Step 17. i=i-1

Step 18. p = (x—ax[i])/h

Step 19. yl = p *diff[i-1] [1]

Step 20. y2 =p * (p+1)* diff[i - 1] [2]/2

Step 21.  y3 =p * (p+1) * (p-1)* diff [i — 2] [3]/6
Step 22.  y4 =p * (p+1) * (p+2) * (p-1) * diff[i — 3][4]/24
Step 23.  Print the output x, y

Step 25.  End of the program.

m PROGRAMMING FOR GAUSS BACKWARD INTERPOLATION METHOD

#include<stdio.h>
#include<conio.h>
#include<math.h>
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#include<string.h>
#include<process.h>

void main()

{

int; n;

int i, j;

float ax[10];

float ay[10];

float x;

float y = 0;

float h;

float p;

float diff[20][20];

float y1, y2, y3, v4;

clrscr();

printf(“enter the no. of term—*);
scanf(“%d”, & n);

printf(“enter the value in the form of x-");
fori = 0; i < n; i++)

{

printf(enter the value of x%d”, i+1);
scanf(%ft’, & ax[i]);

}

printf(“enter the value in the form of y”);
fori = 0; i < n; i++)

{

printf(“enter the value of y%d “, i+1);
scanf(“%f”, & ayli];

}

printf(“enter the value of x for”);
printf(“which you want the value of y”);
scanf(“%f”, %x);

h = ax[1] —ax[0];

forG = 0; i < n-1; i++)

{

diff[i][1] = ay[i+1]-ay[i];

}

for( =2;j < =4 j++)

{

585



586 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

for(i = 0; i < n+j; i++)

{

diff[i][j] = diff[i+1][j-1]-diff[i][j-1];
}

}

i=0;

do

{

i++;

Jwhile(ax[i]<x);

i-=;

p = (x—ax[i])/h;

yl = p*diff[i-1][1];

y2 = p*(p+1)*diffli-1][21/2;

¥3 = (p+1)'p*(p-1)diff[i-2][3]/6;
y4 = (p1)p*(p-1)*(p+2) diff[i-3]14] /24
y = ay[i] + yl + y2 + y3 + y4;
printf(“when x = %6.4f, y = %6.8f”, x, y);
printf(“press enter to exit”);
getch();

}

OUTPUT

Enter the no. of term -7

Enter the value in form of x—
Enter the value of x1 — 1.00
Enter the value of x2 — 1.05
Enter the value of x3 — 1.10
Enter the value of x4 — 1.15
Enter the value of x5 — 1.20
Enter the value of x6 — 1.25
Enter the value of x7 — 1.30
Enter the value in the form of y—
Enter the value of y1 — 2.7183
Enter the value of y2 — 2.8577
Enter the value of y3 — 3.0042
Enter the value of y4 — 3.1582
Enter the value of y5 — 3.3201
Enter the value of y6 — 3.4903
Enter the value of y7 — 3.6693
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Enter the value of x for

Which you want the value of y — 1.35
When x = 1.35, y = 3.8483

Press enter to exit
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m ALGORITHM FOR STIRLING’S METHOD

Step
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Start of the program to interpolate the given data

Input the value of n (number of terms)

Input the array ax for data of x
Input the array ay for data of y
Compute h = ax[1] - ax[0]
Fori=0;i< n-1; i++

diff[i] [1] = ay[i+1]-ayli]

End of the loop i
forj=2;j<=4j++

fori=0;1< n; i++

diff [i][j] = diff [i+1] [j-1] - diff [i] [-1]

End of the loop i

End of the loop j

i=0

Repeat step 16 until ax[i] < x

i=i+l

i=1i-1

p = (x—ax[i])/h

y1 = p * (diff [i][1] + diff [i — 1][1])/2
y2 =p * p * diff[i - 2][2]/2

y3 = p * (p *p-1)* (diffli — 1][3] + diff[i-2][3])/6
yd=p*p*(p*p-l)* diff [i - 2] [4]/24

y = ay[i] + y1 + y2 + y3 + y4
Print the output x, y
End of the program.

PROGRAMMING FOR STIRLING’S METHOD

#include<stdio.h>

#include<conio.h>

#include<math.h>

#include<string.h>

#include<process.h>
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void main()

{

int n;

int i, j;

float ax[10];

float ay[10];

float h;

float p;

float x, y;

float diff[20][20];

float y1, y2, y3, v4;

clrscr();

printf(“enter the no. of term—*);
scanf(“%d”, & n);

printf(“enter the no. in the form of x-");
for(i = 0; i < n; i++)

{

printf(enter the value of x%d”, i+1);
scanf(“%f”, & ax[i]);

}

printf(“enter the value in the form of y”);
fori = 0; i < n; i++)

}

printf(“enter the value of y%d “, i+1);
scanf(“%f”, & ayli];

}

printf(“enter the value of x for”);
printf(“which you want the value of y”);
scanf(“%f”, %x);

h = ax[1] —ax[0];

fori = 0; i < n-1; i++)

{

diff[i][1] = ay[i+1]-ay[i];

}

for( = 2, j <= 4; j++)

{

for = 0; i < nj; i++)

{

diff[i][j] = diff[i+1][j-1]-diff[i][j-1];

}

}
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i=0;

do

{

i++;

Jwhile(ax[i] < x);

i- -

p = (x—ax[i])/h;

yl = p*(diff[i][1]+diff[i-1][1]/2;

y2 = p*(p)*diff[i-1][2]/2;
y3 = p*(p*p-1)*(diff[i-1][3]+diff[i-2][3])/6;
y4 = p*p*(p*p-1)*diff[i-2][4]/24;

y = ay[i] + yl + y2 + y3 + y4;
printf(“when x = %6.4f, y = %6.8f”, x, y);
printf(“press enter to exit”);
getch();

}

OUTPUT

Enter the no. of term -7

Enter the value in form of x
Enter the value of x1 — .61

Enter the value of x2 — .62

Enter the value of x3 — .63

Enter the value of x4 — .64

Enter the value of x5 — .65

Enter the value of x6 — .66

Enter the value of x7 — .67

Enter the value in the form of y—
Enter the value of y1 — 1.840431
Enter the value of y2 — 1.858928
Enter the value of y3 - 1.877610
Enter the value of y4 — 1.896481
Enter the value of y5 — 1.915541
Enter the value of y6 — 1.934792
Enter the value of y7 — 1.954237
Enter the value of x for

Which you want the value of y — 0.6440
When x = 0.6440, y = 1.90408230

Press enter to continue.
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m ALGORITHM FOR BESSEL'S METHOD
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Start of the program to interpolate the given data
Input the value of n (number of terms)

Input the array ax for data of x

Input the array ay for data of y

Compute h = ax[1] - ax[0]

Fori=0;i< n-1; i++

diff[i] [1] = ay[i+1]-ayli]

End of the loop i

forj=2;j<=4j++

fori=0;1< n-; i++

diff [i][j] = diff [i+1] [j-1] — diff [i] [j-1]

End of the loop i

End of the loop j

i=0

Repeat step 16 until ax[i] < x

i=i+l

i=i-1

p = (x—ax[i])/h

yl = p * (diff [i][1)

y2 =p * (p-1) * (diff [i] [2] + diff [i — 1] [2]/4
y3 = p* (p-1) * (p-0.5) * (diff [i - 1] [3])/6
yd = p * (p+1) * (p-2) * (p-1) * (liff [i - 2] [4] + diff [i - 1][4])/48
y = ay[i] + y1 + y2 + y3 + y4

Print the output x, y

End of the program.

REEE) ProGRAMMING FOR BESSEL'S METHOD

#include<stdio.h>

#include<conio.h>

#include<math.h>

#include<string.h>

#include<process.h>

void main()

{
int n;

int i, j;
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float ax[10];

float ay[10];

float h;

float p;

float x, y;

float diff[20][20];

float y1, y2, y3, v4;

clrscr();

printf(“enter the no. of term—*);
scanf(“%d”, & n);

printf(“enter the no. in the form of x-");
fori = 0; 1 < n; i++)

{

printf(enter the value of x%d”, i+1);
scanf(“%ft’, & ax[i]);

}

printf(“enter the value in the form of y”);
fori = 0; i < n; i++)

{

printf(“enter the value of y%d “, i+1);
scanf(“%t”, & ayli]);

}

printf(“enter the value of x for”);
printf(“which you want the value of y”);
scanf(“%f”,%x);

h = ax[1]-ax[0];

forGi = 0; i < n-1; i++)

{

diff[i][1] = ay[i+1]-ay[i];

}

for( = 2, j <= 4; j++)

{

for = 0; i < nj; i++)

{

diff[i][j] = diff[i+1][j-1]-diff[i][j-1];

}

}

i=0;

do

{

591
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i++;

Jwhile(ax[i] < x);

i-—

p = (x—ax[i])/h;

yl = pH(diff[il[1]);

y2 = p*(p-1)*(diff[il[2]+diffli-1][2]) /4/2;
¥3 = p(p-1)*(p-5)*(dif[i-11[3])/6;

y4 = (p+L)'p*(p-1)*(p-2)*(diff[i-2][4]+diff[i-1][4]) /48;
y = ay[i] + yl + y2 + y3 + y4;
printf(“when x = %6.4f, y = %6.8f”, x, y);
printf(“press enter to exit”);

getch();

}

OUTPUT

Enter the no. of term -7

Enter the value in form of x—

Enter the value of x1 — .61

Enter the value of x2 — .62

Enter the value of x3 — .63

Enter the value of x4 — .64

Enter the value of x5 — .65

Enter the value of x6 — .66

Enter the value of x7 — .67

Enter the value in the form of y-

Enter the value of y1 — 1.840431

Enter the value of y2 — 1.858928

Enter the value of y3 - 1.877610

Enter the value of y4 — 1.896481

Enter the value of y5 — 1.915541

Enter the value of y6 — 1.934792

Enter the value of y7 — 1.954237

Enter the value of x for

Which you want the value of y — 0.6440
When x = 0.6440, y = 1.90408230

Press enter to continue.

m ALGORITHM FOR LAPLACE EVERETT METHOD

Step 1.  Start of the program to interpolate the given data

Step 2. Input the value of n (number of terms)
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Step 3. Input the array ax for data of x
Step 4. Input the array ay for data of y
Step 5. Compute h = ax[1] — ax[0]
Step 6. Fori=0;i<n-1;i++
Step 7. diff[i] [1] = ay[i+1]-ayli]
Step 8. End of the loop i

9

Step forj=2j <=4 j++

Step 10. fori=0;i < n; i++

Step 11. diff [i][j] = diff [i+1] [j-1] — diff [i] [j-1]
Step 12. End of the loop i

Step 13. End of the loop j

Step 14. i=0

Step 15. Repeat step 16 until ax[i] < x

Step 16. i =i+l

Step 17. i=1i-1

Step 18. p = (x —ax[i])/h

Step 19. q=1p

Step 20. yl =q * (ay [i])

Step 21. y2 =q* (q* q-1) * (diff [i-1] [2])/6
Step 22. y3=q*(q*q1)*(q*q4) * (diff [i-2] [4])/120
Step 23. pyl=p *ay[i+1]

Step 24. py2 = ay[i] + y1 + y2 + y3 + y4

Step 25. Print the output x, y

Step 26. End of the program.

1k¥LB PROGRAMMING FOR LAPLACE EVERETT METHOD

#include<stdio.h>
#include<conio.h>
#include<math.h>
#include<string.h>
#include<process.h>
void main()

{

int n;

int i, j;

float ax[10];

float ay[10];

float h;
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float p, q;

float x, y = 0;

float nr, dr;

float diff[20][20];

float y1, y2, y3, v4;

float pyl, py2, py3, py4;

clrscr();

printf(“enter the no. of term—*);
scanf(“%d”, & n);

printf(“enter the value in the form of x-");
fori = 0; i < n; i++)

{

printf(“enter the value of x%d”, i+1);
scanf(“%f”, & ax[i]);

}

printf(“enter the value in the form of y”);
fori = 0; i < n; i++)

{

printf(“enter the value of y%d “, i+1);
scanf(”%f”,& ayli]);

{

printf(“enter the value of x for”);
printf(“which you want the value of y”);
scanf(“%f”, %x);

h = ax[1]-ax[0];

fori = 0; i < n-1; i++)

{

diff[i][1] = ay[i+1]-ay[i];

}

for( = 2;j < =4 j++)

{

for = 0; i < nj; i++)

{

diff[i][j] = diff[i+1][j-1]-diff[i][j-1];

}

}

i=0;

do

{

i++;
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Jwhile(ax[i] < x);

i-=

p = (x—ax[i])/h;

q=1p;

yl = q*(ay[i]);

y2 = q*(q*q-1)*(diff[i-1][2])/6;

Y3 = q(q*q-1)(q*q4)*(diff[i-2][4])/120;
pyl = pay[i+1];

py2 = p*(p*p-1)*diff[i][2] /6;

py3 = p*(p*p-1)*(p*p—4)*(diff[i-1][4])/120
y =yl +y2 +y3+y4 + pyl + py2 + py3;
printf(“when x = %6.4f, y = %6.8f”, x, y);
printf(“press enter to exit”);

getch();

}

OUTPUT

Enter the no. of term -7

Enter the value in form of x—

Enter the value of x1 — 1.72

Enter the value of x2 — 1.73

Enter the value of x3 — 1.74

Enter the value of x4 — 1.75

Enter the value of x5 — 1.76

Enter the value of x6 — 1.78

Enter the value of x7 — 1.79

Enter the value in the form of y-

Enter the value of y1 — 1790661479
Enter the value of y2 — .1772844100
Enter the value of y3 — .1755204006
Enter the value of y4 — 1737739435
Enter the value of y5 — .1720448638
Enter the value of y6 — .1703329888
Enter the value of y7 — 1686381473
Enter the value of x for

Which you want the value of y — 1.7475
When x = 1.7475, y = .17420892

Press enter to exit.



596 COMPUTER BASED NUMERICAL AND STATISTICAL TECHNIQUES

m ALGORITHM FOR LAGRANGE’S INTERPOLATION METHOD

Step 1.  Start of the program to interpolate the given data
Step 2. Input the number of terms n

Step 3. Input the array ax and ay

Step 4. Fori=0;i<n;i++

Step 5. nr=1

Step 6. dr=1

Step 7. forj=0;j<nj++

Step 8. ifj!=1

—~
s¥]
~—

nr = nr * (x — ax[j])
(b)  dr* (ax [i] — ax [j])

Step 9. End loop j

Step 10. y + =( nr / dr)*ay[i]

Step 11.  end loop i

Step 12.  print output x, y

Step 13.  End of the program.

(k¥ PROGRAMMING FOR LAGRANGE’S INTERPOLATION METHOD

#include<stdio.h>
#include<conio.h>
#include<math.h>
#include<string.h>
#include<process.h>

void main()

{

int n;

int i, j;

float ax[100];

float ay[100];

float h;

float p;

float nr, dr;

float x =0,y =0;

clrscr();

printf(“enter the no. of term—*);
scanf(“%d”, & n);

printf(“enter the value in the form of x-");
fori = 0; i < n; i++)
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{

printf(“enter the value of x%d”, i+1);
scanf(“%f”, & ax[i]);

}

printf(“enter the value in the form of y”);
for(i = 0; i < n; i++)

{

printf(“enter the value of y%d “, i+1);
scanf(“%t”, & ayli]);

}

printf(“enter the value of x for”);
printf(“which you want the value of y”);
scanf(“%f”, %x);

for(i = 0; i < n; i++)

{

nr = 1;

dr = 1;

for(G = 0; j < n; j++)

{

if( = 1)

{

nr = nr¥*(x—ax[j]);

dr = dr*(ax[i]-ax[j]);

}

y = y+(nr/dr)*ayli];

}

printf(“when x = %5.2f, y = %6.8f”, x, y);
printf(“press enter to exit”);

getch();

}

OUTPUT

Enter the no. of term -5

Enter the value in form of x—

Enter the value of x1 — 5

Enter the value of x2 — 7

Enter the value of x3 — 11

Enter the value of x4 — 13

Enter the value of x5 — 17

Enter the value in the form of y-
Enter the value of y1 — 150
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Enter the value of y2 — 392
Enter the value of y3 — 1452
Enter the value of y4 — 2366
Enter the value of y5 — 5202
Enter the value of x for

Which you want the value of y — 9.0
When x = 9.0, y = 810.00

Press enter to exit.

m ALGORITHM FOR TRAPEZOIDAL RULE

Step
Step
Step
Step
Step
Step
Step
Step
Step
Step
Step
Step
Step
Step
Step

Y
ISR A

PG wDhRE

Start of the program for numerical integration
Input the upper and lower limits a and b
Obtain the number of subinterval by h = (b-a)/n
Input the number of subintervals

sum = 0

sum = func(a) + func(b)

fori=1;i<n;i++

sum += 2 * func(a + 1)

End loop i

Result = sum *h/2

Print output

End of the program and start of section func
temp = 1/(1+(x * x))

Return temp

End of section func.

m PROGRAMMING FOR TRAPEZOIDAL RULE

#include<stdio.h>

#include<conio.h>

#include<math.h>

main()

{

float h,a,b,s1=0,s2=0,s3=0,s=0,¢f vy;

int i;

clrscr ();

printf(“Integrate the equation 1/(1+x"2) with limit 0 to 2”);

printf(“\n enter the initial and final limits =:");
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scanf(“%f %f”, &a, &b);
printf(“\n enter the interval = ”);
scanf(“%f”, &h);
c=0,y=0;
for i =0; y <=b; i++)

{

sl =0;
s2=0;
c=h;

f=1/ (1+y*y)
ifi==a:u:y==D>b)
sl =£/2;
else
s2 =1
83 = s3+_(sl + s2);
y=y+g¢
}
s = s3*h;
printf(“the exact value of the function = %f”, s);
getch();

}
OUTPUT

Enter the interval = 0.5
The exact value of the function = 1.103846.
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mALGORITHM FOR SIMPSON’S 1/3 RULE

Step
Step
Step
Step
Step
Step
Step
Step
Step

Step 10.
Step 11.
Step 12.

XN

Start of the program for numerical integration
Input the upper and lower limits a and b

Obtain the number of subinterval by h = (b-a)/n
Input the number of subintervals

sum = 0

sum = func(a) + 4 * func(a + h) + func(b)
fori=3;i<n;i+=2

sum += 2 * func(a + (i-1) * h) + 4 * func(a + i * h)
End loop i

Result = sum * h/3

Print output

End of the program and start of section func
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Step 13. temp = 1/ (1+(x * x))
Step 14.  Return temp
Step 15.  End of section func.

m PROGRAMMING FOR SIMPSON’S 1/3 RULE

#include<stdio.h>
#include<conio.h>
#include<math.h>
main()
{
floath,a,b,s1=0,52=0,s3=0,5s4=0,5s=0,¢f y;
inti=0;
clrscr ();
printf(“Integrate the equation 1/(1+x"2) with limit 0 to 2”);
printf(“\n enter the initial and final limits =:");
scanf(“%f %f”, &a, &b);
printf(“\n enter the interval = ”);
scanf(“%f”, &h);
c=0,y=0;
while (y <= b)
{

sl =0;
s2 =0;
s4 =0;
c=h;

= 1/
ifi==a:u:y==D>b)

sl =1
else
if ((i' =a i =b) && (%2 == 1))
s2 = 4%f;
else if((i! = a il = b) && (1%2 == 0))
s4 = 2%f;
83 =83 + (sl + s2 + s4);
y=y+g¢

i++;

}
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s = s3*(h/3);

printf(“the exact value of the function = %t”, s);
getch();

}

OUTPUT

Enter the interval = 1

The exact value of the function = 1.066667.
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m ALGORITHM FOR SIMPSON’S 3/8 RULE

Step 1.  Start of the program for numerical integration
Step 2. Input the upper and lower limits a and b
Step 3.  Obtain the number of subinterval by h = (b-a)/n
Step 4. Input the number of subintervals

Step 5. sum =0

Step 6. sum = func(a) + func(b)

Step 7. fori=1;i<n;i++

Step 8. ifi%3 =0

Step 9. sum +=2 * func(a +1i * h)

Step 10.  else

Step 11. sum += 3 * func(a + (i) * h)

Step 12.  End loop i

Step 13.  Result = sum * 3 * h/8

Step 14.  Print output

Step 15.  End of the program and start of section func
Step 16. temp = 1/(1+(x * x))

Step 17.  Return temp

Step 18.  End of section func.

m PROGRAMMING FOR SIMPSON'S 3/8 RULE

#include<stdio.h>
#include<conio.h>
float sim(float);

void main()

{

float res, a, b, h, sum;

inti,j, n;
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clrser ();

printf(“Enter the Range\n”);

printf(“\n Enter the Lower limit a=");
scanf(“%f”, &a);

printf(“\n Enter the Upper limit b=");
scanf(“%f”, &b);

printf(“\n Enter the number of sub-intervals= ");
scanf(“%d”, &n);

h = (b-a)/n;
sum = 0;
res = 1;

sum = sim(a) + sim(b);
for (i=1,1<n;i++)
{
if (%3 == 0)
sum += 2*sim(a + i*h);
else.
sum += 3*sim(a + i*h);
}
res = sum*3*h/§;
printf(“\n value of the integral is: % .4f”, res);
getch();
}
float sim(float x)
{
float temp;
temp = 1/(1+(x*x));
return temp;
}
OUTPUT
Enter the Range
Lower limit a = 0
Upper limit b = 6
Enter the number of subintervals = 6
Value of the integral is: 1.3571
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ALGORITHM FOR FITTING A STRAIGHT LINE OF THE FORM

Y=a+bX
Step 1.  Start of the program for fitting straight line
Step 2. Input the number of terms observe
Step 3. Input the array ax and ay
Step 4. fori= 0 to observe
Step 5. suml + = x[i]
Step 6. sum?2 + = yli]
Step 7. xy[i] = x[i] * y[i]
Step 8. sum3 += xyl[i]
Step 9. End of the loop i
Step 10.  for i = 0 to observe
Step 11. x2[i] = x[i] * x[i]
Step 12. sumé += x2[i]
Step 13.  End of the loop i
Step 14.  templ = (sum2 * sum4) — (sum3 * sum1l)
Step 15. a = templ/((observe * sum4) — (suml * suml)
Step 16. b = (sum2 - observe * a)/suml
Step 17. Print output a, b and line “a + bx”
Step 18.  End of the program.

[ | |
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