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Preface

The present volume is based on an activity organized at the Max Planck Insti-
tute for Mathematics in Bonn, during the days August 6-8, 2007, dedicated to the
topic of Quantum Groups and Noncommutative Geometry. The main purpose of
the workshop was to focus on the interaction between the many different approaches
to the topic of Quantum Groups, ranging from the more algebraic techniques, re-
volving around algebraic geometry, representation theory and the theory of Hopf
algebras, and the more analytic techniques, based on operator algebras and non-
commutative differential geometry. We also focused on some recent developments
in the field of Noncommutative Geometry, especially regarding spectral triples and
their applications to models of elementary particle physics, where quantum groups
are expected to play an important role.

The contributions to this volume are written, as much as possible, in a peda-
gogical and expository way, which is intended to serve as an introduction to this
area of research for graduate students, as well as for researchers in other areas
interested in learning about these topics.

The first contribution to the volume, by Brzezinski, deals with the important
topic of Hopf-cyclic homology, which is the right cohomology theory in the context
of Hopf algebras, playing a role, with respect to cyclic homology of algebras, similar
to the cohomology of Lie algebras in the context of de Rham cohomology. The
contribution in this volume focuses on the observation that anti-Yetter-Drinfeld
contramodules can serve as coefficients for cyclic homology.

The second contribution, by Cac’ic’, focuses on recent developments in particle
physics models based on noncommutative geometry. In particular, the paper de-
scribes a general framework for the classification of Dirac operators on the finite
geometries involved in specifying the field content of the particle physics models.
These Dirac operators have interesting moduli spaces, which are analyzed exten-
sively in this paper.

The paper by Fioresi deals with supergeometry aspects. More precisely, it
describes how one can treat the general linear supergroup from the point of view
of group schemes and Hopf algebras.

Fioresi and Gavarini contributed a paper on a generalization of the quantum
duality principle to quantizations of projective quantum homogeneous spaces. The
procedure is illustrated completely explicitly in the important case of the quantum
Grassmannians.
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The paper by Goswami considers the problem of finding an analogue in Non-
commutative Geometry of the isometry group in Riemannian geometry. The non-
commutative analog of Riemannian manifolds is provided by spectral triples, hence
the replacement is provided by a compact quantum group, which acts on the spec-
tral triple.

Kassel’s paper deals with the geometry of Hopf Galois extensions. Hopf Galois
extensions can be constructed from Hopf algebras, whose product is twisted with
a cocycle. The algebra obtained in this way is a flat deformation over a central
subalgebra. This paper presents a construction of elements in this commutative
subalgebra. It also shows that an integrality condition is satisfied by all finite-
dimensional Hopf algebras generated by grouplike and skew-primitive elements.
Explicit computations are given for the case of the Hopf algebra of a cyclic group.

Mukherjee’s paper gives a survey or recent results on the quantization of the
moduli space of stable parabolic Higgs bundles of rank two over a Riemann surface
of genus at least two. This is obtained via the deformation quantization of the
Poisson structure associated to a natural holomorphic symplectic structure. The
choice of a projective structure on the Riemann surface induces a canonical star
product over a Zariski open dense subset of the moduli space.

Van Daele’s paper discusses the Radford formula expressing the forth power
of the antipode in terms of modular operators. It is first shown how the formula
simplifies in the case of compact and discrete quantum groups. Then the setting of
locally compact quantum groups is recalled and it is shown that the square of the
antipode is an analytical generator of the scaling group of automorphisms.

A paper dealing with the idea of Hopf monads over arbitrary categories was
contributed by Wisbauer, as a generalization to arbitrary categories of the notion
of Hopf algebras in module categories.

The last paper in the volume, by Zampini, deals with the important topic of
covariant differential calculus on quantum groups. The example of the quantum
Hopf fibration on the standard Podles sphere is analysed in full details. It is shown
then how one obtains from the differential calculus gauged Laplacians on associated
line bundles and a Hodge star operator on the total space and base space of the
Hopf bundle. The paper includes an explicit review of the ordinary differential
calculus on SU(2) based on the classisal geometry of the Hopf fibration, so that the
comparison with the quantum groups case becomes more transparent.

We are grateful to the numerous referees for their expertise in ensuring a high
standard of the contributions, and to all speakers and participants for a very lively
interaction during the workshop. Finally, we wish to thank the MPIM, Bonn, for
financial support for the activity and for hosting the workshop, and Vieweg Verlag
for publishing this volume.

Matilde Marcolli and Deepak Parashar






Hopf-cyclic homology with contramodule coefficients

Tomasz Brzezinski

ABSTRACT. A new class of coefficients for the Hopf-cyclic homology of module
algebras and coalgebras is introduced. These coefficients, termed stable anti-
Yetter-Drinfeld contramodules, are both modules and contramodules of a Hopf
algebra that satisfy certain compatibility conditions.

1. Introduction

It has been demonstrated in [8], [9] that the Hopf-cyclic homology developed
by Connes and Moscovici [5] admits a class of non-trivial coefficients. These co-
efficients, termed anti- Yetter-Drinfeld modules are modules and comodules of a
Hopf algebra satisfying a compatibility condition reminiscent of that for cross mod-
ules. The aim of this note is to show that the Hopf-cyclic (co)homology of module
coalgebras and module algebras also admits coeffcients that are modules and con-
tramodules of a Hopf algebra with a compatibility condition.

All (associative and unital) algebras, (coassociative and counital) coalgebras in
this note are over a field k. The coproduct in a coalgebra C' is denoted by A¢,
and counit by ec. A Hopf algebra H is assumed to have a bijective antipode S.
We use the standard Sweedler notation for coproduct Ax(c) = ¢(1)®ca), A (c) =
c(1)®c(2)®cz), ete., and for the left coaction Mo of a C-comodule N, No(z) =
r(_1)®@x(g) (in all cases summation is implicit). Hom(V, W) denotes the space of
k-linear maps between vector spaces V and W.

2. Contramodules

The notion of a contramodule for a coalgebra was introduced in [6], and dis-
cussed in parallel with that of a comodule. A right contramodule of a coalgebra C
is a vector space M together with a k-linear map « : Hom(C, M) — M rendering
the following diagrams commutative

Hom(C, Hom(C, M)) fom(©.e) Hom(C, M)
| X
Hom(C®C, M) fom(Be M) Hom(C, M) 2 M,

2000 Mathematics Subject Classification. 19D55.
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2 TOMASZ BRZEZINSKI

Hom M
Hom(k, M) (e 2D Hom(C, M)

S A

b

where © is the standard isomorphism given by O(f)(c®c) = O(f)(c)(¢'). Left
contramodules are defined by similar diagrams, in which © is replaced by the iso-
morphism ©'(f)(c®c’) = f(¢')(c) (or equivalenty, as right contramodules for the
co-opposite coalgebra C°P). Writing blanks for the arguments, and denoting by
matching dots the respective functions « and their arguments, the associativity
and unitality conditions for a right C-contramodule can be explicitly written as,

for all f € Hom(C®C, M), m € M,
a(a(f (@) =a(f()we(H)we)).  alec(-)m)=mn.

With the same conventions the conditions for left contramodules are

a(a(f(-e-))=a(f(0)we-)m)). alc(=)m)=mn.

If N is a left C-comodule with coaction Vo : N — C®N, then its dual vector space
M = N* := Hom(N, k) is a right C-contramodule with the structure map

a : Hom(C, M) ~ Hom(C®N, k) — Hom(N, k) = M, o — Hom(Ng, k).
Explicitly, o sends a functional f on C®N to the functional a(f) on N,
a(f)(x) = f(z-1)®z()), z € N.

The dual vector space of a right C-comodule N with a coaction oV : N — N®C'is a
left C-contramodule with the structure map o = Hom(o", k). The reader interested
in more detailed accounts of the contramodule theory is referred to [1], [15].

3. Anti-Yetter-Drinfeld contramodules

Given a Hopf algebra H with a bijective antipode S, anti-Yetter-Drinfeld con-
tramodules are defined as H-modules and H-contramodules with a compatibility
condition. Similarly to the case of anti-Yetter-Drinfeld modules [7] they come in
four different flavours.

(1) A left-left anti-Yetter-Drinfeld contramodule is a left H-module (with the
action denoted by a dot) and a left H-contramodule with the structure map
a, such that, for all h € H and f € Hom(H, M),

h-a(f) = a (b f (S7H (ha)(—)h))) -
M is said to be stable, provided that, for all m € M, a(r,,) = m, where
Tm:H — M, h— h-m.
(2) A left-right anti- Yetter-Drinfeld contramodule is a left H-module and a right
H-contramodule, such that, for all h € H and f € Hom(H, M),

h-a(f) = a (ha)-f (S(hs)(—)ha)) -
M is said to be stable, provided that, for all m € M, a(r,,) = m.

(3) A right-left anti- Yetter-Drinfeld contramodule is a right H-module and a left
H-contramodule, such that, for all h € H and f € Hom(H, M),

a(f)-h=a(f (he(=)S(hay)) hae) -



HOPF-CYCLIC HOMOLOGY WITH CONTRAMODULE COEFFICIENTS 3

M is said to be stable, provided that, for all m € M, a(¢,,) = m, where
by : H— M, h— m-h.

(4) A right-right anti- Yetter-Drinfeld contramodule is a right H-module and a
right H-contramodule, such that, for all h € H and f € Hom(H, M),

a(f)-h=a(f (ha)(=)S™ () h) -
M is said to be stable, provided that, for all m € M, a(¢,,) = m.

In a less direct, but more formal way, the compatibility condition for left-left
anti- Yetter-Drinfeld contramodules can be stated as follows. For all h € H and
f € Hom(H, M), define k-linear maps ¢{; : H — M, by

gy, - o h(g)f (Sil(h(l))h,h(g)) .
Then the main condition in (1) is
h-a(f) =a(llsy),  VheH, f€Hom(H,M).

Compatibility conditions between action and the structure maps « in (2)—(4) can
be written in analogous ways.

If N is an anti-Yetter-Drinfeld module, then its dual M = N* is an anti-Yetter-
Drinfeld contramodule (with the sides interchanged). Stable anti-Yetter-Drinfeld
modules correspond to stable contramodules. For example, consider a right-left
Yetter-Drinfeld module N. The compatibility between the right action and left
coaction Vp thus is, for all z € N and h € H,

No(w-h) = S(he)w-1)ha) @) he)-
The dual vector space M = N* is a left H-module by h®@m — h - m,
(h-m)(z) = m(x-h),

forall h € H, m € M = Hom(N, k) and € N, and a right H-contramodule with
the structure map a(f) = fo Yo, f € Hom(H®N, k) ~ Hom(H, M). The space
Hom(H®N, k) is a left H-module by (h-f)(h'®z) = f(h'®x-h). Hence

(h-a(f) (@) = a(f)(z-h) = f (No(z-h)),
and
a (hey-f (Sth)(=)hw)) (@) = he-f (S(heE)znyha) @)
f(S(h@)z1yha)@2) he)) -

Therefore, the compatibility condition in item (2) is satisfied. The k-linear map
Tm : H — M is identified with r,,, : HON — k, r, (h®@z) = m(a-h). In view of this
identification, the stability condition comes out as, for all m € M and x € N,

m(x) = a(rm)(x) = rm (1) @) =m0 -L(-1)),

and is satisfied provided N is a stable right-left anti-Yetter-Drinfeld module. Similar
calculations establish connections between other versions of anti-Yetter-Drinfeld
modules and contramodules.
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4. Hopf-cyclic homology of module coalgebras

Let C be a left H-module coalgebra. This means that C' is a coalgebra and a
left H-comodule such that, for all c€ C' and h € H,

Ac(th) = h(l) -C(l)®h(2) C(2)) Ec(h-c) = EH(h)Ec(C).
The multiple tensor product of C', C®"*+1 is a left H-module by the diagonal action,
that is
h- (0l @. .. @) i= h)-@hm)-'® ... Oh(y)-c.

Let M be a stable left-right anti-Yetter-Drinfeld contramodule. For all positive
integers n, set CX(C, M) := Hompg (C®"*1 M) (left H-module maps), and, for all
0 <i,j <n, define d; : C(C,M) — CIL,(C,M), s; : CH(C,M) — CH_(C, M),
tn: CH(C, M) — CH(C, M), by

di(H)(P, .. = (P A, e, 0<i<n,
da(F)(0, ..., ") = a(f (60(2),01,...,c”fl,(—)~co(1))),
si(( .., = ea(TH (L. AT T,

tn(f)(co7 oA =« (f (cl7 A (—)~co)) .
It is clear that all the maps s;, d;, i < n, are well-defined, i.e. they send left H-
linear maps to left H-linear maps. That d,, and t, are well-defined follows by the
anti-Yetter-Drinfeld condition. To illustrate how the anti-Yetter-Drinfeld condition
enters here we check that the t¢,, are well defined. For all h € H,

ta(f)(h-(P, ..., c")) = tn(f) (R L h(ns1y-c")
= a(f (ke e, hins1y-€™s (—)hay ~co))
= a(f (hey s hngny € b S(hnrs) ) (2)hiy )
=« (h(z)'f (cl, A S(h(g))(—)h(1)~co))
= h-« (f (cl, .o (—)-co)) = h-to(f)( ..., M),
where the third equation follows by the properties of the antipode and counit, the

fourth one is a consequence of the H-linearity of f, while the anti-Yetter-Drinfeld
condition is used to derive the penultimate equality.

THEOREM 1. Given a left H-module coalgebra C' and a left-right stable anti-
Yetter-Drinfeld contramodule M, CH(C, M) with the d;, 55, tn defined above is a
cyclic module.

Proof.  One needs to check whether the maps d;, sj, ¢, satisfy the relations
of a cyclic module; see e.g. [12, p. 203]. Most of the calculations are standard, we
only display examples of those which make use of the contramodule axioms. For
example,

(tho10dn_1) (), ..., " = dn—1(f) (cl, e (—)~CO))
A, A ((—)-co)))

c,. .. 7C”_l7 (—)(1)'00(1)7 (_)(2) '00(2)))
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where the third equality follows by the module coalgebra property of C, and the
fourth one is a consequence of the associative law for contramodules. In a similar
way, using compatibility of H-action on C' with counits of H and C, and that
a(ec(—)m) = m, for all m € M, one easily shows that d,,11 o s, is the identity
map on CH(C, M). The stability of M is used to prove that "1 is the identity.
Explicitly,
() = ”“(f((*)'co, s (5))

= O[( (( )(1) c (_)(n+1) 'Cn)) = a(rf(co,...,c")) = f(cov RN Cn)v
where the second equality follows by the n-fold application of the associative law

for contramodules, and the penultimate equality is a consequence of the H-linearity
of f. The final equality follows by the stability of M. O

Let N be a right-left stable anti-Yetter-Drinfeld module, and M = N* be the
corresponding left-right stable anti-Yetter-Drinfeld contramodule, then

CH(C, M) = Homp (C®"*!, Hom(N, k)) ~ Hom(N®zC®" 1 k).

With this identification, the cyclic module C¥(C, N*) is obtained by applying
functor Hom(—, k) to the cyclic module for N described in [8, Theorem 2.1].

5. Hopf-cyclic cohomology of module algebras

Let A be a left H-module algebra. This means that A is an algebra and a left
H-module such that, for all h € H and a,a’ € A,
h~(aa’) = (h(l)-a)(h(g)'a), h-lA :E‘H(h)lA.
LEMMA 1. Given a left H-module algebra A and a left H-contramodule M,
Hom(A, M) is an A-bimodule with the left and right A-actions defined by
(a-f)(0) = f(ba),  (f-a)(b) =a(f(((—)-a)b)),
for all a,b € A and f € Hom(A, M).
Proof. The definition of left A-action is standard, compatibility between left

and right actions is immediate. To prove the associativity of the right A-action,
take any a,a’,b € A and f € Hom(A, M), and compute

(Fa)-a) ) = a(a(f(()a) (D))
o (f (5)aya) (F)e-a) b))
o (f (=) (aa)) ) = ((aa')- ) (b)

where the second equality follows by the definition of a left H-contramodule, and
the third one in a consequence of the module algebra property. The unitality of the
right A-action follows by the triangle diagram for contramodules and the fact that
h-la= EH(h)lA. O

For an H-module algebra A, A®"*! is a left H-module by the diagonal action
h-(a’®a'® ... ®a") := h(1 -a0®h(2) at®. .. ®h(p41)-a”.

Take a stable left-left anti-Yetter-Drinfeld contramodule M, set Cy (A, M) to be
the space of left H-linear maps Hom g (A®"*1 M), and, for all 0 < 4,5 < n, define
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5t Op N A M) — CH(A, M), oj : CFH A M) — Cy(A, M), 7, : CF, (A, M)
CE (A, M), by
§i(£)@®,...,a™) = f(d° ...,a"d'd"T a2 a™), 0<i<mn,
6n(f)(a’0a 7an) = Oé(f (((_)a’n) aO’a17...7a71,—1))’
Jj(f)(c 9 7Cn) = f(aoa"'7aj71A7aj+17"'7an)’

D a”) = a(f((5)a"alal, ).

Similarly to the module coalgebra case, the above maps are well-defined by the anti-
Yetter-Drinfeld condition. Explicitly, using the aformentioned condition as well as
the fact that the inverse of the antipode is the antipode for the co-opposite Hopf
algebra, one computes

T (£)(h-(d°...,a")) = « (f ((5)hminy)-a”, ha) -a°, h2) at, .. h(n) oanfl))
o (f ((hey S~ (h@)(=)hnsz)-a" hay-a®, hey-ats - bz -a” )
= « (h(z) -f ((S_l(h(1))(—)h(3))-a"7ao, .. ,a"_l)) = h-7,(f)(d®...,a").
Analogous calculations ensure that also d,, is well-defined.
THEOREM 2. Given a left H-module algebra A and a stable left-left anti- Yetter-

Drinfeld contramodule M, Cj; (A, M) with the §;, 0, T, defined above is a (co)cyclic
module.

Proof. In view of Lemma 1 and taking into account the canonical isomorphism
Hom(A®"+1 M) ~ Hom(A®", Hom(A, M)),
Hom(A®" ' M) 5 f— [a'®d’®...@a" — f(—,d',d® ....a")],
the simplicial part comes from the standard A-bimodule cohomology. Thus only
the relations involving 7,, need to be checked. In fact only the equalities 7,, 0 d,, =

Sp—10Tp—1 and 771 = id require one to make use of definitions of a module algebra
and a left contramodule. In the first case, for all f € C} (A, M),

(T 06,)()(d®,...,a") = d(d(f(((;)u”_l) ((;)~a”),a0,...,a"_2)))
= a(f (") ((Hea).d,....a""?))
= a(f((=)(a"a"),a’...,a"7%))
= (Gnor0m-1)(f)(a ~-’a")7

where the second equality follows by the associative law for left contramodules and
the third one by the definition of a left H-module algebra. The equality 7271 = id
follows by the associative law of contramodules, the definition of left H- actlon on
A®nt1 and by the stability of anti—Yetter—Drinfeld contramodules. O

In the case of a contramodule M constructed on the dual vector space of a
stable right-right anti-Yetter-Drinfeld module N, the complex described in Theo-
rem 2 is the right-right version of Hopf-cyclic complex of a left module algebra with
coefficients in N discussed in [8, Theorem 2.2].

6. Anti-Yetter-Drinfeld contramodules and hom-connections

Anti-Yetter-Drinfeld modules over a Hopf algebra H can be understood as co-
modules of an H-coring; see [2] for explicit formulae and [4] for more information
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about corings. These are corings with a group-like element, and thus their comod-
ules can be interpreted as modules with a flat connection; see [2] for a review. Con-
sequently, anti-Yetter-Drinfeld modules are modules with a flat connection (with
respect to a suitable differential structure); see [10].

Following similar line of argument anti-Yetter-Drinfeld contramodules over a
Hopf algebra H can be understood as contramodules of an H-coring. This is a
coring of an entwining type, as a vector space built on H®RH, and its form is
determined by the anti-Yetter-Drinfeld compatibility conditions between action and
contra-action. The coring H®H has a group-like element 15®1g, which induces
a differential graded algebra structure on tensor powers of the kernel of the counit
of HRH. As explained in [3, Section 3.9] contramodules of a coring with a group-
like element correspond to flat hom-connections. Thus, in particular, anti-Yetter-
Drinfeld contramodules are flat hom-connections. We illustrate this discussion by
the example of right-right anti-Yetter-Drinfeld contramodules.

First recall the definition of hom-connections from [3]. Fix a differential graded
algebra QA over an algebra A. A hom-connection is a pair (M, V), where M is
a right A-module and Vg is a k-linear map from the space of right A-module
homomorphisms Hom 4 (Q'A, M) to M, Vg : Hom4(Q'A, M) — M, such that, for
alla € A, f € Homus(Q'A, M),

Vo(f-a) = Vo(f)-a+ f(da),

where f-a € Hom4(Q'A, M) is given by f-a : w — f(aw), and d : Q*A — Q*1 A
is the differential. Define V1 : Hom (224, M) — Homa(Q'A, M), by Vi(f)(w) =
Vo(fw)+ f(dw), where, for all f € Hom4(Q?A, M), the map fw € Homa(Q'A, M)
is given by ' — f(ww’). The composite F = Vo V; is called the curvature of
(M, Vy). The hom-connection (M, V) is said to be flat provided its curvature is
equal to zero. Hom-connections are non-commutative versions of right connections
or co-connections studied in [13, Chapter 4 § 5], [16], [17].

Consider a Hopf algebra H with a bijective antipode, and define an H-coring

C = H®H as follows. The H bimodule structure of C is given by

he-(W®") = hayh'S™ (hes))®h) k", (W@R")-h = h'h"h,
the coproduct is Ay®idy and counit ey®idy. Take a right H-module M. The
identification of right H-linear maps HQH — M with Hom(H, M) allows one to
identify right contramodules of the H-coring C with right-right anti-Yetter-Drinfeld
contramodules over H.

The kernel of the counit in C coincides with H*®H, where HT = kerez. Thus
the associated differential graded algebra over H is given by Q"H = (HT@H)®H#" ~
(H')®"®@H, with the differential given on elements h of H and one-forms h'®h €
H*®@H by

dh =1g®h — h(l)S_l(h(g))®h(2),
d(h'®h) = 1g@K @h — I/ (1)K (2)@h + h'@h1)S ™" (hs))@h(2).-
Take a right-right anti-Yetter-Drinfeld contramodule M over a Hopf algebra H

and identify Hompy (Q'H, M) with Hom(H*, M). For any f € Hom(H", M), set
f:H — M by f(h) = f(h—eg(h)ly), and then define

Vo : Hom(H*, M) — M, Vo(f) = a(f).
(M, V) is a flat hom-connection with respect to the differential graded algebra QH.
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7. Final remarks

In this note a new class of coefficients for the Hopf-cyclic homology was intro-
duced. It is an open question to what extent Hopf-cyclic homology with coefficients
in anti-Yetter-Drinfeld contramodules is useful in studying problems arising in (non-
commutative) geometry. The answer is likely to depend on the supply of (calcula-
ble) examples, such as those coming from the transverse index theory of foliations
(which motivated the introduction of Hopf-cyclic homology in [5]). It is also likely
to depend on the structure of Hopf-cyclic homology with contramodule coefficients.
One can easily envisage that, in parallel to the theory with anti-Yetter-Drinfeld
module coefficients, the cyclic theory described in this note admits cup products
(in the case of module coefficients these were foreseen in [8] and constructed in
[11]) or homotopy formulae of the type discovered for anti-Yetter-Drinfeld modules
n [14]. Alas, these topics go beyond the scope of this short note. The author is
convinced, however, of the worth-whileness of investigating them further.
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Moduli Spaces of Dirac Operators for Finite Spectral Triples
Branimir Cadi¢

ABSTRACT. The structure theory of finite real spectral triples developed by
Krajewski and by Paschke and Sitarz is generalised to allow for arbitrary KO-
dimension and the failure of orientability and Poincaré duality, and moduli
spaces of Dirac operators for such spectral triples are defined and studied. This
theory is then applied to recent work by Chamseddine and Connes towards
deriving the finite spectral triple of the noncommutative-geometric Standard
Model.

1. Introduction

From the time of Connes’s 1995 paper [6], spectral triples with finite-dimen-
sional x-algebra and Hilbert space, or finite spectral triples, have been central to the
noncommutative-geometric (NCG) approach to the Standard Model of elementary
particle physics, where they are used to encode the fermionic physics. As a result,
they have been the focus of considerable research activity.

The study of finite spectral triples began in earnest with papers by Paschke
and Sitarz [20] and by Krajewski [18], first released nearly simultaneously in late
1996 and early 1997, respectively, which gave detailed accounts of the structure of
finite spin geometries, i.e. of finite real spectral triples of KO-dimension 0 mod 8
satisfying orientability and Poincaré duality. In their approach, the study of finite
spectral triples is reduced, for the most part, to the study of multiplicity matri-
ces, integer-valued matrices that explicitly encode the underlying representation-
theoretic structure. Krajewski, in particular, defined what are now called Krajew-
ski diagrams to facilitate the classification of such spectral triples. Tochum, Jureit,
Schiicker, and Stephan have since undertaken a programme of classifying Krajewski
diagrams for finite spectral triples satisfying certain additional physically desirable
assumptions [12-14,22] using combinatorial computations [17], with the aim of fix-
ing the finite spectral triple of the Standard Model amongst all other such triples.

However, there were certain issues with the then-current version of the NCG
Standard Model, including difficulty with accomodating massive neutrinos and the
so-called fermion doubling problem, that were only to be resolved in the 2006
papers by Connes [7] and by Chamseddine, Connes and Marcolli [4], which use
the Euclidean signature of earlier papers, and by Barrett [1], which instead uses
Lorentzian signature; we restrict our attention to the Euclidean signature approach
of [7] and [4], which has more recently been set forth in the monograph [8] of

2000 Mathematics Subject Classification. Primary 58J42; Secondary 58B34, 58D27, 81R60.

M. Marcolli, D. Parashar (Eds.), Quantum Groups and Noncommutative Spaces,
DOI: 10.1007/978-3-8348-9831-9 2, © Vieweg+Teubner Verlag | Springer Fachmedien
Wiesbaden GmbH 2011
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Connes and Marcolli. The finite spectral triple of the current version has KO-
dimension 6 mod 8 instead of 0 mod 8, fails to be orientable, and only satisfies a
certain modified version of Poincaré duality. It also no longer satisfies S%-reality,
another condition that holds for the earlier finite geometry of [6], though only
because of the Dirac operator. Jureit, and Stephan [15,16] have since adopted the
new value for the KO-dimension, but further assume orientability and Poincaré
duality. As well, Stephan [25] has proposed an alternative finite spectral triple for
the current NCG Standard Model with the same physical content but satisfying
Poincaré duality; it also just fails to be S°-real in the same manner as the finite
geometry of [4]; in the same paper, Stephan also discusses non-orientable finite
spectral triples.

More recently, Chamseddine and Connes [2, 3] have sought a purely algebraic
method of isolating the finite spectral triple of the NCG Standard Model, by which
they have obtained the correct x-algebra, Hilbert space, grading and real structure
using a small number of fairly elementary assumptions. In light of these successes,
it would seem reasonable to try to view this new approach of Chamseddine and
Connes through the lens of the structure theory of Krajewski and Paschke—Sitarz,
at least in order to understand better their method and the assumptions involved.
This, however, would require adapting that structure theory to handle the failure
of orientability and Poincaré duality, yielding the initial motivation of this work.

To that end, we provide, for the first time, a comprehensive account of the
structure theory of Krajewski and Paschke—Sitarz for finite real spectral triples
of arbitrary K O-dimension, without the assumptions of orientability or Poincaré
duality; this consists primarily of straightforward generalisations of the results and
techniques of [20] and [18]. In this light, the main features of the approach presented
here are the following;:

(1) A finite real spectral triple with algebra A is to be viewed as an A-
bimodule with some additional structure, together with a choice of Dirac
operator compatible with that structure.

(2) For fixed algebra A, an A-bimodule is entirely characterised by its mul-
tiplicity matrix (in the ungraded case) or matrices (in the graded case),
which also completely determine(s) what sort of additional structure the
bimodule can admit; this additional structure is then unique up to unitary
equivalence.

(3) The form of suitable Dirac operators for an A-bimodule with real structure
is likewise determined completely by the multiplicity matrix or matrices
of the bimodule and the choice of additional structure.

However, we do not discuss Krajewski diagrams, though suitable generalisation
thereof should follow readily from the generalised structure theory for Dirac oper-
ators.

Once we view a real spectral triple as a certain type of bimodule together with a
choice of suitable Dirac operator, it then becomes natural to consider moduli spaces
of suitable Dirac operators, up to unitary equivalence, for a bimodule with fixed
additional structure, yielding finite real spectral triples of the appropriate KO-
dimension. The construction and study of such moduli spaces of Dirac operators
first appear in [4], though the focus there is on the sub-moduli space of Dirac
operators commuting with a certain fixed subalgebra of the relevant x-algebra.
Our last point above almost immediately leads us to relatively concrete expressions
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for general moduli spaces of Dirac operators, which also appear here for the first
time. Multiplicity matrices and moduli spaces of Dirac operators are then worked
out for the bimodules appearing in the Chamseddine—-Connes—Marcolli formulation
of the NCG Standard Model [4, 8] as examples.

Finally, we apply these methods to the work of Chamseddine and Connes [2,3],
offering concrete proofs and some generalisations of their results. In particular, the
choices determining the finite geometry of the current NCG Standard Model within
their framework are made explicit.

This work, a revision of the author’s qualifying year project (master’s thesis
equivalent) at the Bonn International Graduate School in Mathematics (BIGS)
at the University of Bonn, is intended as a first step towards a larger project of
investigating in generality the underlying noncommutative-geometric formalism for
field theories found in the NCG Standard Model, with the aim of both better
understanding current versions of the NCG Standard Model and facilitating the
further development of the formalism itself.

The author would like to thank his supervisor, Matilde Marcolli, for her exten-
sive comments and for her advice, support, and patience, Tobias Fritz for useful
comments and corrections, and George Elliott for helpful conversations. The author
also gratefully acknowledges the financial and administrative support of BIGS and
of the Max Planck Institute for Mathematics, as well as the hospitality and support
of the Department of Mathematics at the California Institute of Technology and of
the Fields Institute.

2. Preliminaries and Definitions

2.1. Real C*-algebras. In light of their relative unfamiliarity compared to
their complex counterparts, we begin with some basic facts concerning real C*-
algebras.

First, recall that a real *-algebra is a real associative algebra A together with
an involution on A, namely an antihomomorphism # satisfying *? = id, and that
the wnitalisation of a real %-algebra A is the unital real x-algebra A defined to
be A @ R as a real vector space, together with the multiplication (a,«)(b,3) :=
(ab+ ab+ Ba,ap) for a, b € A, a, f € R and the involution x @ idg. Note that if
A is already unital, then A is simply A & R.

DEFINITION 2.1. A real C*-algebra is a real #-algebra A endowed with a norm
||| making A a real Banach algebra, such that the following two conditions hold:

(1) Va € A, |la*a| = |lal|* (C*-identity);
(2) Ya € A, 1+ a*a is invertible in A (symmetry).

The symmetry condition is redundant for complex C*-algebras, but not for
real C*-algebras. Indeed, consider C as a real algebra together with the trivial
involution * = id and the usual norm ||| = |¢|, ¢ € C. Then C with this choice of
involution and norm yields a real Banach *-algebra satisfying the C*-identity but
not symmetry, for 1 +i*i = 0 is certainly not invertible in C = C @ R.

Now, in the finite-dimensional case, one can give a complete description of real
C*-algebras, which we shall use extensively in what follows:
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THEOREM 2.2 (Wedderburn’s theorem for real C*-algebras [11]). Let A be a
finite-dimensional real C*-algebra. Then

N
(2.1) A= (P M, (Ky),

where K; =R, C, or H, and n; € N. Moreover, this decomposition is unique up to
permutation of the direct summands.

Note, in particular, that a finite-dimensional real C*-algebra is necessarily uni-
tal.

Given a finite-dimensional real C*-algebra A with fixed Wedderburn decompo-
sition &N | M, (K;) we can associate to A a finite dimensional complex C*-algebra
Ac, the complex form of A, by setting

N
(2.2) Ac = @Mmi(C),

where m; = 2n; if K; = H, and m; = n; otherwise. Then A can be viewed as a real
x-subalgebra of Ac¢ such that Ac = A+ iA, that is, as a real form of Ac. Here, H
is considered as embedded in M3(C) by

o (U &
for Clv CQ e C.

In what follows, we will consider only finite-dimensional real C*-algebras with
fixed Wedderburn decomposition.

2.2. Representation theory. In keeping with the conventions of noncommu-
tative differential geometry, we shall consider *-representations of real C*-algebras
on complex Hilbert spaces. Recall that such a (left) representation of a real C*-
algebra A consists of a complex Hilbert space H together with a x-homomorphism
At A — L(H) between real C*-algebras. Similarly, a right representation of A
is defined to be a complex Hilbert space H together with a x-antihomomorphism
p: A— L(H) between real C*-algebras. For our purposes, then, an A-bimodule
consists of a complex Hilbert space H together with a left %-representation A and
a right s-representation p that commute, i.e. such that [A(a), p(b)] = 0 for all a,
b € A. In what follows, we will consider only finite-dimensional representations
and hence only finite-dimensional bimodules; since finite-dimensional C*-algebras
are always unital, we shall require all representations to be unital as well.

Now, given a left [right] representation o = (H, ) of an algebra A, one can
define its transpose to be the right [left] representation o’ = (H*,77) , where
71 (a) := n(a)T for all @ € A. Note that for any left or right representation c,
()T can naturally be identified with « itself. In the case that H = C¥V, we
shall identify H* with H by identifying the standard ordered basis on H with the
corresponding dual basis on H*. The notion of the transpose of a representation
allows us to reduce discussion of right representations to that of left representations.

Since real C*-algebras are semisimple, any left representation can be written as
a direct sum of irreducible representations, unique up to permutation of the direct
summands, and hence any right representation can be written as a direct sum of
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transposes of irreducible representations, again unique up to permutation of the
direct summands.

DEFINITION 2.3. The spectrum A of a real C*-algebra A is the set of unitary
equivalence classes of irreducible representations of A.

Now, let A be a real C*-algebra with Wedderburn decomposition @2 ; My, (K;).
Then

N
(2.3) A= | My (K)),
=1

where the embedding of Mmz) in A is given by composing the representation
maps with the projection of A onto the direct summand My, (K;). The building
blocks for A are as follows:

(1) M,®) = {[C M)}
(@) 10, = {[(C" N [V, D]},
(3) My (H) = {[(C*", N)]},
where A(a) denotes left multiplication by a and A(a) denotes left multiplication by

DEFINITION 2.4. Let A be a real C*-algebra, and let « € A. We shall call
a conjugate-linear if it arises from the conjugate-linear irreducible representation
(a — @, C") of a direct summand of A of the form M, (C); otherwise we shall call
it complez-linear.

Thus, a representation « of the real C*-algebra A extends to a C-linear x-
representation of A¢ if and only if « is the sum of complex-linear irreducible rep-
resentations of A.

Finally, for an individual direct summand My, (K;) of A, let e; denote its unit,
n; the dimension of its irreducible representations (which is therefore equal to 2k; if
K; = H, and to k; itself otherwise), n; its complex-linear irreducible representation,
and, if K; = C, n; its conjugate-linear irreducible reges\entation. Vﬁzieﬁne a strict
ordering < on A by setting a < 3 whenever a € M,,(K;), B € My, (K;) for i < j,
and by setting n; < n; in the case that K; = C. Note that the ordering depends
on the choice of Wedderburn decomposition, i.e. on the choice of ordering of the
direct summands. Let S denote the cardinality of A. We shall identify Mg (R) with
the real algebra of functions A2 R, and hence index the standard basis {Eag}
of Ms(R) by A2.

2.3. Bimodules and spectral triples. Let us now turn to spectral triples.
Recall that we are considering only finite-dimensional algebras and representations
(i.e. Hilbert spaces), so that we are dealing only with what are termed finite or
discrete spectral triples.

Let H and H’ be A-bimodules. We shall denote by L4 (H, H'), L5 (H,H’), and
LYR(H, M) the subspaces of £L(H, H') consisting of left A-linear, right A-linear, and
left and right A-linear operators, respectively. In the case that H' = H, we shall
write simply £4%(H), L5 (H) and L5 (H). If N is a subalgebra or linear subspace
of a real or complex C*-algebra, we shall denote by Ng, the real linear subspace of
N consisting of the self-adjoint elements of N, and we shall denote by U(V) set of
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unitary elements of N. Finally, for operators A and B on a Hilbert space, we shall
denote their anticommutator AB + BA by {A, B}.

2.3.1. Conventional definitions. We begin by recalling the standard definitions
for spectral triples of various forms. Since we are working with the finite case,
all analytical requirements become redundant, leaving behind only the algebraic
aspects of the definitions.

The following definition first appeared in a 1995 paper [5] by Connes:

DEFINITION 2.5. A spectral triple is a triple (A, H, D), where:

e A is a unital real or complex x-algebra;
e H is a complex Hilbert space on which A has a left representation \ :
A — L(H);

e D, the Dirac operator, is a self-adjoint operator on H.

Moreover, if there exists a Z/2Z-grading v on H (i.e. a self-adjoint unitary on
'H) such that:

(1) [v,A(a)] =0for all a € A,
(2) {7, D}=0;
then the spectral triple is said to be even. Otherwise, it is said to be odd.

In the context of the general definition for spectral triples, a finite spectral
triple necessarily has metric dimension 0.

In a slightly later paper [6], Connes defines the additional structure on spectral
triples necessary for defining the noncommutative spacetime of the NCG Standard
Model; indeed, the same paper also contains the first version of the NCG Standard
Model to use the language of spectral triples, in the form of a reformulation of the
so-called Connes-Lott model.

DEFINITION 2.6. A spectral triple (A, H, D) is called a real spectral triple of
KO-dimension n mod 8 if, in the case of n even, it is an even spectral triple, and
if there exists an antiunitary J : H — H such that:

(1) J satisfies J2 = ¢, JD = &’DJ and Jvy = £”+J (in the case of even n),
where ¢, ¢/, ¢” € {—1,1} depend on n mod 8 as follows:
n 0 1 2 3 4 ) 6 7

e 1 1 -1 -1 -1 -1 1 1
g 1 -1 1 1 1 -1 11
1

e -1 1 -1
(2) The order zero condition is satisfied, namely [A(a), JA(b)J*] = 0 for all a,
be A;
(3) The order one condition is satisfied, namely [[D, A(a)], JA(b)J*] = 0 for
all a, b e A.

Moreover, if there exists a self-adjoint unitary € on H such that:
(1) [e,A(a)] =0 for all a € A,;
(2) [e, D] = 0;
(3) {e,J} =0;
(4) [e,~] = 0 (even case);

then the real spectral triple is said to be S%-real.
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REMARK 2.7 (Krajewski [18, §2.2], Paschke—Sitarz [20, Obs. 1]). If (A, H, D)
is a real spectral triple, then the order zero condition is equivalent to the statement
that H is an A-bimodule for the usual left action A and the right action p : a —
JA(a*)J*.

It was commonly assumed until fairly recently that the finite geometry of the
NCG Standard Model should be S°-real. Though the current version of the NCG
Standard Model no longer makes such an assumption [4,7], we shall later see that
its finite geometry can still be seen as satisfying a weaker version of S-reality.

2.3.2. Structures on bimodules. In light of the above remark, the order one con-
dition, the strongest algebraic condition placed on Dirac operators for real spectral
triples, should be viewed more generally as a condition applicable to operators on
bimodules [18, §2.4]. This then motivates our point of view that a finite real spec-
tral triple (A, H, D) should be viewed rather as an 4-bimodule with additional
structure, together with a Dirac operator satisfying the order one condition that
is compatible with that additional structure. We therefore begin by defining a
suitable notion of “additional structure” for bimodules.

DEFINITION 2.8. A bimodule structure P consists of the following data:
o Aset P =P,UP;UP,, where each set Px is either empty or the singleton
{X}, and where P, is non-empty only if P; is non-empty;
e If P; is non-empty, a choice of KO-dimension n mod 8, where n is even
if and only if P, is non-empty.
In particular, we call a structure P:
e odd if P is empty;
o even if P =P, ={~}
e real if Py is non-empty and P, is empty
o S%-real if P, is non-empty.
Finally, if P is a graded structure, we call « the grading, and if P is real or
SO-real, we call J the charge conjugation.

Since this notion of K O-dimension is meant to correspond with the usual KO-
dimension of a real spectral triple, we assign to each real or S°-real structure P of
KO-dimension n mod 8 constants ¢, ¢’ and, in the case of even n, €”, according to
the table in Definition 2.6.

We now define the structure algebra of a structure P to be the real associative
algebra with generators P and relations, as applicable,

72 = 17 ']2 =g, 62 = 17’7“] = 5”‘],7/7 [776] = 07 {Ev J} =0.

DEFINITION 2.9. An A-bimodule H is said to have structure P whenever it
admits a faithful representation of the structure algebra of P such that, when
applicable, v and e are represented by self-adjoint unitaries in EleR(H), and J is
represented by an antiunitary on H such that

(2.4) Va e A, pla) = JX(a")J.

Note that a S%real bimodule can always be considered as a real bimodule,
and a real bimodule of even [odd] K O-dimension can always be considered as an
even [odd] bimodule. Note also that an even bimodule is simply a graded bimodule
such that the algebra acts from both left and right by degree 0 operators, and the
grading itself respects the Hilbert space structure; an odd bimodule is then simply
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an ungraded bimodule. We use the terms “even” and “odd” so as to keep the
terminology consistent with that for spectral triples.

Note also that for a real or S°-real structure P, the structure algebra of P is
independent of the value of ¢. Thus the notions of real [S%-real] A-bimodule with
KO-dimension 1 mod 8 and 7 mod 8 are identical, as are the notions of [S°-real] A-
bimodule with K O-dimension 3 mod 8 and 5 mod 8; again, we make the distinction
with an eye to the discussion of Dirac operators (and hence of spectral triples) later
on.

Now, a unitary equivalence of A-bimodules H and H’ with structure P is a
unitary equivalence of A-bimodules (i.e. a unitary element of L4%(H,H’)) that
effects unitary equivalence of the representations of the structure algebra of P.
We denote the set of all such unitary equivalences H — H’' by UL (H, H';P).
In particular, ULR(H, H;P), which we denote by UZR(H;P), is a subgroup of
UL (H) := U(LLYE(H)). In all such notation, we suppress the argument P whenever
P is empty.

DEFINITION 2.10. Let A be a real C*-algebra, and let P be a bimodule struc-
ture. The abelian monoid (Bimod(A, P),+) of A-bimodules with structure P is
defined as follows:

e Bimod(.A, P) is the set of unitary equivalence classes of .A-bimodules with

structure P;
e For [H], [H'] € Bimod(A, P), [H] + [H'] := [H & H].

For convenience, we shall denote Bimod(.A, P) by:

e Bimod(A) if P is the odd structure;

e Bimod®**"(A) if P is the even structure;

e Bimod(A,n) if P is the real structure of K O-dimension n mod 8;

e Bimod’(A,n) if P is the S%real structure of K O-dimension n mod 8.

These monoids will be studied in depth in the next section. In light of our earlier
comment, we therefore have that

Bimod(A,1) = Bimod(A4,7), Bimod(A,3) = Bimod(A4,5).

and
Bimod’(A4, 1) = Bimod®(A4,7), Bimod’(A4,3) = Bimod’(A4, 5).

Finally, for the sake of completeness, we now define the notions of orientabilty
and Poincaré duality in this more general context; in the case of a real spectral
triple (A, H,D,~,J) of even KO-dimension, where the right action is given by
p(a) := JA(a*)J*, these definitions yield precisely the usual ones (cf. [18, §§2.2,
2.3]).

DEFINITION 2.11. We call an even A-bimodule (H, ) orientable if there exist
ai,...,a, by,...,bp € A such that

(2.5) v = Z Aag)p(bs).
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DEFINITION 2.12. Let A be a real C*-algebra, and let (H,
bimodule. Then the intersection form (-,-) : KOg(A) x KOq(
with (H,v) is defined by setting

(2.6) (el [£1) == tr(vAle)n(f))

for projections e, f € A.
In the case that the intersection form is non-degenerate, we shall say that (H, )
satisfies Poincaré duality.

v) be an even A-
) — Z associated

The orientability assumption was used extensively in [20] and [18], as it leads
to considerable algebraic simplifactions; we shall later define a weakened version of
orientability that will yield precisely those simplifications.

2.3.3. Bilateral spectral triples. We now turn to Dirac operators on bimodules
satisfying a generalised order one condition, and define the appropriate notion of
compatibility with additional structure on the bimodule.

DEFINITION 2.13. A Dirac operator for an A-bimodule H with structure P is
a self-adjoint operator D on H satisfying the order one condition:
(2.7) Va,b e A, [[D,(a)],p(d)] =0,
together with the following relations, as applicable:

{D,7}=0, DJ=¢£JD, [D,e=0.

We denote the finite-dimensional real vector space of Dirac operators for an an
A-bimodule H with structure P by Dy(A, H,P).

DEFINITION 2.14. A bilateral spectral triple with structure P is a triple of the
form (A, H, D), where A is a real C*-algebra, H is an A-bimodule with structure
P, and D is a Dirac operator for (H, P).

We shall generally denote such a spectral triple by (A, H, D; P), where P is the
set of generators of the structure algebra; in cases where the presence or absence of
a grading ~ is immaterial, we will suppress the generator v in this notation.

REMARK 2.15. In the case that P is a real [S%-real] structure of KO-dimension
n mod 8, a bilateral spectral triple with structure P is precisely a real [SY-real]
spectral triple of KO-dimension n mod 8.

More generally, an odd [even] bilateral spectral triple (A, H, D) is equivalent to
an odd [even] spectral triple (A® A°P,'H, D) such that [[D, A® 1],1® A°P] = {0},
an object that first appears in connection with S%-real spectral triples [6]

A unitary equivalence of spectral triples (A, H, D) and (A, H', D’) is then a
unitary U € UL (H,H’) such that D’ = UDU*. This concept leads us to the
following definition:

DEFINITION 2.16. Let A be a real C*-algebra, and let H be an A-bimodule
with structure P. The moduli space of Dirac operators for ‘H is defined by

(2.8) D(A, H,P) := Do(A,H,P)/ UL (H, P),
where UR(H, P) acts on Dy(A, H,P) by conjugation.
If C is a central subalgebra of A, we can form the subspace

(29)  Do(A,H,P;C) :={D € Do(A,H,P) | [D,A(C)] = [D, p(C)] = {0}}.
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and hence the sub-moduli space
(2.10) D(A, H, P;C) := Do(A, H, P;C)/ ULE (1, P),

of Do(A, H,P); the moduli space of Dirac operators studied by Chamseddine,
Connes and Marcolli [4, §2.7],[8, §13.4] is in fact a sub-moduli space of this form.

Since D(A, H, P) [D(A, H, P;C)] is the orbit space of a smooth finite-dimension-
al representation of a compact Lie group, it is a priori locally compact Hausdorff,
and is thus homeomorphic to a semialgebraic subset of R? for some d [24]. The
dimension of D(A, H,P) [D(A, H,P;C)] can then be defined as the dimension of
this semialgebraic set. Such moduli spaces will be discussed in some detail.

2.3.4. S%-reality. Following Connes [6], we now describe how to reduce the
study of S%real bimodules of even [odd] KO-dimension to the study of even [odd]
bimodules.

Let (H,J,€) be an S%real A-bimodule of even [odd] KO-dimension. Define
mutually orthogonal projections P;, P_; in EI;‘R(H) by Py; = %(1 +¢). Then, at
the level of even [odd] bimodules, H = H; & H_; for Hy; := P1;H, where the left
and right actions on H; are given by

Ati(a) = PriNa)Pyi,  p+i(a) := Pyip(a)Pyi,
for a € A, and, in the case of even K O-dimension, the grading on H; is given by

V+i := P4;vPy;. Moreoever,
0 eJ*
J=1 >
(%)

where J := P_;JP,; is an antiunitary H; — H_;, so that for a € A,
Ai(a) = Jpi(a*)J*,  poi(a) = Jhi(a®)J",

and in the case of even KO-dimension, v_; = &” j’yj *. Finally, note that J can
also be viewed as a unitary H; — H_;, where H; denotes the conjugate space of
H. Hence, for fixed KO-dimension, an S%-real A-bimodule H is determined, up to
unitary equivalence, by the bimodule H;.

On the other hand, if V is an even [odd] .A-bimodule, we can construct an S°-
real A-bimodule H for any even [odd] KO-dimension n mod 8 such that H; = V,
by setting H := H; @ H_; for H; := V, H_; := V, defining J:H; — H_; as the
identity map on V viewed as an antiunitary ¥ — V), then using the above formulas
to define J, v (as necessary), A, p, and finally setting € = 1y, @ (—15;). In the case
that V is already H; for some S°-real bimodule H, this procedure reproduces H up
to unitary equivalence. We have therefore proved the following:

PrOPOSITION 2.17. Let A be a real C*-algebra, and let n € Zg. Then the map
Bimod(.A), if n is odd,

Bimod®*"(A), if n is even,

Bimod®(A4,n) — {

defined by [H] — [H;] is an isomorphism of monoids.

Now, let H is an S-real A-bimodule, and suppose that D is a Dirac operator
for H. We can define Dirac operators D; and D_; on H; and H_;, respectively, by
Dy;:=Py;DPy;; then D = D; & D_; and, in fact, D_; = s’jDij*. Thus, a Dirac
operator D on H is completely determined by D;; indeed, the map D — D; defines
an isomorphism Dy(A, H, J, €) = Dy(A, H).
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Along similar lines, one can show that UL (H,.J) = USR(H,) by means of
the map U — U; := P;UP;; this isomorphism is compatible with the isomorphism
Do(A, H, J,€) = Do(A, H). Hence, the functional equivalence between H and H;
holds at the level of moduli spaces of Dirac operators:

PROPOSITION 2.18. Let H be an S°-real A-bimodule. Then
(2.11) D(A,H, J,e) 2 D(A,H,;).
One can similarly show that for a central subalgebra C of A,
D(A,H, J,e;C) 2 D(A, H;;C).

Let us conclude by considering the relation between orientability and Poincaré
duality for an S°-real bimodule H of even KO-dimension and orientability and
Poincaré duality, respectively, for the associated even bimodule H;.

PROPOSITION 2.19. Let H be an S°-real A-bimodule of even KO-dimension.
Then H is orientable if and only if there exist ay,...,ax,by,..., by € A such that

k k
(2.12) Vi = Z/\ (a;)pi(b 5”2)\1 (b)pila
j=1 j=1
PRrROOF. Let aq,...,ak, b1,...,b € A, and set T = Z?:l X(a;)p(bj). Then
k
T;:= P,TP =Y Ai(a;)pi(b)),
j=1
while
k ok )
T ;=P TP ;=Y X_i(a;)p_i(b;) = J(Z Ai(b;)pi(aﬁ) J*
j=1 j=1
Hence, T_; = ¢ JT;J* if and only if
k k
Y NO)pilal) =T =Y Nilay)piby).
j=1 j=1

Applying this intermediate result to a; and b; such that v = Z§:1 Aaj)p(b;), in the
case that H is orientable, and then to a; and b; such that v; = 2?21 Ai(a;)pi(b;),
in the case that H; is orientable, yields the desired result. O

Thus, orientability of an S°-real bimodule H is equivalent to a stronger version
of orientability on the bimodule H;.
Turning to Poincaré duality, we can obtain the following result:

PROPOSITION 2.20. Let H be an S°-real A-bimodule of even KO-dimension
with intersection form (-,-), and let (-,-), be the intersection form for H;. Then for
any p, q € KOO(A);

(0,q) = (p,q); +€" (g,p); -
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PRrOOF. Let e, f € A be projections. Then

(le], [f]) = tr(vAle)p(f))
= tr(viAi(e)pi(f)) + tr(v—ir-i(e)p—i(f))
= tr(yiAi(e)pi(f)) + " tr(Jvidi()pile) J*)
= tr(yidi(e)pi(f)) +"tr(viXi(f)pi(e))
= (el [fD); + " (], [eD)s »
where we have used the fact that the intersection forms are integer-valued. O

Thus, Poincaré duality on an S°-real bimodule H is equivalent to nondegener-
acy of either the symmetrisation or antisymmetrisation of the intersection form on
‘H;, as the case may be.

3. Bimodules and Multiplicity Matrices

We now turn to the study of bimodules, and in particular, to their characterisa-
tion by multiplicity matrices. We shall find that a bimodule admits, up to unitary
equivalence, at most one real structure of any given KO-dimension, and that the
multiplicity matrix or matrices of a bimodule will determine entirely which real
structures, if any, it does admit.

In what follows, A will be a fixed real C*-algebra.

3.1. Odd bimodules. Let us begin with the study of odd bimodules.
For m € Mg(Z>(), we define an A-bimodule H,,, by setting

Hm = @ C@C™ aC"™,

a,BeA

Am(a) = €D Aa(@) @1, @ 1n,, a€ A,
a,BeEA

pm(a) = P 1n, @ lm,, @ As(a)”, ac€ A
a,feA

Here we use the convention that 1,, is the identity on C", with C° := {0} and hence
10 = 0.

ProprosITION 3.1 (Krajewski [18, §3.1], Paschke-Sitarz [20, Lemmas 1, 2]).
The map bimod : Mg(Z>o) — Bimod(A) given by m +— [H,,] is an isomorphism
of monoids.

PROOF. By construction, bimod is an injective morphism of monoids. It there-
fore suffices to show that bimod®! is also surjective.
Now, let H be an A-bimodule. For o € A define projections PX and P by

if a« = n; for K; # C,
e;) —iA(ie;)) if a =mn; for K; = C,
67;) + z/\(zel)) if a = n; for Kl = (C,

—~
[
S0
~—

pPL .=

e

=
= =

I N= >~
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and

ple;) if « = n; for K; # C,

PR .= % (p(ei) —ip(ie;)) if o =m; for K; = C,

L (ple;) +iplie;)) if a =m; for K; = C,
respectively; by construction, PL € A(A) + iA(A) and PF € p(A) + ip(A), so
that for a, 3 € A, PE and Pé% commute. We can therefore define projections
Pug = PCfPBR for each a, (8 € ./Zl\; it is then easy to see that each H,g := PogH is
a sub-A-bimodule of H, and that H = &, ;. 7Hap-

Let o, 5 € A. As noted before, the left action of A on H,s must decompose
as a direct sum of irreducible representations, but by construction of H,g, those
irreducible representations must all be a. Similarly, the right action on H,g must
be a direct sum of copies of 3. Since the left action and right action commute,
we must therefore have that Hapg = Hip,zE,, for some mag € Z>o. Taking the

direct sum of the H,g, we therefore see that H is unitarily equivalent to H,, for
m = (Mmag) € Ms(Z>p), that is, [H] = bimod(m). O

We denote the inverse map bimod ™' : Bimod(A) — Mg (Zx() by mult.

DEFINITION 3.2. Let H be an A-bimodule. Then the multiplicity matriz of A
is the matrix mult[H] € Mg(Z>o).

From now on, without any loss of generality, we shall assume that an A-
bimodule H with multiplicity matrix m is H,, itself.

REMARK 3.3. Multiplicity matrices readily admit a K-theoretic interpreta-
tion [10]. For simplicity, suppose that A is a complex C*-algebra and consider only
complex-linear representations. Then for H an A-bimodule, mult[H] is essentially
the Bratteli matriz of the inclusion A(A) — p(A)" € L(H) (cf. 9, §2]), and can
thus be interpreted as representing the induced map Ky(A(A)) — Ko(p(A)') in
complex K-theory. Likewise, mult[H]? can be interpreted as representing the map
Ko(p(A)) — Ko(A(A)") induced by the inclusion p(A) — A(A)" € L(H). Similar
interpretations can be made in the more general context of real C'*-algebras and
KO-theory.

We shall now characterise left, right, and left and right A-linear maps between
A-bimodules. Let H and H’ be A-bimodules with multiplicity matrices m and m/,
respectively, let P,3 be the projections on H defined as in the proof of Proposi-
tion 3.1, and let P(’w be the analogous projections on H’. Then any linear map
T : H — H' is characterised by the components

(3.1) T} = P/sT Pag,

which we view as maps T(;Yg : Ce ® C™as @ C™ — C™ @ C™ @ C"s, or equiv-
alently, as elements T;g € My xn,(C)® Mm;5XmWﬁ ® Mpsxn,;(C). Thus we have
an isomorphism
comp: L(H,H') = @D M, un,(C) ® Mys sy @ Mg (C)
a,ﬁ,'y,zse.z

given by comp(T) := (Tg,g)a,ﬁ,v,éeﬁ' Note that when H = H’, T is self-adjoint if

and only if T,%ﬁ = (ng)* for all o, 3, 7, 6 € A.
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PROPOSITION 3.4 (Krajewski [18, §3.4]). Let H and H' be A-bimodules with
multiplicity matrices m and m’, respectively. Then

(32) Comp(‘ci(r’_LHl)) = @ 1na & Mm;(sxmuﬁ (C) 02y Mng Xng ((C)7
o,B,0€A
(3.3) comp(LY (H, H') @ M, xn, (C) ® M, 2 Xmaﬁ((C) ® 1n,,
a,ByeA
(3.4) comp (LY} (H, H')) = @ Lyo ® My simas(C) @ Lng.
«,BeA

PROOF. Observe that T' € L(H,H’) is left, right, or left and right A-linear if
and only if each T;g is left, right, or left and right A. Thus, let «, 3, v and § € A
be fixed, and let T' € My, xn,(C) ® Mm;5Xmag ® My 5n, (C).

First, write T = Zle A;®@B; for A; € My, wn,, (C) and for linearly independent
B; € MmQJXmaﬁ ® Mysxn,(C). Then, for a € A,

k
(M(a)® 1m;5 @ 1p)T —T(Aa(a) ® 1y, @ 1) = Z(/\v(a)Ai — A M(a)) ® By,

i=1
so that by linear independence of the B;, T is left A-linear if and only if each A;

intertwines the irreducible representations « and -y, and hence, by Schur’s lemma,
if and only if @ = v and each A; is a constant multiple of 1,, or each A; = 0. Thus,

,CIA((CnO‘ ® C™s @ C™,C™ @ (Cm’w ® (Cna)

_ Lo, ® My xmopg (C) ® My;xns(C) ifa=r,
{0} otherwise.

Analogously, one can show that
Ei{‘((cna ® C™mas ® (Cng’ C™ ® (Cmfy{; ® (Cna)

_ Mn,\,xna((c)®M ’ Xmaﬁ((c)®ln5 1f6:5,
{0} otherwise,

and then these first two results together imply that
LEF(C @ C™er @ C™?,C™ @ C™s © C™)

1 © Moy (©) © 1y i (0 8) = (7.0),
{0} otherwise,

as was claimed. O
An immediate consequence is the following description of the group UIAR(H):
COROLLARY 3.5. Let H be an A-bimodule. Then

comp(UIAR( @ Ly, @ U(mag) @ 1y, = H U(mag),
a,BeA a,8eAd

with the convention that U(0) = {0} is the trivial group.
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3.2. Even bimodules. We now turn to the study of even bimodules; let us
begin by considering the decomposition of an even bimodule into its even and odd
sub-bimodules.

Let (H,7) be an even A-bimodule. Define mutually orthogonal projections
peven and Podd by

peven _ %(1 + ’)/), Podd _ %(1 _ 'Y)-

We can then define sub-bimodules H*V*" and H°d of H by Heven = Peveny,
Hedd = poddy: one has that H = HV" @ H°Id at the level of bimodules.

On the other hand, given A-bimodules H; and Hs, we can construct an even
A-bimodule (H, ) such that HeV*® = H; and H°Id = Hy by setting H = H; @ Ho
and v = 13, @ (—13g,). If Hy and Hy are already HV™ and H° for some (H,7),
then this procedure precisely reconstructs (H, ). Since this procedure manifestly
respects direct summation and unitary equivalence at either end, we have therefore
proved the following:

PRrROPOSITION 3.6. Let A be a real C*-algebra. The map

C : Bimod®**"(A4) — Bimod(A) x Bimod(.A)
given by
C([H]) := (R, [Ho])

18 an isomorphism of monoids.
One readily obtains a similar decomposition at the level of unitary groups:
COROLLARY 3.7. Let (H,v) be an even A-bimodule. Then
UiR(H ) = UaR(Heven) @ UIAR(Hodd)_
Another immediate consequence is the following analogue of Proposition 3.1:
ProroSITION 3.8. Let A be a real C*-algebra. The map
bimod®™ : Mg(Z>0) x Ms(Z>o) — Bimod® " (A)
defined by bimod®’®® := C'~! o (bimod x bimod) is an isomorphism of monoids.

Just as in the odd case, we will find it convenient to denote (bimod®*")~1! :
Bimod® " (A) — Ms(Z>0) x Mg(Z>¢) by mult®". It then follows that mult®*" =
(mult x mult) o C.

DEFINITION 3.9. Let (H,v) be an even A-bimodule. Then the multiplicity
matrices of (H,~) are the pair of matrices

(ot [, mult [HO9]) = mult ™™ (M, )] € Ms(Zs0) x M (Zso).
Let us now consider orientability of even bimodules.

LEMMA 3.10 (Krajewski [18, §3.4]). Let (H,~) be an even A-bimodule. Then
(H,~) is orientable only if LXR(Hever Hodd) = {0}.

PROOF. Suppose that (H, ) is orientable, so that v = Zle A(a;)p(b;) for some

Ay .oy g, by by € A Now, let T € LUR(Heven o) and define T e LUR(H)

by
. 0o T*
T—<T 0).
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Then, on the one hand, since v = lpgeven @ (—13q0aa), T anticommutes with v, and
on the other, since v = Zle Aai)p(b;), T commutes with ~, so that T'= 0. Hence,
T=0. |

This last result motivates the following weaker notion of orientability:

DEFINITION 3.11. An even A-bimodule (H,~) shall be called quasi-orientable
whenever L{R(Heven, Hodd) = {0}.

The subset of Bimod®**"(A) consisting of the unitary equivalence classes of the
quasi-orientable even A-bimodules will be denoted by Bimod;""(.A).
We define the support of a real p x ¢ matrix A to be the set

supp(A) := {(i,7) € {1,...,p} x{1,.... ¢} | A # 0}.

For A € Mg(R), we shall view supp(A) as a subset of A2 by means of the iden-

tification of {1,...,S} with A as ordered sets. We shall also find it convenient to
associate to each matrix m € Mg(Z) a matrix m € My(Z) by

(35) T/T\lij = Z Z Mags-

—_

a€Mn, (Ki) BE M (K;)

One can check the map Mg(Z) — My (Z) defined by m — m is linear and respects
transposes.
We can now offer the following characterisation of quasi-orientable bimodules:

PROPOSITION 3.12 (Krajewski [18, §3.3], Paschke-Sitarz [20, Lemma 3]). Let
A be a real C*-algebra. Then
(3.6)  mult®™*" (Bimod; " (A))
_ {(meven7modd) c MS(ZZO)Q | Supp(meven) ﬂsupp(mOdd) — (Z)}

PROOF. Let (H,7) be an even A-bimodule and let (m®'e®, m°dd) be its multi-
plicity matrices. Then by Proposition 3.4,

LR 1) 2 @ My s (),

a,ﬁeﬁ
whence the result follows immediately. O
We therefore define the signed multiplicity matriz of a quasi-orientable even A-
bimodule (H,~), or rather, the unitary equivalence class thereof, to be the matrix

mult, [(H, )] := mult[H**"] — mult[H°] € Ms(Z).
The map Bimod;""(A) — Ms(Z) defined by
[(Hv 7)] = multq[(H7 7)]

is then bijective, and mult®™*"[(H,~)] is readily recovered from mult,[(H,~)]. In-
deed, if (H, ) is a quasi-orientable even A-bimodule with signed multiplicity matrix
u, then (cf. [20, Lemma 3],[18, 3.3])

(37) Y= @ Naﬁleﬁ'
a,ﬁeﬁ

These algebraic consequences of quasi-orientability, which were derived from the
stronger condition of orientability in the original papers [20] and [18], are key to
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the formalism developed by Krajewski and Paschke—Sitarz, and hence to the later
work by Tochum, Jureit, Schiicker, and Stephan [12-14,22].

We can now characterise orientable bimodules amongst quasi-orientable bimod-
ules:

ProPOSITION 3.13 (Krajewski [18, §3.3]). Let (H,~) be a quasi-orientable A-
bimodule with signed multiplicity matriz p. Then (H,~y) is orientable if and only if
the following conditions all hold:

(1) For each i€ {l,...,N} such that K; = C and all 8 € le\,
o ahm, 8 = 0

(2) Foralla € A and each j € {1,...,N} such that K; = C,
fam; fram; 2 0;

(3) Foralli, j€{l,...,N} such that K; =K; = C,
Hnm, Man,; 2> 0.

In particular, if (H,~) is orientable, then

N
(3.8) v=)_ Alsen(fii)en)p(e;).
ij=1
PROOF. First, suppose that (H,7) is indeed orientable, so that there exist
at,...,an, bi,...,by € A such that v = >, A(a)p(b); in particular, then, for
each a, B € A,

580 (Kas) Lne © Ljas| © Lng = Va5 = D Aal@r) @ L) ® Ag(b)"
1=1
Now, let ¢ € {1,..., N} be such that K; = C, and let 8 € A, and suppose that
fin;3 and pgm,3 are both non-zero. It then follows that

n n

Sgn(ﬂl’liﬁ)lni & 1nﬁ = Z(al)i ®)‘ﬁ(bl)T’ Sgn(/u‘ﬁiﬂ)lni & 1"5 = Z (a‘l)i ®)‘ﬁ(bl)T’
=1 =1

where (a;); denotes the component of g; in the direct summand My, (C) of A. If X
denotes complex conjugation on C", it then follows from this that

sgn(pn;8)1n, ®@1n, = (X @1n,) (880 (ki 8) 10, ® 10, ) (X ®10,) = sgn(pm, p)1n; @ 1ng,

so that sgn(pn,3) = sgn(um,s), or equivalently pin,spm;s > 0. One can similarly
show that the other two conditions hold.
Now, suppose instead that the three conditions on g hold. Then for all 7,

—

j €{1,..., N}, all non-zero entries pqg for a € Mml), B € My, (K;), have the
same sign, so set ;; equal to this common value of non-zero sgn(pag) if at least
one such pqp is non-zero, and set y;; = 0 otherwise. One can then easily check that
v = Z?szl A(7vijei)p(e;), so that (H,v) is indeed orientable. Moreover, using the
same three conditions, one can readily check that ~;; = sgn(fi;;), which yields the
last part of the claim. O
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Let us now turn to intersection forms and Poincaré duality. In particular,
we are now able to provide explicit expressions for intersection forms in terms of
multiplicity matrices.

Recall that for K = R, C or H, KOy(M(K)) is the infinite cyclic group gen-
erated by [p] for p € My(K) a minimal projection, so that for A a real C*-algebra
with Wedderburn decomposition @ ; M,,, (K;),

N
KOo(A) = [ [ KOo(M,, (K;)) = Z~,

which can be viewed as the infinite abelian group generated by {[p;]}}¥, for p; a
minimal projection in M,, (K;). Since

tr(p) 2 if K; =H,
P 1 otherwise,

it follows that for oo € ./Z,

—

7 if a € My, (K;),
(3.9) tr(Aa(pi)) = . (&)
0 otherwise.

Now, if (H,~) is an even A-bimodule with intersection form (-, -), we can define
a matrix N € My (Z) by

(3.10) Nij == ([pil, [ps]) -

The intersection form (-, -} is completely determined by the matrix N, and in par-
ticular, (-,-) is non-degenerate (i.e. (H,~y) satisfies Poincaré duality) if and only if
N is non-degenerate.

PROPOSITION 3.14 (Krajewski [18, §3.3], Paschke—Sitarz [20, §2.4]). Let (H,~)
be an even A-bimodule with pair of multiplicity matrices (mev®, m°4d). Then

(311) Nij = 775 (Wij - mOddij) s

—

so that (H,~y) satisfies Poincaré duality if and only if the matriz meven _ modd g
non-degenerate.

PROOF. First, since H = H®*" & H°, we can write

Y= @ ln(, ®’7a5®1n57

a,BeEA
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where 7o = Lineven @ (_1mo<213d). Then,
Nig = (pil [p])
= tr(YA(pi)p(p;))

tr @ Aa(Pi) ® Yap ® As(p;)

a,ﬁeﬁ
= D tr(a(pi) tr(As(p)) (mas" — mag)
a,ﬁG.Z
N —_—
= Z TiTj(Wij - mOddij).
i,j=1

This calculation implies, in particular, that N can be obtained from meven — modd
by a finite sequence of elementary row or column operations, so that N is indeed

. . —_— = dd .
non-degenerate if and only if meven — modd jg, O

COROLLARY 3.15. Let (H,~) be a quasi-orientable A-bimodule with signed mul-
tiplicity matriz . Then (H,v) satisfies Poincaré duality if and only if i is non-
degenerate.

In particular, if we restrict ourselves to complex C*-algebras and complex-
linear representations, a quasi-orientable bimodule is completely characterised by
the K-theoretic datum of its intersection form.

3.3. Real bimodules of odd KO-dimension. Let us now consider real bi-
modules of odd KO-dimension. Before continuing, recall that

Bimod(A,1) = Bimod(A4,7), Bimod(A,3) = Bimod(A4,5).

For m € Symg(Z>o), we define an antilinear operator X,,, on H,, by defining
(Xm)l% : Ce @ CMes @ C™ — C™ @ C™¢ @ C™ by

(3.12) (Xm)ag 610606~ GG,

and by setting (Xm)l% = 0 whenever (v,4) # (8, a).
3.3.1. KO-dimension 1 or 7 mod 8. We begin by determining the form of the
multiplicity matrix for a real bimodule of K O-dimension 1 or 7 mod 8.

LEmMA 3.16 (Krajewski [18, §3.2], Paschke—Sitarz [20, Lemma 4]). Let (H,J)
be a real A-bimodule of KO-dimension 1 or 7 mod 8 with multiplicity matriz m.
Then m is symmetric, and the only non-zero components of J are of the form
Jfg for a, B € A, which are anti-unitaries Hog — Hpa satisfing the relations
Tow = (Ta5)"-

PROOF. Let the projections PL, P[_If and P, be defined as in the proof of
Proposition 3.1, and recall that P,g = P,fPé%. By Equation 2.4, it follows that
for all a € .Zl\,JPOe = PEJ and JPE = PLJ and hence that for all o, 3 € A,
JP\g = JPO’:“P[? = POIfPBLJ = PsqJ. Thus, the only non-zero components of J
are the anti-unitaries J fjg : Hap — Hpga which satisfy Jgf = (Jfg)*, this, in turn,
implies that m is indeed symmetric. O
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Next, we show that for every m € Symg(Z>¢), not only does H,, admit a
real structure of KO-dimension 1 or 7 mod 8, but it is also unique up to unitary
equivalence.

LEMMA 3.17 (Krajewski [18, §3.2], Paschke-Sitarz [20, Lemma 5]). Let m €
Symg(Z>¢). Then, up to unitary equivalence, Jy, = X, is the unique real structure
on Hy, of KO-dimension 1 or 7 mod 8.

PRrOOF. First, X,, is indeed by construction a real structure on H,, of KO-
dimension 1 or 7 mod 8.

Now, let J be another real structure on H,, of KO-dimension 1 or 7 mod 8.
Define a unitary K on H by K = JX,,; thus, J = KX,,. Since the intertwining
condition of Equation 2.4 applies to both J and X,,, we have, in fact, that K €
U (H,,), and hence

K= P 1., ®Kap @ Ln,,
a,ﬁeﬁ
for Kop € U(mag). In particular, since K* = X,,,J = X,,, KX,,, we have that
Kpo = KL,

Let (o, 3) € supp(m), and suppose that a < 8. Let K, = Vaﬁf(agv;ﬂ

be a unitary diagonalisation of K,3, and let L,3 be a diagonal square root of

Kaﬁ- ThenKaﬁ = VaﬁLa,BLa,BV;g = (VaﬁLa,g)(@Laﬁ)T, and hence Kﬁa =
(VapLag) VapLap)®. If, instead, a = 3, then K, is unitary and complex sym-
metric, so that there exists a unitary W, such that K., = WaaWo:fa. We can now
define a unitary U € USY(H,,) by

U= P 1. @Uap @ 1n,,
a,ﬁej

where Uyg = 0 if mqog = 0, and for (o, 8) € supp(m),

VagLag7 if a < (3,
Ua,@ = %Lﬁou if a > ﬁ»
Weoa,  ifa=4.

Then, by construction, K = UX,,U*X,,, and hence, J = UX,,U", so that U is
the required unitary equivalence between (H,, Xp,) and (H,, J). O

We can now give our characterisation of real bimodules of K O-dimension 1 or
7 mod 8:

PropoSITION 3.18 (Krajewski [18, §3.2]). Let n = 1 or 7Tmod 8. Then the
map tn, : Bimod(A,n) — Bimod(A) defined by vy, : [(H,J)] — [H] is injective, and

(3.13) (mult ot,, ) (Bimod(A, n)) = Symg(Z>).

PROOF. First, since a unitary equivalence of real A-bimodules of K O-dimen-
sion n mod 8 is, in particular, a unitary equivalence of odd A-bimodules, the map
Ly, is well defined.

Next, let (H,J) and (H',J’) be real A-bimodules of KO-dimension n mod
8, and suppose that H and H’ are unitarily equivalent as bimodules; let U €
UiR('H’, H). Now, if m is the multiplicity matrix of H, then H and H,, are unitarily
equivalent, so let V € UiR(H,Hm). Then VJV* and VUJ'U*V* are both real
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structures of KO-dimension n mod 8, so by Lemma 3.17, they are both unitarily
equivalent to .J,,. This implies that J and UJ'U* are unitarily equivalent as real
structures on H, and hence that (¥, J) and (H’, J’) are unitarily equivalent. Thus,
Ln 1S injective.

Finally, Lemma 3.16 implies that (mult oc,, ) (Bimod(A, n)) C Symg(Z>¢), while
Lemma 3.17 implies the reverse inclusion. O

Thus, without any loss of generality, a real bimodule H of K O-dimension 1 or
7 mod 8 with multiplicity matrix m can be assumed to be simply (H,, Jm)-
One following characterisation of Ufth(H, J) now follows by direct calculation:

PROPOSITION 3.19. Let (H,J) be a real A-bimodule of KO-dimension 1 or
7 mod 8 with multiplicity matrix m. Then

(3.14)
comp(UiR('H, J)) = {(1na QUap ® 1n5)a,gej € Comp(UIXR(H)) | Upa = Tﬁ}

~ [ (O(m,m) < | U(maﬁ)).

acA BEA
B>«

3.3.2. KO-dimension 3 or 5 mod 8. Let us now turn to real bimodules of KO-
dimension 3 or 5 mod 8. We begin with the relevant analogue of Lemma 3.16.

LEMMA 3.20. Let (H,J) be a real A-bimodule of KO-dimension 3 or 5 mod 8
with multiplicity matriz m. Then m is symmetric with even diagonal entries, and
the only non-zero components of J are of the form Jgg for a, B € A, which are

anti-unitaries Hog — Hga satisfying the relations Jgf = —(Jgg)*
PROOF. The proof follows just as for Lemma 3.16, except that the equation
J? = —1 forces the relations Jgf = —(Jfg)*, which imply, in particular, that for

cach a € A, (J2)2 = —1, so that mg, must be even. O

Let us denote by Sym%(Zs) the set of all matrices in Symg(Zso) with even
diagonal entries. For n = 2k, let

0 -1
Q, = <1k ok> .
LEMMA 3.21. Letm € Sym%(ZZO). Define an antiunitary J,, on H,, by
(Xm)25 if (v,6) = (8,0) and o < 3,
~(Xm)as i (1,0)=(B.a) and a > B,
Qe (Xm)aa fa=p=y=4,
0 otherwise.

5
(Jm)lg =

Then, up to unitary equivalence, J,, is the unique real structure on H,, of KO-
dimension 3 or 5 mod 8.

PROOF. The proof follows that of Lemma 3.17, except we now have that K1, =
QmmKaaQﬁm instead of nga = Kaa; each Koy, is therefore unitary and
complex skew-symmetric, so that we choose W, unitary such that

Kozanaa = Waanaa WT

o)



30 BRANIMIR CACIC

or equivalently, Koo = WaaQm, WL, QL . One can then construct the unitary
equivalence U between (H,,, J) and (H, Jp, ) as before. O

Much as in the analogous case of K O-dimension 1 or 7 mod 8, Lemmas 3.20
and 3.21 together imply the following characterisation of real bimodules of KO-
dimension 3 or 5 mod 8:

PROPOSITION 3.22. Let n =3 or 5mod 8. Then the map t, : Bimod(A,n) —
Bimod(A) defined by vy, : [(H, J)] — [H] is injective, and

(3.15) (mult ot,,)(Bimod(A, n)) = Sym%(Zxo).
Finally, these results immediately imply the following description of UL (H, J):

PROPOSITION 3.23. Let (H,J) be a real A-bimodule of KO-dimension 3 or
5 mod 8 with multiplicity matrix m. Then

(3.16)
Uaa €Sp(Maa),
comp(UR(H, J)) = {(1% QUap @ lng)y pes € comp(UF(H)) | Use c i(ﬁ a;ﬁ)ﬂ}

=TT (S0m00) = ] Utmas)).

acA BeA
B>«

3.4. Real bimodules of even KO-dimension. We now come to the case of
even KO-dimension. Before continuing, note that for (H,~,J) a real bimodule of
even KO-dimension,

vpaq S KOO(A)a <Qap> = 5// <p7 q> )

as a direct result of the relation Jv = €’~.J; this is then equivalent to the condition
(3.17) n=¢"nt,

where N is the matrix of the intersection form. Thus, for KO-dimension 0 or
4 mod 8, the intersection form is symmetric, whilst for K O-dimension 2 or 6 mod 8,
it is anti-symmetric. It then follows, in particular, that a real A-bimodule of KO-
dimension 2 or 6 mod 8 satisfies Poincaré duality only if A has an even number
of direct summands in its Wedderburn decomposition, as an anti-symmetric k X k
matrix for k odd is necessarily degenerate.

3.4.1. KO-dimension 0 or 4 mod 8. We begin with the case where ¢’ =1 and
hence [, J] =0, i.e. of KO-dimension 0 or 4 mod 8.

Let (H,v,J) be a real A-bimodule of KO-dimension n mod 8, for n = 0 or
4; let the mutually orthogonal projections P¢¥*™ and P°d on H be defined as
before. Then, since [J,7] = 0, we have that J = J°" @ J°dd where JoVe =
peven jpeven and Jjodd = POdePOdd One can then check that (HeVe", Jeve") and
(Hedd, Jodd) are real A-bimodules of KO-dimension 1 or 7 mod 8 if n = 0, and
3 or 5 mod 8 if n = 4. On the other hand, given (Heve", JeV°") and (H°dd, jodd),
one can immediately reconstruct (H,~,J) by setting v = lypgeven @ (—1poaa) and
J = J" @ J°dd Thus we have proved the following analogue of Proposition 3.6:

PROPOSITION 3.24. Let A be a real C*-algebra. Let ko denote 1 or 7 mod 8,
and let ky denote 3 or 5 mod 8. Then for n = 0,4 mod 8, the map

C,, : Bimod(A,n) — Bimod(A, k) x Bimod(A, k)

given by Cp([(H,7, J)]) == ([(He, Joo)], [(HOd, JoIN)]) is an isomorphism of
monoids.
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One can then apply this decomposition to the group UI:lR(H7 v, J) to find:

COROLLARY 3.25. Let (H,v,J) be a real A-bimodule of KO-dimension 0 or
4 mod 8. Then

(318) UIAR(H,’Y, J) _ ijz‘l:{(f]_(even7 Jeven) P UiR(Hodd’ Jodd).

Combining Proposition 3.24 with our earlier characterisations of real bimodules
of odd KO-dimension, we immediately obtain the following:

PROPOSITION 3.26. Let n =0 or 4 mod 8. Then the map t,, : Bimod(A,n) —
Bimod®Y"(A) defined by [(H,v,J)] — ([(H,7)]) is injective, and
Symg(Z>¢) x Symg(Z>p) if n=0mod 8,

lteven n Bi dA7 =
(mu o) (Bimod(An) {Symos(Z>o) x Sym§(Zzo) if n =4 modS8.

In particular,
Bimod (A, n) := ¢, ' (Bimod{"*" (A))
is thus the set of all equivalence classes of quasi-orientable real A-bimodules of
K O-dimension n mod 8; the last Proposition then implies the following:
COROLLARY 3.27. Letn =0 or 4 mod 8. Then
(3.19) (mult, oty ) (Bimod, (A, n)) = Symg(Z).

3.4.2. KO-dimension 2 or 6 mod 8. Finally, let us consider the remaining case
where ¢ = —1 and hence {v,J} =0, i.e. of KO-dimensions 2 and 6 mod 8.
Let (H,~,J) be a real A-bimodule of K O-dimension n mod 8 for n = 2 or 6.

Since {J,~v}, we have that .
0 eJ*
J=("
(5 0)

where J := Podd jpeven jg ap antiunitary Heve® — H°4d 5o that for a € A,
)\odd<a) — jpeven(a*)j*7 pOdd(a) — j)\even(a*)j*-
It then follows, in particular, that mult[H°4] = mult[Heven]T.

Now, let J’ be another real structure on (H, ) of KO-dimension n mod 8, and
let J' = Podd j peven. Define K € USR(H,v) by K = lyeven @ (J'J*). Then, by
construction, J' = KJK*, i.e. K is a unitary equivalence of real structures between
J and J’. Thus, real structures of KO-dimension 2 or 6 mod 8 are unique. As a
result, we have proved the following analogue of Proposition 2.17:

ProroSITION 3.28. Let A be a real C*-algebra, and let n = 2 or 6 mod 8.
Then the map

C,, : Bimod(A,n) — Bimod(.A)
given by Cp([(H,~, J)]) := ([H®*"]) is an isomorphism of monoids.

Again, as an immediate consequence, we obtain the following characterisation

of UR(H, 7, J):

COROLLARY 3.29. Let (H,v,J) be a real A-bimodule of KO-dimension 2 or
6 mod 8. Then
(3.20)

UaR(H, v, J) — {Ueven ® Uodd e UaR(Heven) P UaR(HOdd) | Uodd — ervenj*}
~ UaR(Heven).
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Finally, one can combine Proposition 3.28 with our observation concerning
the uniqueness up to unitary equivalence of real structures of K O-dimension 2 or
6 mod 8 and earlier results on multiplicity matrices to obtain the following charac-
terisation:

PROPOSITION 3.30. Let n =2 or 6 mod 8. Then the map v, : Bimod(A,n) —
Bimod® " (A) defined by [((H,~,J)] — ([H,7]) is injective, and
(3.21)
(multeven OLn)(BimOd(A, ’I’L)) — {(meven odd) c M (ZZO)Q I modd —_ (meven)T}
& Ms(Z>o).

Once more, it follows that
Bimod, (A, n) := ¢, (Bimod{"*" (A)),

is the set of all equivalence classes of quasi-orientable real A-bimodules of KO-
dimension n mod 8, for which we can again obtain a characterisation in terms of
signed multiplicity matrices:

COROLLARY 3.31. Let n =2 or 6 mod 8. Then
(3.22) (mult, ot,,)(Bimod, (A, n)) = {m € Ms(Z) | m* = —m}.

3.4.3. S°-real bimodules of even KO-dimension. Let us now characterise quasi-
orientability, orientability and Poincaré duality for an even KO-dimensional S°-
real A-bimodule (H,, J, €) by means of suitable conditions on (H;,~;) expressible
entirely in terms of the pair of multiplicity matrices of (H;, )

We begin by considering quasi-orientability:

PROPOSITION 3.32. Let (H,v,J,€) be an S%-real A-bimodule of even KO-
dimension n mod 8. Then (H,~) is quasi-orientable if and only if (H;,;) is quasi-
ortentable and

supp (') Nsupp((mg4®)”) = 0 ifn=0,4,
supp( even) N supp(( even)T) _ supp( odd) ) supp(( odd) ) — (Z) an — 27 6,
for (m$ve™ medd) the multiplicity matrices of (Hi, i), in which case, if i and ju; =

mgven — fdd are the signed multiplicity matrices of (H,~y) and (H;, i), respectively,
then

(3.23) p=pi+e"ni

PRrROOF. First, let (m eve“,m"dd) and (m$¥e®, m¢dd) denote the pairs of multi-
picity matrices of (H ( v) and (H;,~;), respectively. It then follows that

even m?ven + (m?Veﬂ)T lf n= 07 4)
m =

mge + (mgNTif n =2, 6;

odd 1 (mod)T if p =0, 4,

mP4d 4+ (mgvem)Tif n =2, 6.

Thus Supp(meven) — Supp(m?ven> U Seven7 supp(mOdd) _ supp( odd) U Sodd
where

geven _ {supp(( mEe)T) i =0,4, goaa _ {supp(( meAT) ifn =0, 4,

3

supp((mg?)”) if n =2, 6; supp((mg*")”) ifn =2, 6.
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Then,

even odd

Nsupp(m = (supp(m Nsupp(m U Nsupp(m
: 5 Seven

even) odd) qdd))

U (Supp(mgvcn) N Sodd) U (chcn N Sodd)’
so that (H,~) is quasi-orientable if and only if (H;,7;) is quasi-orientable and
(5°¥™ M supp(m$9)) U (supp(ms¥e) N §°9d) = ¢,

K2

supp(m

as required.

Finally, if g = m®v*® —m°dd and p,; = m; " —m
matrices of (H,v) and (H;,~;), respectively, then the relations amongst m
medd mevenand mg9dd given at the beginning immediately yield the equation

= pi+e" i O

odd are the signed multiplicity

even
)

Let us now turn to orientability:

PROPOSITION 3.33. Let (H,7,J,€) be a quasi-orientable S°-real A-bimodule of
even KO-dimension n mod 8. Then (H,v) is orientable if and only if (H;, ;) is
orientable and, if n =2 or 6 mod 8, for all j € {1,..., N} such that K; = C,

(3'24> (:U’i)njﬁj = (/’l’i)ﬁjnj7
where p; is the signed multiplicity matriz of (Hi, ;).

PROOF. Let p be the signed multiplicity matrix of (H,~). Propositions 2.19
and 3.13 together imply that (H,~, J, €) is orientable if and only if

N N
%= Milsgn(fim)en)pie) =" > Niler)pi(sen(fire)ex),
k=1 k=1

and by considering individual components (y;)a3, one can easily check that this in
turn holds if and only if (H;,~;) is orientable and for all k € {1,..., N},

sgn(fikk) = € sgn(firk)-

This last condition is trivial when ¢’ = 1, i.e. when n = 0 or 4 mod 8, so let
us suppose instead that n = 2 or 6 mod 8, so that ¢/ = —1. If (H, ) is orientable,
then, by the above discussion, (H;,~;) is orientable and the diagonal entries of i
vanish, which in turn implies by Proposition 3.13 that for each I € {1,..., N} and

o —

all a, 8 € My, (K)), pap = 0. By antisymmetry of y, this is equivalent to having,
for all I € {1,..., N} such that K; = C, pn,m, = 0, or equivalently,

(Mi)n]-ﬁj = (Mi)ﬁjnj>
where p; is the signed multiplicity matrix of (H;,~;). On the other hand, if (H;, ;)
is orientable and this condition on p; holds, then p certainly satisfies the above
condition, so that (H, ) is indeed orientable. O

Finally, let us consider Poincaré duality.

PROPOSITION 3.34. Let (H,~,J,¢) be an S°-real A-bimodule of even KO-
dimension n mod 8, let (mSve®, m?4d) denote the multiplicity matrices of (Hi,7:),

and let N denote the matriz of the intersection form of (H,~). Finally, let p; =
mever — modd. Then

(3.25) N = T+ "7 s
so that (H,~) satisfies Poincaré duality if and only if i +€" i is non-degenerate.
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PROOF. By Proposition 2.20, N = N; + £”’N7 for N; the matrix of the inter-
section form of (H;,;), which, together with Proposition 3.14, yields the desired
result. O

3.5. Bimodules in the Chamseddine—Connes—Marcolli model. To il-
lustrate the structure theory outlined thus far, let us apply it to the construction
of the finite spectral triple of the NCG Standard Model given by Chamseddine,
Connes and Marcolli [4, §§2.1, 2.2, 2.4] (cf. also [8, §1.13]).

Let App = COH ®Hir® M3(C), where the labels L and R serve to distinguish
the two copies of H; we can therefore write Aip = {1,1,21,2g, 3,3} without
ambiguity. Now, let (Mpg,vr, Jr) be the orientable real Ay g-bimodule of KO-
dimension 6 mod 8 with signed multiplicity matrix

0 0 -1 1 0 0
00 0 0 0 0
1 0 0 0 1 o0
F=1-1 0 0 0 -1 0
0 0 -1 1 0 0
0O 0 0 0 0 0

This bimodule is, in fact, an S%real bimodule for e = A\(—1,1,1,-1); £ = (Mx);
is then the orientable even Ay g-bimodule with signed multiplicity matrix

0 00 0 0 O

0 000 0 0
|1 000 1 0
Fe=1_1 00 0 -1 0
0 000 0 O

0 000 0 0

Note, however, that neither Mg nor £ satisfies Poincaré duality, as

0 -1 1 0 0 00 0
1 0 0 1 1 00 1
F=1-1 0 o —1|> "= |-1 0 0 -1

0 -1 1 0 0 00 0

are both clearly degenerate; the intersection forms of Mg and £ are given by the
matrices N = 2/i and Ng = 2Jug, respectively.

In order to introduce N generations of fermions and anti-fermions, one now
considers the real A-bimodule Hp := (Mp)®V; by abuse of notation, yr, Jr and
€r now also denote the relevant structure operators on Hp. In terms of multiplicity
matrices and intersection forms, the sole difference from our discussion of Mp is
that all matrices are now multiplied by V.

Now, let Ap = C @ H ® M3(C), which we consider as a subalgebra of Apgr by
means of the embedding

(C,q;m) — (C,q, (6\ g>,m);

just as we could for Ap g, we can write ;l; ={1,1,2,3,3} without ambiguity. We
can therefore view Hp as a real Ap-bimodule of KO-dimension 6 mod 8, whose
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pair of multiplicity matrices (m®e", m°dd) is then given by

—~

11000 1 0110
00000 1 0010
mY"=N|1 0 0 1 0, m¥=N|0 0 0 0 0};
11000 00100
00000 00000

the essential observation is that the irreducible representation 2r of Apg corre-
sponds to the representation 1 ® 1 of Ap, whilst 27, 3 and 3 correspond to 2, 3
and 3, respectively.

Note that Hp now fails even to be quasi-orientable let alone orientable, with
the sub-bimodule (H )11 providing the obstruction, and even if we were to restore
quasi-orientability by setting (Hr)11 = 0, (Hr);7 and (Hp)g; would still present
an obstruction to orientability by Proposition 3.13. Note also that Hr must nec-
essarily fail to satisfy Poincaré duality, as the matrix N of its intersection form is
a 3 x 3 anti-symmetric matrix, and thus a priori degenerate. Let us nonetheless
compute Ng:

- 2 0 0 2 1 2 0o -1 -2
meven _modd = N [1 0 1] =N[0 O O] =N1|1 0 1 s
2 0 0 01 0 2 -1 0

and hence, by Proposition 3.14,

0 -1 -1
Np=2N |1 0 1
1 -1 0

Finally, let us consider the S°-real structure on Hp the Ap-bimodule, inherited
from Hp as an Appg-bimodule; we now denote (Hp); by Hy. One still has that
Hy = EPN, which is still orientable and thus specified by the signed multiplicity
matrix

-1 0 0 -1 0
-1 0 0 -1 0
pp=N|[1 0 0 1 0];
0 00 0 O
0 00 0 O
the intersection form is then given by the matrix
-1 0 -1
Ng=2N|1 0 1|,
0 0 0

so that Hy fails to satisfy Poincaré duality as an Ap-bimodule.

4. Dirac Operators and their Structure

4.1. The order one condition. We now examine the structure of Dirac
operators in detail. We will find it useful to begin with the study of operators
between A-bimodules (for fixed A) satisfying a further generalisation of the order
one condition. Thus, let A be a fixed real C*-algebra, and let H; and Hs be fixed
A-bimodules with multiplicity matrices m; and mg, respectively.
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DEFINITION 4.1. We shall say that a map T € L(H;,Hs) satisfies the gener-
alised order one condition if

(4.1) Va,b e A, (A2(a)T —TA1(a))p1(b) = p2(b)(Ma(a)T — TAi(a)).

Note that if H; = Ho, then the generalised order one condition reduces to the
usual order one condition on Dirac operators.

It is easy to check that the generalised order one condition is, in fact, equivalent
to the following alternative condition:
(42)  Vabe A, (pa(a)T — Tp1(@)Aa(b) = Ao(b)(p(a)T — T (a)).
Thus, the following are equivalent for T' € L(H1, Ha):

(1) T satisfies the generalised order one condition;
(2) For all a € A, \y(a)T — TXi(a) is right A-linear;
(3) For all a € A, p2(a)T — Tpi(a) is left A-linear.

Now, since the unitary group U(A) of A is a compact Lie group, let p be the
normalised bi-invariant Haar measure on U(A).

LEMMA 4.2. Let Hy and Hy be A-bimodules. Define operators Ey and E, on
Eh(Hl, Hg) by
(4.3)

BD) = [ dpha@Thn ), ET)i= [ duwpalu ) Tp(w).
U(A) U(A)
Then Ey and E, are commuting idempotents such that
im(Ey) = L4(H1, H), im(E,) = L5 (H1, Ha),

and

ker(Ey) = im(id —Ey) C L% (H1, Ha), ker(E,) =im(id —E,) C L5 (H1, Ha),
while

im(E\E,) = LY (Hy, Ha).

Proor. First, the fact that £y and E, are idempotents follows immediately
from the Fubini-Tonelli theorem together with translation invariance of the Haar
measure j, whilst commutation of Ey and E, follows from the Fubini-Tonelli the-
orem together with the commutation of left and right actions on H; and on Hs.
Moreover, by construction, Ey and E, act as the identity on £Y%(H;,H2) and
LR (H1,Hz), respectively, so that

im(Ey) D LY(H1, H), im(E,) D L% (H1, Ha).
Now, let T' € LY (H1, Ha). Then, by translation invariance of the Haar measure,
it follows that for any u € U(A),
EA(T) = M) Ex(T)As(w)*,  By(T) = pa(u) Ey(T)pr(u)",
or equivalently,
A2(u)EX(T) = Ex(T)A1(u),  pa(u)Ey(T) = E,(T)p1(u).
By the real analogue of the Russo-Dye theorem [19, Lemma 2.15.16], the convex
hull of U(A) is weakly dense in the unit ball of A, so that

A2(a) EX(T) = Ex(T)A1(a),  pa(a)Ey(T) = Ep(T)p1(a)
for all a € A, i.e. Ex(T) € L5(H1,Ha) and E,(T) € LR (H1, Ha).
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On the other hand,

(id —B\)(T) = /U o TN = XD )

(a-E)T) = [ SO — D),

so that by the generalised order one condition, (id—FE)(T) € L£%(H1,H2) and
(id—E,)(T) € L% (H1, H2).

Finally, the commutation of Ey and F, together with our identification of
im(E») and of im(E,) imply the desired result about im(E\E,). O

Now, since
im(id —Ey) Cim(E,), im(id—E,) Cim(E)),
one has that
(id—E\)E, =i1d—E\, (id—E,)E\=id—E,,

which implies in turn that id —E,, E\E, and id — E are mutually orthogonal idem-
potents such that

(id—E,)+ E\E, + (id—E\) =1id.
We have therefore proved the following:

PROPOSITION 4.3 (Krajewski [18, §3.4]). Let L% (H1,H2)? denote ker(Ey), and
let L% (H1,H2)? denote ker(E,). Then

(4.4) LY (Hi, Ha) = L5 (H1, H) @ L8 (Hy, Ha) @ L5 (Ha, Ha)P,
where

(4.5) LU (H1, Ho)® @ L5 (Hy, Ha) = L5 (H, Ho)

and

(4.6) LY (Hy, Ho) @ L5 (Hy, Ho)® = L5 (Hy, Ha).

Thus, elements of £ (H1,H2)° can be interpreted as the “purely” left A-linear
maps H; — Ha, whilst elements of £ (H1,H2)? can be interpreted as the “purely”
right A-linear maps H; — Ho.

One can readily check that the decomposition of Proposition 4.3 is respected
by left multiplication by elements of £}‘4R(H2) and right multiplication by elements
of EiR(Hl)

PROPOSITION 4.4. For any T € LY (H1,Ha), A € LYR(H1), B € LYR(H2),

E\(AT) = AE\(T), E,(TB)=E,(T)B.

Now, if T € L(H;,Hs), it is easy to see that T satisfies the generalised order

one condition if and only if each T;g satisfies the generalised order one condition

within £((H1)ag, (H2)~s); by abuse of notation, we will also denote by Ey and E,
the appropriate idempotents on each L£((H1)ag, (H2)s). It then follows that

E(T)1% = BEA(TY)), B (T)1% = E,(T2).

Finally, let us turn to characterising ker(F\) and ker(E,); before proceeding,
we first need a technical lemma:
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LEMMA 4.5. Let G be a compact Lie group, and let y be the bi-invariant Haar
measure on G. Let (H,m) and (H',7') be finite-dimensional irreducible unitary
matriz representations of G. Then for any T € L(H', H), if 7 Z ©’ then

(4.7) /Gdu(g)W(g)Tﬂ’(g’l) =0,
and if # =2 7/, then for any unitary G-isomorphism U : H' — H,

(48) /G du(g)n(g)Tr'(g™) =

= dimHtr(TU )U.

PROOF. Let

7= /G dpulg)e(g)T (g7),

which, by translation invariance of the Haar measure y, is a G-invariant map. If
7 2 7', then Schur’s Lemma forces T to vanish. If instead 7 = 7/, let U : H — H’
be a unitary G-isomorphism. Then by Schur’s Lemma there exists some o« € C
such that T = aU; in fact,

= tr(UU*) = tr(TU™).

“T YQmH i ) dim H i )
One can then show that tr(7U*) = tr(TU*) by introducing an orthonormal basis
of H and then calculating directly. |

We now arrive at the desired characterisation:
PROPOSITION 4.6. If T € L% (H1,Hs), then Ex(T) = 0 if and only if for all
a, 3 € supp(mi) N supp(ma),
Tag € 51(na) ® Mima)anx(my)as(C) ® Lns,
and if T € L% (H1,Hz), then E,(T) = 0 if and only if for all o, B € supp(my) N
supp(mz),
Tc(vl,g € Lng @ M(my) oy (m1)as (C) @ sl(ng).

PROOF. Let T' € LK (H;,Hs). Then, by Proposition 3.4, it suffices to consider
components T(zg for a, B, v € A, which take the form

B _
T = Mgﬁ®1nﬁ

[0}

for Mgﬁ S anxna(c) 24 M(m2)~,ﬁ><(m1)aﬁ((c)‘
Now fix «, 3, v € A, and write

k
M), =) A;®B;
i=1

for A; € My, xn, (C) and for B; € M(1n,)_ ;% (my)., (C) linearly independent. It then
follows by direct computation together with Lemma 4.5 that

k .
E\(T7%) = % (Zi:l tr(4;)1,, ® Bi) ®1,, ifa=r,
" 0 otherwise,

so that by linear independence of the B;, EA(T;’g ) vanishes if and only if either
a # v or, « = 3 and each A; is traceless, and hence, if and only o # v or, @« = 3
and Mg, € $l(na) ® Mmy) 5% (my)as (C), as required.
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Mutatis mutandis, this argument also establishes the desired characterisation
of ker(E,). O

4.2. Odd bilateral spectral triples. Let us now take H; = Hy = H. By
construction of E'y and F,, the following conditions are readily seen to be equivalent
for T € LY (H):

1) T is self-adjoint;

2) E\(T) and (id —FE\)(T) are self-adjoint;

3) (id—E,)(T) and E,(T) are self-adjoint;

4) (id—E,)(T), (ExE,)(T) and (id —E\)(T) are self-adjoint.
Thus, in particular,

(49) Dy (Av H) = ‘CI.,zl(H)ga @ ‘CaR(H)sa @ 'Cﬁ(H)Sa
In light of Proposition 4.4, we therefore have the following description of D(A, H):

(
(
(
(

PROPOSITION 4.7. Let ‘H be an A-bimodule. Then
(4.10) D(A,H) = (LA(H)% *x LI (H)sa x LI(H)G) /UL (M),
where UaR('H) acts diagonally by conjugation.
Now, in light of Propositions 3.4, 4.3 and 4.6, we can describe how to construct
an arbitrary Dirac operator on an odd A-bimodule H with multiplicity matrix m:
(1) For a, B, v € % such that a < v, choose M;B € M m.sxnamas (C);
(2) For a, 8, § € A such that § < 4, choose Ngﬁ € Mo snsxmasns(C);
(3) For a, g € ./Zl\, choose Mgy € My m,, (C)ga and N(fﬁ € M 5ns(C)sa;
(4)

4) Finally, for o, 3, v, 0 € .,Zl\, set

M;ﬁ®1nﬂ ifa<~vand =79,
(MS3)" @ 1, it o>~ and §=19,
na ® N34 if @ = d s,

(4.11) Dt = { e @ Ny ifa=7yandf<
In, ® (NLg)* ifa=~and > 9,
Mgy @ Lo, + 1o, ® Ny if (0, 8) = (7,0),
0 otherwise.

Note that for any K = (1,,, ® Kap ® 1,,),, sed € ,C{;lR(H)S.d (so that each K,z

is self-adjoint), we can make the replacements
Mg — M5+ 1., ® Kag, Nij NPy — Kop®1,,,

and still obtain the same Dirac operator D; by Proposition 4.3, this freedom
is removed by requiring either that Mg, € sl(ng) ® My,,,(C) or that Ngﬁ €
M, ,(C) @ sl(ng).

We now turn to the moduli space D(A,H) itself. By the above discussion and
Corollary 3.5, we can identify the space Do(A, H) with

(4.12) Do(A,m) = [ TI Muymosxnamas(C) x (s(n) @ My, ,(C))

a,BeEAvEA
Y>>

sa

x H M sn5xmapns (C) X Mo g0 (C)sas

scA
>
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and identify UL (H) with

(4.13) U(A,m) := H U(mag)-
a,ﬁej
By checking at the level of components, one sees that the action of UI;lR (H) on the

space Do(A, H) corresponds under these identifications to the action of U(A, m) on
Do(A, m) defined by having (U,g) € U(A, m) act on

(M 53 MSg; NS N23) € Do(A,m)
by

M(Zﬁ = (1nw ® U“/B)M(Z[a(lnuﬁ ® U«;ﬁ)a Ngﬁ = (Uas ® 1n5)N£ﬁ(Ugﬁ ® 1n;¢)~
We have therefore proved the following:

PROPOSITION 4.8. Let ‘H be an odd A-bimodule with multiplicity matriz m.
Then

(4.14) D(A,H) = Do(A,m)/ U(A,m).

4.3. Even bilateral spectral triples. For this section, let (H,~) be a fixed
even A-bimodule with pair of multiplicity matrices (meve®, m°dd).

Now, let D be a self-adjoint operator on H anticommuting with . Then, with
respect to the decomposition H = HeV" @ H°I we can write

0 A
=3 V),

where A = P°ddppeven viewed as a map HEV — H°d, Thus, D is uniquely
determined by A and wvice versa. Moreover, one can check that D satisfies the
order one condition if and only if A satisfies the generalised order one condition as
a map H*" — 44, We therefore have the following:

LEMMA 4.9. Let (H,~) be an even A-bimodule. Then the map Do(A, H,v) —
LY (Heven, Hodd) defined by D — P°YIDP™" s an isomorphism.

We now apply this Lemma to obtain our first result regarding the form of
D(A,H,7):

PropOSITION 4.10. The map

'D(A, H, 7) N UIAR(HOdd)\;C}L‘(Heven,HOdd)/UI’Z\R(HGVBH)

defined by [D] +— [P°YDP*"] is a homeomorphism.

PRrROOF. Recall that USR(H,~) = ULE(Hever, Hodd). We therefore have for
D € Do(A, H,7) and U = Uev*» @ U°d ¢ ULR(Heven, 1°dd) that

Podd UDU*Peven — UoddpoddDPeven(Ueven)*.

Thus, under the correspondence Do(A, H,v) = L1 (H*", Hdd), the action of
UI‘L‘R(H, ) decouples into an action of UaR(HOdd) by multiplication on the left and
an action of USY(He*") by multiplication by the inverse on the right. Thus, the

map [D] — [P°d4DPeven] is not only well-defined but manifestly homeomorphic.
O

Combining this last Proposition with Proposition 4.3, we immediately obtain
the following:
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COROLLARY 4.11. Let (H,7) be an even A-bimodule. Then
(4.15) DA, H, ) = UZ (RO (LG (He, 7o)
X £LR(Heven Hodd) % ER(Heven Hodd)O)/ULR(Heven)’

where U (1) acts diagonally by multiplication on the left, and USR (HEV*™) acts
diagonally by multiplication on the right by the inverse.

Now, just as we did in the odd case, let us describe the construction of an
arbitary Dirac operator D on (H,~):

(1) For a, 3, v € A, choose M), €M, MO8 X YT (C);
(2) For a, 3,0 € A, choose Ng eM,, meding xmeYenn g (C);
(3) Comstruct A € L1 (K", 1) by setting, for a, 3, 7, § € A,

M5 ® 1, ifa#~yand =96,
s 1, (X)N5 if a =+ and 3 # 9,
(4.16) AL = PR -
M 5 ® lnﬂ +1n, @ Ny if (o, 8) = (7,9),
0 otherwise;

(4) Finally, set D= (8 4").
Again, note that for any K = (1,, ® Kag ® lng), gcq € LER(Heven podd)
we can make the replacements
Mg — M35+ 1,, ® Kog, Ny NPy — Kop®1,,,
and still obtain the same Dirac operator D; by Proposition 4.3, this freedom is
removed by requiring either that
SB S 5[(na) ®M,, modd x meyen ((C)
or that
Nl eM et smeven (C) ® sl(ng).

Just as in the odd case, the above discussion and Corollary 3.5 imply that we
can identify Dg(A, H,~) with

even odd
(4.17) Do(A,m = 1] II»™ ot mesen (C)
,ﬁEA 'yEA
Yo
x (s1(10) © Mypgapcamerss (©)) % T Mo smergin (©),
scA

and identify UL (Hever) and UL (H049) with U(A, mev®) and U(A, mOdd) respec-
tively, which are defined according to Equation 4.13. The actions of U R (Heve") and
ULE(HE) on £ (Heven, 1) therefore correspond under these 1dent1ﬁcat10ns to
the actions of U(A meve) and U(A, m°49), respectively, on Dg(A, mever, medd)
defined by having (UOdd) € U(A, m°dd) and ( S5™) € U(A,m¥e) act on

(M 5; M& 55 NS j3) € Do(A,me¥™, m9)
by

MV

af ( ® UOdd) aﬁ’ Ngﬁ = (U&)gd ® I”J)Ngﬂ’
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and
My— M) (1,, @ (USE™)), Nog— Nos(USE™) @ 1,,),

respectively. Thus we have proved the following:

N

PROPOSITION 4.12. Let (H, ) be an even A-bimodule with multiplicity matrices
(meven7modd)‘ Then

(4.18) D(A, H,~) = U(A, m*Y )N\ Dy (A, me™, m®I9) / U(A, me™e).

In the quasi-orientable case, the picture simplifies considerably, as all com-
ponents Agg necessarily vanish. One is then left, essentially, with the situation
described by Krajewski [18, §3.4] and Paschke-Sitarz [20, §2.II] ; as mentioned
before, one can find in the former the original definition of what are now called
Krajewski diagrams. These diagrams, used extensively by Iochum, Jureit, Schiicker
and Stephan [12-16, 22], offer a concise, diagrammatic approach to the study of
quasi-orientable even bilateral spectral triples that strongly emphasizes the under-
lying combinatorics. Though they do admit ready generalisation to the non-quasi-
orientable case, we will not discuss them here.

We conclude our discussion of even bilateral spectral triples by recalling a result
of Paschke and Sitarz of particular interest in relation to the NCG Standard Model.

PROPOSITION 4.13 (Paschke-Sitarz [20, Lemma 7]). Let (H,~) be an orientable
A-bimodule. Then for all D € Do(A, H,7),

N
(4.19) D= Z (e)[D, Ae)] + > pler) D, pler)].
Zij;ﬁjl k];l;é:ll

PrOOF. Fix D € DO(A H, ), and let

Mz

T:=D— ZA )[D, Mej)] —

3,j=1 k
i#]
N
=D — Y Aei)DA(ej) —
ij=1
i#£]
Then for all o, 8, 7, § € /Al,
) Dl @) =r(y),r(B) =
To5=4-Dly ifr(a)#r(y), 7(B) #

0 otherwise,

plex)[D, p(er)]

N
Il
-

MZ
ol
S

plex)Dp(er).

>

Eal

* T

B
L

r(6),
r(6),
where for o € A, r(a) is the value of j € {1,...,N} such that o € Mk/J(RJ)
However, by Proposition 4.3, Dg% must vanish in the second case, whilst by Propo-
sition 3.13, Dg‘; must vanish in the first, so that 7= 0. O

Now, let (A, H, D, J,~y) be a real spectral triple of even K O-dimension. A gauge
potential for the triple is then a self-adjoint operator on H of the form

> Maw)[D, A(br)],

k=1
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where a1,...,an, b1,...,b, € A, and an inner fluctuation of the metric is a Dirac
operator Dy € Do(A, H, J,v) of the form

Dy:=D+ A+ JAJ* =D+ A+ JAJT™,

where A is a gauge potential. One then has that for any gauge potential A,
(A, H,D, J,~) and (A, H,Dy,J,v) are Morita equivalent. In this light, the last
Proposition admits the following interpretation:

COROLLARY 4.14. Let (H,J,7) be an orientable real A-bimodule of even KO-
dimension. Then for all D € Do(A, H,~,J),

N
(4.20) A== Ae)D, Aey)]
ij=1
T
is a gauge potential for the real spectral triple (A, H, D, J,~) such that Dy = 0.

Thus, every finite orientable real spectral triple (A, H, D, J,v) of even KO-
dimension is Morita equivalent to the dynamically trivial triple (A, H, 0, J,~).

4.4. Real spectral triples of odd KO-dimension. For this section, let
(H, J) be areal A-bimodule of odd K O-dimension n mod 8 with multiplicity matrix
m. We begin by reducing the study of Dirac operators on (H,J) to that of self-
adjoint right A-linear operators on H.

PropoOsSITION 4.15 (Krajewski [18, §3.4]). Let (H,J) be a real A-bimodule of
odd KO-dimension n mod 8. Then the map R, : L5 (H)sa — Do(A, H,J) defined
by R,(M) := M + &' JMJ* is a surjection interwining the action of UL (H,J)
on LK (H)sa by conjugation with the action on Dy(A, H,J) by conjugation, and
ker(R,) C ET;lR(H)Sa.

PROOF. First, note that R, is indeed well-defined, since by Equation 2.4, for
any M € L5 (H)sa, JMJ* € L% (H)sa, and hence R, (M) € Do(A, H, J).

Now, let E) and E, be defined as in Lemma 4.2, and let E\ =id —E), £, =
id —E,. Then, by construction of Ey and E, and Equation 2.4, for any T’ € LY (H),

E\(JTJ*) = JE,(T)J*, E,(JTJ*) = JE\(T)J".
Hence, in particular, for D € Do(A, H, J), since JDJ* = &' D,

D= L(By + B,)(T) + 3 (Bx + B,)(T)

1
2

— (38 + B)(D)).

where 1(E} + E,)(T) € L5 (H)sa-

Finally, that R, interwtines the actions of UiR(H, J) follows from Proposi-
tion 4.4 together with the fact that elements of UIXR(H, J), by definition, commute
with J, whilst the fact that R, (M) = 0 if and only if M = —’JM J* implies that
ker(R,,) C L5 (H)sa. O

(E\ + B,)(T) + e’J%(E; + E,)(T)J*
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It follows, in particular, that ker(R,,) is invariant under the action of U%(H, J)
by conjugation, so that the action of U (H, J) on L% (H)s, induces an action on
the quotient £ (H)sa/ ker(R,), and hence R,, induces an isomorphism

(4.21) Do(A, H, J) = LK (H)sa/ ker(R,,)
of USR(H, J)-representations. Thus we have proved the following:

COROLLARY 4.16. Let (H, J) be a real A-bimodule of odd K O-dimension n mod
8. Then

(4.22) D(A,H,J) = (L5 (H)sa/ ker(Ry)) /UL (K, T).
Discussion of D(A, H, J) thus requires discussion first of ker(R,,):

LEMMA 4.17. If K = (15, @ Kag ® 1n,), e 1 € LY (H)sa, then K € ker(R,,)
if and only if for each o, B € A such that o # [,

(4.23) Kgo = —€'Kl;,

and for each o € ./Zl\,
Sym,, (R) ifn=1,

(4.24) Koo € Ra(n) = { 5P(Ma0) ifn=3
Mmaa/Z(H)sa an = 5;
150(Maq) ifn=".

PROOF. By definition of R,, K € ker(R,) if and only if K = —¢/JKJ* =
—ee’ JK J, and this in turn holds if and only if, for o, 3 € A such that a # 3,
Kop = —€'Kj,,
while for o € .Z,
Ko —&' Ko, ifn=1o0r7,
&I Kool ifn=3or 5,
where I, = Q,,,, o complex conjugation. In the case that n = 3 or 5, however, by
construction, M, /o(H), viewed in the usual way as a real form of My, (C), is
precisely the set of matrices in M, (C) commuting with I,. This, together with

the hypothesis that K is self-adjoint, so that each K,z is self-adjoint, yields the
desired result. (]

We can now describe the the construction of an arbitrary Dirac operator D on
(H,J):
(1) For o, 8, v E.ﬁ such that o < 7, choose M;*B € My msxnamas(C);
(2) For o, B € A, ch(lose M5 € My m,s(C)sas
(3) For o, 3,7, § € A, set
M@ 1n, ifa<vyand §=9,
(4.25) M) = (MS5)" ® 1n, ifa>~yand f =4,
Mgﬁ ® 1”5 if (aaﬂ) = (77 6)7
0 otherwise.

(4) Finally, set D = R,,(M).
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Now, let K = (1o, ® Kap @ 15,), sz € ker(Ry), so that each Kqpg is self-

adjoint, and for o, 3 € A such that a # 3, Kgo = fs’Kgﬁ and Ky € Ra(n).
Thus, K is uniquely specified by the matrices K5 € My, ,(C)sa for o < 3 and by
the Koo € Ra(n). Then, we can replace M by M + K, i.e. make the replacements,
for o, B € A such that o < G,

= M+ 1o, ® Kag, Mj, — Mj, + 1., ® (—'KLp),
Mg *-’Ma + ]-na ®Kaa
and obtain the same Dirac operator D. However, this is a freedom cannot generally
be removed as we did in earlier cases, as it reflects precisely the non-injectivity of
R,.

By the above discussion and Propositions 3.19 and 3.23, we can identify the
space Do(A, H, J) with

(4.26) Do(A,m,n) == [] [Mnamm(@sa/am ® Ra(n))

ae.ﬁ
X H nam(,lg sa@Mn@maB (C)sa)/Mma,B(C)sa X H Mn,ymngnamag (C) )
peA B,yeA
B>a Y>a

where My, ,(C)sa is viewed as embedded in My, m,;(C)sa @ Myym,,(C)sa via the
map

K= (1n, ® K) @ (—€'1n, ®KT),
and UL (H, J) with

(4.27) U(A,m,n) = H <Ua(n) X H U(ma,g))7

acA BEA
B>«

where

U ( ) O(maa) ifn=1or 7,
w(n) =
Sp(Mmaq) ifn=3orb5.

Then the action of USY(H; J) on Dy(A, H;J) corresponds under these identifica-
tions to the action of U(A,m,n) on Dyo(A,m,n) defined by having the element

(Uaa; Uap) € U(A, m,n) act on ([M2,]; [(Mgﬁ,Mﬁ ); Mgﬁ) € Do(A, m,n) by
[M((ja] = [( Y Uaa) aa( Na & U;a)]

(ME, M2 )] [(( @ Uag) M (L, © Uy), (L, @ T M2 (1, 0 UT) .

(In, @ Uyp) M 5(10, @ Up) if a < B, v <9,

e (1n, ®%)M;ﬁ(lna @UL,) ifa>p,v<d,
B (In, @ Ups) M 5(1p, @ UZg) if < B,y >4,
(1n, @ Usy )M 5(10, @ UG,) ifa> B,y > 4.

We have therefore proved the following:
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PROPOSITION 4.18. Let (H,J) be a real A-bimodule of odd KO-dimension
n mod 8 with multiplicity matrix m. Then

(4.28) D(AH,J) 2 Dy(A,m,n)/ UA m,n).

4.5. Real spectral triples of even KO-dimension. We now turn to real
spectral triples of even K O-dimension. Because of the considerable qualitative
differences between the two cases, we consider separately the case of KO-dimension
0 or 4 mod 8 and K O-dimension 2 or 6 mod 8.

In what follows, (H,~,J) is a fixed real A-bimodule of even KO-dimension
n mod 8 with multiplicity matrices (m®'°", m°49); we denote by L1 (Hever, Hodd; J)
the subspace of £}4(He"e“,H°dd) consisting of ¢ such that

0 A*
(A 0 ) € Do(A, H;, J).
It then follows that
(429) DO(.A, H, v, J) o ‘C}‘t(Heven, HOdd; J)

via the map D +— P°ddp peven,

4.5.1. KO-dimension 0 or 4 mod 8. Let us first consider the case where n = 0
or 4 mod 8, i.e. where ¢/ = 1. Then J = J°¥°" @ J°4 for anti-unitaries J°¥°" and
Jo4d on Heven and HO94 respectively, such that (Hever, Jever) and (H°44, J°dd) are
real A-bimodules of KO-dimension n’ mod 8, where n’ =1 or 7if n =0, 3 or 5 if
n = 4. In light of Corollary 3.25, one can readily check the following analogue of
Proposition 4.10:

PrROPOSITION 4.19. The map
D(A, H, 7, J) N UhR(HOdd, JOdd)\ﬁh(Heven, Hodd; J)/ UaR('Heven7 Jeven)
defined by [D] — [P°Y4DP*"] is a homeomorphism.

Here, as before, U];\R(H‘)dd, J°44) acts by multiplication on the left, whilst the
group UIZR (Heven, Jeven) acts by multiplication on the right by the inverse.
We now prove the relevant analogue of Proposition 4.15:

PROPOSITION 4.20. The map R, : L (H", Hodd) — LY (Heven, 7o, J) de-
fined by R,(M) := M + JoWM(JeV™)* is a surjection interwining the actions of
ULR(Hodd, jodd) by multiplication on the left and of USR(Hever, Jever) by multipli-
cation on the right by the inverse on L5 (H*°", H°) and L1y (A, HEV, HOd, ),
and ker(R,,) C LER(Heven, Hodd),

PROOF. First note that
l:}‘l(Heven,Hodd, J) — {A c ‘Ck(Heven7Hodd) | A = JoddA(Jeven)*}’

so that R,, is indeed well-defined by construction. Moreover, since U (Hever, jeven)
and ULR(Hdd  jodd) commute by definition with JV** and J°%9, respectively, it
then follows by construction of R,, that R,, does indeed have the desired intertwin-
ing properties.

Next, for M € L5 (H*", H°), we have that R, (M) = 0 if and only if
M = —Jeddp(Jeven)* but M is right A-linear if and only if JoddM(Jeven)* =
eJoddpg Jeven g left A-linear, so that M € LER(Hever, Hodd) as claimed.
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Finally, it is easy to check, just as in the proof of Proposition 4.15, that for
Ac Eh(Heven,Hodd, J),

A =R, (;(EQ + Ep)(A)> ;

where 1(E + E,)(A) € L (Heven, Hodd), O

Again, just as in the case of odd K O-dimension, this last result not only implies
that the actions of ULF(Heven, Jeven) and ULF (10, jodd) on LB (Hever HOdd) de-
scend to actions on L& (Heven, Ho4d) /ker(R,,), but that R,, descends to an isomor-
phism L5 (Heven, 7o) /ker(R,,) = LY (He", H°4d; J) intertwining the actions of
ULE(Hever ) gever) and URR(Hedd ) jodd) | thereby yielding the following

COROLLARY 4.21. Let (H,~, J) be a real A-bimodule of KO-dimension n mod 8
forn=0 or4. Then
(4.30)

D(A, H, 7, J) o~ U_[AR(HOdd, Jodd)\ (Ei(Heven, HOdd)/ker(Rn)> /U_[AR(Heven, Jeven)

Mutatis mutandis, the proof of Lemma 4.17 yields the following characterisation
of ker(R,,):

LEMMA 4.22. If K = (1n, ® Kap ® 1n,), ge g € LA R, HOM), then K €
ker(R,,) if and only if for each o, B € A such that o + 0,

(4.31) Koo = o,
and for each o € .,1}

(4 32) K ER (n) _ iMmgC};ixmf,V;n (R) an — 07
| h i iMm?{Ld/2><sz;“/2(H) ifn =4.

Note that such a map K € EiR(He"e“, H°4d) is therefore entirely specified by
the K, € Mmz%dez\;n (C) for a < # and by the Kyo € Ra(n).

Let us now describe the construction of an arbitrary Dirac operator D on the
real A-bimodule (H,~, J) of KO-dimension n =0 or 4 mod 8:

(1) For , B, v € A, choose M;B €M, danameavﬁen(C);

mis
(2) Construct M € Ei(HeV"“,HOdd) by setting for «, 3, v, § € A,
M, ®1, if8=36

4.33 MY ={ "B = e ’
(4.33) of { 0 otherwise;

(3) Finally, set

_ 0 Ry(M)

(4.34) D= (RH(M) o > .

Just as before, if R, is non-injective, we can make the substitution M —
M + K for any K € ker(R,,) and obtain the same Dirac operator D; at the level of
components, we have for «, 8 € A such that a < 3,

MGy M&y+1,, ® Kag, Mj, — Mj, +1,, @ (—Kapg)

«

M, — MS, +1,, & Kyo-

«

With these observations in hand, we can revisit the moduli space D(A, H,~, J).
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By the discussion above and Corollaries 3.19 and 3.23, we can identify the space
Do(A, H,~,J) with

(4.35)  Do(A, me", m°d n) .= H My, modd xnameven (C)/ (15, ® Ra(n))

aeﬁ
<[] ot gmessn (C) @ My, modd i moven (C))/Mypoad s meven (C)
BeA
B>a

X H odd X Mo MEVED (C) 5

af
BAEA
Rl

where M,,000 . peven (C) is viewed as embedded in the space

M,

Ne mo%dxn m

ev;n (C) @ M odd even (C)

ngmg, 8 Xn[gm B

via the map K +— (1, ® K)®(—1,,®K), and identify the groups ULE (Heven, geven)
and UL (RO, jodd) with U(A, me¥e, n/) and U(A, m°d n'), respectively. Then
the actions of UL (Hever; Jeven) and ULF (oA, Jodd) on £ (Hever, H°dd; J) cor-
responds under these identifications to the actions of the groups U(A, mv" n’)
and U(A, m°dd n'), respectively, on Dy(A, me® m°dd n) defined by having

(Uggd7 Uodd) c U(A, modd; ’I’L/), (ng(r)zsn7 Uodd) c U(A, meven; ’I’L/)
act on ([MZ,]; [(MSB,M )i M 5) € Do(A,m,n) by
[M3,) = [(Ln, @ U Maa;

(M, M, >]H[<< L @ UM, (1, © Ugd) ML) |

A (s ®UIYM, if v <0,
“ (1n, UMM, if v > 6;

and
[M5o] = [Maa(ln, ® (Use™))];
(0425, M50 = | (530, & (O, M (1,  (U257)) |
o [ Mo @ Uy ifa <,
¢ MJs(1n, @ (Uge™)T) if a > s
respectively. We have therefore proved the following:

PROPOSITION 4.23. Let (H,~,J) be a real A-bimodule of even KO-dimension
nmod 8 for n =0 or 4, with multiplicity matrices (m®'°®, m°d). Then

(4.36) DA, H, 7, J) = U(A,m™, n")\Do(A, m®",m®I, n) [ U(A,m™", n').

It is worth noting that considerable simplifications are obtained in the quasi-
orientable case, as all components of the form Mg ®1,,, of M € LB (Heven, Hodd)
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must necessarily vanish, as must ker(R,,) itself. In particular, then, one is left with
Vi 1d
Do(A, m" m° n) = H Aanm%dxnamzvﬁen((C).
a,B,7€A

4.5.2. KO-dimension 2 or 6 mod 8. Let us now consider the case where n = 2
or n = 6 mod 8, i.e. where ¢ = —1. Then

0 eJ*
J—(J o)

for J : Hever — Hodd anti-unitary, and m°dd = (mevem)T", In light of Corollary 3.29,
one can easily establish, along the lines of Propositions 4.10 and 4.20, the following
result:

PROPOSITION 4.24. Let USR(Heve") act on LY (Heve", HO: J) by
(U,A) — JUJ*AU*
for U € USR(HE™) and A € LY (HE™, HO, T). Then the map
D(A,H, 7, J) — LY (Heen, 3044, 7)) ULR (peven)
defined by [D] — [P°YDP"] is a homeomorphism.

In the same way, we can define an action of ULN(H") on L5 (Hever, Hodd).
We now give the relevant analogue of Propositions 4.15 and 4.20:

PROPOSITION 4.25. The map R, : LE(HV", 1) — LY (Heven Hodd; T)
defined by R, (M) := M + eJM*J is a surjection intertwining the actions of the
group UI:\R(HGVQH) on L% (R HO) and L1 (Heve", Hodd: ), and ker(R,) C
,CIAR(HGVEH, Hodd)'

PROOF. First note that

ﬁh(Hcvcn,Hodd;J) — {A c E}A(Hcvcn7Hodd) | A = EjA*j},
as can be checked by direct calculation, so that R,, is indeed well-defined. It also
readily follows by construction of R,, and the definition of the actions of UL (Fever)
that R,, has the desired intertwining properties.

Now, for M € LE(Hever, H°dd), one has that R, (M) = 0 if and only if M =
—eJM*J, but JM*J is manifestly left A-linear, so that M € EIAR(HE"QH, Hodd), as
claimed.

Finally, just as in the proof of Propositions 4.15 and 4.20, one can easily check
that for A € L1 (Hever, Hodd; ),

1
A= Rn(§(Eg\ +E,)(4)),
where 2(E{ + E,)(A) is right A-linear. O

Just as in the earlier cases, the action of USY (") on L5 (Hever, HOdd) de-
scends to an action on the quotient £ (H®ve", H°d) /ker(R,,), so that R, descends
to an ULR(Heven Hodd) isomorphism

(4.37) LR HOM)  ker(Ry,) 22 LY (HE", HOM ),
thereby yielding the following:
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COROLLARY 4.26. Let (H,~,J) be a real A-bimodule of KO-dimension n mod 8
forn=2 or6. Then

(4.38) D(A,H, 7y, J) = (LR (R, 1O ker(R,,))/ USE (HEvem).

Again, mutatis mutandis, the proof of Lemma 4.17 yields the following charac-
terisation of ker(R,,):

LEMMA 4.27. If K = (1n, @ Kap ® 1n,), ge g € LA (HY, HOM), then K €
ker(R,,) if and only if for each o, B € A such that o # 3,
(4.39) Kpo = —eKlg,
and for each o € ./Z,
Symeven (C)  if n =2,

4.40 Koo € Ra(n) =
(4.40) () {so(mg‘;;n,C) ifn=6.

Thus, such a map K € ker(R,,) is entirely specified by the components K,z €
Mm;,V;HXm;V;n (C) for a < f and by the K, € Ra(n).

Note that the discussion of the construction of Dirac operators and of the
freedom in the construction provided by ker(R,) in the case of KO-dimension 0 or
4 mod 8 holds also in this case. Thus we can identify D(A, H,~, J) with

(441) Do(A,m*" n) = [] [Mnm (€)/(1n, @ Ra(n))

ozG.//\\
X H (Mnam%‘f" Xnamg";" (C) S Mn[;mfl"g“ Xnﬁm%‘;c“ ((C)) /Mm%‘:fr‘ Xm‘fy"[;m (C)
BeA
B>«

X H Mn,ym%‘:re“xnamz"ﬁe“(c) )

BAEA
yFo

where Mipgyven xmeven (C) is viewed as embedded in the space
Mnameﬁ\sll Xnameavﬁen ((C) @ Mnﬁmzvsen Xnﬁm%v;n ((C)

via the map K — (1,, ® K) ® (—¢l,, ® KT), and identify UL (Heven) with

U(A, mev"). Then the action of UL (HeV") on L1 (Heve", HO; J) corresponds un-

der these identifications with the action of U(A, m®*") on Dy(A, me*", n) defined

Ey having (Uag) € U(A, m*¥) act on ([MS,]; [(Mgﬁ,Mga)];Mgﬁ) € Do(A,m,n)
y

[Mga] = [(1na & Uaa)Mga(lna ® U;a)k
[( gﬁ;Mga)] = ((1’ﬂa ®U7,804)M£ﬁ(1na & U:zﬁ)u (1ng ®@)Mga(lng by UEQ)) 5
Mzﬁ = (Ln, ®U73’Y)M;/ﬁ(lna ®Usp)-
This, then, proves the following:

PROPOSITION 4.28. Let (H,~,J) be a real A-bimdoule of even KO-dimension
nmod 8 for n =2 or 6, with multiplicity matrices (m®'®, (m*™)T). Then

(4.42) D(A, H, 7, J) 2 Do(A,me*® n)/ U(A, me).
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Again, considerable simplifications are obtained in the quasi-orientable case,
just as for KO-dimension 0 or 4 mod 8.

4.6. Dirac operators in the Chamseddine—Connes—Marcolli model.
Let us now apply the above results on Dirac operators and moduli spaces thereof
to the bimodules appearing in the Chamseddine—~Connes—Marcolli model.

We begin with (Hr,vr, Jr, €r) as an S%-real Ay zr-bimodule of KO-dimension
6 mod 8, which, as we shall now see, is essentially S%-real in structure:

PROPOSITION 4.29. For the S°-real Apr-bimodule (Hg,vr,Jr,€r) of KO-
dimension 6 mod 8,

Do(Arr: Hr,vrs Jr) = Do(ALr, HE, VF, JF, €F),
and
Uls e (Move, Jr) = Uy (Mo e, Jrser),
so that
D(Arr, Hr,vr, Jr) = D(ALr, HF,YF, JF, €F).

PRrROOF. To prove the first part of the claim, by Proposition 4.25, it suffices
to show that any right Ay g-linear operator Hy*" — H%dd commutes with eg.
Thus, let T € EiL o (HE, H9d). Then, since the signed multiplicity matrix yu of
(Hr,vr) as an orientable even A p-bimodule is given by

0 0 -1 41 0 0
00 0 0 0 0
o410 0 0 410
=Nl 10 0 0 -1 0|
0 0 -1 41 0 0
00 0 0 0 0

it follows from Proposition 3.4 that the only non-zero components of T" are T22 1?11
and T;}g;’, which both have domain and range within H; = (Hr);, where € acts as
the identity. Thus, T commutes with ep.

To prove the next part of the claim, it suffices to show that any left and right
Ar r-linear operator on Hp commutes with er. But again, if K € EI;&R('HF), then

the only non-zero components of K are of the form K zg, each of which therefore
has both domain and range either within H; or H? = Jr'Hy, so that K commutes
with er. The last part of the claim is then an immediate consequence of the first
two parts. [l

Thus, by Proposition 2.18, we have that

(4.43)  Do(Arr,Hr,vr,Jr) = Do(ALr, Hr,VF, Jr, €r) = Do(ALr, Hf,Vs)

and

(4.44) D(ArLr,Hr,vr,Jr) = D(ALr, Hr,vr, Jr,€r) = D(ALr, Hf, V),
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where (H¢,vf) = ((Hr)i, (Yr)s:) is the orientable even Ajr-bimodule with signed
multiplicity matrix

0000 0 0
0 000 0 0
_y|tr 000 410
FE=S1-1 00 0 -1 0
0 000 0 0

0 000 O0 O

In particular, then, (Hp,vr, Jr) as a real Ajg-bimodule admits no off-diagonal
Dirac operators, that is, Dirac operators with non-zero P_;DP; : Hy — ’Hf, or
equivalently, that have non-vanishing commutator with er. Let us now exam-
ine Do(Arr, Hr,vr, Jr) and D(ALg, HF, vr, Jr), or rather, Do(ALr, Hy,vs) and
D(ALr,Hy,7vf), in more detail.

First, it follows from the form of 1 and Proposition 3.4 that £ (HGven, H;’cdd)
vanishes, whilst

EiLR(H§V6n7H?dd) = Mon(C) & (Man(C) ® 13) =2 Moy (C) & Man (C).
so that any Dirac operator on Hy (and hence on Hp) is completely specified by
a choice of Mgfl, M22f3 € Myn(C). Indeed, if (meve", m°dd) denotes the pair of
multiplicity matrices of (Hs,~y), then, in the notation of subsection 4.5.2,
Do(ALr, m®",6) = Man(C) & Man(C).
At the same time,
UL, (HF) = (1o @ U(N)) @ (1 @ U(N) @ 13) = U(N) x U(N) =: U(ALg, m**")
and
UL (HY) = (1.@UN)) @ (1: @ UN) @ 13) 2 U(N) x U(N) =: U(ALr, m**?).
It then follows that
(4.45)  D(Arr,Hs,vs) = U(ALr, m*IN\Do(ALg, m®™, 6)/ U(ALr, m™)
2
(4.46) = (U(N)\Man(C)/ U(N))7,

where U(N) acts on the left by multiplication and on the right by multiplication
by the inverse as 1o ® U(N). The two factors of the form U(N)\Man(C)/ U(N)
can thus be viewed as the parameter spaces of the components Mzzf‘l and Mzzf3,
respectively.

Let us now consider (Hr,vr, Jr,€r) as an S%-real Ap-bimodule, so that the
multiplicity matrices (m®v®, m°4) of (Hp,~yr) are given by

1 1000 10110
00000 1 0010
m¥r=N|1 0 0 1 0f, m@=N[0 0 0 0 0] =(@m)T.
11000 00100
00000 00000

Now it follows from the form of (m®Ve®, m°4d) that

LR (M 1Y) = My (C)%2 & Myson(C)®2 @ My yan (C)®2
® (Myxan(C) ® 13)2,
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whilst
ker(Rg) = sl(N,C) C My (C)
for the copy of My (C) corresponding to £ ((H$°)11, (H%!9)11). Since My (C) =
Symy (C) @ sl(N,C), My (C)/sl(N,C) can be identified with Sym y (C), so that
Do(Ar, HF,VF, JF)
=LY, (HF™, HE)/ ker(Re)
=Symy (C) ® My (C) & Muxan(C)®?* & My w3y (C)®* ® (Myxan(C) ® 15)2.
Thus, a Dirac operator D, which is specified by a choice of class
[M] € £, (HE*", H5)/ ker(Ro),
is therefore specified in turn by the choice of the following matrices:
M}, € Symy(C), M}; € My(C);
(] M211, M211 € Mnxan(C);
[ ]\4’:}17 M.?il S MN><3N((C)§
° ]\42137 M213 S MNXQN((C).
Indeed, it follows that
(4.47)  Do(Ap, m***",6) = Symy (C) & My (C) & Mnxan(C)** & Muxsn(C)®?
® My xon(C)®2.

Next, we have that U(Ax, m®'®) = U(N)S, with a copy of U(NV) corresponding
to each of (HF™")11, (HF™)11, (HF)21, (HEF)28, (HF)s1, and (HE")s1-
Then, by Proposition 4.28,

(4.48) D(AF,HF,’YF, JF) = DO(AF, meven,G)/U(AF,meven)

for the action of U(Ap, m®¥") on Dy(Ap, m®*",6) given by having the element
(Uap) € U(Ap, m") act on (M];) € Do(Ap, m**",6) by

M= (1n, @ Upy )M 5(1n, @ Usg).
Note that in the notation of [8, §§13.4, 13.5], for (M) ;) € Do(Ar, m",6),

1
M, =-7
11 9 R,
so that the so-called Majorana mass term is already present in its final form, whilst
for U € U(Ap, m®vn),
U - (Ulla U]_i7 U217 U237 U317 U3T) = (Evvla ‘/37 W37W27 Wl)
Finally, let us compute the sub-moduli space D(Ap, Hp,vr, Jr; Cr) for
Cr = {(¢, diag(¢, (),0) € Ar [ A€ C} = C.

It is easy to see that [M] € L (HH™, H')/ker(Rg) yields an element of the
subspace Do(Ap, Hp,vr, Jr; Cr) if and only if M commutes with A\(Cr), but this
holds if and only if for all ( € C and 8 € Ap,

(Mg = MigC, M, = Mg,
(M3y = M3s(diag(¢,¢) ® 1n), (M35 = M3,(diag(¢, Q) ® 1),
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which is in turn equivalent to having Mlil, M2, and M3T1 all vanish, and
M} = (T, 0), ML=(0 Y.), MiL= (T, 0), ML=(0 T,
for T,, Te, Ty, Tq € Mn(C). One can check that our notation is consistent with

that of [8, §§13.4, 13.5]. Indeed, if Do(Ap, m®V™,6;Cr) denotes the subspace of
Do(Ap, m¥" 6) corresponding to Do(Ap, Hr,vr, Jr; Cr), then

(4.49) D(Ap,Hr,vr, Jr;Cr) = Do(Ap, m®",6;Cr)/ U(Ap, m®") = Cq x C;
for
(4.50) Cq = (U(N) x U(N))\(Mn(C) x My(C))/U(N),
where U(N) acts diagonally by multiplication on the right, and
Cr = (U(N) x UN)\(My(C€) x My (C) x Symy(C))/ U(N),
where U(N) x U(N) acts trivially on Symy(C) and U(N) acts on Sym(C) by
(Va, Tr) — VaTRVy

note that C, is the parameter space for the matrices (Y,,Yq), whilst C; is the
parameter space for the matrices (Y,, Y., Tg). Thus we have recovered the sub-
moduli space of Dirac operators considered by Chamseddine—Connes—Marcolli [4,
§82.6, 2.7] (cf. also [8, §§13.4, 13.5]).

5. Applications to the Recent Work of Chamseddine and Connes

In this section, we reformulate the results of Chamseddine and Connes in [2, 3]
and give new proofs thereof using the theory of bimodules and bilateral triples
developed above.

Before continuing, recall that, up to automorphisms, the only real forms of
M, (C) are M,,(C), M,(R), and, if n is even, M, jo(H).

5.1. Admissible real bimodules. We begin by studying what Chamsed-
dine and Connes call irreducible triplets, namely, real A-bimodules satisfying cer-
tain representation-theoretic conditions, along the lines of [3, §2]. However, we
shall progress by adding Chamseddine and Connes’s various requirements for irre-
ducible triplets one by one, bringing us gradually to their classification of irreducible
triplets.

In what follows, A will once more denote a fixed real C*-algebra, and for
(H,J) a real A-bimodule of odd KO-dimension, L5*(H;.J) will denote the real
*-subalgebra of LLR(H) consisting of elements commuting with J.

Let us now introduce the first explict requirement for irreducible triplets.

DEFINITION 5.1. Let (H,J) be a real A-bimodule of odd KO-dimension. We
shall say that (H,.J) is irreducible if 0 and 1 are the only projections in LYR(H; J).

To proceed, we shall need the following:

LEMMA 5.2. Let (H,J) be a real A-bimodule of odd KO-dimension n mod 8
with multiplicity matriz m. Then
(5.1)

(@aEﬁme(Ro ® D, sz Mma,(C), ifn=1 or 7mod 8,
LM T) = s
(@aeﬁMmaaﬂ(H)) &) @a,ﬁeﬁMmaa (C), ifn=23orb5modS8.
a<lf
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PROOF. Let T' = (1, @ Tug ® 1,,) € LYF(H). Just as for Propositions 3.19

and 3.23, one can show that [T, J] = 0 if and only if for all a, § € .Z, Tpo = Tap if
a # [ and

T My, (R), ifn=1or7mod S8,
T\ My, 2(H), if n=3or 5mod8.

Thus, T € LLYR(H;J) is completely specified by the matrices T, and T,g for
«a > [, giving rise to the isomorphisms of the claim. O

We can now formulate the part of the results of [3, §2] that depends only on
this notion of irreducibility.

PROPOSITION 5.3. Let (H, J) be a real A-bimodule of odd K O-dimension n mod
8 with multiplicity matriz m. Then (H,J) is irreducible if and only if one of the
following holds:
(1) There exists a € A such that m = 20-9)/2E,, -
(2) There exist o, B € A, a # 3, such that m = Eyp + Egq.

PROOF. By definition, (H, J) is irreducible if and only if the only projections
in the real C*-algebra EIAR(H, J) are 0 and 1, but by Lemma 5.2, this in turn holds
if and only if one of the following holds:

(1) L5%(H;J) =2 R, so that n =1 or 7 mod 8, and m = E,, for some o € A,

(2) LY} (H;J) = H, so that n = 3 or 5 mod 8, and m = 2E,,, for some a € A,

(3) EI;‘R(H; J) =2 C, so that m = E,3 + Eg, for some «, § € ./Zl\, a # G,
which yields in turn the desired result. O

We shall call an irreducible odd K O-dimensional real A-bimodule (H,J) type
A if the first case holds, and type B if the second case holds; Chamseddine and
Connes’s first and second case for irreducible triplets [3, Lemma 2.2] correspond to
the type A and type B case, respectively. We shall also find it convenient to define
the skeleton skel(H, J) of such a bimodule as follows:
(1) if (H,J) is type A, then skel(H,J) := {a}, where a € A is such that
mult[H] = 272" Eoq;
(2) if (H,J) is type B, then skel(H, J) := {«, 8}, where o, 5 € .27 a # f3, are
such that mult[H] = Fu3 + Ega.

Let us now introduce the second explicit requirement for irreducible triplets.

DEFINITION 5.4. An A-bimodule H is (left) separating if there exists some
& € H such that A(A)'¢ = H. Such a vector £ is then called a separating vector for
A.

Recall that for a representation X of a complex C*-algebra C, £ € X is a
separating vector if and only if the map C — X given by ¢ +— ¢ is injective.

LEMMA 5.5. Let p, ¢ € N. There ezists a separating vector & for the usual
action of M,(C) on C? @ C? as M,(C) ® 1, if and only if p < q.

PROOF. Let {e;}]_, be a basis for C?, and let {f;}{_, be a basis for C?.
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First suppose that p < ¢. Let £ € C? @ C4 be given by £ = >-7_, €; ® f;. Then
for any a, b € M,(C),

(a®1,)€— (b 1,)€ = §j<23ay )@ﬁ

i=1 \[=1
so that by linear independence of the e; and f;, the left-hand side vanishes if and
only if for each i and [, al —b! = 0, i.e. a = b. Hence, ¢ is indeed a separating
vector.
Now suppose that p > ¢. Then dim¢ M,(C) — dim¢ CP @ C? = p(p — q) > 0,
so that for any £ € C? @ C?, the map M,(C) — CP @ C? given by a — (a® 14) &
cannot possibly be injective, and hence £ cannot possibly be separating. O

We can now reformulate that part of the results in [3, §2] that depends only on
irreducibility and the existence of a separating vector.

PROPOSITION 5.6. Let (H,J) be an irreducible real A-bimodule of odd KO-
dimension n mod 8.
(1) If (H,J) is type A, then it is separating;
(2) If (H,J) is type B with skeleton (a,f3), then (H,J) is separating if and
only if ng = ng.

PRrROOF. First suppose that (H,J) is type A. Let {a} = skel(H, J), and let
my, = 20=¢)/2 Then H = C" ® C™» @ C" = C" @ C™ ", and the left action
A of A on H is thus given by A\, ® 1y, n,. Now

A(A)/ = (/\a(A) ® 1mnna)/ = (Mna ((C) ® Ln,ng )/a
so that the action A of A admits a separating vector if and only if the action of
M, (C) as M,,_(C) ® 1,,,, ., admits a separating vector, but by Lemma 5.5 this is

indeed the case, as n, < m,ng.
Now, suppose that (H, J) is type B. Let {«, 8} = skel(H, J). Then

H = (C" ®C™) & (C" @ C™),

and the left action A of A on H is given by A = (Aa ® 1,,) © (Ag ® 1,,,). Since
o # [,
AA) = ((AalA) @ 1n,) & (As(A) @ 1))
!/
= ((Mna (C) ® 1n,e) S (Mn@ ((C) ® 1na)) )

so that the action A of A admits a separating vector if and only if the action of
M, (C)®M,,(C) as (M, (C)®1,,)®(M,,(C)®1,,) admits a separating vector.
Since dim¢ M, (C) & M,,,(C) — dimc H = (nq —ng)?, if nq # ng then no injective
linear maps M, (C) & M,,(C) — H can exist, and in particular, there exist no

separating vectors for the action of M, (C) ® M,,(C), and hence for A\. Suppose
instead that n, = ng = n. Then

H=(C"®C")® (C"eC")
so that, since a # 8, A(A) = (M,(C) ® 1,)) & (M,(C) ® 1,,)’. Thus, if £ is
the separating vector for the action of M, (C) on C* ® C" given by the proof of

Lemma 5.5, then £ & £ is also a separating vector for the action A of A, and hence
(H,J) is indeed separating. 0
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Let us now introduce the final requirement for irreducible triplets; recall that
the complex form of a real C*-algebra A a real C*-algebra is denoted by Ac.

DEFINITION 5.7. We shall call an A-bimodule H complez-linear if both left and

right actions of A on H extend to C-linear actions of A¢, making H into a complex
Ac-bimodule.

It follows immediately that a A-bimodule H is complex-linear if and only if
for m = mult[H], mapg = 0 whenever « or 3 is conjugate-linear. In particular, by
Proposition 3.13, it follows that a complex-linear quasi-orientable graded bimodule
is always orientable.

We can now reformulate Chamseddine and Connes’s definition for irreducible
triplets:

DEFINITION 5.8. An irreducible triplet is a triplet (A, H, J), where A is a finite-
dimensional real C*-algebra and (H, J) is a complex-linear, separating, irreducible
real A-bimodule of odd K O-dimension such that the left action of A on H is faithful.

Note that for H a real .A-bimodule, the left action of A is faithful if and only
if the right action is faithful.

By combining the above results, we immediately obtain Chamseddine and
Connes’s classification of irreducible triplets:

PROPOSITION 5.9 (Chamseddine-Connes [3, Propositions 2.5, 2.8]). Let A be
a finite-dimensional real C*-algebra, and let (H,J) be a real A-bimodule of odd
KO-dimension n mod 8. Then (A, H,J) is an irreducible triplet if and only if one
of the following cases holds:
(1) There ezistsn € N such that A = My(K) for a real form My (K) of M, (C),
and

5.2 mult[H] = 2092 .
(5.2) [H] ;

(2) There exists n € N such that A = My, (K1) & My, (Ks) for real forms
My, (Ky) and My, (Ks) of M, (C), and

(5.3) mult[H] = Fn,ny + Fnyn; -

5.2. Gradings. We now seek a classification of gradings inducing even KO-
dimensional real bimodules from irreducible triplets.

DEFINITION 5.10. Let (A, H,J) be an irreducible triplet. We shall call a Zo-
grading v on H as a Hilbert space compatible with (A, H,J) if and only if the
following conditions all hold:

(1) For every a € A, yA(a)y € A(A);
(2) The operator v either commutes or anticommutes with .J.

Given a compatible grading ~ for an irreducible triplet (A, H,J), one can view
(H,~,J) as a real A°v*"-bimodule of even KO-dimension, for A" = {a € A |
[A(a),~] = 0}, with KO-dimension specified by the values of & and €” such that
J? =¢,vJ =¢"Ty.

Now, recall that a Zs-grading on a real C*-algebra A is simply an automorphism
I" on A satisfying I'2 = id; we call such a grading admissible if and only if I' extends
to a C-linear grading on Ac. Thus, if (A, H,J) is an irreducible triplet and = is
a grading on H, then ~ satisfies the first condition for compatibility if and only if
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there exists some admissible grading I on A such that Ad, o\ = Ao ', where Ad,
denotes conjugation by x.

LEMMA 5.11. Let M (K) be a real form of M,(C), and let o € Aut(M,(C)).
Then « is an admissible grading on My(K) if and only if there exists a self-adjoint
ungtary v in My(K) or iMy(K), such that a = Ad,.

PROOF. Suppose that « is an admissible grading. Let Kg be C if K = C, and
R otherwise. Then M (K) is central simple over Ky, so that there exists some
invertible element S of M} (K) such that @ = Adg. Since « respects the involution,
for any A € My (K) we must have

(S™1)*A*S* = (SAS™H)* = a(A)* = a(A*) = SA*S T,

i.e. [A,S*S] = 0, so that S*S is a positive central element of M} (K), and hence
S*S = cl for some ¢ > 0. Thus, U = ¢~ /2$ is a unitary element of M}, (K) such
that o = Ady. Now, recall that o? = id, so that Ady2 = id, and hence U? = (1 for
some ¢ € TNKg. If K = C, then one can simply set v = AU for \ is a square root
of ¢. Otherwise, U? = #1, so that if U2 = 1, set v = U € M(K), and if U2 = —1,
set v =1iU € iM(K).

On the other hand, if v is a self-adjoint unitary in either M (K) or iM(K),
then Ad, is readily seen to be an admissible grading on M;,(K). g

Let us now give the classification of compatible gradings for a type A irreducible
triplet; it is essentially a generalisation of [3, Lemma 3.1].

PROPOSITION 5.12. Let (A, H,J) be a type A irreducible triplet of odd KO-
dimension n mod 8, so that A is a real form My(K) of M, (C) for some n, and let
v be a grading on H as a Hilbert space. Then v is compatible if and only if there
exists a self-adjoint unitary g in Mp(K) or iM(K) such that
(5.4) T=2g® 1y, @97,

i which case v necessarily commutes with J.

PROOF. Let m,, = 2(179)/2. Then H = C" ® C™ @ C™, and for all a € A,
AMa) = A (@)®1,,, @1, = a®ly,, k@1, pla) = 1n®1m"®)\a(a)T = 1n®1mn®aT.

Suppose that « is compatible. Then by Lemma 5.11 there exists some self-
adjoint unitary ¢ in either My (K) or i My (K) such that for all a € A,

Y@ ® 1y, ® 1)y = (9ag) ® Ly, ® 1n.

Now, let 79 = g ® 1,,,, ® g7. Then, by construction, 7y is a compatible grading
for (A,H,J) that induces the same admissible grading on A as -, and moreover
commutes with .JJ. Then v := vy € UIQ‘R(H; J), so that v = 1,, ® vyn ® 1,, for some

5 {£1}, ifn=1or 7modSs,
e SU(2), if k=3 or 5 mod8.

Thus ¥ = g ® vnn ® g7, and hence, since v is self-adjoint, y,, must also be self-
adjoint. Therefore vyo = £1,,,, or equivalently, 7/ = ++.

On the other hand, if g is a self-adjoint unitary in either M (K) or iMj(K),
then v = g®1,,, ® g’ is certainly a compatible grading that commutes with J. [
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Thus, irreducible triplets can only give rise to real A°V*"-bimodules of KO-
dimension 0 or 4 mod 8.
Let us now turn to the type B case.

PROPOSITION 5.13. Let (A, H,J) be a type B irreducible triplet of odd KO-
dimension n mod 8, so that for some n € N, A = My, (Ky) & My, (Ks) for real
forms My, (Ky) and My, (Ks) of M, (C), and let v be a grading on H as a Hilbert
space. Then vy is compatible if and only if one of the following holds:

(1) There exist gradings v1 and 2 on C", with v; € My, (K;) or iMy, (K;),
such that

(o] 0
(55) ’7 - ( 0 5://,)/2 ® ,7%“ )

in which case vJ = &"Jvy, and if v is any other compatible grading,
Ad, = Ad, if and only if v = +~.

(2) One has that Ky = Ky = K and k1 = ko = k, and there exist a unitary
u € Mp(K) andn € T such that

B 0 7Tueu
(56) 1= (aar 07T,

in which case v necessarily commutes with J, and if v' is any other com-
patible grading, Ady = Ady if and only if v/ = ((1,2 & (1,2)7 for some
¢eT.

PROOF. Let v be a compatible grading. Then, with respect to the decomposi-
tion H = (C* ® C") @ (C" @ C™), let us write

(A B
=\c b
for A, B, C and D € M,(C) ® M,,(C). Applying self-adjointness of v, we find that

A and D must be self-adjoint, and that B = C*, and then applying the fact that
~% =1, we find that

Ay CrC =1, CA+DC =0, CC*+D*=1.

Finally, applying the condition that v commutes or anticommutes with J, i.e. that
~vJ =" Jy for ¢” = £1, we find that

D =¢"XAX, C*=¢"XCX,

where X is the antiunitary on C" ® C" given by X : & ® & — & ® &;.
Now, since v is compatible, and since (1,0) and (0,1) are projections in A
satisfying (1,0) 4+ (0,1) = 1, there exist projections P and @ in A such that

Ad A(L0) =AP1—Q),  AdyA(0,1)=A\(1-P,Q),

P®1l, 0 (1 0\ (A2 Acr
0 (1-Q®1,) "o 0)7" \ca cc*

1-P)®1l, 0 \__[(0 0\ _[CC C*D
0 Qe1,) " "\o 1)""\pc D)

Thus, A is a self-adjoint partial isometry with support and range projection P® 1,
D is a self-adjoint partial isometry with support and range projection @ ® 1,,, and

that is,

and
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C' is a partial isometry with support projection (1 — P) ® 1,, and range projection
(1-Q)®1,.
Now, recalling that D = ¢” X AX, we see that
Q®1l,=D*=XA’X=XP®1,X=1,0P.

If @ = 0, then certainly P = 0. Suppose instead that @ # 0, and let £ € QC" @ C™
be non-zero. Then

idegen = (Q ® 1n)|ewcn = (1® P)legen,

so that P =1 and hence @ =1 also. We therefore have two possible cases:

(1) We have
(A 0
7=\ 0 e’xAx

for A a grading on C" @ C";

(2) We have
_ (0 C*
7=\c o

for C' a unitary on C" @ C" such that C* = (-1)"XCX.

First suppose that the first case holds. Then, on the one hand, Ad |y, c)e1,
induces an admissible grading for My, (K1), so that there exists a self-adjoint unitary
y1 in either My, (Ky) or iMy, (Kq) such that Ada |, )1, = Ady,e1,, and on
the other hand, Ad./xax |a,(c)e1, induces an admissible grading for My, (Kz),
so that there exists a self-adjoint unitary 2 in My, (K1) or iMy,(Ky) such that
Aderx ax |m, (€)1, = Ady,e1, . Since for a ® b € M, (C) ® M,,(C) we can write

a®@b=(a®1,)X(b®1,)X,

it therefore follows that Ady = Ad, g,r on the central simple algebra M, (C) ®
M, (C) = M,2(C) over C. Hence, there exists some non-zero n € C such that
A =1y ®+%, and since both A and v; ®74 are self-adjoint and unitary, it follows
that 7 = +1. Absorbing +1 into v; or 2, we therefore find that

N= (T ®7 0
0 "ot

On the other hand, v so constructed is readily seen to be a compatible grading
satisfying vJ = &"J~.

Now suppose that the second case holds. Then, since v is compatible, it is clear
that the automorphisms «, 8 of M, (C) specified by

ala)®1, =Cla®1,)C", Bla)®1l,=C"(a®1,)C,

are inverses of each other, and that «, in particular, induces an isomorphism
Mkl(Kl) — Mk2(K2)7 so that Kl = KQ = K and ]{?1 = ]Cg = k. Next, by the
proof of Lemma 5.11, there exists some unitary « in M, (C)y such that a = Ad,,
from which it follows that 8 = Ad,«. By the same trick as above, we then find that
Ade = Ad,g,r on the central simple algebra M, (C) ® M,,(C) = M,2(C) over C.
Hence, there exists some non-zero n € C such that C = nu ® u”, and since both C
and u ® u? are unitary, it follows that € T. Thus,

(0 ueu
7= nu @ ul 0 '
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On the other hand, « so constructed is readily seen to be a compatible grading
satisfying [, J] = 0.

Finally, let v and 4" be two compatible gradings. Suppose that Ad, = Ad,,
and set U = 7/v. Then, by construction, U is a unitary element of L4%(H; J), so
that there exists some ¢ € T such that

U=/_1, @Zlnz.

If the second case holds, then nothing more can be said, but if the first case holds,

so that
Lo (e 0
0 "2 @]

for suitable «; and ~s, then

o (nen 0
0 eCr @)’

so that by self-adjointness of 7/, 71 and 2, we must have ( = £1, as required. [

Thus, we can obtain a real bimodule of K O-dimension 6 mod 8 only from a
type B irreducible triplet together with a compatible grading satisfying the first
case of the last result.

5.3. Even subalgebras and even KO-dimensional bimodules. We now
consider real bimodules of K O-dimension 6 mod 8 obtained from irreducible triplets.
Thus, let (A, H,J) be a fixed type B irreducible triplet of KO-dimension 1 or
7 mod 8, and let 7y be a fixed compatible grading for (A, H, J) anticommuting with
J, so that for some n € N,

o A= My, (Ky) @ My, (Kz) for real forms My, (K;) of M, (C);

o mult{H] = Enyny, + Engny;

o There exist self-adjoint unitaries v; € My, (K;) or iMy, (K;) with signature
(rj,n —r;) such that

_(me~t 0
V= i T -
0 Y2 ® i

It is worth noting that (M, J) admits, up to sign, a unique S°-real structure, given
by € = 1,2 —1,,2, which certainly commutes with v. We can exploit the symmetries
present to simplify our discussion by taking, without loss of generality, r; > 0, and
requiring that v; € iMy, (K;) only if v € iMy,(Ks), and that v1 = 1,, only if
Y2 = 1n.

Our main goal in this section is to give an explicit description of A®V*" and of
(H,~,J) as a real A®¥*"-bimodule. To do so, however, we first need the following:

LEMMA 5.14. Let My (K) be a real form of M, (C), let g be a self-adjoint unitary
in M(K) or iMy(K), and let r = null(g —1). Set My(K)? := {a € Mp(K) | [a,g] =
0}.

i ]fg € Mk(K)7 then Mk(K)g = Mkr/n(K) @ Mk:(nfr)/n(K);
o If g € iMy(K), then r =n/2 and

My (K)? = {(a,b) € My,/5(C)* | b=a} = My»(C).
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PROOF. Let Pt := %(1 +g) and P~ := %(1 — g), which are thus projections
in M,(C) of rank r and n — r, respectively. Define an injection ¢ : My(K)9 —
M, (C) ® M,,_(C) by ¢(A) := (Peven Apeven podd g podd),

First, suppose that g € Mg(K). Then PT and P~ are also in M(K), from
which it immediately follows that ¢(M}(K)?) = My, /,,(K) & M (n—p) /n (K).

Suppose instead that g € iM(K) and K # C. Then My (K) = {A € M,,(C) |
[A,I] = 0} for a suitable antiunitary I on C" satisfying I? = al, where a = 1 if
K=Rand o« = —1 if K = H. Then {g,I} = 0, and hence, with respect to the
decomposition C* = PTC* @ P~C*" = C" ¢ C" T,

0 al*
I‘(i o)’

where I = Pedd]peven is an antiunitary C” — C"~". Thus, n is even and r = n/2,
and taking I, without loss of generality, to be complex conjugation on C", for all
A € M, (C) commuting with g, [4,I] = 0 if and only if P~ AP~ = Pt AP+, and
hence G(My(K)?) = {(a,a) | a € My5(C)} = M, 5(C). O

In light of the form of ~, this last Lemma immediately implies the aforemen-
tioned explicit description of A®¥*® and (H,~, J):

PROPOSITION 5.15. Let (m®Ve", m°dd) = (mever (meve™)T) be the pair of mul-
tiplicity matrices of (H,~,J) as an even KO-dimensional real A" -bimodule. Let
ri=mn—r;, and, when n is even, let ¢ =n/2. Then:

(1) Iflyl S ZMk?l (KI): Y2 € ZMIQ(K); then

(5.7) A = ML(C) & M,(C),
and
(5:8) m" = Eeic; + Fog, + Eeyey + Eazer
(2) If 1 € iMy, (Ky), v2 € My, (K)\ {1,}, then
(5.9) AV = M (C) ® Mpyry/n(K2) & Myyry/n(Ka).
and
(5.10) m" = Eer, + For, + Frye + Erye;

(3) If y1 € iMy, (Ky), v2 =1, then
(5.11) A 1(C) & M, (),
and
(5.12) m®" = Een + Eng;
(4) If y1 € My, (K1) \ {1}, 72 € My, Ka) \ {1}, then
(5.13) AT = My, (K1) © Myypy /0 (Ka) © My, o (K2) © Miyyry /0 (Ka),
and

(514) mever = Er1r2 + Er’lrfz + Er;_,r’1 + Erfzrl;
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(5) If v € My, (K1) \ {10}, 72 = 1n, then

(5.15) A = My (K1) © Mgy (K ) @ My, (Ks),
and

(5.16) m™" = Eyin + Enr;
item If y1 = v2 = 1, then

(5.17) AN = My (Ky) @ My, (),
and

(5.18) m®" = Epin,-

One can check in each case that (H,~) is quasi-orientable as an even A°Ve"-
bimodule. However, Propositions 3.13 and 3.14 immediately imply the following:

COROLLARY 5.16. The following are equivalent for (H,~) as an even AVe"-
bimodule:

(1) Y1 € Mkl(KI) and Yo € Mkz(Kg);

(2) (H,~) is orientable;

(3) (H,v) has non-vanishing intersection form;
(4) (H,~) is complex-linear.

This then motivates us to restrict ourselves to the case where v; € My, (Ky)
and v2 € My, (Ks). Note, however, that in no case is Poincaré duality possible.

5.4. Off-diagonal Dirac operators. Let us now consider the slightly more
general S%-real A®*®-bimodule (Hfg,vr, Jr,er) of KO-dimension 6 mod 8 given
by taking the direct sum of N copies of (H,~, J, €), where N € N. If we modify our
earlier conventions slightly to allow for the summand 0 in Wedderburn decomposi-
tions, we can therefore write

(5.19) AT = My, yn(Ka) © My, (K1) © Miyry jn(Ka) @ Mi,ry (Ko),
so that (Hp,vr, Jr) is the real A®v*"-bimodule of KO-dimension 6 mod 8 with
signed multiplicity matrix
(520) HE = N(El‘lrz - Erlr/2 - Er/lrz + Er/lr’Q - Er2r1 + Erzr’l + Er/zrl - Er’Zr’l)v
whilst (H¢,v¢) := ((Hr)i, (yr):) is the even A°¥*"-bimodule with signed multiplic-
ity matrix
(521) Hf = N(Enrz - Erlr/z - Er/lrg + Er/lr’Z)
It then follows also that (Hy,vf) := (JrHs, —(JrvsJr)|sem,) is the even A®VeR-
bimodule with signed multiplicty matrix

M? = _/JJ? = N(_El‘zl‘l + -Erzr’1 + Er’Zrl - Er’zr/l)

Now, for C a unital x-subalgebra of A", let us call a Dirac operator D €
Do(C, Hp,vF,Jr) off-diagonal if it does not commute with e, or equivalently [3,
84 if [D, Z(A)] # {0}. ¥ D1 (C, Hp,vF, Jr,er) € Do(C, HF, vr, Jr) is the subspace
consisting of Dirac operators anti-commuting with eg, then, in fact,

(522) DO(CaHFV'yF;JF) = DO(CaHFW’yFN]FaEF) @D1(07HF7’YFaJF7€F)a



64 BRANIMIR CACIC

as can be seen from writing
1 1
D= §{D,€F}6F + §[D,6F]6F

for D € Do(C,Hp,vF,Jr). Thus, non-zero off-diagonal Dirac operators exist for
(Hp,vr, Jr, €r) as an SP-real C-bimodule if and only if

Dl(C,HFa’YFvJFaGF) 7£ {0}

Our goal is to generalise Theorem 4.1 in [3, §4] and characterise subalgebras of
A" of maximal dimension admitting off-diagonal Dirac operators.
The following result is the first step in this direction:

PROPOSITION 5.17 ([3, Lemma 4.2]). A unital *-subalgebra C C A" admits
off-diagonal Dirac operators if and only if there exists some partial unitary T €
L(C @ CreCrg (Cré) with support contained in one of C™ or C™ and range
contained in one of C™ or Cr2, such that

CC AT) ={a€ A | [a,T] = [a*,T] = 0}.

PROOF. First note that the map D1(C, Hr, Vr, Jr, er) — LE(Hy, Hy) given by
D — P_;DP; is an isomorphism, so that C admits off-diagonal Dirac operators if
and only if £} (Hy, Hy) # {0}. Since amap S € L(Hy, Hy) satisfies the generalised
order one condition for C if and only if p7(c)S —Sps(C) is left C-linear for all ¢ € C,
C admits off-diagonal Dirac operators only if

{S € LEHy Hy) | —75S = Sy} # {0},
or equivalently,
CC As:={ae€C™" | X¢(a)S = SA(a), Af(a”)S = SA(a")}
for some non-zero S € L(Hy, Hy) such that —y7S = Svy.
Now, let § € E(Hf,H?) be non-zero and such that —775 = Svy. Then, the

support of S must have non-zero intersection with one of (Hg)r,r, or (Hr)r,r;, and
the range of S must have non-zero intersection with one of (Hr)r,r, Or (HF)ryr, -
)

Thus, Sgg # 0 for some («, 38) € {(r1,r2), (r],r5)} and (v,9) € {(re,r1), (r5, 1))},
so that Ag C AS“";' Let us now write

(03

S =Y Ai®B;

for non-zero A; € M, xn,(C) and for linearly independent B; € Mny;xnn,(C).
Then for all a € A®ve",

M(a)S — SAp(a) =Y (Ay(a)A; — Aida(a)) @ B,
so by linear independence of the B;, a € AS”‘; if and only if for each i,
>\’Y (a)Ai = A?,)\a (Cl)7 A’Y (a*)Az = AiAa (CL),
and hence
A(S) C .Aswéﬁ C A(Ty) :={a € A%" | [a,To] = 0,[a", T1] = 0}

for Ty = Ay, say, viewing Ty and the elements of A" as operators on C™ & C™ @
C™ @ C™. However, if Ty = PT is the polar decomposition of Ty into a positive
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operator P on C™ and a partial isometry 7" : C" — C™, it follows that a € AV"
commutes with Ty only if it commutes with 7', and hence Ay C A(Tp) C A(T),
proving the one direction of the claim.

Now suppose that C = A(T) for a suitable partial isometry T, which we view
as a partial isometry C"»0 — C™0 for some oy € {ri,r1}, 70 € {rs,r5}. Then
for any non-zero T € My (C), we can define an element S(T) € E%R(Hf,H?) by
setting

S(T)Zf; _ {T@T@T* ifa:(?:am 8=v=",
0 otherwise,

which, as noted above, corresponds to a unique non-zero element of the space
Dy(C,Hp,vF, Jr, €F), so that C does indeed admit off-diagonal Dirac operators. [J

In light of the above characterisation, it suffices to consider subalgebras A(T')
for partial isometries T : C™* — C"2, so that

(5.23) .A(T) = {(al, az, bl, bg) c Acven | blT = Tal, bIT = Ta?[}
(5.24) = Ao(T) & M,y yn (K1) © Mpyry /0 (Ky),
where

(5.25)  Ao(T) :={(a,b) € M,y /n(K1) & Myyry/n(Ko) | bT = Ta, b*T = Ta*},

so that our problem is reduced to that of maximising the dimension of Ag(T).

It is reasonable to assume that 7' is, in some sense, compatible with the algebraic
structures of My, ., /(K1) and My, /n(Kz), so as to minimise the restrictiveness of
the defining condition on Ay(T"), and hence maximise the dimension of Ag(T). It
turns out that this notion of compatibility takes the form of the following conditions
on 7"

(1) The subspace supp(7T) of C™ is either a Kj-linear subspace of C™ =
K’f”l/" or, if Ky = H, supp(T) = E @ C for E an H-linear subspace of
Cr = Hrl/Q;
(2) The subspace im(7T) of C" is either a Ky-linear subspace of C" = Kf"’rz/n
or, if Ky = H, im(T) = E @ C for E an H-linear subspace of C™ = H"2/2,
Now, let r = rank(T"), let d(r) = dimg(Ao(T")), and let

1 ifK; =R,
di=42 ifK,=C,
i ifK; =H.

Under these assumptions, then, one can show that
(1) fK; =K; or Ky = C, and, if Ky = H, r is even, then
(526) AO(T) = Mklr/n(Kl) 2] Mkl(rl—r)/n(Kl) 2] ng(rg—r)/n(K2)7
and hence
d(r) = dyr? +di(r —r)? + da(r — 1r2)%;
(2) If (K;,K3) = (H,R) and r is odd, then
(5.27) Ao(T) = (M(T_l)/Q(H) N Mr,l(R)) SRS My _r_1y/2(H) & M, _(R),

and hence

Ar) = (r =17 414 (= + 17 4+ (r =)’
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(3) If (K, K3) = (H,C) and r is odd, then
(5.28) Ao(T) = M(p_1y2(H) @ C® My, —p_1)2(H) ® M, (C),
and hence
Ar) = 3 (r =12 424 Sr o + 17 4200 — 1)’
(4) f K; =Ky = H and r is odd, then

(529) .A()(T) = M(T_l)/Q(H) dCop M(Tl_r_l)/Q(H) D M(TQ_T_l)/Q(H),
and hence
1 1 1
(5.30) d(r) = 5(r - 2 +2+ Fr—r+ 12+ gr—r2+ 1)2.

The other cases are obtained easily, by symmetry, from the ones listed above.

Now, let Rpq. be the set of all » € {1,..., min(ry,r2)} maximising the value
of d(r). By checking case by case, one can arrive at the following generalisation of
Theorem 4.1 in [3]:

PROPOSITION 5.18. Let T : C™ — C" be a partial isometry. Then A(T)
attains maximal dimension only if rank(T) € Rpaw, where Ry = {1} except in
the following cases:

(1) (Ki,Kp) = (C,C) and (r1,72) = (2,2), in which case Rpyar = {2};
(2) (K1,K3) = (C,C) and (r1,72) = (3,3), in which case Ryar = {1,2};
(3) (K1,K3) = (C,R) and (r1,72) = (2,2), in which case Ryar = {1,2};
(4) (K1, Ky) = (C,H) and (r1,r2) = (2,2), in which case Ry = {1,2};
(5) (K1, K3) = (R,C) and (r1,7m2) = (2,2), in which case Rpar = {1,2};
(6) (K1,Ksz) = (R,R) and (r1,72) = (2,2), in which case Ry = {2};
(1) (K1,Ksz) = (R,R) and (r1,7r2) = (3,3), in which case Ryqr = {1,2};
(8) (K1,Ksz) = (R,H) and r1 = 2, in which case Rz = {1,2};
(9) (Ki,K3) = (H,C) and (r1,r2) = (2,2), in which case Ry = {1,2};
(10) (K1,Ks3) = (H,R) and ro = 2, in which case Ry = {1,2};
(11) (K1, Kp) = (H,H) and (r1,72) = (4,4), in which case Rpar = {4};
(12) (K1,Ky) = (H,H) and (r1,72) # (4,4), in which case Rpmqs = {2}.

Moreover, if T satisfies the aforementioned compatibility conditions, then A(T') does
indeed attain mazimal dimension whenever rank(T) € Ryqq-

One must carry out the same calculations for the other possibilities for the
domain and range of T', but this can be done simply by replacing (11, r2) in the above
equations and claims with (r1,75), (r],72) and (r},r}). Thus, one can determine
the maximal dimension of a subalgebra of A°V*" admitting off-diagonal operators
by comparing the maximal values of dimg (A(T)) for T : C"* — C™, T : C"* — C’2,
T:C"" —C, and T : C"t — C™.

Finally, by means of the discussion above and the fact that Sp(n) acts tran-
sitively on 1-dimensional subspaces of C™, one can readily check that the real
C*-algebra Ar and the S%-real Ap-bimodule (Hr,yr, Jr,er) of KO-dimension
6 mod 8 of the NCG Standard Model are uniquely determined, up to inner auto-
morphisms of A°V°" and unitary equivalence, by the following choice of inputs:

o n=4;
[ (KhKQ) = (H, (C),
® g1 € Ma(H), go € My(C);
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o (ri,m2) = (2,4);
e N =23.

The value of N, by construction, corresponds to the number of generations of
fermions, whilst the values of n, r; and 7y give rise to the number of species of
fermion of each chirality per generation. The significance of the other inputs remains
to be seen.

6. Conclusion

As we have seen, the structure theory first developed by Paschke and Sitarz [20]
and by Krajewski [18] for finite real spectral triples of KO-dimension 0 mod 8 and
satisfying orientability and Poincaré duality can be extended quite fully to the
case of arbitrary K O-dimension and without the assumptions of orientability and
Poincaré duality. In particular, once a suitable ordering is fixed on the spectrum of
a finite-dimensional real C*-algebra A, the study of finite real spectral triples with
algebra A reduces completely to the study of the appropriate multiplicity matrices
and of certain moduli spaces constructed using those matrices. This reduction is
what has allowed for the success of Krajewski’s diagrammatic approach [18, §4] in
the cases dealt with by Tochum, Jureit, Schiicker, and Stephan [12-17,22]. We have
also seen how to apply this theory both to the “finite geometries” of the current
version of the NCG Standard Model [4,7,8] and to Chamseddine and Connes’s
framework [2,3] for deriving the same finite geometries.

Dropping the orientability requirement comes at a fairly steep cost, as even
bimodules of various sorts generally have fairly intricate moduli spaces of Dirac
operators. It would therefore be useful to characterise the precise nature of the
failure of orientability (and of Poincaré duality) for the finite spectral triple of
the current noncommutative-geometric Standard Model. It would also be useful
to generalise and study the physically-desirable conditions identified in the extant
literature on finite spectral triples, such as dynamical non-degeneracy [22] and
anomaly cancellation [18]. Indeed, it would be natural to generalise Krajewski
diagrams [18] and the combinatorial analysis they facilitate [17] to bilateral spectral
triples of all types. The paper by Paschke and Sitarz [20] also contains further
material for generalisation, namely discussion of the noncommutative differential
calculus of a finite spectral triple and of quantum group symmetries. In particular,
one might hope to characterise finite spectral triples equivariant under the action
or coaction of a suitable Hopf algebra [21, 23].

Finally, as was mentioned earlier, the finite geometry of the current NCG Stan-
dard Model fails to be S%-real. However, this failure is specifically the failure of
the Dirac operator D to commute with the S°-real structure e. The “off-diagonal”
part of D does, however, take a very special form; we hope to provide in future
work a more geometrical interpretation of this term, which provides for Majorana
fermions and for the so-called see-saw mechanism [4].
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Tensor representations of the general linear super group

Rita Fioresi

ABSTRACT. We show a correspondence between tensor representations of the
super general linear group GL(m|n) and tensor representations of the general
linear superalgebra gl(m|n) using a functorial approach.

1. Introduction

Supersymmetry is an important mathematical tool in physics that enables to
treat on equal grounds the two types of elementary particles: bosons and fermions,
whose states are described respectively by commuting and anticommuting func-
tions. It is fundamental to seek a unified treatment for these particles since they
do transform into each other. Hence considering only symmetries that keep one
type separated from the other is not acceptable. For this reason the symmetries of
elementary particles must be described not by groups, but by supergroups, which
are a natural generalization of groups in the Zs graded or super setting.

The theory of representations of supergroups has a particular importance since
it is attached to the problem of the classification of elementary particles.

As in the classical theory, in order to understand the representations of a su-
pergroup, one must first study the representations of its Lie superalgebra. The
representation theory of the general linear superalgebra gl(m|n) has been the ob-
ject of study of many people.

In [3] Berele and Regev provide a full account of a class of irreducible repre-
sentations of gl(m|n) that turns out to be linked to certain Young tableaux called
semistandard or superstandard tableauz. The same result appeares also in [7] by
Dondi and Jarvis in a slightly different setting. Dondi and Jarvis in fact introduce
the notion of super permutation and use this definition to motivate the semistan-
dard Young tableaux used for the description of the irreducible representations of
the general linear superalgebra.

The results by Berele and Regev were later generalized and deepened by Brini,
Regonati and Teolis in [4]. In their important work, they develop a unified theory
that treats simoultaneosly the super and the classical case, through the powerful
method of virtual variables.

Another account of this subject is found in [17]. Sergeev establishes a corre-
spondence between a class of irreducible tensor representations of gl(m|n) and the

M. Marcolli, D. Parashar (Eds.), Quantum Groups and Noncommutative Spaces,
DOI: 10.1007/978-3-8348-9831-9 3, © Vieweg+Teubner Verlag | Springer Fachmedien
Wiesbaden GmbH 2011
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irreducible representations of a certain finite group, different from the permutation
group used both in [3] and [7].

It is important to remark at this point that the theory of representations of
superalgebras and of supergroups has dramatic differences with respect to the clas-
sical theory. As we will see, not all representations of the super general linear
group and its Lie superalgebra are found as tensor representations. Moreover not
all representations are completely reducible over C.

In this paper we want to understand how tensor representations of the Lie
superalgebra gl(m|n) can be naturally associated to the representation of the cor-
responding group GL(m|n). Using [3, 7] we are able then to obtain a full classi-
fication of the irreducible tensor representations of the general linear supergroup
coming from the natural diagonal action and a correspondence between such rep-
resentations and representations of the symmetric group. These facts are generally
known, however we feel that using the functorial language we can explicitly write
the exponential map and construct explicitly the correspondence, not only over C,
but over an arbitrary field. This helps to deepen the understanding since it provides
a bridge between different languages and moreover can be used for applications in
algebraic supergeometry.

We will do this using the functor of points approach, suggested originally by
Kostant and Leites [13, 14] and later devoloped by Bernstein (see the notes by
Deligne and Morgan in [6]). This approach allows to recover the geometric intuition
of the problem.

This paper is organized as follows.

In section 2 we review some of the basic definitions of supergeometry. Since we
will adopt the functorial language we relate our definitions to the other definitions
appearing in the literature.

In section 3 we recall briefly the results obtained indipendently by Berele, Regev
and Dondi, Jarvis. These results establish a correspondence between tensor repre-
sentations of the permutation group and tensor representations of the superalgebra
gl(m|n). Moreover we show that the tensor representations of the Lie superalgebra
gl(m|n) do not exhaust all polynomial representations of gl(m|n).

Finally in section 4 we discuss tensor representations of the general linear su-
pergroup associated to the representations of gl(m|n) described in §3.

Acknowledgements. We wish to thank Prof. V. S. Varadarajan, Prof. A.
Brini, Prof. F. Regonati and Prof. I. Dimitrov for helpful comments.

2. Basic definitions

Let k be an algebraically closed field of characteristic 0.
All algebras have to be intended over k.

A superalgebra A is a Zo-graded algebra, A = Ay @ A, p(x) denotes the parity
of an homogeneous element x. A is said to be commutative if

zy = (—=1)PEPW g
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Let (salg) denote the category of commutative superalgebras. We call A°, the
reduced algebra, the quotient A/I,qq, where I,qq is the (two-sided) ideal generated
by the odd nilpotents.

The concept of an affine supervariety or more generally an affine superscheme
can be defined very effectively through its functor of points.

DEFINITION 2.1. An affine superscheme is a representable functor:

X: (salg) — (sets)

A —  X(A) = Hom(k[X], A).

If k[X]° has no nilpotents we say that X is an affine supervariety.

From this definition one can see that the category (salg) plays a role in algebraic
supergeometry similar to the category of commutative algebras for the ordinary (i.e.
non super) algebraic geometry. In particular we have an equivalence of categories
between the categories of affine superschemes and commutative superalgebras. (For
more details see [8], [5] ch. 5).

EXAMPLES 2.2. 1. Affine superspace. Let V =V @ V3 be a finite dimensional
super vector space. Define the following functor:

V : (salg)—(sets), VA =(AV)i=4 Ve A 0V,
This functor is representable and it is represented by:
k[V] = Sym(Vo) @ A(V1)

where Sym(Vy) is the polynomial algebra over the vector space Vy and A(V;) the
exterior algebra over the vector space V;. Let’s see this more in detail.
If we choose a graded basis for V, e1...em,€1...€,, with e; even and €; odd,
then
k[V] = k’[ﬂ?l .o .xm7§1 . 5%}7

where the latin letters denote commuting indeterminates, while the greek ones
anticommuting indeterminates i.e. && = —¢£;&. In this case V is commonly
denoted with £™™ and m|n is called the superdimension of V. V is the functor of
points of the super vector space V.

In particular, if V = k™I":

VA) = {(a1...am,a1...0p) | a; €Ay, a; €A}=
= Hom(k[V],A) ={¢: k[V]—k | ¢(z:i) =ai, ¢(§;) = a;}
Hence V(A) = 4y @ k™ @ A; @ k™.

2. Tensor superspace. Let V be a finite dimensional super vector space. We
define the vector space of r-tensors as:

T (V) =qet VROV 0V
N———

r times
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T7(V) is a super vector space, the parity of a monomial element is defined as
p(v1 ® - ®vp) = p(vy) + -+ 4+ p(v,). The functor of points of T7 (V') viewed as a
supervariety is:
T*(V)(A) = V(A) @4 --- @4 V(4)
We define the superspace of tensors T(V) as:
V) =1 (V)

>0
and denote with T(V) its functor of points.

3. Supermatrices. Given a finite dimensional super vector space V' of dimension
m|n, the endomorphisms End(V') over V is itself a supervector space of dimension
m? + n?2mn: End(V) = End(V)o @ End(V)1, where End(V)g are the endomor-
phisms preserving parity, while End(V'); are those reversing parity.

Hence we can define the following functor:

End(V) : (salg)—(sets), End(V)(A) = (A®End(V))g

This functor is representable (see (1)). Choosing a graded basis for V, V =
k™", the functor is represented by k[z:;, Yxi, ks, i) where 1 <i,j <m, m+1 <

k0l <m+n.
Bnd(v)(4) = { (2 ) |

In this case:
Ynxm  Gnxn

where a, d and (3, v are block matrices with respectively even and odd entries in A.

DEFINITION 2.3. An affine supergroup G is a group valued affine superscheme,
i.e. it is a representable functor:
G: (salg) —  (groups)
A —  GL(V)(4)

It is simple to verify that the superalgebra representing the supergroup G has
an Hopf superalgebra structure. More is true: Given a supervariety G, G is a
supergroup if and only if the algebra representing it k[G] is an Hopf superalgebra.

Let V be a finite dimensional super vector space. We are interested in the
general linear supergroup GL(V).

DEFINITION 2.4. We define general linear supergroup the group valued functor
GL(V): (salg) — (sets)

A —  GL(V)(A)
where GL(V')(A) is the set of automorphisms of the A-supermodule A® V, A €

(salg). More explicitly if V' = k™", the functor GL(V) commonly denoted GL(m|n)
is defined as the set of automorphisms of A™" =4s A ® k™™ and is given by:

GL(m|n)(A):{(“me @”X") | a,d invertible}

Ynxm  Onxn

where a, d and 3, v are block matrices with respectively even and odd entries in A.
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This functor is representable and it is represented by the Hopf algebra (see [9]):
k[ﬂfij, y@57 &5’ 77<xj7 Z, w]/((w det(x) - 17 z det(y) - 1)7

,j=1,...m a,f=1,...n.

We now would like to introduce the notion of Lie superalgebra using the func-
torial language. We then see it is equivalent to the more standard definitions (see
[12] for example).

DEFINITION 2.5. Let g be a finite dimensional supervector space. The functor
(see Example 2.2 (1)):

g : (salg)—(sets),  g(A)=(A®g
is said to be a Lie superalgebra if it is Lie algebra valued, i.e. for each A there exists
a linear map:

[ ]a:g(4) x g(A)—a(4)
satisfying the antisymmetric property and the Jacobi identity.

Notice that in the same way as the supergroup functor is group valued, the
Lie superalgebra functor is Lie algebra valued, i. e. it has values in a classical
category. The super nature of these functors arises from the different starting
category, namely (salg), which allows superalgebras as representing objects.

The usual notion of Lie superalgebra, as defined for example by Kac in [12]
is equivalent to this functorial definition. Let’s recall this definition and see the
equivalence with the Definition 2.5 more in detail.

DEFINITION 2.6. Let g be a super vector space. We say that a bilinear map
[]:gxg—g
is a superbracket if Vx,y,z € g:
[, y] = ()PP ]y, a]
[z, [y, 2]] + (_1)p(w)p(y)+p(x)p(2)[y’ [z, z]] + (71)p(:c)p(2)+p(y)p(2) [z, [z,y]] = 0

(g,[,]), is what in the literature is commonly defined as Lie superalgebra.

OBSERVATION 2.7. The two concepts of Lie superalgebra g in the functorial
setting and superbracket on a supervector space (g, [,]) are equivalent.

In fact if we have a Lie superalgebra g there is always a superspace g associated
to it together with a superbracket. The superbracket on g is given following the
even rules. (For a complete treatment of even rules see pg 57 [6]). Given v,w € g,

we have that since the Lie bracket on g(A) is Ao-linear:
[a@v,b@w]=ab®zc (A®g) =g(A)
Hence we can define the bracket {v,w} as the element of g such that:
s = (_1)p(a)p(w){v,w}
i. e. satisfying the relation:

[a®v,b®w| = (=1)POP®ah @ {v,w}.
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We need to check it is a superbracket. Let’s see for example the antisymmetry
property. Observe first that if a ® v,b @ w € (g ® A)g must be p(v) = p(a),
p(w) = p(b) since (A® g)o = Ao @ go ® A1 ® g1. So we can write:

[a®v,b@w| = (-1)POPMah @ {v,w} = (=1)POP@)gh @ {v, w}.
On the other hand:
b@wav] =(=1)POP@h e {w,v} =

= (—1)P@r@)+p(@r®)gh @ {w, v} =

= (=1)2Wr)gh @ {w,v} = ab @ {w, v}.

Comparing the two expression we get the antisymmetry of the superbracket. For
the super Jacobi identity the calculation is the same.

Vice-versa if (g,{,}) is a super vector space with a superbracket, we immedi-
ately can define its functor of points g. g is a Lie superalgebra because we have a
bracket on g(A) defined as

[a®v,b@w] = (=1)POPah @ {v, w}.

The previous calculation worked backwards proves that [,] is a (classical) Lie
bracket.

With an abuse of language we will call Lie superalgebra both the supervector
space g with a superbracket [,] and the functor g as defined in 2.5.

OBSERVATION 2.8. In [8] is given the notion of a Lie super algebra associated to
an affine supergroup. In particular it is proven that the Lie superalgebra associated
to GL(m|n) is End(k™!™). We will denote End(k™!™) with gl(m|n) as supervector
space and with gl(m|n) as its functor of points. The purpose of this paper does not
allow for a full description of such correspondence, all the details and the proofs
can be found in [8].

3. Summary and observations on results by Berele and Regev

In this section we want to review some of the results in [3, 7]. We wish to
describe the correspondence between tensor representations of the superalgebra
gl(m|n) and representations of the permutation group. This correspondence is
obtained using the double centralizer theorem. (Note: in [3] gl(m|n) is denoted by
pl).

Let V = k™" and let T(V) = @,5,7"(V) be the tensor superspace (see
Example 2.2 (2)). -

We want to define on T (V) two actions: one by .S, the permutation group and
the other by the Lie superalgebra gl(m|n).

Let o0 = (4,7) € Sy and let {v; }1<i<m—+n be a basis of V (vy ... vy, even elements
and V41 - . - Umtn 0dd ones). Let’s define:

(V1 ® - ®Vp) - 0 =def Vg(1) @ - @ VUg(r)
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where € = —1 when v; and v; are both odd and € = 1 otherwise. This defines
a representation 7. of S, in T"(V). The proof of this fact can be found in [3]
pp.122-123.

Consider now the action 6, of the Lie superalgebra gl(m|n) on T" (V) given by
derivations:

en(X)(,Ul ® e ® UT) =def Zi(_l)S(X’i)vl ® RN ® X(vl) ® e ® Uy

g € gl(m|n)(4), v, € V(4), A€ (salg)

with s(X,i) = p(X)o(i) where o(i) denotes the number of odd elements among
V1...0;.

One can see that this is a Lie superalgebra action i.e. it preserves the super-
bracket and that it extends to an action 6 of gl(m|n) on T'(V') (this is proved in [3]
47).

In [3] Theorem 4.14 and Remark 4.15 prove the important double centralizer
theorem:

THEOREM 3.1. The algebras 7.(Sy) and 0,.(gl(m|n)) are each the centralizer of
the other in End(T"(V)).

This result establishes a one to one correspondence between irreducible tensor
representations of S, occurring in 7, and those of gl(m|n) occurring in 0,..

These representations are parametrized by partitions A of the integer . In [3] §3
and §4 is worked out completely the structure of irreducible tensor representations
of gl(m|n) arising in this way.

We are now interested in the dimensions of such representations.

DEFINITION 3.2. Let t; < - < tp, < uy < --+ < u, be integers and A\ a
partition of r corresponding to a diagram Dy. A filling T of D) is a semistandard
or superstandard tableau if

1. The part of T, filled with the t’s is a tableaux.

2. The t’s are non decreasing in rows and strictly increasing in columns.

3. The u’s are non decreasing in columns and strictly increasing in rows.

As an example that will turn out to be important later let’s look at m =n =1,
t1 =1, u; =2 and r = 2. We can have only two partitions of r: A = (2), A = (1, 1).
Each partition admits two fillings:

A= (2) 11 1 2

1 2
2 2

By Theorem 3.17, 3.18 and 4.17 in [3] we have the following:

A=(1,1)

THEOREM 3.3. The irreducible representations of gl(m|n) occurring in 0, are
parametrized by partitions of A of the integer r satisfying the hook condition ( i.
e. if A= (A,A2...), Aj < n forj > m, see 2.3 in [3] for more details). The
wrreducible representations associated to the shape A has dimension equal to the
number of semistandard tableauzr of shape .
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OBSERVATION 3.4. This theorem tells us immediately that we have no one
dimensional representations of gl(m|n) occurring in 6,, if n > 0. In fact one can
generalize the Example 3.2 to show that since the odd variables allow repetitions
on rows, we always have more than one filling for each shape. However there exists
a polynomial (or rational) representation of gl(m|n) of dimension one, namely the
supertrace ([1] pg. 100):

gl(m|n) — k = End(k)
A= (JZ( 5;) — str(A) —aet tr(X) — tr(W)

This shows that the tensor representations described in [3] do not exhaust all poly-
nomial representations of gl(m|n), for n > 0.

4. Tensor representations of the general linear supergroup

Let’s start by introducing the notion of supergroup and of Lie superalgebra
representation from a functorial point of view.

DEFINITION 4.1. Given an affine algebraic supergroup G we say that G acts
on a super vector space W, if we have a natural transformation:

r: G—End(W)
In other words, if we have for any A € (salg) a functorial morphism
ra: G(A)—End(W)(A).
Similarly given a Lie superalgebra g we say that g acts on a super vector space
W, if we have a natural transformation:
t: g—End(WW)

preserving the Lie bracket, that is for any A € (salg), we have a Lie algebra mor-
phism ¢4 : g(A)—End(W)(A). It is easy to verify that this is equivalent to ask
that we have a morphism of Lie superalgebras:

T : g—End(W)

i.e. a super vector space morphism preserving the superbracket. This agrees with
the definition of Lie superalgebra representation in [3], which we also recalled in
§3.

If W = k™" we can identify 74(g), g € G(A) and t4(x), = € g(A) with
matrices in End(W)(A) (see Example 2.2 (3)).

Let V be a finite dimensional super vector space. Define:
pr: GL(V)—End(T"(V))

pr,A(g)(Ul Q- Un) =def g(U1) X ® g(vn)v

g€ GL(V)(A), v, €V(A), Ac (salg).

This is an action of GL(V) on T"(V), that can be easily extended to the whole
T(V).
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We are also interested in the action 6, of gl(V'), the Lie superalgebra of GL(V)
on T"(V) introduced in Section 3.

Let’s assume from now on V = k™", Let e;; denote an elementary matrix in
gl(m|n). {e;;} is a graded canonical basis for the supervector space gl(m|n), with
p(ei;) = p(i) + p(j), where an index ¢ is even if 1 <4 < m, odd otherwise.

DEFINITION 4.2. Consider the following functor E;; : (salg)—(sets), 1 <1 #
j<m-+n:
Eij(A) = {I + weij|lz € Ay, k = pleij)}

This is an affine supergroup functor represented by kO if p(i) + p(j) is even, by
KO if it is odd. We call E;; a one parameter subgroup functor.

Define also the (additive) supergroup functor e;; : (salg)—(sets):

eij(A)={a®e; | acAy k=p@i)+pQ)}

THEOREM 4.3. 1. For all A € (salg), the group GL(m|n)(A) is generated by:
E;j(A), i=m+1l...m+n, j=1...m

Eu(4), k=1...m, l=m+1...m+n

GL(m)(Ao) x GL(n)(Ag) = {(f)( 12/) X, W with entries in AO}

where GL(m) denotes the group functor associated with the classical general linear
group.
2. The Lie superalgebra gl(m|n) is generated by the supergroup functors e;;.

Proof. (2) is immediate. For (1) it is enough to prove the given generators
generate the following (see [19] pg. 117):

X 0 1Y I 0
0o W 0 I 7z 1
where X, W have entries in Ag and Y, Z have entries in A;. This is immediate. [

Consider now the action of the (non super) group GL(m) x GL(n) on the
ordinary vector space V' = V@V and also the action of its Lie algebra gl(m) x gl(n)
on the same space. We can build the diagonal action p° of GL(m) x GL(n) on the
space of tensors T(V) (again V is viewed disregarding the grading) and also the
usual action §° by derivation of gl(m) x gl(n) on the same space.

LEMMA 4.4.
< p’(GL(m) x GL(n)) >=< 6°(gl(m) x gl(n)) >

where < S > denotes the subalgebra generated by the set S inside End(V') the
endomorphism of the ordinary vector space V.= k™™,

Proof. This is a consequence of a classical result, see for example [11] 8.2. O
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THEOREM 4.5.
< pr.a(GL(m|n)(A)) >4=< 0, a(gl(m|n)(A)) >4 A € (salg).
where < S >4 denotes the subalgebra generated by the set S inside End(m|n)(A).

Proof. By Theorem 4.3 and Lemma 4.4 it is enough to show that:
pr.a(Eij(A)) €< br.a(gl(m|n)(A4)) >4,

Or.a(ei;(A)) €< pr.a(GL(m[n)(A)) >4
withi=m+1..m+n,j=1...mork=1...m,l=m+1...m+n.

Let D;; be the derivation corresponding to the elementary matrix e;;. So we
have that €;;(A4) = a1 ® D;;, o € A;. We claim that

Or,a(eij(A)) = 1(A) — pra(Eij)(A)

This is a simple calculation. O

COROLLARY 4.6. There is a one to one correspondence between the irreducible
representations of S, and the irreducible representations of GL(m|n) occurring in

Pr-

OBSERVATION 4.7. By Corollary 4.6 and Theorem 3.3 we have that also the
irreducible representations occuring in p, of GL(m|n) are parametrized by parti-
tions of the integer r. However by Observation 3.4 we have that there is no one
dimensional irreducible representation hence also for GL(m|n) we miss an impor-
tant representation, namely the Berezinian:

GL(m|n)(4) — A= End(k)(A)
<)Z( I;) e det(W)ldet(X — YW12)

This shows that the tensor representations of GL(m|n) do not exhaust all polyno-
mial representations of GL(m|n), for n > 0.

The Berezinian representation has been described by Deligne and Morgan in
[6] pg 60, in a natural way as an action of GL(m|n) on Ext group

Ethym*(v*) (A, Sym™ (V™).

Ext plays the same role as the antisymmetric tensors in this super setting.
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Quantum duality principle for quantum Grassmannians

Rita Fioresi and Fabio Gavarini

ABSTRACT. The quantum duality principle (QDP) for homogeneous spaces
gives four recipes to obtain, from a quantum homogeneous space, a dual one,
in the sense of Poisson duality. One of these recipes fails (for lack of the initial
ingredient) when the homogeneous space we start from is not a quasi-affine
variety. In this work we solve this problem for the quantum Grassmannian, a
key example of quantum projective homogeneous space, providing a suitable
analogue of the QDP recipe.

1. Introduction

In the theory of quantum groups, the geometrical objects that one takes into
consideration are affine algebraic Poisson groups and their infinitesimal counter-
parts, namely Lie bialgebras. By “quantization” of either of these, one means a
suitable one-parameter deformation of one of the Hopf algebras associated with
them. They are respectively the algebra of regular function O(G), for a Poisson
group G, and the universal enveloping algebra U(g), for a Lie bialgebra g. Deforma-
tions of O(G) are called quantum function algebras (QFA), and are often denoted
with O,(G), while deformations of U(g) are called quantum universal enveloping
algebras (QUEA), denoted with U,(g) .

The quantum duality principle (QDP), after its formulation in [9, 10, 11],
provides a recipe to get a QFA out of a QUEA, and vice-versa. This involves a
change of the underlying geometric object, according to Poisson duality, in the
following sense. Starting from a QUEA over a Lie bialgebra g = Lie(G), one gets
a QFA for a dual Poisson group G*. Starting instead from a QFA over a Poisson
group G, one gets a QUEA over the dual Lie bialgebra g*.

In [3], this principle is extended to the wider context of homogeneous Poisson
G-spaces. One describes these spaces, in global or in infinitesimal terms, using
suitable subsets of O(G) or of U(g) . Indeed, each homogeneous G-space M can be
realized as G / K for some closed subgroup K of G (this amounts to fixing a point
in M : it is shown in [3], §1.2, how to select such a point). Thus we can deal with
either the space or the subgroup. Now, K can be coded in infinitesimal terms by
U(t), where € := Lie(K), and in global terms by Z(K) := { ¢ € O(G) | p(K) = 0},
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the defining ideal of K . Instead, G/K can be encoded infinitesimally by U(g) ¢
and globally by O(G/K) = O(G)K, the algebra of K—invariants in O(G). Note
that U(g)/U(g)t identifies with the set of left-invariant differential operators on
G / K, or the set of K—invariant, left-invariant differential operators on G'.

These constructions all make sense in formal geometry, i.e. when dealing simply
with formal groups and formal homogeneous spaces, as in [3]. Instead, if one looks
for global geometry, then one construction might fail, namely the description of
G/K via its function algebra O(G/K) = O(G)™ . In fact, this makes sense —
ie., O(G)K is enough to describe G/K — if and only if the variety G/K is quasi-
affine. In particular, this is not the case if G / K is projective, like, for instance,
when G / K is a Grassmann variety.

By “quantization” of the homogeneous space G / K one means any quantum
deformation (in suitable sense) of any one of the four algebraic objects mentioned
before which describe either G / K or K. Moreover one requires that given an
infinitesimal or a global quantization for the group G, denoted by U,(g) or O4(G)
respectively, the quantization of the homogeneous space admits a Uy(g)—action or a
O4(G)—coaction respectively, which yields a quantum deformation of the algebraic
counterpart of the G—action on G / K.

The QDP for homogeneous G-spaces (cf. [3]) starts from an infinitesimal
(global) quantization of a G-space, say G / K, and provides a global (infinites-
imal) quantization for the Poisson dual G*-space. The latter is G*/K=* (with
Lie (K L) = ¢, the orthogonal subspace — with respect to the natural pairing
between g and its dual space g* — to € inside g* ). In particular, the principle gives
a concrete recipe

O04(G/K) o-———w 0,(G/K)" = U,(t")

in which the right-hand side is a quantization of U (&+).

However, this recipe makes no sense when O, (G / K ) is not available. In the
non-formal setting this is the case whenever G / K is not quasi-affine, e.g. when it
is projective.

In this paper we show how to solve this problem in the special case of the
Grassmann varieties, taking G as the general linear group and K = P a maximal
parabolic subgroup. We adapt the basic ideas of the original QDP recipe to these
new ingredients, and we obtain a new recipe

0(G/P) o-———~ 0,(G/P)"
which perfectly makes sense, and yields the same kind of result as predicted by

the QDP for the quasi-affine case. In particular, Oy (G/ P)V is a quantization of
U(p™), obtained through a (¢ — 1)-adic completion process.

Our construction goes as follows.

First, we consider the embedding of the Grassmannian G / P (where G := GL,
or G := 8L, ,and P is a parabolic subgroup of G ) inside a projective space, given
by Pliicker coordinates. This will give us the first new ingredient:

O(G/P) := ring of homogeneous coordinates on G/P
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Many quantizations O, (G / P) of (’)(G / P) already exist in the literature (see,
e.g., [6, 12, 13]). All these quantizations, which are equivalent, come together with
a quantization of the natural G—action on G/P.

In the original recipe (see [3]) Oy(G/K)o————~ O, (G/K)v of the QDP
(when G/K is quasi affine) we need to look at a neighborhood of the special point
eK (where e € G is the identity), and at a quantization of it. Therefore, we shall
replace the projective variety G / P with such an affine neighborhood, namely the
big cell of G / P . This amounts to realize the algebra of regular functions on the
big cell as a “homogeneous localization” of O(G / P), say (O loe (G / P), by inverting
a suitable element. We then do the same at the quantum level, via the inversion
of a suitable almost central element in O,(G/P) — which lifts the previous one
in (’)(G/P) . The result is a quantization (’)ql"c (G/P) of the coordinate ring of the
big cell.

Hence we are able to define O, (G/P)V = Oql"c (G/P)V7 where the right-hand
side is given by the original QDP recipe applied to the big cell as an affine variety (we
can forget any group action at this step). By the very construction, this O, (G/P) v
should be a quantization of U (pJ-) (as an algebra). Indeed, we prove that this is

the case, so we might think at O, (G / P)v as a quantization (of infinitesimal type)
of the variety G* / PL . On the other hand, the construction does not ensure that

O, (G/P)V also admits a quantization of the G*—action on G* /PL (just like the

big cell is not a G-space). As a last step, we look at O, (G/P)v, the (¢—1)-adic
completion of O, (G/P)v. Of course, it is again a quantization of U(pl) (as an
algebra). But in addition, it admits a coaction of the (¢—1)—adic completion of
0,(G)Y — which is a quantization of U(g*). This coaction yields a quantization of

—

the infinitesimal G*-action on G*/PJ-. Therefore, in a nutshell, O, (G/P)V is a
quantization of G* / P as a homogeneous G*—space, in the sense explained above.

Notice that our arguments could be applied to any projective homogeneous
G-space X, up to having the initial data to start with. Namely, one needs an
embedding of X inside a projective space, a quantization (compatible with the G—
action) of the ring of homogeneous coordinates of X (w.r.t. such an embedding),
and a quantization of a suitable open dense affine subset of X . This program is
carried out in detail in a separate work (see [2]).

Finally, this paper is organized as follows.

In section 2 we fix the notation, and we describe the Manin deformations of the
general linear group (as a Poisson group), and of its Lie bialgebra, together with
its dual. In section 3 we briefly recall results concerning the constructions of the
quantum Grassmannian O, (G / P) and its quantum big cell (’)ql"c (G / P) . These are
known results, treated in detail in [6, 7]. Finally, in section 4 we extend the original
QDP to build O, (G/P)v, and we show that its (¢ — 1)—adic completion is a quan-
tization of the homogeneous G*—space G* / P dual to the Grassmannian G / P.
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2. The Poisson Lie group GL,(k) and its quantum deformation

Let k be any field of characteristic zero.

In this section we want to recall the construction of a quantum deformation
of the Poisson Lie group GL, := GL,(k). We will also describe explicitly the
bialgebra structure of its Lie algebra gl,, := gl,, (k) in a way that fits our purposes,
that is to obtain a quantum duality principle for the Grassmann varieties for GL,,
(see §4).

Let kg = ]k[q, qil] (where ¢ is an indeterminate), the ring of Laurent polyno-
mials over ¢, and let k(g) be the field of rational functions in ¢ .

DEFINITION 2.1. The quantum matrix algebra is defined as

Oq(Man) = kq<{mij }}izgsz >/I]VI

where the x;;’s are non commutative indeterminates, and I is the two-sided ideal
generated by the Manin relations

Tij Tik = qTik Tij s Tji Thi = qTkiTji Vj<k
Tij Tkl = Thi Tij Vi<k,j>lor i>k,j<lI
-1 . .
Ty T — Ty = (@ —q ") Ty w Vi<k,j<l

Warning: sometimes these relations appear with ¢ exchanged with ¢! .

For simplicity we will denote Oy (M, xr) with Oy (M,,) .

There is a coalgebra structure on Oy(M,), given by
Azij) = Y v @mry €(zij) = 6ij (1<i,j<n)
k=1

The quantum general linear group and the quantum special linear group are
defined in the following way:

O4(GL,) = Oq(Mn)[T]/(TDq ~1,1-TD,)
Oy(SLy)i= Oy(M) /(Dy 1)

where Dy = > s (=)' o(1) """ Tno(n) 18 a central element, called the
quantum determinant.



84 RITA FIORESI AND FABIO GAVARINI

Note: We use the same letter to denote the generators x;; of Oy(Myxn), of
0,(GL,) and of O4(SL,,): the context will make clear where they sit.

The algebra O,(GL,,) is a quantization of the algebra O(GL,,) of regular func-
tions on the affine algebraic group GL,,, in the following sense: O,(GL,,) / (¢g—
1) O4,(GL,) is isomorphic to O(GL,,) as a Hopf algebra (over the field k). Sim-
ilarly, O4(SLy) is a quantization of the algebra O(SL,,) of regular functions on
SL, . Both Oy(GL,) and O4(SL,) are Hopf algebras, that is, they also have the
antipode. For more details on these constructions see for example [1], pg. 215.

By general theory, O(GL,,) inherits from O,(GL,) a Poisson bracket, which
makes it into a Poisson Hopf algebra, so that GL,, becomes a Poisson group. We
want to describe now its Poisson bracket. Recall that

O(GLy) = k[{ Tij }i,j:L...,n]m/(td* 1)

where d := det (Z;; )”_1 . is the usual determinant. Setting z = 7(z) for

m: O¢(GLy) — O(GL,) , the Poisson structure is given (as usual) by

{

In terms of generators, we have

V a,be O(GLy,) .

Is]

b} o= (g—1)"" (ab—ba)

q=1

{zij @i} = @ija YV j<k, {Zj,zm}=0 Vi<l k<j
{Zij, 20} = 25205 Vi<l, {Zy,Zo} =2%5%0 YV i<l,j<k
{dilajij}:(), {d,i’ij}:() Vij=1,...,n
As GL,, is a Poisson Lie group, its Lie algebra gl,, has a Lie bialgebra structure

(see [1], pg. 24). To describe it, let us denote with E;; the elementary matrices,
which form a basis of gl,,. Define (Vi=1,...,n—1, j=1,...,n)

e =FEiipn, g =FE;, fi:=Fgui, hi=g—gn

Then { e, fi, 9 ’ i=1,....n—1,j=1,. n} is a set of Lie algebra generators
of gl,,, and a Lie cobracket is deﬁned on gl, by

d(ei) = hiNe; , 6(g;) =0, (fi) = hiNfi Vi, 7.

This cobracket makes gl,, itself into a Lie bialgebra: this is the so-called standard Lie
bialgebra structure on gl,, . It follows immediately that U(gl,,) is a co-Poisson Hopf
algebra, whose co-Poisson bracket is the (unique) extension of the Lie cobracket of
gl,, while the Hopf structure is the standard one.

Similar constructions hold for the group SL,, . One simply drops the generator
d~!, imposes the relation d=1, in the description of O(SL,), and replaces the
gs's with the h;’s (i = 1,...,n) when describing s, .

Since gl,, is a Lie bialgebra, its dual space gl admits a Lie bialgebra structure
dual to the one of gl,, . Let {Eu =E%|i,5=1,. n} be the basis of gl dual
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to the basis of elementary matrices for gl,, . As a Lie algebra, gl can be realized
as the subset of gl, @ gl,, of all pairs

—mi1 0 e 0 mi1 Mz - Mip-1  Minp
mo1  —Mag - -- 0 0 mo2 -+ Mon—1 ma p
)
Mp—-11 Mp-12 - 0 0 0 o Mp—1n—1 Mp—1n
Mn 1 mMp 2 st T Mpn 0 0 te 0 Mp,n

with its natural structure of Lie subalgebra of gl, ® gl,, . In fact, the elements E;;
correspond to elements in gl,, @ gl,, in the following way:

Eijg(Eij,O) Vi>j, ijg(*Eij,-FEij) Vi=j, Eijg(O,Eij) Vi<j
Then the Lie bracket of gl is given by
[Ei,j,Emk] =6;nEir—6kiEn; , Vi<j,h<k and V i>j, h>k

[Ei,jaEh,k] :5k,iEh,j_5j,hEi,k R \ 1=7, h>k and V 1>7, h=k

[Eij,Enx] =0, Vi<j,h>k and V¥ i>j, h<k
Note that the elements (1 <i<n—1, 1<j<n)

*_

* *
e =¢€¢ =E i1, §Li=/f"=E,, g =9; = Ej;

are Lie algebra generators of gl,; . In terms of them, the Lie bracket reads
[ei>fj] =0, [gi7ej] = 6’ije’ia [g7,7fjj| = 61]fj v 7’7]

On the other hand, the Lie cobracket structure of gl* is given by

6(Biy) = g::lEi,kAEm Vi j=1,...,n

where zAy =z QRy—yRx.

Finally, all these formule also provide a presentation of U (g[,f) as a co-Poisson
Hopf algebra.

A similar description holds for s = gl / Z(glyy) , where Z(gl;y) is the centre
of gl , generated by [,, :=g;+---+g, . The construction is immediate by looking
at the embedding sl,, — gl .

3. The quantum Grassmannian and its big cell

In this section we want to briefly recall the construction of a quantum deforma-
tion of the Grassmannian of r—spaces inside an n—dimensional vector space and its
big cell, as they appear in [6, 7]. The quantum Grassmannian ring will be obtained
as a quantum homogeneous space, namely its deformation will come together with
a deformation of the natural coaction of the function algebra of the general lin-
ear group on it. The deformation will also depend on a specific embedding (the
Pliicker one) of the Grassmann variety into a projective space. This deformation
is very natural, in fact it embeds into the deformation of its big cell ring. Let’s see
explicitly these constructions.
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P = 0 C cGL, , P, = PNSL,

where A is a square matrix of size r, with 0 <r <mn.

Let G :=GL,, anf let P Bni P; be the standard parabolic subgroups

DEFINITION  3.1. The quantum  Grassmannian  coordinate  ring
O,(G/P) with respect to the Pliicker embedding is the subalgebra of Oy(GLy)
generated by the quantum minors (called quantum Pliicker coordinates)

b1eie tlo
Dl = phet = S (=) ) i 0() Tiz o)+ i o)

for every ordered r—tuple of indices I = {i; <+ <i,}.

Remark:  Equivalently, O, (G / P) may be defined in the same way but with
0,4(SL,,) instead of Oy(GL,,).

The algebra O, (G / P) is a quantization of the Grassmannian G / P in the usual
sense: the k-algebra O, (G/P)/(q -1)0, (G/P) is isomorphic to O(G/P) , the
algebra of homogeneous coordinates of G / P with respect to the Pliicker embed-

ding. In addition, O, (G/P) has an important property w.r.t. O,(G), given by the
following result:

PROPOSITION 3.2.
Oy(G/P) N (1=1)0g(G) = (1-1) Oy(G/P)
Proof. By Theorem 3.5 in [13], we have that certain products of minors {p;},.;

form a basis of Oy(G/P) over k,. Thus, a generic element in O,(G/P) N (¢—
1) O4(G) can be written as

Zie[ aipi = (g—1)¢ (3.1)
for some ¢ € O4(G). Moreover, the specialization map
7o+ 04(G) —— 0,(G) [(4-1)0,(G) = O(G)

maps {p;},c; onto a basis {ﬂg(pi)}iel of O(G/P), the latter being a subalgebra
of O(G). Therefore, applying ng to (3.1) we get > .., @ ma(p;) = 0, where
o; '=«a; mod (¢q—1)k,, for all 4 € I. This forces a; € (¢g—1)k, for all ¢, by the
linear independence of the mg(p;)’s, whence the claim. O

An immediate consequence of Proposition 3.2 is that the canonical map
04(G/P) (4= 1)04(G/P) —— 0,(G)[(a—1) 0,(C)
is injective. Therefore, the specialization map
marp + 0g(G/P) —— 04(G/P) [(a=1)0,(G/P)
coincides with the restriction to O, (G / P) of the specialization map
76t 04(G) —— 0,(G) [(a-1)0,(G)

Moreover — from a geometrical point of view — the key consequence of this
property is that P is a coisotropic subgroup of the Poisson group G. This implies



QUANTUM DUALITY PRINCIPLE FOR QUANTUM GRASSMANNIANS 87

the existence of a well defined Poisson structure on the algebra O(G / P) , inherited
from the one in O(G).

OBSERVATION 3.3. The quantum deformation O, (G / P) comes naturally equipped
with a coaction of O,(GL,,) — or, similarly, of O,(SL,,) — on it, obtained by re-
stricting the comultiplication A. This reads

Alosesm: OulG/P) — 0,(G)®0,(G/P)

D! — ZKDf((X)DK
where, for any I = (i1...%,), K = (k1... k), with 1 < i3 < -+ < i < n,
1<k <--- <k, <n, we denote by Df( the quantum minor

I pyireir . o) . ' '
DK = Dkl...krr " ZS (_q) Lit ko) Tiz ko)~ Lir kgr
gES,

This provides a quantization of the natural coaction of O(G) onto O(G/P) .
The ring O, (G / P) is fully described in [6] in terms of generators and relations.
We refer the reader to this work for further details.

We now turn to the construction of the quantum big cell ring.

DEFINITION 3.4. Let Ip = (1...7), Do := Do Define
0,(@) D] = Oq(G)[T]/(TDO —1,DyT —1)
Moreover, we define the big cell ring O;OC(G / P) to be the k,—subalgebra of
04(G)[Dg'] generated by the elements
tij == (—q) 7 D'+ Dyl Vi,j:l<j<r<i<n

(see [7] for more details).
As in the commutative setting, we have the following result:

14 ~ —1 .
PROPOSITION 3.5.  0,”(G/P) = O4(G/P)[Dy"],,. . where the right-
hand side denotes the degree-zero component of the quotient ring O, (G/P) [T]/(TDO—
1,DoT — 1) .
Proof. In the classical setting, the analogous result is proved by this argument:
one uses the so-called “straightening relations” to get rid of the extra minors (see,
for example, [4], §2). Here the argument works essentially the same, using the
quantum straightening (or Pliicker) relations (see [6], §4, [13], formula (3.2)(c)
and Note I, Note II). O

REMARK 3.6. As before, we have that
0[(G/P) N (¢-1)OF*(G) = (¢-1)0[*(G/P)

This can be easily deduced from Proposition 3.2, taking into account Proposition
3.5. As a consequence, the map

01(G/P) [(a=1)Of*(G/P) ——— 01 (G) [(a~1)01(G)
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is injective, so that the specialization map
7lfps OF(G/P) —— OF(G/P) [(a=1)0[*(G/P)
coincides with the restriction of the specialization map

T OLH(G) —— OF(G) [(4-1)0(G)

The following proposition gives a description of the algebra (’)ql"c (G / P) :

PROPOSITION 3.7. The big cell ring is isomorphic to a matriz algebra, via the
map
O (G/P)  — Og(Mn—r)xr)
tij — Tij V1§j§T<Z§TL
In particular, the generators t;;’s satisfy the Manin relations.

Proof. See [7], Proposition 1.9. O

4. The Quantum Duality Principle for quantum Grassmannians

The quantum duality principle (QDP), originally due to Drinfeld [5] and later
formalized in [9] and extended in [10, 11] by Gavarini, is a functorial recipe to
obtain a quantum group starting from a given one. The main ingredients are
the “Drinfeld functors”, which are equivalences between the category of QFA’s
and the category of QUEA’s. Ciccoli and Gavarini extended this principle to the
setting of homogeneous spaces. More precisely, in [3] they developed the QDP
for homogeneous spaces in the local setting, i.e. for quantum groups of formal type
(where topological Hopf algebras are taken into account). If one tries to find a global
version of the QDP for non quasi-affine homogeneous spaces, then problems arise
from the very beginning, as explained in §1. The case of projective homogeneous
spaces has been solved in [2], where the original version of the Drinfeld-like functor
for which the (global) QDP recipe should fail is suitably modified.

In this section, we apply the general recipe for projective homogeneous spaces
to the Grassmannian G/P . The result is a quantization of the homogeneous space
dual (in the sense of Poisson duality, see [3]) to G/P, just as the QDP recipe
predicts in the setting of [3].

We begin recalling the Drinfeld functor ¥ : QFA — QUEA .

DEFINITION 4.1. Let G be an affine algebraic group over k, and O4(G) a
quantization of its function algebra. Let J be the augmentation ideal of O,(G),
i.e. the kernel of the counit ¢: O,(G) — k. We define

0,6 = (4= 17" 7) = 5 (=17 (€ 0,(6) o, k()

It turns out that O4(G)Y is a quantization of U(g*), where g* is the dual
Lie bialgebra to the Lie bialgebra g = Lie(G). So O4(G)Y is a QUEA, and
an infinitesimal quantization for any Poisson group G* dual to G, i.e. such that
Lie (G*) = g* as Lie bialgebras. Moreover, the association Oy(G) — Oy(G)Y
yields a functor from QFA’s to QUEA’s (see [10, 11] for more details).
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REMARK 4.2. Let G = GL,,. Then O,(G)" is generated, as a unital subalgebra
of O4(G) @y, k(q), by the elements
D_ = (q—l)_l (Dq_l—l) 5 Xij = (q—l)_l (xij_éij) VZ,]ZL,TL

where the x;;’s are the generators of Oy (G). As z;; = 6,5+ (¢ — 1) xi5 € Of(G)Y,
we have an obvious embedding of O, (G) into O,(G)Y .

In the same spirit — mimicking the construction in [3] — we now want to

define O, (G/P)V when G/P is the Grassmannian.
Let G = GL,,, and let P be the maximal parabolic subgroup of §3.

DEFINITION 4.3. Let € be the natural extension to O/°(G/P) of the restriction
to Og(G/P) of the counit of Oy(G), and let Jéo/cp := Ker(e'). We define (as a
subset of (’)ql”c (G/P) &k, k(q))
(o)
O4(G/P)" = {(a= )" J&fp) = X (a= 17" (J&e)"

n=0

It is worth pointing out that O, (G / P)v is not a “quantum homogeneous
space” for O4(G)Y in any natural way, i.e. it does not admit a coaction of O, (G)" .
This is a consequence of the fact that there is no natural coaction of O4(G) on
(’)qloc (G/P) . Now we examine this more closely.

Since O, (G/P)v is not contained in Oy(G)" , we cannot have a O, (G)" coac-
tion induced by the coproduct. This would be the case if O, (G/P)" were a (one-
sided) coideal of O,(G)" ; but this is not true because Oql"c (G/P) is not a (right)
coideal of O,(G). This reflects the geometrical fact that the big cell of G/P is
not a G—space itself. Nevertheless, we shall find a way around this problem simply
by enlarging O, (G/P)v and O,(G)", i.e. by taking their (¢—1)-adic completion
(which will not affect their behavior at ¢ = 1).

To begin, we provide a concrete description of O, (G/P)v :

PROPOSITION 4.4.
04(G/P)" = tey{{psy ¥l L) [T

where p;; = (¢ — ! tij (for alli and j ), Inr is the ideal of the Manin relations
among the pi;;’s, and t;; = (—q)" 7 D 3" D (for all i and j).

Proof. Trivial from definitions and Proposition 3.7. ]

We now explain the relation between O, (G/P)v and O,(G)". The starting
point is the following special property:

PROPOSITION 4.5.
04(G/P)" N (a=1)0,(G)"[Dg"] = (a=1)0,(G/P)"

Proof. 1t is the same as for Proposition 3.2. |
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REMARK 4.6. As a direct consequence of Proposition 4.5, the canonical map
04(G/P)"/(a=1)0,(G/P)” — 0,(G)"[D5"] /(a—1)0,(G)" [P ]
is in fact injective: therefore, the specialization map
772/;/13 : Oq(G/P)V - Oq(G/P)V/(Q* 1)Oq<G/P)v
coincides with the restriction to O, (G / P)V of the specialization map

mé: 0(G)[D5'] —— 0,(6)"[D5"] [(a=1)0,(G)’ [D7"]

From now on, let A denote the (¢ — 1)-adic completion of any k,—algebra A.
Note that A and A have the same specialization at ¢ =1, i.e. A/(¢—1)A and

E/(q— 1) A are canonically isomorphic. When A = 0,4(G), note also that Oy(G)
is naturally a complete topological Hopf k,—algebra.
The next result shows why it is relevant to introduce such completions.

—

LEMMA 4.7. O4(G)" [Dy'] naturally embeds into Oy4(G)" .

Proof. By remark 4.2 we have that O,(G)" is generated by the elements (for
all ,5=1,...,n)

D_:=(¢-1)"" (D' =1), i = (g— 17" (2 — 6;5)
inside O,4(G) ®g, k(g) . On the other hand, observe that

i = (q—1)xij € (q—l)Oq(G)v Vi#j
and

z=1+(@-Dxew € 1+(@-1)0,G)") V.

Then, if we expand explicitly the g—determinant Dy := D', we immediately see

—

that Do € (14 (¢ — 1) O4(G)") as well. Thus Dy is invertible in O4(G)", and so
the natural immersion O,(G)" —— O,(G)" canonically extends to an immersion
Oy(G)'[Dy!] == 04 (G)" . O

COROLLARY 4.8. .
(a) The specializations at q=1 of O, (G)", (’)q(G)v[Do_l] and O4(G)" are
canonically isomorphic. More precisely, the chain

0,(G) —— 0,(G)"[D7'] — 0,(G)"

of canonical embeddings induces at ¢ =1 a chain of isomorphisms.
(b) Oq (G/P)V embeds into Oy(GQ)" wvia the chain of embeddings

OQ(G/P)V R Oq(G>V[D0_1] - Oq(G)v

() OJC/P) N (g-10,(G) = (4-1)0,(C/P)"
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Proof. Part (a) and (b) are trivial, and (¢) follows from them. O

Notice that part (¢) of Corollary 4.8 also implies that

0,(G/P)’| = 0,(G/P)"[(a-1)0,(G/P)’

q=1
is a subalgebra of

Oq(G)v = Oq(G)v

q=1

= Oq(G)V/(q—l)Oq(G)v ~ U(g")

q=1
just because the specialization map

Riyp: O4(GIP) —— 0,(G/P)" /(- 10,(G/P)"

coincides with the restriction to O, (G / P)v of the specialization map

1 0,(G)Y —— 0,(G)Y [(a=1)0,(G)
Now we want to see what is O, (G/P)v‘ inside U(gl,”). In other words, we
q=1
want to understand what is the space that O, (G / P)v is quantizing.

PROPOSITION 4.9.
0,(G/P)"

= Up™)

qg=1
as a subalgebra of O, (G)”
p := Lie(P) inside gl," .

= U(g[n*) , where p is the orthogonal subspace to
q=1

Proof. Thanks to the previous discussion, it is enough to show that

4 (04(G/P)Y) = U(p*) € Ufal) = 0,(G)"

q=1

To do this, we describe the isomorphism (’)q,(G)v
q=

=~ U(gl,”) (cf. [8]). First,
1
recall that O,(G)" is generated by the elements (see Remark 4.2)
D= (=17 (D7 =1), Xy = (g7 (w5 - 0y)

(for all 4,5 =1,...,n) inside Oy(G) ®y, k(g). In terms of these generators, the
isomorphism reads

q=1
D_w— —(Ei1++Eun), Xiy—E,; Vij.

where we used notation X := X mod (¢ — 1) Oy(G)" . Indeed, from ¥;; +— E;
and (¢—1)"" (Dg— 1) € 0,(G)", one gets D, — 1 and (g — 1y~ (Dg—1) —
Ei1+ -+ E, . Moreover, the relation D, Dq_1 =1 in O4(G) implies D,D_ =
—(g-1)7" (Dg—1) in Oy(G)",s0 D_+ —(Ey1+---+E,,) as claimed (cf. 8],
§3, or [10], §7). In other words, the specialization 7% : O, (G)" — Ul(gl,") is
given by

14(D-) = =(Bia+ -+ Epp) 7&(Xig) = Biy Vi,j.
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-

If we look at O,(G)", things are even simpler. Since
Dy e (1+(a-10,(6)") € (1+(a-1)0,G)"),

then Dq_1 € (1 +(¢—-1) (’)q(G)v) , and the generator D_ can be dropped. The

specialization map wé /P of course is still described by formulee as above.

Now let’s compute Wé/P ((’)q (G/P) v) = 7;8 ((’)q (G/P) v) . Recall that O, (G/P) v
is generated by the pu;;’s, with
pij = (q _ 1)—1 ti; = (q _ 1)—1 (_q)T—j Dl...j...riDo—l
for i=r+1,...,n,and j=1,...,r; thus we must compute 7?8(;%) .
By definition, for every i # j the element z;; = (¢ — 1) x;; is mapped to 0 by

7/72. Instead, for each ¢ the element ¢, = 1+ (¢ — 1) x¢¢ is mapped to 1 (by 7/
again). But then, expanding the ¢g—determinants one easily finds — much like in
the proof of Lemma 4.7 — that

;g((q_l)—lDl...;...ri) _ (( )" 1 (- ) 5310(1) l“ra(r)) _

oe S,

= 7 (@07 T 0 T Grow + (=1 o))

ceS,

The only term in (¢ — 1) in the expansion of D* «J71 comes from the product

(1+(q_1)X11) (1+(q 1)er)(q Dxij = (¢—1)x;; mod(g— 1 (G/P)

Therefore, from the previous analysis we get
(a1 D) = ) = By
(Do) = wE(1) =1, w(Dpt) = w(1) =1
so in the end %(uij):( N ]E”, forall 1<j<r<i<n.
The outcome is that ¢, (Oq(G/P)V) = U(h), where

h = Span({Ei,jfr—}—lgign, 1§j§r}) .

On the other hand, from the very definitions and our description of gl,* one easily
finds that h =pL, for p:= Lie(P) . The claim follows. O

Proposition 4.9 claims that O, (G/P)v is a quantization of U(pj-) , l.e. it is a
unital k,—algebra whose semiclassical limit is U (pL) . Now, the fact that U (pL)
describes (infinitesimally) a homogeneous space for G* is encoded in algebraic
terms by the fact that it is a (left) coideal of U(g*); in other words, U(p') is
a (left) U(g*)—comodule w.r.t. the restriction of the coproduct of U(g*). Thus,

for O, (G/P)v to be a quantization of U(pl) as a homogeneous space we need
also a quantization of this fact: namely, we would like O, (G / P)V to be a left
coideal of O (@), our quantization of U(g*). But this makes no sense at all,
as O, (G/P)v is not even a subset of O, (G)"!
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This problem leads us to enlarge a bit our quantizations O, (G/P) Y and (’)q(G)v :

we take their (¢—1)—adic completions, namely O, (G/P)v and O,(G)" . While not
affecting their behavior at ¢ =1 (i.e., their semiclassical limits are the same), this

operation solves the problem. Indeed, OQ(G)v is big enough to contain O, (G/P)V ,

—

by Corollary 4.8(b). Then, as (’)q(G)v is a topological Hopf algebra, inside it we
must look at the closure of Oy (G/ P)V . Thanks to Corollary 4.8(c¢) (which means,

roughly, that an Artin-Rees lemma holds), the latter is nothing but O, (G / P)V.
Finally, next result tells us that O, (G/ P)v is a left coideal of Oy (G)", as expected.

PROPOSITION 4.10. Oy (G/P)" is a left coideal of Og(G)" .
Proof. Recall that the coproduct A of 0,(G)" takes values in the topological

tensor product O,(G)" & O,(G)", which by definition is the (¢—1)-adic comple-
tion of the algebraic tensor product O,(G)" ® Oy(G)" . Our purpose then is to

——

show that this coproduct A maps O, (G / P)v in the topological tensor product
TN TNV

0,(G) 80,(G/P) -

By construction, the coproduct of O,(G)", hence of O,(G)" too, is induced
by that of O4(G), say A : Oy(G) — O4(G) ® Oy(G) . Now, the latter can be
uniquely (canonically) extended to a coassociative algebra morphism

A 04(G) D] — 04(G)[D1}] ® 04(G)[ D]
where & is the Jgadic completion of the algebraic tensor product, with
Jg = JQOLG) + O,(G) & J J = Ker(eo,c)) -

In fact, since A(Dgy) = Do ® Do+ Y. DR @ DX | one easily computes
K#Io

A(Dy) = (1+K§I DR Dy? ®DKD0_1>(D0®DO)
0]

A(Dy) = (D0®D0)_1(1+K§I D D5 @ DX DG )
0

= (it eng!) X (-1 ( > DeD;e DKD01>
n>0 K#I
Let’s now look at the restriction &r of A to (’)qloc (G/P) . We have
Ar(t”) — &T(Dla\rlDO_l) _ B(Dla\rz) . K(Do)il _

_ (ZDIL]TzDol ®DL D01> . Z (_1)n < Z Dig D01®DKD01>
n>0 K#I,
Now, by Proposition 3.5 we know that each product D' D;()l is a combina-
tion of the ¢;;’s. Hence the formula above shows that ET maps Oqloc (G/P) into
0q(G)[Dy '] @ Ole(G/P) .
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By scalar extension, A uniquely extends to a map defined on the k(g)—vector
space k(q) ®, Oq(G) [Dg |, which we still call A . Tts restriction to the similar
scalar extension of (’)l"c (G / P) clearly coincides with the scalar extension of Ar,
hence we call it A, again. Finally, the restriction of AtoO (G) [D_l] and of A,
to Oq (G / P) both coincide — by construction — with the proper restrictions of
the coproduct of OXCT)V (cf. Corollary 4.8).

In the end, we are left to compute ﬁr(uij) . The computation above gives

Alpis) = A(uy) = (@=1) " An(ty) =

=(¢=1)"' Dy Dt e DD 1 (—1)”( > DDy '@ DKD01>
L n>0 K+#I

Now, each left-hand side factor above belongs to O,(G)" ® O, (G/ P)v, because
either DL € Jlo¢, (if L # Iy, with notation of §4.3), or DlL"'j“'M eJ (i L=1I,

G/P
with J := Ker (qu(G)) ). On right-hand side instead we have
€ I C (a—1)0,(G/P)" , D e JC (q-1)0(G)"

whence — as Dy* € 0,(G)" and Dy*' € O, (G/P)V — we get

L —

Y D DyteDED; € (¢-1)20,(G) ®0,(G/P)"
K#I,
so that > (—1)" ( S Dl pite DKDO_1> e 0, 20,a/P)"
n>0 K+#Iy

The final outcome is A(u”) €O (G)v ®0 (G/P) for all ¢ and all j. As
the p;;’s topologically generate O, (G / P) , this proves the claim. d

In the end, we get the main result of this paper.

THEOREM 4.11. O, (G/P)v is a quantum homogeneous G*—space, which is
indeed an infinitesimal quantization of the homogeneous G*-space p+

Proof. Just collect the previous results. By Proposition 4.9 and by the fact that

0,(G/P)" = 0,(G/P)’ ~ we have that the specialization of O, (G/P)"
is U (pl) . Moreover we saw that O, (G / P)v is a subalgebra, and left coideal, of

(’)XG\)v . Finally, we have
0,(G/P) N a-10,&)" = (a-10,(G/P)"

—

as an easy consequence of Corollary 4.8 (c). Therefore, O, (G / P)V is a quantum
homogeneous space, in the usual sense. As C’)q(G)v is a quantization of g* , we have

that O, (G / P)V is in fact a quantum homogeneous space for G*; of course, this is
a quantization of infinitesimal type. O
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REMARK 4.12. All these computations can be repeated, step by step, taking

G=SL, and P=P,.

(1]
(2]

(3]
(4]
(5]
[6]
[7]
(8]
[9]
[10]

11]
(12]

(13]
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Some remarks on the action of quantum isometry groups

Debashish Goswami

ABSTRACT. We give some new sufficient conditions on a spectral triple to
ensure that the quantum group of orientation and volume preserving isometries
defined in [6] has a C*-action on the underlying C* algebra.

1. Introduction

Taking motivation from the work of Wang, Banica, Bichon and others (see
[20], [21], [2], [3], [4], [22] and references therein), we have given a definition of
quantum isometry group based on a ‘Laplacian’ in [11], and then followed it up
by a formulation of ‘quantum group of orientation preserving isometries’ in [6] (see
also [7], [9], [8], [5] for many explicit computations). The main result of [6] is that
given a spectral triple (of compact type) (A*°,H, D) and a positive unbounded op-
erator R commuting with D, there is a universal object in the category of compact
quantum groups which have a unitary representation (say U) on the Hilbert space
H w.r.t. which D is equivariant and the normal (co)-action ay of the quantum
group obtained by conjugation by the unitary representation leaves the weak clo-
sure of A invariant and preserves a canonical functional 75 called ‘R-twisted vol-
ume form’ described in [6]. The Woronowicz subalgebra of this universal quantum
group generated by the ‘matrix elements’ of oy (a), a € A% is called ‘the quantum
group of orientation and R-twisted volume preserving isometries’ and denoted by
QISO%L(D).

However, it is not clear from the definition and construction of this quantum
group whether ay is a C* -action of QISOE (D) on the C* algebra generated by
A (in the sense of Woronowicz and Podles). The problem is that to prove the
existence of a universal object in [6] we had to make use of the Hilbert space and
the strong operator topology coming from it. This is the reason why we demanded
only the stability of the von Neumann algebra generated by A% in the definition
of an isometric and orientation preserving quantum group action on the spectral
triple (A, H, D). In a sense, we worked in a suitable category of ‘measurable’
actions and could prove the existence of a universal object there. In the classical
situation, i.e. for isometric orientation preserving group actions on Riemannian
spin manifolds, the apparently weaker condition of measurability turns out to be
equivalent to a topological, in fact smooth action, thanks to the Sobolev’s theorem
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(see the proof of the converse part of Theorem 2.2 in [6]).The analogous question in
the noncommutative situation is to see whether «y (which is a-priori only a normal
action) is a C* action, and we shall show that under some assumptions which very
much resemble the conditions for the classical Sobolev’s theorem, we can indeed
answer this question in the affirmative. In fact, we have already given a number of
sufficient conditions for ensuring C*-action in [6], and the conditions given in the
present article add to this list, strengthening our belief that the action of quantum
group of orientation preserving isometries is in general a C* action.

2. Preliminaries

2.1. Generalities on quantum groups and their action. We review some

basic facts about quantum groups (see, e.g. [25], [24], [1], [19] and references
therein). A compact quantum group (to be abbreviated as CQG from now on) is
given by a pair (S,A), where § is a unital separable C* algebra equipped with
a unital *-homomorphism A : § — § ® S (where ® denotes the injective tensor
product) satisfying
(ai) (A®id) o A = (id® A) o A (co-associativity), and
(aii) the linear span of A(S)(S ® 1) and A(S)(1 ® S) are norm-dense in S® S.
It is well-known (see [25], [24]) that there is a canonical dense *-subalgebra Sy
of S, consisting of the matrix coefficients of the finite dimensional unitary (co)-
representations (to be defined shortly) of S, and maps € : S — C (co-unit) and
k:Sp — So (antipode) defined on Sy which make Sy a Hopf x-algebra.

We say that the compact quantum group (S, A) (co)-acts on a unital C* algebra
B, if there is a unital *-homomorphism (called an action) a: B — B ® S satisfying
the following :

(bi) (¢ ®id) o = (id ® A) o v, and

(bii) the linear span of a(B)(1 ® S) is norm-dense in B® S.

It is known (see [16]) that the above is equivalent to the existence of a dense unital
x-subalgebra By of B on which the action « is an algebraic action of the Hopf
algebra S, i.e. a maps By into By ®a1g So and also (id ® €) o v = id on By.

Such an action will be called a C* or topological action, to distinguish it from
a normal action on a von Neumann algebra, which we briefly mention later.

DEFINITION 2.1. A wunitary ( co ) representation of a compact quantum group
(S, A) on a Hilbert space H is a map U from H to the Hilbert S module H® S such
that the element U € M(K(H)® S) given by U(E®b) =U(£)(1®0b) (€ H,beS)
s a unitary satisfying

(id® AU = (7(12)[7(13)7

where for an operator X € B(H; ® Ha) we have denoted by X123 and Xi3 the
operators X @ Iy, € B(H1 ® Ha ® Ha), and X93X12Y03 respectively (Yoz being the
unitary on H1 ® Ha ® He which flips the two copies of Hz).

Given a unitary representation U we shall denote by ay the x-homomorphism
ay(X) = UX @ )YU* for X € B(H). For a not necessarily bounded, densely
defined (in the weak operator topology) linear functional T on B(H), we say that
ay preserves T if ay maps a suitable (weakly) dense x-subalgebra (say D) in the
domain of T into D ®a1g S and (1 ® id)(ay(a)) = 7(a)ls for all a € D. When
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7 is bounded and normal, this is equivalent to (7 ® id)(ay(a)) = 7(a)ls for all
a € B(H).

We say that a (possibly unbounded) operator T on H commutes with U if T® I
(with the natural domain) commutes with U. Sometimes such an operator will be
called U -equivariant.

We also need to consider von Neumann algebraic quantum group of compact
type. This is given by a von Neumann algebra M equipped with a normal coas-
sociative coproduct and also a faithful normal state (Haar state) invariant under
the coproduct. We refer to [18], [15] for more details, in fact for a locally compact
von Neumann algebraic quantum group, of which those of compact type form a
very special and relatively simple class. We shall actually be concerned with the
canonical von Neumann algebraic compact quantum group coming from the GNS
representation of a CQG (w.r.t. the Haar state). Let us mention that the Haar
state (say h) on a CQG S is not necessarily faithful, but it is faithful on the dense
x-algebra Sy mentioned before. Let p, : S — B(L?*(h)) be the GNS representa-
tion. It is easily seen that the coproduct on S is implemented by the canonical
left regular unitary representation, say U, on this space, and then ay can be used
as the definition of a normal coassociative coproduct on the von Neumann algebra
M = pi(8)" C B(L*(h)). Since the Haar state is a vector state in L?(h) and hence
normal invariant state, it is clear that M is a compact type von Neumann algebraic
quantum group.

We remark here that the definition of unitary representation as well as (co)-
action has a natural analogue for such von Neumann algebraic quantum groups,
and it can be shown that any such representation decomposes into direct sum
of irreducible ones, and that any irreducible representation of a compact Hopf
von Neumann algebra is finite dimensional. The proofs of these facts are almost
the same as the proof in the C* case, with the only difference being that the
norm topology must be replaced by appropriate weak or strong operator topology.
Moreover, we remark that given a C*-action a : A — A ® S of the CQG S on a
separable unital C* algebra embedded in B(H) for some Hilbert space H, such that
the action « is implemented by some unitary representation U of the CQG S on
‘H, i.e. a = ay, we can canonically construct a normal action of the von Neumann
algebraic compact quantum group M as follows. First, replace the action a by
ap, = (id ® pr) o o, which is an action of p;(S), and note that ap(a) = Up(a® 1)Up
for a € A, where Uy, := (id ® pp,)(U), a unitary representation of p,(S) on H. Now
we use the right hand side of the above to extend the definition of ay, to the whole
of B(H), in particular on N := A" C B(H), and observe that this indeed gives a
normal action of M = pp,(A)" on N.

2.2. Quantum group of orientation and volume preserving isome-
tries. Next we give an overview of the definition of quantum isometry groups as
in [6].

DEFINITION 2.2. A quantum family of orientation preserving isometries of the
spectral triple (A, H, D) (of compact type) is given by a pair (S,U) where S is a
separable unital C*-algebra and U is a linear map from H to H® S such that U
given by U(E€ @ b) = U(E)(1®b) (€ € H, b € 8) extends to a unitary element of
M(K(H) ® S) satisfying the following
(i) for every state ¢ on S we have UyD = DUy, where Uy = (id ® o) (U);
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(it) (id ® ¢) o ay(a) € (A>)" Va € A> for every state ¢ on S, where ay(z) :=
Uz @ 1)U* for x € B(H).

In case the C*-algebra S has a coproduct A such that (S,A) is a compact
quantum group and U is a unitary representation of (S,A) on H, we say that
(S8,A) acts by orientation-preserving isometries on the spectral triple.

Consider the category Q with the object-class consisting of all quantum families
of orientation preserving isometries (S,U) of the given spectral triple, and the
set of morphisms Mor((S,U), (§8’,U’")) being the set of unital *-homomorphisms
® S — & satisfying (id ® ®)(U) = U’. We also consider another category
Q’ whose objects are triplets (S, A, U), where (S, A) is a compact quantum group
acting by orientation preserving isometries on the given spectral triple, with U being
the corresponding unitary representation. The morphisms are the homomorphisms
of compact quantum groups which are also morphisms of the underlying quantum
families of orientation preserving isometries. The forgetful functor F': Q' — Q is
clearly faithful, and we can view F'(Q’) as a subcategory of Q.

Unfortunately, in general Q' or Q will not have a universal object, as discussed
in [6]. We have to restrict to a subcategory described below to get a universal object
in general, though in some cases. Fix a positive, possibly unbounded, operator R
on H which commutes with D and consider the weakly dense x-subalgebra £p of
B(H) generated by the rank-one operators of the form | >< 7| where £, n are
eigenvectors of D. Define 7g(z) = Tr(Rz), x € Ep.

DEFINITION 2.3. A quantum family of orientation preserving isometries (S,U)
of (A, H, D) is said to preserve the R-twisted volume, (simply said to be volume-
preserving if R is understood) if one has (Tr®id)(ay (z)) = 7r(x)1s for allx € Ep,
where Ep and Tr are as above.

If, furthermore, the C*-algebra S has a coproduct A such that (S, A) is a CQG
and U is a unitary representation of (S,A) on H, we say that (S, A) acts by (R-
twisted) volume and orientation-preserving isometries on the spectral triple.

We shall consider the categories Qr and Q' which are the full subcategories
of Q and Q' respectively, obtained by restricting the object-classes to the volume-
preserving quantum families.

The following result is proved in [6].

THEOREM 2.4. The category Qg of quantum families of volume and orientation
preserving isometries has a universal (initial) object, say (Q Uy). Moreover, G has
a coproduct Aq such that (g, Ay) is a compact quantum group and (g~, Ao, Up) is a
universal object in the category Q. The representation Uy is faithful.

The Woronowicz subalgebra of G generated by elements of the form {< (¢ ®
1),a0(a)(n ® 1) >5, a € A*}, where ap = ay, and < -,- >5 denotes the G-
valued inner product of the Hilbert module H @ G, is called the quantum group of
orientation and volume preserving isometries, and denoted by Q1.5 OE(D).

3. C*-action of QISO} (D)

It is not clear from the definition and construction of QISOF (D) whether
the C* algebra A generated by A* is stable under ap := ay, in the sense that
(id® ¢) o g maps A into A for every ¢. Moreover, even if A is stable, the question
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remains whether «q is a C*-action of the CQG QISOE (D). Although we could not
yet decide whether the general answer to the above two questions are affirmative,
we have given a number of sufficient conditions for it in [6]. In fact, those conditions
already cover all classical compact Riemannian manifolds, and many noncommu-
tative ones as well. In what follows, we shall provide yet another set of sufficient
conditions, which will be valid for many interesting spectral triples constructed
from Lie group actions on C* algebras.

Suppose that there are compact Lie groups G, G with a (finite) covering map
v G -G (which is group homomorphism), such that the following hold:

(a) There is a strongly continuous (w.r.t. the norm-topology) action of G on A, i.e.
g+ fg(a) is norm-continuous for a € cla.

(b) there exists a strongly continuous unitary representation Vj of G on 'H which
commutes with D and R, and we also have Vganfl = By(a), where a € A, g € G,
and g = (3).

(¢) In the decomposition of the G-action 8 on A into irreducible subspaces, each
irreducible representation of G occurs with at most finite (including zero) multi-
plicity.

It follows from (b) that we can extend [, to the von Neumann algebra A" as a
strongly continuous (w.r.t. SOT) action of G. Indeed, for g € G, a € A”, we
can choose any g such that v(g) = g, and also choose a bounded net a,, from A
converging in the S.0.T. to a. Clearly, 84(a,) = VganV;I converges in S.0.T., and
the limit defines 54(a).

Since G is a Lie group, we choose a basis of its Lie algebra, say {x1,..., X~}
Each x; induces closable derivation on A4 (w.r.t. the norm topology) as well as on
A" (w.r.t. SOT) which will be denoted by §; and 6; respectively. We do have natural
Frechet spaces &1 := (51 1<;, <y Dom(d;, ...6:,) and &3 == (51 1<, <y Dom(di, ...6i,),
and we assume that
(d) & and & coincide with A.

REMARK 3.1. We have a feeling that in (c), it may be enough to require only the
finite dimensionality of the identity representation. Indeed, if the action is ergodic,
i.e. the identity representation has multiplicity one, it is known (see [14]) that (c)
does hold, and in fact, by Lemma 8.1.20 of [13] (see also [12]), one can also deduce
(d). This strongly indicates that if there is a generalization of the results obtained
in [14] for actions which have finite multiplicity of the identity representation, then
one may relax the condition (d), and also weaken (c). However, we are not aware
of any such generalization of [14].

Let G denote the (countable) set of equivalence classes of irreducible represen-
tations of G, and let V. denote the (finite dimensional by assumption) subspace of
A" which is the range of the ‘spectral projection’ P, corresponding to 7, namely
T fG ¢z (9)Bq(x)dg, cx being the character of 7. It is easy to see from the assump-
tions made that elements of V, actually belong to A, and clearly, this subspace
coincides with the range of the restriction of P, on A. Thus, in particular, the
linear span of V., w € G’, is norm-dense in A as well.

Now we have the following;:

THEOREM 3.2. Under the above assumptions, A has the C*-action of G =
QISOF(D) given by the restriction of ag on A.
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Proof: As discussed in the previous section, we consider the reduced CQG pp,(G)
where py, is the GNS representation of the Haar state, and denote the von Neumann
algebraic quantum group (of compact type) pi(G)” by M. Clearly, aq extends to a
normal action of M on A” C B(H), given by ag(z) = Up(z@1)Us C A" @B(L*(h))
for z € A", which decomposes into finite dimensional irreducible subspaces of A",
say {A;,i € I} (I some index set).

We claim that G can be identified with a quantum subgroup of G, in the sense
that C(QG) is identified with a quotient of G by some Woronowicz ideal. To see
this, note that by assumption, V; (Vg € G) commutes with D and TR(ngz:ngl) =
Tr(RVngg_l) = Tr(VngVg_l) = 7r(x), for all x € &Ep, since Vj is unitary com-
muting with R. Moreover, Vg.%ﬂ/g{1 C A”. This implies, by the universality
of G, that there is a Woronowicz ideal Z of G such that C(G) = G/Z. Since

C(G) is a Woronowicz subalgebra of C(G) in the obvious way, via the injective
+-homomorphism which sends f € C(G) to f oy € C(G), our claim follows.

it is clear that each A; is G-invariant, i.e. §,(A;) C A, for all g.

Thus, we can further decompose A; into G-irreducible subspaces, say AT, 7w €
G. Clearly, AT C V,; C A*>. Thus, the restriction of o to the linear span of all the
AT ’s, say V (which is already a *-algebra by the general theory of CQG), is a Hopf
algebraic action of M. However, by definition of G = QISO,(D) it is clear that
aolar is actually a Hopf algebraic action of the CQG py(G). Moreover, since AT
is finite dimensional, the ‘matrix coefficients’ of o] Ar must come from the Hopf
algebra Gy mentioned in the previous section, on which py, is faithful, and we thus
see, by identifying pp,(Go) with Gy, that ag(AT) C AT Qaig Go-

Now it suffices to prove the norm-density of the subspace V in A. To this
end, we note that, by the weak density of V in A”, the range V, of Pr|~ is the
weak closure of Pr(V). But P, being finite dimensional, the range must coincide
with P (V), which is nothing but the linear span of those (finitely many) AT which
are nonzero , i.e. for which the irreducible of type 7 occurs in the decomposition
of A;. Tt follows that V contains V, for each 7, hence (by the norm-density of
Span{V,,m € G} in A) V is norm-dense in A. O
Examples:

We shall mention two classes of spectral triples which satisfy our assumptions.

(I) The assumptions of the above theorem are valid (with R = I) in case the given
spectral triple obtained from an ergodic action of a compact Lie group G on the
underlying C* algebra A. Let G have a Lie algebra basis {x1,...,xn} and an
ergodic G-action on A. It is well-known (see [14]) that A has a canonical faith-
ful G-invariant trace, say 7, and if we embed A in the corresponding GNS space
L?(7), the operator id; (where §; is as before) extends to a self adjoint operator
on L2(7). Taking H = L?(7) ® C", where n is the smallest positive integer such
that the Clifford algebra of dimension N admits a faithful representation as n x n
matrices, we consider D = Zj i0; ® v, 7; being the Clifford matrices. As we have
already remarked, the smooth algebra A corresponding to the G-action on A
satisfies our assumption (d), and it has the natural representation a — a ® 1¢» on
‘H. If the operator D has a self-adjoint extension with compact resolvent, it is clear
that (A, H, D) gives a spectral triple satisfying all the assumptions (a)-(d) with
G =G, R =1 and the unitary representation V' being 3y ® Ic», where 3, is the
given ergodic action of G on A, extended naturally as a unitary representation on
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L?(7). Tt may be mentioned that the standard spectral triple on the noncommuta-
tive tori arises in this way.

(IT) Another interesting class of examples satisfying assumptions (a)-(d) come from
those classical spectral triples for which the action of the group of orientation pre-
serving Riemannian isometries on C(M) (where M denotes the underlying mani-
fold) is such that any irreducible representation occurs with at most finite multi-
plicities in its decomposition. It is easy to see that the classical spheres and tori
are indeed such manifolds.
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Generic Hopf Galois extensions

Christian Kassel

ABSTRACT. In previous joint work with Eli Aljadeff we attached a generic Hopf
Galois extension A% to each twisted algebra ®H obtained from a Hopf alge-
bra H by twisting its product with the help of a cocycle a. The algebra A%
is a flat deformation of “*H over a “big” central subalgebra B¢ and can be
viewed as the noncommutative analogue of a versal torsor in the sense of Serre.
After surveying the results on A% obtained with Aljadeff, we establish three
new results: we present a systematic method to construct elements of the com-
mutative algebra B¢, we show that a certain important integrality condition
is satisfied by all finite-dimensional Hopf algebras generated by grouplike and
skew-primitive elements, and we compute B¢ in the case where H is the Hopf
algebra of a cyclic group.

1. Introduction

In this paper we deal with associative algebras “H obtained from a Hopf alge-
bra H by twisting its product by a cocycle .. This class of algebras, which for sim-
plicity we call twisted algebras, coincides with the class of so-called cleft Hopf Galois
extensions of the ground field; classical Galois extensions and strongly group-graded
algebras belong to this class. As has been stressed many times (see, e.g., [22]), Hopf
Galois extensions can be viewed as noncommutative analogues of principal fiber
bundles (also known as G-torsors), for which the role of the structural group is
played by a Hopf algebra. Hopf Galois extensions abound in the world of quantum
groups and of noncommutative geometry. The problem of constructing systemat-
ically Hopf Galois extensions of a given algebra for a given Hopf algebra and of
classifying them up to isomorphism has been addressed in a number of papers over
the last fifteen years; let us mention [4, 5, 10, 12, 13, 14, 15, 16, 17, 19, 20, 21].
This list is far from being exhaustive, but gives a pretty good idea of the activity
on this subject.

A new approach to this problem was recently considered in [2]; this approach
mixes commutative algebra with techniques from noncommutative algebra such
as polynomial identities. In particular, in that paper Eli Aljadeff and the author
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Key words and phrases. Hopf algebra, Galois extension, twisted product, generic, cocycle,
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attached two “universal algebras” Uf, A% to each twisted algebra “H. The al-
gebra Uf;, which was built out of polynomial identities satisfied by “H, was the
starting point of loc. cit. In the present paper we concentrate on the second al-
gebra A% and survey the results obtained in [2] from the point of view of this
algebra. In addition, we present here two new results, namely Theorem 7.2 and
Proposition 8.1, as well as a computation in Subsection 4.3.

The algebra A% is a “generic” version of *H and can be seen as a kind of
universal Hopf Galois extension. To construct A% we introduce the generic cocycle
cohomologous to the original cocycle o and we consider the commutative algebra B
generated by the values of the generic cocycle and of its convolution inverse. Then

% is a cleft H-Galois extension of Bf;. We call A%, the generic Galois extension
and B¢ the generic base space. They satisfy the following remarkable properties.

Any “form” of “H is obtained from A% by a specialization of B$;. Conversely,
under an additional integrality condition, any central specialization of A$; is a form
of *H. Thus, the set of algebra morphisms Alg(B%, K) parametrizes the isomor-
phism classes of K-forms of *H and A% can be viewed as the noncommutative
analogue of a wersal deformation space or a wersal torsor in the sense of Serre
(see [11, Chap. I]). We believe that such versal deformation spaces are of interest
and deserve to be computed for many Hopf Galois extensions. Even when the Hopf
algebra H is a group algebra, in which case our theory simplifies drastically, not
many examples have been computed (see [1, 3] for results in this case).

Our approach also leads to the emergence of new interesting questions on Hopf
algebras such as Question 7.1 below. We give a positive answer to this question for
a class of Hopf algebras that includes the finite-dimensional ones that are generated
by grouplike and skew-primitive elements.

Finally we present a new systematic way to construct elements of the generic
base space B%. These elements are the images of certain universal noncommuta-
tive polynomials under a certain tautological map. In the language of polynomial
identities, these noncommutative polynomials are central identities.

The paper is organized as follows. In Section 2 we recall the concept of a
Hopf Galois extension and discuss the classification problem for such extensions.
In Section 3 we define Hopf algebra cocycles and the twisted algebras “H. We
construct the generic cocycle and the generic base space B in Section 4; we also
compute Bf; when H is the Hopf algebra of a cyclic group. In Section 5 we illus-
trate the theory with a nontrivial, still not too complicated example, namely with
the four-dimensional Sweedler algebra. In Section 6 we define the generic Hopf
Galois extension A% and state its most important properties. Some results of Sec-
tion 6 hold under a certain integrality condition; in Section 7 we prove that this
condition is satisfied by a certain class of Hopf algebras. In Section 8 we present
the above-mentioned general method to construct elements of B%;. The contents of
Subsection 4.3 and of Sections 7 and 8 are new.

We consistently work over a fixed field k, over which all our constructions will
be defined. As usual, unadorned tensor symbols refer to the tensor product of k-
vector spaces. All algebras are assumed to be associative and unital, and all algebra
morphisms preserve the units. We denote the unit of an algebra A by 14, or simply
by 1 if the context is clear. The set of algebra morphisms from an algebra A to an
algebra B will be denoted by Alg(A, B).
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2. Principal fiber bundles and Hopf Galois extensions

2.1. Hopf Galois extensions. A principal fiber bundle involves a group G
acting, say on the right, on a space X such that the map

XXG— Xxy X; (x,9)— (z,29)

is an isomorphism (in the category of spaces under consideration). Here Y repre-
sents some version of the quotient space X/G and X xy X the fiber product.

In a purely algebraic setting, the group G is replaced by a Hopf algebra H with
coproduct A : H — H ® H, colinit € : H — k, and antipode S : H — H. In
the sequel we shall make use of the Heyneman-Sweedler sigma notation (see [23,
Sect. 1.2]): we write

Az) = Zx(l) ® Z(2)
()
for the coproduct of x € H and

A(Q) (:C) = Zx(l) & Z(2) & Z(3)
(z)

for the iterated coproduct A?) = (A®idy)o A = (idy ® A) o A, and so on.

The G-space X is replaced by an algebra A carrying the structure of an H-
comodule algebra. Recall that an algebra A is an H-comodule algebra if it has a
right H-comodule structure whose coaction § : A — A® H is an algebra morphism.

The space of coinvariants of an H-comodule algebra A is the subspace AX of A
defined by

A ={ac Alé(a)=a®1}.

The subspace A is a subalgebra and a subcomodule of A. We then say that
A C Ais an H-extension or that A is an H-extension of A”. An H-extension is
called central if A® lies in the center of A.

An H-extension B = A” C A is said to be H-Galois if A is faithfully flat as a
left B-module and the linear map §: A ®p A — A® H defined for a, b € A by

a®b— (a®1g)d(b)
is bijective. For a survey of Hopf Galois extensions, see [18, Chap. 8].

ExaMPLE 2.1. The group algebra H = k[G] of a group G is a Hopf algebra
with coproduct, coiinit, and antipode respectively given for all g € G by

Alg)=g®g, elg)=1, Slg=g".

This is a pointed Hopf algebra. It is well known (see [7, Lemma 4.8]) that an
H-comodule algebra A is the same as a G-graded algebra

A=@P 4,.
geG

The coaction 6 : A — A® H is given by §(a) = a® g for a € A; and g € G. We
have A = A., where e is the neutral element of G. Such a algebra is an H-Galois
extension of A, if and only if the product induces isomorphisms

Ag®a, An = Agn (9,h€G).
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2.2. (Uni)versal extensions. An isomorphism f : A — A’ of H-Galois ex-
tensions is an isomorphism of the underlying H-comodule algebras, i.e., an algebra
morphism satisfying

dof=(f®idg)od.
Such an isomorphism necessarily sends A onto A’.

For any Hopf algebra H and any commutative algebra B, let CGaly (B) denote
the set of isomorphism classes of central H-Galois extensions of B. It was shown
in [13, Th. 1.4] (see also [14, Prop. 1.2]) that any morphism f : B — B’ of
commutative algebras induces a functorial map

f«: CGaly(B) — CGaly (B')

given by f.(A) = B’ ®p A for all H-Galois extensions A of B. The set CGaly (B)
is also a contravariant functor in H (see [14, Prop. 1.3]), but we will not make use
of this fact here.

Recall that principal fiber bundles are classified as follows: there is a principal
G-bundle EG — BG, called the universal G-bundle such that any principal G-
bundle X — Y is obtained from pulling back the universal one along a continuous
map f:Y — BG, which is unique up to homotopy.

By analogy, a (uni)versal H-Galois extension would be a central H-Galois
extension By C Apg such that for any commutative algebra B and any central
H-Galois extension A of B there is a (unique) morphism of algebras f : By — B
such that f.(Am) = A. In other words, the map

Alg(By, B) — CGalg(B); f — f«(Ag)

would be surjective (bijective). We have no idea if such (uni)versal H-Galois ex-
tensions exist for general Hopf algebras.

In the sequel, we shall only consider the case where B = k and the H-Galois
extensions of k are cleft. Such extensions coincide with the twisted algebras *H
introduced in the next section. To such an H-Galois extension we shall asso-
ciate a central H-Galois extension B C A%, such that the functor Alg(B%, —)
parametrizes the “forms” of *H. In this way we obtain an H-Galois extension
that is versal for a family of H-Galois extensions close to “H in some appropriate
étale-like Grothendieck topology.

3. Twisted algebras

The definition of the twisted algebras *H uses the concept of a cocycle, which
we now recall.

3.1. Cocycles. Let H be a Hopf algebra and B a commutative algebra. We
use the following terminology. A bilinear map « : H x H — B is a cocycle of H
with values in B if

> alzayyw) elz@ye,2) = Y. alyw, 2q) @, y@ %)
(),(y) (¥):(2)
for all x,y,z € H. In the literature, what we call a cocycle is often referred to as a
“left 2-cocycle.”
A bilinear map o : H x H — B is said to be normalized if
(3.1) alz,1g) =a(lg,z) =c(z)1p
for all x € H.
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Two cocycles o, 3 : H x H — B are said to be cohomologous if there is an
invertible linear map A : H — B such that

(3.2) Blz,y) = > Me) Myw) alze), ye) A (@@ e)
(2),(y)

for all z,y € H. Here “invertible” means invertible with respect to the convolution
product and A™! : H — B denotes the inverse of \. We write o ~ 3 if o, 8 are
cohomologous cocycles. The relation ~ is an equivalence relation on the set of
cocycles of H with values in B.

3.2. Twisted product. Let H be a Hopf algebra, B a commutative algebra,
and a : H x H — B be a normalized cocycle with values in B. From now on, all
cocycles are assumed to be invertible with respect to the convolution product.

Let ug be a copy of the underlying vector space of H. Denote the identity map
from H to ugy by © — u, (x € H).

We define the twisted algebra B ® “H as the vector space B ® uy equipped
with the associative product given by

(3.3) bR ug)(c@uy) = Z bca(:c(l),y(l))@ummy(z)
(@),(y)

for all b, c € B and x, y € H. Since « is a normalized cocycle, 15 ® u; is the unit
of B *H.
The algebra A = B ® “H is an H-comodule algebra with coaction

0=idp®A:A=B®H ->BH®H=AQH.

The subalgebra of coinvariants of B @ “H coincides with B ® u;. Using (3.1)
and (3.3), it is easy to check that this subalgebra lies in the center of B ® *H.

It is well known that each twisted algebra B®“ H is a central H-Galois extension
of B. Actually, the class of twisted algebra coincides with the class of so-called
central cleft H-Galois extensions; see [6], [9], [18, Prop. 7.2.3].

An important special case of this construction occurs when B = k is the ground
field and o : H x H — k is a cocycle of H with values in k. In this case, we simply
call a a cocycle of H. Then the twisted algebra k@ H , which we henceforth denote
by “H, coincides with uy equipped with the associative product

Uz Uy = Z (T (1), Y (1)) Uazyy )
(),(y)
for all z, y € H. The twisted algebras of the form “H coincide with the so-called
cleft H-Galois objects, which are the cleft H-Galois extensions of the ground field k.
We point out that for certain Hopf algebras H all H-Galois objects are cleft, e.g.,
if H is finite-dimensional or is a pointed Hopf algebra.

When H = k[G] is the Hopf algebra of a group as in Example 2.1, then a
G-graded algebra A = EBQGG Ay is an H-Galois object if and only if AjA;, = Agy
for all g,h € G and dim A, = 1 for all g € G. Such an H-extension is cleft and
thus isomorphic to “H for some normalized invertible cocycle a.

3.3. Isomorphisms of twisted algebras. By [6, 8] there is an isomorphism
of H-comodule algebras between the twisted algebras ®H and ?H if and only if
the cocycles a and (3 are cohomologous in the sense of (3.2). It follows that the
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set of isomorphism classes of cleft H-Galois objects is in bijection with the set of
cohomology classes of invertible cocycles of H.

When the Hopf algebra H is cocommutative, then the convolution product of
two cocycles is a cocycle and the set of cohomology classes of invertible cocycles
of H is a group. This applies to the case H = k[G]; in this case the group of
cohomology classes of invertible cocycles of k[G] is isomorphic to the cohomology
group H?(G, k) of the group G with values in the group k> of invertible elements
of k.

In general, the convolution product of two cocycles is not a cocycle and thus the
set of cohomology classes of invertible cocycles is not a group. One of the raisons
d’étre of the constructions presented here and in [2] lies in the lack of a suitable
cohomology group governing the situation. We come up instead with the generic
Galois extension defined below.

4. The generic cocycle

Let H be a Hopf algebra and o : H x H — k an invertible normalized cocycle.

4.1. The cocycle o. Our first aim is to construct a “generic” cocycle of H
that is cohomologous to a.
We start from the equation (3.2)

= Y M) My) alz@), y@) A (@@e)
(2),(y)

expressing that a cocycle § is cohomologous to a, and the equation

(41) Z /\(I(l) $(2) Z AT 17(1) :L'(Q)) = {:‘(l‘) 1
(z) (=)

expressing that the linear form A is invertible with inverse A~'. To obtain the
generic cocycle, we proceed to mimic (3.2), replacing the scalars A(x), \~!(z) re-
spectively by symbols t,,t; ! satisfying (4.1).

Let us give a meaning to the symbols ¢,,t, 1. To this end we pick another copy
ty of the underlying vector space of H and denote the identity map from H to tgy
by x +—t; (x € H).

Let S(tg) be the symmetric algebra over the vector space tg. If {z;}icr is a
basis of H, then S(tg) is isomorphic to the polynomial algebra over the indetermi-
nates {t, ticr-

By [2, Lemma A.1] there is a unique linear map = — ¢! from H to the field
of fractions Frac S(tg) of S(¢x) such that for all x € H,

-1 -1
(4.2) D ta togy = D tah tay = (@) 1.
(@) ®)

Equation (4.2) is the symbolic counterpart of (4.1).
Mimicking (3.2), we define a bilinear map

o:H x H— FracS(ty)
with values in the field of fractions Frac S(¢g) by the formula

Z -1
(43) O-(ZE, y) = t£<1) ty(1) Oé(I(Q)’ y(2)) tl‘(g)y(3)
(@),(y)
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for all z,y € H. The bilinear map o is a cocycle of H with values in Frac S(tg);
by definition, it is cohomologous to a. We call o the generic cocycle attached to c.

The cocycle a being invertible, so is o, with inverse ¢ ~! given for all z,y € H
by

-1 -1 -1 ;-1
(4-4) a (:E, y) = Z t1(1)y(1) o (x(Q)’ y(2)) tm<3) ty(3> »
(2),(y)

where o~ is the inverse of a.
In the case where H = k[G] is the Hopf algebra of a group, the generic cocycle
and its inverse have the following simple expressions:

tyoth _
4.5 o(g,h) =a(g,h) 2= and o (g,h) =
(4.5) (g,h) =alg )tgh, (g, h) alg. 1) Tyt

for all g, h € G.

4.2. The generic base space. Let B be the subalgebra of Frac S(ty) gen-
erated by the values of the generic cocycle o and of its inverse c~!. For reasons
that will become clear in Section 6, we call By the generic base space.

Since B¢ is a subalgebra of the field Frac S(tg), it is a domain and the tran-
scendence degree of the field of fractions of Bf cannot exceed the dimension of H.

In the case where H is finite-dimensional, 5% is a finitely generated algebra.
One can obtain a presentation of Bf by generators and relations using standard
monomial order techniques of commutative algebra.

4.3. A computation. Let H = k[Z] be the Hopf algebra of the group Z of
integers. We write Z multiplicatively and identify its elements with the powers ™
of a variable z (m € Z).

We take a to be the trivial cocycle, i.e., a(g,h) = 1 for all g, h € Z (this is no
restriction since H2(Z, k*) = 0). In this case the symmetric algebra S(¢f) coincides
with the polynomial algebra k[t,, |m € Z]. Set ym, = t,,/t{" for each m € Z. We
have y; = 1 and yo = to.

By (4.5), the generic cocycle is given by

tmtn
thrn

a_(x'HL’xn) —

for all m,n € Z. This can be reformulated as

ym-l-n

The inverse of o is given by

1
O'il(l'm,l’n) _ _ Ymitn '
o(@™,x")  YmYn
A simple computation yields the following expressions of ¥, in the values of o
and o~ 1:

ot amYLa)yo (am 2 x) o (w, 2) ifm>2,

R itm=1,

Ym = o(z?, 29) ifm=0,
o™ 7 ™)o(z"™ L 2)o(x™™ 2 x) - o(x,x)o (20, 20) if m < —1.
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It follows that the elements y:=! belong to B% for all m € Z — {1} and generate this
algebra. It is easy to check that the family (ym,)m1 is algebraically independent,
so that B is the Laurent polynomial algebra

By = klyn' Im € Z—{1}].
We deduce the algebra isomorphism
(4.6) E[tEl |m e Z) = B[t

If in the previous computations we replace Z by the cyclic group Z/N, where N
is some integer N > 2, then the algebra B, is again a Laurent polynomial algebra:

+1  + +
By =klyg v yn]
where 3o, %2,...,yn_1 are defined as above and yy = to/t. In this case, the
algebra k[ta[l, tfl, e ,tﬁl_l] is an integral extension of B%:

Kty ] = B[]/ (6 = yo/yn) -
5. The Sweedler algebra

We now illustrate the constructions of Section 4 on Sweedler’s four-dimensional
Hopf algebra. We assume in this section that the characteristic of the ground field &
is different from 2.

The Sweedler algebra Hy is the algebra generated by two elements x, y subject
to the relations

=1, ay+yz=0, y*=0.
It is four-dimensional. As a basis of Hy we take the set {1,z,y, 2z}, where z = zy.

The algebra H, carries the structure of a Hopf algebra with coproduct, cotinit,
and antipode given by

Al) = 1®1, Alx) = zQ«x,
A(y) ley+tye, Alz) = z2®@2+2®1,
e(l) = e(@)=1, e(y) = e(2)=0,
S = 1, S(xz) = =z,
S(y) = =z, S(z) = —y.
By definition, the symbols ¢, and t; ! satisfy the equations
tityt = 1, tet;t = 1,
tit, ! Ftytyt = 0, tet7 7t = 0.
Hence,
tl_lzlv t;1:l7 71:_ty 5 glz_tz.

Masuoka [15] showed that any cleft Hy-Galois object has, up to isomorphism,
the following presentation:

2

« 2
Hy = k{ug,uy|us =a, uguy+uyu, =b, Uy, =c)

for some scalars a, b, ¢ with a # 0. To indicate the dependence on the parameters
a, b ¢, we denote *Hy by Agp.c.

It is easy to check that the center of A, is trivial for all values of a, b, c.
Moreover, the algebra A, . is simple if and only b* — 4ac # 0. If b% — dac = 0,
then A, p . is isomorphic as an algebra to Hy; the latter is not semisimple since the
two-sided ideal generated by y is nilpotent.
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The generic cocycle o attached to a has the following values:

o(1,1) = o(l,2)=0(z,1) =1y,

o(l,y) = o(y,1)=0(l,2) =0(z1) =0,

o(x,x) = at’t]!

oly,y) = o(z,y)=—-0(y,z) = (atj + btit, + ct?) tl_l,
o(z,y) = —o(x,2) = (atyt, —tit,) ;"

o(y,x) = o(z,2)= (btity +atyt, +t1t,) ",

o(z,2) = —(t2+btyt, +act?)t;?,

The values of the inverse ¢~ ! are equal to the values of o possibly divided by

positive powers of t; and of o(z,z) = at?t] .

By definition, B, is the subalgebra of Frac S(tm,) generated by the values of
o and o~ 1. If we set
E=t,, R=at, S=at, +btit,+ct],

(5.1) )
T=t;(2at,+bt1), U=at;(2t,+bt,),

then we can reformulate the above (nonzero) values of o as follows:

o(l,1)=0(1,2) =0(z,1) = F,

R
J(x,w)—E,
S
o(y,y) =o(z,y) = —o(y,2) = 5’
RT — EU
O-(:Evy) - —J(LC,Z) - 2FER )
(y,2) = o )_M
o(y,r) =o0(z,x) = SER

aU? — (b* — dac) R?
4a ER?
From the previous equalities we conclude that E*', R*' S T U belong to B,
and that they generate it as an algebra.
In [2, Sect. 10] we obtained the following presentation of Bf; by generators
and relations.

o(z,2) =

THEOREM 5.1. We have
B?—‘I4 = [E:t17 Ri17 57 Ta U]/(Pa,b,c) )

where )
b° —4
Pape=T?—4RS — ——""“ 2R
It follows from the previous theorem that the algebra morphisms from Bf,
to a field K containing k£ are in one-to-one correspondence with the quintuples
(e,7,8,t,u) € K5 verifying e # 0, r # 0, and the equation
b2 —4
(5.2) 2 —drs =2 "2C 2
a
In other words, the set of K-points of Bf is the hypersurface of equation (5.2)

in KX x K*x Kx KxK.
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6. The generic Galois extension

As in Section 4, we consider a Hopf algebra H and an invertible normalized
cocycle a: H x H — k. Let “H be the corresponding twisted algebra.

6.1. The algebra A%,. By the definition of the commutative algebra B¢ given
in Section 4.2, the generic cocycle o takes its values in B¢;. Therefore we may apply
the construction of Section 3.2 and consider the twisted algebra

G=By®°H.
The product of A% is given for all b, c € BY and z, y € H by

(b & um)(C ® uy) = Z bca(x(l), y(l)) & Uz (2)y(a) -
(x),(y)
We call A% the generic Galois extension attached to the cocycle a.
The subalgebra of coinvariants of A% is equal to Bf; ® u;; this subalgebra is
central in A%;. Therefore, A% is a central cleft H-Galois extension of BY.
By [2, Prop. 5.3], there is an algebra morphism xo : BY — k such that

xo(o(z,y)) = alz,y) and xo(0™'(z,y)) = a™ (z,y)
for all z,y € H. Consider the maximal ideal my = Ker(xo : BY — k) of BY.
According to [2, Prop. 6.2], there is an isomorphism of H-comodule algebras

A /mo A% = OH |

Thus, A% is a flat deformation of “H over the commutative algebra BY.

Certain properties of “H lift to the generic Galois extension A% such as the
one recorded in the following result of [2], where Frac BY stands for the field of
fractions of B;.

THEOREM 6.1. Assume that the ground field k is of characteristic zero and the
Hopf algebra H is finite-dimensional. If the algebra *H is simple (resp. semisimple),
then so is

Frac By ®@pe Ap = Frac By @ 7H .

6.2. Forms. We have just observed that *H = A% /mg A%, for some maxi-
mal ideal my of Bf;. We may now wonder what can be said of the other central
specializations of A%, that is of the quotients A% /m A%, where m is an arbitrary
maximal ideal of B¢;. To answer this question, we need the following terminology.

Let 8 : Hx H — K be a normalized invertible cocycle with values in a field K
containing the ground field k. We say that the twisted H-comodule algebra K @°H
is a K -form of ®H if there is a field L containing K and an L-linear isomorphism
of H-comodule algebras

Lok (K®PH)2 Lo, °H.

We now state two theorems relating forms of *H to central specializations of
the generic Galois extension A%. For proofs, see [2, Sect. 7].

THEOREM 6.2. For any K-form K @ H of “H, where 3 : H x H — K is
a normalized invertible cocycle with values in an extension K of k, there exist an
algebra morphism x : B — K and a K -linear isomorphism of H -comodule algebras

Ky ®py A 2K ®"H.
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Here K, stands for K equipped with the Bf-module structure induced by the
algebra morphism x : B — K. We have

o~y (6% (6%
Ky ®pg Ay = Afy/my Afy

where m, = Ker(x : B — K).
There is a converse to Theorem 6.2; it requires an additional condition.

THEOREM 6.3. If FracS(ty) is integral over the subalgebra BY;, then for any
field K containing k and any algebra morphism x : BY — K, the H-comodule
K-algebra K, ®@pe A%y = A%y /my A%y is a K-form of “H.

It follows that if Frac S(¢g) is integral over B, then the map

Alg(BY,K) — K-Forms(“H)
x — Ky®py Ay = Agr/my Af
is a surjection from the set of algebra morphisms B¢ — K to the set of isomorphism
classes of K-forms of *H. Thus the set Alg(B%, K) parametrizes the K-forms
of *H. Using terminology of singularity theory, we say that the Galois extension
B¢, C A%y is a versal deformation space for the forms of “H (we would call this
space universal if the above surjection was bijective).
By Theorem 6.1, the central localization Frac Bf; @pe Ag; is a simple algebra

if the algebra “H is simple. Under the integrality condition above, we have the
following related result (see [2, Th. 7.4]).

THEOREM 6.4. IfFrac S(ty) is integral over B and if the algebra *H is simple,
then A% is an Azumaya algebra with center Bf;.

This means that A% /m A% is a simple algebra for any maximal ideal m of BY.
For instance, any full matrix algebra with entries in a commutative algebra is
Azumaya.

EXAMPLE 6.5. For the Sweedler algebra Hy, we proved in [2, Sect. 10] that
A%y, is given as an algebra by

(6.1) L EBY(XY)/(X*-R,Y*—-S, XY +YX-T),

where Bf; is as in Theorem 5.1 and the elements R, S, T' of Bf;, are defined by (5.1).
As an Bf; -module, A is free with basis {1, X,Y, XY}.

7. The integrality condition

In view of Theorem 6.3 it is natural to ask the following question.

QUESTION 7.1. Under which condition on the pair (H, «) is Frac S(tgr) integral
over the subalgebra B ?

Question 7.1 has a negative answer in the case where H = k[Z] and « is
the trivial cocycle. Indeed, it follows from (4.6) that Frac S(¢y) is then a pure
transcendental extension (of degree one) of the field of fractions of BY.

We give a positive answer in the following important case.

THEOREM 7.2. Let H be a Hopf algebra generated as an algebra by a set 3 of
grouplike and skew-primitive elements such that the grouplike elements of ¥ are of
finite order and generate the group of grouplike elements of H and such that each
skew-primitive element of X generates a finite-dimensional subalgebra of H. Then
Frac S(ty) is integral over the subalgebra BY; for every cocycle a of H.
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Theorem 7.2 implies a positive answer to Question 7.1 for any finite-dimensional
Hopf algebra generated by grouplike and skew-primitive elements. It is conjectured
that all finite-dimensional pointed Hopf algebras are generated by grouplike and
skew-primitive elements; if this conjecture holds, then Question 7.1 has a positive
answer for any finite-dimensional Hopf algebra that is pointed.

Recall that g € H is grouplike if A(g) = g ® g; it then follows that £(g) = 1.
The inverse of a grouplike element and the product of two grouplike elements are
grouplike. An element x € H is skew-primitive if

(7.1) Alz)=gRz+z®h

for some grouplike elements g,h € H; this implies e(z) = 0. The product of a
skew-primitive element by a grouplike element is skew-primitive.
In order to prove Theorem 7.2, we need the following lemma.

LeMMA 7.3. If 2l ... 2" are elements of H, then
_ 1 n—1 n
v = 3 o el ali ol
x[1]7,,_,q)[7l]
1.0 (=2 [n—1] SR
X0 @yl By ) 0T (@) B g)) X
thu] tz[Z] "'tz[n—l] tm[n X
(n) (n) (3) (2)
n [1] (2] =2 =]
X A& 41y Tingay) AT (o) Tian—2) L) 1 T(a) )X
1] [2] Lln=11 [l
X (1) Tlan1) " T(s) T (5)-

PROOF. We prove the formula by induction on n. When n = 2 it reduces to

(72) txy = Z 0'71(:6(1)7 y(l)) tx(g) ty(z) 04(13(3), y(3))
(=),(y)

for x,y € H. Let us first prove (7.2). By (4.4) the right-hand side of (7.2) is equal
to

—1 —1 —1
Z oy @ (T(2):Y(2)) s Ly Ty tew a(x(5), Y(5))
——
= Z toayay @ (22), U(@) Loy, tow @), Y)
——
= Z teayua @ (@2),¥(2) (@), ye)

(z),(
= Z toqyyay € ((2)) (y(2))

(),(y)

Z tm(l)y(l) 6(‘,E(Q)y(Q)) = tmy
(=),(y)

Let us assume that Lemma 7.3 holds for all n-tuples of H and consider a
sequence (xm 2 ,x["+1]) of n+ 1 elements of H. By the induction hypothesis
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and by ( 2), toiglel. et = t(xmxp]),,,x[nﬂ] is equal to

7.2),
1) 2y el )
D (G S R PR S
z[ zl2] . xln+1]

L2 0= ) Suon @)
x o ((zT@) By ) 0 (BT 1y ) X
X t L 2 tm[s] ~~~tr [n] tz[n+1] X
TyTln) Ein) (3) (2

moe
()% (1) E(ns1))
1] [2] 3] =11 nl
"O‘((x(zn 2) T(2n— 2))15(2%2) : (Z) ))

DN R [n+11
xa((a:(zn 1) L (2n— 1)) (2n-1) " x(5),x(3) )
_ B SN 3 R A ST P DN I e I o
= Y. atapEdy o ady iy Do EpEe) T T

1] 2], zlnt+1]

x oz

PN E R ) a2
0 @ ()T (m1) Ta—1) O (T ) X
X twu] tw[z] tw[s] ~~twn tm[n.m X
(n+1) (n+1) (n) (3) (2)
[1] 2] (1] 2] (3]

(nt2) L(nt2)) O‘(x<n+3>x<n+3> Tinyry)
2 3 L g1l gl
(2n) T(2n) T(2n—-2) """ T(6) (1)
(1] [2] (3] () [n+1]
(2n+1) T(@n+1) Ti2n—1) """ T(5)> T(3) )

which is the desired formula for n + 1 elements. O

x oz

calz ) X

x ax

PROOF OF THEOREM 7.2. Let A be the integral closure of B% in Frac S(ty).
To prove the theorem it suffices to establish that each generator ¢, of S(ty) belongs
to A.

We start with the unit of H. By [2, Lemma 5.1], ¢; = ¢(1,1). Thus ¢; belongs
to B, hence to A.

Let g be a grouplike element of the generating set . By hypothesis, there is
an integer n > 2 such that ¢" = 1. We apply Lemma 7.3 to zl! = ... =zl = ¢.
Since any iterated coproduct A®) applied to ¢ yields

(7.3) AP (g =goge--®g,

where the right-hand side is the tensor product of p copies of g, we obtain

(74) tgn=0"g" g o g" 2 g) 0 (g, 9) X
x a(g,g)-alg" % 9)ald" ", 9)-

Since the values of an invertible cocycle on grouplike elements are invertible ele-
ments, since tyn = t1, and since o~ (g, h) = 1/0(g, h) for all grouplike elements
g, h, Formula (7.4) implies

n—2 n—1

n—1 n—2

oy, 29" 9)0(g" % 9) - 0(g,9)
J a(g,g)---alg"2,9)alg" ", g)
The right-hand side belongs to Bf;. It follows that ¢, is in A for each grouplike
element of X.
Since the grouplike elements of ¥ are of finite order and generate the group of
grouplike elements of H, any grouplike element ¢ of H is a product g = gl!! - - - gl
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of grouplike elements of ¥ for which we have just established that Loty .oy bgln
belong to A. It then follows from Lemma 7.3 and (7.3) that

tg[l]“,g[n] = n(g[l], - ,g[n]) tg[l] tg[z] .- 'tg[n—l] tg[n] ,

where n(g[l], cee g[”]) is the invertible element of B given by

k(g™ ... g
B algM, g2l - a(gll gl .. gln=2] gln=1]) (gl gl2] ... gln=1] glnl)
o(gltlgl2l... gln=1] glnl) g(gltl gl2] ... gIn=21 gln—1])... 5(glll gl2]) "
Therefore, t, € A for every grouplike element of H.

We next show that ¢, belongs to A for every skew-primitive element x of 3. It
is easy to check that if = satisfies (7.1), then for all p > 2,

p—1
(7.5) AP (2) = ¢®P @ 2 + Z g®P) @z @ h® 4+ 2 @ h®P .

i=1

Thus the iterated coproduct of any skew-primitive element x is a sum of tensor
product of elements, all of which are grouplike, except for exactly one, which is . It
then follows from Lemma 7.3 and (7.5) that for each n > 1 the element ¢,» is a linear
combination with coefficients in Bf; of monomials of the form t, ¢, ---t,, _ 1%,
where 0 < p < n and gi,...,gn—p are grouplike elements. It is easily checked
that in this linear combination there is a unique monomial of the form ¢}, whose

coefficient is the invertible element of B%;
J_l(gn_l,g) J_l(g"_2,g) e U_l(g, g)a(h,h)--- a(h”_2, h) a(hn_l, h).

Since t4 belongs to A for any grouplike element g € H, it follows that, for all
n > 1, the element ¢~ is a polynomial of degree n in ¢, with coefficients in A. By
hypothesis, there are scalars Ay,..., A\p,—1, A, € k for some positive integer n such
that

2"+ Mz 4 A+ A, =0,

Therefore, t, satisfies a degree n polynomial equation with coefficients in the in-
tegral closure A and with highest-degree coefficient equal to 1. This proves that
t, € A.

To complete the proof, it suffices to check that ¢, belongs to A for any product z
of grouplike or skew-primitive elements z!*), ... z[") such that tonl, ..., tym belong
to A. Tt follows from Lemma 7.3, (7.3), and (7.5) that ¢, is a linear combination
with coefficients in B¢, of products of the variables t ), ..., ?,m and of variables of
the form ¢4, where g is grouplike. Since these monomials belong to A, so does¢,. [

8. How to construct elements of Bf;

In the example considered in Section 5 we reformulated the values of the generic
cocycle in terms of certain rational fractions FE, R, S, T, U. The aim of this last
section is to explain how we found these fractions by presenting a general systematic
way of producing elements of Bf; for an arbitrary Hopf algebra. To this end we
introduce a new set of symbols.
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8.1. The symbols X,. Let H be a Hopf algebra and Xy a copy of the
underlying vector space of H; we denote the identity map from H to Xy by = — X,
for all x € H.

Consider the tensor algebra T(Xpg) of the vector space Xy over the ground

field k:
T(Xy)=€P X5
r>0
If {x;}ics is a basis of H, then T'(Xg) is the free noncommutative algebra over the
set of indeterminates { X, }ier.
The algebra T'(Xp) is an H-comodule algebra equipped with the coaction ¢ :
T(Xy) — T(Xg)® H given for all x € H by

(8.1) §(Xe) = Xupy, ®2(2) -
(@)

8.2. Coinvariant elements of T(Xy). Let us now present a general method
to construct coinvariant elements of T'(Xg). We need the following terminology.

Given an integer n > 1, an ordered partition of {1,...,n} is a partition I =
(I,...,I.) of {1,...,n} into disjoint nonempty subsets I1,..., I, such that i < j
forallie Iy and j € Iy (1 <k <r—1).

If z[1],...,z[n] are n elements of H and if I = {i; < --- < 4,} is a subset
of {1,...,n}, we set z[I] = z[i1]---xfip) € H. If I = (I1,...,I;) is an ordered
partition of {1,...,n}, then clearly z[I;]---z[l,]| = z[1] - - - z[n].

Now let z[1],...,z[n] be n elements of H and I = (I1,...,I;), J = (J1,...,Js)
be ordered partitions of {1,...,n}. We consider the following element of T'(Xp):

(8:2) Py, alnlig = Z Xenay * Xall )0y XS@lJ) @) XS @] e) -
(z1]),...,(z[n])

The element Py[1) ... 2[n):z,s 18 an homogeneous element of T'(Xfr) of degree 7 + s.

Observe that Py, z[n];1,s is linear in each variable z[1], ..., z[n].

We have the following generalization of [2, Lemma 2.1].
PROPOSITION 8.1. Each element Py, inpir,g of T(Xu) is coinvariant.
PRrROOF. By (8.1), §(Pyq.....z[n);1,s) is equal to

Z XI[Il](l) T XI[IT](QXS@[JS]@)) T XS(GE[Jl](4))
(z[1]),....(z[n])

® x[Ii]2) - z[Lr] @) S(x[Js]3)) - - S(x[J1](3))

= Z XZ[I1](1) "'Xw[fr](l)XS(w[Js](zl)) '”XS(?J[Jl]m))
(z[1]),....(z[n])

® (1] 2y - - z[n] 2y S(x[n](3)) - - - S(x[1](3))

= > Xanay Xallo Xs@e)  XS@lhle)
(@[1]), ey (@)

= > Xemay o Xal o Xs@e)  Xs@ihle) @ 1-
@[1]),---s(2[n])
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Therefore, 0(Py1),... 2n):1,0) = Pef1),....x[n];1,; @ 1 and the conclusion follows. O

As special cases of the previous proposition, the following elements of T'(X )
are coinvariant for all x,y € H:

(8.3) P, = Pogiay.ap) = D Xog) XS(ag)
@)
and
(8.4) Pry = Poyyonon = 2 Xew Xoo Xsae) -

(),(y)

8.3. The generic evaluation map. Asin Section 4, let H be a Hopf algebra,
a: H x H — k a normalized invertible cocycle, and *H the corresponding twisted
algebra.

Consider the algebra morphism g, : T(Xg) — S(tg) ® “H defined for all
x € H by

fra(Xz) = Z toy © Uz, -
()
The morphism p, possesses the following properties (see [2, Sect. 4]).

PROPOSITION 8.2. (a) The morphism o : T(Xpg) — S(ty) ® “H is an H-
comodule algebra morphism.

(b) If the ground field k is infinite, then for every H-comodule algebra morphism
w:T(Xg) — “H, there is a unique algebra morphism x : S(tg) — k such that

p=(x®id) o pq .
In other words, any H-comodule algebra morphism p : T(Xpg) — *H is ob-
tained by specialization from p,. For this reason we call u, the generic evaluation

map for “H.
Now we have the following result (see [2, Sect. §8]).

PROPOSITION 8.3. If P € T(Xy) is coinvariant, then uo(P) belongs to BS.

It follows that the image o (Pupy,... .o[n):1,0) of all coinvariant elements defined
by (8.2) belong to B¢. This provides a systematic way to produce elements of 5.

EXAMPLE 8.4. When H = H, is the Sweedler algebra, it is easy to check that
the elements R, S, T, U of (5.1) are obtained in this way: we have

R:/’LQ(PI)J T:,ua(nyz)a U:Ma(Pzzz,z)7 ESZNQ(Py,y)7

where {1, z,y, 2} is the basis of Hy defined in Section 5 and Py, Py_., P, ., and P,
are special cases of the noncommutative polynomials defined by (8.3) and (8.4).

REMARK 8.5. In [2] we developped a theory of polynomial identities for H-
comodule algebras. This theory applies in particular to the twisted algebras “H.
We established that the H-identities of “H, as defined in loc. cit., are exactly the
elements of T'(X ) that lie in the kernel of the generic evaluation map p,. Thus
the H-comodule algebra

Uy = T(Xn)/ Ker pia
plays the role of a universal comodule algebra. We also constructed an H-comodule
algebra morphism Ug — A¢; under certain conditions this map turns the generic
Galois extension A% into a central localization of the universal comodule algebra Uy
(see [2, Sect. 9] for details).
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Quantizing the Moduli Space of Parabolic Higgs Bundles

Avijit Mukherjee

ABSTRACT. We consider the moduli space M3, of stable parabolic Higgs bun-
dles (of rank 2 for simplicity) over a compact Riemann surface of genus g > 1.
This is a smooth variety over C, equipped with a holomorphic symplectic form
Qp. Any symplectic form is known to admit a quantization, but in general
the quantization is not unique. We fix a projective structure P on X. Using
P we show that there is a canonical quantization of Q7 on a certain Zariski
open dense subset U C M$,;, once a projective structure P on X has been
specified.

1. Introduction

In this talk, we shall outline a quantization scheme for a certain smooth variety (over
C) which admits a (holomorphic) symplectic form. By quantization we shall refer to
the Moyal-Weyl quantization [1]. The smooth variety in question is taken to be the
moduli space M3; of stable parabolic Higgs bundles (of rank 2 for simplicity, and)
of fixed degree over a compact Riemann surface of genus g > 1. It is well-known
that M3, is a smooth, irreducible quasi-projective complex variety.

A natural holomorphic symplectic form Qg on M3 is known to exist and its
construction has been described in details in [8],[7]. The symplectic form defines a
Poisson structure on O s, , the sheaf of complex valued algebraic functions on My,
which is then amenable to a quantization procedure. However, given a symplectic
structure, the space of all possible quantizations of that symplectic structure is
infinite-dimensional, and hence non-unique. In this talk, we address the question:
is there a canonical quantization of Q5?7 To obtain an affirmative answer, it is seen
that one has to fix some additional datum, a projective structure P on X. Once
this is fixed /chosen, there does exist a preferred, and hence in that sense canonical,
quantization of the symplectic form Qp on a certain Zariski open dense subset of
M.

The present talk is a report of that pursuit. We shall here outline the basic ideas and
the strategy of the proof, skipping most of the details, which have appeared in [5].
Though in this work, we have restricted ourselves to the case of rank 2 parabolic
vector bundles, the generalization of our results and conclusions to higher rank
cases is straight-forward. (The restriction is motivated by reasons of notational
and computational simplicity.)

The author would like to thank the MPIM—-Bonn, and the organizers of the Work-
shop for providing the opportunity of presenting these results.

M. Marcolli, D. Parashar (Eds.), Quantum Groups and Noncommutative Spaces,
DOI: 10.1007/978-3-8348-9831-9 7, © Vieweg+Teubner Verlag | Springer Fachmedien
Wiesbaden GmbH 2011
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In the next section, we begin by recalling the relevant notions and definitions in
this context.

2. Preliminaries

Let us first recall the basic definitions and also fix our notations. Unless other-
wise stated, X will always denote a compact, connected Riemann surface of genus
g > 1, or in other words, X is a smooth, projective curve (over C) of genus g > 1.

2.1. Parabolic bundles. Let X be a compact, connected Riemann surface
of genus g, with g > 2. We fix a finite subset of points

S = {s1,82, " ,8n} C X.

(Parabolic structures can also be defined for the cases of g = 0,1. For these cases,
if g = 0, we would take n > 4; and for g = 1, we take n > 1. However in our present
problem, we only consider g > 2.) Also we shall, for computational convenience
and simplicity, consider the case of parabolic vector bundles of rank 2 and arbitrary
(but fixed) degree, on X.
A parabolic vector bundle of rank 2 over X, with parabolic structure over .S, consists
of the following datum[14]:

(1) a holomorphic vector bundle E of rank 2 over X;

(2) for each point s € S, a line Fy, C E; of the fiber Ej;

(3) for each point s € S, areal number Ay (parabolic weights) with 0 < s < 1.
For a parabolic vector bundle F, := (E,{Fs},{\s}) as above, the parabolic degree
is defined to be

par-deg(F,) = deg(F) + Z As
ses

where deg(FE) is the degree of E [14]. The parabolic vector bundle E, is called
stable if for every holomorphic line subbundle L of F, the inequality

d
(2.1) deg() + Y0 A, < PUAeBE)
seS’
where S 1= {s € S|Ls; = Fs} [14]. If a weaker condition, namely
d
(2.2) deg(L) + > A w
s€S’

is valid, then E, is called semistable [14].

2.2. Parabolic Higgs bundles. Let Kx denote the holomorphic cotangent
bundle of X. A Higgs structure of a parabolic vector bundle E, := (E,{Fs}, {\s})
is a holomorphic section

(2.3) 6 € H(X, End(E) ® Kx ® Ox(S))
with the property that for each s € .S, the image of the homomorphism
9(8) By — (E® Kx ® Ox(S))s

is contained in the subspace Fs ® (Kx ® Ox(5))s C (F® Kx ® Ox(5))s and
0(s)(Fs) = 0[11], [8], [9]. In other words, 6(s) is nilpotent with respect to the flag
0CFs; CE,.
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A parabolic Higgs bundle (F. , 0) as above is called stable if for every line subbundle
L of E with
Q(L) C L® Kx ®Ox(S) C E® Kx ®Ox(S)

the inequality (2.1) is satisfied. If the weaker inequality (2.2) is valid, then (E, ,0)
is called semistable. In particular, if E, is stable (respectively, semistable), then
(E.,0) is stable (respectively, semistable). However, (E, ,#) can be stable (respec-
tively, semistable) without F, being stable (respectively, semistable).

It is known that the moduli space of stable parabolic Higgs bundles is an irreducible,
smooth, quasiprojective variety of dimension 8gx —6-+2n. This moduli space will be
denoted by M3;. There is a natural inclusion of the total space of the holomorphic
cotangent bundle of the moduli space of stable parabolic bundles on X into Mj3;.
Given a stable parabolic bundle E,, the holomorphic cotangent space at the point
E, of the moduli space of stable parabolic bundles is the space of all sections  as in
the definition of Higgs structure in (2.3) [7],[8]. Therefore, we have a tautological
map from the holomorphic cotangent bundle of the moduli space of stable parabolic
bundles to M$;. The image of this map is a Zariski open subset. The moduli space
of semistable parabolic Higgs bundles will be denoted by M3}. It is an irreducible,
normal, quasiprojective variety, and M3, is a Zariski open smooth subvariety of it.

2.3. Symplectic structure on the moduli space. The natural symplectic
form on the total space of the cotangent bundle of the moduli space of stable
parabolic bundles extends to a symplectic form on the moduli space M?¥; of stable
parabolic Higgs bundles. The symplectic form on M$; is described in [8],[7]. A
crucial ingredient in the construction of this symplectic form is the observation
that:

THEOREM 2.1. The tangent space T(g, gy MY of the variety M3, at the point
represented by the parabolic Higgs bundle (E. ,0) is identified with the hypercoho-
mology H*(C,) [8],

where, the complex C, is the 2-term deformation complex of a Higgs bundle defined
by:

C. : Co = End(E) =% ¢, = Ky ©End(E),

with End(FE) at the 0-th position, and if § = dz ® A in a local trivialization z, and
s is a local section of End(E), then [s,0] = dz ® (sA — As).

In fact it turns out that this holomorphic symplectic form is itself exact and there
exists a one-form W on the variety M3, such that: Qg = d¥. The two—form d¥
gives our desired symplectic form on M3;. The restriction of d¥ to the Zariski open
subset of M$; defined by the total space of the cotangent bundle of the moduli space
of parabolic bundles coincides with the canonical symplectic structure on cotangent
bundles. (See [8], [9].). We shall henceforth denote this symplectic structure on
M3y by Qp. This symplectic form defines a Poisson structure on Opys, , the sheaf
of holomorphic (= C-valued algebraic) functions on M3;.

Definition: A quantization of Qp is a 1-parameter family of associative algebra
structures on Oays, , deforming the abelian algebraic structure (defined by pointwise
multiplication) with the infinitesimal deformations of the pointwise multiplication
structure being governed by the Poisson structure. Any symplectic structure admits
a quantization, but there is as such no unique (canonical) quantization! That is,
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the space of all quantizations of a symplectic structure is infinite-dimensional. The
main theme of this talk is to present the observation that a preferred or a canonical
quantization scheme does however exist, once a projective structure on X has been
chosen/fixed.

THEOREM 2.2. Let X be a compact Riemann surface (of genus > 2) equipped
with a (chosen) projective structure P. There there exists a certain Zariski open
dense subset U C MY, such that the projective structure P gives a canonical quan-
tization of the symplectic structure Qg over U [5].

(This subset U will be defined in the following section.)

2.4. A few useful facts about Projective Structures on X. A projective
atlas on X is defined by giving a covering of X by holomorphic coordinate charts
{Ua, #a}qea» for some set A, and where for every «,

U, CX and ¢o: Uy — V CC

is a bi-holomorphism such that ¢g-¢,! is the restriction of a Mébius transformation
on the image of ¢, (U, (Up) in C. A projective structure on X is an equivalence
class of projective atlases. Recall that the Uniformization Theorem states that if,
X — X is the universal cover of a Riemann surface X, then X is bi-holomorphic
to C, or P! or H. Moreover it is known that Aut ((C/IP’I/H) C Mobius group. Hence
any Riemann surface admits a natural projective structure. Further, it is known
that the space of all projective structures on X is an affine space for H° (X K X®2),

the space of quadratic differentials where dime H° (X, Kx®?) = 3gx — 3

3. Quantization

We start with a brief recapitulation of the relevant ideas and notions. Let
M denote a complex manifold, TM and T*M its respective holomorphic tangent
and cotangent bundles. Let w be a holomorphic symplectic form on M, and let
7 :T*M — TM be the holomorphic isomorphism defined by w.

i.e., ) u = wuw), for w,veT,M, xeM

Let f and g be any two holomorphic functions defined on an open subset U C M.
The map sending the pair,

(f,9) —{f, g} == w(r(df), 7(dg))

defines a holomorphic Poisson structure on H(M), the space of all locally defined
holomorphic functions on M. The Poisson bracket thus provides the commutative
algebra H(M), with the structure of a Lie algebra satisfying the Leibnitz rule:

{fo.k} = flg,k}t + g{f.k}
Let us define a formal parameter h, and

A(M) := H(M)[[R]] = space of all formal Taylor series in h.

Given two elements f,g € A(M) (i.e., f:= Y hif;, where f; € H(M), and
5=0

9= 22 hig;, where g; € H(M)), a Quantization of the Poisson structure
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is an assignment of an associative algebra operation * on A(M), for every pair,
(f.9) € A(M), defined by,

oo
(f,9) — (fxg) == Y W, ¢ € H(M).

§=0

satisfying the following rules: [1],[13]

(a) Each ¢; € H(M) is some polynomial (independent of f and g) in derivatives

(of arbitrary order) of {f;} and {g;}.

(b) do = fogo

(c)1xf = fx1 = f, forevery f e H(M)

(d) fxg — gxf = V=1 h{fo,90} + h?B, where 3 € A(M) depends on the

choice of f and g.

3.1. Moyal-Weyl Quantization. Let V' be a complex vector space, © a
constant symplectic form on V' and let H(V') denote the space of all locally defined
holomorphic functions on V', equipped with the Poisson structure.

Let

AN:V— VxV

denote the diagonal homomorphism defined by v — (v, v). Then it is known that
there exists a differential operator

D: HV xV) — H(V x V)
with constant coefficients, such that for any pair (f,g) € H(V),

{f.9} = A" D(f®y)

where f ® g is the function on V' x V defined by (u,v) — f(u)g(v). Moreover D
is unique. The Moyal-Weyl algebra is then defined by

fxg = &% exp(V=1hD/2)(f®g) € AV)

The Moyal-Weyl algebra can be extended to a multiplication operation on A(V)
using bilinearity with respect to h,

frg=>Y W (fixg) € AV)

1,5=0

THEOREM 3.1. The x operation converts A(V) into an associative algebra that
quantizes the symplectic structure © [1],[13].

In this present work, we shall always mean the above Moyal-Weyl quantization
scheme whenever we refer to quantization. Note that if Sp(V') denotes the group
of all linear automorphisms of V' preserving the symplectic form ©, then the dif-
ferential operator D commutes with the diagonal action of Sp(V) on V' x V, from
which it readily follows that:

(foG) x (goG) = (f*g)oG, forany Ge Sp(V), and f,g € A(V)

For X, a projective algebraic curve, let Z := Kx \ Ox be the complement of the
zero section of the total space of the holomorphic cotangent bundle. The total
space of K x has a natural algebraic symplectic structure. (The total space of Kx
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has a tautological one-form on it and its exterior derivative defines this symplectic
structure). Let

Oy € HO(Z,QZZ)

be the algebraic symplectic form on Z, obtained by restricting the natural sym-
plectic form on the total space of Kx. Then it is known, that

THEOREM 3.2. Given a projective structure on X, there exists a natural quan-
tization of the symplectic form ©¢ on the symplectic manifold Z [3].

4. Quantization of Qg

In this section we will consider the quantization problem for the moduli space of
stable parabolic Higgs bundles. Our Main Theorem (which stems from an extension
of the ideas captured by main theorem proved in [3]) is:

THEOREM 4.1. Let X be a compact Riemann surface equipped with a projective
structure P. The projective structure P then gives a (natural/canonical) quantiza-
tion of a certain Zariski open dense subset (to be defined later) U C M3 equipped
with the symplectic form Qg .

The construction of this Zariski open dense subset U C M3, will be explained
below.

Fix one of the points s; € S, over which the parabolic structure is defined. Then
we have the following lemma.

LEMMA 4.2. There is a non-empty Zariski open dense subset Uy C M¥;, such
that for all parabolic Higgs bundles (E.,0) in Uy,
(a) dim H°(X,E ® Ox((9x —1/2 —d/2)s1)) = 1, if the degree d of E is odd.
(b) dim {3 € H*(X,E® Ox((9x —d')s1)) | B(s1) C Fs,} = 1, where d’ = d/2
(when the degree d of E is even),
and Fy, C Ej, is the line defining the quasi-parabolic structure over the fixed point
S1 [7]

Fix a positive integer §, such that 2(§ + gx) — 1 > max{0,6(gx — 1) + #S}, and
then set,

do = 2(0+gx)-—1, if d is odd,
do = 2(0+gx), when d is even.

Let M(SHD denote the moduli space of all rank two, stable parabolic Higgs bundles
(Es,0), where E, is a parabolic vector bundle of rank 2 and degree §y with parabolic
weights s, at s; € S (as fixed earlier) and 6, a Higgs structure on E,.. We can, in
addition, introduce and construct a Moduli Space M3 of Triples ([6],[7]) of the
form (E., 0, ), where (E.,0) € M3 and o € H'(X, E) \ {0} is a non-zero section
of E. The construction of this moduli space of triples has been discussed elsewhere
([6],[7]). Here it suffices to make the observation that the projection (the forgetful
map) p : M? — M5H° that sends any (F.,0,0) — (E,0) is a smooth projective
bundle, whose fibre over the point in M5H° corresponding to (E,,0) is PH°(X, E),
the projective space of lines in H°(X, E'). The numerical condition on &y that we
have assumed then ensures that the dim H°(X, E) is independent of E.([6],[7])
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Let Z denote the total space of the line bundle Kx ® Ox(S). In an earlier work
([7]), we have constructed a surjective morphism
g M3 — Hilb'(2)

where | = 4gx + 20 +n — 3 when d is odd and | = 4gx + 20 +n — 2 when d is
even, with n = #5, and Hilb’(Z) as usual denotes the Hilbert scheme of points
of length j of Z ([6],[7]). Now consider any (F.,0) € Uy, where U; is the open
subset in Lemma 4.2. When d is odd, let 3 € HY(X, E ® Ox((gx — 1/2 —d/2)s1))
be a non-zero section. (For the case, d is even, we analogously choose a [ €
HYX,E® Ox((9x —d/2)s1)), with B(s1) C Fs,). The previous lemma ensures
that a non-zero 3 always exists and any two choices of § differ by the multiplication
by an element of C*. Given a choice of 3, we can construct the map:

iU — MY
(E*79) - (E!kvevﬁ@‘sts)

where s; is the section of the line bundle Ox (ds1) defined by the constant function
1, and FE. is the appropiately twisted parabolic bundle,

E. = FE.®0x((gx —1/2—d/2+8)s1), when d is odd,

E. = E.®0x((gx —d/2+)s1), when d is even
We note that this twisting ensures that the resulting isomorphism:

i+ My — MY
that sends any pair: (F,,0) — (E.,0) preserves the symplectic structures of the
two moduli spaces.
Let
¢, : Uy — Hilb (2)

be the composition of the two maps defined above. It is known that Hilbl(Z)
admits a meromorphic symplectic form ([2], [7]), and we shall denote that by ©.
Now, using this map 1, we shall construct a map from a non-empty Zariski open
subset Uy C U; to Hilb** ™3 (Z"). The details of this construction are explained
in [5]. Here we just summarize the results. Let Z' := Z\ {0s,} C Z be the
complement of the point. Then

THEOREM 4.3. There is a subset Uy C Uy and a unique map:
Yy Uy — Hilb*xT"=3(7")

such that Uy is non-empty and Zariski open dense subset of Uy and 1 (y) N Z' =
Ya(y). Moreover, it is easy to see that the map 1o is dominant and the meromorphic
symplectic form on Hilb*XT"=3(Z") pulls back to the symplectic form on Us.

Finally let V C Hilb***"73(Z’) be the Zariski open dense subset, corresponding
to the distinct 4gx +n — 3 points of Z’ and let 7x : Z — X be the natural
projection. Define

U = {yeVlyn(ry'(s)uox) =0}

where Oy is the image of the zero section of the line bundle Kx @ Ox(S). Then U is
a Zariski open dense subset of Hilb** " ~3(Z") and the complement of U is a divisor
of Hilb*x+"=3(7"). The meromorphic symplectic form © on Hilb***"~3(Z) will
define a symplectic form on the open subset U, as the pole of © would be supported
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on the divisor of Hilb** +7=3(Z) consisting of all zero-dimensional subschemes with
support intersecting W)}l(S). We define a Zariski open subset of Us by

U = ;)

then we find that the above Zariski open dense subset & C M7, equipped with the
symplectic form Qg admits a natural quantization. In fact to quantize Qg over U,
it suffices to quantize © over U.

4.1. Quantization of © over U : In this section we will sketch the basic
features of our quantization scheme for the quantization of © over U. We recall
that we had defined the variety Z := Kx \ Ox, and p the natural projection
Z— X. Set

20 = Z\pS) CZ and let Z c (20)°

be the Zariski open dense subset of the Cartesian product parametrizing all distinct
4gx +n — 3 points of Z°. Clearly the permutation group ¥ of

{1,2,3,---,49x + n — 3}
acts freely on z , which immediately yields the identification:
Z/% =U.

One can then see that the symplectic structure 6y on Z, defines/extends to a
symplectic structure ©,, on Z™, by pointwise multiplication [2]. Since the action
of ¥ preserves the symplectic form on Z49x+7=3 the symplectic form on Z descends
to U, in other words U inherits the symplectic form ©.

Now we have already discussed the fact that fixing a projective structure P on X,
gives us a preferred or canonical quantization of the symplectic structure Oy on Z.
Using the pointwise construction and the free action of 3, this quantization in turn,
gives a quantization of the symplectic structure ©,, on Z" for all m > 1. As the

(Zo)4gx+n—3

action of the permutation group ¥ on preserves this quantization, the

quantization of the symplectic form ©44, +,—3 on Z, descends to a quantization of
the symplectic variety zZ /% (= U), hence giving us a quantization of the symplectic
structure © over U.

Now let IT : U — U be the restriction of the map 5. Then from [[7],Theorem
3.2], it follows that IT*© = Q. Therefore to quantize Qp over U, it suffices to
quantize © over U, and this we have just achieved. Therefore we have proved the
following theorem:

THEOREM 4.4. Let X be a compact Riemann surface, equipped with a projective
structure P, and let M%; be the moduli space of stable, parabolic Higgs bundles on
X. Let Qn denote the symplectic form on M3;. Then the choice of the projective
structure P gives a canonical quantization of the Zariski open dense subset U C
M3y, equipped with the symplectic form Qg. Moreover the map from the space
of all projective structures on X to the space of all quantizations of (U,Qy) is
injective.
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Locally compact quantum groups. Radford’s S* formula.

A. Van Daele

ABSTRACT. Let A be a finite-dimensional Hopf algebra. The left and the right
integrals on A are related by means of a distinguished group-like element &
of A. Similarly, there is this element 3 in the dual Hopf algebra A. Radford
showed that

Sta)=0"'0pagad 1)
for all @ in A where S is the antipode of A and where > and < are used to
denote the standard left and right actions of A on A. The formula still holds
for multiplier Hopf algebras with integrals (algebraic quantum groups).
In the theory of locally compact quantum groups, an analytical form of Rad-
ford’s formula can be proven (in terms of bounded operators on a Hilbert
space).
In this talk, we do not have the intention to discuss Radford’s formula as such,
but rather to use it, together with related formulas, for illustrating various
aspects of the road that takes us from the theory of Hopf algebras (includ-
ing compact quantum groups) to multiplier Hopf algebras (including discrete
quantum groups) and further to the more general theory of locally compact
quantum groups.

1. Introduction

As we have mentioned in the abstract, this note is about different steps along
the road from the (purely algebraic) theory of Hopf algebras to the (analytical) the-
ory of locally compact quantum groups. The formula of Radford, under its different
forms at each level, is only used to illustrate certain aspects in this development.

In Section 1, we start with the simplest case. We take a finite-dimensional Hopf
algebra A and we recall Radford’s formula for the fourth power of the antipode in
this case (see [R]), introducing the terminology that will be used further. We use
S for the antipode and ¢ and 5 for the distinguished group-like elements in A
and the dual A. We call these the modular elements for reasons we explain later.
We are also interested in the *-algebra case and in particular when the underlying
algebra is an operator algebra. This means that A can be represented as a *-algebra
of operators on a (finite-dimensional) Hilbert space. Then however, the integrals
are positive, the modular elements are 1 and S? = . (the identity map) so that
Radford’s formula becomes a triviality. We speak about a finite quantum group
but in the literature, it is usually called a finite-dimensional Kac algebra (see [E-S]).

In Section 2, we first consider the case of a Hopf algebra A, not necessarily
finite-dimensional, but with integrals (a co-Frobenious Hopf algebra). Radford’s
formula in this case was obtained in [B-B-T] where the modular element § is seen

M. Marcolli, D. Parashar (Eds.), Quantum Groups and Noncommutative Spaces,
DOI: 10.1007/978-3-8348-9831-9 8, © Vieweg+Teubner Verlag | Springer Fachmedien
Wiesbaden GmbH 2011
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as a homomorphism from A to C. In this note however, we consider the dual A of
this Hopf algebra and describe it as a multiplier Hopf algebra. The element 5 is
then an element in the multiplier algebra M (121\) of A.

In the operator algebra framework, we get here (essentially) a compact quan-
tum group (as introduced by Woronowicz in [W2] and [W3]). In this setting, we
necessarily have § = 1, but now it can happen that 5 # 1 (e.g. for the compact
quantum group SU,(2), see [W1]). We also consider discrete quantum groups.
They were first introduced in [P-W] as duals of compact quantum groups. Later
they have been studied, as independent objects and independently in [E-R] and
[VD2]. In this case of course, 5 = 1 while possibly ¢ # 1. Radford’s formula gives
S4(a) = 6 1aé for all a in the algebra. In fact, one can define the square root 02
of § and show that even S%(a) = 6~ zadz. It is a fundamental formula for discrete
quantum groups.

Section 3 is about algebraic quantum groups. We already needed the notion of
a multiplier Hopf algebra (see [VD1]) in Section 2 for properly dealing with discrete
quantum groups. However, it is only in this section that we introduce the concept.
We also look at the case with integrals and then we speak about algebraic quantum
groups (cf. [VD3]). For an algebraic quantum group (A, A), it is possible to define
a dual (;1\7 3) It is again an algebraic quantum group. This duality extends the
duality of finite-dimensional Hopf algebras (as used in Section 1), as well as the
duality between compact and discrete quantum groups (as in Section 2). Also in
this more general case, we have the existence of the modular elements § and 5, now
in the multiplier algebras, and Radford’s formula is still valid. It seems appropriate
to give a proof (or rather sketch it) in this situation because it will follow easily from
well-known results in the theory (see [D-VD-W]). As this case is more general than
the previous ones (e.g. the finite-dimensional and the co-Frobenius Hopf algebras),
this proof is also valid for these earlier cases.

Also here, we consider the *-algebra case and in particular when the integrals
are positive. Then, the underlying algebras are operator algebras (now *-algebras
of bounded operators on a possibly infinite-dimensional Hilbert space). We also
have an analytical form of Radford’s formula here and it is very close to the form
we will obtain in the still more general case of locally compact quantum groups (in
Section 4). Observe that now it can happen that both § and § are non-trivial.

It should not come as a surprise that, for *-algebraic quantum groups, we
can formulate a form of Radford’s result that is similar to the one we will obtain
for general locally compact quantum groups. After all, the theory of *-algebraic
quantum groups has been a source of inspiration for the development of locally
compact quantum groups (as found in [K-V1], [K-V2] and [K-V3]). See e.g. the
paper by Kustermans and myself [K-VD] and also the more recent paper entitled
Multiplier Hopf *-algebras with positive integrals: A laboratory for locally compact
quantum groups [VD6].

Finally, in Section 4 we briefly discuss the most general and tecnically far more
difficult case of a locally compact quantum group. We recall the definition (within
the setting of von Neumann algebras) and we explain how the basic ingredients of
the analytical form of Radford’s result are constructed. About the proof, we have
to be very short because this would take us too far. Nevertheless, we say something
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about it and especially, what kind of similarities there are with the case of algebraic
quantum groups. Observe some differences in conventions in this section.

This note contains no new results. It is more like a short survey of various levels,
from Hopf algebras to locally compact quantum groups, making a link between the
purely algebraic approach to quantum groups and the operator algebra approach.
It is well-known that working with operator algebras in this context puts sometimes
very severe restrictions on possible results, special cases and examples. Think e.g.
of the fact that it forces the square of the antipode to be the identity map in the
finite-dimensional case (see Section 1). On the other hand, it also has some nice
advantages like the analytic structure of a *-algebraic quantum group (see Section
3). In any case, we are strongly convinced that a fair amount of knowlegde of ’the
other side’ can be of great help, not only for a basic understanding, but also because
it sometimes provides different and handy tools to obtain new results or to treat
old results in a better way. We think Radford’s formula is a good illustration of
this fact. Therefore, with this note, we hope to contribute to increase the interest
of algebraists in the analytical aspects and vice versa.

Let us finish this introduction with some notation and conventions, as well as
with providing some basic references. More of this will be given throughout the
note.

We work with associative algebras over the comlex numbers since we often will
also consider an involution on the algebra, making it into an operator algebra. The
algebras need not have an identity, but we always assume that the product, as a
bilinear map, is non-degenerate. This allows to consider the algebra as a two-sided
ideal sitting in the multiplier algebra. If the algebra has a unit, we denote it by 1.
This will also be used for the unit in the multiplier algebra. We will systematically
use ¢ for the identity map.

We use A’ for the space of all linear functionals on a vector space A and call
it the dual space of A. Often, we will consider a suitable subspace of this full dual
space. Most of the time, our tensor products are purely algebraic, except in the
last section on locally compact quantum groups where we work with von Neumann
algebras and von Neumann algebraic tensor products. Unfortunately, some other
conventions in Section 4 are also different from those in the earlier sections. This is
mainly due to differences between the algebraic approach and the operator algebra
approach.

The basic references for Hopf algebras are of course [A] and [S]. For compact
quantum groups we have [W2] and [W3], see also [M-VD]. For discrete quantum
groups we refer to [P-W], [E-R] and [VD2]. The basic theory of multiplier Hopf
algebras is found in [VD1] and when they have integrals, the reference is [VD3].
See also [VD-Z] for a survey paper on the subject. Finally, the general theory of
locally compact quantum groups is developed in [K-V1], [K-V2] and [K-V3]. See
also [M-N] and [M-N-W] for a different approach and [VD8] for a more recent and
simpler treatment of the theory.

Acknowledgements I would like to thank the organizers of the Workshop on
Quantum Groups and Noncommutative Geometry (MPIP Bonn, August 2007) for
giving me the opportunity to talk about this subject. I am also grateful to P.M.
Hajac who drew my attention to the paper by Kaufman and Radford [K-R].



LOCALLY COMPACT QUANTUM GROUPS. RADFORD’S S* FORMULA. 133

2. Finite quantum groups

Let A be a finite-dimensional Hopf algebra (over the complex numbers) with
coproduct A, counit € and antipode S. Let A denote the dual Hopf algebra of A.
We will us the pairing notation. So, if a € A and b € A we write (a,b) for the value
of b in the element a.

Let ¢ be a left integral on A. There exists a distinguished group-like element
d in A defined by the formula ¢(S(a)) = p(ad) for all a € A. We will call § the
modular element (for reasons we will explain later, in Section 3). Similarly, when &
is a left integral on A, there is the modular element § in A satisfying P(S(b)) = @(bA)
for all b € A.

Now we can state Radford’s formula (see [R]):

THEOREM 2.1. For all a € A, we have
S*a) =60 ba<db)s.
We use the standard left and right actions of the dual A on A defined by

bra =Y awag)),b) and agb="Y awag)b)
(a) (@)

forac Aandbe A (where we use the Sweedler notation).

Later, we will give a proof of this formula in the more general setting of algebraic
quantum groups (see Section 3).

Let us also consider the case of a Hopf *-algebra. We assume that A is a *-
algebra and that A is a *-homomorphism. Then ¢ is a *-homomorphism but S need
not be a *-map. In stead, it is invertible and satisfies S(a)* = S~!(a*) for all a.
So, it is a *-map if and only if S? = ¢, the identiy map.

If moreover A is an operator algebra, then there exists a positive left integral ¢
(and conversely). Then necessarily ¢(1) > 0 so that left and right integrals coincide.
This implies that § = 1. One can show that again A will be an operator algebra
and so also 6 = 1. Radford’s formula implies that in this case S* = 1. In fact, it
follows that already S? = ¢ and that the integrals are traces. We will give a short
argument later in the more general case of a discrete quantum group (see the next
section and also Section 3).

In this note, we will call a finite-dimensional Hopf *-algebra with positive inte-
grals a finite quantum group. In the literature however, one often calls it a finite-
dimensional Kac algebra (see [E-S]).

3. Compact and discrete quantum groups

Now, let A be any Hopf algebra. We do no longer assume that it is finite-
dimensional, but we require that it has integrals. Assume also that it has an
invertible antipode. Again there exists a unique group-like element 0 in A such
that p(S(a)) = ¢(ad) for all a € A when ¢ is a left integral on A.

The dual space A’ is an algebra but no longer a Hopf algebra (in general).
However, there still is the distinguished element SeA. Ttisa homomorphism, it
is invertible and Radford’s formula is still valid. For all a € A, we have

SYa) =6 (Epaqad s
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The actions are defined as before by

fra=>" flag)aq) and a<af=> flaw)age)
(a) (a)
foralla € Aand f e A

The proof we plan to give later (for algebraic quantum groups) will also include
this case.

If moreover A is a *-algebra and A a *-homomorphism, still e will be a *-
homomorphism and S(a)* = S7!(a*) for all @ € A. And if A is an operator
algebra, the left integral is positive, it is also a right integral and so § = 1.

We agree to use the term compact quantum group for this case. Indeed, it is
essentially a compact quantum group as defined by Woronowicz in [W3].

*

Remark that & need not be 1 in this case, the integrals need not be traces and
52 £ is still possible. The standard example where this happens is the quantum
SU,(2) (see [W1]).

Let us now consider the case of a discrete quantum group. Discrete quantum
groups can be obtained as duals of compact quantum groups. Although it is more
natural to treat them within the framework of multiplier Hopf algebras (see later),
we will briefly consider the case already now (and see why we need to pass to
multiplier Hopf algebras).

The following result is part of the motivation for what we will do later.

ProroSITION 3.1. Let A be a Hopf algebra with a left integral ¢. Define the
dual A as the subspace of A’ containing all elements of the form ¢(-a) with a € A.
It is a subalgebra of A’. If we define the coproduct A: A — (A® A) by dualizing
the product on A, we find that

o~ o~ ~

AA(1@A)CAvA and (AR 1)AA) CA® A
in the algebra (A ® A)'.

So, we get that A maps A into the multiplier algebra M (A ® A) (as we will
define it later). Moreover, the pair (27 3) is a multiplier Hopf algebra (and not a
Hopf algebra in general).

If we define @(b) = ¢(a) when b = ¢(-a), we get a right integral on A. This
means here that

(0 ® )AG)1)) = Do)
for all b,b € A. The antipode S leaves A invariant and converts 12 to a left
integral @ on A. The element g, considered earlier, is in M (A\) and still satifsies
P(S(b)) = @(bd) for all b € A.
If A is a compact quantum group, it turns out that A is a direct sum of matrix
algebras. This takes us to the following definition of a discrete quantum group.

DEFINITION 3.2. A discrete quantum group is a pair (A, A) where A is a direct
sum of matriz algebras (with the standard involution), A is a coproduct on A and
such that there is a counit € and an antipode S.

It is not a Hopf algebra (except when it is a finite direct sum), but it is a
multiplier Hopf algebra (see further). Indeed, we have A(A) C M(A ® A), the
multiplier algebra of A ® A, but in general A(A) does not belong to A ® A itself.
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For discrete quantum groups, we can prove (among other things) the following
result.

THEOREM 3.3. There exists a positive left integral ¢ and a positive group-like
element ¢ in the multiplier algebra M(A) of A defined by ©(S(a)) = p(ad) for all
a € A. This element moreover satisfies

S%(a) = 6~ %as?
for all a. We also have o(ab) = ¢(bS?*(a)) for all a,b € A and therefore, the map
a— @(ad?) is a trace on A.

The first formula is a slightly stronger version of Radford’s formula for these
discrete quantum groups. It can be dualized to get a similar expression for the
square S2 of the antipode of a compact quantum group.

One way to develop discrete quantum groups is by viewing them as duals of
compact quantum groups (as done in [P-W]). This however is not the best choice.
It is relatively easy to develop the theory of discrete quantum groups (and prove
the above results) directly from the definition above. Using the standard trace on
each component, one can obtain quickly a formula for both integrals as well as for
the modular element. See e.g. [VD2].

It can happen that 6 # 1 (so that left and right integrals are different). It can
also happen that S? # ¢ so that the integrals are not traces. This can of course
only happen if § # 1.

The standard example is the dual of the compact quantum group SU,(2) whose
underlying algebra is the direct sum ®52,M,. All objects can easily be given in
terms of the deformation parameter ¢, except for the comultiplication (which is
quite complicated), see e.g. [VD4].

On the other hand, if § = 1 we must have that S? = ; and that the integrals
are traces. This generalizes the corresponding result for finite quantum groups as
we have seen in Section 1. Observe also that if we have a quantum group that is
both discrete and compact, it must be a finite quantum group.

4. Algebraic quantum groups

Discrete and compact quantum groups are special cases of algebraic quantum
groups. Also the duality of algebraic quantum groups generalizes the one between
discrete and compact quantum groups. We will briefly review this theory. For
details, we refer to the literature, see [VD1], [VD3] and [VD-Z].

The basic ingredient is that of a multiplier Hopf algebra:

DEFINITION 4.1. Let A be an algebra over C, with or without identity, but
with a non-degenerate product. A coproduct (or comultiplication) on A is a non-
degenerate homomorphism A : A — M(A ® A) (the multiplier algebra of A® A),
satisfying coassociativity (A®1)A = (L@ A)A. The pair (A, A) is called a (regular)
multiplier Hopf algebra if there exists a counit and an (invertible) antipode. If A
is a *-algebra and A a *-homomorphism, reqularity is automatic and we call it a
multiplier Hopf *-algebra.

There is a lot to say about this definition and we refer to the literature for
details. However, it is important to notice that any Hopf (*-)algebra is a multiplier
Hopf (*-)algebra and conversely, if the underlying algebra of a multiplier Hopf
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algebra has an identity, it is actually a Hopf algebra. Also remark that the counit
and the antipode are unique.
Next, we consider algebraic quantum groups:

DEFINITION 4.2. Let (A, A) be a regular multiplier Hopf algebra. A left integral
is a non-zero linear functional p : A — C satisfying left invariance (1 ® p)A(a) =
w(a)l in M(A) for all a € A. Similarly, a right integral is defined.

If a left integral ¢ exists, also a right integral ¢ exists (namely ¢ = p o 5).
In that case, we call (A, A) an algebraic quantum group. If moreover (A, A) is a
multiplier Hopf *-algebra with a positive left integral ¢ (i.e. such that p(a*a) >0
for all a), then also a positive right integral exists (which is not a trivial result!).
In that case, we call (4, A) a *-algebraic quantum group.

Remark that the term ’algebraic’ does not refer to the possible quantization
of algebraic groups, but we use it rather because *-algebraic quantum groups are
locally compact quantum groups (considered in the next section) that can be treated
with purely algebraic techniques.

Integrals on regular multiplier Hopf algebras are unique (up to a scalar) if they
exist. They are faithful in the sense that (for the left integral ¢) we have a = 0
if either @(ab) = 0 for all b or ¢(ba) = 0 for all b. From the uniqueness it follows
that there is a constant v (the scaling constant), given by ¢(S%(a)) = ve(a) for all
a € A. Tt can happen that v # 1 but when A is a *-algebraic quantum group (with
positive integrals), we must have v =1 (see [DC-VD]).

In general, integrals need not be traces, but there exist automorphisms o and
o' (called the modular automorphisms) satisfying

p(ab) = ¢(bo(a)) P(ab) = 9 (bo’(a))
for all a,b € A when ¢ is a left integral and v a right integral. The term 'modular’
comes from operator algebra theory and the modular automorphism group of a
faithful normal state (or semi-finite weight) on a von Neumann algebra (see the
next section).

Important for us in this note that focuses on Radford’s formula is the modular
element 0. It is a group-like element in the multiplier algebra M(A) satisfying
©(S(a)) = p(ad) for all a just as in the case of Hopf algebras with integrals. It can
be defined, using the uniqueness of integrals, by the formula (¢ ® t)A(a) = ¢(a)d
for all a. In this case, the term 'modular’ is used because it is related with the
modular function for a non-unimodular locally compact group. In fact, also the
modular automorphism group in the theory of von Neumann algebras finds its
origin in the theory of non-unimodular locally compact groups.

There are many relations among these objects and again, we refer to the liter-
ature.

For any algebraic quantum group, we have a dual:

THEOREM 4.3. Let (A, A) be an algebraic quantum group. Define the subspace
A of the dual space A" of functionals of the form p(-a) where a € A. The adjoints
of the coproduct and the product on A define a product and a coproduct A on /T,
making (.ZL 3) into an algebraic quantum group, called the dual of (A, A). A right
integral ¥ on A is given by the formula J(w) = ¢(a) when w = ¢(-a) and a € A.
If (A, A) is a *-algebraic quantum group, then so is (2, 3) and 1Z as defined before
is positive when @ is positive.
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The last statement in the above theorem is a consequence of Plancherel’s for-
mula. Here it says that 7:/;(6*6) = p(a*a) if @ € A and @ = ¢(-a), its Fourier
transform.

Also remark that the dual of (4, A) is again (A4, A).

We will use the pairing notation (as we have already done in Section 1 for a
finite-dimensional Hopf algebra and its dual). We also have the standard actions
of Aon A and of A on A. In the first case, we have

(b>a,b’)y = (a,b'b)
(a<b,b') = (a,bb)

for all a € A and b,b' € B. It is not completely obvious that these elements are
well-defined in A, but it can be shown. Moreover, these actions are unital. This
means that elements of the form b a with a in A and b in A span all of A and
similarly for the right action. See [Dr-VD] and [Dr-VD-Z].

Let us now first state some of the formulas relating the various objects of (A, A)
and indicate how they can be proven. We use the notations introduced before.

PROPOSITION 4.4. Let (A, A) be an algebraic quantum group. We have o0 S o
o' =5 and do(a) = o'(a)d and for all a. Also for all a € A we have

Ao(a)) = (S @ 0)Ala).

The first formulas follow in a straighforward way from the definitions of ¢ and
o' with ¢y = po S = (- §). For the second one, we use that for all a,b € A,

S((t@@)(Ala)(1®D))) = (1@ ¢)((1 @ a)A(b)),
two times in combination with the definition of o. This last formula itself follows
easily from left invariance of ¢ and the standard properties of the antipode.
We will also need some other properties. We have that the automorphisms S?2,
o and o’ all commute with each other. And we also have that o(8) = o’(§) = 16
where v is the scaling constant.
Next, we state and prove some of the formulas relating objects of (A, A) with

objects of the dual (4, A).

PROPOSITION 4.5. Let (A, A) be an algebraic quantum group and let (A\,ﬁ)

be its dual. We have 5~' = ¢ o o where 0 is the modular element of /Al, seen as a
homomorphism of A. Also o(a) =6~ S?(a) for all a € A.

PRrROOF. To prove the first formula, we start with ¢ € A and we take the element
b= ¢(-c) in the dual A. Because for all a,a’ in A we have ¢(a’co(a)) = ¢(ad’c),
we get ¢(-co(a)) = b<a. If we apply ¢ we find e(co(a)) = @(b <da). Because
(t® @)ﬁ(b) = 12)\(1))3\’1 (a formula that can easily be obtained from the definition
of & by using the antipode), we get 1(b<a) = $(b)(a,0-!). Combining all results
and using that @Z(b) = ¢(c), we find the first formula of the proposition.

To obtain the second formula, consider the equation A(c(a)) = (S? ® 0)A(a),
obtained in the previous proposition, apply ¢ ® € and use the first formula of this
proposition. (|

In the proof above, we have used the left action of A on A. We also have looked
at 0-! as a linear functional on A by extending the pairing between A and A to
M(A) in an obvious way. If the quantum group is counimodular, that is if 6 = 1,
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it follows from these results that o = S2. This is the case for discrete quantum
groups as we saw in Theorem 2.3.

Now we are ready to give a simple proof of Radford’s formula for algebraic
quantum groups.

THEOREM 4.6. Let (A, A) be an algebraic quantum group. When 6 and S are
the modular elements in A and its dual A, then

Sa)=6"0raxd )8
for alla € A.

PROOF. ;From the second formula in Proposition 3.5 we find dba = $2(0 2 (a)).
Similarly, or by applying the antipode on this formula, we obtain a6 l=89 2(o'(a)).
If we combine these two formulas with the relation o/(a) = do(a)d~! and use that
S2(8) = 6, we get Radford’s formula. |

The proof we have given can be found in [D-VD-Z] and in [D-VD], where we
have generalized this result further to algebraic quantum hypergroups.

Next, let us look at the case of a *-algebraic quantum group. The requirement of
positivity of the integrals is quite strong. We have mentioned already that it forces
the scaling constant v to be 1. On the other hand, we end up with an operator
algebra and this allows to work on Hilbert spaces and use spectral theory. In this
case, we arrive at what is called the analytic structure of a *-algebraic quantum
group (see [K] and also [DC-VD]). Roughly speaking, it means that powers of
S2, o, o' and § all have analytical extensions to the whole complex plane. More
precisely, we get the following result. We only consider S? and § because we focus
in this note on Radford’s formula.

PROPOSITION 4.7. Let (A, A) be a *-algebraic quantum group. There exists an
analytic function T : z — 7, on C such that T, is an automorphism of (A, A), that
Toty = T2 0Ty for all z,y € C and so that S* = 7_;. Similarly, there is an analytic
Junction z — §% so that §* € M(A), that 6*TY = §%6Y for all z,y € C and such that
0% =4 for z =1 (justifying the notation).

Analyticity here is in a strong sense. In the first case, we want z — f(7,(a))
analytic for all @ € A and all f € A’. In the second case, we want e.g. z — f(ad?)
analytic for all a € A and f € A’. These analytical extensions are unique.

Then, we can get the analytical form of Radford’s formula. For real numbers,
we obtain the following:

THEOREM 4.8. Let (A, A) be a *-algebraic quantum group. Let T, and 6% for

z € C be defined as in the previous proposition. Consider also 5% € M(g) m a
similar way. Then, for all t € R, we have

Tap(a) = 676" pa<ad )"
for all a € A.

This is the form of Radford’s formula that we will be able to generalize to
general locally compact quantum groups (see the next section). The result however
is true for all complex numbers. In particular, we can take z = —%. This yields

S%(a) =0"2(62 >a<d 2)8?
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for all a € A. Indeed, as a consequence of the result in Proposition 3.7, we can also
define the square roots 62 and 62 in M (A) and M (21\) respectively. These are still
group-like elements.

We should make a reference to a paper by Kaufman and Radford here [K-R].
They discover the formula with the square roots for Drinfel’d doubles that are
ribbon Hopf algebras.

Finally, consider some special cases. If e.g. (A, A) is counimodular, this is by
definition when left and right integrals on A are the same, so that 5 = 1, we find
that 52( )=10" 3483 for all a. This is the formula that we have seen in Theorem
2.3 for discrete quantum groups. They are counimodular because compact quantum
groups are unimodular. If (4, A) is both unimodular and counimodular, then we
must have S2 = ;. In this case, it follows from Proposition 3.5 that both ¢ and ¢’
are trivial. This means that the integrals are traces. This, in particular, applies to
the case of finite quantum groups (as in Section 1).

5. Locally compact quantum groups

We start this section with the definition of a locally compact quantum group
in the von Neumann algebra setting.

DEFINITION 5.1. Let M be a von Neumann algebra. A coproduct on M is
a normal unital *-homomorphism A : M — M ® M, the von Neumann algebraic
tensor product, satisfying coassociativity (A®L)A = (L@ A)A. If there exist faithful
normal semi-finite weights ¢ and ¥ on M that are left, resp. right invariant, then
the pair (M, A) is called a locally compact quantum group.

We collect some important remarks about this concept:

REMARKS 5.2. i) The adapted form of continuity of A in the von Neumann
algebra setting is expressed in the requirement that the coproduct is normal.
it) By this continuity, the *-homomorphisms A ® ¢ and t @ A are well-defined from
MM to M@ M ® M and so coassociativity makes sense.
iii) A weight on a von Neumann algebra is, roughly speaking, an unbounded positive
linear functional. It is called semi-finite if it is bounded on enough elements. And
again it is called normal if it satisfies the proper continuity.

For the theory of von Neumann algebras and the notions needed above, we
refer to the books of Takesaki [T1] and [T2].

The weight ¢ is called left invariant if p((w ® t)A(z)) = @(x)w(1l) whenever
x is a positive element in the von Neumann algebra with ¢(z) < oo and w is a
positive element in the predual M, of M. Similarly, right invariance of the weight
1) is defined. These weights are unique (up to a scalar) and are called the left and
right Haar weights. They are of course the analogues of the left and right integrals
in the theory of *-algebraic quantum groups.

It is also possible to define locally compact quantum groups in the framework of
C*-algebras, but that is somewhat more complicated. In fact, both approaches are
equivalent in the sense that they define the same objects. We refer to the original
works by Kustermans and Vaes; see [K-V1], [K-V2] and [K-V3|. Independently, the
notion was also developed by Masuda, Nakagami and Woronowicz; see [M-N] and
[M-N-W]. A more recent and simpler development of the theory can be found in



140 A. VAN DAELE

[VD8] and a discussion on the equivalence of the C*-approach and the von Neumann
approach is e.g. given in [VDT].

The basic examples come from a locally compact group G. On the one hand,
there is the abelian von Neumann algebra L*°(G), defined with respect to the
left Haar measure. The coproduct A is given as before by A(f)(p,q) = f(pq)
when f € L°°(G) and p,q € G. The invariant weights ¢ and ¢ are obtained by
integration with respect to the left and right Haar measures on the group. On the
other hand, there is the group von Neuman algebra VN(G) generated by the left
regular representation A\ of the group on the Hilbert space L?(G). In this case, the
coproduct is given by A(A,) = Ay, ® Ap. The left and right integrals are the same.
Formally, we must have ¢()\,) = 0, except when p = e, the identity of the group,
but it is not so easy to define this weight properly.

Any multiplier Hopf *-algebra with positive integrals, i.e. a *-algebraic quantum
group, gives rise to a locally compact quantum group (see [K-VD]):

THEOREM 5.3. Let (A, A) be a *-algebraic quantum group with left integral .
Consider the GNS-representation m, of A associated with ¢. The coproduct on A
yields a coproduct on the von Neumann algebra M generated by m,(A) making it
into a locally compact quantum group.

The Haar weights are of course nothing else but the unique normal extensions
of the original left and right integrals.

It is an interesting, but open problem to describe those locally compact quan-
tum groups that can arise from *-algebraic quantum groups as above. In the case
of locally compact groups, the problem has been solved in [L-VD]. The requirement
is that there exists a compact open subgroup. In particular, when G is a totally
disconected locally compact group, the two associated locally compact quantum
groups are essentially *-algebraic quantum groups. In connection with this prob-
lem, let us also observe the following. For any *-algebraic quantum group, the
scaling constant v is necessarily 1 (see [DC-VD]). However, there are examples of
locally compact quantum groups where this is not the case (see [VD5]). We will
come back to this statement later.

Let us now indicate how the theory of locally compact quantum groups is
developed (as e.g. in [VD8]) and focus on the relevant formulas, needed to formulate
Radford’s result.

So, we start with a locally compact quantum group (M, A) with left and right
Haar weights ¢ and ¢ as in Definition 4.1. We recall the GNS construction:

PROPOSITION 5.4. Denote by N, the set of elements x € M so that p(z*x) <
oo. It is a dense left ideal of M and ¢ has a unique extension (still denoted by v)
to the *-algebra spanned by elements of the form x*y with x,y € N,. There exists
a Hilbert space H, and an injective linear map A, : N, — Hy with dense range
such that (Ay(x), Ay (y)) = @(y*x) for all z,y € N,. There also exists a faithful,
unital and normal *-representation m, of M on H, given by wy,(y)Ap(x) = Ap(yx)
whenever x € N, and y € M.

In what follows, we will drop the index ¢ and use H and A in stead of H,, and
A,. We will also omit 7, and assume that M acts directly on the space H.

Next, we recall some results from the Tomita-Takesaki modular theory (see e.g.
[T2]):
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PROPOSITION 5.5. There is a closed, conjugate linear, possibly unbounded but
densely defined involutive operator T on H so that A(xz) € D(T), the domain of
T, for any x € N, NN and TA(x) = A(z*). If T = JV?: denotes the polar
decomposition of T, then J is a conjugate linear isometric involutive operator and

V a positive non-singular self-adjoint operator. If M’ denotes the commutant of
M, we have JMJ = M'. Also VMV~ = M for all t € R.

It follows from this result that we can define a one-parameter group (o) of au-
tomorphisms of M, called the modular automorphism group, by oi(x) = Vitz V%
for x € M and t € R. A similar construction will give the modular automorphisms
(0}) associated with the right Haar weight .

Using a proper notion of an analytic extension, one can show that ¢(zy) =
o(yo_;(x)) for the appropriate elements z and y. So (0_;) plays the role of the
modular automorphism o as we have it for *-algebraic quantum groups. Similarly
o', plays the role of the modular automorphism o’. We apologize for the possi-
ble confusion caused by the difference in notations used here (and further in this
section).

There is also something called the ’relative modular theory’ when two weights
are considered. If we apply results from this theory to the invariant weights ¢ and
1, we find the following:

PROPOSITION 5.6. There exists a positive non-singular self-adjoint operator &
on the Hilbert space H such that for allt € R we have 6" € M and ¢ = p(62 - 62).

It should be mentioned that it is not so easy to interprete this last formula in
a correct way.

When thinking of a *-algebraic quantum group, where we have (§) = ¢ (be-
cause the scaling constant is trivial), we see that this formula is another form of
the one we have for algebraic quantum groups, namely ¥ = ¢(-J). Here, we call ¢
the modular operator.

These are the first main ingredients of the theory. Remark that these objects
are only dependent on the weights ¢ and 1 on the von Neumann algebras M and
seem in no way related with the coproduct structure. This is not completely correct
as the result in Proposition 4.6 would not be true for any pair of weights.

Next, let us consider the dual locally compact quantum group (]\/4\ , 3) with left
and right Haar weights ¢ and 12)\ The precise construction is quite involved but
in essence, it is a careful analytic version of the same construction for *-algebraic
quantum groups.

The Hilbert space associated with the dual left Haar weight ¢ is identified with
H and the map A associated with @ is defined in such a way that A(Z) = A(xz)
when z is an appropriate element in M and Z its Fourier transform ¢( - ). Remark
that a different convention is used in the sense that the dual coproduct is flipped
causing, among other things, that the dual right integral {ﬁ\ is now the dual left
integral @. This convention is common in the operator algebra approach.

And just as for the original locally compact quantum group (M, A), we also
have the conjugate linear isometric operator J on H for the dual (JT/[\ , 3) satisfying
JMJ = M’ and the modular automorphisms (0¢) and (0}) of M, as well as the

modular operator 8 for the dual.
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The scaling group can be characterized as follows:

PROPOSITION 5.7. There exists a one-parameter group of automorpisms (T¢)
of (M, A) such that

A(oi(z)) = (1t ® o) A()
A(oy(x)) = (07 @ 7-¢) A(2)

for allz € M and t € R. All the automorphisms in (o), (0}) and (17¢) mutually
commute.

Similarly, we have the scaling group (7;) on the dual, characterized by similar
formulas.

If we take a proper analytic extension, we see that 7_; is like the square S? of
the antipode in a *-algebraic quantum group. The first formula replaces A(o(a))) =
(S? ® 0)A(a) and the second one is A(o'(a)) = (0/ ® S72)A(a) for an element a in
a *algebraic quantum group.

Again, the proof is technically rather difficult. It essentially uses the polar
decomposition of an operator A(x) — A(S(z)*) where S is the ’antipode’, roughly
defined by the formula

S(tee)(A@)(1ey)) = (@ e)((1ez)Ay))

for well-chosen elements x and y in the von Neumann algebra M.
There are several relations among the data we have so far:

PROPOSITION 5.8. When x € M and y € M we have

ou(z) = Vitgy-it Ti(z) = VitgU-it
ouly) =ViyvT" Ti(y) = Vvt

for allt € R.

The formulas on the left were mentioned already but the others are new (and
somewhat remarkable). We do not have any counterparts of these equations in the
theory of *-algebraic quantum groups. This is not so with the following results.

PROPOSITION 5.9. There exists a strictly positive number v, called the scaling
constant, satisfying

pory =vlp poo, =vip

vor, =uv Tty Voo, =vly
for allt € R.

When extending these formulas analytically to the complex number —i, we find
e.g. po S? = vip and we see that v turns out to replace the scaling constant as
introduced for *-algebraic quantum groups. As mentioned already, in this case, the
scaling constant can be non-trivial, see e.g. [VD5].
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Also the above result is a consequence of the uniqueness of the invariant weights.
And finally, we have some formulas relating § with the other data:

PROPOSITION 5.10. We have 7,(§) =6 and
o () = V' o (8) =v7t6
for allt. We also have J6J =61

Of course, these formulas have to be interpreted (e.g. by looking at powers
§% of §). There is also a formula for J&.J but that is more complicated. Similar
equations hold for the dual modular operator 5.

Having defined the main objects and the most important formulas, we can now
state the analytical form of Radford’s formula for locally compact quantum groups
(see Theorem 4.20 in [VDS]):

THEOREM 5.11. Because the left Haar weight is relatively invariant, we can
define a one-parameter group of unitary operators, denoted P™, by the formula
PitA(z) = v2tA(ry(x)) for all z € N'. Then we have

p2it _ 5¢t(J5itJ)git(jgitj)
for all t.

Compare this formula, call it the ’second’ formula in what follows, with the
formula in Theorem 3.8, which we will call the ’first’ one. And assume for the
moment that the scaling constant is 1. Change ¢ to —t in the first formula and
‘apply’ A. On the left hand side, we get P~2"A(a). When we look at the right
hand side, first we have left multiplication with 6* in the first formula which we find
as the operator 6% in the second formula. Next we have right multiplication with
5% in the first formula that results in the operator J6*J in the second formula.
The change in sign comes from the fact that J is conjugate linear and § self-adjoint.
Also remember that J is the unitary part in the polar decomposition of the map
A(z) — A(z*) and the fact that the involution changes the order allows to express
right multiplication with elements as operators, using this map. The third factor in
the second formula comes from the left action of . Now, the difference in sign is
coming from the dlfference in conventions about the dual coproduct Flipping this
coproduct causes 5 to be replaced by 5! . Finally, the right action of sit corresponds
with the factor Jo'.J. We have the same sign here because it is changed two times
for reasons explained earlier.

If the scaling constant is not equal to 1, we get an extra factor on the left
because P~2%A(z) = v=!A(r;(x)). This factor will also occur on the right hand
side because right multiplication with 6 =% is not exactly the same as J§%.J. There
is a factor 2! coming from the commutation rules between the modular operator
V and § (as 0(6) = 14 in the case of algebraic quantum groups). Similarly, this
scalar will pop up when comparing the right action of 57 with the factor Joo.J.

So, we see that the two formulas are completely in accordance with each other
and that it is justified to call the formula in Theorem 4.11 above the analytical
form of Radford’s formula for locally compact quantum groups.

Also here, it is interesting to look at some special cases. If e.g. 5 = 1, also
in this case we have oy = 7 and o} = 7_; (as for discrete quantum groups). If
both modular operators are 1, then necessarily the scaling group and the modular
automorphisms are trival, causing the Haar weights to be traces and S? = ..
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Categorical aspects of Hopf algebras

Robert Wisbauer

ABSTRACT. Hopf algebras allow for useful applications, for example in physics.
Yet they also are mathematical objects of considerable theoretical interest and
it is this aspect which we want to focus on in this survey. Our intention is to
present techniques and results from module and category theory which lead
to a deeper understanding of these structures. We begin with recalling parts
from module theory which do serve our purpose but which may also find other
applications. Eventually the notion of Hopf algebras (in module categories)
will be extended to Hopf monads on arbitrary categories.

1. Introduction

The author’s interest in coalgebraic structures and Hopf algebras arose from the
observation that the categories considered in those situations are similar to those in
module theory over associative (and nonassociative) rings. At the beginning in the
1960’s, the study of coalgebras was to a far extent motivated by the classical theory
of algebras over fields; in particular, the finiteness theorem for comodules brought
the investigations close to the theory of finite dimensional algebras. Moreover,
comodules for coalgebras C' over fields can be essentially handled as modules over
the dual algebra C*.

Bringing in knowledge from module theory, coalgebras over commutative rings
could be handled and from this it was a short step to extend the theory to corings
over non-commutative rings (e.g. [BrWi]). This allows, for example, to consider
for bialgebras B over a commuatative ring R, the tensorproduct B ®z B as co-
ring over B and the Hopf bimodules over B as B ® B-comodules. Clearly this
was a conceptual simplification of the related theory and the basic idea could be
transferred to other situations. Some of these aspects are outlined in this talk.

Since Lawvere’s categorification of general algebra, algebras and coalgebras are
used as basic notions in universal algebra, logic, and theoretical computer science,
for example (e.g. [AdPo], [Gu], [TuPl]).

The categories of interest there are far from being additive. The transfer of Hopf
algebras in module categories to Hopf monads in arbitrary categories provides the
chance to understand and study this notion in this wider context.

Generalisations of Hopf theory to monoidal categories were also suggested in
papers by Moerdijk [Moer], Loday [Lod] and others. Handling these notions in
arbitrary categories may also help to a better understanding of their concepts.

M. Marcolli, D. Parashar (Eds.), Quantum Groups and Noncommutative Spaces,
DOI: 10.1007/978-3-8348-9831-9 9, © Vieweg+Teubner Verlag | Springer Fachmedien
Wiesbaden GmbH 2011
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Not surprisingly, there is some overlap with the survey talks [Wi.H] and
[Wi.G]. Here a broader point of view is taken and more recent progress is recorded.

2. Algebras

Let R be an associative and commutative ring with unit. Denote by Mg the
category of (right) R-modules.

2.1. Algebras. An R-algebra (A, m,e) is an R-module A with R-linear maps,
product and unit,

m: ARrA— A, e:R— A,

satisfying associativity and unitality conditions expressed by commutativity of the
diagrams

AR AR AT Aopd A2 A0, A< 4

ys PENE RN el

2.2. Tensorproduct of algebras. Given two R-algebras (A,ma,e4) and
(B,mp,ep), the tensor product A ®p B can be made an algebra with product

MARB A®RB®RA®RBM>IA®RA®RB®RB7”L@R>BA®RB,

and unit eq ® eg : R — A®pg B, for some R-linear map
7T:B®rA— AQR B.

inducing commutative diagrams

B®rBog A meel BopA A-.BopA
I®Ti i‘r \ l-r
I®Qep
TRI I®mp
BrA®rB—— AQrB® B —— A®Rr B, A®Rr B,

and similar diagrams derived from the product m4 and unit ey of A.
It is easy to see that the canonical twist map
tw: A®r B — BRgr, A, a®b—bQa,

satisfies the conditions on 7 and this is widely used to define a product on A ®p B.
However, there are many other such maps of interest.

These kind of conditions can be readily transferred to functors on arbitrary cat-
geories and in this context they are known as distributive laws (e.g. [Be], [Wi.Al]).
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3. Category of A-modules
Let A be an associative R-algebra with unit.

3.1. A-modules. A left A-module M is an R-module with an R-linear map
oM A®r M — M with commutative diagrams

AR Ao M2 Aop M M5 Aor M

T N

Aop M —2 A, M.

The category 4M of (unital) left A-modules is a Grothendieck category with A
a finitely generated projective generator.

Properties of (the ring, module) A are reflected by properties of the category
AM. These interdependencies were studied under the title homological classification
of rings.

To use such techniques for the investigation of the structure of a right A-
module M, one may consider the smallest Grothendieck (full) subcategory of 4M
which contains M. For this purpose recall that an A-module N is called

M -generated if there is an epimorphism M) — N, A an index set, and

M -subgenerated if N is a submodule of an M-generated module.

3.2. The category o[M]. For any A-module M, denote by o[M] the full
subcategory of 4M whose objects are all M-subgenerated modules. This is the
smallest Grothendieck category containing M. Thus it shares many properties
with oM, however it need not contain neither a projective nor a finitely generated
generator. For example, one may think of the category of abelian torsion groups
which is just the subcategory o[Q/Z] of zM (without non-zero projective objects).

In general, M need not be a generator in o[M]. A module N € o[M] with
o[N] = o[M] is said to be a subgenerator in o[M]. Of course, M is a subgenerator
in o[M] (by definition). The notion of a subgenerator also plays a prominent role
in the categories considered for coalgebraic structures (e.g. 4.2, 5.3).

An A-module N is a subgenerator in 4M if and only if A embeds in a finite
direct sum of copies of N, i.e. A < N¥ for some k& € N. Such modules are also
called cofaithful.

The notion of singularity in sM can be transferred to o[M]: A module N €
o[M] is called singular in o[M] or M -singularif N ~ L/K for L € o[A] and K C L
an essential submodule.

3.3. Trace functor. The inclusion functor o[P] — sM has a right adjoint
TM : ;M — o[M], sending X € 4AM to

TM(X):=> {f(N)|N € o[M], f € Homa(N, X)}.

3.4. Functors determined by P € 4M. Given any A-module P with § =
End 4 (P), there is an adjoint pair of functors
P®s—:sM— 4M, HOHIA(P,—) AM — gM,
with (co)restriction

P®g—:sM — o[P], Homyu(P,—):o[P] — sM.
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and functorial isomorphism
Homa (P ®s X,Y) — Homg (X, Hom4(P,Y)),
unit 7x : X — Homy (P, P ®s X), z+— [p— p®z;
counit ey : P®gHomu(P,Y)—Y, p®f— f(p).
These functors determine an equivalence of categories if and only if n and € are

natural isomorphisms.

In any category A, an object G € A is said to be a generator provided the func-
tor Morg (G, —) : A — Ens is faithful. It is a property of Grothendieck categories
that these functors are even fully faithful ([Nast, III, Teorema 9.1]).

Let P € 4M, S = End4(P). Then P is a right S-module and there is a
canonical ring morphism

¢:A— B=Ends(M), ar [m— am].
P is called balanced provided ¢ is an isomorphism.

3.5. P as generator in 4M. The following are equivalent:
a) P is a generator in AM;
b) Homa (P, —) : AM — sM is (fully) faithful;
(¢) e : P®@gHomy(P,N) — N is surjective (bijective), N € sM;
(d) P is balanced and Pg is finitely generated and projective.

(
(

Note that the equivalence of (a) and (d) goes back to Morita [Mor]. It need
not hold in more general situations. In [Wi.G, 2.6] it is shown:
3.6. P as generator in o[P]. The following are equivalent:
(a) P is a generator in o|P];
(b) HornA( =) : o[P] — sM is (fully) faithful;
(c) eny: P®gHomuy(P,N) — N is sur-(bi-)jective, N € o[P|;
(d) d) A — B is dense, Pg is flat and

ey s an isomorphism for all injectives V' € o[P].

The elementary notions sketched above lead to interesting characterisations of
Azumaya R-algebras (R a commutative ring) when applied to A considered as an
(A, A)-bimodule, or - equivalently - as a module over A @ A°.

In this situation we have for any A ® g A°~-module M,

Homygpa0(A, M) =Z(M) ={m € M |am = ma for all a € A},
and Endag, 40 (A) ~ Z(A), the center of A.

3.7. Azumaya algebras. Let A be a central R-algebra, that is Z(A) = R.
Then the following are equivalent:

(a) A is a (projective) generator in AgaoM;
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The preceding result can also be formulated for not necessarily associative
algebras by referring to the following.

3.8. Multiplication algebra. Let A be a (non-associative) R-algebra with
unit. Then any a € A induces R-linear maps

L,:A— A z—azx; Ry:A— A x+ za.
The multiplication algebra of A is the (associative) subalgebra
M(A) C Endgr(A) generated by {L,, R, |a € A}.
Then A is a left module over M (A) generated by 14 (in general not projective) and
Endjz4)(A) is isomorphic to the center of A. By o[ps(a)A], or o[A] for short, we

denote the full subcategory of j;(4)M subgenerated by A. (For algebras A without
unit these notions are slightly modified, e.g. [Wi.B]).

This setting allows to define Azumaya also for non-associative algebras (e.g.
[Wi.B, 24.8]).

3.9. Azumaya algebras. Let A be a central R-algebra with unit. Then the
following are equivalent:
(a) A is a (projective) generator in ppayM;
(b) M(A) ~Endgr(A) and Ag is finitely generated and projective;
(c) Hompzeay(A, =) : prayM — My is (fully) faithful;
(d) A®r —: Mg — ara)M is an equivalence.

The fact that the generator property of A as A ® g A°-module implies projec-
tivity is a consequence of the commutativity of the corresponding endomorphism
ring (=Z(A)).

Restricting to the subcategory o[A] we obtain

3.10. Azumaya rings. Let A be a central R-algebra with unit. Then the
following are equivalent:
(a) A is a (projective) generator in o[nr(a)Al;
(b) M(A) is dense in Endg(A) and Ag is faithfully flat;
(c) Hompra)(A, =) : olnr(a)A]l — Mg is (fully) faithful;
(d) A®r —: Mg — oara)A] is an equivalence.

For any algebra A, central localisation is possible with respect to the maximal
(or prime) ideals of the center Z(A) and also with respect to central idempotents
of A.

3.11. Pierce stalks. Let A be a (non-associative) algebra and denote by B(A)
the set of central idempotents of A which form a Boolean ring. Denote by X the set
of all maximal ideals of B(A). For any = € X, the set B(A) \ z is a multiplicatively
closed subset of (the center) of A and we can form the ring of fractions 4, = AS~!
These are called the Pierce stalks of A (e.g. [Wi.B, Section 18]). They may be
applied for local-global characterisations of algebraic structures, for example (see
[Wi.B, 26.8], [Wi.M]):

3.12. Pierce stalks of Azumaya rings. Let A be a central (non-associative)
R-algebra with unit. Then the following are equivalent:

(a) A is an Azumaya algebra;
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(b) A is finitely presented in o[A] and
for every x € X, A, is an Azumaya ring;

(¢c) for every x € X, Ay is an Azumaya ring with center R,.

Considering the (A, A)-bimodules for an associative ring A may be regarded
as an extension of the module theory over commutative rings to non-commutative
rings. Using the multiplication algebra M(A) we can even handle non-associative
algebras A. In particular, we can describe a kind of central localisation of semiprime
algebras A. This may help to handle notions in non-commutative geometry.

One problem in transferring localisation techniques from semiprime commu-
tative rings to semiprime non-commutative rings is that the latter need not be
non-singular as one-sided modules. To guarentee this, additional assumptions on
the ring are required (e.g. Goldie’s theorem). This is not the case if we consider A
in the category o[A].

A module N € o[A4] is called A-singularif N ~ L/K for L € o[A] and K C L
an essential M (A)-submodule (see 3.2). The following is shown in [Wi.B, Section
32].

3.13. CeAntral closure of semiprime algebras. Let A be a semiprime R-
algebra and A the injective hull of A in o[p(a)A]. Then

(i) A is non-singular in o[pra)A].

(ii) Endpza) (ﬁ) is a reqular, selfinjective, commutative ring, called the extended
centroid.

(iii) A= AHomy(4) (A,;{) = AEnd;(a)( A) and allows for a ring structure (for

a,b€ A, a,f € Endyay(4)),
(a) - (bB) := abap.
This is the (Martindale) central closure of A.
(iv) Aisa stmple ring if and only if A is strongly prime (as an M(A)-module).

Not surprisingly - the above results applied to A = Z yield the rationals Q as
the (self-)injective hull of the integers Z.

A semiprime ring A is said to be strongly prime (as M (A)-module) if its central
closure is a simple ring, and an ideal I C A is called strongly prime provided the
factor ring A/I is strongly prime.

Using this notion, an associative ring A is defined to be a Hilbert ring if any
strongly prime ideal of A is the intersection of maximal ideals. This is the case if
and only if for all n € N, every maximal ideal J C A[Xy,...,X,] contracts to a
maximal ideal of A or - equivalently - A[X7,...,X,]/J is finitely generated as an
A/J N A-module (liberal extension). This yields a natural noncommutative version
of Hilbert’s Nullstellensatz (see [KaWi]).

The techniques considered in 3.13 were extended in Lomp [Lomp] to study the
action of Hopf algebras on algebras.

4. Coalgebras and comodules

The module theory sketched in the preceding section provides useful techniques
for the investigation of coalgebras and comodules. In this section R will denote a
commutative ring.
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4.1. Coalgebras. An R-coalgebra is a triple (C, A, e) where C' is an R-module

with R-linear maps
A:C—-C®rC, e:C—R,

satisfying coassociativity and counitality conditions.

The tensor product C ®pr D of two R-coalgebras C and D can be made to
a coalgebra with a similar procedure as for algebras. For this a suitable linear
map 7 : C ®r D — D ®p C is needed leading to the corresponding commutative
diagrams (compare 2.2).

The dual R-module C* = Hompg(C, R) has an associative ring structure given
by the convolution product

frxg=(g®f)oA for f,g e C*,

with unit e.

Replacing ¢ ® f by f ® g (as done in the literature) yields a multiplication
opposite to the one given before. This does not do any harm but has some effect
on the formalism considered later on.

4.2. Comodules. A left comodule over a coalgebra C' is a pair (M, o™) where
M is an R-module with an R-linear map (coaction)

oM M—-CorM
satisfying compatibility and counitality conditions.

A morphism between C-comodules M, N is an R-linear map f : M — N
with oV o f = (I ® f) o oM. The set (group) of these morphisms is denoted by
Hom® (M, N).

The category “M of left C-comodules is additive, with coproduct and cokernels
- but not necessarily with kernels.

The functor C ®r — : M — “M is right adjoint to the forgetful functor
CM — Mg, that is, there is an isomorphism

Hom®(M,C ®r X) — Homg(M,X), f— (¢®1)of,
and from this it follows that
End“(C) ~ Homp(C, R) = C*,

which is a ring morphism - or antimorphism depending on the choice for the con-
volution product (see 4.1).
C is a subgenerator in “M, since any C-comodule leads to a diagram

RW) C®r RN =— o)
lh l[@h
QJ\I
0 M C ®R Mv

where h is an epimorphism for some index set A.

Monomorphisms in “M need not be injective maps and - as a consequence -
generators G in “M need not be flat modules over their endomorphism rings and
the functor Hom® (G, —) : ©M — Ab need not be full.

All monomorphisms in “M are injective maps if and only if C is flat as an
R-module. In this case “M has kernels.

There is a close relationship between comodules and modules.
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4.3. C-comodules and C*-modules. Any C-comodule o™ : M — C ®@r M
is a C*-module by the action

M. oo M2 C*@C@M M.

For any M, N € “M, Hom®(M,N) C Homg-(M,N) and hence there is a
faithful functor
d: M — oM, (M, ™) (M, M)
To make @ a full functor, the morphism (natural in Y € Mg)
ay : C@rY — Homp(C"Y), c@y—[f— flo)yl],
has to be injective for all Y € Mg (a-condition, see [BrWi, 4.3]):

4.4. “M a full module subcategory. The following are equivalent:
(a) ®:“M — oM is a full functor;
(b) ®:“M — o[c-C] (C M) is an equivalence;
(¢) ay is injective for allY € Mpg;
(d) Cg is locally projective.

This observation shows that under the given conditions the investigation of the
category of comodule reduces to the study of C*-modules, more precisely, the study
of the category o[c+C] (see [BrWi], [Wi.F]).

As a special case we have (see [BrWi, 4.7]):

4.5. “M a full module category. The following are equivalent:
(a) ®: M — oM is an equivalence;
(b) « is an isomorphism;

(¢) Cr is finitely generated and projective.

4.6. Natural morphism. Applying Hompg (X, —) to the morphism «y leads
to the morphism, natural in X, Y € Mg,

axy : Homp(X,C ®rY) — Homg(X,Homgz(C*,Y)) = Homp(C* @r X,Y).

If ooy is a monomorphism, then ax y is a monomorphism,
if ay is an isomorphism, then ax y is an isomorphism, X,Y € Mp.

The latter means that the monad C* ® g — and the comonad C ® g — form an
adjoint pair of endofunctors on Mg, while the former condition means a weakened
form of adjunction.

It is known (from category theory) that, for the monad C* ®p —, the right
adjoint HomR(C* ) is a comonad and the category ¢+M is equivalent to the
category MHom&(C™=) of Homp(C*, —)-comodules (e.g. [BGBrWi, 3.5]).

Thus a : C ® — — Hompg(C*, —) may be considered as a comonad morphism
yielding a functor

$ : OM — MHomr(C7 ),
M —-Co®rM — M — C®r M 2% Homp(C*, M).

As noticed in 4.4 and 4.5, this functor is fully faithful if and only if « is injective;
it is an equivalence provided « is a natural isomorphism.
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5. Bialgebras and Hopf algebras

Combining algebras and coalgebras leads to the notion of

5.1. Bialgebras. An R-bialgebra is an R-module B carrying an algebra struc-
ture (B,m,e) and a coalgebra structure (B, A,¢) with compatibility conditions
which can be expressed in two (equivalent) ways

(a) m: B®r B — B and e: R — B are coalgebra morphisms;
(b) A: B— B®pr B and €: B — R are algebra morphisms.

To formulate this, an algebra and a coalgebra structure is needed on the tensor-
product B®pg B as defined in 2.2 and 4.1 (with the twist tw map taken for 7). The
twist map (or a braiding) can be avoided at this stage by referring to an entwining
map

1/):B®RB—>B®RB,

which allows to express compatibility between algebra and coalgebra structure by
commutativity of the diagram (e.g. [B6BrWi, 8.1])

B®r B n B A B®r B

Tm@IB
Ip®Y

BR®rB®®rB——— B®r B®gr B.

A®Isi

In the standard situation this entwining is derived from the twist map as
Y=m®Io(I@tw)o(d®I): BRrB— B®r B, a®b— a1 @ bay.
This is a special case of 6.12 (see also [B6BrWi, 8.1]).

5.2. Hopf modules. Hopf modules for a bialgebra B are R-modules M with
a B-module and a B-comodule structure

prm:BOrM — M, pM:M— B®grM,
satisfying the compatibility condition
pM(bm) = A(b) - p(m), forbe B, m € M.

Here we use that - due to the algebra map A - the tensor product N ® g M of
two B-modules can be considered as a left B-module via the diagonal action

b-(m®n)=Ab)(m®n) = Zbﬂl@bgm.

This makes the category pM monoidal.

If the compatibility between m and A is expressed by an entwining map
¥ : BQr B — B ®pg B (see 5.1), then the Hopf modules are characterised by
commutativity of the diagram

PM P

B®r M M B®r M

IopM \L T1®PM
PRI

BrBrM ———— > B®Q®r BRgr M.
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5.3. Category of Hopf modules. Morphisms between two B-Hopf modules
M and N are R-linear maps f : M — N which are B-module as well as B-comodule
morphisms. With these morphisms, the Hopf modules form an additive category,
we denote it by BM. Certainly B is an object in M, but in general it is neither a
generator nor a subgenerator.

As mentioned above, B ®g B has a (further) left B-module structure induced
by A, we denote the resulting module by B ®® B. It is not difficult to see that
B ®° B is an object in gM and is a subgenerator in this category (e.g. [BrWi,
14.5)).

Similarly, one may keep the trivial B-module structure on B® p B but introduce
a new comodule structure on it. This is again a Hopf module, denoted by B ®°¢ B,
and is also a subgenerator in M (e.g. [BrWi, 14.5]).

As for comodules, monomorphisms in BM need not be injective maps unless B
is flat as an R-module.

If B is locally projective as an R-module, the comodule structure of the Hopf
modules may be considered as B*-module structure and their module and comodule
structures yield a structure as module over the smash product B#B*. In this case,
BM is isomorphic to o[p4p- B @ B], the full subcategory of pyp«M subgenerated
by B®" B (or B®° B) (e.g. [BrWi, 14.15]).

5.4. Comparison functor. For any R-bialgebra B, there is a comparison
functor

OB rM - BM, X — (BorX,m®Ix,A® Ix),

which is full and faithful since, by module and comodule properties, for any X,Y €
MR7

HomB(B®r X,B®rY) ~Hom%(X,B®rY) ~ Homg(X,Y),

with the trivial B-comodule structure on X. In particular, Endg (B) ~ R.

5.5. The bimonad Homp (B, —). As mentioned in 4.6, for a monad (comonad)
B®pg—, the right adjoint functor Hompg (B, —), we denote it by [B, —], is a comonad
(monad).

An entwining ¢ : B®r B — B ®p B may be seen as an entwining between the
monad B ® g — and the comonad B ®p —,

Y:BOrB®r— — BOr BQR —
and this induces an entwining between the Hom-functors (see [B6BrWi, 8.2])
(U [B7 [B7 _]] - [B7 [B7 _]]

This allows to define [B, —]-Hopf modules (similar to 5.2), the category I\\/Jlg’:%7 and
a comparison functor (with obvious notation)

B,— B,— * *
olp ) RM - MIp Tl X ([B, X], A%, mk).

5.6. Antipode. For any bialgebra B, a convolution product can be defined on
the R-module Endg(B) by putting, for f,g € Endg(B), (compare 4.1)

fxg=mo(f®g)oA.
This makes (Endgr(B), *) an R-algebra with identity e o e.
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An antipode is an S € Endg(B) which is inverse to the identity map Ip of B
with respect to %, that is Sx Ig = eoe = Ig * S or - explicitely -

mo(S®Igp)oA=eoec=mo(Ip®5S)oA.
If B has an antipode it is called a Hopf algebra.
The existence of an antipode is equivalent to the canonical map

v: BorB> BeopB 2™ Bog B

being an isomorphism (e.g. [BrWi, 15.2]).
The importance of the antipode is clear by the (see [B6BrWi, 8.11])

5.7. Fundamental Theorem. For any R-bialgebra B, the following are equiv-
alent:

(a) B is a Hopf algebra (i.e. has an antipode);

(b) RM — BM s an equivalence;
(c) ¢ : pM — M% :% is an equivalence;
(d) HomB(B —): BM — grM is full and faithful.

If Bg is flat then (a)-(d) are equivalent to:
(e) B is a generator in BM.

Recall that for By locally projective, BM is equivalent to o[p4p+ B ®° B] and
thus we have:

5.8. Corollary. Let B be an R-bialgebra with By locally projective. Then the
following are equivalent:

(a) B is a Hopf algebra;
(b) B is a subgenerator in 5M and B#B* is dense in Endg(B);
(c) B is a generator in BM.

These characterisations are very similar to those of Azumaya rings (see 3.10).
This indicates, for example, that Pierce stalks may also be applied to characterise
(properties of) Hopf algebras.

The notion of bialgebras addresses one functor with algebra and coalgebra struc-
tures. More general, one may consider relationships between distinct algebras and
coalgebras:

5.9. Entwined algebras and coalgebras. Given an R-algebra (A, m,e) and
an R-coalgebra (C,A,¢), an entwining (between monad A ® g — and comonad
C ®p —) is an R-linear map

¢:A®RC—>C®RA,

inducing certain commutative diagrams. This notion was introduced in Brzezinski
and Majid [BrMa] and is a special case of a mixed distributive law (see 6.5).
Entwined modules are defined as R-modules M which are modules (M, gps) and
comodules (M, ¢™), inducing commutativity of the diagram (e.g. [BrWi, 32.4])

oM QM

A M M CoM

IA®QM\L T1®QM
PRI
ARCOM —CRAR M.
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With morphisms which are A-module as well as C-comodule maps, the entwined
modules form a category denoted by SM.

C ®gr A is naturally a right A-module and 1 can be applied to define a left
A-module structure on it,

a-(c®b)=1(a,c)b, fora,be A, ceC.
Moreover, a coproduct can be defined on C ®g A, making C ® g A an A-coring, a
notion which extends the notion of R-coalgebras to non-commutative base rings A.

The category gM of entwining modules can be considered as “®AM, the category
of left comodules over the coring C ®r A (e.g. [BrWi, 32.6]).

To get a comparison functor as in 5.4, we have to require that A is an object
in EM; this is equivalent to the existence of a grouplike element in the A-coring
C®pr A (e.g. [BrWi, 28.1 and 23.16]).

5.10. Galois corings. Let (A,C) be an entwined pair of an algebra A and a
coalgebra C. Assume that A is an entwined module by o4 : A — C @4 A. Then
there is a comparison functor

¢S Mr—SGM: X — (A@r X, m®1I,0* ®1I),

which is left adjoint to the (coinvariant) functor Hom$ (A4, —) : §M — Mp.
Moreover, B = Hom¢ (A, A) is a subring of A, Hom$(A4,C ®r A) ~ A, and
evaluation yields a (canonical) map

v:A®Rp A— C®prA.

Now C ®p A is said to be a Galois A-coring provided v is an isomorphism (e.g.
[BrWwi, 28.18]). This describes coalgebra-Galois extensions or non-commutative
principal bundles. If - in this case - Ap is a faithfully flat module, then the functor

Mp - GM:Y — (A Y,maI,0" 1)

is an equivalence of categories.

This extends the fundamental theorem for Hopf algebras to entwined structures:
If A= C = H is a Hopf algebra, then (H, H) is an entwining, B = R, and the
resulting 7 is an isomorphsism if and only if H has an antipode (see 5.6).

6. General categories

As seen in the preceding sections, the notions of algebras, coalgebras, and Hopf
algebras are all buit up on the tensor product. Hence a first step to generalisation is
to consider monoidal categories (V, ®,T). For example, entwining structures in such
categories are considered in Mesablishvili [Me]. Furthermore, opmonoidal monads
T on V were considered by Bruguieres and Virelizier (in [BruVir, 2.3]) which may
be considered as an entwining of the monad 7" with the comonad — ® T'(I). The
generalised bialgebras in Loday [Lod], defined as Schur functors (on vector spaces)
with a monad structure (operads) and a specified coalgebra structure, may also be
seen as a generalisation of entwining structures [Lod, 2.2.1].

However, algebras and coalgebras also show up in more general categories
as considered in universal algebra, theoretical computer science, logic, etc. (e.g.
Gumm [Gu], Turi and Plotkin [TuPl], Addmek and Porst [AdPo]). It is of some
interest to understand how the notion of Hopf algebras can be transferred to these
settings. In what follows we consider an arbitrary category A.
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6.1. Monads on A. A monad on A is a triple (¥, m, e) with a functor F : A —
A and natural transformations

m:FF —F, e:Iy—F,
inducing commutativity of certain diagrams (as for algebras, see 2.1).
F-modules are defined as X € Obj(A) with morphisms gx : F(X) — X and
certain commutative diagrams (as for the usual modules, see 3.1).
The catgegory of F-modules is denoted by Ar. The free functor

¢F2A—>AF, X*—> (F(X),mx)

is left adjoint to the forgetful functor U : Ap — A by the isomorphism, for X € A,
Y € Ap,
MOI‘AF(F(X)aY) —>MOI‘A(X, UF(Y))a f’_) fOeX-

6.2. Comonads on A. A comonad on A is a triple (G, d,¢) with a functor

G : A — A and natural transformations
6:G— GG, e:G— 1,

satisfying certain commuting diagrams (reversed to the module case).

G-comodules are objects X € Obj(A) with morphisms o¥ : X — G(X) in A
and certain commutative diagrams.

The category of G-comodules is denoted by A“. The free functor

6% 1 A — A%, X s (G(X),6x)
is right adjoint to the forgetful functor U¢ : A® — A by the isomorphism, for
X €A% Y €A,
Morye (X,G(Y)) = Morg (U9(X),Y), freyof.

Monads and comonads are closely related with

6.3. Adjoint functors. A pair of functors L : A — B, R : B — A is said to be
adjoint if there is an isomorphism, natural in X € A, Y € B,
Morg(L(X),Y) — Mory (X, R(Y)),
also described by natural transformations n: Iy — RL, ¢ : LR — Ig. This implies
a monad (RL, Rer,n) on A, a comonad (LR, Lng,¢) on B.

L is full and faithful if and only if € : GF' — I, is an isomorphism.
L is an equivalence (with inverse R) if and only if € and 7 are natural isomor-
phisms.

6.4. Lifting properties. Compatibility between endofunctors F,G : A — A
can be described by lifting properties. For this, let F' : A — A be a monad and
G : A — A any functor on A and consider the diagram

Ap - e Ap
UF\L \LUF
A—S A

If a G exists making the diagram commutative it is called a lifting of G. The
questions arising are:

(i) does a lifting G exist ?
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(ii) if G is a monad - is G again a monad (monad lifting)?
(iii) if G is a comonad - is G also a comonad (comonad lifting)?

For R-algebras A and B, (i) together with (ii) may be compared with the
definition of an algebra structure on A @z B and leads to diagrams similar to those
in 2.1.

For an R-algebras A and an R-coalgebra C, (i) together with (iii) corresponds
to the entwinings considered in 5.9.

We formulate this in the general case (e.g. [Wi.A, 5.3]).

6.5. Mixed distributive law (entwining). Let (F,m,e) be a monad and
(G,6,¢) a comonad. Then a comonad lifting G : Ap — Ap exists if and only if
there is a natural transformations

A FG — GF
inducing commutativity of the diagrams
FFG me FG  FG— raG %> GFG
Fxl l/\ ,\l \LG)\
AR Gm or
FGF GFF GF, GF GGF,

G—S>FG FG——s>F

LA

GF, GF.

Entwining is also used to express compatibility for an endofunctor which is a
monad as well as a comonad. Notice that the diagrams in 6.5 either contain the
product m or the coproduct J, the unit e or the counit . Additional conditions
are needed for adequate compatibility.

6.6. (Mixed) bimonad. An endofunctor B : A — A is said to be a (mized)
bimonad if it is
(i) a monad (B, m,e) with e : I — B a comonad morphism,
(ii) a comonad (B, d,¢e) with e : B — I a monad morphism,
(iii) with an entwining functorial morphism ¢ : BB — BB,
(iv) with a commutative diagram

BB—">B—">BB

Bél TBm
VB

BBB — > BBB.

6.7. (Mixed) B-bimodules. For a bimonad B on A, (mized) bimodules are
defined as B-modules and B-comodules X satisfying the pentagonal law

ox 4

B(X) X B(X)
(

B(e™) B(eox)

BB(X) X

BB(X).
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B-bimodule morphisms are B-module as well as B-comodule morphisms. We denote
the category of B-bimodules by AZ.
There is a comparison functor (compare 5.4)

o2 A —AB A — [BB(A)" B(A) 4 BB(A)),
which is full and faithful by the isomorphisms, functorial in X, X’ € A,
MorE(B(X), B(X")) ~ Morg(B(X), X') ~ Morg (X, X").
In particular, this implies End5(B(X)) ~ Enda (X), for any X € A.
Following the pattern in 5.6 we define an

6.8. Antipode. Let B be a bimonad. An antipode of B is a natural transfor-
mation S : B — B leading to commutativity of the diagram

B*e>]*e>3

| L,

BB_———=< BB
BS

We call B a Hopf bimonad provided it has an antipode.
As for Hopf algebras (see 5.6) we observe that the canonical natural transfor-
mation

é m
v: BB—2~ BBB 2"~ BB

is an isomorphism if and only if B has an antipode (e.g. [BrWi, 15.1]).

The Fundamental Theorem for Hopf algebras states that the existence of an
antipode is equivalent to the comparison functor being an equivalence (see 5.7). To
get a corresponding result in our general setting we have to impose slight conditions
on the base category and on the functor (see [MeWi, 5.6]):

6.9. Fundamental Theorem for bimonads. Let B be a bimonad on the
category A and assume that A admits colimits or limits and B preserves them.
Then the following are equivalent:

(a) B is a Hopf bimonad (see 6.8);

(b) v =Bm-0B: BB — BB is a natural isomorphism;
(¢) ¥ =mB-BdB: BB — BB is a natural isomorphism;
(d

) the comparison functor ¢B : A — BA is an equivalence.

Recall that for an R-module B, the tensor functor B ® p — has a right adjoint
and we have observed in 5.5 that a bialgebra structure on B can be transferred to
the adjoint Hompg (B, —).

As shown in [MeWi, 7.5], this applies for general bimonads provided they have
a right adjoint:

6.10. Adjoints of bimonads. Let B be an endofunctor of A with right adjoint
R: A — A. Then B is a bimonad (with antipode) if and only if R is a bimonad
(with antipode).
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As a special case we have that for any R-Hopf algebra H, the functor Homp (H, —)
is a Hopf monad on M. This is not a tensor functor unless Hp, is finitely generated
and projective.

As pointed out in 5.1, no twist map (or braiding) is needed on the base category
to formulate the compatibility conditions for bialgebras (and bimonads). There may
exist a kind of braiding relations for bimonads based on distributive laws.

6.11. Double entwinings. Let B be an endofunctor on the category A with
a monad structure B = (B, m,e) and a comonad structure B = (B, 4, ).

A natural transformation 7 : BB — BB is said to be a double entwining
provided

(i) 7 is a mixed distributive law from the monad B to the comonad B;
(ii) 7 is a mixed distributive law from the comonad B to the monad B.

6.12. Induced bimonad. Let 7 : BB — BB be a double entwining with
commutative diagrams

BB —=B 1——=B 1——=B
ml \Ls el ) \ \Ls
B—"s1, B —> BB, 1,
m )
BB B BB
SSi Tmm
BBBB 5 BBBB.
Then the composite
7. BB —2~ BBB -2*~ BBB "~ BB

is a mized distributive law from the monad B to the comonad B making (B, m, e, d, ¢, 7)
a bimonad (see 6.6).

It is obvious that for any bimonad B, the product BB is again a monad as well
as a comonad.

BB is also a bimonad provided 7 satisfies the Yang-Bazter equation, that is,
commutativity of the diagram

BBB —2~ BBB "> BBB
Bfl lTB
BBB—> BBB — > BBB.
If this holds, then BB is a bimonad with
product m: BBBB —“> BBBB "> BB,
coproduct & : BB —"> BBBB —"% BBBB,
entwining 7: BBBB - BBBB —> BBBB —% BBBB.

Finally, if 7 is a double entwining satisfying the Yang-Baxter equation and
72 =1, then an opposite bimonad B°P can be defined for B with
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product m-7:BB - BB % B,

coproduct 7-6:B . BB~ BB.
If B has an antipode S, then S : B°? — B is a bimonad morphism provided
that

7-BS=5Band 7-BS = SB.

In the classical theory of Hopf algebras, the category Mg of R-modules over a
commutative ring R (or vector spaces) is taken as category A and tensor functors
B ®p — are considered (which have right adjoints Homp (B, —)). Here the Fun-
damental theorem for bimonads 6.9 implies that for Hopf algebras 5.7. The twist
map provides a braiding on Mg and this induces a double entwining on the tensor
functor B ®p —.

We conclude with a non-additive example of our notions.

6.13. Endofunctors on Set. On the category Set of sets, any set G induces
an endofunctor

G x —:Set — Set, X m— G xJX,
which has a right adjoint
Map(G, —) : Set — Set, X — Map(G, X).
Recall (e.g. from [Wi.A, 5.19]) that

(1) G x — is a monad if and only if G is a monoid;
(2) G x — is comonad with coproduct 6 : G — G x G, g — (g, 9);

(3) there is an entwining morphism
Y:GxG—GxG, (g,h)— (gh,g).
Thus for any monoid G, G X — is a bimonad and

Hopf monads on Set. For a bimonad G x —, the following are equivalent:
(a) G x — is a Hopf monad;
(b) Mor(G, —) is a Hopf monad;
(¢) G is a group.

Here we also have a double entwining given by the twist map

T:GXGEXx—-——GxGx—, (a,b,—) (ba,—).

6.14. Remarks. After reporting about bialgebras and the compatibilty of their
algebra and coalgebra part, we considered the entwining of distinct algebras and
coalgebras (see 5.9). Similarly, one may try to extend results for bimonads to the
entwining of a monad F' and a distinct comonad G on a category A and to head for
a kind of Fundamental Theorem, that is, an equivalence between the category Ag
and, say, a module category over some coinvariants. For this one has to extend the
notion of (co)modules over rings to (co)actions of (co)monads on functors and to
introduce the notion of Galois functors. Comparing with 5.10, a crucial question is
when F' allows for a G-coaction. For this a grouplike natural transformation I — G
is needed. In cooperation with B. Mesablishvili the work on these problems is still
in progress.
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Laplacians and gauged Laplacians on a quantum Hopf bundle

Alessandro Zampini

ABSTRACT. This paper presents an analysis of the set of connections and co-
variant derivatives on a U(1) quantum Hopf bundle on the standard quantum
sphere Sg, whose total space algebra SUg(2) is equipped with the 3d left covari-
ant differential calculus by Woronowicz. The introduction of a Hodge duality
on both Q(SU,4(2)) and on ©(S2) allows for the study of Laplacians and of
gauged Laplacians.

This paper is dedicated to Sergio Albeverio, on the occasion of his 70th birthday.

1. Introduction

This paper is focussed on the analysis of a class of Hall Hamiltonians in the
noncommutative set up. It is intended as a survey of the general formulation of
quantum principal bundles, and as a description of a specific procedure to introduce,
on both the total space and the base space of a quantum Hopf bundle, a set of
Laplacian operators and to couple them with gauge connections. It also presents a
detailed formulation of the classical Hopf bundle. The emphasis in the presentation
of structures from differential geometry will be given to their algebraic aspects
extended to the noncommutative setting.

Classical Hall Hamiltonians are gauged Laplace operators acting on the space of
sections of the vector bundles associated to the principal bundles 7 : G — G/K over
homogeneous spaces (with G semisimple and K compact) and can be constructed
in terms of the Casimir operators of G and K. With (p, V) a representation of K,
one has the identification of sections of the associated vector bundle £ = G x (k) V
with equivariant maps from G to V, I'(G/K, E) ~ C*(G,V),k) C C*(G)® V.
Given a connection on G one has a covariant derivative V on I'(G/K, E), so that
the gauged Laplacian operator is A¥ = (VV* + V*V) = «V « V, where the dual
V* is defined from the metric induced on the homogeneous space basis G/K by
the Cartan-Killing metric on G, or equivalently the Hodge duality comes from
the induced metric on G/K. If the connection is the canonical one, given by the
orthogonal splitting of the Lie algebra g of G in terms of the Lie algebra £ of the
gauge group and of its orthogonal complement, then the gauged Laplacian operator
can be cast in terms of the quadratic Casimirs of g and &:

E _ G —
(1.1) AfF=(A®1-1® C‘f)’cw(G,V)p<K) = (Ca @1 =1® C)lcm (1),
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The above formula [4] simplifies the diagonalisation of the gauged Laplacian, and
has important applications in the study of the heat kernel expansion and index
theorems on principal bundles.

The natural evolution is to develop models of the Hall effect on noncommuta-
tive spaces whose symmetries are described in terms of quantum groups. In [24] the
first model of ’excitations moving on a quantum 2-sphere’ in the field of a magnetic
monopole has been studied. It is described by quantum principal U(1)-bundle over
a quantum sphere Sg having as a total space the manifold of the quantum group
SU,(2) [6]. The natural associated line bundles are classified by the winding num-
ber n € Z: equipped SUg(2) with the three dimensional left covariant calculus
from Woronowicz [38], the gauge monopole connection is studied and a gauged
Laplacian acting on sections of the associated bundle is completely diagonalised.
That paper presents a first generalisation of the relation (1.1). Its most interest-
ing aspect is that the corresponding energies are not invariant under the exchange
monopole/antimonopole, namely the spectrum of the gauged Laplacian is not in-
variant under the inversion of the direction of the magnetic field, a manifestation of
the phenomenon usually referred to as ’quantisation removes degeneracy’. A paral-
lel study of the relation (1.1) is presented in [11], where Laplacians on a quantum
projective plane are gauged via the monopole connection.

The analysis in [24] embodies two specific starting points. The first one is that
the quantum Casimir C, for the universal envelopping algebra U, (su(2)) dual to
SUq(2) — thus playing the quantum role of the classical envelopping algebra dual
to the classical Lie group — is a quadratic operator in the generators of U,(su(2))
acting on SU4(2), but can not be cast in the form of a whatever rank polynomial
in the left invariant generators of the left invariant three dimensional differential
calculus by Woronowicz, so to say in the basis of natural left invariant derivations
associated to this differential calculus. The second starting point is given by the
studies performed in [26]. In that paper a x-Hodge operator on the exterior algebra
on the Podles sphere Si — coming from the differential two dimensional calculus
induced on S? by the three dimensional calculus on SU,(2) — had been introduced,
so to make it possible the definition of a Laplacian operator on S(QI.

This paper develops the analysis started in [24], and describes another gener-
alisation of the relation (1.1) to the setting of the same quantum Hopf bundle. A
family of compatible x-Hodge structures on the exterior algebras 2(SU4(2)) and
Q(Sg), depending on a set of real parameters, are introduced, giving the corre-
sponding Laplacians Ugy, (2) = *d*d : A(SUy(2)) — A(SUy(2)), and Ogz = xdxd :
A(S2) — A(SZ). The connections on the principal bundle allows for a gauging of
the Laplacian Dsg on each associated line bundle. When Dsg is gauged into Llp,
via the monopole connection, one finds

(1.2) ¢*"Op, = (Osu, (2) + 7X-X>),

where the integer n € Z specifies the value of the monopole charge. This is the
relation generalising the first equality in (1.1): the role of the quadratic Casimir of
the gauge group algebra is played by vX, X,>, with X, the vertical derivation of the
fibration, and v € R, appears in this formulation as a parametrisation for a set of
compatible x-Hodge structures giving Laplacians satisfying the same relation (1.2).

This paper begins with an exposition of the classical Hopf bundle 7 : §3 — S2.
Section 2 presents a global —i.e. charts independent — description of the differential
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calculi on both the Lie group manifold SU(2) ~ S3 and on the homogeneous space
S§? = §3/U(1), and introduces on the exterior algebras Q(53) and Q(5?) the Hodge
duality structures coming from a Cartan-Killing type metric on the Lie algebra
su(2), in order to define Laplacian operators. The principal bundle structure is
described in terms of a well known principal bundle atlas. The aim of the section
is to explicitly compute for such a specific Hopf bundle, following the classical
approach from differential geometry, the main structures which will be generalised
to the quantum setting. A more general and complete analysis of a noncommutative
geometry approach to the differential geometry of principal and quantum bundles
is in [3].

Section 3 describes the quantum formulation [6] of the principal bundle having
A(SU,4(2)) as total space algebra, A(S?) as base manifold algebra and A(U(1)) as
gauge group algebra, with the differential calculus on SU4(2) given the 3d left-
covariant calculus introduced by Woronowicz [37, 38].

Section 4 presents a +-Hodge duality on Q(SU,(2)), allowing for the definition
of a Laplacian operator. The Hodge duality is introduced following [22]; section
5 describes an evolution of this approach, giving a x-Hodge duality structure on
Q(S2), and analysing its compatibility with the one on Q(SU,(2)).

Section 6 provides a complete explicit description of the set of connections on
this specific realisation of the quantum Hopf bundle, and of the main properties of
the covariant derivative operators on each associated line bundle. The emphasis is
on the domain of the covariant derivative operators — the set of horizontal coequiv-
ariant elements of the bundle — which appears here as the quantum counterpart of
the classical forms also called tensorial forms. Section 7 studies the coupling of the
Laplacian operator on (S?) to the gauge connections.

Section 8 applies to the commutative algebras {A(SU,(2)),.A4(5?%), A(U(1))}
the formalism developed in the quantum setting, in order to recover the structure
of the classical Hopf bundle from an algebraic perspective. Section 9 closes the
paper with an evolution of section 6, describing how a covariant derivative operator
can be defined on ©(SU,(2)), the whole exterior algebra on the total space SUy(2)
of the quantum Hopf bundle, following the formalism developed in [12, 13].

2. The classical Hopf bundle

The first formulation of what are nowadays known as Hopf fibrations is con-
tained in [18, 19] in terms of projecting spheres to spheres of lower dimensions: it
came also as a geometric formulation of the Dirac’s model of magnetic monopole
[10]. The following lines are intended as a concise introduction to the formalism
of fiber — and principal — bundles, aimed to set the notations that will be used in
this paper: excellent textbooks — like for example [20, 28] — deeply and extensively
describe this subject.

With 7 : P — M a smooth surjective map from a manifold P to a manifold M,
(P, M, ) is a fibre bundle with typical fibre F over M if there is a fibre bundle atlas
with charts (U;, A;), where U; is an open covering of M and the diffeomorphisms
i« m Y U;) — U; x F are such that 7 : 77 1(U;) — U; is the composition of \;
with the projection onto the first factor in U; x F. The manifold P is called the
total space of the bundle, the manifold M is the base of the bundle. From the
definition it follows that m—!(m) is diffeomorphic to F — the fibre of the bundle —
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for any m € M. For any f € F one has A; o A;l(m,f) = (m, Ajj(m, f)) where
Xij + (U;NU;) x F — F is smooth and \;;(m, ) belongs to the group Diff(F)
of diffeomorphisms of the fibre F for each m € U; NU;. The mappings A;; are
called the transition functions of the bundle, and satisfy the cocycle condition
)\ij(m7 )O )\jk(m, ) = )\ik(m, ) for m € U; N Uj N Uy, with )\ii(m, ) = id]: for
m e U,L

A fibre bundle (P, M, ) is called a vector bundle if its typical fibre F is a vector
space and if the trivialisation diffeomorphisms A; give transition functions \;; which
are invertible linear maps, elements in GL(F) for any m € M. A principal bundle
(P, K, [M], ) with structure group K is a fibre bundle (P, M, 7) with typical fibre
K and transition functions A;;(m, ) € Aut(K) which give the left translation of
the group K on itself. On the total space of a principal bundle there is also a right
action of the Lie group K — that is r (rx(p)) = rge (p) for any p € P and k, k' € K
— such that 7 (rx(p)) = w(p), and such that the action is free and transitive. The
base M of the bundle can be identified with the quotient P/K with respect to such
a right action.

Given G a Lie group and K C G a closed Lie subgroup of it, the group manifold
G is the total space manifold of a principal bundle (G, K, G/K,7) with base space
G/K - the space of left cosets - and typical fiber given by the structure or gauge
group K, so that the bundle projection 7 : G — G/K is the canonical projection.
The right principal action of the gauge group K on G is given as ri(g) = gk for
any k € K and g € G. This action trivially satisfies the requirements of being free
and transitive. If € is the Lie algebra of the group K, the fundamental vector field
X, € X(G) associated to 7 € ¢ is defined as the infinitesimal generator of the right
principal action rexpsr(g) = gexp st of the one parameter subgroup exp st C K:
the mapping 7 € ¢ — {X,} € X(G) is a Lie algebra isomorphism between ¢ and
the set of fundamental vector fields {X,}. A differential form ¢ € Q(G) is called
horizontal if ix_¢ = 0 for any fundamental vector field X.

If p: K — GL(W) is a finite dimensional representation of K on the vector
space W, the associated vector bundle to G is the vector bundle whose total space is
& = G X,y W, having typical fiber W. It is defined as the quotient of the product
G x W by the equivalence relation (rx(g) = gk;w) ~ (g;p(k) - w) for any choice
ofge G, ke Kand w € W: (£,G/K,7¢) is a fibre bundle with a projection
me : € — G /K which is consistently defined on the quotient as m¢ g, w],k) = 7(9g)
from the principal bundle projection 7.

With 1} : Q(G) — Q(G) the action of K on the exterior algebra Q(G) induced
as a pull-back of the right action ry of K on G, the p(K)-equivariant r-forms of the
principal bundle are W-valued forms on G defined as:

(2.1) QG W)y ={p € U(G. W) =" (G) W = 1(¢) = p~ ' (K)o}

A section of the associated bundle £ is an element in I'(G/K, ), namely a map
o : G/K — & such that mg(c(m)) = m for any m € G/K. This definition is
extended to T("(G/K, E), the set of r-forms on the basis G/K of the principal
bundle with values in £. There is a canonical isomorphism

(2'2) F(r)(G/K7 8) = 7llor(GYa W)p(K)

from the space of £-valued differential forms on G/K onto the space of horizontal
p(K)-equivariant W-valued differential forms on the principal bundle (G, K, «). For
r =0 - with T(G/K,&) ~ TO(G/K, ) — the isomorphism gives the well known



168 ALESSANDRO ZAMPINI

equivalence between equivariant functions of a principal bundle and sections of its
associated bundle. In particular, for W = R,C with trivial representation the
isomorphism is

(2.3) QG/K) ~ Qnor(G) pw)=x = {¢ € UG) : ix, ¢ = 0; 130 = ¢},

giving a description of the exterior algebra on the basis of the principal bundle.

A connection on a principal bundle can be given via a connection 1-form. A
connection 1-form on G is an element w € Q(G, £), taking values in ¢ and satisfying
the two local conditions:

W(XT) =T,
rp(w) = Adp-1 w,

where the adjoint action of K is given by (Adj-1 w)(X) = k~'w(X)k for any vector
field X € X(G). At each point g € G there is on the tangent space T,G a natural
notion of vertical subspace, whose basis is given by the vectors X, which are tangent
to the fiber group K, while the connection 1-form selects the horizontal subspace
Hs(,w)(G) given by the kernel of w. Identifiying the element w(X) € € with the
vertical vector field it generates, the expression X“) = X — w(X) denotes the
horizontal projection of the vector field X € X(G).

With any p(K)-equivariant form ¢ € Q" (G, W), the covariant derivative is
defined as the map D : Q" (G, W) k) — il (G, W) o) given as

hor
(2.4) DH(X1,. .., Xpp) = dg(X ), ., X9

where d is the exterior derivative on G. On a p(K)-equivariant horizontal form
® € Qnor(G, W) p(x) the action of the covariant derivative can be written in terms
of the connection 1-form as:

(2.5) D¢ =dop+wA ¢.

The following sections describe the Hopf fibration 7 : §% — 52, with G ~
SU(2), K ~ U(1) and S? the space of the orbits SU(2)/U(1), and the monopole
connection.

2.1. A differential calculus on the classical SU(2) Lie group. The aim
of this section is to describe the differential calculus on the total space of this
bundle, in terms of a natural basis of global vector fields and 1-forms [28]. It is
intended to give them an explicit expression in order to clarify the classical limit of
their quantum counterparts.

Recall that a Lie group G naturally acts on itself both from the right and from
the left. The left action is the smooth map 1 : G x G — G defined via the left
multiplication 1(¢’, g) = ¢'g = 15/(g): since 1y g (g) = lg (157 (g)), the left action is
a group homomorphism 1, : G — Aut(G). The right action is the smooth map
r: G x G — G defined via the right multiplication r(g, ¢') = g¢' = ry(g); it is then
immediate to see that ry¢v(g) = g9'g"” = rg/(rg/(g9)): the right action is a group
anti-homomorphism ry : G — Aut(G). For any T € g, the Lie algebra of G, it is
possible to define a vector field Ry € X¥(G). It acts as a derivation on a smooth
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complex valued function defined on GG, and can be written in terms of the pull-back
Iy : C°(G) — C>(G) induced by l;. On ¢ € C*(G):

(26) RT(¢) = % (IprsT(¢))‘S:0

Although defined via the left action l;, the vector field Rt is called the right in-
variant vector field associated to T € g; this set of fields owes its name to the fact
that, given ry, : X(G) — X(G) the push-forward induced by the right action r,,
they satisty a property of right invariance as rg«(R7) = Rr. From the definition of
the pull-back map Iy : C°°(G) — C°°(G) one has:

1219// (d)) = ¢ o lg/g// = ¢ o lg/ (¢] 19// = 1;// (1;/ (QS))

for any ¢ € C°°(G). This relation enables to prove that the map 1: T € g — Ry €
X(G) is a Lie algebra anti-homomorphism, [Rr, Rr/] = Ry ).

The analogous definitions starting from the right action naturally hold. For
any T € g, the vector field Ly € X(G) is defined as a derivation on C*°(G), namely
as the infinitesimal generator of the pull-back rj induced by the right action ry:

(27) Lr(8) = & (e (@) .y

on any ¢ € C°(G). Left invariant vector fields satisfy a property of left invariance
given as Iy (Lr) = Lr; the map ¥ : T' € g — Ly € X(G) is a Lie algebra homomor-
phism, with [Lr, L1/] = Lip 7. The sets {Lr}, {Rr} are two basis of the left free
C*(G)-module X(G).

The total space of the classical Hopf bundle is the manifold $3, which represents
the elements of the Lie group SU (2). A point g € S can be then written via a
2 X 2 matrix with complex entries and unit determinant:

vu

(2.8) g = (u _U> Doau 4+ o = 1

the left invariant vector fields #(T') = Lp are given, following (2.7), as the tangent
vectors to the curves g(s) = g - exp sT. In the defining matrix representation it
reads:

(2.9) (0 ) ewanlo= (4 )@

vou vu

Since exp sT' is unitary, T is antihermitian, and the choice of a basis in terms of
the Pauli matrices:

170 4 1/0 -1 t (1 0
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gives the explicit form of the left invariant vector fields:

Y N N
* =79 \% o0 "or  Voa
L —-+(:2_z2_,92.,9
Y 2 ou v ov ou
N )
=9 \"su "0 " Yor  “ou
) 1o} 0
L:Ll’_ZLy:Z(Uaﬂ_ua@)
. Sf_0 _0
(2.11) Ly=L,+iL, =1 (uav — vu) ,

satisfying the commutation relations:

[L;L_]=4L_,
[L2;L+] = _ZL+7
(2.12) [L_; L+] =2iL,.

The components of the right invariant vector fields Ry = 1(T') are then clearly given
in the defining matrix representation (2.6) as:

(2.13) %(expsT)- ( Z —ﬂﬁ ) o= (T) - ( Z —ﬂ@ )

acquiring the form:

1
2
R R R )
=2 \"au " "ov " "on  “ou
. . o _0
R_=R,—iR, = Z<U8u_u5h7>
. ) o _0
(2.14) Ry =R, +iR, =i (u - U@u)

The commutation relations they satisfy are:

[R.; R_] = —iR_,
[R.; R_] = iRy,
(2.15) [R_;R,] = —2iR..

The quadratic Casimir of the Lie algebra su(2) is written as

1 1
(216) C == §(L+L, + L,L+) + LZLZ == §(R+R7 + R,R+) + RZRZ.
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The set X(S52) is a free left C>°(S?)- module. Right vector fields can be expressed
in the basis of the left vector fields as R, = JupLp. The matrix J is given by:

R_ u? 2w —v? L_
(2.17) R, = —U?  ul— V0 —uv L,

Ry —? 2uv u? Ly
and its inverse matrix is:

L_ u? —2uv  —v? R_
(2.18) L, = ul  ul— vl W R,

L, 0% —2uv  u? R,

A similar analysis can be performed in the study of the cotangent space X*(G)
of a Lie group. This is a C°(S%)-bimodule, with two basis of globally defined
1-forms, namely the left invariant {@,} dual to the set of left invariant vector fields
{Ly}, and the right invariant {7,} dual to the set of right invariant vector fields
{Rp}. They satisfy the invariance property:

I (‘Da) = W,

g
(2.19) ro(7ls) = 7o :
one then immediately computes:
(220) 1’2Z = Jiij <~ ﬁstp = (:)p.

The left invariant 1-forms are:

&, = —2i (adu + vdv)

w_ = —i(vdu — udv)
(2.21) Wy = —i (udv — vdu)
with @, = (0_ + @) and &, = i(04 — @_). The antilinear involution on OQ!(S?),
compatible with the antilinear involution on C°°(S?), is given by &% = &, Wy = Wy,
W} = @,. The right-invariant 1-forms are:

7, = 2i (uda + vdv)

71— = i (udv — vdu)
(2.22) M+ = —i (adv — vda) .
Given a complex valued smooth function ¢ € C°°(S?), the exterior derivative is the
map d : C(S3) — Q1(S?) defined via:
(2.23) do(X) = X(¢)
in terms of the Lie derivative X (¢) of ¢ along the vector field X. This map acquires
the form:
(2:24) d¢ = La(¢)wa = R ()l
where now L,(¢) represents the Lie derivative of ¢ along the vector field L,, while
Ry (¢) represents the Lie derivative of ¢ along the vector field Ry.

From the C*°(S3)-bimodule Q! (S93) define the tensor product of forms as the
C°(S?%)-bimodule {Q'(S%)}®% = Q1(S3) @cee(s3) ... Bcoe(szy) Q(S?) (k times).
The exterior algebra coming from the differential calculus (2.24) is defined as the
graded associative algebra Q(5%) = (®,Q%(5%); A), with k-forms and wedge prod-
uct introduced in terms of an alternation mapping 2 : {Q(S93)}€k — [Q1(53)}®F
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[1]. The wedge product is bilinear, and satisfies the identity a A 3 = (=1)*B A«
for any k-form « and [-form 3. The complex involution is extended by requiring

(@A B)* = (=1)*B* Na*.

The exterior derivative is extended to d : QF(S%) — QFF1(S®) as the unique C-
linear mapping satisfying the conditions:

(1) dis a graded A-derivation,
that is d(a A B) = (da) A B+ (=1)ka A dB for any k-form o

(2) &> =dod = 0;

(3) on ¢ € QO(S3) ~ C>(93), it is given by d¢ as in (2.24).
It is then easy to see that Q2(S93) is three dimensional, with a basis given by
{O- NO4, 04 N@,, 0, AN_}: extending in a natural way via the pull back the left
and right actions of the group SU(2) on Q2(S?), it is also clear that such basis
elements are left invariant. From (2.21) one has:

do_ = io_ A @,
d(.:)+ = —Z(:JJ,_ N (I)Z,
(2.25) Ao, = 2i0_ Aoy

The bimodule 23(S5?) is one dimensional, with again a left invariant basis 3-form
given by {&_ A @, A@.}. A right invariant basis of the exterior algebra Q(S?) is
analogously given in terms of the 1-forms 7.

2.2. A Laplacian operator on the group manifold SU(2). Being SU(2)
a semisimple Lie group, the group manifold S® can be equipped with the Cartan-
Killing metric originated from the Cartan decomposition of the Lie algebra su(2).
Consider now as a riemannian metric structure on S® the symmetric tensor

(2.26) g=0a(@; @0y + 0y ®Wy) + 0, @ Wy,

with a € RT. For @ = 1 such a metric tensor coincides with the the Cartan-Killing
metric. The volume associated to the g-orthonormal basis and to the choice of the
orientation (z,y, z) is given by 6 = aw, A &y A @, so that §* = . Such a volume
¢ is a Haar volume, namely it is invariant with respect to both the left I} and the
right actions ry of the Lie group SU (2) on itself, since an explicit calculation gives
L.(0) = R,(6) = 0. The Hodge duality x : Q%(S3) — Q37%(53) which corresponds
to this volume [1] is the C'°°(S3)-linear map given on the left invariant basis of the
exterior algebra Q(S%) by (1) = 6, x(8) = 1, and:

*(@g) = Wy A Dy, *(0y AN @y) = @y,
(2.27) (@) = D2 A @, (@2 A Gy) = @y,
*(@,) = @@y A @y, * (O ANwy) = a~ D,

The differential calculus on the group manifold S® as well as the above x-Hodge
duality on the exterior algebra Q(S®) give a Laplacian operator defined as Ogs¢ =
*xd *d¢ on any ¢ € C°(S3). It can be written as a differential operator in terms
of the left invariant vector fields:

(2.28) Olgsh = [%(L,m Y LyLo)+ L.L.)

The Laplacian operator is the Casimir of the Lie algebra su(2) only if & = 1, that
is only if the metric from where it is originated is the Cartan-Killing metric.
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The Hodge structure satisfies two identities:

(2.29) # (&) = (-1)FE e =¢
(2.30) EN(xE) =€ N ()

for any &,& € QF(S3). This allows to define a symmetric bilinear map (, )gs :
OF(S3) x QF(S3) — C>(S?%) (k=0,...,3) as:

(2.31) (6,6 g0 =& N ().

It is clearly a symmetric tensor on {X*(5%)}®2*¥  whose components can be ex-
pressed in terms of the components of the inverse metric ¢~ = ¢~ 1%L, ® L, €
{X1(S°)}#? with g~'9g,. = 82, as

(2.32) (@i A A@i, @y A N ) ga = Y Teg O gk k)

g

where the summation is over permutations o of k elements, with parity n,. Starting
from the Hodge duality a second bilinear map ( , )gs : Q¥(S3) x Q¥(S3) — C>(S?),
can be introduced as

(2.33) (€650 0 =& A (x¢)

for any &, & € QF(S3), being hermitian ((¢/,£)5:)* = (£,&)5s. The Haar volume
form can be used to introduce an integral on a manifold [1], [, : 93(5%) — C; being
53 compact, the volume of the group manifold can be normalised, setting |, 0 =1
From (2.31) and (2.33) it is possible to define on the exterior algebra Q(S3) both a
scalar product,

(2.34) (6650 = /9 £ (1) = /9 (€, g1 6,

and an hermitian inner product,
] /. Y = * n /’ ~3 0.
(2.35) (€363 /05 A (x€) /9<£ 3

An evaluation on a non hermitian basis in Q(S®) presents the differences between
the non vanishing terms of two bilinear forms:

B NGy 0= Ao = (0= A2, By NGz g0 = 5,
1

= 12
(2:36) (0,60) g0 = 1
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while
<17 1>N3 - ]-7
i~ i~ 1
<w7’w7>5‘3 = <w+7w+>s3 T o0’
<J}za‘:}z>w3 = 17
N ~ . e 1
(O NQ2, Dy ND2)gs = (- ND,,0_ NDz)gs = %0
. i~ 1
(O AND4, 0 AND4)gs el
(2.37) (6,0)gs = 1.

2.3. The principal bundle structure and the monopole connection.
Consider the one parameter subgroup of SU(2) given by ~yr.(s) = exp sT, where
T. is the generator in (2.10). In this specific matrix representation it is

is{ 1 0 eis/2 0
(238) PYTZ(S) = exXp |:2 < 0 —1 >:| - < 0 e—is/Q ) )

thus proving that vz, (s) ~ U(1) as a subgroup in SU(2). The space of left cosets
SU(2)/U(1) is the set of the orbits of the right principal action fexpst.(9) =
gexp sT, which is free, and smooth; its infinitesimal generator coincides with the
vector field L, (2.9). As already mentioned the canonical projection 7 : SU(2) —
SU(2)/U(1) gives a principal bundle whose vertical field is L,. A formulation for
a principal bundle atlas on a homogeneous space is extensively analysed in terms
of local sections [20, 28]. This section describes in detail how a principal bundle
atlas is introduced [15, 35] defining suitable trivialisations.
Parametrise S® by

u = cos /2 PTV)/2
v =sinf/2e 1 ¥V)/2,
with 0 < 0 < 7 and ¢,v € R, the Hopf map 7 : SU(2) — S? ~ SU(2)/U(1) is
defined by:
b, = uu* —vv* = cosb,
by = uwv™ 4+ vu* = sinf cos ¢,
(2.39) by = —i(vu* — uv*) = —sinfsing
with b2 + b2 + b2 = 1. It is immediate to see that 7(u,v) = m(u’,v') if and only
if w' = ue™ and v/ = ve'™ with o € R: this is also a way to recover that the
projection has the standard fibre U(1). A choice for an open covering of the sphere
52 is given by:
S(2N) = {52 : bz 7é ].} = 7T_1(S(2N)) = S?N) S {SB Y 7£ O},
(240)  Sfg ={S%:b. # -1} = T (SEs)) = Sis) = {5% : u #£ 0},
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with S?j) o~ S(Qj) x U(1) via the diffeomorphisms:
g2 (uv) € Sty (o) = (n()i 1) € Sy x U,
ﬁ) € % x U(1).

The set of transition functions associated with this trivialisation is given by A}y S =
sy = As 0 Ay (52 N S2S ) x U(1) — U(1). Choose b ~ (8,¢) € S( HS%S)
The element (b, e'®) € (S(N) N S(zs)) x U(1) is mapped into

9= (u,0) € Sis) : As(g) = (7(9);

— pres by — ibg ia 1-b; ia
)\Nl(b,e ):(u:he U= 9 & )GS?N)

= As 0 Ay (b;e™®) = (b, e¥e'®).

This means that Agy (b)-e'* = e*¥e'®. The transition functions describe a left action
of the U(1) gauge group on itself, and trivially satisfy the cocycle conditions.
For any integer n there is a representation of the gauge group,

(2.41) Pny : U(1) — C*, pny (%) = ™

so that for any n € Z there is a line bundle &, = SU(2) %, C associated to the

principal Hopf bundle. Since the representations of the gauge group given in (2.41)
are defined on C, the set Q"(5%,C),, ~ Q" (5%) of p(n)(U(1))-equivariant r-forms
on the Hopf bundle can be easily described in terms of the action of the vertical
field of the bundle, giving the infinitesimal version of the definition in (2.1) (with

r=20,...,3)

(2.42) Q7 (5%)p,y ={d € (%) 1 1(9) = py (k)b & L.(¢) = —%nqﬁ}.

The sets QT(Sg)p(n) are C°°(S5?)-bimodule. The horizontal p(,)(U(1))-equivariant
r-forms are given as:

(2'43) 27([) = {¢ € Qr(sg)f)(n) sir, (¢> = 0}’
for r > 0: one obviously has 2%3) = (), while
(244) £ = Q8% ={p€ C=(8%) 1 1i(¢) = ¢ & La(9) = —(in/2)0}.

With T(" (52, &,) the set of £,-valued r-forms defined on S2, the isomorphisms in
(2.2) can be written as isomorphisms of C'*°(S?)-bimodule

(2.45) M (s?&,) ~ £,

They formalise the equivalence between r-form valued sections on each line bundle
&n and p(,,) (U(1))-equivariant horizontal r-forms of the principal Hopf bundle. This
equivalence can be described — as in [29] — using the local trivialisation (2.40). A

global, algebraic description of them, naturally conceived for the generalisation to

the non commutative setting, is in [23], and it is based on the Serre-Swan theorem?.

IThe theorem of Serre and Swan [84] constructs a complete equivalence between the category
of (smooth) vector bundles over a (smooth) compact manifold M and bundle maps, and the
category of finite projective modules over the commutative algebra C'(M) of (smooth) functions
over M and module morphisms. The space I'(M, £) of (smooth) sections of a vector bundle

g : &€ — M over a compact manifold M is a finite projective module over the commutative
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Given n € Z, consider an element ’\TI(")> € C>=(8%)I"I*1 whose components

are given by:

n>0: ‘\i;(")> = ( " )v“u"_“ e £
Iz H
(2.46) n<0: ’\I:<”>> ( i )v'"l_“u” e e
JZ H
with 4 =0,...|n|. Recalling the binomial expansion it is easy to compute that:
n>0: <\if("), Y = Z ( v ) WTRORTR TR = (T 4+ to)" = 1,
=2
(2.47)
In|
n<0: <¢/(”), @(”)> = ( "] ) at oM Ryl Ryt = (Gu + ov)™ = 1.
< /2220 p ( )

The ket-bra element p(™) = ‘\i/(”)> <\il(") e MI"+1(C>(S?)) is then a projector in
the free finitely generated module C>°(S2)I"1+1  as it satisfies the identities (p(™)t =
p™, (p(™)2 = p("). The matrix elements of the projectors are given by ]SEZL) =

‘\i/(")> <\il(") : each projector p(™ has rank 1, because its trace is the constant
”w v
unit function given by
In|
(2.48) rpm =3 ’@<n>> <¢,<n> =1
s Iz I

)

Consider the set of p(,)(U(1))-equivariant map £ as a left module over

C®°(8?) C C*°(S?): any equivariant map ¢ € 2 can be written in terms of
an element (f| € C°°(S?)I"1+1 as

In|
br= <f7\ij(n)> _ Z (fl, ‘\ij(n)>u'
pn=0

Given the set T(©) (52 &,) of sections of each associated line bundle &,, the equiv-

alence with the set £ of p(n)(U(1))-equivariant maps of the Hopf bundle is for-
malised via an isomorphism between C°°(S5?)-left modules, represented by:

roes2e,) - el
osl = (f15™ « (f00)
(2.49) (of] = o <‘i’(") o ¢r= <Jf>‘i’(n)>

for any (f| € C>(S?)I"I+1. Since from this definition it is (o;|p(™ = (o4, this
isomorphism enables to recover (of| € r(s2.e,) ~ C=(s?)+1p™,  An

algebra C(M) and every finite projective C'(M)-module can be realised as a module of sections
of a vector bundle over M.
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explicit computation from (2.11) and (2.21) gives:
L(oy) =ivy =  o,e Y
- . - 1
(2.50) Lo )=—io_ = a_eg®,

so that for any n € Z the set of p(,)(U(1))-equivariant horizontal 1-forms of the
Hopf bundle is

(2.51) e ={p=¢o_+¢"0; : ¢ € £ and¢" € £, ).

For n = 0 one also recovers from (2.3) the equivalence 281) ~ 01(8?), so to have
the C°°(S?)-bimodule identification el ~ Q1(S?) @cee(s2) 2 For r = 1 the
isomorphism in (2.45) can be written as:

TO(82,8,) = QUSHIMHpo gl > Q1(S?) ©om (s £,
(2.52) (o] = ¢ <\TJ(") - $= <a, xi:<">> .
Given any ¢ € £, set (o|=¢ <\i/(") € Q1(5%)I"1*1 50 to have (o] = (o] p™. To

write the inverse mapping, consider (o] € Q'(5?)"+1p(™) with components (o], €

01(S5?) in the bra-vector notation, satisfying (o], ﬁ/(fL) = (0|,. Define ¢ = <a7 \il(")>:

it is then straightforward to recover that ¢ € £4" and that (o], =¢ <\Il(")

The same path can be followed to analyse the higher order forms. One has
L.(@- A@y) = 0, so the C*(5?)-bimodule of horizontal p(,)(U(1))-equivariant
2-forms of the Hopf bundle is given by

(2.53) L ={p=¢"w_Noy: ¢" € £V}~ Q5% Row(s2) LY

n

for any n € Z. It is clear that for r = 2 the isomorphism in (2.45) can be written
as:

r®(s2 g,) ~ Q2(s2)ln+1 . 5 o £3) ~ 0 (S?) @ (s2) L,
(2.54) (o] = ¢ <xi:<"> o ¢= <a, \i/<")> .

The most natural choice of a connection, compatible with the local trivialisa-

tion, is given via the definition, as a C-valued connection 1-form, of
(2.55) w= %&)Z = (v*du + v*dv).
It globally — i.e. trivialisation independent — selects the horizontal part of the
tangent space as the left C>°(S%)-module H“)(S3) C %(5%) = {L4} since w(L+) =
0. On the basis of left invariant vector fields the horizontal projection acts as
LY =L, LY =0

+ — L+, Lz — U

2.4. A Laplacian operator on the base manifold S?. The canonical iso-
morphism expressed in (2.3) allows to recover the exterior algebra ©(S?) on the
basis of the Hopf bundle as the set of horizontal forms in (S®) which are also
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invariant for the right principal action of the gauge group U(1). Recalling the defi-
nition of the C°°(S?)-bimodules of p,,)(U(1))-equivariant forms given in (2.51) and
(2.53), it is possible to identify

20(52) = C>(5?) = £;

QY8 ~ gl = {p=¢'o_ + ooy : ¢ € £9, ¢" e 2);
(2.56) 02(82) ~ el = {fo_nay: fe gl =c> (5%,
where all such identifications are C*°(S?)-bimodule isomorphisms.

On the basis manifold S? ~ SU(2)/U(1) = #n(SU(2)), whose trivialisation is

given in (2.40), consider the metric

and its associated volume 8 = « We ANy = 2iacO_Aw4 = ir_ 0 in terms of the volume
on the group manifold S3. The corresponding Hodge duality is the C°°(S?)-linear
map * : QF(5%) — Q27%(S5?) given by:

*(0) =1, *(1) = 6,
*(@"0y) = id" Dy, w(Fo_) = —ig'w_,

with ¢’ € 2(70% and ¢" € 2(20). The Laplacian operator on S? can be now evaluated:

(2.58)

(259) Dszf = *d * df = LJrLf + LfLJr)f

1
25
It corresponds to the action of the Laplacian Cgs (2.28) on the subalgebra algebra
C™(S?%) C C>=(S83).

REMARK 2.1. Given the Hodge duality (2.58), the expression (2.31) defines a
bilinear symmetric tensor (, )g2 : QF(S?) x QF(5?%) — C>(5?) (with k =0,1,2):

(2.60) (€65 0 =EN(xE),
for any &, & € QF(S?). Its non zero terms are given by:

<1a 1>52 =1

(0,0 01 ) go = (904, D) g2 = ¢'¢" /2045
(2.61) (0,0) g =1

such a tensor coincides with the restriction to the exterior algebra (S?) of the
analogue tensor (, )gs. The expression

(2.62) (€.€) 520 =" N (x6),
with again &,& € QF(S?), defines a bilinear map on Q(S?), which coincides with
the restriction of the bilinear map { , )gs to Q(S?):

<17 1>g2 = 1;
e~ 1 e~
<¢/W—7¢/W—>52 = %1// ¢ = <¢’w—,w’w->ss,
B IOV B o~
("0, "0y ) g = %W ¢ = (¢ 01, P Dy ) g s
(2.63) (0,0)5, = 1= (2iad_ A@y,2iad_ A@4)gs

for any @', € 2@% and ¢" " € 2&0),
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REMARK 2.2. Introducing from the volume form 0 an integral fé (02(S%) —C
with the normalisation [;6 = 1, the bilinear maps in (2.60) and (2.62) give on the
exterior algebra Q(S?) a symmetric scalar product and a hermitian inner product,
setting:

(2.64) (€65 = /9 €A (),
(2.65) (€€ = /0 €7 A (x6).

It is clear that they coincide with the restrictions to Q(S?) of respectively (2.34)
and (2.35).

3. The quantum principal Hopf bundle

This section describes a quantum formulation of a Hopf bundle. It starts with
a description of the algebraic approach to the theory of differential calculi on Hopf
algebras coming from [38, 21] and then algebraically presents the geometric struc-
tures of a principal bundle.

3.1. Algebraic approach to the theory of differential calculi on Hopf
algebras. The first order differential forms on the smooth group manifold SU(2) ~
S3 have been presented as elements in the space X*(S%), or more properly as
sections of the cotangent bundle T*(S3). The set Q2!(S3) ~ X*(S?) of 1-forms is a
bimodule over C*°(S3), with the exterior derivative d satisfying the basic Leibniz
rule d(ff") = (df)f'+ fdf’ for any f, f' € C°°(S?). Moreover, being S a compact
manifold, any differential form 6 € Q!(593) is necessarily of the form 6 = fidf]
(with k € N).

In an algebraic setting, these properties are a definition. Given a C-algebra
with a unit A and Q a bimodule over A with a linear map d : A — Q, (Q,d) is
defined a first order differential calculus over A if d(ff’) = (df)f’ + fdf’ for any
[, f" € Aand if any element 6 € Q can be written as § = ", fpdf; with fi, f; € A.

For a C-algebra with unit A, any first order differential calculus (2!(A),d) on
A can be obtained from the universal calculus (2!(A)yn,d). The space of universal
1-forms is the submodule of A ® A given by Q'(A)y, = ker(m : A® A — A), with
m(a ® b) = ab the multiplication map. The universal differential § : A — Q' (A)un
is da = 1®a—a®1. If N is any sub-bimodule of Q'(A),, with projection
s QY (A — QHA) = QH(A)un /N, then (QL(A),d), with d := mar 04, is a first
order differential calculus over A and any such a calculus can be obtained in this
way. The projection mar : QY (A)y, — QH(A) is T (X, @i @ b)) = Y, a;db; with
associated subbimodule N = ker 7.

The concept of action of a group on a manifold is algebraically dualised via
the notion of coaction of a Hopf algebra H on an algebra A: if the algebra A is
covariant for the coaction of a quantum group H = (H, A, ¢, S), one has a notion
of covariant calculi on A as well, thus translating the idea of invariance of the
differential calculus on a manifold for the action of a group. Then, let A be a
(right, say) H-comodule algebra, with a right coaction Agr : A — A ® H which is
also an algebra map. In order to state the covariance of the calculus (Q2'(A),d) one

needs to extend the coaction of H. A map Ag) : QN A) — QY(A) @ H is defined
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by the requirement
AR(df) = ([d@id)Ar(f)

and bimodule structure governed by
AR (fdf') = Ar(HAR(@AF),
AR (A)f) = AR (AN AR(S):

The calculus is said to be right covariant if it happens that
(ideA)AY = (A @ id)A
and
(idoe)AY =1.
A calculus is right covariant if and only if for the corresponding bimodule A it is

verified that Ag)(./\/' ) C N ®H, where Ag) is defined on A by formulee as above
with the universal derivation § replacing the derivation d:

(3.1) AR (61) = (6 @ id)AR(f).
Differential calculi on a quantum group H = (H, A, ¢, S) were studied in [38].

As a quantum group consider a Hopf x-algebra with an invertible antipode: the
coproduct A : 'H — H ® H defines both a right and a left coaction of H on itself:

AR (dh) = (d® DA(R),
(3.2) AV (dn) = (1@ d)A(R).

Right and left covariant calculi on H will be defined as before. Right covariance of
the calculus implies that Q!(H) has a module basis {n,} of right invariant 1-forms,
that is 1-forms for which

AR (na) =na @1,
and left covariance of a calculus similarly implies that Q!(H) has a module basis

{wa} of left invariant 1-forms, that is 1-forms for which A(Ll)(wa) =1Q®w, In
addition one has the notion of a bicovariant calculus, namely a both left and right
covariant calculus, satisfying the compatibility condition:

(ideal)oal) = (A @id)o AW
Given the bijection
(3.3) r-H®H—HQH, r(h@h’) = (h® 1)A(KN),

one proves that r(Q'(H)un) = H®kere. Then, if Q C kere is a right ideal of ker e,
the inverse image Ng = 771 (H ® Q) is a sub-bimodule contained in Q!(H),,. The
differential calculus defined by such a bimodule, Q*(H) := Q(H)un/No, is left-
covariant, and any left-covariant differential calculus can be obtained in this way.
Bicovariant calculi are in one to one correspondence with right ideals Q C kere
which are in addition stable under the right adjoint coaction Ad of H onto itself,
that is Ad(Q) C Q ® H. Explicitly, one has Ad = (id®@m) (7 ®id) (S ® A) A, with
7 the flip operator, or Ad(h) = h) ® (S(h(l))h(g)) using the Sweedler notation
Ah =: h(1) ® h(z) with summation understood, and higher numbers for iterated
coproducts.

Given the *-structure on H, a first order differential calculus (Q'(H),d) on H
is called a *-calculus if there exists an anti-linear involution * : Q'(H) — Q(H)
such that (hi(dh)ha)* = h3(d(h*))h} for any h,hi,he € H. A left covariant first
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order differential calculus is [38] a #-calculus if and only if (S(Q))* € Q for any
Q € Q. In such a case the x-structure is also compatibe with the left coaction A(Ll)
of H on Q1 (H): AW (dh*) = (AM (dn))*.

The ideal Q also determines the tangent space of the calculus. This is the
complex vector space of elements {X,} in H' defined by

Xo:={XeH : X(1)=0, X(Q) =0, VQ € Q},

whose dimension, which coincides with the dimension of the calculus, is given by
dim Xo = dim(kerey/Q). If the vector space Xg is finite dimensional, then [21]
its elements X, belong to the dual Hopf algebra H° C H’. Given an infinite
dimensional Hopf x-algebra H and the set H’ of its linear functionals, the set H'QH’
is a linear subspace of (H ® H)’ obtained via the identification X ® Y € H' @ H’
with the linear functional on H®H determined by (X ®Y)(h1®hs) = X (h1)Y (hs).
For any X € H’ consider AX as the element in (H®H)’ defined by AX (b1 ®hs) =
X (h1hg). The space H° C ‘H' denotes the set of linear functionals X € H’ for which
AX € H' @ H', i.e. there exist functionals {Y,},{Z,} € H' — with a,b=1,...,7;
r € N —such that

X(hho) =) Yi(h)Zi(ha) &  AX=> Y;®Z.
=1 =1

Dualising the structure maps from H to H’ via:

X1Xo(h) = X1(h1)) Xa2(h(2)),

en (X) = X(1),
(S (X)) (h) = X(S(h)),
1H'(h) = E(h)a

(3.9 X*(h) = X(5()7)

for any X, X,Xo € H and h,hi,hy € H, the dual H° is proved to be the
largest Hopf *-subalgebra contained in H’. The presence of a x-structure on a first
order left-covariant differential calculus can be translated into a condition on the
quantum tangent space: (Q'(H),d) is a left-covariant differential calculus if and
only if X5 C Xg with H' endowed by the complex structure in (3.4).

The exterior derivative can be written as:

(3.5) dh = Za (Xov h) wa,

in terms of the canonical left and right H’-module algebra structure on H given by
[37]:

X v hi=hay(X(he)),
(3.6) h<aX = X(h@))h)-
Left and right actions mutually commute:
(X1>h)aXe =X (haXa),
and the x-structures are compatible with both actions:
Xeh™ = ((S(X))">h)*,
h*<X = (ha(S(X))*)", VX e H° heH.
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Given the two Hopf s-algebras H = (H,A,e,5) and U = (U, Ay, ey, Su), they
can be dually paired. This duality is expressed by the existence of a bilinear map
(,):U xH — C such that:

(Ay(U), h1 @ ha) = (U, h1hs)

<U1U2, h> = <U1 ® Us, A(h)) ,

(U, 1) = ey (U),
() (1.1) = <(n)
for any U, € U(H) and hy, € H. The pairing is also required to be compatible with
*-structures:

(U h) = (U, (5(h))"),

(3.8) (U,h") = ((Su(U))*, h).
Such a dual pairing has the property that (S (U),h) = (U, S(h)). A dual pairing
can be defined on the generators and then extended to the whole algebras following
the relations (3.7): it is called non degenerate if the condition (U, h) = 0 for any
h € H implies U = 0, and if (U, h) = 0 for any U € U implies h = 0.

It comes from this analysis out that via a non degenerate dual pairing between
the two Hopf algebras H and U , it is possible to regard U as a Hopf *-subalgebra
of H°, and H as a Hopf *-subalgebra of U°, after the identifications U(h) = h(U) =
(U, h) for any U € U and h € H. A further comparison among relations (3.4) and
(3.7) shows that H and H? are dually paired in a natural way, with a pairing which

is non degenerate if H° separates the points in H.
The derivation nature of elements in Xg is expressed by their coproduct,

A(Xa) =1® X, +ZbXb ®fbaa

with the elements f,, € H° having specific properties [38]:

A(fab) = fac ® fcb7
E(fab) = dab,
S(fab)fbc = fabS(fbc) - 5ac~

These elements also control the commutation relation between the basis 1-forms
and elements of H:

wah = Zb(fab > h)wba
hwg, = Zb wy ((S™(fap)) > 1) for heH.

For a left covariant differential calculus, the elements X, € Xg play the role which
is classically played by the vectors tangent to a Lie group manifold at the group
identity: the first of equations (3.6) transforms them into the analogue of left
invariant derivations on the Hopf algebra of functions on the group. Their dual
forms w, play the role of the left invariant one forms. For a bicovariant differential
calculus it is possible to define a basis of the bimodule of 1-forms which are right
invariant. The right coaction of H on Q!(H) defines a matrix:

(3.9) A (o) = wp ® Jba
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where J,, € H. This matrix is invertible, since S(Jup) Joe = dac and JopS(Jpe) = Sac;
it satisfies the properties A(Jyup) = Joe ® Jeb, €(Jap) = 0ap and can be used to define
a set of 1-forms:

(3'10) Na = WbS(Jba) A NaJab = W
which are right invariant:

(3.11) AV () =na @ 1.

On the basis of right invariant 1-forms, the exterior derivative operator acquires
the form:

(3.12) dh = na(h < Yy)

where Y, = —S71(X,) are the analogue of the derivations associated to right
invariant vector fields. Equation (2.24) is then represented, in an algebraic approach
to the theory of differential calculi, by (3.5) and (3.12). The derivation nature of
Y, as well as the commutation relation between the basis of right invariant 1-forms
and elements of H are ruled by the same elements fq, € U(H) [2]:

A(Ya) =Y, ®1+ Zb Sil(fba) ®Ys
nah = (h < S™>(fab)) 0,
hne = my(h < (Sil(fab))'

3.2. Quantum principal bundles. An algebraic formalisation of the geo-
metric structures of a principal bundle has been introduced in [6] and refined in
[7]. A slightly different formulation of such a structure is in [12, 13]; an interesting
comparison between the two approaches is in [14].

Following [6], consider as a total space an algebra P (with multiplication m :
P ®P — P) and as structure group a Hopf algebra H. Thus P is a right H-
comodule algebra with coaction Ar : P — P ® H. The subalgebra of the right
coinvariant elements, B =P" = {p € P : Arp = p® 1}, is the base space of the
bundle. At the ‘topological level’ the principality of the bundle is the requirement
of exactness of the sequence:

(3.13) 0= P(ULB)un) P — QYP)un = P kerey — 0
with Q' (P)yy and Q(B),, the universal calculi and the map x defined by
(3.14) POP - PoH, xi=(moid) (doAg),

or x(p'®p) = p’Ar(p). The exactness of this sequence is equivalent to the require-
ment that the analogous ‘canonical map’ PP — P & H (defined as the formula
above) is an isomorphism. This is the definition that the inclusion B < P be a
Hopf-Galois extension [33].

REMARK 3.1. The surjectivity of the map x appears as the dual translation of
the classical condition that the action of the structure group on the total space of
the principal bundle is free. In the classical setting described in section 2, given the
principal bundle (P,K,[M],7), the condition that the right principal action rj is
free can be written as the injectivity of the map:

PXG—>P><MP, (p,k)'_)(p7rk(p))7

whose dualisation is the condition of the surjectivity of the map x.
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With differential calculi on both the total algebra P and the structure Hopf
algebra H one needs compatibility conditions that eventually lead to an exact se-
quence like in (3.13) with the calculi at hand replacing the universal ones. Then, let
(Q*(P),d) be a H-covariant differential calculus on P given via the subbimodule
Np € (Q(P)un), and (Q'(H),d) a bicovariant differential calculus on H given via
the Ad-invariant right ideal Q;; € kerey. In order to extend the coaction Ag of H
on P to a coaction of H on Q!(P), one requires Ag(Np) C Np @ H. The coaction
Apg of Hon Np C P ® P is understood as a usual coaction of a Hopf algebra on a
tensor product of its comodule algebras, i.e.

Ap = (id®id®") o (id®Tid) o (Ar ® AR).

The condition Ag(Np) C Np ® H is equivalent to the condition (3.1).
The compatibility of the calculi are then the requirements that y(Np) C PRQy
and that the map ~pr,: Q' (P) — P ® (kerey/Qx), defined by the diagram

QO (P)un =5 9Y(P)
(3.15) 1 x L~ap

id ®7TQH

P @ kerey — P ® (kerey/Qxn)
(with mpr and mg,, the natural projections) is surjective and has kernel
(3.16) ker ~p;, = PQY(B)P =: Q.. (P).

Here Q'(B) = BdB is the space of nonuniversal 1-forms on B associated to the
bimodule Ng = Np N QY(B)y,. These conditions ensure the exactness of the
sequence:

(3.17) 0 — PUB)P — 0(P) 28 P® (kerey/Qxn) — 0.

The condition x(Np) C P ® Qy is needed to have a well defined map ~ ;. : with
all conditions for a quantum principal bundle (P, B, H; Np, Q) satisfied, this in-
clusion implies the equality x(Np) = P ® Q. Moreover, if (P, B, H) is a quantum
principal bundle with the universal calculi, the equality x(Np) = P ® Qy en-
sures that (P, B, H; Np, Q) is a quantum principal bundle with the corresponding
nonuniversal calculi.

Elements in the quantum tangent space Xg,,(H) giving the calculus on the
structure quantum group H act on ker e4;/Qy via the pairing (-, -) between H° and
‘H. Then, with each £ € Xg,, (H) one defines a map

(3.18) E:QNP) =P, €= (d®E) o (~np)

and declare a 1-form w € Q'(P) to be horizontal iff £ (w) = 0, for all elements
& € Xg,,(H). The collection of horizontal 1-forms is easily seen to coincide with
Q. (P) in (3.16).

3.3. A topological quantum Hopf bundle. As a step toward a quantum
formulation of the classical Hopf bundle 7 : 2 — S2 this section will describe,
following [24], a topological U(1)-bundle [6] over the standard Podles sphere S2
[30], with total space the manifold of the quantum group SU,(2).
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3.3.1. The algebras. The coordinate algebra A(SU,4(2)) of the quantum group
SU,(2) is the *-algebra generated by a and ¢, with relations

ac =qca ac* = qc*a cc’ = c’c,
(3.19) a*a+c*c = aa* + ¢*cct = 1.
The deformation parameter ¢ € R is taken in the interval 0 < ¢ < 1, since for ¢ > 1
one gets isomorphic algebras; at ¢ = 1 one recovers the commutative coordinate

algebra on the group manifold SU(2). The Hopf algebra structure for A(SU,(2)) is
given by the coproduct:

o[s 7l T el T
C a (& a C a

antipode:

and counit:

The quantum universal envelopping algebra U, (su(2)) is the Hopf -algebra
generated as an algebra by four elements K, K~!, E, F with KK ~! = 1 and subject
to relations:

K*E = ¢*EK*,
K*F = ¢tFK*,
K? - K2
(3.20) [E,F]l= ————.
q—q

The *-structure is
K=K E* =F, F*=F,
and the Hopf algebra structure is provided by coproduct:
AK*) = K* @ K*,
A(Ey=E®K+K '®F,
A(F)=F®K+ K '®F;

7

antipode:
S(Ky=K™', S(E)=-qE, S(F)=-q'F;
and a counit:
e(K) =1, e(F)=¢e(F)=0.

From the relations (3.20), the quadratic quantum Casimir element:
gK? =2+ ¢ K2
(¢—q71)°
generates the centre of U, (su(2)). The irreducible finite dimensional *-representations

oy of Uy(su(2)) (see e.g. [25]) are labelled by nonnegative half-integers J € N (the

(3.21) C, = +FE -1
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spin); they are given by?
oy (K) [J;m) =q™ [J,m),

(3.23) oy(E) |Jm) = /[T —m]J+m+1] [J,m+1),
oy (F) |J,m) = /[J —m+1[J +m] |J,m 1),

where the vectors |J,m), for m = J,J —1,...,—J + 1, —J, form an orthonormal
basis for the (2J+1)-dimensional, irreducible U, (su(2))-module V;, and the brackets
denote the g-number. Moreover, o is a *-representation of U, (su(2)), with respect
to the hermitian scalar product on Vj for which the vectors |.J,m) are orthonormal.
In each representation Vj, the Casimir (3.21) is a multiple of the identity with
constant given by:

(3.24) cY) =[r+112 -1

The Hopf algebras U, (su(2)) and A(SU,4(2)) are dually paired. The bilinear
mapping (-, ) : Uy (su(2)) x A(SU4(2)) — C compatible with the -structures, is set
on the generators by:

(K,a) =q7 "%, (K™'a) =¢'7,

<K, a*> — q1/27 <K_17(l*> — q—1/27
(325) <E,C> = 13 <Fa C*> = _qilv
with all other couples of generators pairing to 0. Since the deformation parameter g
runs in the real interval range ]0, 1[, this pairing is proved [21] to be non degenerate.

The canonical left and right actions of U, (su(2)) on A(SU,4(2)) can be recovered
by:

(3.26)
K*>a®*=qT2a® Fpa®*=0 Eva® = —qB9/2[s]a* " c*
K*pg*s = q:i:ga*s Fpa*s = q(l—s)/Z[S]Ca*s—l Eva* =0
K*pc® =qTac® Frc®=0 Evc® = ¢ =9)/2[s]c5a*
KEpets = qzl:gc*s Fpcts = 7q7(1+s)/2[s]ac*sfl Ebc*S = 0;

and:

(3.27)
a*aK* =qT5a°  a®aF =qEV/2[s)ca’? a*<aE =0
S g KT = qiga*s A< F =0 oS 9 E = _q(37s)/2[s]c*a*sfl
A Kt =qgtics caF =0 ¢ aFE = q6=D2[5)e e
S QKT = q:F%C*S SQF = _q(s—3)/2[8]a*c*s—1 S a9 E =0.

Denote A(U(1)) := C[z,2*] /< 2z* — 1 >; the map 7 : A(SU,4(2)) — A(U(1)),
(3.28) w[a _qf*]z{g 0]

Cc a z

2The ‘g-number’ is defined as:
(3.22) [z] = [x]q ==

for ¢ # 1 and any =z € R.
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is a surjective Hopf #-algebra homomorphism, so that A(U(1)) becomes a quantum
subgroup of SU,(2) with a right coaction,
(3.29) Ap = (id@m) o A : A(SU,(2)) — A(SU,(2)) ® A(U(1)).

The coinvariant elements for this coaction, elements b € A(SU,(2)) for which
Ag(b) = b® 1, form a subalgebra of A(SU4(2)) which is the coordinate algebra
A(Sg) of the standard Podles sphere Sg. From:

Agr(a) =a® z,

(3.30) Aple

as a set of generators for A(S2) one can choose:

(3.31) B_ := —ac”, B, := gca®, By = 7 j_ 7 — ¢?cct,

satisfying the relations®:

B_By = [ql “p 2B,
¢ - 1
BBy = [-5—By +q °BoBy],

2+ 1
BiB_=ql¢?By—(1+¢) "] [¢*Bo+(1+q?)7"],
B.B, =q[Bo+(1+¢*)"] [Bo—(1+4¢*)7'],
and -structure:
(Bo)" = Bo,  (By)" =—¢B-.
The sphere Sg is a quantum homogeneous space of SU,(2) and the coproduct of

A(SU,4(2)) restricts to a left coaction of A(SU,4(2)) on A(S2) which on generators
reads:

AB_)=a*®B_ - (1+q *)B_® By +c*?® By,
A(By) = qac® B_ + (1+q ?) By ® By — c*a* @ By,
AB)=¢®B_ +(1+4+q¢?%B, ®By+a?®B,.

3.3.2. The associated line bundles. The left action of the group-like element
K on A(SU,(2)) allows [27] to give a vector basis decomposition A(SU,(2)) =

@nezﬁ%o), where

(3.32) L9 = {z € A(SU,(2)) : Kvx = ¢"/*x}.
In particular A(S?) = L',(()O). One also has £ C ,C(_O,)L and LY L,H_m Each

£ is a bimodule over A(S2); relations (3.30) show that they can be equivalently
characterised by the coaction Ag of the quantum subgroup A(U(1)) on A(SU4(2)):

(3.33) L9 = {xe ASU,(2) : Agr(z)=z® 2"}

31 should like to thank T.Brzezinski, who noticed that the commutation relations among the
generators Bj of the algebra A(S2) written in [24] are not correct.
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This equation appears as the natural quantum analogue of the classical relation
(2.44), introducing £ ¢ A(SU4(2)) as A(S?)-bimodule of co-equivariant elements
with respect to the coaction (3.29) of the gauge group algebra. The relation (3.32)
can then be read as an infinitesimal version of that in (3.33). The classical 0
are recovered as rank 1 projective left C'°°(S2)-modules: the analogue property in
the quantum setting was shown in [31]. Each ££10) is isomorphic to a projective
left A(SZ)-module of rank 1. These projective left .A(S2)-modules give modules of
equivariant maps or of sections of line bundles over the quantum sphere Sg with
winding numbers (monopole charge) —n. The corresponding projections [8, 17] can
be explicitly written. Given n € Z, consider an element |\IJ(")> € A(SU,(2))+1
whose components are:

w20 [80) < R eranr e o,
I
(3.34)
_ _ g—2(n—j)
. —1- — 2K n-t(l—gq _
Where' ﬁn,O - 17 ﬁn,}l« =4q Hj=0 (1_q_2(j+1)> ’ H= 17"'7”
n<0: ‘\II(”)> = /0n, crl=rgr e £0)
- M ) n
(3.35)
In|—p—1 /1 — q2(|n|7J)
where : ano =1 On,p = szo <1_(12(J+1) , k=1,...,[n]

Using the commutation relations (3.19) and the explicit form of the coefficients in
(3.34) and (3.35), it is possible to compute that:

>0: (n) (n)> _ n M—fL U KR = * 2 K\
n>0 <\If U g M:oﬂ"’“a ctctta (aa™ + q“cc™) 1,
(3.36)
In
<0: (n) (”)> — E = p Il —p (o *ynl —
n<0 <\I/ U #:Oa,wa c c a (a*a+c*c) 1

so that a projector p(™ € M, 4+1(A(S2)) can be defined as:

(3.37) p™ — ‘\p(n)> <\II(")

which is by construction an idempotent - (p(™)2 = p(™ - and selfadjoint operator
- (P = p(™ - whose entries are:

n>0: pm) =/ Bnpubny e TV € A(Sg),
(3.38) n<o0: ﬁ}(ﬁ) = /A Onw clnl=nghgrv xlnl=v ¢ A(Si).

The projections (3.37) play a central role in the description of the quantum Hopf
bundle. As a first application one can prove that the algebra inclusion A(Sg) —
A(SU,(2)) satisfies the topological requirements for a quantum principal bundle,
when both the algebras are equipped with the universal calculus.

PROPOSITION 3.2. The datum (A(SU4(2)), A(S2), A(U(1))) is a quantum prin-
cipal bundle.
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PRrROOF. The proof consists of showing the exactness of the sequence
0 — A(SU,(2)) (2'(S7)un) A(SU,(2))
— Q1 (SU4(2))un = A(SU4(2)) @ kerey(ry — 0

or equivalently that the map x : Q*(SU4(2))un — A(SU4(2)) @ kerey(1y defined
as in (3.14) — and with the A(U(1))-coaction on A(SU,(2)) given in (3.29) — is
surjective. Given an element z € £ ¢ A(SU4(2)), from (3.33) the map x acts
as:

(3.39) X0z)=x(1l®r—21)=2® (27" —1).

A generic element in A(SU,(2)) ® ker ey(y) is of the form 2 ® (2™ — 1) with n € Z
and z € A(SU,(2)). To show surjectivity of x the strategy is to show that
1® (2™ —1) is in its image since left A(SU4(2))-linearity of x will give the gen-
eral result: if v € Q'(SU4(2))un is such that x(y) = 1 ® (2" — 1), then x(zv) =
z(1® (2" —1)) =2®(z" — 1). Fixed now n € Z, define an element ~ in A(SU4(2))
asy = <\I!(_"), 5\11(_")> following (3.34) and (3.35). Since ‘\Il(_")> € L:(_O,)L, one com-
putes that:

thus completing the proof. O

Next, it is possible to identify the spaces of equivariant maps E%O) — or equiv-
alently of coequivariant elements £~ with the left A(S?)-modules of sections
9 = (A(S2))I"I*1p(™) For this write any element in the free module (A(S2))I"I*
as (f| = (fo, f1,-. -, fin)) with f, € A(Sg). This allows to write equivariant maps
as

b3= (£ 00) =37 Bt for >0,
= Z‘n‘ fu\/md"l_”a“ for n<0.

n=0
making it straightforward to establish the proposition, which generalises to the
quantum setting the equivalence (2.49):

PROPOSITION 3.3. Given n € Z, let £ = (A(Si))'"‘“p("). There is a left
A(S2)-modules isomorphism:

LY == &9, ¢5 (of] = ¢y <‘I'(n) = (f1p™),

with inverse
0 = L0 oyl = (P 1 by o= (£).

3.3.3. A Peter- Weyl decomposition of A(SU4(2)). The aim of this section is to
describe the known decomposition of the modules L%O) into representation spaces

under the action of U, (su(2)) [21]. From (3.32) one has a vector space decomposi-
tion A(SU,4(2)) = Bpezly’, with
(3.40) BoL® c £, FoL® c Y,

n
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On the other hand, commutativity of the left and right actions of U, (su(2)) yields
that

LOqh c £O) Vi eU,(su2)).

It has already been shown in [31] that there is also a decomposition,

(3.41) Ju D v,

_Inl In| , Inl
J=g ey 2,

with V}") the spin J-representation space (for the right action) of U, (su(2)). Alto-
gether it gives a Peter-Weyl decomposition for A(SU,(2)) (already given in [37]).

More explicitly, the highest weight vector for each VJ(") in (3.41) is ¢/ —"/2q* 71/

KD(CJ_n/Qa*J+n/2) _ qn/2(CJ—n/2a*J+n/2)7
(Can/Za*J%»n/Z)qK _ q.](C.]fn/Za*.]Jrn/Z)7

(3.42) (72 T4 /2\qF = 0.

Analogously, the lowest weight vector for each VJ(n) in (3.41) is a’l /2RI n/2,
KD(GJ_n/QC*JJ'_n/Q) — qn/2(aJ—n/2ch+n/2)7
(atlfn/2c*.]+n/2)<]K _ qu(ann/Zc*JJrn/Q),

(aJ—7L/QC*J+n/2)<]E = 0.

The elements of the vector spaces V}n) can be obtained by acting on the highest
weight vectors with the lowering operator <F, since clearly (cJ’"/za*JJr”/?) aF e

E;O), or explicitly,
Kb KCJ—n/za*J+n/2> <1E] — ? KCJ—n/za*J+n/2> <E] .

To be definite, consider n > 0. The first admissible J is J = n/2; the highest
weight element is a¢*” and the vector space V7572) is spanned by {a*"<E'} with

l=0,....,n+ 1 Vn(72) = span{a*", c*a* "1 ... c¢*"}. Keeping n fixed, the other

admissible values of J are J = s +n/2 with s € N. The vector spaces Vs(gl /2 are

spanned by {c*a**T"<E'} with [ =0,...,2s +n+ 1. Analogous considerations are

valid when n < 0. In this cases, the admissible values of J are J = s+ |n| /2 =s—
S—MN %S

n/2, the highest weight vector in V;(sz /2 is the element ¢*~"a**, and a basis is given

by the action of the lowering operator <F, that is Vs(lem = span{(c* "a**)<E!, | =
0,...,2s —n+1}.
From (3.40) one has that the left action F> maps ESLO) to ﬁéOZQ. If p > 0, the

element a*P is the highest weight vector in Vp%) and one has that F>a*? o ca*P~!.

) since one finds that

The element ca*?~! is the highest weight vector in V;}f; 2
(ca*® 1 )<F = 0 and (ca*?~1)<aK = ¢P/?(ca*?~1). In the same vein, the elements
Ftea*P o cta*P~t are the highest weight elements in Vp%_%) C EI(,O_)Qt, t=0,...,p.
Once again, a complete basis of each subspace Vp%_ ) is obtained by the right
action of the lowering operator <FE.
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With these considerations, the algebra A(SU,4(2)) can be partitioned into finite
dimensional blocks which are the analogues of the Wigner D-functions [36] for the
group SU(2). To illustrate the meaning of this partition, start with the element
a*, the highest weight vector of the space 1/1(/12) Representing the left action of Fi>
with a horizontal arrow and the right action of <F with a vertical one, yields the
box

*

a — ¢
! Lo
—qc* — a
where the first column is a basis of the subspace V(l) while the second column is a

1/2
basis of the subspace Vl(/_zl). Starting from a*? — the highest weight vector of V1(2)
— one gets:

a*? — ¢ '?2)ear — [2] ¢?
! 1 1
—2[2)c*a* — [2](aa* —cc*) — [2]*¢"%ca
l 1 !
q2 [2] C*2 N _q1/2 [2]2 act  — [2]2 a2

The three columns of this box are bases for the subspaces Vl(z), VI(O),Vl(_Q), re-
spectively. The recursive structure is clear. For a positive integer p, one has a
box W, made up of (p+ 1) x (p+ 1) elements. Without explicitly computing the
coefficients, one gets:

a*P — ca?l S . S ettt S S cP
! ! ! l
ctaPl = - ... > — ... — acP!
! ! ! l
— e e —
! ! ! !
c*Sa*P%  — - ... = — ... — a°cP~s

! ! l

— - ... = e
l ! 1 !
c*P — ac?l! 5 . S atetrtt S L S aP

The space W, is the direct sum of representation spaces for the right action of
Z’{q (511(2)), ( )
—2t
Wy =&V, /5 s
and on each W), the quantum Casimir C, acts is the same manner from both the
right and the left, with eigenvalue (3.24), that is Cgpw, = w,<Cy = ([EE1]2 — 1) w,,
for all w, € W,,. The Peter-Weyl decomposition for the algebra A(SU,(2)) is given
as
—2t

A(SU(2)) = @pentVy = Bpen (81V 55 ).
A compatible basis with this decomposition is given by elements
(3.43) Wyt = F'pa™<BE" € W,
for t,r = 0,1...,p. In order to get elements in the Podles sphere subalgebra
A(Sﬁ) ~ ll(()o) out of a highest weight vector a*P we need p = 2[ to be even and
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left action of F': F'sa*? o da*! € .A(Sg). Then, the right action of E yields a
spherical harmonic decomposition,

(3.44) A(S2) = @y,
with a basis of Vl(o) given by the vectors Flva*?'«E", for r = 0,1,...,2L.

3.4. A quantum Hopf bundle with non-universal differential calculi.
Once described how the inclusion A(S2) < A(SU,(2)) has the structure of a topo-
logical quantum principal bundle, the aim of this section is to describe non-universal
differential calculi on the algebras A(SU4(2)),.A(S2), A(U(1)), and to show that
these are compatible [6, 7].

3.4.1. The left-covariant 8D calculus on SU,(2). The first differential calculus
defined on the quantum group SU,(2) is the left-covariant one developed in [37].
It is three dimensional with corresponding ideal Qsu, (2) C keregy, (2) generated by
the 6 elements {a* + ¢?a — (1 + ¢%);c%;c*c; %5 (a — 1)¢; (a — 1)e*}. Its quantum
tangent space turns out to be, in terms of the non degenerate pairing (3.25), the
vector space over the complex Xgy, (2) C Uy(su(2)), whose basis is

X_ =q¢ Y?FK,

X+ = ql/QEKa
1—-K*

3.45 X, = :
( ) 1— q—2

their coproducts result:

AX,=1® X, + X, ® K*,

(3.46) AX; =1® X, + X, K2
The differential d : A(SU,(2)) — Q' (SU,(2)) is
(3.47) der=(Xyvz)wr + (Xopa)w_ + (X, > 2)w,,

for all z € A(SU4(2)). This equation gives a basis for the dual space of 1-forms
O (A(SU4(2)),
w, = a*da + c*dc,
w_ = c"da* — ga*dc”,
(3.48) wy = adc — geda,
of left-covariant forms, that is A(Ll)(ws) =1 ® ws, with A(Ll) the (left) coaction of

A(SU4(2)) onto itself extended to forms (3.2). The above relations (3.48) can be
inverted to

da = —qc*wy + aw,,
da* = —¢*a*w, + cw_,
de = a*wy + cw,,
(3.49) de* = —¢*c*w. — ¢ taw_.

A direct computation shows that (S(Qsu,(2)))* C Qsu,(2)- This differential calcu-
lus is then a *-calculus, with w* = —w; and w} = —w,. The bimodule structure
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is:

wz¢ = q2n¢wz’
(3.50) wid=q"dwy

for any ¢ € ES) ). Higher dimensional forms can be defined in a natural way by
requiring compatibility for commutation relations and that d> = 0. Consider the
tensor product {Q(SU4(2))}®? = Q'(SU4(2)) @ a(su,2)) ' (SU4(2)). A consistent
alternation mapping on {Q(SU,(2))}®?, generalising the alternation mapping in
the classical formalism, can be introduced only if the quantum differential calculus
is bicovariant. The strategy to define a wedge product comes then from Lemma 15
in chapter 14 in [21], where it is proved that Sog, ., () = >, (XaXs, T) wa @ wp
for any 2 € Qgu,(2) generates a two-sided ideal in {Q(SU4(2))}®2. The bimodule
of exterior differential 2-forms results to be the quotient

(3.51) Q%(SU4(2)) > {Q1(SU,(2))}7?/ A(SU,(2)){Se }A(SU,(2)).

The wedge product A : Q1 (SU,(2)) x Q1 (SU,(2)) — 2%(SU4(2)) embodies the com-
mutation relations among 1-forms: from the six generators in Qgy, (2) the elements
generating Sg can be written as

Wy Awy =w_ ANw_ =w, ANw, =0,
woAwy +q 2w, Aw_ =0,
wz/\w,—i—q‘lw,/\u)z:07

(3.52) w, Awy +q*wy Aw, =0.

Such commutation rules also show that the bimodule Q?(SU,(2)) is 3 dimensional,
the three basis 2-forms being exact, since one has

dw, = —w_ Awy,
dw; = (1 + ¢*)w, A wy,
(3.53) dw_ = -1+ ¢ Hw, Aw_;

the commutation relations moreover clarify that this left covariant calculus has a
unique top form w_ Aw, Aw,. The *-structure is extended to Q™" by (a A B)* =
(=)™ p* Aa* with @ € Q™ and 3 € Q™. This definition is compatible with (3.52).

The left covariance of the differential calculus allows to extend to higher order
forms in a natural way the left coaction Ag) of A(SU,(2)) on Q'(SU4(2)). An
element € {Q1(SU,(2))}®* can always be written as n = 24, ... a) Wa; @ -+ @ Wa,
in terms of the left invariant forms w; in (3.48). Define

k
A(L )(77) = Tay..an(l) @ Tay...ap(2)Way @ - - @ Way,

from the Sweedler notation for the coproduct A(xg,. 4, ). One proves that this
definition is consistent on the exterior algebra QF(SU,(2)), as A(LQ) (So) C1® So,
and that A(Lk)(dn) =(1® d)A(kal)(n) for any n € QF(SU,(2)) with k& = 1,2,3.
The relations (3.53) show then that Q%(SU,(2)) has a basis of exact left invariant
forms, given by dwy; it is also clear that w_ A wi Aw, is a left-invariant 3-form.
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3.4.2. The calculus on the structure group. The strategy adopted in [6] consists
in defining the calculus on U(1) via the Hopf projection 7 in (3.28). Out of the
Qsu, (2) which determines the left covariant calculus on SU,(2), one defines a right
1deal Qu) = m(Qsu,(2)) C ker ey for the calculus on U(1).

This specific QU(1) results generated by the element & = (27! — 1) +¢%(z — 1),
and the differential calculus is then characterised by the quotient kerey(1y/Qu)-
Any term in kerey(p) can be written as ¢ = u(z — 1) = > ., u; 27 (z — 1), with
u=3 iz u;z? € A(U(1)) and u; € C, so that the elements p(j) = 27(z — 1)
define a vector space basis over C of kerey(). The basis elements ¢(j) can be
written in terms of the element &, via the two identities:

720, ()= (x-1)= (Z g "’“) +q ¥ (z 1),

m=1
. l7]—1 . ,
(354) j<0, @) =zVz-1)==¢[ D ¢l 4¢PV 1),
m=0

which can be proved by induction on j. Define a map A : kerey(;) — kerey()
setting on the basis elements A\(¢(j)) = ¢~% (2 — 1), and linearly extending it to:

(3.55) Aru(z—1) Z u;z? (2 — 1) — Z u;q (2 —1).
JEL JEZ

It is clear that A describes the choice of a representative element out of the equiva-
lence class [u(z—1)] € kerey(1)/Qu), since it is possible to see that ker A = Qu)
To prove this assertion, one first directly computes that A(¢) = 0, then since X is
linear one recovers that A(u) = Au(g®(z — 1) + (271 = 1))) = ¢*Mu(z — 1)) +
AMu(z71 = 1)), so to have:

Mué) = @ Mu(z — 1)) + A Z ujzd (271 = 1)

JEZ

=@ Nu(z = 1)+ M| - Z u;zd 7z

JEZ

(3.56) Z ujq ¥ (z—1) | — Z ujq 20" (z —1) =0,

JEZL JEZ

thus proving that Qy ;1) C ker A. To prove the inverse inclusion, consider an element
i = u(z — 1) € kerey(y), and write it as:

u(z—1) Zujz]z—l

JEZ

= Z u;z? (2 — 1) + Z u_jz 7 (z—1)
JjEN JjeEN

=Y wie(E+q P (z—1) + Y u(B(=h)+¢¥ (2 — 1))
JEN JjEN

(3.57)
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where a(j) = Y _, ¢ 2m2i=mH and B(—j) = Zm L 2m 1+ m=lil are the terms

m=

proportional to £ in (3.54) for positive and negative values of j € Z. The previous
sum can be rewritten as:

u(z —1) Zuj —&—Zu,jﬁ( +Zuq2jz—1)
JjEN JEN JEZ
From the definition (3.55), it is A(@) = 0 < 3.5 ujg~* = 0, so the last lines
proves that ker A C Quy)-

LEMMA 3.4. Given the ideal Qu(1) C kerey() generated by the element § =
(z7'=1)+¢*(z— 1), it is kerey(1y/Quqr) ~ C.

PROOF. Define a map X : ker eu() — C setting, on the basis elements ¢(j) €
ker ey (1), S\(Cp(j)) = ¢~% and extending it to ker €y(1) by linearity. The properties
of the map A defined in (3.55) clarify that ker A = Qu(1), so to give a well defined
map A : ker eu)/Quay — C. It is immediate to see that \ is an isomorphism of
vector spaces, thus descrlbing the equivalence: with w € C, the map 5\*1(111) =
w € [w(z —1)] C kerey(yy represents the inverse of the map A O

This result shows that the differential calculus generated by the specific Q1)
is 1D, while a direct computation shows that it is bicovariant. As a basis element
for its quantum tangent space one can consider

4
(3.58) X=X, = 11_7;{2
with dual left-invariant 1-form given by w,. This calculus turns out to have a
x-structure, with w} = —w,. Explicitly, one has w, = z*dz with
dz = zw,,
dz* = —¢*2*w,;

and noncommutative A(U(1))-bimodule relations

2dz = ¢*(dz)z;
Wy = q_QZwZ,
w2t = ¢?2rw,.

3.4.3. The standard 2D calculus on SZ. The restriction of the above 3D calculus
to the sphere Sg yields the unique left covariant 2-dimensional calculus on the latter
[26]. An evolution of this approach has led [32] to a description of the unique 2D
calculus of 82 in term of a Dirac operator T he ‘cotangent bundle’ QI(S?I) is shown

to be isomorphic to the direct sum 0 EBE , that is the line bundles with winding
number £2. Since the element K acts as the identity on A(S2), the differential
(3.47) becomes, when restricted to the latter,

df = (X_> flo + (X4 > flwg
= (F> f) (@ Pw )+ (Ev f) (¢%wy),  for f € A(SY).
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These leads to break the exterior derivative into a holomorphic and an anti-holomorphic
part, d = 0 + 9, with:

Of = (X_v flw_ = (F> f) (¢ w2),
of = (Xy > flwy = (Ev f) (¢ 2wy), for feA(Si)-
An explicit computation on the generators (3.31) of Sg yields:

0B_ =q 'a’w_, 0By =qcaw_, 0By =qctw_,

OB, =q¢*a*?*w,, 0By=—¢’c*a*wy, O0B_ =q*c?w,.
The above shows that: Q'(S2) = Q! (S2)®Q} (S2) where Q! (S2) ~ E(_O% ~ 9(A(S2))
is the A(S2)-bimodule generated by:
{0B_,0By,0By} = {a* ca,c*} w_ = ¢*w_{a?, ca,c*}
and Q} (S2) ~ ESB% ~ 9(A(S?2)) is the one generated by:
{0B,,0By,0B_} = {a*?, c*a*,c*}wy = ¢ 2w, {a*?, c*a*, c*?}.
That these two modules of forms are not free is also expressed by the existence of
relations among the differential:
0By =q 'B_0B, —¢*B,0B_, 0By = qB,0B_ — ¢ *B_0B,.

Writing any 1-form as o = ¢'w_ + ¢"'w,y € E(_OQ)w, e ng+, the product of
1-forms is

(859)  (Fw +0wi) AW +0wy) = (g26"0 — ¢ Yoy A,
while the exterior derivative acts as:
A +¢"wy) = (@) Aw_ + ¢/dw_ + (dg") Awy + ¢dwy
= (X;>¢ wy Aw— + {(X.0¢ w, Aw— + ¢'dw_}
+ (X > w_ Awy + {(X:0¢"w, Awy + ¢ dwy }
(3.60) = {(X_p6") — A(Xapd) b Ay,
since the terms in curly brackets vanish: {(X,>¢")w, Aw_+¢'dw_} = {(X,p¢" )w. A
wy + ¢"dws} =0 from (3.53) and (3.32). It is then clear that the calculus on the
quantum sphere is 2D, and that Q*(S?) = A(S?)w_ Awy = w_ Aw, A(S2), as both
w+ commute with elements of A(S2) and so does w_ Awy.

REMARK 3.5. From (3.53) it is natural to ask that dw_ = dwy = 0 when
restricted to S2. Then, the exterior derivative of any I-form o = ¢'w_ + ¢"w, €
E(_O%w_ & £582)w+ is given by:

do = d(Fw_ +¢"w,)
=0¢' Nw_ +0¢" Nwy
= (X0 — ¢ 32X >¢")wy Aw_
(3.61) = ¢ V(B¢ — ¢ Fod wy Aw_,
since K> acts as ¢T on £(¢02)‘ Notice that in the above equality, both E>¢’ and F>¢"
belong to A(S2), as it should be.
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The above results can be summarised in the following proposition, which is the
natural generalisation of the description in (2.56) of the classical exterior algebra
on the sphere manifold S2.

ProposiTION 3.6. The 2D differential calculus on the sphere Sg s given by:
Q(S2) = A(S2) & (ﬁ@;w, @ ggogw+) ©ASDwy Aw,
with multiplication rule
(fo; @', ¢"; f2) (90; ¢, 0" 92)
= (fogo; fot' + ¢ go, fol" + ¢ go; foga + fag0 + a 2¢"Y — ¢'¥"),

and exterior derivative d = 0 + 9:

f= (¢ V2P f, ¢ 2Exf), for f € A(S?),

(@',8") = ¢ V2(Evg! — g\ Fog"), for (¢,¢") € LY e L),

3.4.4. The compatibility between the calculi. Given the 3D left-covariant dif-
ferential calculus on SU,(2) described in section 3.4.1, as well the 1D bicovariant
differential calculus on the gauge group algebra U(1) in section 3.4.2, the ‘principal
bundle compatibility’ of these calculi is established by showing that the sequence
(3.17) is exact. For the case at hand, this sequence becomes

0 — A(SU4(2)) (2'(S2)) A(SU,(2)) —

1 ~Nsug(2)
— Q°(SU4(2)) — A(SU,(2)) ® kerey(ry/Quy — 0,
where Quy) is the ideal given in section 3.4.2 that defines the calculus on A(U(1))
and the map ~xy, ., is defined as in the diagram (3.15) which now acquires the
form:

TNsU4(2)
—

O (SUq(2))un 01(SU,4(2))
L x ‘LNNSUq(Q)
id ®7TQU(1>

A(SUQ(2)) ® ker €U(1) — A(SUQ(2)) ® (ker EU(l)/QU(l)) .
Having a quantum homogeneous bundle, that is a quantum bundle whose total
space is a Hopf algebra and whose fiber is a Hopf subalgebra of it, with the dif-
ferential calculus on the fiber obtained from the corresponding projection, for the
above sequence to be exact it is enough [7] to check two conditions. The first one
is

(id®m) o Ad(Qsu,(2)) C Qsu, @) @ AU(1))

with 7 : A(SU4(2)) — A(U(1)) the projection in (3.28). This is easily established
by a direct calculation and using the explicit form of the elements in Qgy, (2)- The
second condition amounts to the statement that the kernel of the projection 7 can
be written as a right A(SU,(2))-module of the kernel of 7 itself restricted to the
base algebra A(S2). Then, one needs to show that kerm C (ker 7[s2)A(SUq(2)),
the opposite implication being obvious. With 7 defined in (3.28), one has that

kerm = {cf, ¢*g, with f,g€ A(SU,4(2))}.

Then cf = c(a*a+ c*c)f = ca*(af) + c*c(cf), with both ca” and c*c in ker m|gz.
The same holds for elements of the form ¢*g, and the inclusion follows.
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The analysis of the map ~ngy ) Q1(SU4(2)) — A(SU4(2)) ® kereyay/Qua)
shows that wy € Q'(A(SU,(2))) are indeed the generators of the horizontal forms
of the principal bundle, being in the ker N Nsu, 2+ From (3.39) one recovers:

x(6a) =a® (2 - 1),
x(0a™) =a* ® (2" — 1),
x(d¢) = c® (z - 1),
x(6c*) =c" @ (z* —1).

Given the two generators wi and the specific Qgy, (2) which determines the 3D
calculus, corresponding universal 1-forms can be taken to be:

wy = adc — qeda = (adc — qcda) € [WNSU(I(2)]_1((A)+)7
w_ =c*da* — qa*dc” = (c*0a™ — ga*dc*) € [WNSUq(z)}*l(w,).
The action of the canonical map then gives:
x(adc — qcda) = (ac — qea) @ (z — 1) =0,
x(c*0a* — qa*dc*) = (c*a* —ga*c") ® (z* = 1) =0,

which means that

(3.62) ~Nsuy e (W) =0
For the third generator w,, one shows in a similar fashion that
(3.63) ~Nsug(2) (w:)=1® (ﬂ-QU(l)(z —1)).

From these it is possible to conclude that the elements w4 generate the A(SU,(2))-
bimodule of horizontal forms, while from (3.58) one has that the vector X = X, =
(1—¢2)71(1 — K*%) is the dual generator to the calculus on the structure Hopf
algebra A(U(1)). For the corresponding ‘vector field’ X on A(SU,4(2)) as in (3.18),
one has that X (wy) = (X, ~nyy, ) (W) = 0, while X (w2) = (X, ~ay, ) (W2)) =

1. These results identify X as a vertical vector field.

4. A x-Hodge duality on 2(SU,4(2)) and a Laplacian on SU,(2)

In classical differential geometry a metric structure g on a N-dimensional man-
ifold M enables to define a Hodge duality x : Q¥(M) — QN =*(M) on the exterior
algebra Q(M). The strategy is to consider the volume form 6 € QY (M) associated
to a g-orthonormal basis; this corresponds to the choice of an orientation. Via the
Hodge duality it becomes possible to introduce in Q(M) both a symmetric bilinear
product and a sesquilinear inner product.

The algebraic formulation of geometry of quantum groups, that has been de-
scribed, presents no metric tensor. The strategy to introduce a Hodge duality on
the exterior algebra Q(H) coming from a N-dimensional differential calculus on a
Hopf algebra H is then reversed with respect to the strategy used in the classical
setting. The path consists in defining a suitable bilinear product on Q(H) and
considering a volume N-form, from which to induce a x-Hodge structure, using an
equation like the one in (2.33) as a definition.

The following description of the quantum formulation of a Hodge duality orig-
inates from [22]. Assume that H is a *x-Hopf algebra equipped with a left covariant
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calculus (Q!(H),d), with N the dimension of the calculus such that dim QF (H) =
1, dim Q¥ (H) = dim) *(H). Suppose also that H admits a Haar state h : H — C,
that is a unital linear functional on H for which (id ® h)Az = (h ® id)Az = h(z)1
for any x € ‘H, where 1 is used to emphasise the unit of the algebra. Suppose
further that h is positive, that is h(z*z) > 0 for all z € H; it is known that the
Haar state is unique and automatically faithful: if h(z*xz) = 0, then necessarily

x = 0. One can endow H with an inner product derived from h, setting:
(4.1) (@' 2)% = h(z"2)

for any x,2’ € H. The whole exterior algebra can be endowed with an inner
product, defined on a left invariant basis and then extended via the requirement of
left invariance,

(4.2) (W rw)y = h(z" ") (W, w)x

for any x, 2’ € H and left invariant forms w,w’ in Q(H). An inner product is said
graded if the spaces 2*(H) are pairwise orthogonal.

Out of QN (H) choose a left invariant hermitian basis element § = *, which
will be called the volume form of the calculus. A linear functional [, : Q(H) — C —
called the integral on Q(H) associated to the volume form 6§ € Q (H) —is defined by
setting [, = 0if  is a k-form with & < N, and [, n = h(z) if n = z 6 with z € H.
The differential calculus will be said non-degenerate if, whenever n € QF(H) and
7' An =0 for any ¥ € QNF(H), then necessarily n = 0. This property reflects
itself in the property of left-faithfulness of the functional fG: starting from a non
degenerate calculus, it is possible to prove that, if 7 is an element in QF(H) for
which [, 7/ An=0for all n € Q¥N~F(H), then it is n = 0.

PROPOSITION 4.1. Given the exterior algebra Q(H) coming from a left covari-

ant, non degenerate calculus (Q'(H),d), there exists a unique left H-linear bijective
operator L : QF(H) — QN=K(H) for k=0,..., N, such that

(4.3) /77* ANL(') = (n'sm)n

0
on any n,n’ € QF(H).

The proof of this result is in [22], where the operator L is called a Hodge oper-
ator. With a left-invariant inner product which is positive definite, i.e. (w,w)y >0
for any exterior form w, the operator L does not yet define a x-Hodge structure on
Q(H), since its square does not satisy the natural requirement (2.29). It is then
used to define a new graded left invariant inner product setting on a basis of left
invariant forms w € Q(H):

(W'
;W'

(4.4) (w

)i = (Wi, on Q¥ (H), k < N/2;
)3 = (L7 (w); L7 (W'))ns onQF(H), k > N/2.
If N is odd, these relations completely define a new left invariant graded inner

product on the exterior algebra (H); notice also that assuming the relation (4.1)
means that (1;1) = 1, from which one has L(1) = 6, so to obtain in (4.4) that

(0;0)%, = (1;1)5 = 1.
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In analogy with (4.3) define a new Hodge operator L% : QF(H) — QN =% (H) via
the inner product given in (4.4) as

(4.5) /en* NLE) = (1'm)5

Due to the left-faithfulness of the integral, it is clear that L% is a well defined
bijection, which satisfies the identity L = L% when restricted to QF(H) with k <
N/2. Such an operator Lf is also proved to satisfy (LF)? = (—1)*V=F): this is the
reason why one can define a x-Hodge structure on Q(H) as:

(4.6) *: QF(H) — QVF(RH) * () = L¥(n).

The relation (4.5) appears as the quantum version of the classical relation (2.35),
which is now used as a definition for the Hodge duality.

If the dimension of the calculus is given by an even N = 2m, a more specific
procedure is needed, The same procedure as before gives a x-Hodge operator on
QF(H) for k # m via the inner product (4.4). Using the volume form 6 € QY (H)
set now a sesquilinear form

(4.7) of ) = /9 N

which is non-degenerate by the faithfulness of the integral fe' The H-bimodule
Q™(H) has a basis of ( QTZL ) left invariants elements w,. The restriction of

(4.7) to elements w, defines a sesquilinear form on the vector space QI : this

nv*
form is hermitian if (—1)™" = 1, and anti-hermitian if (—1)™" = —1, so it can be
‘diagonalised’. There exists a basis w; € Q™ (H) such that one has (Wq, ) = £dap
if it is hermitian, and (W,, Wp) = Fidap if it is anti-hermitian. It is then possible to
use such a basis to define a left H-linear operator £ : Q™(H) — Q™ (H) setting on
the basis

(4.8) £(@a) = (1) (Vs Ga) D
(no sum on a). This map is a bijection, and satisfies £2 = (—1)m2, so a x-Hodge
structure on QI (H) can be defined as:

(4.9) *(Wq) = L(Wa),

and extended on any n € Q™(H) by the requirement of left linearity, thus giving
a complete constructive procedure for a x-Hodge structure on Q(H). The Hodge
operator £ : Q™ (H) — Q™(H) is then used to introduce a left invariant inner
product on Q™ (H), defined by:

(4.10) (waswp)l, = /9 wi A L(wa),

on a basis of left invariant {w,} 2-forms, and then extended via the requirement of
left invariance as in (4.2). It is easy to see that the definition eventually gives the
inner product

(4.11) (@a; Db)% = Oab-
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4.1. A x-Hodge structure on Q(SU,(2)). This section describes how the
outlined procedure yields a left invariant inner product on the exterior algebra
Q(SU,(2)) generated by the left covariant 3D calculus from section 3.4.1, and the
way it gives rise to a x-Hodge structure. Such a x-Hodge structure will be then used
to define a Laplacian operator on A(SU,(2)), which is completely diagonalised.

The Hopf algebra A(SU,(2)) has a Haar state h : A(SU,(2)) — C, which is
positive, unique and authomatically faithful. From the Peter-Weyl decomposition
of A(SU,4(2)) in terms of the vector space basis elements wp..: € W, (3.43), the
Haar state is determined by setting:

h(1) =1 h(wprt) =0 Vp > 0.

The algebraic relations (3.19) among the generators of A(SU4(2)) makes it then
possible to prove that the only non trivial action of h on A(SU,4(2)) can also be
written as:

koo 1
h((cc*)¥) = (Z )t =
§=0

142+ g2k
with & € N. One can define on .A(SU,(2)) an inner product derived from h, setting:
(4.12) (', x)su, (2) = h(z"z")

with z, 2" € A(SU,4(2)). The differential 3D calculus being left covariant, the set
of k-forms QF(SU,(2)) has a basis of left invariant forms. The exterior algebra
Q(SU4(2)) is endowed with an inner product, defined on a left invariant basis and
extended via the requirement of left invariance:

(', TWw)sy,(2) = (2" ) (o, w)su, (2)

for all =,z in A(SU4(2)) and w,w’ € Q(SU,(2)) left invariant forms. Assume
the top form 6 = o&/w_ A wy A w, as volume form, with o/ € R so that 6* = 6.
The integral on the exterior algebra Q2(SUy(2)) associated to the volume form 6 is
defined by [, n = 0if n is a k-form with & < 2, and [,n = h(z) if n = x0. This
integral is left-faithful.
Set a left invariant graded inner product by assuming that the only non-zero
products among left invariant forms are:
(17 1)SUq(2) = ]-7
(4.13) (0,0)su,2) = L
while in Q'(SU,(2)) are:
(w77w7>SUq(2) = /87
(w+aw+)SUq(2) =v,
(4.14) (w2 Wz)SUq(Q) =7
with 8,v,v € R, and:
(W- Awy,w- Awy)su,e) =1,

(Wi Awsz,wi Awz)su,@2) =1
(4.15) (W Nw_,w, Aw_)su,2) = 1
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in Q2(SU,(2)). This choice comes as the most natural in order to mimic the proper-
ties of the classical inner product (2.37), coming from the classical Hodge structure
(2.27) originated from the metric (2.26). The Hodge operator defined in (4.3) is:

L(1) =d w_ Awy Aw,,
Lw_)=—dBq %w. Aw_,

L(wy) = —ad'vwy Aw,,

hh

(

(

() = —arw_ Aw,,
(w- Awy) = —a’ w,,
L(wy ANw,) = —ad’ wy,
Lw, Nw_) = —ad w_,
(4.16) Llw_ Awy Aw,) =a' ™%

The Hodge operator L is used to define a new graded left invariant inner product

on 2(SU4(2)), as

(w',w)qu 2 = @, w)su, @) on QF(SU,(2)), k=0,1;
(417) (W Wiy, o) = (L7THW), L7 (W))su, @) on QF(SU,(2)), k = 2,3,
on the basis of left invariant forms. On Q*(SU,(2))) — with k = 2,3 — one has:
(- Awrwm A ) = @297,
(We ANwy,wy A wz)hSU 2= =a 2
(W ANw_yw, Aw_ )hSU() q2a’7237L,
(4.18) (0, )SUq(Q) =1L

Associated to this new inner product there is in analogy a new unique left A(SU,4(2))-
linear operator L* : QF(SU,(2)) — Q37%(SU4(2)) defined by [, n* A Li(y/) =
(1, m)?, which is a bijection. This operator is such that (L)? = (=1)*G=%) =1, s0
following (4.6) one has a ~-Hodge structure on the exterior algebra Q(SU,(2)):

(4.19) *: QF(SUL(2)) = Q¥F(SUL(2)) = (n) = Li(n),
given by:

1)=0=0dw_ Awy Aw,,

-6 Wy Nw_,

w-) = —ad'fBq
)= —dvwy Aws,

w,)=—avyw_ ANwy,

(
(
(
(
*x(wo Awy) =—a Iy,
(
(
(

/—1 71
W,

1
T w,
/—1

—Q
—Q

(4.20) *(w_o Nwy Aw,) =«

REMARK 4.2. The definition of the graded left invariant inner product (-, ')qu(z)

in (4.17) shows that, in order to have a x-Hodge structure on the exterior algebra
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Q(SU4(2)) generated by the 3D calculus, it is sufficient to choice an hermitian vol-
ume form and a graded left invariant inner product only on Q*(SU4(2)) for k =0, 1.
This is a general aspect: given a Hopf x-algebra H, equipped with a finite odd N di-
mensional left covariant differential calculus, the formalism developed in [22] shows
that what one needs is an hermitian volume form and a graded left invariant inner
product on QF(H) for k < N/2.

4.1.1. A Laplacian operator on A(SU4(2)). Given a differential calculus and a
*-Hodge structure on the Hopf algebra A(SU,(2)) it is possible to define a scalar
Laplacian operator Ugy, (2) : A(SU4(2)) — A(SU4(2)) as Ogy, (2)¢ = xd x d¢ for
any ¢ € A(SU,(2)). This Laplacian can be written down by a computation on the
basis of the left invariant forms of the calculus:

d¢ = (X+D¢)w+ + (X—D¢)w— + (Xz>¢)wz§
*xdp = —a' V(X pd)wy Aw, + B (X _pd)w, Aw_ +y(X.>p)w_ Awy].

The last line comes from (4.20) and the left linearity of the x-Hodge on the exterior
algebra Q(SU,(2)). By (3.53) the derivative d acts on the previous 2-form as:

(4.21)
dxdp = —a'[V(X_X 0¢)(w_ Awy Aw.) + B¢ (X, X o) (wy Aw, Aw_)
+ Y( X X p0) (we Aw_ Awy)]
=—o{[vX_X; +8X: X_ +9X. X.]po}(w_ Awy Aw,),

where the commutation rules (3.52) have been used. The last of (4.20) finally gives
the Laplacian operator the expression:

(4.22) *dxdp = —[VX_X| + X, X_ +7X.X.]p¢

in terms of the left action of the quantum vector fields of the calculus. The ex-
pression (4.22) shows that Ogy, (2) : £, — L. This operator can be diagonalised.
One has to recall the decomposition (3.41) of the modules £,, for the right action
of U,(su(2)): this right action leaves invariant the eigenspaces of the Laplacian
since left and right actions of U, (su(2)) on A(SU4(2)) do commute. On each ir-
reducible subspace VJ(n) (3.41) for the right action of U, (su(2)) one has a basis
bngy = (77 2aq7H/2) 9 Bl = way.g-ny (with I = 0,...,2J) of eigenvectors
(3.43) for the Laplacian. The spectrum of the Laplacian does not depend on the
integer [: an explicit computation shows that

X.X. > ¢n g1 = "V [nbn 50,
n
Xy X > ongi=q""N[J - *HJ +1+ 5] + [n])bn, 1105

(4.23) X_Xy>ongi=q""(J - HJ+1+ Dd)nu

The spectrum of the Laplacian (4.22) is then given as Oguy, (2)®n,J1 = An,J,1%n,J1
with:

(4.24) Anji=—q {I/Q[J**HJHﬂL Hﬂq*l([J**][JﬂLH 1 +[n])+7q" 2 [n]}.
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5. A x-Hodge structure on Q(Sg) and a Laplacian operator on .A(Sg)

The way the x-Hodge structure (4.20) has been introduced on Q(SU4(2)) comes
from the analysis in [22]. The aim of this section is to extend that procedure in
order to introduce a x-Hodge structure on (S2). The strategy is to directly follow
the same path, and to apply to the differential calculus Q(S?I) the same procedure,
explicitly checking its consistency in the new setting.

5.1. A x-Hodge structure on A(S?). The differential calculus on the quan-
tum sphere Sg has been described in section 3.4.3 and fully presented in proposition
3.6. It is a 2D left covariant calculus: as a volume form consider 6 = ia//w_ A w,.

LEMMA 5.1. The 2D calculus Q(Si) from proposition 3.6 is non degenerate.

PROOF. The proof of this lemma is direct. To be definite, consider a 0-form
n=f with f € A(S2) ~ ﬁ(()o), 50 to have a product

nAn=fllw-ANwi)f =Fffw_Nwy

from the commutation rules in (3.50), where ' = f'w_ Aw, with f' € L(()O). One
has n’ An=0 & f'f = 0: such a relation is satisfied for any f’' € E(()O) iff f=0.
Consider now the 1-form n = zw_ with = € [Z(_O%, so to have a product

nAn=(@'v_+ywi)ANrw_ = -y rw_ ANwy

where (2/,y') € (Eg, E(QO)). The relation ' An =0 < y'x =0 is satisfied for any

y' € Ego) iff z = 0. The remaining cases can be analogously analysed, thus proving
the claim. 0

The restriction of the Haar state h to A(Sz) yields a faithful, invariant — that is
h(f<X) = h(f)e(X) for f € A(S2) and X € Uy(su(2)) - state on A(S2), allowing
the definition of an integral fé : Q(Sg) — C given by:

/f —0, onf e A(S2),
0
/nz(), onn € Ql(Sg),
0
(5.1) /éfw, ANwy = —ia" " h(f).

LEMMA 5.2. The integral [; defined in (5.1) is left-faithful.

PROOF. The proof of this result is also direct. Consider, to be definite, the 1-
formn = zw_ withz € ﬁ(f)%, and a generic / = z'w_+y'w; € Q'(S2). The relation
Jin An =0 for any ' € Q'(S?) is equivalent to the condition h(y'z) =0 Vy' €
Ego). Since this last equality must be valid for any 3’ € C;O), choosing ¢y = z*,

it results h(x*z) = 0: the faithfulness of the Haar state h then gives © = 0. The
claim of the lemma is proved by an analogous analysis on the remaining cases. [

The restriction to (S2) of the left invariant graded product (4.17) on Q(SU,(2)),
which is the one compatible with the x-Hodge structure, gives a left A(Sﬁ)—invariant
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graded inner product:

(L 1)83 =1
(z'w_ +ywy, vw- +ywi)sz = h(z"") B + h(y™y )v;
(5.2) (W- Awp,w_ Awy)s: =a'~ 2y,

with , z,2’ € E(,OQ) and y,y’ € £;0). Recalling proposition 4.1 — namely equation

(4.3) — and the results proved in lemmas 5.1 and 5.2, a left A(S?)-linear Hodge
operator L : QF(S2) — Q27%(S2) can be defined for k& = 0,2. From the first
line in the inner product relation (5.2) one has L(1) = 6, while the third gives
L(f) = a/?a/~2y~ 1. Tt is evident that for such an Hodge operator it is L? # 1, which
is a natural requirement for a x-Hodge structure on Q%(S2) for k = 0,2. On the
exterior algebra Q(SU,(2)) this problem was solved by changing the inner product
via the definition (4.17), and proving that the new Hodge operator does satisy all
the required properties to have a consistent x-Hodge. Following an analogous path,
define

b _
(la 1)33 - 17
(@'w- +ywr, zw- +yws)l = (@wo +ywr, T +Fyws)ss,
(53)  (0.0)% =(L7(0),L7(0))s: =1,

where the inner products on 1-forms amounts to a different labelling of the inner
product in (5.2). The Hodge operator on 2%(S?) for k = 0,2 relative to such a new
inner product is given by Lf(1) = 6 and Lf(f) = 1. But now the inner product has
changed: the requirement that the inner product ( , )qu(z) on the exterior algebra
Q(SU4(2)) fixed — via a restriction, as given in (5.2) — the inner product ( , )sz on
the exterior algebra Q(S?) implies that the condition

(5.4) (éaé)hsg = (é é)sU .(2)

has to be imposed, giving
(5.5) o2y =1

as a constraint among the parameters. The constraint (5.4) can be interpreted as
the quantum analogue of fixing the classical metric on the basis S? of the Hopf
bundle as the contraction of the Cartan-Killing metric on S® ~ SU(2), since that
choice in the classical formalism, as stressed in remark 2.2, gives the equality of the
inner product on (S5?) defined in (2.65) with the restriction of the inner product
on Q(S3) given in (2.35).

The differential calculus on S?I is even dimensional with N = 2, so on Ql(Sg)
define a sesquilinear form:

(5.6) (n',n) = /én* A =id""Hh(y"y') — ¢*h(z*2')}

where n = 2 w_ + ywy and ' = 2'w_ + y'wy, with z,2’ € ﬁ(_ and y,y’ € E(O)
The quantum sphere 83 is a quantum homogeneous space and not a Hopf algebra,

so there is no left-invariant basis in Ql(Sg): neverthless such a sesquilinear form
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can be ”diagonalised”, as
(rw_,zw ) = —ig>a”" " h(z*x);

(5.7) (ywi,ywy) =ia" " h(y*y),

where the faithfulness of the Haar state ensures that the coefficients on the right
hand side of these expressions never vanish. The general result from [22] — recalled
in (4.8) — is no longer valid on a quantum homogeneous space: the diagonalisation
in (5.7) suggests indeed a way to define a Hodge operator. Since o’ can be both
positive or negative, define

" 1/2
0 = —1 |Oé | _

d 1/2

5.8 yoy = < ) yw
( ) + h(y*y) +
so to have from (5.7):

) ‘all|

(x0_,x0_)=—i 7

) a//

(5.9) (o0 =i

In the same way as in (4.8), define a left .A(S?)-linear operator £ : Q'(S2) — Q'(S2)
setting:

B '|a//|

L(zh_) =1 7 z6_,
. |a//|
(5.10) Lyby)=—i i y05.
Such an operator clearly satisfies the condition £2 = —1 for any value of o”.

It is not yet a consistent Hodge operator: it has to be compatible with the left
invariant inner product on Q*(S?) obtained in (5.3) as a restriction of the analogue
on 2'(SU4(2)). From the relation (4.10), this compatibility must be imposed:

(5.11) of )y = [ 0 )

This condition is fulfilled if and only if the parameters in this formulation satisfy:
(5.12) "8 = ¢*,

(5.13) o |lv = 1.

The *-Hodge structure on Q(S?2) is defined as a left A(S?)-linear operator whose
action is given by:

*x (1) =i w_ Awy,

.‘Oé//|
*(rw_) =1 i (xw_),
,|O/l|
*(yws) =~ (yws),
(5.14) * (iw_ Awy) =a" 1

with the parameters o/, o, 3, v, satisfying the constraints (5.5), (5.12), (5.13).
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REMARK 5.3. The x-Hodge structure (5.14) differs from the one in [26], because
in that paper the x-Hodge structure was required to satisfy the relation x> = 1,
while the path followed here is to remain consistent with the requirement that x> =
(—=1)*N=K) on k-forms from a N -dimensional calculus.

The definition (5.14) of the Hodge duality is still not complete. The constraints
among the parameters involve the absolute value of o/, so one still needs to choose
their relative signs. In the classical setting the only parameter was a € R, and
it has been chosen positive so to give a riemannian metric ¢ in the analysis of
section 2.2. As it is clear from (2.31) and from the definition (2.33), the positivity
of the metric implies the positivity of the symmetric form (, )g¢s (2.31) and of the
sesquilinear inner product ( , )gs (2.33): the signature of the metric tensor implies
the signature of both the bilinear forms

In the quantum setting, having no metric tensor, the choice of the relative signs
of the parameters is equivalent to choose the signature of the left-invariant inner
product (4.14) on Q'(SU,(2)): this will encode a specific metric signature.

The natural choice for a riemannian signature is, from (4.14) and (4.18), given
by B,v,7 € R4. This choice turns out to be compatible with (5.5), (5.12) and
(5.13) for every o and o”. From (5.12) and (5.13) one also has that:

(5.15) B = q¢*v.
This relation has a number of interesting and important consequences, described
in the next propositions.

PROPOSITION 5.4. The x-Hodge structure given as a left A(S?)-linear map
* Qk(Sg) — QQ*k(Sg) for k=0,1,2 and defined by (5.14), has the property*
(5.16) () A = (=) Ax()

Jor any n,n" € QF(S2).

PROOF. The relation is trivially satisfied for k = 0,2. Consider now the two
elements 7 = zw_ +ywy and 7' = 2'w_ + y'wy in Q1(S2), which means z,z’ €
E(_O% and y,y € Ego) by proposition 3.6. The multiplication rule from the same
proposition gives:

(xn) A =i (Bay' +vyrw- Aws,

(5.17) nA (1) = —ia" (¢ 2Byr’ + Pray)w_ Aw,.
The two expression are equal — up to the sign, which is the claim of the proposition
— from (5.15). O

PROPOSITION 5.5. The left A(S?)-linear x-Hodge map defined by (5.14) is right
A(S2)-linear: given n e Q(S2), it is x(nf) = *(n)f for any [ € A(S2).
PrOOF. The 2D differential calculus on the quantum sphere Sg has the specific

property, coming from the bimodule structure (3.50) of Q!(SU,(2)) — where one
has wy¢ = q"pwy for any ¢ € £~ that wt+f = fwy with f € L'(()O) ~ A(Sﬁ).

4In the classical formalism, the x-Hodge structure on an exterior algebra coming from a N
dimensional differential calculus * : Q% (H) — QN —F(H) satisfies the identity (2.30):

nA (k') = 1" A (xn)
to which the identity (5.16) reduces in the classical limit.
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The claim of the proposition is trivial for n € Q°(S?) ~ A(S?). For a 1-form
n=zw_ 4+ ywy in Q'(S2), one has:

“(f) = *l(aw- +ywoi) f) = x(@fw- +yfuws) = ia"viafo - yfws)

— 0" u(rw_ — ywy)f = *0)].
An analogue chain of equalities is valid for n = f'w_ Aw, € Q*(S?), with f' €
A(S2). O

In the same way it is possible to prove the following identities, which will be
explicitly used in the analysis of the gauged Laplacian operator, and which slightly
generalise the last proposition.

LEMMA 5.6. Given the left A(Sg)-lmear *x-Hodge map defined by (5.14), with
XS Eglo)) S ﬁ(,o,)L and 1 € Q'(S2) one has:
*(¢'nd) = ¢'(xn)¢,
(¢ (w- Nwi)d) = ¢°" ¢ {x(w- Awi)}o.

Proor. With ¢'n¢ € Q'(S2), and again n = zw_ + yw,, it is explicitly:
*(d'nd) = x(¢'¢" (ypwi + vpw_)) = —ig"a"v ¢ (ypwy — zPw_)
— oy ¢! (s — 2w_)p = ¢ (k1)

(¢ (W Awi)9) = ¢ * (¢ p(w-Awy)) = ¢* ¢ dx(w-Awi) = ¢ ¢ {x(w-Awi)}9,
where the last equality is evident, since x(w_ Aw4) € C. O

5.2. A Laplacian operator on A(S?). Using the 2D differential calculus on
the Podles sphere Sg and the x-Hodge structure on Q(Sg) it is natural to define a
Laplacian operator Usz : A(S2) — A(S?) as Osz f = *dxdf on any f € A(S2). An
explicit computation using the properties of the exterior algebra Q(SZ) represented
in proposition 3.6 gives:
df = (Xpoflop + (X_pflw-,
*df = =i V(X 4> foy — ¢ 2B(X b fw-],
d % df = —’i()é//[VX_X+ —+ ﬂX+X_][>f ((.A}_ A w+),
(518) *d * df = —[V_Xv,)(Jr + BXJFX,}Df.
The relation (3.32) shows that such a Laplacian operator can be seen as an op-
erator Dsﬁ : /380) — ,CE)O). In particular, from (4.22), the Laplacian Osz is the
restriction of the Laplacian Ogy, (2 to the subalgebra A(S?) C A(SU4(2)). A basis

of the eigenvector spaces Ego) =®je NVJ(O) coming from (3.41) is given by elements
b0.71 = c’a*’aB" = way.5;, so that formulas (4.23) drive to a spectrum of this
Laplacian on SZ as:

Oszdo,g0 = —(qv + g ' B[ + 1]} o,
(5.19) = —2qu{[J][J + 1] }¢0,4.-
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REMARK 5.7. Equations (4.22) and (5.18) show that the classical relations
between the Laplacians Ogy 2y and g2, coming from the Hodge duality associated
to the metric tensor g (2.26) related to the Cartan-Killing metric, is then reproduced
in the quantum formalism, in the specific realisation of the quantum Hopf bundle
that has been described. The constraints among the 5 real parameters used in the
analysis of the Hodge duality can be written as:

T 0//20/72
v =],
(5.20) B = q¢*v.

The parameters o', o are the coefficients of the volume forms. The analysis of the
classical limit of this formulation is in section 8. The choice:

lim o/ = —4a,
q—1

(5.21) lim o = —2a
qg—1

gives (4.22) and (5.18) in the classical limit. Being a a positive real number, it
seems natural to assume o and o mnegative real numbers. This also gives v =
—a""1 from the second relation in (5.20), so to have a Hodge duality (5.14) which
18 mow:

*x(1)=0=1ia" w_ Awy,
*(rw_) = —izw_,
*(Yywy) =1ywy,

(5.22) * (iw_ Awy) =a" ™,

giing, if (5.21) is satisfied, the Hodge duality (2.58) in the classical limit.

6. Connections on the Hopf bundle

The structure of a quantum principal bundle (P, B, H; Np, Q) with compat-
ible differential calculi, given the total space algebra P on which the gauge group
Hopf algebra H coacts, has been described in section 3.2. The compatibility con-
ditions ensure the exactness of the sequence (3.17):

(6.1) 0 — PUBP — 0(P) 28 P® (kerey/Qxn) — 0.

with the map ~ 7, defined via the commutative diagram (3.15). Among the com-
patibility conditions, the requirement that AgpNp C Np ® H — giving a right
covariance of the differential structure on P — allows to extend the coaction Ag
of H on P to a coaction of H on 1-forms, Ag) : QYP) — QY(P) ® H, defining
Ag) od=(d®1)oAg.

Note that Ad(kerey) C (kerey) ® H. If the right ideal Qy is Ad-invariant
(which is equivalent to say that the differential calculus on H is bicovariant), it is
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possible to define a right-adjoint coaction Ad® : ker en/Qn — kerey/On @ H
by the commutative diagram

ker ey T2 ker en/On
| Ad | A
T id
kerey @ H QLQ? (kereH/QH) QRH

Together with the right coaction Ag of H on P, such a right-adjoint coaction AdP
allows to define a right coaction A%Ad) of H on P ® kerey/Qp as a coaction of
a Hopf algebra on the tensor product of its comodules. This coaction is explicitly
given by the relation:

Ad
(6.2) ARV (p® 70y (1)) = p(o) @ Ts (hi2) & Py (Sha)h)s
adopting the Sweedler notation for the coaction as Ar(p) = po) ® p(1)-

It is now possible to define a connection on the quantum principal bundle
as a right invariant splitting of the sequence (6.1). Given a left P-linear map
o:P® (kerey/Qxn) — QF(P) such that

Ag) co=(0® id)Ag_?d),
(6.3) ~Np 00 = id,
then the map II : Q*(P) — Q'(P) defined by II = 0o ~p;, is a right invariant left
P-linear projection, whose kernel coincides with the horizontal forms PQ(B)P:

2 =11,
(PQY(B)P) = 0,
(6.4) AV ol = (Tw@id) oAl

The image of the projection II is the set of vertical 1-forms of the principal bundle.
A connection on a principal bundle can also be written in terms of a connection
1-form, which is a map w : H — Q' (P). Given a right invariant splitting o of the
exact sequence (6.1), define the connection 1-form as w(h) = o(1®mg,, (h—en(h)))
on h € H. Such a connection 1-form has the following properties:

w(Q) =0,
~np (W(h) =1 @7, (h—en(h))  VheH,
AV ow = (w®id) o Ad,
(6.5) II(dp) = (td @ w)Ar(p) Vpe P.
Conversely if w is a linear map ker ey; — Q!(P) that satisfies the first three condi-
tions in (6.5), then there exists a unique connection on the principal bundle, such

that w is its connection 1-form. In this case, the splitting of the sequence (6.1) is
given by:

(6.6) o(p @ [h]) = pw([h])
with [h] in ker e4;/ Oy, while the projection II is given by:
(6.7) II=mo (id ®@w)o ~pr,

The general proof of these results is in [6]. This section explicitly describes the
connections on the quantum Hopf bundle with the compatible differential calculi
presented in sections 3.4.1 and 3.4.2.
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6.1. Vertical subspaces on the quantum Hopf bundle. The right coac-
tion Ag) 1 QL (SU,(2)) — Q1(SUL(2))®A(U(1)) of the gauge group algebra A(U(1))
on the set of 1-forms on the total space algebra of the bundle, whose consistency is

allowed by the compatibility conditions between the 3D left covariant calculus on
A(SU,4(2)) and the 1D bicovariant calculus on A(U(1)), gives:

Ag)wz =w, ®1,
(6.8) Ag)wi =wy ® 212,
From the analysis on the 1D calculus on A(U(1)) performed in section 3.4.4 and
the result of lemma 3.4, a connection on the quantum Hopf bundle is given via
a splitting map o : A(SU4(2)) @ (kerey(n)/Qu(ny) — 2'(SU4(2)), which can be
defined recalling the isomorphism A : ker cuny/Qua) — C. Given w € C set:
(6.9) clew)=cw®l)=ww,+Uwy +Vw_);
and extend by the requirement of left .A(SU,(2))-linearity, so to have:

(1@ [p()]) = ¢ ¥ (w: + Uwy + Vo),

(6.10) a(0 @ [p()]) = ¢ ¥ dp(w: + Uwi + V),
where ¢ € A(SU,4(2)) and the requirement of right covariance (6.3) selects — from
(6.8) -U € Eéo) and V € L(_Og. The projection II associated to this connection is
easily seen to be:

H(wi> = U(NNSUq(z) (wi)) =0,
(6.11) M(w:) = 0(~Nyp, ) (W2)) = 0(1® [p(0)]) = w: + Vwy + Vw_.
In this expression the 1-forms wy are recovered as horizontal (3.62), a notion de-
pending only on the compatibility conditions between the differential calculi, while
a choice of a connection is equivalent to the choice of the vertical part of Q' (SU,(2)).
The set of connections for the quantum Hopf bundle corresponds to the set of the

possible choices of 1-forms on the basis of the bundle as a = Uwy +Vw_ € Q!(S?),
so that the second line in (6.11) can be written as

(6.12) M(w,) = w, + a.
The connection one form (6.5) w : U(1) — Q(SU,(2)) is given by:
wiz)=c(1®[zf —1])

(6.13) = (I_QQJ) (w: +Uwy +Vw_) = (

1—q2

1—q %
]-_q2> (Wz + a).

Given the projection IT and the connection 1-form w, it is possible to compute the lhs
and the rhs of the last line in (6.5). On the basis of left invariant differential forms

and using the explicit form of the quantum vector fields in (3.45), with ¢ € Ego)
one has:

I(d¢) = II((X;>¢)w;) = (X;>¢)(w))

1—q%
(6.14) = < q_2) P(w, +Uws +Vw_);
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and also:
(id ® W) AR(¢) = (id@w)(p © z7)

—_ g%
(6.15) = <11_ ;1_2> O(wy + Uwy + Vw_) =1I(dg).

The monopole connection corresponds to the choice U =V =0 < a = 0, so to
have Ily(w,) = w, and the monopole connection 1-form w(27) = [(1 —¢=27)/(1 —
¢ ?)|w. [5, 9]. With a connection, one has the notion of covariant derivative

D : A(SU,(2)) — Q'(A(SU,(2))) of equivariant maps. Given ¢ € £ define
(6.16) D¢ = (1 —1)dé.
The covariant derivative D¢ is clearly an horizontal 1-form: the adjective ”covari-
ant” refers to the behaviour under the coaction of the gauge group algebra, as one
directly (3.33) shows that:
(6.17) App=¢®z7 &  AP(De)=Dpe 7,
from the right invariance (6.4) of the projection II. In terms of the connection
1-form the covariant derivative can be written, using (6.15), as :

D¢ = (1 - M)d¢ = dé — T1(d9)
(6.18) =dp—pAw(z")
onaa¢e€ ﬁg»o). It is then immediate to recover that, for any f € L(()O) ~ A(Sg), one
has Df =df.

REMARK 6.1. Given any ¢ € /.3%0), from (6.18) and (6.12), the covariant de-
rivative can be written as:
D¢ ={(X400) — (Xopg)Utwy +{(X->¢) — (Xop@)Vw_.
It is an easy computation using the A(SU,(2))-bimodule properties (3.50) of Q' (SU,(2))
to prove that D¢ ~ Q'(S2) - A(SU,(2)) for any connection represented by a €

Ql(Sg). This means that any connection on this quantum Hopf bundle is a strong
connection, following the analysis in [16].

6.2. Covariant derivative on the associated line bundles. A covariant
derivative, or a connection, on the left A(Sg)—module 5,(10) is a C-linear map

(6.19) V:QF(S7) @as2) £ — OFF(SY) @) £,
defined for any k > 0 and satisfying a left Leibniz rule:
V(a(o]) =dan (o] + (=1)"a A (Vo]
for any a € Q™(S2) and (0| € QF(S2) ®A(s2) &, A connection is completely

determined by its restriction V : & — Q'(s?) ®A(s2) &Y% and then extended by
the Leibniz rule. Connections always exist on projective modules: the canonical
(Levi-Civita, or Grassmann) connection on a left projective A(S2)-module e is
given as

(6.20) Vo (o] = (d(o])p™;
the space C' (&(Lo)) of all connections on £\ is an affine space modelled on
Hom 4(s2) (£, £ @ a(s2) ' (S7)),
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so that any connection can be written as:
(6.21) V (ol = (d{o))p™ + (=1)* (o] A A™
with (o] € QF(S2)® 4s2) EY and A®) € M, 11 ® 4(s2) Q1 (S2) - which is called the

gauge potential of the connection V — subject to the condition A™ = AMp(n) —
p(™A® The composition

VZP=VoV : OFS))@uss &L — QF2(SY) @ucs2) £
is ©(S2)-lincar. This map can be explicitly calculated: given (o] € Q%(S2) ®A(s2)
&Y from (6.21) one has
V2ol = d(V (o)p'™ + (=1)*(V (o) A AW

(6.22) = d{(do)p™ + (=1)* (o] A AP p( 4 (~1)FFH{(d (o] )p™)

+ (=) (g| AA®Y A AW

= d{(d(aNp™}p™ + (~1)*(d (o] A AP + (o] A dA)pt

+ (=D (o])p™ A AL — (g A A A AW

(6.23) = (o] {=(dp™ A dp™)p™) 4 (AAM)p(™) — AW A A,
The restriction of the map V? to &Y, seen as an element in Q*(S?) ®.A(s2) e s
the curvature Fy of the given connection.

The left A(Sg)—module isomorphism between ESIO) and ST(LO) described in propo-
sition 3.3 allows for the definition of an hermitian structure on each projective left

module £, {; }: eV x g0 A(S2) given as:

(6.24) {{oly: (oly} = 00",

with ¢, ¢’ € E%O). Such an hermitian structure satisfies the relations:
{floly; [/ {oly} = fo(f'd)",
{{oly.(olgt 20, {(ol,,{ol} =0« (o] =0.

The left A(S?)-module isomorphism between £ and £ also enables to re-
late the concept of connection on the quantum Hopf bundle to that of covariant
derivative on the associated line bundles. As first step, define the A(Sg)—bimodule:
(6.25)

L) = {6 € Dr(SU,(2)) = AGSU,(2)2 (SPASU,(2)) : AR'6 = 6@ 27"}
and introduce the notations:
elR = Qk(s?) ®A(s2) g9,

The maps:
LD =l g o], = (v,
(6.26) gV =M ()= <a, q/<">>

give left A(S2)-module isomorphisms (in this notation the explicit dependence on
(fl € A(S2)I"I+1 as in proposition 3.3 has been dropped). Via this isomorphism,
any connection on the quantum Hopf bundle — represented by a projection IT (6.11)
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or by a connection 1-form (6.13) — induces a gauge potential A™ on any associated
line bundle 5,(10).

PROPOSITION 6.2. Given the left A(Sg)—isomorphism £5P> ~ &(LO) described in

proposition 3.3, as well as the analogue left A(SZ)—module isomorphism £ ~ g
described in (6.26), there is an equivalence between the set of connections on the
quantum Hopf bundle via a projection II in Q(SU,(2)) as in (6.11), and the set of

covariant derivative V € C(&(LO)) on any associated line bundle. With ¢ € £ so
that (04| = ¢ (U] € £ the equivalence is given by D¢ = (Valy) LARNS

PROOF. Choose ¢ € E;O)7 so to have o4 = ¢ <\I/(")’ and from the definition in

(6.21) express a covariant derivative on 57(,0) via a gauge potential as:
(6.27) \v4 <U|¢ —d <¢ <\Ij(n) ) \If(")> <\p(n) + ¢ <\IJ(")

(6.28) = {d¢ — ¢[<\p(")’ d\p(n)> _ <\p<">

A
q,(n>>]} <q,(n)
since A = Ay On the other hand, being ¢ € £ one has:

Dé = (1— M) = dg — (X.p)l1(w.)

_ 2n
— a0 (125 ) o)

A®)

with Dp € £ from (6.17). By the isomorphism (6.26), equating
Do = (Vo) "))

defines the gauge potential A™ as:

1— q2n
(n) n)\ _ M| A )\ —
<\IJ AU > <\1/ AW | > T Uy V)
1— q2n _
.2 = = ™
(6.29) g (w: +a) =w(z™")

an explicit calculation shows that (¥, d\I/(")> =[(1-¢*)/(1 — ¢ ?)]w., so the
previous expression becomes:

n n n 1- q2n
(6.30) <\p< )| A | '>> = 1 U+ Vo),
which is solved by
n 1- q2n n n
A = e ‘\Iﬂ )>(Uw+ +Vw_)<\IJ( )
_ 1= ym (n)
(6.31) i ‘\1/ >a<\I' .

This solution is unique. Being the set of connection an affine space, any different
gauge potential, solution of equation (6.30), should be A = A® + A’(") where
A™ s given in (6.31) and A’™ must satisfy <\I'(”)‘ A'™) “l/(”)> =0, with A/(®™ =
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pM A/ () = () AY() = A’ () = A’ One directly has:
(v v =0

= 0= ‘xp<”>> (v

A/

A/ — p(m AT ) — oY)

W(n>> <\1,<n>

The complete equivalence claimed in the proposition comes by (6.30), which gives
for any gauge potential A™ a 1-form a € QI(S?I), suitable to define a connection
as in (6.12). O

The form of the gauge potential (6.31) shows that the monopole connection
IIp(w,) = w, corresponds to the Grassmann, or canonical covariant derivative
Vo (o] = (d{o|)p(™ on the line bundles &Y having A®™ = 0 for any n € Z.
A connection on the quantum Hopf bundle is defined compatible with the her-
mitian structure (6.24) on each module of sections of the associated line bundle
if

d{(oly;(oly}t ={V (ol {oly} +{{ols: Vol }
It is easy to compute that this condition amounts to have a connection (6.12)
satisfying the condition

The compatibility between the differential calculi allows to extend the con-
cept of right coaction of the gauge group algebra on the whole exterior algebra
Q(SU,(2)), introducing a right coaction Al : QF(SU,(2)) — QF(SU,(2))®A(U(1))
by induction as

(6.32) AP od = (d®id)o Al
It becomes now natural to define the A(SZ)-bimodule:
(6.33) LR = {p € ASUL2)(SDABUL2) : AT g =022}
so that the maps:
LR =P s g o], =0 ()],
(6.34) ED =L@ (g = <a, \1/<">>

are left A(Sg)-module isomorphisms, generalising the isomorphisms given in propo-

sition 3.3 and in (6.26). In the formulation of [6], the elements in £ are strongly
tensorial forms.
Recall that the covariant derivative V is defined in (6.19) as an operator

Ve gt for k= 0,1,2, since the differential calculus on A(S(QJ) is 2
dimensional; the covariant derivative D has been defined by (6.16) only on the
A(Sg)—bimodule E%O), while the proposition 6.2 shows the equivalence between
D: LY - £ and v : &Y — &Y. The isomorphism (6.34) allows then to
extend the covariant derivative to D : E%l) — E%Q), defining:

(6.35) Do = (V (o], ‘\Il(")>
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for any ¢ € £Y with (o], = ¢<\II(")| c el = Q'(s2) ®A(s2) &9 Such an
operator can be represented in terms of the connection (6.13) 1-form w. From the
Leibniz rule one has:

d(¢ <\1;(n)

) = (dg) (W™

+ (—1)’“¢d<xp<">

)

with ¢ € E,(zk). This identity gives the next proposition.

PROPOSITION 6.3. Given ¢ € ££Ll) , so that <U’|¢ = ¢<\Il(”)| € 5,(11), the action
of the operator D : E%l) — 5%2) defined by (6.35) can be written as:

(6.36) Dp=dp+oAnw(z")

PRrROOF. The proposition is proved by a direct computation. Start from ¢ €
E%l), so that from(6.21) one has V (o, = (d (J|¢)p(”) —({ofy A A™ | so that :

Dy = (V (o], |[w))
= (d(o],) \I;(n)> —{o]y AA® \1,<n>>
= d(¢ <\I;(n) ) ‘\p<n>> —GA <\1/(n)
(6.37) =do+ oA <\1/<"), d\I/(”)> N <\1/<”>

AM

\I;(")>

A

\1:<">> =dé+ o Aw(z™),

where the last equality comes from (6.29), expressing the gauge potential A(™ in
terms of the connection 1-form w. a

To give the curvature Fy of the given connection (6.23) a more explicit form,
one can make use of two further relations. The first one, involving the projectors
p(™ only, comes from [24], while the second is proved again by direct calculation.

LEMMA 6.4. Let p™ denote the projection given in (3.37). With the 2D calculus
on Sg of section 3.4.3 one finds:

dp™ A dp™ p™ = —g ] p™ w, Aw_,
p™ dp™ A dp™ = —¢7"n] p™ wy Aw_.

LEMMA 6.5. Given for any n € 7 the projectors p™ as in (3.37) and the
expression of the gauge potential A™ as in (6.31), one has:

1— q2n
1—q2

(6.38) p(dAMp() — ( ) ‘\1/<")> d(Uwy + Vw_) <\1/<”>

PROOF. Setting

a™) = (W A |00 = (1 - ?)/(1— g2 Ueoy + Vo) = —7 1
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the expression (6.38) can be written as the sum of three terms, from the Leibniz
rule satisfied by the exterior derivation d:

p(M A p()
_ H\I,<n>> <\I/(")’d\p(n)>a(") <q,(n) } n qu(")> (da™) <\1,(n>

_ H‘I’(n)> (™ <d\1,<n>, \I,<n>> <\1,<n> }

- (i_fi) [0 [ A 2 40 7] (w0

}

+ H\p(n)> da™ <\1,<n>

],

where the second equality comes from the identities
(W, aw™) = — (aw, W) = {(1-¢®")/(1 - ¢~ )},

while the A(SU,(2))-bimodule relations (3.50) of 1-forms in Q!(SU,(2)), as well as
commutation relations among them (3.52), give:

wo A(Uwy +Vw_ ) =¢*"Uw, Awy + ¢ Ww, Aw_ = —(Uwy +Vw_) Aw,,
so that w, A al™ 4+ a(® Aw, = 0 and the identity claimed in (6.38) is verified. [

REMARK 6.6. The identity w, Aa(™ +al™ Aw, = 0 also shows that the 1-form
w, anti-commutes with every 1-form in Q'(S2).

PROPOSITION 6.7. Given the covariant derivative V : &(Lk) — &(Ikﬂ) from
(6.21) with a gauge potential (6.31) A = —(1 — ¢*")(1 — ¢=2)~* | @) a (W],

the operator V2 : &(LO) — &(12) can be written as:
(6.39)

V2 (0| = (o| A Fy = — (| A {‘\IJ(”)> ¢"M'n)(w_ Awy —da+qg" T n]ana) <\IJ(")

1.

PROOF. From the general expression (6.23), the action of the operator V2 on

a (o] € &(LO) is linear, and given by the sum of three terms. The first one, recalling
the result of the lemma 6.4 and the commutation rules (3.50) and (3.52), is:

—(dp™ A dp™)p™ = g7 nlp ™y Aw-
= —¢' 7" [n] ’qj(n)> <\IJ(”)

(6.40) = —q""[n] ‘\I/(")> wo Awy <‘~IJ(")

w_ /\w+

Since one has (a|p™ = (0|, being elements in the projective modules 87(10), the
other two terms in (6.21) are:

1— q2n
P AA@ () — _ < . ‘\I;(n)> an (w")
1—q
= q""[n] ’\1;(”)> da <\p(n)

b

2n 2
LA A A (11 _q;> ’\I;(")> A Aa <x11<">
—q

— D)2 ‘\p(n>> ana <\I;(")
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The sum of these three lines gives the curvature Fy € M\n\+1 ®A(s2) Q2(Sg) the
expression:

(6.41) Fo=— ]xp<n>> ¢ n)(w_ Awy — da+ ¢ njaAa) <\11<”>

O

The isomorphism (6.34) allows to formulate the curvature as a linear map
D% £ = £2 defined by:

(6.42) D% = (V*(ol,) ’\1/<n>>

for a given ¢ = (o, ¥™). This operator can also be written in terms of the
connection 1-form w.

PROPOSITION 6.8. The operator D? : £510) — E%Q) defined in (6.42) can be
written as

(6.43) D2 = —¢A{dw(z"") +w(z™™) Aw(z)} = ¢ A (<w>

Fo|v))

on any ¢ € ,cﬁlo).
PROOF. The proof is a direct application of the result in propositions 6.18 and
6.3. Tt is Do = dop — p Aw(z~") with ¢ € L, so that:

D*¢ = d(D¢) + (D¢) Aw(="")
=—d(@AwzT")+([do—PAw(z")) Aw(z"")
=—A(dw(z™)+w(z") Aw(z™™)).

The relation (6.29) can be rewritten as w(z™") = —¢**"[n](w, + a), so to have:
dw(z™") = —¢" " [n](dw, + da) = ¢' ™" [n](w_ A wy — da),
w(z™) Aw(z™") = {g""[n]}2(w: + a) A (w2 +a) = 2T [n]%a A a,

where the last equality in the second line comes from the remark 6.6. It becomes
then clear to recover from (6.39)

D6 = 6 gl Awy — da+ g nlaAak = o A ({30 Fe |p)),
meaning that the action of the operator D? can be represented by the 2-form
(B0 Py [g™M)) € £, O

REMARK 6.9. Recall from (6.16) that, given ¢ € £, the covariant derivative
D : E%O) — ES) has been defined in terms of the projector II associated to the
connection as:

D¢ = (1 —1I)de.

Given the left A(S2)-module isomorphisms A Qk(Sg) ®A(s2) V) = &P the
proposition 6.2 shows that any connection written as a projector II as in (6.11)
induces a gauge potential A™ | so to have a covariant derivative V Q’“(Sg) ®.A(s2)
En — Q’“+1(S(21)®A(Sg) En. The operator D is then extended in (6.35) as D : ch -
ﬁﬁf) in terms of the operator V, without using the projector II. This definition
1s perfectly consistent, but it seems natural to understand whether it is possible to
define D : ES) — EE«?) via the projector I, and even whether it is possible to extend
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the domain of such a covariant derivative operator D from the set of horizontal
forms £F) to the whole exterior algebra Q(SU,4(2)), in analogy to the classical case
(2.4).

Given ¢ € [,7(11), the most natural definition of a covariant derivative seems to

be:
(6.44) D¢ = (1 —1)do,

with the horizontal projector (1 — I1) extended to Q2(SU,(2)) by assuming a com-
patibility with the wedge product

0%(SU,4(2)) = {2'(SU4(2)) @ asu, (2)) @' (SU4(2))}/S = Q1 (SU,4(2) A Q' (SU,(2))
so to have:

(6.45) (1 -IDQ*(SU,(2)) = {(1 — I)Q'(SU,(2))} A {(1 — I)Q(SU,(2))}.

It is easy to see that such a compatibility does not exist. To be definite, consider an

ezample. Choose wy € L), so that dwy = ¢>(1+¢*w. Awy = —(14 ¢ 2wy Aw.
by the commutation properties of the A product (3.52). Compute now:

P+ @)1~ e Awy ) = (1 +@){(1 - e} A (1 - M, )
=1+ @P)Vw_ Awy,

(1721 = Ty Aws} = —(1+ ¢ 2){(1— Ty } A {(1 - Tw.}
=(1+q¢HVw_ Awy,

The two expressions are different: the problem is that, for the given 3D calculus on
A(SU4(2)), one has

(6.46) (1-1)Sg ¢ So.

Consider the 6 relations (3.52) generating Sg. An explicit calculation shows that,
from the three of them not involving w,, one has:

(1= T} A {0~ ey} =0,
{1 e} A {(1—Tw_} =0,
[ = M} A{(L = T} + ¢ (1~ My } A {(1 - M} =0,
while from the remaining terms:
{1 = Mz} A (1= Mo} + (1 = Mo} A {(1 = Tws} = (1 — ¢ )y Aw,
(1= Tw} A {(1 = T } + g~ H{(1 — My } A {(L— M} = (1 — ¢~V Awy,
{1 -TNw A {1 -Tw,} =aAa.

These computations show that only in the case of the monopole connection — that
1sa=0 —1tis

(6.47) (1-Tp)So C So:
only in the case of the monopole connection it is consistent to set
(1~ o) Q3(SU,(2)) = {(1 — M) (SU,(2))} A {(1 — T2 (SU,(2))}
and to define
(648)  Do:QHSU,(2) - QF(SUL(2)), Do = (1 —Tlp)do
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The operator Dy is a covariant’ operator: given ¢ € Q¥(SU,(2)) such that Ag)qb =
O z7™, it is Angl)(Dogb) = D¢ ® 27", and moreover Dy¢ € LE{“).- Dy is

horizontal. Note that LSS’) = 0, as the calculus on S(QI is 2D. It becomes an easy

Eg”l) acquires the form:

(6.49) Do¢ = (1~ Thg)de = dg — (~1)*¢ Awo(=").

This relation is the quantum analogue of the classical (2.5). The classical covariant
deriwative of an equivariant differential form ¢ can be expressed in terms of the
connection 1-form w only if such ¢ is horizontal. In this quantum formulation, the
classical condition that ¢ is horizontal and equivariant has been translated into the

condition ¢ € LE{“)

computation to prove that the restriction Dy : E%k) —

7. A gauged Laplacian on the quantum Hopf bundle

With a covariant derivative V acting on the left .A(Sg)—projective modules
gR — QF(s2) ®A(sz) €n and the x-Hodge structure on the exterior algebra Q(s2)
introduced in section 5 it is possible to define a gauged Laplacian operator Oy :
& = gl as:

(7.1) Oy (o] = *V x V (0]

on any (0| € &Y. From the left A(S2)-linearity of the x-Hodge map, and the
relation (6.21), one has:

V V(o] = d{x(V (o)) }p™ — (xV {o]) A A®

= d{*[(d (a))p™] + (o] A AP Jpt — {(x[(d (o )p'™] A AT
+ (o] A (xA™) A A}
= d{[(d (ap™ ™ + d{{o] A GA®)}p™ = +{(d (a])p™} A A®
(7.2) — (o] A (xAM) A AL
The second term in the last line can be written as:

d{ (o] A (FAE)}p(™) = d (o] A (xA™)p™ + (o] A {A(xA®) }p()
(7.3) = d (o] A (A®) + (o] A {d(xA™)}pt,
while the third term in (7.2) is:

— > {(d(a))p™WFAAD = —x (d {a])p™ A A

(7.4) = —(xd (o) AN A™
in both the relations (7.3) and (7.4) the specific property of right A(S2)-linearity
of the -Hodge map has been used, namely as «(A™)p(™) = x(A®p(™)) = xA®) in

(7.3) and as x{(d (¢])p™} = «(d (¢])p™ in (7.4). Moreover, from the proposition
5.4 one has d (o] A (*A™) = —(xd (o|) A A®™) | s0 that

*V V(o] = * d{x(d (o])p™ p™ — 2% {(xd (o|) A A} + (] A {xd x A }p)
(7.5) — (o] A*{(xA@) A A}

The four terms componing the gauged Laplacian can be individually studied.
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e Recalling the result of lemma 5.6, one has:
*A® = " n] + { \If(")> a <\II(")

\1/<n>> (%) <xp<n>

}

(7.6) =¢""[n]

The fourth term in (7.5) is, using once more the result of lemma 5.6 with
<\II(”)’ € /J(,O,)l:
~ (o] A+ (A®) A A = (o] A g2 ]« (|0 (sa) A 2 (w0

\I/(”)> (*{(xa) A a}) <\II(”)

e From (7.6) the third term in the expression (7.5) of the gauged Laplacian

(o A o x AR = (o] 7 (o) ) (2]} 3
(7.8) — (ol A g™ ]+ {pa (|0 ) (+A ) (w

(7.7) = —¢’[n] (o] A

)p“”}-

The last term in curly bracket is, by the derivation property of d:
p(d (’\1,<n>> (xA™) <\p<"> ) p(™ —

- ‘\I;(n)> (<\I/(n)7dq;(n)> (*a)) <g[/(7l)
+ ]\1:<">> (d(xa)) (W

_ ‘q,<n>> <(*a) <d\1,<n>’ q/(n)>) <\I;(n)

(7.9)
_ \w>> (—q"*[nws A (xa) — ¢ 7] (xa) A ws + d(xa)} <qf<">

bl

where the last equality comes from <\I/("), d\I/(")> = —¢'"™[n]w,. Recalling
the remark 6.6, and using the commutation rules (3.50) as they were used

in (7.7), the expression (7.8) becomes:
(o1 A {xdx A3 = 4[] (o] A x [ o) (w0}

(7.10) = ¢'"[n] (o] A ‘W>> [xd % a} <\11<n> .

e It is now straightforward to analyse the second term in the expression
(7.5) of the gauged Laplacian. From the definition (6.31) and the Hodge

duality (5.14), with again a = Uwy + Vw_, U € L'éo) and V € /.3(_0% :
(7.11) 2% {d (0| A (xA™)}
= 2ic"v ¢" T n] * {(X 1> (0| )wy ‘\Il(”)> Aa <\I/(”)

— (X_>{o])w- ‘\I/<")> Aa <\1:<”>

}
= —2id" v q[n]{(X 4> (o] ‘\IJ(”)> Vv <\Il(")

+ P (X_p (o)) \w>> U <\1/<”> Vo (wo Awy)

(7.12) = —2¢[n){v(X 1> (o] ‘\II(")> 1% <\I/(”)

+ A(X > (0]) ‘\1/<">> U <x1/<")

}
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e To analyse the first term in (7.5), which is the only one not depending on
the gauge potential a, start with:

“{(@(p™} =+ ({(Xw (ows + (X (o)
= { (X4 ()P ry, + (X (o])p M}
(7.13) — —ia/ V(X1 (o))p My — (X (o])p™eo}
so to have:

dx{(d(a])p'™}

= —ia"y (X_» [{X 40 (o0 wo nwy = X o [{X b (ol}p™)] wy nw)

= —ia"v (X-» [{Xs2 (o}p) ] + 2 X0 [{Xo (o]1p™ ] ) wo Ay
* (4 {(d (o p™})

= —ia” (VX_> [{X+> <J\}p(”): +BX.p [{X_> (cr|}p(")D o (wo Aws)
(7.14)
= = (vX_o [{X> (o110 )] + BX 40 [{X 0 (o }p™)])

The gauged Laplacian can be seen as an operator Op : E%O) — E%O) via the equiva-
lence between equivariant maps ¢ € E%O) and section of the associated line bundles
o< 57(10), represented by the isomorphism in proposition 3.3:

(7.15) Opé = Oy (o)) ‘\II(")>

on any equivariant ¢ = (o, ¥(™). The terms (Xi>(o]) |\I/(”)> in (7.12) and(7.14)
need a specific analysis. Given the coproduct AX4+ = 1® X4 + X4+ ® K2, one has:

b ™)

) “I’(”)> +q M X1>g)

(Xeo (o) [20) = (Xenfo (0
= ¢(Xg> <‘I’(")
(7.16) =q "(X1p9).

This last equality is clear from (3.26) with X and n < 0, and with X_ and n > 0.
In the other two cases, it is possible to apply once more the deformed Leibniz rule
to products of elements in A(SU4(2)), having:

) ‘q,(n)> _ Xi'><\IJ(n)7 q,(n>> _ <\p<">

(X ]xp<n>>)

qn (Xi[> <\I/(")

(Xob ‘\II(”)>)

= Xn(1) — <x11(")

(7.17) = <\Il(”)

(Xeo W) = 0;

since again from (3.26) one has X > |\Il(”)> = 0 withn > 0, and X_p ’\IJ(")> =0
with n < 0.
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Recollecting the four terms from (7.5) and making use of the relation (7.16),
one has:

—o AR{(xAM) A A} \Il(")> = —¢*[n]¢ A +{(*a) A a},
o A {xdx A} \1/<n>> = ¢""[n]¢ A {xd % al,
2 {do A ()} [B0)) = ~2! "] (W(X420)V + BX_p0)U),

(7.18) {* (d* {(da)p<">})} \11<">> = ¢ (WX_X, + XL X )b,

It is clear that the gauged Laplacian operator can be completely diagonalised only
if one chooses the gauge potential a = 0, that is if one gauges the Laplacian by the

monopole connection. Such a gauged Laplacian Op,, : L'slo ) E;O) can be written
as:

(7.19) Op,¢ = —q " (wX_X, +BX,X_)pgp, forge LD,

The diagonalisation is straightforward, following (4.23). One has:

Opgbnas = =0 ~"vAl] = S +14 51— a7 7"B{lJ = SIJ + 1+ 5]+ [} énn

(7.20) = =" ""A2lJ = Z)T + 1+ Z]+ )b

Recall the Laplacian operators on A(SU,(2)) and on A(S?) from equations (4.22)
and (5.18):

Osu,2)¢ = —(vX_X4 + X+ X_ +7X.X.)>0, pe L0,
O f = —(vX_X1 + BX X _)of, fe A2~y
(7.21) Op,¢ = —¢ " (WX_X1 + X X_)>o, pe L.

One has that the restriction of Op, to ¢ € Léo) coincides with the operator DSZ.
Moreover it is now possible to generalise to the quantum Hopf bundle with the
specific differential calculi studied so far, the classical relation (1.1), from which
this analysis started:

(7.22) ¢*"Opy¢ = (Osu,2) +1X:Xz)ph, e LY.

This relation appears as the natural generalisation of the classical relation (1.1) to
this specific quantum setting. The quantum Casimir operator (3.21) can not be
written as a polynomial in the basis derivations X; (3.45) of the 3D left covariant
calculus from Woronowicz, so its role is played by the Laplacian Usy, (2). Its quan-
tum vertical part can still be written as a quadratic operator in the vertical field
X, of the quantum Hopf fibration.

8. An algebraic formulation of the classical Hopf bundle

The aim of this section is to apply the formalism developed to study the quan-
tum Hopf bundle to the case when all the space algebras are commutative, in order
to recover the standard formulation of the classical Hopf bundle described at the
beginning of the paper, from a dual viewpoint.
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8.1. An algebraic description of the differential calculus on the group
manifold SU(2). Rephrasing the relations (2.8) which define the matrix Lie group
SU(2), the coordinate algebra A(SU(2)) of the simple Lie group SU(2) is the
commutative x-algebra generated by u and v, satisfying the spherical relation u*u+
v*v = 1. The Hopf algebra structure is given by the coproduct:

TR u —0v* u —v*
(8.1) A[v u*}_[v u*}@){v u*}’
antipode:
w s
v —v U
and counit:

u —v* 1 0
s qr1-[r e
The universal envelopping algebra U (su(2)) is the Hopf x-algebra generated by the

three elements e, f,h which satisfy the algebraic relations (2.12) coming from the
Lie algebra structure in su(2):

[e, f] = 2h,
[f’ h] )
(8.4) [e,h] = —e.

The *-structure is:
h* = h, e" =1, f* =e,
and the Hopf algebra structure is provided by the coproduct:
Ale)=e®1+1®e,
Af)=f@1+1&f,
Ah)=h®1+1®h;

antipode:
S(e)=—e,  S(f)=—f,  S(h) =k
and a counit which is trivial:
g(e) =e(f) =eh) =0.
The centre of the algebra U (su(2)) is generated by the Casimir element:

(8.5) C=h?+ %(ef—k fe)

The irreducible finite dimensional *-representations o; of U(su(2)) are well known
and labelled by nonnegative half-integers j € %N. They are given by:

oj(h)[j,m) =m|j,m),

aj(e)lg.m) = /(i —m)(j +m+1) ljm+1),
(8.6) o () li,m) = V(i —m+1)(G +m)[j,m—1).
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The algebras A(SU(2)) and U (su(2)) are dually paired. The bilinear (3.7) mapping
(,):U(su(2)) x A(SU(2)) — C, compatible with the x-structures, is set by:

(b, u) = —1/2,
(b, >—1/2
{e,v) =

(

(8.7) f,v") =

all other couples of generators pairing to 0. This pairing is non degenerate: the
condition (I,z) = 0 VI € U(su(2)) implies = 0, while (I,z) = 0 Vx € A(SU(2))
implies h = 0.

It is possible to prove [21] that a finite dimensional vector space X C H' of
linear functionals on a Hopf algebra H is a tangent space of a finite dimensional
left covariant first order differential calculus (Q!(H),d) if and only if X (1) = 0 and
(AX)—e®X) € X®H° for any X € X, where H° C H' is the dual Hopf
algebra to H. The ideal Q = {z € ker €3y : X(x) = 0VX € X} characterises the
calculus, the bimodule of 1-forms being isomorphic to Q'(H) = QL (H)/Ng with
Ng =r"}(H ® Q). This result shows the path to prove the following proposition.

PROPOSITION 8.1. Given the nondegenerate bilinear pairing ( , ) : U(su(2)) x
A(SU(2)) — C as in (8.7), the set {e, {,h} of generators in U(su(2)) defines a basis
of the tangent space Xgy(2) for a bicovariant differential x-calculus on A(SU(2)).
Such a differential calculus is isomorphic to the differential calculus (2.24), once
the algebra C>°(S3) is restricted to the polynomial algebra A(SU(2)).

PROOF. The definition of counit in the Hopf algebra U (su(2)) shows that the
generators [, = {e,f, h}, seen as linear functionals on A(SU(2)) via the pairing, are
such that:

e(1) = (e, 1) = e(e) =0,
f(1) = (f,1) =&(f) =0,
h(1) = (h,1) = £(h) = 0;

while the coproduct relations can be cast in the form:

Ale) —1®e=e®1,
Aff)—1ef=f®1,
(8.8) Ah)—1®h=h®1;

thus proving that the set {e,f, h} in U (su(2)) defines a complex vector space basis
of a tangent space Xgy(2) for a left covariant differential calculus. The obvious
inclusion X;U(Q) C Xsy(2) proves, as described in section 3, that such a calculus
admits a * structure.

In order to recover the ideal Qgrr(2) C keregy(zy for this specific calculus,
consider a generic element x € keregy (). It must necessarily be written as z =
{(u = Dz, (u* — 1)x9, vas, v 2s} with z; € A(SU(2)). Such an element z will
belong to Qg 2y if (la,x) = 0 for any of the generators I, € U(su(2)), since they
form a vector space basis for the tangent space Xgys (o) relative to this calculus. For
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the element = (u — 1)z the three conditions are:

(e, (u—1)z1) = (e,u—1) (1,z1) + (L,u— 1) (e,z1) =0,
(£, (u—1)x1) = f,u—1)(1,21) + (L,u— 1) {f,21) =0,
(8.9)

(h, u = D) = (= 1) (1) + (1,0 = 1) (b 2) = =3 (1,1} = —3e(a),

where, in each of the three lines, the first equality comes from the general properties
of dual pairing and from the specific coproduct in U (su(2)), while the final result
depends on the specific form of the pairing. This means that = (u— 1)z belongs
to Qsu(e) if and only if 21 € keregy (). The analysis is similar for the other three
elements x = {(u* — 1)zg,vrs,v*zs}. It is then proved that this left covariant
differential calculus on A(SU(2)) - whose tangent space is 3 dimensional - can be
characterised by the ideal Qg 2y = {ker ES’U(Q)}Q C keregy(2), which is generated
by the ten elements: Qgy(2) = {(u—1)2, (u —1)(u* — 1), (u — Do, (u — 1)v*, (u* —
)2, (u* — 1), (u* — 1)v*, v, vv*, v*2}. The equation (3.5) allows then to write the
exterior derivative for this calculus as:

(8.10) dz = (epx)w, + (foa)ws + (h>a)wy

The commutation properties between the left invariant forms {we,ws, wn} and ele-
ments of the algebra A(SU(2)) depend on the functionals f,; defined as A(l,) =
1®1a+1p® foa- From (8.8) one has fup = dqp, s0 1-forms do commute with elements
of the algebra A(SU(2)), wax = 2w,.

The ideal Qg7(2) is in addition stable under the right coaction Ad of the algebra
A(SU(2)) onto itself: Ad(Qsy(2)) C Qsu(2) @ A(SU(2)). The proof of this result
consists of a direct computation. The stability of the ideal Qgy7(2) under the right
coaction Ad means that this differential calculus is bicovariant.

The explicit form of the left action of the generators of U(su(2)) on the gener-
ators of the coordinate algebra A(SU(2)) is:

hou = —%u e>uy = —v* fou =20
hou* = Ly* e>u* =0 fou* =wv
(8.11) _ A R _
hl>v——21) e>v = u fov =
h>v* = %v* e>v* =0 f>v* = —u

Starting from these relations it is immediate to see that the left action of the
generators [, € U(su(2)) is equivalent to the Lie derivative along the left invariant
vector fields L, (2.11). This equivalence can now be written as:

el>(x) = —iL+(J}),
fo(x) = —iL_(x),
(8.12) ho(2) = iL. (2),

and it is valid for any z € A(SU(2)), as the Leibniz rule for the action of the
derivations L, is encoded in the definition of the left action (3.6) and the properties
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of the functionals f,; = 045. From relation (8.10) it is possible to recover:

1
du = —v*we — iuwh,

1
du* = vwy + §u*wh,

dv = v we — 5Vh;

1
dv* = —uws + iv*wh.

These relations can be inverted, so that left invariant 1-forms {we,ws,wn} can be
compared to (2.21):

we = udv —vdu = by,
wr = vdu* —uidv* = i0_,
(8.13) wp = —2(u"du + v*dv) = —i@,.

The *-structure is given, on the basis of left-invariant generators, as w} = —wt, wy, =
—wp. The equalities (8.13), which are dual to (8.12), represent the isomorphism
between the first order differential calculus introduced via the action of the exterior

derivative in (8.10), and the one analysed in section 2.1.
O

It is now straightforward to recover this bicovariant calculus as the classical limit
of the quantum 3D left covariant calculus (2(SU4(2),d) described in section 3.4.1.
In the classical limit A(SU4(2)) — A(SU(2)) as ¢ — 1, with ¢ — z, one has:

Wy — We, (X4>g) — (evz),
W— — W, (X—Dd)) - (f[>£L'),
w, — f%wh, (X.>¢) — (—2h>x).

The coaction Ag) of A(SU(2)) on the basis of left invariant forms defines the
matrix Ag)(wa) =wp @ Jpg:

Ag)(wf) =w @ U + wp @ UV — we ®V*2,

Ag)(wh) = —wr ®2u"V + Wy ® (U'U — V*V) — we ® 2uv™,
(8.14) Ag)(we) = —wr @ V% + wp @ UV + we ® U2,

which is used to define a basis of right invariant one forms 7, = wpS(Jpq):
ne = vlwp — wv*wy — 2w = v*du — udv*,
h = 2uvws + (uu® — o™ )wy + 20 v W, = 2(udu™ + v*dv),
(8.15) Ne = —v2wi — u*vwy + 1 2we = v dv — vdu™;

- note that it has been made explicit use of the commutativity between forms w,
and elements of the algebra A(SU(2)). The right acting derivation associated to
this basis are given by (3.12) as

dz = na<(—S_1(la)) = N<l,

for any z € A(SU(2)), since an immediate evaluation gives S~1(I,) = —I, for
the three vector basis elements of the tangent space [, € X. Using again the
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commutativity of the right invariant one forms 7, with element of A(SU(2)), the
action of the exterior derivation (8.10) can be written as:

(8.16) dz = (z<f)ne + (z<ah)ny + (2<€)7e.
Comparing (8.15) to (2.22) one has:

Ui iﬁ—a
Mh = —if),
(8.17) .
while for the right action of the generators I, on A(SU(2)) one computes:
u<h = fléu u<e = 0 usf =v
*<h = su* e = —v* w¥<af =
(8.18) th = %3) zqe =u v<f = OO
v*<h = —1o* v*<ie =0 viaf = —u*;

so that the identification with the action of the right invariant vector fields (2.14)
can be recovered as:
(x)<f = —iR_(z),
(z)<e = —iR4 (z),
(8.19) (x)<h = iR, (z),
being dual to the identification (8.17). It is also evident that relations (8.17) and

(8.19) define a different realisation of the isomorphism between the differential cal-
culus introduced in this section (8.16) and the differential calculus from section 2.1.

REMARK 8.2. The identification (8.12) can be read as a Lie algebra isomor-
phism between the Lie algebra {e,f,h} given in (8.4) and the Lie algebra of the left
invariant vector fields {L,} (2.12):

(8.20) e=—il,, f=—ilL_, h=iL..

The notion of pairing between the algebras U(su(2)) and A(SU(2)) can be recovered
as the Lie derivative of the coordinate functions along the vector fields L, evaluated
at the identity of the group manifold. The terms in (8.7) giving the nonzero terms
of the pairing are:

Ll=% =  (hu=-1
L.(u")]iqg=—3 = (h,u*) = 3
Ly()|jqg =1 = (e,v) =1
L_(v*)];q = —1 = (f,0*) =-1

The whole exterior algebra Q(SU(2)) can now be constructed from the differ-
ential calculus (8.10). Any 1-form 6 € Q'(SU(2)) can be written on the basis of left
invariant forms as 0 = ), Tywy = wrry with 2, € A(SU(2)). Higher dimensional
forms can be defined by requiring their total antisimmetry, and that d2 = 0. One
has then w, A wp + wp A w, = 0 and:

dwr = wy A wy,
dwe = we A wh,
(8.21) dwn = 2wt A we.

Finally, there is a unique volume top form ws A we A wy,.
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The algebra A(SU(2)) can be partitioned into finite dimensional blocks, whose
elements are related to the Wigner D-functions [36] for the group SU(2). Con-
sidering all the unitary irreducible representations of SU(2), their matrix elements
will give a Peter-Weyl basis for the Hilbert space £2(SU(2),u) of complex val-
ued functions defined on the group manifold with respect to the Haar invariant
measure. The Wigner D-function Dy, (g) is defined to be the matrix element (k, s
are the matrix indices) representing the element g ~ (u,v) in SU(2) (2.8) in the
representation of weight J. They are known:

D, = (=i)*T*[(J + $)U(J — s)/(J + k)(J — k)!]*/?
u*lv*Jfkflvjfsflu*k+s+l

(8.22) 'zl:(_l)k+ll!(J—k—l)!(J—s—l)!(8+k+l)!

with J =0,1/2,1,...and k= —J,...,+J, s = —J,...,+J. In (8.22) the index [
runs over the set of natural numbers such that all the arguments of the factorial
are non negative. To illustrate the meaning of this partition, proceed as in the
quantum setting, and consider the element u* € A(SU(2)). Representing the left
action f> with a horizontal arrow and the right action <e with a vertical one yields
the box:

u — U
(8.23) ! !
-t = u

while starting from u*? € A(SU(2)) yields the box:

u*? — 2u*v - ?
! ! !

(8.24) —2u*v* — 2ufu—v*v) — dww
! ! !

20*2 — —4v*u - 4u?

A recursive structure emerges now clear. For each positive integer p one has a
box W, made up of the (p+ 1) X (p + 1) elements wy., = f'pu*P<e”. An explicit
calculation proves that:

19l 1/2
(8.25) flouPae” = it17 1 ik ] p/2

] P

with ¢ < p,r < p. As an element in U(su(2)), the quadratic Casimir C' (8.5)
of the Lie algebra su(2) acts on z € A(SU(2)) as Crz = a<C, and its action
clearly commutes with the actions f> and <e. This means that the decomposition
A(SU(2)) = &,enW, gives the spectral resolution of the action of C:

(826) wap:t,'r = g(g + 1)wp:t>7"

8.2. The bundle structure.
8.2.1. The base algebra of the bundle. Given the abelian *-algebra A(U(1)) =
Clz,2*]/ < zz* — 1 >, the map 7 : A(SU(2)) — (U(1))

(8.27) w[“ —2*]:{8 0]
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is a surjective Hopf *-algebra homomorphism, so that A(U(1)) can be seen as a
x-subalgebra of A(SU(2)), with a right coaction:

(8.28) Ap=(1®@7)oA,  ASU?2)— ASU(2)) ® A(U(1)).

The coinvariant elements for this coaction, that is elements b € A(SU(2)) for which
AR(b) = b® 1, form the subalgebra A(S?) C A(SU(2)), which is the coordinate
subalgebra of the sphere S2. From:

Ar(u) =u® z,

Ar(u*) = u* ® 2%,

Ar(v) =v® 2,
(8.29) Ap(v*) =v* ® 2%,

(8.30) by = —i(vu* — uv™)

The comparison with section 2.3 shows that 7 dually describes the choice of the
gauge group U(1) as a subgroup of SU(2), whose right principal pull-back action i},
is now replaced by the right A(U(1))- coaction Ag. The basis of the principal Hopf
bundle $? ~ SU(2)/U(1) will be given as the algebra A(S?) of right coinvariant
elements b, € A(SU(2)), which is a homogeneous space algebra. The coproduct A
of A(SU(2)) restricts to a left coaction A : A(SU(2)) — A(SU(2)) @ A(S?) as:

A(bg) = u? @b — v u @by — v*2 @ be,
A(by) = 2uv ® be + (u*u — v*v) @ by + 2uv* @ b,
(8.31) A(be) = = @ by — u*v @ by, + u*? @ be.

with by = 1/2(by — ib;) = wv*, be = 1/2(b, + ib;) = vu*, by = b,. The choice of
this specific basis shows that A(b,) = S(Jka) ® b, where the matrix J is exactly
the one defined in (8.14) as Ag)(wa) = wp @ Jpa-

The identification (8.12) between the left action h>z — given the generator
h € U(su(2)) on any x € A(SU(2)) — and the action iL,(z) — given the left
invariant vector field L, — as well as the definition of the A(U(1))-right coaction
AR on A(SU(2)) (8.29), allow to recover the set of the U(1)-equivariant functions

e ¢ A(SU(2)) in (2.44) as:
(8.32) 20 = (€ ASU(2)) : hoo = gg; & Ap(¢) = o2}

8.2.2. A differential calculus on the gauge group algebra. The strategy under-
lining the proof of the proposition 8.1 brings also to the definition of a differ-
ential calculus on the gauge group algebra A(U(1)). The bilinear pairing (-,-) :
U(su(2)) x A(SU(2)) — C (8.7) is restricted via the surjection 7 (8.27) to a bilinear
pairing (-,-) : U{h} x A(U(1)) — C, which is still compatible with the *-structure,
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given on generators as:
1

<ha Z> = _5’

<h, z*1> =—.

The set Ayy = {h} is proved to be the basis of the tangent space for a 1-
dimensional bicovariant commutative calculus on A(U(1)). The ideal Quqy C
kerey(1) turns out again to be Ayy = (kerey(p))? generated by {(z — 1)%,(z —
1)(z=' = 1),(27' = 1)?}, which can also be recovered as Qu1) = #((keregy(2))?).
From:

1
h>z = —527
1
hezt = 52_17
one has that:
1
dz = —52@
1
(8.33) dz7!' = §z—1w

with zdz = (dz)z. The only left invariant 1-form is
O =—2z"1dz = 22zdz71,

while the role of the right invariant derivation associated to h € U{h} is played by
—S71(h) = h, so that the right invariant form generating this calculus is:

dz = 7(z<h) = 7(—52) = 5= —2:"1dz,
dz! =n(z71<h) = 5(5271) = 7= 2zdz"1

so that one obtains 7 = @.
It is possible to characterise the quotient ker eyy(1)/Qu(1) = kerey)/(ker ey() )2.
The three elements generating the ideal Q) = (ker EU(l))2 can be written as:

§=(G-DE"-D=(z-D+ (" -1,
E=GE-1)(E-1)=E+&z-1),
=TT =) =6+ -,

so that Qu) can be seen generated by £ = (z — 1) + (27! — 1). Set a map
At kereyy — C by Mu(z — 1)) = > czuy, where u = Zjezujzj is generic
element in A(U(1)). The techniques outlined in lemma 3.4 in the quantum setting
enable to prove that A can be used to define a complex vector space isomorphism
between ker ey(y)/(ker eU(l))Q and C, whose inverse is given by A™! : w € C —
A (w) =w(z—1) € ker gu(1)- It is evident that such a map A gives the projection
TQyq, : kerey() — ker cu(y/Qu() = C, since it chooses a representative in each
equivalence class in the quotient ker ey(1)/Quq)-
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8.2.3. The Hopf bundle structure. With the 3D bicovariant calculus on the
total space algebra A(SU(2)) and the 1D bicovariant calculus on the gauge group
algebra A(U(1)), one needs to prove the compatibility conditions that lead to the
exact sequence:

0 — A(SU(2)) (2'(S?)) ASU(2)) —
— QUASU(2) S AGSU(2)) @ kereyy/Quay — 0,

where the map ~x,,,, is defined as in the diagram (3.15) which now acquires the
form:

TQsy(2)
-

Q' (SU(2))un QL(A(SU(2))
(8.34) 1 x RSTV

TRu(1)

id®
A(SU(2)) ® ker eyqy — A(SU(2)) ® (kerey(1y/Quqy) -

The proof of the compatibility conditions is in the following lemmas. The first one
analyses the right covariance of the differential structure on A(SU(2)).

LEMMA 8.3. From the 3D bicovariant calculus on A(SU(2)) generated by the
ideal Qg (2) = (ker 55’[](2))2 C keregy(2) given in proposition 8.1, one has

ArNsu(2) C Nspz) @ AU(L)).

PROOF. Using the bijection given in (3.3), it is Q' (SU(2)) ~ Q'(SU(2))/Nsu(2)
with Ngpay = rH(A(SU(2)) ® Qsp(a)). For this specific calculus one has that
Nsu(2) is the sub-bimodule generated by {d¢ v} for any ¢,¢ € A(SU(2)), where

o =(1wd-—0®1) € QYSU(2))un. Choose ¢ € 29 and v € £ so to
have Agro =¢Qz" and Ary = ¢ @ 2~™. Extending the coaction Ag to
a coaction Ap @ A(SU(2)) ® A(SU(2)) — A(SU(2)) ® A(SU(2)) ® A(U(1)) as
Arp = (d®id®m) o (Id®T ® id) o (Ar ® Ag) in terms of the flip operator 7, it
becomes an easy calculation to find:
Ar(dpoy) = (1@ W + W @1 -9 @Y~ 1 ©¢)
=(19¢P+ W R1-90¢Yp -9 @z7"" = (3¢0p) © 27"
O
LeEMMA 8.4. The map x : Q' (SU(2))un — A(SU(2)) ® A(U(1)) defined in
(3.14) as x = (m®1id) o (id ®AR) is surjecive.
PRrROOF. The proof of this result closely follows the proof of the proposition 3.2.

From the spherical relation 1 = (u*u+v*v)" = >, ( Z ) e L VA (B T

possible to set ’\Il(")>a € 25?) fora =0,...,|n| with <\IJ("), \IJ(")> =1 as:
n>0: ‘\Il(”)> = ( " ) v Y
a a
— ( ‘n| ),U*|n—aua.
a a

Fixed n € Z, define v = <\I!(_"),5\Il(_")>. Since ’\If(_")> € 2(,0,)“ one computes

that x(7) = 1® (2™ — 1), and this sufficient to prove the surjectivity of the map ¥,

n<0: ‘\Il(")>
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being x left A(SU(2))-linear and ker ey (1) is a complex vector space with a basis
(z" =1).
O

LEMMA 8.5. Given the map x as in the previous lemma, it is x(Ngu(2)) C
A(SU(2)) ® Qu1), where Nsy (2) is as in lemma 8.3 and Qu1y = (kereyy)?.

PROOF. To be definite, consider ¢ € £7(10) and ¥ € 27(3). One has:
X(6pov) =g @ {z7" " +1-2"" =277}
=g @{(1—2"")(1-2"")} CA(SU(2)) ® (kerey()*.
O

The results of these lemmas allow to define the map ~pr, ., : 2'(SU(2)) —
A(SU(2)) ® ker ey(1)/Qu(1) from the diagram (8.34). Using the isomorphism A\ :
ker ey(1y/Qu(1) — C described in section 8.2.2, one has:

~Nsu(2) (We) =0
~Nsuv(2) (qu) =0
(8.35) ~Nsu Wh) = 2@y, (2 —1) =-2® 1.

The next lemma completes the analysis of the compatibility conditions between
the differential structures on A(SU(2)) and on A(U(1)). The horizontal part of the
set of k-forms out of Q*(SU(2)) is defined as QF_ (SU(2)) = QF(S?)A(SU(2)) =
A(SU(2))QF(5?%).

LEMMA 8.6. Given the differential calculus on the basis Q' (S?) = Q1 (5%),,, /N2
with Ng2 = NSU(Q) N Ql(Sz)un, it 18

Ker ~oaryy = 21 (S2A(SU(2)) = A(SU(2))21(5%) = oy (SU(2))-

PrOOF. Consider a 1-form [] € Q!(SU(2)) and choose the element n = 1) 6¢ €
Q(SU(2))un as a representative of [n], with ¢ € 2 and ¢ € £'7. One finds:
X(¥do) =vo@ (27" —1),
~Nsu(2) (Tl) = 1/@ ® TQu(1y (Zin - 1)
Recalling once more the isomorphism A : kerey(y)/Quay — C, it is A(z7" =1) =0
if and only if n = 0, so to have n = ¢ ¢ with d¢ € Q'(S?),, and then n €
Q'(S?)unA(U(1)). It is clear that the condition x(Nsy(2)) € A(SU(2)) ® Quq)
proved in lemma 8.5 ensures that the map ~u,,, is well-defined: its image does
not depend on the specific choice of the representative n € [n] C Q'(SU(2)).

The property of right covariance of the calculus on A(SU(2)) — proved in
lemma 8.3 — allows to extend the coaction A to a coaction Ag;) : QF(SU(2)) —
QF(SU(2))® A(U(1)) via Agf:) od = (d®id) OAgfl). Via such a coaction it is pos-
sible to recover (2.42) the set QF(SU(2)) as the p(,)(U(1))-equivariant k-forms
on the Hopf bundle:

A (SU(2))y,,, = {6 € F(SUQ) : AP (9) =d@ 2"},

as well as the A(S?)-bimodule £ of horizontal elements in QF(SU(2))

P(n)

P(n) "
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8.2.4. Connections and covariant derivative on the classical Hopf bundle. The
compatibility conditions bring the exactness of the sequence:

(836) 0 — QL (SU(2) — Q' (SUQ) % ASU(2)) @ kereuq/Quq).

whose every right invariant splitting o : A(SU(2)) ® kerey)/Quay — QH(SU(2))
represents a connection (6.3). With w € C ~ kerey(1)/Qu), one has:

c(lew) = —%(wh + Uwe + Vwy),
(8.37) o(¢@w) = —%qﬁ(wh + Uwe + V)

where ¢ € A(SU(2)), and U € 2;0), Ve E(f)%. The right invariant projection
defined in(6.4) IT : QY(SU(2)) — QY (SU(2)) associated to this splitting is, from
(8.35):

(we) = Il(wr) = 0,
(8.38) M(wh) = wh + Uwe + V.
(

The connection one form w : A(U(1)) — Q1 (SU(2)) defined in (6.5) is:

—g(wh + Uwe + Vwy).

The horizontal projector (1 —II) : Q*(SU(2)) — Qf,,(SU(2)) can be extended to
whole exterior algebra Q(SU(2)), since it is compatible with the wedge product:
one finds that {(1 — IMwg A (1 = IMwp} + {(1 = Mwp A (1 — M)w,} = 0 or any pair
of 1-forms. This property, which is not valid in the quantum setting for a general

connection — recall the remark 6.9 —, allows to define an operator of covariant
derivative D : QF(SU(2)) — QF1(SU(2)) as

(8.40) D¢ = (1-1)dp, V¢ QF(SU(2)).

This definition is the dual counterpart of definition (2.4). It is not difficult to prove
the main properties of such an operator of covariant derivative D:
e For any ¢ € QF(SU(2)), Do € QFT1(SU(2)).
e The operator D is ’covariant’. One has A?(i) =R & A%Hl)(qu) =
Dop® 2"
o Given ¢ € £, that is ¢ € QF_(SU(2)) such that AP ¢ = ¢ @ 27 it is
D¢ =d¢ + w(z™) A ¢. This last property recovers the relation (2.5).

(8.39) wiZ")=c(1®[z"-1]) =

9. Back on a covariant derivative on the exterior algebra Q(SU,(2))

The analysis in section 6 presents the formalism of connections on a quan-
tum principal bundle [6] and explicitly describes both the set of connections on a
quantum Hopf bundle and the corresponding set of covariant derivative operators
V: &(Lk — &skﬂ) acting on k-form valued sections of the associated quantum line
bundles. The left A(Sg)—module equivalence between £" and horizontal elements
£ c QF_(SU,(2)) allows then for the definition of a covariant derivative operator
D: P — £EY with k= 0,1, 2.

The equation (6.46) in remark 6.9 clarifies the reasons why, presenting a con-
nection via the projector (6.7) II : Q1(SU,(2)) — Q'(SU,(2)) given in (6.12), the
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operator D = (1 —I)d : Q1(SU,(2)) — QF_.(SU,(2)) as in (6.44) defined a consis-
tent covariant derivative on the whole exterior algebra Q2(SU,(2)) only in the case
of the monopole connection: the operator (1 —II) : Q1 (SU,(2)) — QL . (SU,(2)) is
a covariant projector compatible with the properties of the wedge product (6.47) in
the exterior algebra Q(SU,(2)) only if the connection is the monopole connection.

The problem of defining, for any connection on a principal quantum bundle, a
consistent covariant projection operator on the whole exterior algebra on the total
space of the bundle whose range is given by the horizontal exterior forms has been
studied in [12, 13]. The aim of this section is, from one side, to describe the
properties of the horizontal projector arising from that analysis, and then to show
that in such a formulation of the Hopf bundle more than one horizontal covariant
projector can be consistently introduced.

As already mentioned, the formulation presented in [12, 13] of the geometrical
structures of a quantum principal bundle slightly differs from that described in
section 3.2 and a comparison between them is in [14]. This formalism will not
be explicitly reviewed: the main results concerning how to define an horizontal
covariant projector will be translated into the language extensively described in
the previous sections.

The differential #-calculus (2(U(1)),d) on the gauge group algebra U(1) is
described in section 3.4.2. It canonically corresponds to the right A(U(1))-ideal
Qu(1) C kerey(y) generated by the element {(z* —1) +q?(2—1)}, so that by lemma
3.4 it is QY(U(1))iny =~ kereya)/Qua) ~ C. Such a calculus is bicovariant: given
the left and right coactions (3.2) of the *-Hopf algebra A(U(1)) on Q'(U(1)) one
has that the 1-form w, is both left and right invariant,

A QHU) — AUD)) © QH(U(D)), A (w.) = 10w
AL QL(U(1) = QHU(1) ® A(U(1)), AV () =w. ®1.
The exterior algebra on this differential calculus is built following [21], as explained

in section (3.4.1), where the same procedure has been applied to the analysis of the
3D left-covariant calculus on SU4(2). It results S, = (' (U(1)))®?, so that

(9.1)

(9.2) QU(L) = Y PQUaN™* = AU1) & QN (U(L)).

k>0
The coproduct map in the Hopf x-algebra A(U(1)) can be extended to a homomor-
phism AU(l) :Q(U(1)) — Q(U(1)) ® Q(U(1)) given by

Avay(p) = Alp) =0 ® ¢,

93)  Augylpw:) = AP (pw.) + AL (pw.) = (1 ® pw. +w. ® p),

for any ¢ € A(U(1)). Given the principal bundle structure, the compatibility
conditions among calculi on the total space algebra and the gauge group algebra
allow to prove that there exists a unique extension of the coaction (3.29) of the gauge
group U(1) on the total space SU4(2) to a left A(SU,4(2))-module homomorphism
T :Q(SUL(2)) — Q(SUL(2)) @ Q(U(1)) implicitly defined by:

(3 @id)F = ([d@Ayw)3,
*su, (2) = (*su,(2) @ *u))T :
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where the second condition expresses a compatiblity between the map § and the
s-structures on the exterior algebras built over the calculi on SU,(2) and U(1). One
has

§(z) = Agr(z) =z®27",
S —2—n

Two)=rw_ Q2 ,

Twy)=zwy ® 227",

(
(
(
(zw:) = (@®2z"w:) + (Tw. ®27"),
(
(
(

R o

Two ANwy) =zw_ Awy ®2z ",

§

Flrwy Aw,) = (zwy ® 227"w,) + (Twy Aw, ® 2277,

Flrw, Aw )= (zw_ ®2727"w,) + (Tw, Aw_ ® 2727™),
(94) Flrw_AwiAw,) =(@Fw_Awy Rz "w,)+ (Tw_ Awi Aw, @27 "),
with z € A(SU,(2)), such that Ag(z) =2z®2z™" & z € £, The homomorphism
§ can be restricted to the right coaction A%C) 1 QF(SU,(2)) — QF(SUL(2))®A(U(1))
given in (6.32):

AR (6) = (id @po)F(9)

with ¢ € QF(SU,(2)) and py the projection Q(U(1)) — A(U(1)) coming from (9.2).
The horizontal subset of the exterior algebra (SU,(2)) can be defined via:
(9-5) Mor(SUq(2)) = {¢ € Q(SU4(2)) = F(9) = (id @ po)(9)},

while the exterior algebra Q(S?]) described in section 3.4.3 can be recovered as

QS7) = {0 € QSUL2)) : F@)=¢x1}
From the analysis in section 6 one has that a connection 1-form is given via a map
@ QY U1))iny — Q(SU,(2)) satisfying the conditions (6.5). The equation (6.13)
shows that any connection can be written as:

w(w,) = w, + a,

with a € Ql(Sg). Given a connection, one can define a map
(9.6) My Qnor(SU4(2)) @ Q(U(1))iny — Q2(SU4(2)),

where the relation (9.2) enables to recover Q(U(1))iny = {C & QY (U(1))iny }: given
P € hor(SU4(2)) and 0 = A+ pw, € Q(U(1))inv (with A, p € C) set:

(9.7) M (1 ®0) =1 A (1 + Ao (w.)).
The map m,, is proved to be bijective, and the operator
(9.8) he = (id ®po)m,

a covariant horizontal projector hy, : 2(SU4(2)) — hot(SU,4(2)). Given an element
¢ € QF(SU,(2)), define its covariant derivative:

(9.9) Db = hodo.
In the formulation developed in [12, 13] this definition is meant to be the quantum

analogue of the classical relation (8.40).

The previous analysis allows for a complete study of this quantum horizontal
projector. Consider a connection 1-form &(w,) = w, + Uw_ + Vw; = w, + a with
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U e Eéo) and V € /J(_Og as in equation (6.11). The inverse of the multiplicative
map m,, — the map m_ ' : Q(SU4(2)) — hor(SU,4(2)) ® Q(U(1))iny — as well as the
horizontal projector are given on O-forms and 1-forms by:

mfl( )=z®1 = hy(x) =
Mrwy)=zwi®l = hy(rwi) =2ws,
rw,)=(—2a®@1)+ (2Qw,) = hy(rw,)=-za
with z € A(SU,(2)). This means that one has ®¢ = D¢ where ¢ € A(SU4(2))

with respect to the covariant derivative defined in (6.18). On higher order exterior
forms one has:

(9.10)

w
UJ
U.)

my (rw_Awy)=zw_ Awy®1
= hy(zw_Awy)=2w_ Awy,
mi N (rwi Aw,) = (—rwy Aa®@ 1) + (zwy @ w,)
= hy(rwyAw,)=—azwy hNa=csUw_ Awy,
mi (rw_ Aw,) =(—zw_ANa®l)+ (rw_ @ w,)
= hy(rw_Aw,)=—-2w_Na=—¢zVw_Awy,
myt(rw_ Awy Aw,) =2w_ Awy Qw,
(9.11) = hy(rw_ Awy Aw,) =0.

Recalling the analysis in remark 6.9, it is important to stress that the projector
hy from (9.8) is well defined on the exterior algebra Q(SU,(2)) for any choice of
the connection, and defines a covariant derivative D : QF(SU,(2)) — QF1(SU,(2))

which reduces to the operators (6.18) on 0-forms and (6.35) on 1-forms. The last
equation out of (9.11) shows also that @ : Q*(SU,(2)) — 0.

REMARK 9.1. Is the horizontal projector h,, defined in (9.8) the only well-
defined horizontal covariant projector operator whose domain coincides with Q(SU4(2))
and whose range is hor(SU4(2)) C Q(SU4(2)), such that the associated horizontal
projection of the exterior derivative (9.9) reduces to the well established operator
D : ¥ = £ given in (6 16),(6.35)? The answer is no. To be definite,
consider the operator hl, : Q(SUq(2)) — Qnor(SU4(2)) given by:

h(z) = z;
b (zwy) = 2wy,
(9.12) h(rw,) = —ra,

so to coincide with the projector h,, (9.10) on 0-forms and 1-forms, and:

R (rw_ Awy)=zw_ Awy,

B (zwy Aw,) =q*ranwy =¢*2Uw_ Awy,

hl(rw_ Aw,)=q¢ rarnw. = —q¢ 22Vw_ Aw;
(9.13) R (rw_ Awy Aw,) =0.

It is clear that the operator ®' = hl,d : QF(SU,(2)) — QFT1(SU,(2)) defines a

hor
consistent covariant derivative on the whole exterior algebra on the total space al-

gebra of the quantum Hopf bundle, which reduces to the operator ® from (9.9) when
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restricted to horizontal elements LY C QF(SU,(2)). Both the operators ®,D’ coin-
cide in the classical limit with the covariant derivative on the classical Hopf bundle
(8.40) presented in section 8.

The last step is to understand from where it is possible to trace the origin of
such a projector h., back. It is easy to see that the isomorphism m_1 coming from
(9.7) can be recovered as the choice of a specific left A(SU4(2))-module basis for the
exterior algebra Q(SU,(2)), namely

QBU4(2)) ~ ASU,2)){lbw_ B ws PoO(w,)}

(9.14)
& ABU2){(w- Awi) ® (w- AB(w:)) @ (Wi AD(w2)) B (w- Awy AD(w2))},

while the horizontal projection obviously annihilates all the coefficients associated
to exterior forms having the connection 1-form &(w,) as a term. The projector h.,
in (9.12),(9.13) comes from the choice of a different left A(SU4(2))-module basis of
Q(SU4(2)), that is setting — as analogue of (9.14) — the isomorphism

Q(SUL(2)) ~ ASU2) {1 w_ Dwy do(w,)}

(9.15)
B ABUL2){(w-Awi) @ (@(w2) ANw-) & (O(w:) Awy) B (w- Awgp AD(w:))}

and then defining hl, as the projector whose nucleus is given as the left A(SU4(2))-
module spanned by {@(w,), 0(w,) Awi,w_ Awy AND(w,)}. An explicit computation
shows that

woAO(W) = (> — ¢ ) Vw_ Awy —q¢ *O(w.)Aw_ = ker h, #Zker 1/, :

the two projectors are not equivalent, being equivalent if and only if the connection
is the monopole connection.
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