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Infinite Free Resolutions

Luchezar L. Avramov

Summer
School in Commutative Algebra

Introduction

ad infinitum

finite com-
mutative noetherian R R local

minimal

∗ ∗ ∗

R

The author was partially supported by a grant from the National Science Foundation.



R

∗ ∗ ∗

∗ ∗ ∗

multiplicative structure

ifferen-
tial raded

Homological Algebra

change of rings
Q → R R M

M
R M Q

Q regular ring
M R Q

M R

higher structures in homology
R

R M



obstructions criteria
R complete intersection

complexity
curvature

asymptotic
stability

Golod rings

Massey products

homotopy Lie algebra

R
R

∗ ∗ ∗

∗ ∗ ∗



∗ ∗ ∗

1. Complexes

1

k
2 k Z k k

1.1. Basic constructions. R
bounded below complex R

· · · −−−−→ Fn
∂n−−−−→ Fn−1

∂n−1−−−−→ Fn−2 −−−−→ · · ·
R ∂n−1∂n n ∈ Z Fn n �

underlying R–module {Fn}n∈Z F � R
Fn n � |x|

x |x| n x ∈ Fn

Operations on complexes E F G R
degree d homomorphism β F → G R

{βn Fn → Gn+d}n∈Z d F G R

R F,G d d R

1Following a grand tradition of making blanket statements, to be violated down the road.
2Thus, the unqualified word ‘module’ stands for ‘k–module’; homomorphisms are k-linear; writing
‘ring’ or ‘homomorphism of rings’, we really mean ‘k–algebra’ or ‘homomorphism of k–algebras’.
The convention is only limited by your imagination, and my forgetfulness.



R F,G β

∂ β ∂G◦β − − |β|β◦∂F .

−
i j

− ij

R F,G β ∂◦β
− |β|β◦∂ chain maps β, β′ F → G homotopic

σ F → G |β| homotopy
β β′

β − β′ ∂◦σ − |β|σ◦∂
β − β′ σ R F,G

β β F → G
|β|

morphisms quasi-isomorphism
�

3

tensor product E ⊗R F E ⊗R F n

∑
i+j=n Ei ⊗R Fj

∂ e⊗ f ∂E e ⊗ f − |e|e⊗ ∂F f .

transposition map τ e⊗ f − |e||f |f ⊗ e
τ E ⊗R F → F ⊗R E

d β F → G d

R E, β R E,F → R E,G ,

R E, β α β◦α
R β,E R G,E → R F,E ,

R β,E γ − |β||γ|γ◦β
β ⊗R E F ⊗R E → G⊗R E , β ⊗R E f ⊗ e β f ⊗ e

E ⊗R β E ⊗R F → E ⊗R G , E ⊗R β e⊗ f − |β||e|e⊗ β f ,

4

β
shift ΣF F ΣF n Fn−1 n

Σ
F F → ΣF f ∈ Fn f ∈ ΣF n+1

ΣF ∂ΣF
Σ
F f −Σ

F ∂F f
mapping cone β F → G β

G�⊕ ΣF �

(
∂G

Σ
G −1

Σ β
∂ΣF

)
3The symbol ∼= is reserved for the real thing.
4Obey the Sign! While orthodox compliance is a nuisance, transgression may have consequences
ranging anywhere from mild embarrassment (confusion of an element and its opposite) to major
disaster (creation of complexes with ∂2 �= 0).



mapping cone sequence

→ G→ β → ΣF →
β β β

projective free resolution R M
εF F → M F
Fn n < projective dimension M

R M {p | Fn n > p}

Example 1.1.1. Koszul complex K K g R g g1, . . . , gr
R K1 x1, . . . , xr Kn∧n

R K1 n

∂ xi1 ∧ · · · ∧ xin

n∑
j=1

− j−1gij xi1 ∧ · · · ∧ xij−1 ∧ xij+1 ∧ · · · ∧ xin .

R M K g M K g R ⊗RM 0 K g
M M/ g M depth5-sensitivity

M R

{i | i K g M � } r − R g ,M .

g1, . . . , gr R K g R

R′ R/ g R K g M ∼ R R′,M

Minimal complexes local ring R,m, k R
m k R/m R F

∂n Fn ⊆ mFn−1 n minimal

Proposition 1.1.2. If F is a bounded below complex of finite free modules over a
local ring R,m, k , then the following conditions are equivalent.

F is minimal.
Each quasi-isomorphism α F → F is an isomorphism.
Each quasi-isomorphism β F → F ′ to a bounded below minimal complex
of free modules is an isomorphism.
Each quasi-isomorphism β F → G to a bounded below complex of free
modules is injective, and G β ⊕E for a split-exact subcomplex E.

Proof. ⇒ β
β β ⊗R k ∼

β ⊗R k β ⊗R k F ⊗R k F ′ ⊗R k
βn ⊗R k Fn F ′

n

βn

5Recall that the depth of an ideal I ⊆ R on M , denoted depthR(I, M), is the maximal length of
an M-regular sequence contained in I.



⇒ Y ⊆ G ∂ Y ⊗R

∂ G ⊗R k Y ∪ ∂ Y mG
R G�

E
⊕
y∈Y

(
→ Ry → R∂ y →

)
∗

G G → G/E G′

β′ F → G→ G′

⇒ αn Fn → Fn

⇒
β F → F/F ′ G

γ G→ F βγ G

γ γβ α F → F
α ⊇ F ′ � �

1.2. Syzygies. R,m, k

minimal resolution F R M
m1, . . . ,mr M

6 F0 Rr →M
a1, . . . , ar �→ a1m1 · · · armr mRr

M
M M

Proposition 1.2.1. Each finite R–module M has a minimal resolution, that is
unique up to isomorphism of complexes. A minimal resolution F is isomorphic
to a direct summand of any resolution of M , with complementary summand a
split-exact free complex. In particular, R M {n | Fn � }. �

F R
R
n M ∂n+1 Fn+1 → Fn

∼ ∂n Fn

n syzygy M R
0 M M

R
n M n <

βR
n M R Fn n Betti number M

R F⊗Rk R F, k R
n M,k

∼ Fn ⊗R k n
R M,k ∼

R Fn, k

Proposition 1.2.2. If M is a finite R–module, then

βR
n M νR

(
R
n M

)
k

R
n M,k k

n
R M,k

and R M {n | βR
n M � }. �

6Resolve minimally!



local homomorphisms
ϕ R,m → R′,m′ ϕ m ⊆ m′

Proposition 1.2.3. If M is a finite R–module and ϕ R→ R′ is a local homomor-
phism such that R

n R′,M for n > p, then
R′
n−p

(
R′ ⊗R

R
p M

) ∼ R′ ⊗R
R
n M for n ≥ p .

Proof. F M R

n R′ ⊗R F ∼ R
n R′,M n > p R′

R′ ⊗R F � p

R′ ⊗R ∂p+1
∼ R′ ⊗R ∂p+1

∼ R′ ⊗R
R
p M �

Corollary 1.2.4. Let M be a finite R–module.
If R→ R′ is a faithfully flat homomorphism of local rings, then

R′
n R′ ⊗R M ∼ R′ ⊗R

R
n M for n ≥ .

If a sequence g1, . . . , gr ∈ R is both R–regular and M–regular, then
R′
n M ′ ∼ R′ ⊗R

R
n M for n ≥

with R′ R/ g1, . . . , gr R, and M ′ M/ g1, . . . , gr M . �
Proof. p

�
R R M R m,M R R R

Corollary 1.2.5. If R is a direct summand of R
n M , then n ≤ m, where m

{ , R− M}.
Proof. n > m R

n M R
R⊕M

R g R′ R/ g

R′ R′⊗R
R
m M mF ′

F ′ R′ R′
R′ m �

R′ �

R M {n | n
R k,M � } .

Lemma 1.2.6. If M is a finite R–module, then

R
R
1 M

⎧⎪⎨⎪⎩
R M when R M < R

g ≥ R when R M R

R when R M > R .

Proof. n
R k,−

→ R
1 M → F0 →M → �



Proposition 1.2.7. If M is a finite R–module with R M <∞, then

R M R M R.
RM , or RM contains a non-zero-divisor on R.∑
n� 0 − nβR

n M ≥ , with equality if and only if RM � .

Proof. m R M g R M d R
R
m M � m g ≤ d g ≤ d

g d M g < d
> g

m g R
R
1 M R

R
1 M − d .

F M p ∈ R

→ Fm p → Fm−1 p → · · · → F1 p → F0 p →Mp →
p ∈ R Rp Mp∑

n − nβR
n M Rp Mp ≥∑

n − nβR
n M Mp p ∈ R R M �⋃

p∈AssR p RM

R M � Rp Mp R M p � p ∈ R M ⊆
R Mp Mp

∑
n − nβR

n M �

R M <∞
Proposition 1.2.8. If M is a finite R–module with R M ∞, then

R
n M ≥ R for n ≥ { , R− R M}

with at most one strict inequality, at n or at n R− R M .

Proof. Mn
R
n M d R

n n n
F M

Ei −→Mi+1
ιi+1−−−−→ Fi

πi−−−−→ Mi −→ R Nn+2 > d

En+1

d
R k, πn+1

d
R k, Fn+1 → d

R k,Mn+1

R Mn ≥ d En

d
R k, ιn+1

d
R k,Mn+1RM → d

R k, Fn

ιn◦πn+1 ∂n+1 Fn+1 → Fn

d
R k, ∂n+1

d
R k, ιn ◦ d

R k, πn+1

∂n+1 Fn+1 → Fn m
d
R k, ∂n+1

d
R k, Fn+1 R Fn+1 d

Mn ≤ d �



Remark 1.2.9. R g
d R N R

m M m { , d−
M} βR

n+m M βR
n N β

R/(g)
n N/ g N

n ≥ k g
R R/ g k R′ R t m[t] R′

R βR
n N βR′

n N ⊗R R′ n ≥
Remark 1.2.10. graded ring 1

R
⊕

i � 0 Ri R0 k

m irrelevant maximal ideal
⊕

i> 0 Ri R M graded
M

⊕
j∈Z

Mj RiMj ⊆ Mi+j i, j ∈ Z
a ∈ Mi internal degrees i

a i d translate M R M d
M d j Mj+d α M → N R

R α Mj ⊆ Nj j

R d
R M graded resolution

Mj j � M
F ∂ Fn ⊆ mFn n

minimal graded resolution
R βnj Fn

∼⊕
j∈Z

R −j βnj

M R graded Betti num-
bers M R βR

nj M

1.3. Differential graded algebra.
7

DG algebras DG algebra A A, ∂ ∈ A0

unit product

A⊗k A→ A , a⊗ b �→ ab ,

a a a a bc ab c
A graded commutative

ab − |a||b|ba a, b ∈ A a2 |a| ,

Ai i < associative
Leibniz rule

∂ ab ∂ a b − |a|a∂ b a, b ∈ A ,

A
A ∂ A A

7It is not that exotic: a commutative ring is precisely a DG algebra concentrated in degree zero,
and a DG module over it is simply a complex. A prime example of a ‘genuine’ DG algebra is a
Koszul complex, with multiplication given by wedge product.



A → A A

n A 0 A
morphism of DG algebras φ A → A′

φ φ ab φ a φ b A′ DG algebra over A
A A′ A⊗k A′

a⊗ a′ b⊗ b′ − |a′||b| ab⊗ a′b′

graded algebra family8

{An}
⊕

n An

DG module U A
A⊗ U → U, a⊗ u �→ au

∂ au ∂ a u − |a|a∂ u a ∈ A u ∈ U

module
U � A� U A

U V A
β U → V A–linear

β au − |β||a|aβ u a ∈ A u ∈ U A

A U, V ⊆ k U, V

aβ u a β u − |a||β|β au

A A β, β′ U → V
A homotopic over A

d A U, V homotopy classes A d
A A

category of DG modules A
U ⊗A V U ⊗k V

au⊗k v − − |a||u|u⊗k av

a u⊗A v au⊗A v − |a||u|u⊗A av .

A
ΣU A aΣ

U u − |a|
Σ
U au

Σ
U U → ΣU A

β U → V A
A A

Semi-free modules F A semi-free
A� F � 9 {eλ}λ∈Λ f ∈ F

aλ ∈ A f
∑

λ∈Λ aλeλ n {λ ∈ |eλ| n}

8This convention reduces the length of the exposition by 1.713%, as it trims from each argument
all sentences starting with ‘We may assume that the element x is homogeneous’; note that by
Remark 1.2.10 above, a graded ring is the usual thing.
9Over a ring, a such a DG module is simply a bounded below complex of free modules. For
arbitrary DG modules over any graded associative DG algebras, the notion is defined by a
different condition: cf. [33], where the next three propositions are established in general.



F not {eλ}
A ∂ eλ eμ

eλ
eμ lifting property

Proposition 1.3.1. If F is a semi-free DG module over a DG algebra A, then each
diagram of morphisms of DG modules over A represented by solid arrows

U

��
� β

��
F

��
γ

α
�� V

with a surjective quasi-isomorphism β can be completed to a commutative diagram
by a morphism γ, that is defined uniquely up to A–linear homotopy.

Remark d F → V F → Σ
−dV

Proof. Fn
⊕

|eλ| �n Aeλ F A Fn

n � n γn Fn → U
α|Fn β◦γn

λ ∈ n+1 ∂ α∂ eλ α ∂2 eλ α∂ eλ
V β cycle z′λ ∈ U

β z′λ α∂ eλ zλ γn∂ eλ − z′λ ∈ U

∂ zλ γn∂2 eλ − ∂ z′λ β zλ α∂ eλ − β z′λ ,

zλ W β
→ W → U → V → W

zλ ∂ yλ yλ ∈W

γn+1

(
f

∑
λ∈Λn+1

aλeλ

)
γn f

∑
λ∈Λn+1

aλyλ f ∈ Fn

γn+1 Fn+1 → U γn+1|Fn γn

F
⋃

n∈Z
Fn γ f γn f

f ∈ Fn γ F → U α βγ
γ′ F → U α βγ′ β γ − γ′

δ F → W γ − γ′ ιδ ι W ⊆ U
σn Fn →W

δ|Fn δ|Fn ∂σn σn∂

∂ δ eλ − σn∂ eλ δ∂ eλ − ∂σn ∂ eλ

δ − ∂σn ∂ eλ σn∂ ∂ eλ

W wλ ∈W ∂ wλ δ eλ − σn∂ eλ

σn+1

(
f

∑
λ∈Λn+1

aλeλ

)
σn f

∑
λ∈Λn+1

− |aλ|aλwλ



σn+1 Fn+1 → W δ|Fn+1 ∂σn+1 σn+1∂
σn+1|Fn σn σ F → W δ
σ′ ισ F → U γ γ′ �

Proposition 1.3.2. If F is a semi-free DG module, then each quasi-isomorphism
β U → V of DG modules over A induces quasi-isomorphisms

A F, β A F,U → A F, V F ⊗A β F ⊗A U → F ⊗A V .

Proof. A F, β

A F, β
F → β

F → β → F → β

β⊗AF →
Fn → Fn+1 → Fn+1 → A Fn

A�

−−−−→ U ⊗A Fn −−−−→ U ⊗A Fn+1 −−−−→ U ⊗A Fn+1 −−−−→

β⊗AFn
⏐⏐� β⊗AFn+1

⏐⏐� β⊗AFn+1

⏐⏐�
−−−−→ V ⊗A Fn −−−−→ V ⊗A Fn+1 −−−−→ V ⊗A Fn+1 −−−−→ .

n β ⊗A Fn

Fn+1 ∼ ⊕
λ∈Λn+1

Aeλ ∂ eλ λ ∈ n+1 ,

β ⊗A Fn+1 β ⊗A Fn+1

β ⊗A F β ⊗ n Fn
n β ⊗A Fn �

Proposition 1.3.3. Let U be a DG module over a DG algebra A. Each quasi-iso-
morphism γ F → G of semi-free modules induces quasi-isomorphisms

A γ, U A G,U → A F,U γ ⊗A U F ⊗A U → G⊗A U.

Proof. C γ
C →

A C,C → σ C C

A σ,U σ ⊗A U A C,U
C ⊗A U

Σ
−1

A γ, U γ⊗A U

A γ, U γ ⊗A U �



Künneth Theorem

Proposition 1.3.4. If G is a bounded below complex of free R–modules, such that
F G is free, then the Künneth map

κGU G ⊗R U → G⊗R U ,

κGU g ⊗ u g ⊗ u ,

is an isomorphism for each complex of R–modules U .

Proof. F G R
G → F G → G γ F → G

R γ⊗RU F ⊗RU → G⊗RU
κFU

∂F Fn �

2. Multiplicative Structures on Resolutions

Q

• Q
≤ Q

≤
•
•

10

2.1. DG algebra resolutions. Q R Q
DG algebra resolution R Q

A Ai Q i
εA A→ R Q

Example 2.1.0. R Q/ f Q f
f R Q

10Resolve in kind!



Example 2.1.1. R Q/I A

→ F1 → Q→
Q

F1 · F1 A

φ J,K ⊂ N φK
J

J K

Example 2.1.2. R Q/I
a r× r− φ

R Q

A →
r−1⊕
k=1

Qfk
∂2−→

r⊕
j=1

Qej
∂1−→ Q→

∂2 φ ∂1 a
(

φ1 , . . . , − j−1 φj , . . . , − r−1 φr

)
A

ej · ek −ek · ej −a
r−1∑

=1

− j+k+
 φ

jk f
 j < k ej · ej .

Example 2.1.3. I Q, n Gorenstein R Q/I

Q R p <∞ n
Q R,Q n � p p

Q R,Q ∼ R Q
I R

I Q R I r
r

r × r φ n
A R Q

A → Qg
∂3−→

r⊕
k=1

Qfk
∂2−→

r⊕
j=1

Qej
∂1−→ Q→

∂2 φ ∂1

(
φ1

1 , . . . , − j−1 φj
j , . . . , − r−1 φr

r

)
∂∗
3

α α A

ej · ek −ek · ej
r∑


=1

− j+k+
ρjk
 φjk

jk
 f
 j < k

ej · ej ej · fk fk · ej δjkg ,

ρjk
 − j < � < k

≤
Proposition 2.1.4. If A is a projective resolution of a Q–module R, such that A0

Q and An for n ≥ , then A has a structure of DG algebra.



Proof. 2 A

· · · → A1 ⊗A3 ⊕ 2 A2 ⊕A4
δ4−→ A1 ⊗A2 ⊕A3

δ3−→ ∧
2A1 ⊕A2

δ2−→ A1
δ1−→ Q→

δn|An ∂n

δ2 a ∧ b ∂1 a b− ∂1 b a δ3 a⊗ b −a ∧ ∂1 b ∂1 a b

δ4 a⊗ b ∂1 a b− a ∗ ∂3 b δ4 a ∗ b ∂2 a ⊗ b ∂2 b ⊗ a ,

∗ 2 A
R

μ 2 A → A R
A ·

A ⊗ A → 2 A μ ∈ Q A0

An n ≥ a b
c

∂3 a · b · c ∂2 a · b · c a · b ∂1 c

∂1 a b · c− ∂1 b a · c a · b ∂1 c

∂1 a b · c − ∂1 b a · c ∂1 c a · b .

∂3 a · b · c
∂3 a · b · c a · b · c �

Example 2.1.5. Q Q Q/I I
R Q

Q � 1
2

Example 2.1.6. I
Q 1

2
Q/I

minimal

Q some
z A

A A′ y ∂y z A′

z

Construction 2.1.7. Exterior variable. |z| k y exterior algebra
k k y |z|



A y � A� ⊗k k y

∂ a0 a1y ∂ a0 ∂ a1 y − |a1|a1z

A A y K z A

Construction 2.1.8. Polynomial variable. |z| k y polynomial
ring k y |z| A y � A� ⊗k k y

∂

(∑
i

aiy
i

) ∑
i

∂ ai yi
∑
i

− |ai|iaizyi−1 .

∂ A y �

A ∂ y z y variable A
A y | ∂ y z

u z ∈ A z A y /A
n ≤ |z| A0y n |z|

A ↪→ A y
A /u A → A y ≤ |z|

semi-free extension A A′

Y
A Y A′ Yn {y ∈ Y | |y| n} Y�n

⋃n
i=0 Yi

lifting property

Proposition 2.1.9. If A Y is a semi-free extension of a DG algebra A, then each
diagram of morphisms of DG algebras over A represented by solid arrows

B

��
� β

��
A Y

��
γ

α
�� C

with a surjective quasi-isomorphism β can be completed to a commutative diagram
by a morphism γ, that is defined uniquely up to A–linear homotopy.

Proof. Ai A Y� i A→ B
n ≥ − γn An → B A

βγn α|An An { } ∪ Yn+1 Fn+1

A Y γn δn+1 Fn+1 → B
An An+1 �

An � Yn+1 δn+1

γn+1 An+1 → B δn+1 γn+1

γ A Y → B �

resolvent Q R R Q
Q



Proposition 2.1.10. Each surjective homomorphism ψ Q → R has a resolvent
Q Y with Y0 ∅ . When Q is noetherian and R is a finitely generated Q–algebra
there exists a resolvent with Yn finite for each n.

Proof. ψ Q ↪→ Q Y0 Y0

ψ′ Q Y0 � R Y0

Q R Q ↪→ Q Y0 Y� 1

ψ′ Q 0 Q Y� 1
∼ R

i Q Y� 1 Yj

j , . . . , n Q ↪→ Q Y�n

i Q Y� n < i < n Q Y�n Yn+1

n Q Y0 n Q Y� n

i Q Y�n+1 < i < n

Yn �

2.2. DG module resolutions.

Remark 2.2.1. U Q M f ∈ Q M

f U U M
f U ∂σ σ∂ σ σ2 U

A Q y | ∂ y f
yu σ u σ

fu ∂ yu y∂ u y

Proposition 2.2.2. If Q, n, k is a local ring, f ∈ n � n2, and M is a Q–module
such that fM , then the minimal free resolution U of M over Q has a structure
of semi-free DG module over the Koszul complex A Q y | ∂ y f .

Proof. fj f Uj j
σj Uj → Uj+1

∂j+1σj σj−1∂j fj σj−1 Uj−1 σj

σj−1 Uj−1 Uj .

U
A A�

U � ∼ A� ⊗Q V V U �/yU �

σj j <
σj j ≤ i i ≥ −

∂i+1 fi+1 − σi∂i+1 f∂i+1 − ∂i+1σi∂i+1 f∂i+1 − f∂i+1 σi−1∂i∂i+1

U σi+1 ∂i+2σi+1 fi+1 − σi∂i+1



σiσi−1

fi+1 − σi∂i+1 σi fσi − σi∂i+1σi fσi − fσi σiσi−1∂i .

σi+1 σi Ui+1

Vi+1 σi Ui+1 v ∈
Vi+1 � nVi+1 ∂i+2σi+1 v fv − σi∂i+1 v

fv /∈ n2Vi+1 ∂i+2σi+1 v /∈ n2Ui+1

σi+1 v /∈ nUi+2 σi+1 ⊗Q k Vi+1 ⊗Q k → Ui+2 ⊗Q k
σi+1 �

σ
M Q/ f

Q

Theorem 2.2.3. Let Q, n, k be a local ring, let f ∈ n � n2 be Q–regular, and let
M be a finite module over R Q/ f . If U is a minimal free resolution of M over
Q, then there exists a homotopy σ from U to U , such that

U ′ · · · → Un

fUn σ Un−1
→ · · · → U1

fU1 σ U0
→ U0

fU0
→ ∗

is a minimal R–free resolution of M and Q Un R U ′
n R U ′

n−1.

Proof. A Q y | ∂ y f U
A Q y | ∂ y f σ

y A→ R
U → U ⊗A R U ′ U/ f, y U U/

(
fU σ U

)
U ′

�

Remark 2.2.4. S Q/J B S Q
A f ⊂ J

A→ Q/ f → S B → S
A→ B Q

S Q
K f Q

Proposition 2.2.5. Let R Q/I, and let M be an R–module. If U is a projective
resolution of M , and Un for n ≥ , then U has a structure of DG module over
each DG algebra resolution A of R over Q. �

≥
A � Q

A R Q M R
DG module resolution M A εU U → M



A n Q Un

Construction 2.2.6. Adjunction of basis elements. V
A Z {zλ ∈ V }λ∈Λ

Y {yλ |yλ| |zλ| }λ∈Λ A� A

∂

(
v
∑
λ∈Λ

aλyλ

)
∂ v

∑
λ∈Λ

∂ aλ yλ − |aλ|
∑
λ∈Λ

aλzλ .

V
⊕

λ∈Λ Ayλ V
∂ yλ zλ λ ∈

Proposition 2.2.7. If A is a DG algebra resolution of R over Q and M is an R–
module, then M has a semi-free resolution U over A.

Proof. F →M Q
ε0 U0 A ⊗Q F → M 0 ε0

Z0
0 ε0 U1

U0

Y 1 Z0 ε0 ε1 U1 →M ε1 Y 1
0 ε1

Y n

n , , . . . Zn−1
n−1 Un−1

U
⋃

n Un A εU U →M
�

Proposition 2.2.8. Let Q be a noetherian ring
If R is a finite Q–algebra and M is a finite R–module, then there exist a DG

algebra resolution A of R over Q and a DG module resolution U of M over A,
such that the Q–modules ηA Q → A0 , An, and Un, are finite projective
for all n and are trivial for n > { Q R, Q M}.
Proof. r1, . . . , rs R Q rj

fj ∈ Q xj R Q′ Q x1, . . . , xs / f1, . . . , fs
Q A′ Q′ Y
A′
n Q′

U ′ M A′ U ′
n Q′

A′
n U ′

n Q
{ Q R, Q M} m < ∞ Q V U ′

V<m Vm ∂ U ′
m+1 V>m U ′

>m

V {Vn} A′ V U U ′/V U M

Q M Q Um U
M A′ J ⊆ A′

J<m Jm ∂ A′
m+1 J>m A′

>m A
A A′/J R
JU ′ ⊆ V U A



η
η Q A0 �

2.3. Products versus minimality. non-existence

Theorem 2.3.1. Let k be a field, and Q be the polynomial ring k s1, s2, s3, s4 with
the usual grading, or the power series ring k s1, s2, s3, s4 . There exists no DG
algebra structure on the minimal Q–free resolution U of the residue ring

S Q/I where I s2
1 , s1s2 , s2s3 , s3s4 , s2

4

or on the minimal Q–free resolution U ′ of the Cohen-Macaulay residue ring

S′ Q/I ′ where I ′ I s1s
6
3 , s7

2 , s6
2s4 , s7

3 .

If A is a DG algebra over Q, and U or U ′ is a DG module over A, then A Q.

Remark

Q
Q g ≥ ≥
g g

A � Q

Construction 2.3.2. Tor algebras. S ← R→ k
D D S R S R

R S, k D⊗R k
E

D ⊗R k
D⊗RεE←−−−−− D ⊗R E

εD⊗RE−−−−−→ S ⊗R E .

D E

11

D′ E′

11In fact, this is how they were originally introduced by Cartan and Eilenberg [51].



μS S ⊗R S → S μD′
D′ ⊗R D′ → D′

D′ ⊗R k ⊗R D′ ⊗R k
κ−→ D′ ⊗R k ⊗R D′ ⊗R k

∼ D′ ⊗R D′ ⊗R k ⊗R k
H(μD

′⊗Rμk)−−−−−−−−→ D′ ⊗R k .

μD D ⊗R D → D
D′ ⊗R k ∼ D ⊗R k

R

Construction 2.3.3. Tor modules. ψ Q → R R → k
M R

εA A → R Q
εU U → M A A

U Q Q M,k U ⊗Q k
Q R, k A ⊗Q k

ring

Construction 2.3.4. Naturality. ψ Q→ R k
Q C k Q

γ C → E k
Q M ⊗ψ γ M ⊗Q

C → M⊗RE R⊗QC γ
ψ M,k Q M,k → R M,k

Q R, k
U ′ →M ← V ′ C ′ → k ← E′

Q R β′ U ′ → V ′ γ′ C ′ → E′
M k ψ M,k β′ ⊗ψ k M ⊗ψ γ′

Remark 2.3.5. Q, n, k f ∈ n
ψ Q→ Q/ f R

A Q y | ∂ y f
U M A U〈x〉 ⊕

i � 0 Rx(i) ⊗Q U

|x(i)| i ∂ x(i) ⊗ u x(i−1) ⊗ yu x(i) ⊗ ∂ u
U〈x〉 M R

U ψ
n M,k y Q

n−1 M,k n ≥
Proof of Theorem . S

U Q k s1, s2, s3, s4

Q k s1, s2, s3, s4 A
Q y | ∂ y f f s2

1 s2
4



y Q
3 S, k � ψ

4 S, k

C Q y1, y2, y3, y4 | ∂ yi si k Q
A y �→ s1y1 s4y4 C〈x〉

k R Q/ f K S ⊗Q C

Q S, k U ⊗Q k ∼ K ∗
Q R, k k y | ∂ y

ψ S, k ι ι K ⊂ L
S ⊗R C〈x〉

w ∈ 4 ι � y 3 K . †

z1 s1s4 y1 ∧ y2 ∧ y3 , z2 s1s4 y1 ∧ y2 ∧ y4 ,

z3 s1s4 y1 ∧ y3 ∧ y4 , z4 s2s4 y1 ∧ y3 ∧ y4 ,

S∂ y1 ∧ · · · ∧ y4

U S Q

→ Q − ∂4−→ Q − 4 ∂3−→ Q − 3 ⊕Q − 4 ∂2−→ Q − 5 ∂1−→ Q→ ‡

∂1

(
s2
1 s1s2 s2s3 s3s4 s2

4

)

∂2

⎛⎜⎜⎜⎜⎝
− s2 − s2

4 − s3s4

− s3 s1 − s2
4

− s4 s1

−s4 s2 s2
1

s3 s2
1 s1s2

⎞⎟⎟⎟⎟⎠

∂3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

s1s2 s2
1

s2
1 s1s4

s1s4 s2
4

s3s4 s2
4

−s2 −s3

s1 −s3

−s2 s4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
∂4

⎛⎜⎜⎝
−s4

s3

s1

−s2

⎞⎟⎟⎠

∗ ‡ k 3 K z1 , ..., z4

3 K yzi s1y1 s4y4 zi i , . . . ,
y 3 K

z s1s4 y1 ∧ y2 ∧ y3 ∧ y4 ∈ K4

K L

z ∂
(
s4 y2 ∧ y3 ∧ y4 y s2 y3 x(2)

)
∈ L4 .

w z †



S′ S/ s1s
6
3, s

7
2, s

6
2s4, s

7
3

K
ι−−−−→ L

π

⏐⏐� ⏐⏐�π′

K ′ S′ ⊗S K
ι′−−−−→ S′ ⊗S L L′

ι′ S′ ⊗S ι w′ π w

ι′ w′ π′ ι w .

w′ ∈ y 3 K′ m t1, . . . , t4

J → m3K4 → m4K3 → m5K2 → m6K1 → m7K0 →

K ∗ ‡ K
≤ J

ξ K → K/J
J K π m7K ⊂ J ξ ρπ

ρ K′ → K/J ξ

ξ w ρ w′ ⊆ y ξ
(

3 K
)

ξ y 3 K .

ξ w ∈ y 3 K †
w′ ∈ 4 ι′ � y 3 K′

U ′ A �

3. Change of Rings

ψ Q→ R R M

R M Q M R

3.1. Universal resolutions.
12

Theorem 3.1.1. Let εA A→ R be a DG algebra resolution over Q with structure
map ηA Q → A, and let εU U → M be a DG module resolution of M over A.

12In view of Proposition 2.2.8, if Q is noetherian and finite projective Q–modules are free,
then a resolution of M over R is finitistically determined by matrix data over Q, namely, the
multiplication tables of the algebra A and the module U , and the differentials in these finite
complexes. With the help of computer algebra systems, such as MACAULAY [40], these data
can be effectively gathered, at least when Q is a polynomial ring over a (small) field.



With A R⊗Q ηA and U R⊗Q U , set

Fn A,U
⊕

p+i1+···+ip+j=n

Ai1 ⊗R · · · ⊗R Aip ⊗R U j

∂′ a1 ⊗ · · · ⊗ ap ⊗ u

p∑
r=1

− r+i1+···+ir−1 a1 ⊗ · · · ⊗ ∂ ar ⊗ · · · ⊗ ap ⊗ u

− p+i1+···+ip a1 ⊗ · · · ⊗ ap ⊗ ∂ u

∂′′ a1 ⊗ · · · ⊗ ap ⊗ u

p−1∑
r=1

− r+i1+···+ir a1 ⊗ · · · ⊗ arar+1 ⊗ · · · ⊗ ap ⊗ u

− p+i1+···+ip−1 a1 ⊗ · · · ⊗ ap−1 ⊗ apu .

The homomorphisms ∂ ∂′ ∂′′ Fn A,U → Fn−1 A,U make A,U into a
complex of R–modules. If the Q–modules ηAi and Ui are free for all i, then
it is a free resolution of M over R.

Q A A0 U A
standard resolution 13

Example 3.1.2. R Q/ f f U

∂σ σ∂ f U σ2

A Q y | ∂ y f A1 Ry Ai i �
∂′ ∂′′ A,U

· · · −→
⊕
i

Rx(i) ⊗Q Un−2i
∂−→
⊕
i

Rx(i) ⊗Q Un−1−2i −→ . . .

x(i) y ⊗ · · · ⊗ y i ∂
(
x(i) ⊗ u

)
x(i−1) ⊗ σ u x(i) ⊗ ∂ u

M R

Theorem 3.1.3. If R Q/ f for a non-zero-divisor f , M is an R–module, and
U is a resolution of M by free Q–modules, then there exists a family of Q–linear
homomorphisms σ

(
σ[j] ∈ Q U,U 2j−1

)
j � 0, such that

σ[0] ∂ σ[0]σ[1] σ[1]σ[0] f U
n∑

j=0

σ[j]σ[n−j] for n ≥ .

13Resolve!



If {x(i) |x(i)| i}i� 0 is a linearly independent set over R, then

· · · −→
n⊕

i=0

Rx(i) ⊗Q Un−2i
∂−→

n−1⊕
i=0

Rx(i) ⊗Q Un−1−2i −→ . . .

∂
(
x(i) ⊗ u

) i∑
j=0

x(i−j) ⊗ σ[j] u

is a free resolution σ, U of M over R.

Remark σ σ[1] f U U σ2

σ[n] n ≥
n ∂σ[2] σ[2]∂

−σ2 σ[2] homotopy σ2

σ[n] n ≥ σ family of higher
homotopies f U U

Proof. σ[0] σ[1] f U

∂σ[1] σ[1]∂ σ[j]

≤ j < n n ≥ τ [1] f U

τ [j] −∑j−1
h=1 σ[h]σ[j−h] j ≥ ∂σ[j] τ [j] − σ[j]∂

∂σ[j]σ[n−j] τ [j]σ[n−j] − σ[j]τ [n−j] σ[j]σ[n−j]∂ j , . . . , n− .

∂τ [n] τ [n]∂ τ [n]

n − Q U,U U
�−→ M

Q U,U → Q U,M

τ [n]

σ[n] U → U n − τ [n] ∂σ[n] σ[n]∂
σ

∂2 G σ, U
→ R ⊗Q U → G → Σ

2G →
R i R⊗Q U ∼ Q

i R,M i � ,

M ∼
0 R⊗Q U ∼

0 G , n+2 G n Σ
2G ∼

n G n ≥ ,

→ 2 G → 2 Σ
2G

ð−→ 1 R⊗Q U → 1 G → .

G n ð
z ∈ Σ

2G 2 Rx⊗Q U0 ð z ∂ x⊗ z

⊗ σ[1] z ∈ R⊗Q U1 0 R⊗Q σ[1]
0 R⊗Q U → 1 R⊗Q U

σ[1] f U U

U Q V M σ
f V V

0 R⊗σ V
M A Q y | ∂ y f σ y 0 R⊗σ

⊗y ∈ 1 R⊗QA Q
1 R,R 0 R⊗QV Q

0 R,M
A R Q



A⊗QM R y ⊗RM − y⊗ ∈ A⊗QR R y
�

Construction 3.1.4. Bar construction. U

A k Ã ηA k→ A

Sk

p A,U A⊗k Ã⊗k · · · ⊗k Ã︸ ︷︷ ︸
p times

⊗k U , p ≥ ,

A
∂p Sk

p A,U p <

δp a⊗ ã1 ⊗ · · · ⊗ ãp ⊗ u aa1 ⊗ ã2 ⊗ · · · ⊗ ãp ⊗ u

p−1∑
i=1

− i−1a⊗ ã1 ⊗ · · · ⊗ ãiai+1 ⊗ · · · ⊗ ãp ⊗ u

− pa⊗ ã1 ⊗ · · · ⊗ ãp−1 ⊗ apu

δp+1δp ∂p−1δp δp∂p p .

k A,U , δ 14 standard com-
plex k

π′ Sk

0 A,U → U , a⊗ u �→ au

ι′ U → Sk

0 A,U , u �→ ⊗ u

σp Sk

p A,U → Sk

p+1 A,U ,

a⊗ ã1 ⊗ · · · ⊗ ãp ⊗ u �→ ⊗ ã⊗ ã1 ⊗ · · · ⊗ ãp ⊗ u ,

δ1σ0 Sk
0 (A,U)−ι′π′

δp+1σp σp−1δp Sk
p (A,U) p ≥ .

A U k A,U ∼ U

k Ãi Ui i free
standard resolution U A

k A,U
A

14Of course, a complex in the category of DG modules is a sequence of morphisms of DG modules
δp : Cp → Cp−1, such that δp−1δp = 0.



A normalized bar construction

k A,U
∞⊕
p=0

Σ
p
(
Sk

p A,U
)

∂ ∂′ ∂′′

∂′
Σ
pSk

p A,U ∂′

− δ k A,U
∂2

∂′∂′ , ∂′′∂′′ , ∂′∂′′ ∂′′∂′ ,

− p Sk
p A,U Σ

pSk
p A,U π′

ι′ σp

π k A,U → U , ι U → k A,U , σ k A,U → k A,U .

π A ι
k σ k

πι U ∂σ σ∂ Bk(A,U)−ιπ .

π ι π
A

Σ
p
(
Sk

p A,U
) ∼ A⊗k Σ Ã ⊗k · · · ⊗k Σ Ã︸ ︷︷ ︸

p times

⊗k U ,

n

Bn A,U
⊕

h+p+i1+···+ip+j=n

Ah ⊗k Ãi1 ⊗k · · · ⊗k Ãip ⊗k Uj .

∂′ a⊗ ã1 ⊗ . . .⊗ ãp ⊗ u ∂ a ⊗ ã1 ⊗ · · · ⊗ ãp ⊗ u
p∑

r=1

− r+h+i1+···+ir−1a⊗ ã1 ⊗ · · · ⊗ ∂ ãr ⊗ · · · ⊗ ãp ⊗ u

− p+h+i1+···+ipa⊗ ã1 ⊗ · · · ⊗ ãp ⊗ ∂ u

∂′′ a⊗ ã1 ⊗ . . .⊗ ãp ⊗ u − h aa1 ⊗ ã2 ⊗ · · · ⊗ ãp ⊗ u

p−1∑
r=1

− r+h+i1+···+ira⊗ ã1 ⊗ · · · ⊗ ãrar+1 ⊗ · · · ⊗ ãp ⊗ u

− p+h+i1+···+ip−1a⊗ ã1 ⊗ · · · ⊗ ãp−1 ⊗ apu .



Proof of Theorem . A
U k Q

Q A,U
π−−−−→ U

εU−−−−→ M .
Q A,U A

Q A,U Q A,U ⊗A A
BQ(A,U)⊗AεA−−−−−−−−−→ Q A,U ⊗A R

R
Q A,U ⊗A R A,U

A,U M R �

3.2. Spectral sequences.
M R Q first quadrant

r
p,q p < q < of homological type of

rdp,q
r

p,q → r
p−r,q+r−1

Cartan-Eilenberg spectral sequence

Proposition 3.2.1. For each Q–module N there exists a spectral sequence
2

p,q
R
p

(
M, Q

q R,N
)
⇒ Q

p+q M,N .

Proof. V → M R W → N
Q V ⊗Q W → M ⊗Q W

V ⊗Q W ∼ Q M,N V ⊗Q W ∼ V ⊗R R⊗Q W
V� p ⊗R R⊗Q W

2
p,q p V ⊗R q R⊗Q W ⇒ Q

p+q M,N

q R⊗Q W Q
q R,N p V ⊗R L R

p M,L �

Proposition 3.2.2. If f is a non-zero-divisor on Q, and N is a module over R
Q/ f , then there is a long exact sequence

· · · −→ R
n−1 M,N −→ Q

n M,N
Torψn(M,N)−−−−−−−→ R

n M,N

ϑn−→ R
n−2 M,N −→ Q

n−1 M,N −→ . . . .

Proof. A,U
ι U → A,U ι u x(0) ⊗ u ι ∼ Σ

2 A,U
R

−→ R⊗Q U
R⊗ι−−−−→ A,U

ϑ−→ Σ
2 A,U −→ .

N R
�



Proposition 3.2.3. If ψ is surjective and k is a residue field of R, then there is a
spectral sequence

2
p,q

Q
p k,M ⊗k

R
q k, k ⇒

(
Q k, k ⊗k

R M,k
)
p+q .

Proof. U → k Q V → M W → k R
U ⊗Q V R

U ⊗Q V ⊗R W ∼ U ⊗Q V ⊗R k ∼ U ⊗Q k ⊗k V ⊗R k

∼ U ⊗Q k ⊗k V ⊗R k Q k, k ⊗k
R M,k .

U ⊗Q V ⊗R W� p

2
p,q p q U ⊗Q V ⊗R W ⇒

(
Q k, k ⊗k

R M,k
)
p+q .

U Q U ⊗Q V → U ⊗Q M
2

p,q
∼

p
Q
q k,M ⊗R W

R
p

(
Q
q k,M , k

) ∼ Q
p k,M ⊗k

R
q k, k �

R
Q R

Eilenberg-Moore spectral sequences
Q M,k

Q R, k
M R

Proposition 3.2.4. When k is a residue field of R, there is a spectral sequence
2

p,q
TorQ(R,k)
p

(
Q M,k , k

)
q ⇒ R

p+q M,k .

Proof. B A ⊗Q k V U ⊗Q k⊕
i � p

(
B̃⊗i ⊗ V

)
k B,V ⊗B k

0
p,q

(
Sk
p B,V ⊗B k

)
q ⇒ p+q

k B,V ⊗B k

0dp,q
1

p,q q
k
p B,V ⊗B k q

∼ ( k
p B , V ⊗H(B) k

)
q , 1dp,q δ[p]

q ⊗R k .

k k B , V V B

2
p,q

H(B)
p V , k q .

B Q R, k V Q M,k

k B,V ⊗B k ∼
(

Q A,U ⊗A R
)
⊗R k A,U ⊗R k

R M,k �



Corollary 3.2.5. If ψ is surjective, then for each n ≥ there is an inclusion
n∑

i=1

Q
i R, k · Q

n−i M,k ⊆ ψ
n M,k .

Proof. U ⊗Q k → A,U V → k B,V ⊗B k

V F 1 ⊆ k B,V ⊗B k ψ
n M,k

νn
Q
n M,k n V → 2

0,n

Q
n M,k∑n

i=1
Q
i R, k · Q

n−i M,k
.

νn ⊆ ψ
n M,k �

oψn M
ψ
n M,k∑n

i=1
Q
i R, k · Q

n−i M,k

obstructions

Theorem 3.2.6. Let Q, n, k be a local ring, let ψ Q → R be a surjective homo-
morphism of rings, and let M be a finite R–module.

If the minimal free resolution A of R over Q has a structure of DG algebra,
and the minimal free resolution U of M over Q admits a structure of DG module
over A, then oψn M for all n.

Proof. ∂′ ⊗Q k
k B,V ⊗B k

ψ
n M,k νn �

Remark 3.2.7. f Q
R Q/ f A K f Q

Q R, k A⊗R k A⊗R k
∧

A1 ⊗R k
∧ Q

1 R, k∑n
i=1

Q
i R, k · Q

n−i M,k Q
1 R, k · Q

n−1 M,k

3.3. Upper bounds. ψ Q→ R
k M

R M R Q

R
M t

∞∑
n=0

βR
n M tn ∈ Z t ,

Poincaré series M R Q
� �



Remark 3.3.1. r
p,q ⇒ E r ≥ a

r+1
p,q

r
p,q r ≥ a ∞

p,q

Ep+q

k En

∑
p+q=n

k
∞

p,q ≤
∑

p+q=n

k
r

p,q ≤
∑

p+q=n

k
a

p,q .

n tn Z t∑
n� 0

k Ent
n �
∑
n

( ∑
p+q=n

k
r

p,q

)
tn r ≥ a .

Proposition 3.3.2. There is an inequality R
M t �

Q
M t

− t
( Q

R t −
) .

Proof.∑
n

( ∑
p+q=n

k
1

p,q

)
tn

∑
p

(∑
q

k
1

p,q tq
)
tp

∑
p

(( Q
R t −

)p Q
M t

)
tp

Q
M t

∑
p

( Q
R t −

)p
tp

Q
M t

− t
( Q

R t −
)
�

Remark M k ψ Golod homomorphism

Q

Proposition 3.3.3. There is an inequality R
M t Q

k t � Q
M t R

k t . �

Remark M inert ψ

Q N rank q ∈ Q
Qq Nq q

Q N Q N

Q N ≥ N



Proposition 3.3.4. If f is Q–regular and R Q/ f , then

�
∞∑
n=1

Q
Q
n M tn−1

Q
M t

t
� R

M t �
Q
M t

− t2
.

Proof. U M Q q ∈ Q
f /∈ q Mq n

→ Q
n+1 M q → Un q → · · · → U0 q → .

Q
n+1 M q

∑
i� 0 − iβQ

n−i M

βQ
n M ≤ βR

n−1 M βR
n M n

M R �

Proposition 3.3.5. Let f be a Q–regular element, and R Q/ f .

If f /∈ n2, then R
M t Q

M t / t .
If f ∈ n QM , then R

M t Q
M t / − t2 .

Proof.
s1, . . . , se n f

∑e
j=1 ajsj

aj ∈ QM V → k Q y1, . . . , ye ∈ V1

∂ yj sj ∂
(∑e

j=1 ajyj
)

f G

k R Gn

⊕n
i=0 Rx(i) ⊗Q Vn−2i

∂
(
x(i) ⊗Q v

) e∑
j=1

ajx
(i−1) ⊗Q yjv x(i) ⊗Q ∂ v .

b ∈M M ⊗R G

∂
(
bx(i) ⊗Q v

) e∑
j=1

ajbx
(i−1) ⊗Q yjv bx(i) ⊗Q ∂ v bx(i) ⊗Q ∂ v ,

M ⊗R G ∼⊕∞
i=0 Σ

2i M ⊗Q V R

R M,k M ⊗R G
∞⊕
i=0

Σ
2i Q M,k .

�
Remark σ, U

∑
R Gnt

n(∑
Q Uit

i
)
/ − t2 U M Q

f ∈ n QM σ, U minimal R M

Q M



R
n M n ≥

R

M R
n M

n

4. Growth of Resolutions

15

16

4.1. Regular presentations. I R
minimal number of generators νR I I

R I,R ≤ I ≤ νR I .

R,m, k νR m
embedding dimension R

R ≤ R ≤ R .

• R R− R Cohen-Macaulay defect R
• R R− R codimension17 R
• R R− R codepth17 R

15Warning: crossing may take an infinite time.
16Algebraists.
17Because ‘codimension’ has been used to denote depth, and ‘codepth’ to denote Cohen-Macaulay
defect, the notions described here are sometimes qualified by ‘embedding’; it would be too cum-
bersome to stick to that terminology, and to devise new notation.



R 18 regularity R R
m

Auslander-Buchsbaum-Serre Theorem

Theorem 4.1.1. The following conditions are equivalent.
R is regular.

R M <∞ for each finite R–module M .
R k <∞ .

Proof. ⇒
m k

⇒ R
n M,k n�

⇒ R d R
d k m d >

g ∈ m � m2 R′ R/ g
R R′

R′ k <∞
R′ �

Corollary 4.1.2. If R is regular, then so is Rp for each p ∈ R.

Proof. R/p R F Fp

Rp k p Rp/pRp Rp �
Cohen Structure Theorem

regular presentation R R ∼ Q/I Q

every complete local ring has a regular presentation

m R̂ R R

F M R F̂ R̂⊗RF

M̂ R̂⊗RM R̂ R
M t R̂

M̂
t

M̂ R̂ finite Q
finite

Q, n, k R Q/I f ∈ I � n2 Q/ f
R R

minimal R Q

18This clearly implies the usual definition, in terms of the vanishing of codim R. Conversely, if R is
regular, then the associated graded ring S =

⊕
n mn/mn+1 is the quotient of a polynomial ring in

e = edim R variables. Since S and R have equal Hilbert-Samuel functions, dim S = dim R = e, so
S is the polynomial ring on the classes in S1 of a minimal set of generators t of m. In particular,
these classes form an S–regular sequence, and then a standard argument shows that t is an
R–regular sequence.



R
t m t

KR K t R KM KR ⊗R M

Lemma 4.1.3. If KR is a Koszul complex on a minimal set of generators of m, and
R̂ Q′/I ′ respectively, R Q/I is a minimal regular presentation, then

KM ∼ KM̂ ∼ Q′
M̂, k

( ∼ Q M,k
)
.

{i | i KM � } {i | i KM̂ � } Q′ M̂
(

Q M
)
.

1 KR ∼
1 KR̂ ∼ I ′ ⊗Q′ k

( ∼ I ⊗Q k
)
.

Proof. R̂ R mR̂

KQ′
k Q′

Q′ −, k

→ I ′ → Q′ → R̂→ �

Proposition 4.1.4. For each finite R–module M there is an inequality

R
M t �

edimR−depthM∑
i=0

k i KM ti

−
codepthR∑

j=1

k j KR tj+1

. �

Corollary 4.1.5. There is an α ∈ R, such that βR
n M ≤ αn for n ≥ . �

ϕ R→ R′ mR′

R′

Kϕ KR → KR′

Kϕ KR ⊗R ϕ KR → KR ⊗R R′

R k

Lemma 4.1.6. The complexes KR and KM have the following properties.

If g ∈ m�m2 is R–regular, then the homomorphism ϕ R→ R/ g induces
a surjective quasi-isomorphism Kϕ KR → KR/(g).
If a ∈ KR satisfies ∂ a ∈ m2KR, then a ∈ mKR .



For each finite R–module M there is an integer s such that the complex

Ci → mi−eKM
e → · · · → mi−1KM

1 → miKM
0 → ∗

is exact for i ≥ s; for each i, Ci is a DG submodule of KM over KR.

Proof. y1, . . . , ye ∈ KR
1 {∂ yi ti | j , . . . , e}

m g te D R y | ∂ y
g KR D

D → R/ g KR → R/ g ⊗D KR

KR/(g)

KR
n /mKR

n →
mKR

n−1/m
2KR

n−1 ∂n KR n ≥

t1, . . . , te
C1 KR → k ⊂ KR Ci C1 iKM

KM ≤ n ≤ e i�

n Ci
n KM ∩mi−nKM

n m
(

n KM ∩mi−n−1KM
n

)
i

n z ∈ n Ci

z
∑e

j=1 tjvj vj ∈ mi−n−1KM
n z ∂y y

∑e
j=1 yjvj ∈ Ci

n+1 �

R M

Remark 4.1.7. F R Fn

n < ε F → N R N α F → G
ε G N

k ⊗R α k ⊗R α ε
ε essential k⊗R αn n

αn α F G
R N

α F

R M
R KR

Theorem 4.1.8. Let F be a minimal free resolution of a finite R–module M . There
exists an integer s ≥ , such that for each submodule M ′ ⊆ msM the augmentation
ε F →M ′′ M/M ′ is essential. In particular,

R
M ′′ t R

M t t R
M ′ t .

Proof. s Cs ⊆ KM

ρ KM → KM/Cs



KR U k KR M ′ msM
π M →M ′′

U ⊗KR
(
KR ⊗R M

) π′
−→ U ⊗KR

(
KR ⊗R M ′′) −→ U ⊗KR

(
KM/Cs

)
π′ U ⊗KR KR ⊗R π U ⊗KR

ρ π′

U k R U ⊗KR KR ⊗R π U ⊗R

π U ⊗R M → U ⊗R M ′′ π′ R k, π F ′′

M ′′ k ⊗R π′ k ⊗R F → k ⊗R F ′′

R k,− →M ′ →M →M ′′ → �

Corollary 4.1.9. For each finite R–module M there exists an integer � ≥ , such
that R

M t � � R
k t .

Proof. R
M t � R

M/msM t s

R M < ∞
R −, k � R M �

R
k t

4.2. Complexity and curvature.

complexity M R

R M

{
d ∈ N

∣∣∣∣ f t d−
βR
n M ≤ f n n ≥

}

n�
Example 4.2.1. R′ k s1 / s2

1 t1 ∈ R′ s1

F ′ · · · → R′ t1−→ R′ t1−→ · · · t1−→ R′ t1−→ R′ t1−→ R′ → . ∗

k R′/ t1 βR′
n k n ≥

R′ k M k t1
k R′ βR′

n M βR′
1 M n ≥

R k s1, s2 / s2
1, s

2
2 k t1, t2 R

R′ R⊗R′ F ′ M R/ t1
R βR

n M n ≥ R M
R
1 R/ t1t2 ∼ k F ′′

F ′ R′′ k t2 F ′ ⊗k F ′′

k ⊗k k k R R′ ⊗k R′′

βR
n k n n ≥ R

(
R/ t1t2

)
R

(
R/ t1, t2

)



R

Example 4.2.2. R k s1, s2 / s2
1, s1s2, s

2
2 m ∼ k2

→ m → R → k → βR
n+1 k βR

n k n ≥
βR
n k n n ≥ R k ∞ M R

R
1 M ⊆ mF0 k R M ∞

M

curvature19

R M
n→∞

n
√

βR
n M .

M R M
asymptotic invariants

Remark 4.2.3. R M

R M <∞ ⇐⇒ R M ⇐⇒ R M

R M ∞ ⇐⇒ R M ≥ ⇐⇒ R M ≥
R M ≤ ⇐⇒ M

R M <∞ ⇒ R M ≤
R M <∞

Proposition 4.2.4. When M is a finite R–module the following hold.

R M ≤ R k and R M ≤ R k .
For each n there are equalities

R M R
R
n M and R M R

R
n M .

If M ′ and M ′′ are R–modules, then

R M ′ ⊕M ′′ { R M ′, R M ′′}
R M ′ ⊕M ′′ { R M ′, R M ′′} .

If →M ′ →M →M ′′ → is an exact sequence of R–modules, then

R M ≤ R M ′
R M ′′ and R M ≤ R M ′

R M ′′ .

If a sequence g ⊂ R is regular on R and on M , then

R M/ g M R M and R M/ g M R M .

19So called because it is the inverse of the radius of convergence of PR
M (t).



If N is a finite R–module such that R
n M,N for n > , then

{ R M, R N} ≤ R M ⊗R N ≤ R M R N

R M ⊗R N { R M, R N} .

Proof.
R
n M,R/ g n K g M

n >
F G M N

n F⊗RG R
n M,N n ≥ F⊗RG

M ⊗R N

{βR
n M ,βR

n N } ≤
∑

p+q=n

βR
p M βR

q N βR
n M ⊗R N .

{ R
M t , R

N t } � R
M t R

N t R
M⊗RN t .

R M ⊗R N ≤ { R M, R N}
�

Proposition 4.2.5. Let M be a finite R–module, let ϕ R→ R′ be a homomorphism
of local rings, and set M ′ R′ ⊗R M .

For each prime ideal p in R there are inequalities

Rp Mp ≤ R M and Rp Mp ≤ R M .

If ϕ is a flat local homomorphism, then

R′ M ′
R M and R′ M ′

R M .

If R
n R′,M for n� , then

R′ M ′ ≤ R M and R′ M ′ ≤ R M .

If g is an R–regular sequence of length r and R′ R/ g , then

R M ≤ R′ M ′ ≤ R M r

R′ M ′
R M when R M ∞ .

Proof.
�



R k s1, s2 / s2
1, s1s2

Proposition 4.2.6. If R is Cohen-Macaulay, then R M ≤ R− ; equality
holds when R has minimal multiplicity defined in Example 15.2.8

Lemma 4.2.7. If R is Cohen-Macaulay, R l, and R s, then

l − βR
n M ≥ βR

n+1 M ≥ s

l − s
βR
n M for n > R− M .

Proof. R R l

Rm s F M R
n+1 M ⊆ mFn

l − βR
n M mFn ≥ R

n+1 M ≥ βR
n+1 M n ≥ .

∂
(

Rm F i

)
⊆ Rm mF i−1 R m Fi ⊆ R

i+1 M
R
i+1 M ≥ sβR

i M

→ R
n+2 M → Fn+1 → R

n+1 M →
lβR

n+1 M Fn+1 ≥ sβR
n+1 M sβR

n M �

4.3. Growth problems.

R,m, k M R

R M ∞

Growth

Problem 4.3.1.
n→∞

βR
n+1 M

βR
n M

M



Problem 4.3.2. {βR
n M }

Problem 4.3.3. {βR
n M }

Complexity

R
finite

Problem 4.3.4. R M <∞ R M ≤ R

R
20 R

not
R M ≤ R− ≤ R−

{bn} {cn}
bn ∼ cn n bn/cn

Problem 4.3.5. R M d <∞ βR
n M ∼ αnd−1 α ∈ R

n

(
βR
n M

)
/ n 21 Gelfand-Kirillov dimension

Curvature R M

n βR
n+1 M /βR

n M n βR
n+1 M /βR

n M

Problem 4.3.6. R M
n→∞

βR
n+1 M

βR
n M

R M > R M M

Problem 4.3.7. R M R M <∞
k

20That class, introduced by Avramov, Gasharov, and Peeva [32], includes the modules of finite
virtual projective dimension of [25], and hence all modules over a complete intersection.
21This is a GK-dimension: that of ExtR (M, k) over ExtR (k, k) , cf. Chapter 10.



R
, R k

Problem 4.3.8. { R M |M R }

Problem 4.3.9. R M β > βR
n M ∼ αβn α ∈ R

R ≤
γ > βR

n+1 M > γβR
n M n �

R̂ Q/I c K

(
n I n /nI

)
R

βR
n+2 M > cβR

n M n ≥
22

m3 M γ >
βR
n M ≥ γn n ≥

R
k t S

k t
k S, n, k n3

Rationality

Does R
k t represent a rational function?

R,m, k
R
M t R M

k 23 R
k t

Problem 4.3.10. R

R
k t

R
k t R

M t

Problem 4.3.11. R
M t R

22The terminological discrepancy reflects the growth of expectations, over a decade.
23Of rank 13.



5. Modules over Golod Rings

R,m, k

R k

R
k t

t edimR

−∑codepthR
j=1 k j KR tj+1

.

Golod rings

R ≤ R ≥

5.1. Hypersurfaces. R ≤ hypersurface
R̂ ∼ Q/I

Q Q/I ≤ I I f

R R
k t t edimR

R
k t t edimR/ − t2

R M ≤ R M

R k ≤ R

Theorem 5.1.1. If M is a finite module over a hypersurface ring R, then βR
n+1 M

βR
n M for n > m R − M . The minimal free resolution of M

becomes periodic of period after at most m steps. It is periodic if and only if
M is maximal Cohen-Macaulay without free direct summand.

Proof. F
s R

s M
R
s+2 M

R R̂ R̂ ⊗R
R
n M ∼

R̂
n M̂ R

Q/ f Q



m R − M
R
m M

Q
R
m M R Q − Q

R
m M

�

Construction 5.1.2. Periodic resolutions. Q, n, k f ∈ n
M R Q/ f Q M

U Q → U1 → U0 →
U1
∼ U0

∼ Qb fM f U0

σ U0 → U1

σ U → U
f U δ U1 → U0 U

δσ f U0 σδ f U1 σ δ b× b
δσ fIb σδ matrix factorization f

R

F δ, σ . . .
R⊗Qδ−−−−→ R⊗Q U0

R⊗Qσ−−−−→ R⊗Q U1
R⊗Qδ−−−−→ R⊗Q U0 → · · · ∗

⊗ u1 ∈ R ⊗ δ u1 ∈ U1 δ u1 fu0 δσ u0 u0 ∈ U0

δ u1 σ u0 R⊗ δ ⊆ R⊗ σ
R⊗ σ ⊆ R⊗ δ F δ, σ R⊗Q δ M

M
F δ, σ F δ, σ N R⊗σ �
m R⊗Q U1 Rb N N

N ∼ R⊗ δ ∼M M

Remark U σ2

U A Q y | ∂ y f
yu σ u u ∈ U F δ, σ

F A,U

hypersurface sec-
tions

Example 5.1.3. f ∈ n2

f
∑e

i=1 aisi ai, si ∈ m K s1, . . . , se
x1, . . . , xe K1 ∂ xi si i , . . . , e∑e

i=1 aixi ∈ K1 τ ∂τ τ∂ f K

U0

⊕
i K2i U1

⊕
i K2i+1

δ
∑
i

∂2i+1 τ2i+1 U1 → U0 σ
∑
i

∂2i τ2i U0 → U1

f Q
R R⊗Q δ M



Remark 5.1.4. R satisfies the Eisenbud conjecture

R R ≤
R ≤

≤ ≤

R k s1, s2, s3, s4

/(
as1s3 s2s3 , s1s4 s2s4 , s3s4 , s2

1 , s2
2 , s2

3 , s2
4

)
a k

· · · → R2 −n
∂n−→ R2 −n → . . . ∂n

(
t1 ant3 t4

t2

)
R M ∂1

βR
n M n ≥

q q a k
q >

5.2. Golod rings.

a − |a|+1a

Remark 5.2.1. A 0 A ∼ k A
trivial Massey operation k b {hλ}λ∈Λ � 1 A

μ
⊔∞

i=1 bi → A

μ hλ zλ ∈ A zλ hλ

∂μ hλ1 , . . . , hλp

p−1∑
j=1

μ hλ1 , . . . , hλj μ hλj+1 , . . . , hλp .

A
A zλ1zλ2 ±∂μ hλ1 , hλ2

� 1 A · � 1 A

|μ hλ1 , . . . , hλp | |hλ1 | · · · |hλp | p− ,

i A i�
Massey products

Theorem 5.2.2. If the Koszul complex KR of a local ring R,m, k admits a trivial
Massey operation μ, defined on a basis b {hλ}λ∈Λ of � 1 KR , then

Gn

⊕
p+h+i1+···+ip=n

KR
h ⊗R Vi1 ⊗R · · · ⊗R Vip ,



where each Vn is an R–module with basis {vλ n |vλ| |hλ| }λ∈Λ, and

∂ a⊗ vλ1 ⊗ · · · ⊗ vλp ∂ a ⊗ vλ1 ⊗ · · · ⊗ vλp

− |a|
p∑

j=1

aμ hλ1 , . . . , hλj ⊗ vλj+1 ⊗ · · · ⊗ vλp

is a minimal free resolution G, ∂ of k. In particular, the ring R is Golod.

Remark 5.2.3.

KR

R rdp,q
r ≥

matric Massey products

Proof. ∂2

G K KR G
G/K ∼ G⊗R V ∂ g ⊗ v ∂ g ⊗ v

→ K → G→ G⊗R V →

R

. . . →⊕j

(
n−j G ⊗R Vj+1

) ðn+1−−−−→ n K → n G

→⊕j

(
n−j G ⊗R Vj

) ðn−−−−→ n−1 K → . . .

0 G k ðn+1 ⊗ vλ hλ ðn+1

→ 1 G → 0 K ⊗R V2
ð1−→ 1 K →

0 K ⊗R V2
∼

1 K 1 G

n G n ≥
p μ hλ1 , . . . , hλp ∈ mKR

hλ1 , . . . , hλp p μ hλ ⊆ KR KR ⊆ mKR

p > ∂μ hλ1 , . . . , hλp ∈
m2KR μ hλ1 , . . . , hλp ∈ mKR loc. cit.

G k ∑
n R Gnt

n

R �



Proposition 5.2.4. A local ring R is Golod if some of the following hold:

� 1 KR is generated by a set of cycles Z, such that Z2 .
R/ g is Golod for a regular element g ∈ m�m2.
R ∼ Q/ f for a Golod ring Q, n, k and a regular element f ∈ n� n2.
R̂ ∼ Q/I, where Q, n, k is regular, Q R, and the minimal
resolution A of R̂ over Q is a DG algebra with A� 1 ·A� 1 ⊆ nA.

Proof. {zλ ∈ Z}λ∈Λ b { zλ }λ∈Λ

� 1 KR μ hλ1 , ..., hλj

j ≥ R
R R/ g − R

k t

t
R/(g)
k t k n KR

k n KR/(g)

n R
R/ g

R R̂
Q/I R KR

{zλ ∈ A⊗QKQ}λ∈Λ b {hλ zλ }λ∈Λ

� 1 A ⊗Q KQ μ hλ zλ
μ
⊔p−1

i=1 bi → A ⊗Q KQ p ≥

zλ1,...,λp

p−1∑
j=1

μ hλ1 , . . . , hλj μ hλj+1 , . . . , hλp

A⊗Q KQ ε KQ �−→ k

A⊗Q ε zλ1,...,λp ∈ A⊗Q k � 1 · A⊗Q k � 1 .

A ⊗Q ε zλ1,...,λp μ⊔p
i=1 bi μ hλ1 , . . . , hλp ∂ μ hλ1 , . . . , hλp zλ1,...,λp

A ⊗Q KQ

A→ R φ A⊗Q KQ →
KR φ b � 1 KR

μ′ φ hλ1 , . . . , φ hλp φ μ hλ1 , . . . , hλp �

Proposition 5.2.5. If R ≤ , then R is Golod.

Proof. R
R ∼ Q/I Q I ≤ Q

f ∈ n I fJ KR R ⊗Q KQ

≥ ⊗ z z ∈ KQ ∂ z fv v ∈ KQ

f∂ v ∂ fv ∂2 z ∂ v u ∈ KQ



∂ u f ∂ z−uv KQ
1 z−uv ∂ w w ∈ KQ

⊗ z ⊗u ⊗ v � 1 KR ⊗u KR

u2 �
Remark

⇒ ⇒ ⇒

R KR

Example 5.2.6. Q k s1, s2, s3 (s1,s2,s3) R

Q/ s2
1s3, s

2
2s3

p s1, s2 � s1, s2 / s2
1, s

2
2 � k s3

Rp


 t / − t 2 t 2/ − t2 t4 Rp

Example 5.2.7. Q Q1 k
S Q k S1 k Q1 e

lex-segment I
R Q/I S k Sn k Rn n βQ

1j S ≤ βQ
1j R

two
variables

Q
S t, u

∑
n ,j

βQ
nj S tnuj �

∑
n ,j

βQ
nj R tnuj Q

R t, u .

I stable Q
R t, u

A R Q
A AiAj ⊆ nAi+j

i ≥ j ≥ R

S
k t, u � tu e

t− t Q
S t, u

� tu e

t− t Q
R t, u

R
k t, u .

Example 5.2.8. R d
R′ R t m[t]

g {g1, . . . , gd} R′′ R′/ g R
R



m2 R′′ R′ − d R′ R
R′′ m′′/m′′2 R′′/m′′2 ≤ R′′

R ≤ R−
R minimal multiplicity

R′

R′′ KR′′ ⊆ m′′KR′′
m′′2

R′′ R′′ R R
M R M ∞

R
M t f t

atm+1

− R− t

a ∈ Z f t ∈ Z t m R− M

5.3. Golod modules. Golod module R M

R
M t

∑
i� 0 k i KM ti

−∑j � 1 k j KR tj+1
.

R k

Theorem 5.3.2. If R has a Golod module M � , then R is a Golod ring.
If R is a Golod ring, and M is a finite R–module, then the module

R
n M is Golod for n ≥ p R− M .

Proof.

∑
i� 0 k i KM ti

−∑j � 1 k j KR tj+1
· Q

k t R
M t · Q

k t

� Q
M t · R

k t � Q
M t ·

∑
i� 0 k i KR ti

−∑j � 1 k j KR tj+1
.

Q
M t

R
k t

Mi
R
i M

Mi

→ KMi →Mi ⊗R G→Mi ⊗R G⊗R V → .

q R

n Mi ⊗R G R
n Mi, k

n Mi ⊗R G ⊗R V

q⊕
j=1

R
n−j−1 Mi, k ⊗k j KR .



R
n+1 Mi, k

ιin+1
��

ð
i
n

��

q⊕
j=1

R
n−j Mi, k ⊗ j KR

��

⊕
j(ð

i
j⊗id)

��

n KMi

R
n Mi+1, k

ιi+1
n

��

p⊕
j=1

R
n−j−1 Mi+1, k ⊗ j KR

��
n−1 KMi+1

ðin
→Mi+1 → Rβi →Mi → .

s KM s > p ι0s s > p
ιis s > p − i ðij

j ιi+1
s

s > p− i ιps s > G⊗R V
ιp1

R
n Mp, k ∼

n KMp ⊕
q⊕

j=1

R
n−j−1 Mp, k ⊗k j KR n ≥

βR
n Mp k n KM

q∑
j=1

βR
n−j−1 Mp k j KR n ≥ .

�

βR
n+1 M > βR

n M n ≥ R

Theorem 5.3.3. Let R be a Golod ring with R q ≥ , and let M be a
finite R–module with R− M p. If R M ∞, then:

There exist polynomials with positive integer coefficients, p t of degree p−
and q t of degree ≤ q, such that

R
M t p t

q t

−∑q
j=1 k j KR tj+1

· tp .

R M ∞ and R M β > .



βR
n M ∼ αβn for some real number α > .

n→∞
βR
n+1 M

βR
n M

β .

βR
n+1 M

βR
n M

≥
{

βR
i+1 M

βR
i M

∣∣∣∣ p ≤ i < p q

}
γ > for n ≥ p .

Proof. Mp
R
p M

p R− Mp R− Mp R ≥ q .

R M Mp

M p
βn βR

n M

R̂ Q/I ri Q
Q
i M̂

sj Q
Q
j R̂

R
M t

∑
i k i KM ti

−∑j k j KR tj+1

Q

M̂
t

t− t Q

R̂
t

∑p
i=1 rit

i−1

− t
∑q

j=1 sjtj−1

M

βn+1 βn s1βn−1 · · · sq−1βn−q+1 rn+1 n ≥ .

s1 ≥ R βn+1 > βn n ≥
{βR

i+1 M /βR
i M | ≤ i < q} γ > n ≥ q−

βi+1/βi ≥ γ i ≤ n rn+1 n ≥ q −
βn+1 βn s1βn−1 · · · sq−1βn−q+1

≥ γβn−1 s1γβn−2 · · · sq−1γβn−q γβn .

ρ R
M t

ρ g t −∑q
j=1 sjt

j

g > g − ∑ Q
Q
j+1 R < ρ <

g′ ρ −∑q
j=1 jsjρ

j−1 < ρ ξ1, . . . , ξm
g t ζρ ζ ∈ C |ζ|

ζ � ∣∣∣∣ q∑
j=1

sj ζρ j

∣∣∣∣ < q∑
j=1

∣∣sj ζρ j
∣∣ q∑

j=1

sjρ
j

ρ < |ξi| i , . . . ,m ξ0 ρ R
M t

αih/ − ξ−1
i t h αih ∈ C i , . . . ,m



βn αρ−n
m∑
i=1

ni∑
h=1

αih

(
h n−

h−

)
ξ−n
i α � .

α n→∞ βnρ
n > ρ−1

R M β
�

Proposition 5.3.4. Let e R and r k 1 KR . If R , then
either R is Golod, and then R

k t t e−1/ − t − r − t2 , or R is a
complete intersection, and then R

k t t e−2/ − t t2 .

Proof. R ∼ Q/I Q, n, k
I ⊆ n2

Q R
Q− R R

A R Q A1A1 ⊆ nA2 I
R

�

Golod

Example 5.3.5. R Q/I R R −
M p N R

p M Q N
U N Q

A A,U F
N R

∞∑
n=0

R Fnt
n

Q
N t

t− t Q
R t

R
N t

R N F

6. Tate Resolutions

24

24From the introduction of [151]: ‘Our “adjunction of variables” is a näıve approach to the
exterior algebras and twisted polynomial rings familiar to topologists, and the ideas involved
were clarified in my mind by conversations with John Moore.’



6.1. Construction. A z ∈ A

Construction 6.1.1. Divided powers variable. k k〈x〉 divided pow-
ers variable x k {x(i) |x(i)|
i|x|}i� 0

x(i)x(j)

(
i j

i

)
x(i+j) i, j ≥

x(1) x x(0) x(i) i <
A〈x〉 � A� ⊗k k〈x〉 z ∈ A positive odd

∂

(∑
i

aix
(i)

) ∑
i

∂ ai x(i)
∑
i

− |ai|aizx(i−1)

A〈x〉 A

|x| A〈x | ∂ x z〉
A x | ∂ x z |x|

A〈x | ∂ x 〉 A x | ∂ x

Example 6.1.2. u ∈
Bd regular B

d B u
d B u Bu u2

uB ⊆ B u
u π B〈x | ∂ x u〉 → B/ u

π
(∑

bix
(i)
)

b0 u d

d z
∑

bix
(i) ubi i > u

bi aiu i z b0 ∂
(∑

i − |ai|aix(i+1)
)

v /∈ u uv π � ux �
semi-free Γ -extension A〈X〉 A

X Γ -variables A

Remark 6.1.3. A ↪→ A〈X〉 ∂ xλ zλ ∈ A
A Y | ∂ yλ zλ α A Y → A〈X〉

α yλ xλ λ

α yiλ i x
(i)
λ n A

β
(
x

(i1)
λ1
· · ·x(iq)

λq

) yi1λ1
· · · yiqλq

i1 · · · iq
i1 · · · iq ≤ n

A〈X〉 � n → A Y �n α� n

A0 Q α β



ϕ R → S
ϕ R ↪→ R〈X〉

R〈X〉 → S Tate resolution S R R
S

Proposition 6.1.4. Each R–algebra S has a Tate resolution. If R is noetherian and
S is a finitely generated R–algebra and a residue ring of R , then such a resolution
exists with all Xi finite and X0 ∅ . �

ι A ↪→ A〈X〉 ∂ X ⊆ A
W { ∂ x ∈ A | x ∈ X}

ι A → A〈X〉
ι A / W A → A〈X〉

A ↪→ A〈x | ∂ x z〉 |z| d w z

Remark 6.1.5. d ≥

→ A
ι→ A〈x〉 ϑ→ A→ ϑ a xb b ,

−d−

· · · → n−d A
w−→ n A

Hn(ι)−−−−→ n A〈x〉 Hn(ϑ)−−−−→ n−d−1 A → . . . .

A
K f Q f A〈x〉 K f , g Q f ∪ {g}

Remark 6.1.6. d >

→ A
ι→ A〈x〉 ϑ→ A〈x〉 → ϑ

(∑
i

aix
(i)

) ∑
i

aix
(i−1)

−d−

· · · → n−d A〈x〉 ðn+1−−−−→ n A
Hn(ι)−−−−→ n A〈x〉 Hn(ϑ)−−−−→ n−d−1 A〈x〉 → . . .

w∑
i � p Ax(i) 2

p,q

q−d(p+1) A
w−→ q−dp A

w−→ q−d(p−1) A ,

q

2
0,q

q A

w q−d A
2

p,q
H(A)w q−pd

w q−(p+1)d A
p ≥ .

s {n | H(A) w n � w n−d A } 2
p,q p ≥

q < dp s rdp,q
r

p,q
r

p−r, q+r−1
2

0,q
∞

0,q



q ≤ d s 2
1,q

∞
1,q q ≤ d s

A〈x〉 n ≤ s ι A ↪→ A〈X〉

ιn
n A

w n−d A
∼

n A〈X〉 ≤ n ≤ d s ,

→ n A

w n−d A

ιn−→ n A〈x〉 → H(A)w n

w n−d A
→ d s ≤ n ≤ d s .

u u1, . . . , ui, · · · ⊆ B regular B u � B
ui B/ u1, . . . , ui−1 B i ≥

A A0 A〈X〉
n A〈X〉 n >

∂A

Proposition 6.1.7. Let A be a DG algebra, let w w1, . . . , wj , . . . be a sequence
of classes in A , let z be a sequence of cycles such that zj wj for each i,
and let ι A ↪→ A〈X | ∂ X z〉 be a semi-free Γ -extension.

Implications ⇒ ⇒ then hold among the conditions:
The sequence w is regular in A .

The canonical map ι
A

w A
→ A〈X〉 is an isomorphism.

The canonical map ι A → A〈X〉 is surjective.

The conditions are equivalent if w w1, or |wj | > for all j, or each i A is
noetherian over S 0 A and all wj of degree zero are in the Jacobson radical
of S. In these cases, any permutation of a regular sequence is itself regular.

Proof.
z z z1, . . . , zi i i z z1 w w1

d |w| d ⇒ ⇒
d

⇒ w A 2
p,q p >

q A /w q−d A 2
0,q

∞
0,q q A〈X〉 .

⇒ w

s+d+1 A
H(ι)−−−−→ s+d+1 A〈x〉 −→ H(A)w s

w s−d A
−→

ι
i >

i − X ′ x1, . . . , xi−1 X X ′ ∪ {xi}
ι′ A→ A〈X ′〉 A〈X ′〉 → A〈X ′〉〈xi〉 A〈X〉



⇒ w w1, . . . , wi A
w′ w1, . . . , wi−1 A / w′ A ∼ A〈X ′〉

wi A / w′ A
A / w A ∼ A〈X〉

⇒ ι

A
α−→ A〈X ′〉 β−→ A〈X ′〉

wi A〈X ′〉
γ−→ A〈X〉 ,

α ι′ γ wi

A〈X ′〉 γ βα

n A〈X ′〉 α n A wi n−d A〈X ′〉 n ∈ Z d |wi| .
d > n α d

n A〈X ′〉
0 A〈X ′〉 α

w′ A w A �

Theorem 6.1.8. Let Q be a ring, let B be a DG algebra resolution of S
Q/ s1, . . . , se , and choose x1, . . . , xe ∈ B1 such that ∂ xi si for i , . . . , e.
For f f1, . . . , fr ∈ Q with fj

∑e
i=1 aijsi for j , . . . , r, set zj

∑e
i=1 aijxi,

where overlines denote images in R Q/ f .
If f is Q–regular, then C B〈y1, . . . , yr | ∂ yj zj〉 resolves S over R.

Proof. A Q〈Y | ∂ yj fj〉
α A→ R β B → S

B B ⊗Q R
B⊗Qα←−−−− B ⊗Q A

β⊗QA−−−−→ S ⊗Q A S〈y1, . . . , yr | ∂ yj 〉 .
zj B ⊗Q α

(∑e
i=1 aijxi − yj

)
β ⊗Q A

(∑e
i=1 aijxi − yj

)
−yj

1 B w1, . . . , wr wj zj B∧
1 B w1, . . . , wr B

C B / w1, . . . , wr S �
B Q〈x1, . . . , xe | ∂ xi si〉 ti si ∈ R

Corollary 6.1.9. If both sequences f and s are Q–regular, then the DG algebra
C R〈x1, . . . , xe y1, . . . , yr | ∂ xi ti ∂ yj zj〉 resolves S over R. �

Remark
n R〈X1,X2〉 n ≥ { ∂ x | x ∈ X2}

H 1 R〈X1〉 S 0 R〈X1〉∧
S H → R〈X1〉

R〈X〉 R X

Example 6.1.10. Q k s k p >
R Q/ sm+1 m ≥ t s



i ≥ G R y1, y2 | ∂ y1 t ∂ y2 tmy1

G2i yi2 G2i+1 Ry1y
i
2 ∂ yi2 itmy1y

i−1 ∂ y1y
i
2 tyi2

2ip G ∼
2ip−1 G ∼ k i ≥ R Y k

G

6.2. Derivations. A ↪→ A〈X〉

Remark 6.2.1. x(i) x(0)

x ∈ X i < |x| x(i) i ≤ x(1) x
|x| x(i) xi

X {xλ}λ∈Λ xλ < xμ |xλ| < |xμ|
Xn xμ < · · · < xν

iμ ≥ , . . . , iν ≥ x
(iμ)
μ · · ·x(iν)

ν normal Γ -
monomial X iμ|xμ| · · · iν |xν |

standard basis A〈X〉 � A�

canonical bimodule structure
V B

B V vb − |v||b|bv v ∈ V b ∈ B
v bb′ vb b′

bv b′ b vb′

Remark 6.2.2. U A〈X〉 �
k ϑ A〈X〉 → U

ϑ a a ∈ A

ϑ bb′ ϑ b b′ − |b||ϑ|bϑ b′ b, b′ ∈ A〈X〉
ϑ x(i) ϑ x x(i−1) x ∈ Xeven i ∈ N ,

A–linear Γ -derivation A�

ϑ x(i)

{
ix(i−1) |x|
x(i−1) |x| ≥ ,

ϑ
(
x

(iλ1 )

λ1
· · ·x(iλq )

λq

) q∑
j=1

− sj−1x
(iλ1 )

λ1
· · ·ϑ

(
x

(iλj )

λj

)
· · ·x(iλq )

λq

sj |ϑ|
(
iλ1 |xλ1 | · · · iλj |xλj |

)
ϑ X

X → U A
ϑ A〈X〉 → U ϑ

A



γ
A A〈X〉, U A A〈X〉 U

γ
A A〈X〉, U A A〈X〉, U

A〈X〉 � bα b′ bα b′

U A〈X〉 ϑ A
∂ϑ − − |ϑ|ϑ∂ A A〈X〉, U γ

A A〈X〉, U
A〈X〉 DG module of A–linear Γ -derivations ϑ
γ
A A〈X〉, U ∂ϑ − |ϑ|ϑ∂ ϑ

chain Γ -derivation β U → V
A〈X〉 ϑ �→ β◦ϑ

γ
A A〈X〉, β γ

A A〈X〉, U → γ
A A〈X〉, V ,

A〈X〉 β

Proposition 6.2.3. There exist a semi-free DG module γ
A A〈X〉 over A〈X〉 and

a degree zero chain Γ -derivation d A〈X〉 → γ
A A〈X〉 such that( γ

A A〈X〉
)
� has a basis dX {dx |dx| |x|}x∈X over A〈X〉 � .

d x dx for all x ∈ X .

∂ b dx ∂ b dx − |b|b d ∂ x for all b ∈ A〈X〉.

The map β �→ β◦d is a natural in U isomorphism

A〈X〉
γ
A A〈X〉, U → γ

A A〈X〉, U

of DG modules over A〈X〉, with inverse given by

ϑ̃

(∑
x∈X

axdx

) ∑
x∈X

− |ϑ||ax|axϑ x .

Remark γ
A A〈X〉 DG module of Γ -differentials A〈X〉 A

d universal chain Γ -derivation A〈X〉 A
Proof. D dX {dx |dx| |x|}x∈X A〈X〉�

d A〈X〉 → D
d x dx x ∈ X ∂◦d− d◦∂ A〈X〉 → D

A X ∂◦d d◦∂
∂2 dx d ∂2 x x ∈ X ∂2

γ
A A〈X〉 D, ∂

�



Corollary 6.2.4. If U → V is a surjective quasi-isomorphism of DG modules over
A〈X〉, then so is γ

A A〈X〉, U → γ
A A〈X〉, V . �

Construction 6.2.5. Indecomposables. J

A0 → S 0 A〈X〉 X(� 2) x
(iμ)
μ · · ·x(iν)

ν

decomposable iμ · · · iν ≥ A

JX AX(� 2) A〈X〉 A π A →
A〈X〉/

(
A JX AX(� 2)

)
S

γ
A A〈X〉 · · · −→ SXn+1

δn+1−−−−→ SXn −→ . . . .

complex of Γ -indecomposables A ↪→ A〈X〉

Lemma 6.2.6. Let V be a complex of S–modules, let U a DG module over A with
Ui for i < , and let β U → V a surjective quasi-isomorphism.

For each chain map ξ γ
A A〈X〉 → V of degree n there exists a degree n

chain Γ -derivation ϑ A〈X〉 → U such that βϑ ξπ; any two such derivations
are homotopic by a homotopy that is itself an A–linear Γ -derivation.

Furthermore, for each family {ux ∈ U0 | β ux ξ x for x ∈ Xn} ⊆ U there
is a chain Γ -derivation ϑ, satisfying ϑ x ux for all x ∈ Xn.

Proof. A〈X〉 → γ
A A〈X〉 A

D→ γ
A A〈X〉

A〈X〉 dx x x ∈ X
S S ⊗A〈X〉 D → γ

A A〈X〉

A〈X〉 D,V ∼
S

(
S⊗A〈X〉D,V

) ∼
S

γ
A A〈X〉, V

D γ
A A〈X〉 A〈X〉

γ
A A〈X〉, U �−−−−→ γ

A A〈X〉, V ∼
A〈X〉 D,V

α γ
A A〈X〉, U → S

γ
A A〈X〉, V

ϑ ∈ γ
A A〈X〉, U α ϑ ξ ϑ x

ux x ∈ Xn υ ∈ γ
A A〈X〉,

U ϑi i > n
ϑn β0ϑn ξ0πn ϑn x ux

x ∈ Xn �



Proposition 6.2.7. Assume that A〈X〉 → S is a quasi-isomorphism.
If x ∈ Xn ⊂ γ

A A〈X〉 is such that x x ∈ Xn δn+1 is a free direct
summand of δn+1, then there is an A-linear chain Γ -derivation ϑ A〈X〉 →
A〈X〉 of degree −n, with ϑ x and ϑ Xn{x} .

Proof. Sx ∩ δn+1 S ξn SXn → S
ξn x ξn Xn � {x}

γ
A A〈X〉 → S U A〈X〉 V S �

6.3. Acyclic closures.

Construction 6.3.1. Acyclic closures. A A0

R,m, k R n A A→ S
J R→ S

A ↪→ A〈X〉 0 A〈X〉 S

n A〈X〉 n �
X X� 1

∂ X1 J ∂1 A1 { ∂ x | x ∈ Xn+1}
n A〈X�n〉 n ≥

acyclic closures S A
Xn n X

|xi| ≤ |xj | i < j
I i1, . . . , ij, . . . ij

ij ≤ |xj | ij j > q q I

I indexing sequence x(I) x
(i1)
1 · · ·x(iq)

q

|I| ∑∞
j=0 ij|xj | H h1, . . . , hj , . . .

I > H |I| > |H| |I| |H| I > H � ≥
i
 > h
 ij hj j > �

|x(I)| |I|
degree-lexicographic order

Lemma 6.3.2. A semi-free Γ -extension A ↪→ A〈X〉 is an acyclic closure of S if and
only if X X� 1, 0 A〈X〉 S, and the complex of free S–modules γ

A A〈X〉
of Construction is minimal.

Proof. X0 ∅ γ
A A〈X〉 ≤

A〈X〉 x′ ∈ Xn+1 z ∂ x′∑
x axx w x ∈ Xn ax ∈ R w ∈ A〈X<n〉 n ∂ z∑

x ax∂ x ∈ ∂1 A1 ax ∈ m n ≥ ∑
x ax ∂ x

ax ∈ m γ
A A〈X〉



γ
A A〈X〉 xi1 , ..., xis

∈ Xn+1 ai2 , . . . , ais ∈ R y ∈ A〈X�n〉 xi1 − ai2xi2 − · · · − aisxis − y
A〈X〉 ∂ u

∑
v∈Xn+1

cvv w u ∈ RXn+2

cv ∈ R w ∈ A〈X�n〉 ∂ cvv ∂ cv v − cv∂ v ∈ JXn+1 AX(� 2)

∂ w ∈ AX(� 2) X(� 2)

∂ u xi1 − a2xi2 − · · · − asxis /∈ m γ
A A〈X〉

γ
A A〈X〉 �

Lemma 6.3.3. If A〈X〉 is an acyclic closure of k over A, then there exist A–linear
chain Γ -derivations ϑi A〈X〉 → A〈X〉 for i ≥ , such that:

ϑi xh

{
for |xh| ≤ |xi| and h � i

for h i .

Each ϑi is unique up to an A–linear Γ -derivation homotopy.
When I is an indexing sequence, q is such that ij for j > q, ϑI

ϑ
iq
q · · ·ϑi1

1 , and H is an indexing sequence, then

ϑI
(
x(H)
) {

for H < I

for H I .

Remark ϑI ϑij decreasing
Proof. γ

A A〈X〉 k
ϑi

ϑi

∑
j ij �

Theorem 6.3.4. Let A be a DG algebra, such that A0 is a local ring R,m, k , and
each R–module n A is finitely generated. If A〈X〉 is an acyclic closure of k over
A, then ∂ A〈X〉 ⊆ JA〈X〉, where J0 m, and Jn An for n > .

Proof. b ∈ A〈X〉
∂ b

∑
H aHx(H) |H| |b|− aH ∈ m

I aI /∈ m aH ∈ m
H > I

±∂1 ϑI b ϑI ∂ b aI
∑
H>I

aHϑI
(
x(H)
)
≡ aI mA〈X〉 .

∂1 A〈X〉1 m �
A A0

Theorem 6.3.5. If R,m, k is a local ring and R〈X〉 is an acyclic closure of the
R–algebra k, then R〈X〉 is a minimal resolution of the R–module k. �



R
N t

Hilbert series
∑∞

n=0 k mnN/mn+1N tn R N

Theorem 6.3.6. For each finite R–module M there is an integer s such that

R
miM t R

miM −t R
k t for each i ≥ s .

Proof. U R〈X〉 k R
K R〈X1〉 s

i ≥ s

Ci → mi−eM ⊗R Ke → · · · → mi−1M ⊗R K1 → miM ⊗R K0 →

e R i N miM p ≥
F p

⊕
|eλ| � p mN ⊗R K eλ

z ∈ n mN ⊗R U ∩ F p p

n mN ⊗R K n mi+1M ⊗R K ∂ miM ⊗R Kn+1 ∂ N ⊗R Kn+1

Ci+1+n p >
mN ⊗R U ∩F p−1 ⊆ ∂ N ⊗R U z

∑
λ∈Λp

aλeλ v

v ∈ F p−1 {eλ}λ∈Λ K� U �

∂ z
∑
λ∈Λp

∂ aλ eλ ±
∑
λ∈Λp

aλ∂ eλ ∂ v

∂ aλ λ ∈ p aλ ∂ bλ bλ ∈ N ⊗R K

z
∑
λ∈Λp

∂ bλ eλ v ∂

( ∑
λ∈Λp

bλeλ

)
∓
∑
λ∈Λp

bλ∂ eλ v .

u
∑

λ∈Λp
bλ∂ eλ ∈ N ⊗R mU mN ⊗R U u v

mN ⊗R U ∩ F p−1 ⊆ ∂ N ⊗R U z ∈ ∂ N ⊗R U
mN⊗RU ⊆ ∂ N⊗RU mN⊗RU ⊆ N⊗RU

R
(
mi+1M,k

)
→ R

(
miM,k

)
n ∈ Z

→ R
n

(
miM,k

)
→ R

n

(
miM/mi+1M,k

)
→ R

n−1

(
mi+1M,k

)
→

k

R
mjM t t R

mj+1M t k mjM/mj+1M R
k t ∗j

j ≥ i ∗j −t j−i

Z t j ≥ i R
miM t R

miM −t R
k t �



25

R
M t R

M/miM t −t R
miM t

R
miM t − t dimM ∈ Z t i

Corollary 6.3.7. If all R–modules of finite length have rational Poincaré series,
then R

M t is rational for all R–modules M . �

partial acyclic closures

Proposition 6.3.8. If e R, then � 1 R〈X�n〉 e+1 for each n ≥ .

Proof. i R〈X〉 ∂ R〈X〉 i ⊆ m R〈X〉 i i ≥

i R〈X�n〉 R〈X〉 ∩R〈X�n〉i ⊆ m R〈X〉 ∩R〈X�n〉i m R〈X�n〉 i .

z ∈ i R〈X�n〉

z
e∑

j=1

tjvj

e∑
j=1

∂ xj vj

e∑
j=1

xj∂ vj ∂

( e∑
j=1

xjvj

)
,

� 1 R〈X�n〉 X1R〈X�n〉
X1R〈X�n〉 e+1 X1

e+1R〈X�n〉 � 1 R〈X�n〉 e+1 �

Remark 6.3.9.
DG algebras with divided powers

{a �→ a(i)}i � 0

DG Γ -algebras26

γi a a(i)

R〈X〉
X R〈X ′〉

S R〈X〉 ∼ R〈X ′〉 Γ R

7. Deviations of a Local Ring

R,m, k

R k

R

R
minimal models R

25Attentive.
26This accounts for the Γ’s appearing from Section 6.1 onward.



7.1. Deviations and Betti numbers.

Remark 7.1.1. P t
∑∞

j=1 bjt
j bj ∈ Z

en ∈ Z

P t

∞∏
i=1

t2i−1 e2i−1

∞∏
i=1

− t2i e2i

t Z t

pj t − −t j (−1)j+1
P0 t

Pn−1 t
∏n−1

h=1 ph t eh P t ≡ Pn−1 t tn

eh P t −Pn−1 t ≡ ent
n tn+1 Pn t Pn−1 t ·pn t en

pn t en P t ≡ Pn t tn+1

en

en
R
k t 27 εn R n deviation R

εn R n ≤
βn βR

n k εn εn R

β1 ε1

β2 ε2

(
ε1
) β3 ε3 ε2ε1

(
ε1

)
β4 ε4 ε3ε1

(
ε2

)
ε2

(
ε1

) (
ε1

)
.

Remark 7.1.2. R
k t R̂

k t

εn R εn R̂ n

Theorem 7.1.3. If R〈X〉 is an acyclic closure of k over R, then

Xn εn R for n ∈ Z .

Proof. R〈X〉
R k, k R〈X〉⊗Rk k〈X〉 ⊗

x∈X k〈x〉
∞∑
n=0

k k〈x〉n tn

{
t2i−1 x ∈ X2i−1

/ − t2i x ∈ X2i ,

27This numbering is at odds with [83], where εn stands for εn+1(R).



R
k t

∞∏
i=1

t2i−1 card(X2i−1)

∞∏
i=1

− t2i card(X2i)

.

tn n
t �

Corollary 7.1.4. εn R ≥ for all n ∈ Z. �

Corollary 7.1.5. If R̂ Q/I is a minimal regular presentation, then ε1 R νQ n
and ε2 R νQ I .

Proof. R Q/I
R〈X1〉

KR �

Proposition 7.1.6. If g ∈ R is regular, then

ε1 R/ g

{
ε1 R − if g /∈ m2

ε1 R if g ∈ m2

ε2 R/ g

{
ε2 R if g /∈ m2

ε2 R if g ∈ m2

εn R/ g εn R for n ≥ .

Proof. R′ R/ g R
k t − t2 R′

k t g ∈ m2

R
k t t R′

k t g /∈ m2 �

7.2. Minimal models. Q, n, k
minimal DG algebra Q Q ↪→ Q Y

Y Y� 1 ∂ decomposable

∂ Y1 ⊆ QY0 ∂ Yn ⊆
n−1∑
i=1

QYi−1Yn−i n ≥

Y0 n ∂ Y1 ⊆ n2

∂ Q Y ⊆ Y 2Q Y



Remark 7.2.1. Q Y
Q Y / Y<n Q Y k Y�n n ≥

∂ ∂ k Y� n i

i ≤ n

i k Y�n

⎧⎪⎨⎪⎩
k i

< i < n

kYi n ≤ i < n .

Lemma 7.2.2. A semi-free extension Q ↪→ Q Y with Y Y� 1 is minimal if and
only if ∂ Y1 minimally generates

(
Q→ 0 Q Y

)
and ∂ Yn minimally gen-

erates n−1 Q Y�n−1 for n ≥ . �

Lemma 7.2.3. Each quasi-isomorphism φ Q Y → Q Y ′ of minimal DG algebras
over Q is an isomorphism.

Proof. φ�n Q Y�n → Q Y ′
�n φ>n

k⊗Q[Y�n]φ k Y>n → k Y ′
>n φ ∂ Y1

∂ Y ′
1 Q → 0 Q Y

φ1 QY1 → QY ′
1 Q φ� 1

Q
φ�n n ≥

φ>n
n+1 φ>n

φ>n
n+1 kYn+1 → kY ′

n+1 k⊗Q[Y�n] φ
�n+1 k Y�n+1 → k Y�n+1

φ�n+1 �
R Q/I minimal model R Q

Q Y → R Q Y

Proposition 7.2.4. Each residue ring R Q/I has a minimal model over Q.
Any two minimal models are isomorphic DG algebras over Q.

Proof. R Q
Q Y →

R Q Y Q Y ′ → R

Q Y → Q Y ′ Q
�

Remark

Q



R Q/I
R Q

I R ⊇ Q
R

R

Proposition 7.2.5. Let Q, n, k be a regular local ring.
If Q Y is a semi-free extension with Y Y� 1 and Q Y R, then for

each n ∈ Z there is an inequality Yn ≥ εn+1 R ; equalities hold for all n if
and only if ∂ Y1 ⊆ n2 and Q Y is a minimal DG algebra.

A A′ quasi-isomorphic
A � A1 � · · · � Am � A′

Theorem 7.2.6. Let R〈X〉 be an acyclic closure of k over R, let R̂ ∼ Q/I be a
minimal Cohen presentation, and let Q Y be a minimal model of R̂ over Q.

For each n ≥ the DG algebras R〈X�n〉 and k Y�n Q Y / Y<n are
quasi-isomorphic, and Yn Xn+1 εn+1 R for n ≥ .

R Q
k R

R
homologically nilpotent

Corollary 7.2.7. If e R and Q Y is a minimal model of R̂, then for each
n ≥ the product of any e elements of � 1 k Y� n is equal to . �

Corollary 7.2.8. If R̂ Q/I is a minimal regular presentation and E is the Koszul
complex on a minimal generating set of I, then ε3 R νQ 1 E .

Proof. ε3 R ε3 R̂
Y2 νQ 1 E �

Proposition 7.2.9. If Q Y is a minimal DG algebra over a regular local ring Q,
then there exists an acyclic closure Q Y 〈X〉 of k over Q Y , such that X {xy

y ∈ Y, |xy| |y| } and for each y ∈ Y there is an inclusion

∂ xy − y ∈
n−1∑
j=0

Yj Q Y<n 〈X�n〉 where n |y| .



Lemma 7.2.10. For a surjective morphism of DG algebras φ A→ A′ and a set
{zλ}λ∈Λ ⊆ A there is a unique surjective morphism of DG algebras

φ〈X〉 A
〈
{xλ}λ∈Λ | ∂ xλ zλ

〉
→ A′〈{xλ}λ∈Λ | ∂ xλ φ zλ

〉
with φ〈X〉 |A φ and φ〈X〉 xλ xλ for all λ ∈ .

If φ is a quasi-isomorphism, then so is φ〈X〉.

Proof.
X

X {x}
�

Lemma 7.2.11. Let A k Y ′ be a minimal DG algebra over k, and let kY ′ ⊂ A
denote the span of the variables. For a linearly independent set Z {zλ}λ∈Λ ⊂
kY ′ ∩ A the canonical morphism of DG algebras

ξ B A〈{xλ}λ∈Λ | ∂ xλ zλ〉 → A/ Z

with ξ x
(i)
λ for all λ ∈ and i >

is a surjective quasi-isomorphism.

Proof. C k Z 〈{xλ}λ∈Λ | ∂ xλ zλ〉 ⊆ B
ε C → k

B C
π B ⊗C ε B → A/ Z �

Proof of Theorem . R〈X〉 → R̂⊗RR〈X〉 R̂〈X〉
R〈X�n〉 → R̂〈X�n〉 n ≥

R Q/I ρ Q Y → R
Y0 {t1, . . . , te} m s1, . . . , se ∈

Q ρ si ti

R〈X1 | ∂ xi ti〉
ρ〈X1〉←−−−− Q Y 〈X1 | ∂ xi si〉

X1 {x1, . . . , xe} s1, . . . , se
Q Q〈X1〉 → k

π1 Q Y 〈X1〉 → k Y
n ≥

R〈X�n〉
ρn←−−−− Q Y 〈X�n〉 πn−−−−→ k Y� n

{∂ x | x ∈ Xn+1} n R〈X�n〉 ρn

Q Y 〈X�n〉

R〈X�n+1〉 R〈X�n〉〈Xn+1〉
ρn〈Xn+1〉←−−−−−− Q Y 〈X�n〉〈Xn+1〉 Q Y 〈X�n+1〉 .



Q Y 〈X�n+1〉 Q Y 〈X�n〉〈Xn+1〉
πn〈Xn+1〉−−−−−−→ k Y�n 〈Xn+1〉 .

n k Y�n kYn ∂n+1

kXn+1 → kYn

ξn+1 k Y�n 〈Xn+1〉 → k Y�n+1 πn+1 ξn+1◦π〈Xn+1〉
Xn+1 εn+1 R �

Proof of Proposition . g g1, . . . , gs ∈ I f f1, . . . , fr ∈ I
f ∪ g I g

I/ I ∩ n2 g Q R Q′/I ′

Q′ Q/ g I ′ I/ g n′ n/ g

y y1, . . . , ys Y1 ∂ yi gi ≤ i ≤ s
Q y | ∂ yi gi Q′ Q Y → Q Y / g,y

Q′ Y ′ Y ′
n Yn − s

n , Y ′
n Yn R Q/I

Q Y Q Y R
Y0 ε1 R

Q Y ′ R Q Y ′
n εn+1 R

γ Q Y ′ → Q Y

β Q Y → Q Y ′ Q β R

βγ Q Y ′ n ≥
γ�n k Y ′

�n → k Y�n β� n k Y�n → k Y ′
�n

β� n Yn ≥ Y ′
n εn+1 R n ≥

Yn εn+1 R n n ≤
I ⊆ n2 ∂ Y1 I n ≥ n β� n

k Y�n ∂n+1

Q X ∂n+1 �

Proof of Proposition .

πn Q Y 〈X�n〉 → k Y�n Xn {xy y ∈ Yn−1} .

Y0 {s1, . . . , se} n X1 {x1, . . . , xe}
Q Y 〈X1 | ∂ xi si〉

π1 Q Y 〈X1〉 → k Y
πn n ≥ y ∈ Yn

k Y� n y πn zy zy zy y∑
y′∈Y ′

n
ay′y′ v ay′ ∈ n y′ ∈ Y ′

n Yn�{y} v ∈ Q Y<n 〈X�n〉
ay′ ∂ by′ by′ ∈ QX1 zy

zy − ∂
(∑

y′∈Y ′
n
by′y′
)

zy − y ∈ Q Y<n 〈X�n〉

Q Y 〈X�n+1〉 Q Y 〈X�n〉〈Xn+1〉
πn〈Xn+1〉−−−−−−→ k Y�n 〈Xn+1〉 .



ξn k Y�n 〈Xn+1〉 → k Y�n+1

ρn+1 ρn〈Xn+1〉 πn+1 ξn+1◦πn〈Xn+1〉
π Q Y 〈X〉 → k ∂ X1 Y0

n ∂ Xn n Q Y 〈X�n〉 n ≥
Q Y 〈X〉 k Q Y zy

∂ xy − y(
Q Y<n 〈X�n〉

)
n ∩
(

Y Q Y 〈X〉
)
n

n−1∑
j=0

(
Yj Q Y<n 〈X�n〉

)
n .

�

7.3. Complete intersections. deviation

Remark 7.3.1. ε1 R R
R ε1 R εi R i ≥

Theorem 7.3.2. The following conditions are equivalent.
R is regular.
ε2 R .
εn R for n ≥ .

Proof. R KR R
k t

t dimR ⇒
⇒ �

R complete intersection R̂
Q/I I ε2 R R

≤

Theorem 7.3.3. The following conditions are equivalent.
R is a complete intersection.
ε3 R .
εn R for n ≥ .
εn R for n� .
ε2i R for i� .

Proof. R ∼ Q/I Q, n, k f f1, . . . , fr
I f ⊆ n2 E f
⇒ f Q r R

R
⇒ 1 E f Q



⇒ n ε2i R i ≥ n
k Y�n

k Y� n k Y�n

� 1 k Y�n

Y�n ∅
⇒ g f1, . . . , fc
I R′ Q/ g R′ k

C ′ R′〈x1, . . . , xe+c+i〉 g
C0 C ′ ⊗R′ R R〈X〉

k ≥
|xi| ≤ |xj | i < j Ci C ′〈xe+c+1, . . . , xe+c+i〉 si {n | n Ci �
} R X

si ∞ i ≥
I g R′ R′/IR′ ∞

C0 R′
R, k s0 ∞

A Ci−1 x xe+c+i z ∂ x u z
si s < ∞ |x|

si−1 ≤ s |x| |x|
A � s A u A

A � s+e|u| A ue+1 A ue+1

si−1 ≤ s e|u| si ∞ �

Theorem 7.3.4. If εn R and n > then R is a complete intersection. �

7.4. Localization.

R ε2 R − ε1 R R
28 complete intersection defect R

Lemma 7.4.1. If R̂ ∼ Q/I is a regular presentation, then

R νQ I − I ≥ .

Furthermore, the following conditions are equivalent: R ; I is gen-
erated by a regular sequence; R is a complete intersection,

28Kiehl and Kunz introduced it in [96] by the expression in Lemma 7.4.1, and called it the
deviation of R; that was before an infinite supply of deviations appeared on the scene.



Proof. g g1, . . . , gq
Q′ Q/ g I ′ I/ g

R̂ ∼ Q′/I ′ Q′

R νQ′ I ′ − νQ′ n′ R νQ I − νQ n R

νQ I − Q− R νQ I − I ≥ .

⇐⇒
R̂ ∼ Q′/I ′ ⇐⇒ �

29

Theorem 7.4.2. If R → S is a faithfully flat homomorphism of local rings, then
for each i ≥ there is an integer δi ≥ , such that

ε2i R ≤ ε2i S ε2i R ε2i S/mS − δi

ε2i−1 S/mS ≤ ε2i−1 S ε2i−1 R ε2i−1 S/mS − δi .

Furthermore, δi for i� , and
∑∞

i=0 δi ≤ S/mS . �

Theorem 7.4.3. If R→ S is a flat local homomorphism, then

S R S/mS .

In particular, S is a complete intersection if and only if both R and S/mS are.

Proof.

ε2 S − ε1 S ε2 R − ε1 R ε2 S/mS − ε1 S/mS .

S R S/mS �

Corollary 7.4.4. For each prime ideal p of R, Rp ≤ R.

Proof. R R̂ R R̂ R̂ ∼ Q/I

p′ ⊆ R̂ q ⊆ Q

p′ ∩R p p′ qR̂ R̂p′ ∼ Qq/Iq

R̂ νQ I − I ≥ νQq Iq − Iq R̂p′ ,

νQ I ≥ νQq Iq I ≤ Iq

Rp → R̂p′ R̂p′ ≥ Rp �

29For a more natural statement, cf. Remark 10.2.4.



Theorem 7.4.5. If p is a prime ideal of R, then an inequality εn Rp ≤ εn R holds
for all even n and for almost all odd n. When R is a residue ring of a regular local
ring the inequalities hold for all n.

Proof. R Q Q Y
R q p Q Qq Y Qq

Qq Y ∼ Rp Q Y Qq Y
εn+1 R Yn ≥ εn+1 Rp

p′ R̂ p p′∩R
εn R εn R̂ ≥ εn R̂p′

n εn R̂p′ ≥ εn Rp

n n �

Corollary 7.4.6. If R is a complete intersection, then for each prime ideal p of R
the ring Rp is a complete intersection with Rp ≤ R. �

Proof. n i�
Rp R ε2 R

n Rp ≤ R �

Theorem 7.4.7. For each prime ideal p of R, ε1 Rp R/p ≤ ε1 R . �

k

Problem 7.4.8. R→ S
εn S εn R εn S/mS n ≥

ε1 R − ε1 S ε1 S/mS R − S S/mS ≥ .

m n
n n

Problem 7.4.9. εn Rp ≤ εn R p ∈ R n ≥



8. Test Modules

R,m, k
k

R k ⇐⇒ R ⇐⇒ R k

R k <∞ ⇐⇒ R ⇐⇒ R k ≤

8.1. Residue field. R,m, k

k

Remarks 8.1.1. e R r k 1 KR εn εn R

R
k t � t e

− t2 r
.

R
k t t e −t2 −rQ t Q t

∏∞
i=2

t2i−1 ε2i−1
/∏∞

i=2 − t2i ε2i Q t �
R

R k r R

βR
n k

e−r∑
i=0

(
e− r

i

)(
n r − − i

r −

)
n ≥ .

R βR
n k > βR

n−1 k n ≥
e ≥ r ≥

∞∑
n=0

(
βR
n k − βR

n−1 k
)
tn − t R

k t
t e−1

− t2 r−1
Q t � − t

.

Theorem 8.1.2. The following conditions are equivalent.
R is a complete intersection respectively, of codimension ≤ c .

R M <∞ respectively, R M ≤ c for each finite R–module M .
R k <∞ respectively, R k ≤ c .



Proof. R M ≤ R k k
R

R
id ε2id R >

R
k t � − t2i1 · · · − t2id

� − t2i d

∞∑
n=0

(
n d−

d−

)
t(2i)n

i i1 · · · id R k ≥ d d ≥ �

Remark 8.1.3.

Rp

(
Rp/pRp

)
≤ R R/p ≤ R k R ,

Rp ≤ R

k
R

Proposition 8.1.4. If R is not a complete intersection, then

R k
n

n
√

εn R .

Proof. n
n
√

εn R /η η
E t

∑∞
n=1 εn R tn R k

η ρ ρ P t R
k t

ρ > εn R εn ≥

P t � E t η ≥ ρ >
ρ ≥ η < γ < η P t t γ

η < E t εn >
n j ≥

< − − γj
∞∑
h=1

γjh

h
<

∞∑
h=1

γjh γj

− γj
<

γj

− η
.

< γj < − η −1γj

≤ L γ
∞∑
i=1

(
ε2i−1 γ2i−1 − ε2i − γ2i

)
≤ E γ

− η
<∞ .

L γ
t γ �



8.2. Residue domains. R,m, k

Theorem 8.2.1. If p is a prime ideal of R such that Rp is not a complete intersec-
tion, then there is a real number β > with the property that

βR
n R/p ≥ βn for n ≥ .

Rp

R R/p >
≤

Corollary 8.2.2. The following conditions are equivalent:
R is a complete intersection.

R M ≤ for each finite R–module M .
R k ≤ . �

Theorem 8.2.3. When R is not a complete intersection there exist a sequence of
integers < s1 < · · · < sj < . . . and a real number γ > , such that

εsj R ≥ γsj for j ≥
and sj+1 ij sj − with integers ≤ ij ≤ R .

Remark

πn X ⊗ZQ X

Lemma 8.2.4. Let k Y be a minimal DG algebra, such that n k Y for
n ≥ m. If φ k Y → k U is a surjective morphism of DG algebras, such that U
is a set of exterior variables and ∂ U , then U < m.

If R is not a complete intersection, then εn R � for n �



Proof of Theorem . R
R ∼ Q/I Q Y R Q

k Y Q Y /nQ Y
Yn εn+1 R n ≥

n k Y ∼ Q
n k,R n ≥ m R . ∗

R

a n Yn s n
2n∑
j=n

a j

Claim s n

Claim a n

Claim r1, r2, . . . rj+1 ijrj ≤ ij ≤
m υ > a n ≥ υrj j ≥

γ
√

υ sj rj

εsj R a rj > υrj γ2rj ≥ γrj+1 γsj j ≥ .

Y[n]

⋃2n
j=n Yj

Yn k y ∈ Yn

Y i
[n] k i Y[n]

Proof of Claim c ∈ N s n ≤ c n ≥
r ≥ h ≥

φr
h k Y → k Ur

h Ur
h {ur

hr+1, . . . , u
r
hr+r}

|ur
n+1| > |ur

n| n ≥
|ur

hr+i| > |ur
hr+1| · · · |ur

hr+i−1| i , . . . , r .

∂ Ur
h ∗

r < m s n
y1, y2, · · · ∈ Yodd

|yh+1| > |yh| nh |yh| k Y →
k Y�nh → k Y�nh /

(
Y�nh \ {yh}

)
r

φr
h

r ≥ n ≥ uij ur
(n+i)r+j Ui Ur

n+i

φi φr
n+i i , . . . , c j , . . . , r

q > |uc1| · · · |ucr| Yq � ∅
y ∈ Yq i , . . . , c

Ii
[

q |ui1| , q |ui1| · · · |uir|
]

q, q



s q ≤ c i Ys ∅ s ∈ Ii
φi B k Y< q

B → k Ui k Y B k Y →
C k Ui ⊗B k Y C� k Ui ⊗k k Y� q

� k Ui

≤ q − kYq q Ii
∂C C

Y� q � {y} C

k Y → C → C/ Y� q � {y} C k u1 . . . , ur+1

uj uij j , . . . , r ur+1 y
|uj| > |u1| · · · |uj−1| j , . . . , r

n′ rn′ > n c r n1

nh n′
h−1 h ≥ nh h , , . . .

φr+1
h+1

Proof of Claim c k Yn ≤ c
n

n ≥ y ∈ Y�n

αi y ∈ Y i
[n] ⊆ k Y�n

∂ y ≡
∑
i � 2

αi y
(

Y> 2n k Y�n

)
.

αi Y� n → Y i
[n] y �→ αi y k

k Y k Y�n ∂ Y i
[n] i

(
� 1 k Y� n

)m
n ≥ †

Y m
[n]

m∑
i=2

Y m−i
[n] αi Y� n ⊇ Y m

[n] . ‡

αi Yj j < in j > i n

s in
2in+2∑
j=in+1

k Yj ≥
i(2n)+1∑
j=in+1

k αi Yj k αi Y� n . §

d m m n0 s n0 > md 2

j n0, n1, . . . , nj

m nh−1 ≥ nh s nh ≥ md s nh−1 ≤ h ≤ j . ¶



nj+1 lnj s nj+1 {s inj | ≤ i ≤ m}
m nj ≥ nj+1 § ‡

m− s nj
m−2s nj+1 ≥

m∑
i=2

s nj
m−is inj

≥
m∑
i=2

(
k Y[nj ]

)m−i
k αi Y� nj

≥ k

( m∑
i=2

Y m−i
[nj ]

αi Y�nj

)
≥ k Y m

[nj ]

≥
(
s nj

m

)
≥ s nj

m

m m

s nj

d
s nj

m−1

≥ m2d s nj
m−1

s nj+1 ≥ md s nj ¶
mj n0 ≥ nj s nj ≥ mjs n0 dj j ≥ c nj ≥
s nj c n0 ≥ s n0 dj j

Proof of Claim b m m+1 r1 a r1 a > b
r1, . . . , rj

rh ih−1rh−1 ≤ ih−1 ≤ m a rh ≥
a rh−1

ih−1

b

≤ h ≤ j β y ≡ ∂ y
(

Y> rj k Y� rj

)
k

β Y� rj →
∑

i � 2 Y i
rj β y |y| ≡

rj k Y †∑m
i=2 Y m−i

rj
β Yirj+1 ⊇ Y m

rj

m∑
i=2

a rj
m−ia irj ≥

(
a rj
m

)
≥ a rj

m

m m
m

a rj
m

b
.

a irj < a rj
i/b ≤ i ≤ m

m− a rj
m > m a rj

m a irj ≥ rj
i/b i ij

rj+1 ijrj
Pj ij · · · i1 Sj

∑j
h=2 ij · · · ij−h

Pj > Pj

(
· · ·

j

)
≥ Pj

(
i1

· · ·
i1 · · · ij

)
Sj .

Pjr1 > Sjr1 rj+1 Pj > rj+1/r1 a > b

a rj+1 ≥
a rj

ij

b
≥ a rj−1

(ijij−1)

b1+ij
≥ · · · ≥ aPj

bSj
>

(
a

b

)Pj
>

(
a

b

)rj+1
r1

.

υ > υ r1
√

a/b �



Proof of Theorem . βR
n R/p ≥ β

Rp
n Rp/pRp n

p m βn βR
n R/m e R

R
s1, s2, . . . e sj > sj+1 εsj R ≥ γsj

γ > n ≥ βn > β1 e >

β

{
e+1
√

γ , β1 , . . . , s1
√

βs1

}
>

βn ≥ βn s1 ≥ n ≥ sj+1 ≥ n > sj j ≥

βn > βsj ≥ εsj R ≥ γsj ≥ β(e+1)sj > βsj+1 > βn

βn ≥ βn n ≥ �

Proof of Lemma . φ� k Y � → k U
k φ�

Y ′ {y′1, . . . , y′j , . . . } ⊂ kY
|y′j+1| ≥ |y′j | j ≥ φ ∂ y′1

∂ y′j+1 ∈ y′1, . . . , y
′
j j ≥ j ≥ φ

πj Aj k Y 〈x′
1, . . . , x

′
j〉

πj−→ k Y / y′1, . . . , y
′
j Bj

x′
i
(n) ≤ i ≤ j n ≥ y′j+1 πj y′j+1

Bj zj+1 ∈ Aj πj zj+1 πj y′j+1

πj

πj〈x′
j+1〉 Aj+1 Aj〈x′

j+1 | ∂ x′
j+1 zj+1〉 −→ Bj〈x′

j+1 | ∂ x′
j+1 y′j+1〉 .

ξj Bj〈x′
j+1〉 −→ Bj/ y′j+1∑

i bix
′
j+1

(i) b0 y′j+1

πj+1 ξj◦πj〈x′
j+1〉 Aj+1 Bj〈x′

j+1〉 −→ Bj/ y′j+1 Bj+1 .

φ

k Y ↪→ k Y 〈X ′〉 π−→ k U

π π φ
x′
j
(i) i, j ≥ π

π〈X ′′〉 k Y 〈X ′〉〈X ′′〉 −→ k U 〈X ′′ | ∂ x′′
j uj〉 .

X ′′ {x′′
1 , . . . , x

′′
m} k

W ′ k Y 〈X ′∪X ′′〉 k k Y
W k Y 〈X〉 k k Y X {xy |xy| |y| , y ∈ Y }

∂ k Y 〈X〉 ⊆ Y W Q k
V ′ k⊗k[Y ] W

′ k〈X ′ ∪X ′′〉



V k ⊗k[Y ] W k〈X〉 ∂V

∞∏
i=1

t2i−1 card(X2i−1)

∞∏
i=1

− t2i card(X2i)

∑
n

k Vnt
n
∑
n

k n V tn

∑
n

k n V ′ tn �
∑
n

k V ′
nt

n

∞∏
i=1

t2i−1 card(X′
2i−1)

∞∏
i=1

− t2i card(X′
2i)

·

∞∏
i=1

t2i−1 card(X′′
2i−1)

∞∏
i=1

− t2i card(X′′
2i)

.

j

Xj+1 Yj Y ′
j Uj X ′

j+1 X ′′
j+1 .

V ′ V ′ ∂ W ′ ⊆ Y W ′

W ′� k Y 〈X ′〉 � � 1 W

� 1 k Y 〈X ′〉 � 1 W ′ ∩ k Y 〈X ′〉 ∂ W ′ ∩ k Y 〈X ′〉
⊆ Y W ′ ∩ k Y 〈X ′〉 Y k Y 〈X ′〉 .

π k Y 〈X ′〉 → k U
z1, . . . , zm ∈ k Y 〈X ′〉 π zi ui

z1 · · · zm ∈
(

� 1 k Y 〈X ′〉
)
m ⊆

(
Y mk Y 〈X ′〉

)
⊆ Jk Y 〈X ′〉

J ⊂ k Y

Jn

⎧⎪⎨⎪⎩
n < m

∂ k Y m+1 n m

k Y n n > m .

J k Y n k Y
n ≥ m J ∼ k Y τ k Y → k Y /J

k Y 〈X ′〉 →
k Y 〈X ′〉 /Jk Y 〈X ′〉

Jk Y 〈X ′〉 ∂ Jk Y 〈X ′〉 ⊆ ∂ k Y 〈X ′〉

z π z1 · · · zm u1 . . . um �
�



8.3. Conormal modules. R Q/I
Q, n, k I ⊆ n2 f
R I/I2 conormal module 30

f
f I2

Q R

Theorem 8.3.1. If Q R <∞ and the R–module I/I2 is free, then f is a regular
sequence. �

If
Q R < ∞ and R I/I2 < ∞, then f is a regular sequence.

Theorem 8.3.2. The conjecture holds if R I/I2 ≤ .

Proof. R I/I2

E Q〈X1 | ∂ X1 f〉 Z 1 E H

1 E → Z → Qr → I → R Q
R Z/IZ → Rr → I/I2 → ∂ E2 ⊆ IE1

H → Rr → I/I2 →
R I/I2 H R z ∼ R

z ∈ nE1 f I
E〈X� 2〉 Q〈X〉 R 0 E E

∂ x z x ∈ X2 δ2 RX2 → RX1
γ
Q Q〈X〉 H

Q ϑ Q〈X〉 → Q〈X〉 − ϑ x
θ ϑ ⊗Q k Q〈X〉⊗Qk k〈X〉 θ x

∂ x z⊗ ∈ E1/nE1 x(i) x(i) ∂ v

θi x(i) θi∂ v � 2i k〈X〉 Q
2i R, k

i ≥ Q R �

Theorem 8.3.3. Let Q k s1, . . . , se be a graded polynomial ring over a field k of
characteristic , with variables of positive degree, let I be a homogeneous ideal of
Q, and set R Q/I. The following conditions are equivalent.

R is a complete intersection.
R I/I2 <∞ .
R I/I2 <∞ .

R I/I2 ≤ .
If R is not a complete intersection, then R I/I2

R k.

30Or: of the embedding Spec(R) ⊆ Spec(Q).



Theorem 8.3.4. If R is as in the preceding theorem, and R|k is its module of
Kähler differentials over k, then the following conditions are equivalent.

R is a complete intersection.
R R|k <∞ .

R R|k ≤ .
If R is not a complete intersection, then R R|k R k.

Remark R R|k < ∞ R

p Rp|k ∼
(

R|k
)
p

Rp Rp

R reduced R

R R|k ≤

31

Theorem 8.3.5. In the notation of Theorem , for all n ≥ and j ∈ Z there is
an inequality between graded Betti numbers and deviations:

βR
nj R|k ≥ εn+1,j R and βR

nj I/I2 ≥ εn+2,j R .

I/I2

Problem 8.3.6. R R ∼ Q/I
βR
n I/I2 ≥ εn+2 R n ≥

Remark 8.3.7. R
Q f I f

Q n Q Y�n

n ≥
y ∈ Yn+1 ∂ y

graded minimal model Q Y� 1 k Y R Q
graded acyclic closure R〈X〉 k R

Remark 8.3.8.
k

k Y k DG module of differentials k k Y k Y
{dy |dy| |y| dy y }y∈Y a

31Equalities hold for n = 0 by Corollary 7.1.5, but it appears that the other inequalities are
strict unless R is a (reduced) complete intersection.



a y �→ dy
d k Y → k k Y ∂ dy d ∂ y k

k Y U k Y
d k k Y → U

R L R ⊗k[Y ] k k Y

k k Y
k R

g ∈ QY1

∂1 L1 → L0 ∂1 ⊗ g ⊗
e∑

i=1

∂f

∂yi
dyi ∂1 g f ∈ Q .

R|k
Kähler differentials k R

I/I2 δ−→ R⊗Q Q|k → R|k → δ f I2 ⊗
e∑

i=1

∂f

∂yi
dyi .

Q|k {dy1, . . . , dye} 0 L R|k

ε F → N
R F α F → G

G N k ⊗R α α F
G R

Theorem 8.3.9. The augmentation εL L→ 0 L R|k is essential.

Construction 8.3.10. Euler morphisms. R Euler deriva-
tion R → m a ∈ R

R γ R|k → m

ω k k Y → V k Y εV V → m
m k Y Euler morphism

k Y

Lemma 8.3.11. Let k Y be a graded minimal model of R over k, and let U
k Y 〈X〉 be a graded acyclic closure of k over k Y , as in Remark 8.3.7.

The DG module V Σ
−1 U/k Y is a semi-free resolution of m over k Y ,

and there is an Euler morphism ω k k Y → V , such that

ω dy ≡ − y xy nXn+1

(
k Y�n+1 〈X�n〉

)
n+1 for y ∈ Yn .

Proof. Dn
∐

|y| � n k Y dy ⊆ k k Y D

a �→ a a k k Y → U
R→ k ξ D→ U

k Y ξ



ξn ξ|Dn n k Y
σn Dn → U ξn

σn|Dn−1 σn−1

σn dy ≡ y xy nXn

(
k Y�n 〈X<n〉

)
n .

∗

|y| σ0 dy y xy
n ≥ σn−1

ξ dy − y ∂ xy − σn−1∂ dy n ≥
∂ uy vy uy ∈ QXn+1 vy ∈ k Y�n+1 〈X�n〉n+1 d

∂ Y ⊆ Y 2k Y

d ∂Y ⊆ d
(

Y 2k Y
)
⊆ Y d

(
k Y Y D

σn−1 k Y

σn−1∂ dy σn−1d ∂ y ∈Wn nYn k Y<n 〈X�n〉n .

∂ vy ∈Wn

∂ uy ξ dy − y ∂ xy − σn−1∂ dy − ∂ vy ∈Wn .

uy ∈ nXn+1 σn Dn → U
σn dy y xy uy vy k Y

∗ |y| ≤ n

∂σn dy σn∂ dy y ∂ xy ∂ uy vy σn−1∂ dy ξ dy ,

σn σ D → U ξ
ω D→ V σ k Y −

U → U/k Y → Σ
−1 U/k Y V ξ ⊆ k Y

∂σ σ∂ ξ ∂ω ω∂ ω D→ V
→ k Y → U → U/k Y →

n U/k Y n � 1 V m V Σ
−1 U/k Y

m n ∗ 0 ω R|k → m
n ≥

ω dy ≡ − y xy nXn+1

(
k Y�n+1 〈X�n〉

)
n+1 �

Proof of Theorem . ω k k Y → V

� L R⊗k[Y ] k k Y
R⊗ω−−−−→ R⊗k[Y ] V G

R

k ⊗R � ⊗ dy ≡ ⊗ y xy k〈X�n〉 n+1 y ∈ Yn n ≥ ,

32 k⊗R � 0 �
γ R|k → m

32This is the only place where the hypothesis of characteristic 0 is used.



ρ k Y → R
ρ ⊗ V V k Y ⊗k[Y ] V → R ⊗k[Y ] V G G
m R F R|k R

α L→ F R|k β F → G
γ 0 βα γ � βα

k ⊗R � k ⊗R βα k ⊗R β k ⊗R α ,

k ⊗R α �
Proof of Theorem . Ln R Yn

Yn εn+1 R

R|k
� �′ L′

Σ
−1L� 1 →

Σ
−1G� 1 G′ �′� R

0 L′ I/I2 F

I/I2 εL
′

L′ → I/I2

�
Proof of Theorem and Theorem .

R k ≥ R I/I2 n
√

βR
n I/I2 ≥ n

√
εn R R k .

�

9. Modules over Complete Intersections

9.1. Cohomology operators. R Q/ f f f1, . . . , fr
Q

E Q y1, . . . , yr | ∂ yj fj f κ E → R

Q M R M
M Q



Theorem 9.1.1. Let M be a finite R–module, let εU U → M be a DG module
resolution of M over E such that Un is a free Q–module for each n.

Let G Q〈v1, . . . , vr〉 be a Q–module with basis {v(H) v1
(h1) · · · vr(hr)

|v(H)| h1|v1| · · · hr|vr| , H h1, . . . , hr ∈ Nr}, and set

Cn E,U
⊕
i � 0

Gi ⊗R Un−i,

∂ v(H) ⊗ u −
r∑

j=1

v(Hj) ⊗ yju v(H) ⊗ ∂ u

where Gi R⊗Q Gi, U j R⊗Q Uj, and Hj h1, . . . , hj − , . . . , hr .
Then E,U , ∂ is a free resolution of M over R.

Remark K s s ⊇ f
E C E,K C

Proof. μ E ⊗Q E → E
μ

y′j yj ⊗ − ⊗ yj j , . . . , r μ
E ⊗Q E ↪→ D E ⊗Q E 〈v1, . . . , vr | ∂ vj y′j〉 ν D → E

ν v(H) |H| >
E ⊗Q κ E ⊗Q E → E ⊗Q R R〈y1, . . . , yr | ∂ yj 〉

E⊗Qκ y′j yj E⊗QE

1 E⊗QE R y′1 , . . . , y′r
E⊗QE ↪→ D ν

ν E E
ν ⊗E U D ⊗E U → E ⊗E U U

D ⊗E U ∼ M D ⊗E U � ∼ E� ⊗Q G ⊗Q U �

E
κ⊗E U D⊗E U → R⊗E D⊗E U
R⊗E D ⊗E U E,U R �

Construction 9.1.2. Cohomology operators. S R χ1, . . . , χr

χ1, . . . , χr
33 −

χj · v(H) v(Hj) ≤ j ≤ r R
− E,U �

∂ E,U
χj∂ ∂χj E,U algebra34

of cohomology operators S R ∼ Q/ f

33This will not be surprising, once the χj ’s reveal their cohomological nature.
34The algebra S itself has a trivial differential; this nicely illustrates the fact that DG module
structures are to be found in all walks of life.



−

Proposition 9.1.3. For each R–module N there are S–linear homomorphisms

χj
R
n M,N → R

n−2 M,N

χj
n
R M,N → n+2

R M,N
for ≤ j ≤ c and all n ,

which turn R M,N and R M,N into modules over S.
These structures depend only on f , are natural in both module arguments,

and commute with the connecting maps induced by short exact sequences.

Proof. R N
E,U ⊗R N R E,U ,N S

N
→ N ′ → N → N ′′ →

β M ′ → M R U ′

M ′

α U ′ → U E α β
χj

v(H) ⊗ u′ �→ v(H) ⊗ β u′

S E,α E,U ′ → E,U α
S E,α ⊗R N R E,α ,N

R β,N R β,N
M U

→M ′ →M →M ′′ → R
U ′′ M ′′ E U ′′�

E�

U � U ′� ⊕ U ′′� U M E
→ U ′ → U → U ′′ →

E
S

→ E,U ′ → E,U → E,U ′′ →

R S

→ E,U ′ ⊗R N → E,U ⊗R N → E,U ′′ ⊗R N →
→ R E,U ′′ , N → R E,U ,N → R E,U ′ , N →

χj �



Theorem 9.1.4. If M and N are finite modules over a noetherian ring R, such
that R Q/ f for some Q–regular sequence f , then the S–module R M,N
is finite if and only if n

Q M,N for n� .

Remark

N k

Partial proof of Theorem . Q Q

R M
U M E Q

U S R C E,U ,R
S S ⊗R Q U,R

Claim F S R
N S F ⊗R N

n S F n F
S F ⊗RN ∼ Σ

rS⊗RN S n >
u ∈ F ∂ u Su
F G F/Su n −

S Su⊗R N → F ⊗R N → G ⊗R N
�

Construction 9.1.5. Eisenbud operators. lifting Q F, ∂

M R F̃ , ∂̃ Q F̃ −
∂̃ F̃ F, ∂ F̃ ⊗Q R, ∂̃ ⊗Q R

Q

∂n ∂2 ∂̃2 F̃ ⊆ f F̃

j , . . . , r − Q τ̃ j F̃ →
F̃ ∂̃2

∑r
j=1 fj τ̃

j

Eisenbud operators

τ {τ j τ̃ j ⊗Q R F → F}1 � j � r .

Proposition 9.1.6. Let τ be a family of Eisenbud operators defined by f .
For ≤ j ≤ r the maps τ j are chain maps of degree − , that are defined

uniquely up to homotopy, commute with each other up to homotopy, commute
up to homotopy with any comparison of resolutions F ′ → F constructed over a



homomorphism of R–modules β M ′ →M , and satisfy

R

(
τ j , N

)
−χj .

Proof. F̃ ′, ∂̃′ F ′, ∂′ R M ′

τ̃ ′ {τ̃ ′j} F ′ → F ′ τ ′ {τ ′j

τ̃ ′j ⊗Q R} α F ′ → F α̃ F̃ ′ → F̃ Q

α̃ ⊗Q R α ∂α − |α|α∂′ ≤
j ≤ r Q σj F̃ ′ → F̃ |σj | |α| −
∂̃α̃− − |α|α̃∂̃′ ∑r

j=1 fjσ
j

r∑
j=1

fj
(
τ̃ jα̃− α̃τ̃ ′j) ∂̃2α̃− α̃∂̃′2

( r∑
j=1

∂̃fjσ
j − |α|∂̃α̃∂̃′

)
− |α|

( r∑
j=1

fjσ
j ∂̃′ − ∂̃α̃∂̃′

)
r∑

j=1

fj
(
∂̃σj − − |σj |σj ∂̃′) .

f I2

τ jα− ατ ′j ∂ σj ⊗Q R − − |σj | σj ⊗Q R ∂′ ≤ j ≤ r ,

σj ⊗Q R F ′ → F τ jα ατ ′j

α ∂′ ∂ α̃ ∂̃′ ∂̃ σj ≤ j ≤ r
τ j α F τ ′

τ1, . . . , τr α τ j

τ ′ τ τ j τ i

α R β M ′ → M

τ jα ατ ′j j
F E,U , ∂

F̃ U � ⊗Q G ∂̃ v(H) ⊗ u −
r∑

j=1

v(Hj) ⊗ yju v(H) ⊗ ∂ u .

∂̃2 v(H) ⊗ u −∑r
j=1 v(Hj) ⊗ fju −∑r

j=1 fjχj v(H) ⊗ u

R

(
τ j , N

)
−χj � j � r �

Remark 9.1.7. d ≤ d ≤ r χ1, . . . , χd
∗
R M,k R Q/ f

R P/ f1, . . . , fd P Q/ fd+1, . . . , fr
F̃ , ∂̃ Q

F, ∂ M R F̃ ⊗Q P, ∂̃ ⊗Q P F, ∂

P ∂̃⊗QP 2
∑d

j=1 fj τ̃ j⊗QP τ̃ j⊗QP



χj

τ̃ j ⊗Q P ⊗P R τ j ⊗Q R

9.2. Betti numbers.

R
M t

− t2 codimR

Theorem 9.2.1. Let R be a complete intersection with R e and R
r. For a finite R–module M � with R − M m and R M ∞,
the following hold.

There is a polynomial p t ∈ Z t with p ± � , such that

R
M t

p t

t c − t d
with c < d .

R M d ≤ R and R M .

βR
n M ∼ b

c d− nd−1 where b p > .

n→∞
βR
n+1 M

βR
n M

.

βR
n+1 M

βR
n M

and R
n+2 M ∼ R

n M for n > m if R M .

βR
n+1 M

βR
n M

> and R
n+2 M � R

n M for n� if R M ≥ .

Remark
h± t d− a± > n�
βR
n+1 M − βR

n M h+ n n h− n n
a+ � a−

Example 9.2.2. βR
n k ∼ e−rnr−1/ r − c

− R d R b pk t

R R ≥ codimR



Example 9.2.3. R r M
b t ∈ Q t βR

n M b n n �
quadrics

n

Example 9.2.4. q
(
e+1
2

)
− k m2/m3

R

R
R/m2 t

− t q t e−q−1 · et−
− t r · t r−q−1 · t .

q ≤ r − t and t −

R k s1, s2 / sa1
1 , sa2

2 ai ≥ βR
n R/m2 3

2n

n 3
2n

3
2 n

R R M ≥
strictly decreases

p t
R

Example 9.2.5. R c ≥ N
R
n k n > R F

N

→ N∗ → F ∗
0

∂∗
0−→ F ∗

1

∂∗
1−→ F ∗

2 → . . . ,

−∗
R −, R
N∗

R ∂∗
s

s

Remark 9.2.6. Q f Q
R Q/ f M R R M,k
R χ1, . . . , χr

m R M,k M R M,k
P k χ1, . . . , χr

P M
R
M t q t / − t2 r q t ∈ Z t

Proof of Theorem .
R,M R′,M ⊗R R′ R′

R u m[u] R Q/ f Q
k f

F M R βn βR
n M



R
M t

R
M t

d−1∑
j=0

mj

− t d−j

c−1∑
i=0

�i
t c−i

f t ,

{c, d} ≤ r f t ∈ Q t n�

βn

⎧⎪⎨⎪⎩
m0

d− · nd−1 �0
c− · nc−1 g+ n n

m0

d− · nd−1 − �0
c− · nc−1 g− n n

∗

m0 � g± t < {c, d} −
M d ≥ c d >

d c �0 �
m0 ± �0 > m0 >

γ j, s
∑j

i=−j − iβ2s−i ∗ s, h�
s �→ γ h, s s d
a0

(
h �0 m0

)
/ d − s �→ γ h , s

a1

(
h �0 −

m0

)
/ d − �0 < a0 < h � γ h, s < �0 >
a1 > h� γ h , s >

F p R

→ Ls,j → F2s+j p → · · · → F2s p → · · · → F2s−j p → Ns,j → .

Rp

γ j, s · Rp − j
(

Lj Nj

)
γ h, s > γ h , s < �0

d > c
d > c ∗ n→∞ βn/n

d−1 m0/ d−
m0 t→1 − t d R

M t p / c

R M,k
k χ1, . . . , χr

{μ ∈ R M,k | χ1, . . . , χr
mμ m}

> s k
χ χ1, . . . , χr

>s
R M,k χ >s

R M,k

χ R
n+2 M,k → R

n M,k n > s
χ χ1

R P/ f P Q/ f2, . . . , fr f f1

f P F̃ , ∂̃ F, ∂ P

τ̃ F̃ → F̃ τ τ̃ ⊗P R F → F −
χ R τ, k



χn n > s τ̃n+2 F̃n+2 → F̃n

τn+2 Fn+2 → Fn τ R
n+2 M

→ R
n M n > s

−→ R
n+2 M −→ Fn+1

∂n+1−−−−→ Fn −→ R
n M −→

p R n > s Rp

βn+1 − βn
( Rp

n+2 Mp − Rp
n Mp

)/
Rp ≥ ,

βn βn+1 b � n > s

βn+2 b τ̃n+2 n > s F̃n+2 E ⊕ G E

τ̃n+2 θ τ̃n+2 G F̃n

ζ G → F̃n+1 ∂̃n+2 ∂̃n+1ζ G

∂̃n+1∂̃n+2 fτ̃n+2 P/ f R ∂̃n+1ζ fθ∧b
∂̃n+1

∧b
ζ
∧b

∂̃n+1ζ
∧b

fθ f b
∧b

θ .

G F̃n+1 F̃n b P∧b
G
∧b

F̃n+1

∧b
F̃n

∧b
∂̃n+1

∧b
ζ

∧b
θ

P y z u

yz fbu θ
∧b θ u P f

P y ∂̃n+1 ∂̃n+1∂̃n+2 E fτ̃n+2 E

E ⊆ ∂̃n+2 ∂̃n+2 F̃n+2/E ∼ G

∂̃n+3 ⊗P R ∼ ∂n+3
R
n+2 M

R
n+2 M R G⊗P

R ∼ Rb βn+2 ≤ b βn
βn+2 ≥ βn+1 ≥ βn b {βn}n>s

βn+2 βn P F̃n+2 P F̃n E
τn+2

m R− M F>m

N R
m+1 M N

F ∗
>m R F>m, R

0 F ∗
>m N∗ F ∗

>m N∗ Cn ∂∗
n

n ≥ m n� Cn

F ∗
>m �

9.3. Complexity and Tor. R,m, k
R Q/I Q

Q all R
specific R

P P M <∞
factorization theorem



Theorem 9.3.1. Let R ∼ Q/I be a regular presentation with I generated by a
regular sequence. If k is infinite, then for each finite R–module M the surjection
Q→ R factors as Q→ P → R, with the kernels of both maps generated by regular
sequences, P M <∞, and R M P R.

Proof. M ∗
R M,k

P R Q/I
M P R M d k

χ1, . . . , χd M
χ1, . . . , χr P2 P

I Q f
f1 . . . , fr χ1, . . . , χr k χ1, . . . , χd

⊆ P P ′ R P/ f1, . . . , fd
P Q/ fd+1, . . . , fr M P ′

n
P M,k n� P M <∞ �

R M virtual
projective dimension 35

R M

{
Q′ M̂

∣∣∣∣ Q′ R̂ ∼ Q′/ f ′

Q′ f ′

}
.

R M <∞ R

R M R M

R M R M

Theorem 9.3.2. If M is a finite R–module and R M is finite, then

R M R− R M R M .

Proof. R
Q′

Q′ M R M

R M Q′ M Q′ − M

Q′ R R− M ≥ R M R− M

P R

P R R M

R M ≤ P M P − M

P R R− M R M R− M

�

35If k is infinite; otherwise, R and M are replaced by R̃ = R[u]m[u] and M̃ = M ⊗R R̃.



Theorem 9.3.3. If M and N are finite modules over a regular ring R and
R
i M,N for some i > ,

then R
n M,N for all n ≥ i. �

R

R M

Theorem 9.3.4. If M and N are finite modules over a complete intersection R of
codimension r, and for some i > there are equalities

R
i M,N · · · R

i+r M,N

then R
n M,N for all n ≥ i.

Theorem 9.3.5. If M and N are finite modules over a hypersurface R, and
R
i M,N R

i+1 M,N for some i > ,

then either M or N has finite projective dimension.

Theorem 9.3.6. Let M be a finite module over a complete intersection R, such that
R M d and R− M m. For a finite R–module N , the following

are equivalent.
R
n M,N for n > m .
R
n M,N for n� .
R
i M,N · · · R

i+d M,N for some i > m.

Example 9.3.7. i ≥ R k s1 . . . s2r / s1sr+1 . . . srs2r N

R/ sr+1 . . . s2r Mi R Mi r R
n Mi, N

i < n ≤ i r R
n Mi, N � n

F R〈x1, . . . , x2r | ∂ xj sj , ∂ xr+j sr+jxj ≤ j ≤ r〉
M R/ s1, . . . , sr ∼ k sr+1, . . . , s2r M

F ∗
R F,R �

F1
∂1−−−−→ F0

σ−−−−→ F ∗
0

−∂∗
1−−−−→ F ∗

1 σ x sr+1 · · · s2rx



F Σ
−1F ∗ σ G, ∂

R n G ⊗R N n
R M,N n ≥

n G⊗R N 1−n
R M,N n ≤ − σ⊗R N

n n −
≤ j ≤ r Nj N/ sj+1, . . . , sr N ∼ k s1, . . . , sj

R M,Nj R M,Nj s1, . . . , s2r

Tj t
∞∑
n=0

k
R
n M,Nj tn Ej t

∞∑
n=0

k
n
R M,Nj tn .

→ Nj
sj−→ Nj → Nj−1 →

sj

Tj−1 t Tj t tTj t Ej−1 t Ej t
t
Ej t .

N0
∼ k T0 t E0 t R

M t / − t r

Tr t
T0 t

t r − t2 r
Er t

trE0 t

t r

tr

− t2 r
.

Mi ∂−r−i−1
R
n Mi, N ∼

n−r−i G ⊗R N n ≥

Lemma 9.3.8. Let f1, . . . , fd be a regular sequence in a commutative ring Q, and
set R Q/ f1, . . . , fd . If

R
s M,N · · · R

t M,N

for integers s and t with s d ≤ t, then there are isomorphisms
Q
s+d−1 M,N ∼ R

s−1 M,N

Q
s+d M,N · · · Q

t M,N

Q
t+1 M,N ∼ R

t+1 M,N .

Proof.
2

p,q
R
p

(
Q
q M,R ,N

)
⇒ Q

p+q M,N .

E R Q

Q
q M,R q M ⊗Q E M ⊗Q Eq M

d
q ,

2
p,q

R
p M,N

d
q 2

p,q s ≤ p ≤ t

s d− 2
s−1 , d

R
s+d−1 M,N

n s d ≤ n ≤ t
t 2

t+1 , 0
R
t+1 M,N

�



Proof of Theorem . Q
i+r M,N Q

i+r+1 M,N ∼
R
i+r+1 M,N Q

i+r+1 M,N
R
i+r+1 M,N R

n M,N n > i r �

Lemma 9.3.9. Let M,N be finite modules over a complete intersection R.

If R
n M,N for n ≥ , then R M R N R M ⊗R N .

If R
n M,N for n� , then R M R N ≤ R.

Proof. R
M⊗QN t R

M t · R
N t

t
M M ′

R M ′
R N

R M ′ ⊗R N ≤ R loc. cit �

Proof of . R
n M,N n ≥ i

R M R N ≤ R M R N �

Proof of . ⇒ R
s, t ∈ N

m < s < s d ≤ t R
j M,N s ≤ j ≤ t s

P P M

P M P − M R d− M m d .

s > m P
s+d−1 M,N

R
s−1 M,N s

s m t > P M P
t+1 M,N

R
t+1 M,N . . . �

10. Homotopy Lie Algebra of a Local Ring

non-commutative



10.1. Products in cohomology. k
graded associative36 k

k
k C,C

C k C,C

Construction 10.1.1. Ext algebras. ε F → L k
L

k F, ε k F,F ∼
k F,L k L,L .

F k k L,L

k L,L
k L F ′ L

α F → F ′ α′ F ′ → F L α′α
σ α′α F ∂σ σ∂

φ k F,F → k F ′, F ′ φ β αβα′ β γ F → F

φ βγ αβγα′ αβ α′α γα′ − αβ ∂σ γα′ − αβ σ∂ γα′

αβα′ αγα′ − − |β|∂ αβσγα′ − − |γ| αβσγα′ ∂

φ β φ γ ∂τ − |τ |τ∂

τ − − |β|φ βσγ φ
φ φ

α α′

φ φ
algebra k L

composition product37

38

Remark 10.1.2. graded Lie algebra 39 k k g {gn}n∈Z

k Lie bracket

, gi × gj → gi+j i, j ∈ Z , ϑ, ξ �→ ϑ, ξ ,

ϑ , ξ , ζ ∈ g

ϑ, ξ − − |ϑ||ξ| ξ, ϑ anti-commutativity
ϑ, ξ, ζ ϑ, ξ , ζ − |ϑ||ξ| ξ, ϑ, ζ Jacobi identity

36That is, not assumed positively graded or graded commutative.
37Another pairing is the Yoneda product, that splices exact sequences representing elements of
Ext; they differ by a subtle sign, treated with care by Bourbaki [45].
38An early appearance is in the form gn+1 = πn(X), the n’th homotopy group of a topological
space X, with bracket given by the Whitehead product; the proof by Uehara and Massey [152]
of the Jacobi identity for the Whitehead product was the first major application of the (then)
newly discovered Massey triple product.
39In postmodern parlance, a super Lie algebra.



1
6

40

1
2 ϑ, ϑ ϑ ∈ geven

1
3 υ, υ, υ υ ∈ godd

g square41

g2h+1 → g4h+2 h ∈ Z , υ �→ υ[2] ,

υ ω [2] υ, ω − υ[2] − ω[2] υ, ω ∈ godd |υ| |ω|

aυ [2] a2υ[2] a ∈ k υ ∈ godd

υ[2], ϑ υ, υ, ϑ υ ∈ godd ϑ ∈ g

Lie subalgebra g

β h → g k
k β ϑ, ξ β ϑ , β ξ β

(
ϑ[2]
)

β ϑ [2]

B k B
x, y xy− − |x||y|yx graded commutator v[2] v2

v ∈ Bodd B

B
universal

enveloping algebra g k U
ι g→ U

B β g→ B
β′ U → B

β β′ι β′ universal extension β

Remark 10.1.3.

g

k g
h → g

k h → k g

40Anticommutativity implies 2[ϑ, ϑ] = 0 for ϑ ∈ geven, so (1 1
2
) is superfluous when k � 1

2
. Jacobi

yields 3[ϑ, [ϑ, ϑ]] = 0 for all ϑ, so (2 1
3
) is redundant when k � 1

3
.

41Only needed if 1
2

/∈ k: conditions (3) and (4) imply that 2υ[2] = [υ, υ]; when 2 is invertible,

υ[2] = 1
2
[υ, υ] satisfies condition (5), by the Jacobi identity.



k k g

k g

ϑ⊗ ξ − − |ϑ||ξ|ξ ⊗ ϑ− ϑ, ξ ϑ, ξ ∈ g

υ ⊗ υ − υ[2] υ ∈ godd

ι g ⊆ T g T g → U
gn n ≤ ϑ {ϑi}i � 1

g |ϑi| ≤ |ϑj| i < j indexing sequences
I i1, i2, . . . ij ≥ ij ≤ |ϑj| ij
j � I q ij j > q

normal monomial ϑI ϑ
iq
q · · ·ϑi1

1 ∈ k g
42

k g k g
all ϑ ϑ2

i |ϑi|
ϑ2
i ϑ

[2]
i ϑiϑj i < j ϑjϑi ± ϑi, ϑj

ϑ2
i ϑi, ϑj

co DG Lie algebra k
g − k ∂ g→ g ∂2

∂ ϑ, ξ ∂ ϑ , ξ − |ϑ| ϑ, ∂ ξ , ∂
(
ϑ[2]
)

∂ ϑ , ϑ ϑ ∈ godd .

Lemma 10.1.4. Let k ↪→ k〈X〉 be a semi-free Γ -extension. The inclusion
γ
k
k〈X〉,k〈X〉 ⊆ k k〈X〉,k〈X〉

is one of DG Lie algebras.

Proof.
b c k〈X〉 υ

υ2 bc υ
(
υ b c − |b|bυ c

)
υ2 b c − |ϑ|(|ϑ|+|b|)υ b υ c − |b|υ b υ c − |b|+|b|bυ2 c

υ2 b c bυ2 c .

42In fact, if ϑ is a basis of g, then the normal monomials form a basis of Uk(g): this is the
contents of the celebrated Poincaré-Birkhoff-Witt Theorem. The original proof(s) provide one of
the first applications of ‘standard basis’ techniques; for an argument in the graded framework,
cf. Milnor and Moore [121]; for the case needed here, cf. Theorem 10.2.1.



x ϑ ξ

υ2 x(i) υ υ x x(i−1) υ2 x x(i−1) − υ x 2x(i−2) υ2 x x(i−1)

ϑ, ξ x(i) ϑξ x(i) − − |ϑ||ξ|ξϑ x(i)

ϑ
(
ξ x x(i−1)

)
− − |ϑ||ξ|ξ

(
ϑ x x(i−1)

)
ϑξ x x(i−1) − |ϑ||ξ|ξ x ϑ x x(i−2)

− − |ϑ||ξ|ξϑ x x(i−1) − − |ϑ||ξ|+|ξ||ϑ|ϑ x ξ x x(i−2)

ϑ, ξ x x(i−1)

ϑ, ξ
γ
k
k〈X〉,k〈X〉 k k〈X〉,k〈X〉

∂
k〈X〉 δ ∈ γ

k
k〈X〉,k〈X〉

∂ ϑ δ, ϑ ∂ ϑ, ξ ∂ υ[2]

�

k〈X〉 k P P
γ
k
k〈X〉,k〈X〉 Q ⊆ P P

Example 10.1.5. A k〈X〉 k X ∅
γ
k

A,A F2 ⊆ k k

B k
〈
u, {xi, x′

i}i � 0

∣∣ ∂ u , ∂ xi u(2i) , ∂ x′
i u(2i)xi

〉
|u| |xi| i+1 |x′

i| i+2

γ
k

B,B ∼
k

γ
k
B,k γ

k
B

k {xi}i � 1 ∪ {x′
i}i � 0

10.2. Homotopy Lie algebra. R,m, k

Theorem 10.2.1. Let R〈X〉 be an acyclic closure of k over R, where X {xi}i � 1

and |xi| ≤ |xj | for i < j, and set π R γ
R R〈X〉, R〈X〉 .

π R is a graded Lie algebra over k.

k πn R εn R for n ∈ Z .
π R has a k-basis

{θi ϑi | ϑi ∈ γ
R R〈X〉, R〈X〉 , ϑi xj δij for j ≤ i}i� 1 .



The normal monomials on form a k–basis of k π R .
γ
R R〈X〉, R〈X〉 ⊆ R R〈X〉, R〈X〉 induces an injective homomor-

phism of graded Lie algebras ι π R → R k, k . Its universal ex-
tension is an isomorphism of associative algebras

ι′ k π R ∼
R k, k .

Remark
π R homotopy Lie algebra R

Proof. ε R〈X〉 → k k ↪→
k〈X〉

R〈X〉

π R γ
R R〈X〉, R〈X〉 ∼ γ

R R〈X〉, k
∼ γ

k k〈X〉, k γ
k k〈X〉, k ∼ k kX, k .

π R k k πn R Xn εn R
R {ϑi}i� 1

ϑi xj δij j ≤ i {xi}i � 1 kX
π R n εn R n

γ
R R〈X〉, R〈X〉 −−−−→ R R〈X〉, R〈X〉

DerγR(R〈X〉,ε)
⏐⏐�� �

⏐⏐�HomR(R〈X〉,ε)

γ
R R〈X〉, k ι−−−−→ R R〈X〉, k

θI ∈ k π R
x(H) X ι′

(
θI
)(

x(H)
) (

ϑI x(H)
)

H < I H I X k〈X〉

R R〈X〉, k R k, k ι′

k π R
ι′ �

π1 R

Example 10.2.2. R Q/I Q, n, k n
s1, . . . , se I f1, . . . , fr

fj
∑

1 � h� i � e

ahi,jshsi ahi,j ∈ Q ≤ j ≤ r .



R zj
∑

h� i ahi,jshxi
R〈X〉 k R

R
〈
x1, . . . , xe+r

∣∣ ∂ xi si ≤ i ≤ e ∂ xe+j zj ≤ j ≤ r
〉

≥ ϑ1, . . . ϑe

R〈x1, . . . , xe〉 ϑi xh δih
R〈x1, . . . , xe+r〉 ∂ϑi −ϑi∂

ϑi∂ xe+j ϑi

(∑
h � i

ahi,jshxi

) i∑
h=1

ahi,jsh ∂

( i∑
h=1

ahi,jxh

)
,

ϑi xe+j −∑h ahi,jxh ≤ i ≤ e ≤ j ≤ r

ϑh, ϑi xe+j −ahi,j h < i ϑ
[2]
i xe+j −aii,j .

π1 R × π1 R →
π2 R π1 R → π2 R

θh, θi −
r∑

j=1

a′hi,jθe+j h < i θi
[2] −

r∑
j=1

a′ii,jθe+j

a′ k a ∈ R
k π2 R
π1 R

q
(
e+1
2

)
× r ahi,j

n q
(
e+1
2

)
− k I/I∩m3 π1 R π2 R

r fj
∑

h� i ahi,jshsi

n Q π R π1 R
π R I ⊆ m3

Example 10.2.3. π R
R π R

π� 2 R
π R

P k θ1, . . . , θr P R k, k ∼ P ⊗k E E
π1 R ∼

k

(
m/m2, k

)
R
k t t e/ − t2 r

g k g1 ≥ k g2 gn

n � , π R
gj

∑
h� i ahi,jshsi

pj m
g1 p1, . . . , gr pr



Remark 10.2.4. ϕ R→ S
π ϕ π S → π R ⊗k � �

S
ϕ i

�� π2i−1 S/mS �� π2i−1 S �� π2i−1 R ⊗k �

ð
2i−1

�� π2i S/mS �� π2i S �� π2i R ⊗k � ��

ð2i−1 i
∑∞

i=0 ð2i−1 ≤ S/mS
π R

Remark π R

R k, k → R k, k ⊗k
R k, k

R k, k

R k, k k

(
R k, k , k

)
p > p

Remark ∗ R, k, k R

∗ R, k, k → π R
k k p >

≤ p p ∗ R, k, k
R F2 s1, s2 / s2

1, s1s2, s
2
2

π R
π1 R

10.3. Applications. R,m, k

π R π R
R

Example 10.3.1. V k g free
V V ⊆ g k V h

g→ h
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Remark 10.3.2.
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Theorem 10.3.3. Let R be a generalized Golod ring of level ≤ s.

There is a polynomial t ∈ Z t , and for each finite R–module M there
is a polynomial q t ∈ Z t , such that R

M t q t / t ; the numerator
for M k divides

∏
2i+1<s t2i+1 ε2i+1(R).

If R M ∞, then R M β > and there is a real number α such
that βR

n M ∼ αβn. �

Theorem 10.3.4. Let R〈X〉 be an acyclic closure of k over R. If M is a finite
R–module, then for each n ≥ there is a polynomial hn t ∈ Z t , such that

∞∑
i=0

k i M ⊗R R〈X�n〉 ti
hn t∏

2j≤n − t2j ε2j(R)
. �



Problem 10.3.5. R
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Theorem 10.3.7. If R is a local ring of embedding dimension e, M is a finite R–
module and L is a submodule such that L ⊇ mM , then

R
L t · t e � R

k t · k

(
mM

mL

)
.

miM ⊆ mi−1M
mM � R mM <∞ R

Corollary 10.3.8. If miM � for some i ≥ , then miM is extremal. �
Corollary 10.3.9. Each non-zero R–module M � k may be obtained as an exten-
sion of an extremal R–module by another such module. In particular, the extremal
R–modules generate the Grothendieck group of R. �
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[8] M. André, Algèbre homologique des anneaux locaux à corps résiduels de car-
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Poincaré-Betti non rationnelles, C. R. Acad. Sci. Paris Sér. A 290 (1980), 729–
732.



[11] D. Anick, Counterexample to a conjecture of Serre, Ann. of Math. (2) 115 (1982),
1–33; Comment, ibid. 116 (1982), 661.

[12] D. Anick, Recent progress in Hilbert and Poincaré series, Algebraic topology. Ra-
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114, Soc. Math. France, Paris, 1984; pp. 15–43.

[24] L. L. Avramov, Golod homomorphisms, Algebra, algebraic topology, and their in-
teractions; Stockholm, 1983 (J.-E. Roos, ed.), Lecture Notes Math. 1183, Springer,
Berlin, 1986; pp. 56–78.

[25] L. L. Avramov, Modules of finite virtual projective dimension, Invent. Math. 96
(1989), 71–101.

[26] L. L. Avramov, Homological asymptotics of modules over local rings, Commutative
algebra; Berkeley, 1987 (M. Hochster, C. Huneke, J. Sally, eds.), MSRI Publ. 15,
Springer, New York 1989; pp. 33–62.

[27] L. L. Avramov, Problems on infinite free resolutions, Free resolutions in commu-
tative algebra and algebraic geometry; Sundance, 1990 (D. Eisenbud, C. Huneke,
eds.), Res. Notes Math. 2, Jones and Bartlett, Boston 1992, pp. 3–23.



[28] L. L. Avramov, Local rings over which all modules have rational Poincaré series,
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homotopy Lie algebra, Amer. J. Math., 110 (1988), 301–322.

[68] D. Ferrand, Suite régulière et intersection complète, C. R. Acad. Sci. Paris Sér. A
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1. The Initial Ideal

V C x1, x2, . . . , xn S ⊕kS
kV

V C x1, . . . , xn
xI xi11 xi22 · · ·xinn I i1, i2, . . . , in

|I| ∑n
j=1 ij

Definition 1.1. A total order on the monomials of each degree is a multiplicative
order if
(1) x1 > x2 > · · · > xn, and
(2) If xI > xJ , then xKxI > xKxJ for all multi-indices K.

Definition 1.2. Given a monomial order, we extend it to monomials of different
degrees by I > J if |I| < |J |.

Rremark.
I > J |I| > |J |

n d xd
1 > xd−1

1 x2 >
· · · > xd2 n

x2
1 > x1x2 > x1x3, x

2
2 > x2x3 > x2

3.

x1x3 x2
2

xI >
xJ I > J



Definition 1.3. The lexicographic order is defined by saying that, if |I| |J |, then
xI > xJ if for some k, im jm for m < k and ik > jk. The reverse lexicographic
order is defined by saying that, if |I| |J |, then xI > xJ if for some k, im jm
for m > k and ik < jk.

Example 1.4. n |I|
x2

1 > x1x2 > x1x3 > x2
2 > x2x3 > x2

3.

x2
1 > x1x2 > x2

2 > x1x3 > x2x3 > x2
3.

x1

>
xn

Example 1.5. (General Multiplicative Orders) A
RN n A ∼ Zn n

RN

I > J I − J
RN

I > J I K > J K

Theorem 1.6 (Robbiano). Given any multiplicative order on the monomials in n
variables, there exists an injective group homomorphism

α Zn(H0,H1,··· ,HN−1)−→ RN

for some N ≤ n such that the lexicographic order on RN pulls back to the given
monomial order, i.e. if |I| |J | and I > J , then α I > α J .

Proof.
I − J > K − L I L > J K

I, J,K,L
1
k I > 1

kJ
I > J k

I, J I > J kI > kJ



k kI > k − I J > k − I J > · · · > kJ
H0 q q1 · · · qn H0

Qn H0

H0 Qn ⊆ Rn

− {q | −q ∈ }
∪ − H0

H1 ∈ Rn∗ H1

H1 > H1∩H0∩Qn Qn

H2 ∈ Rn∗

H0 ∩H1 ∩ · · · ∩Hk

n −
H0 H1 q > q > H1 q H2 q >

q > RN H0

α H0,H1, . . . ,Hn−1 �
Corollary 1.7. Given any multiplicative order and any finite set of monomials S
in n variables, there exist positive integers d1, . . . , dn such that for any I, J ∈ S,
I > J if and only if

∑
k dkik <

∑
k dkjk.

Proof. S D > i |Hi| < D
S I ∈ S Hi I � |Hi I | > /D

S

f −HN−1 −D2HN−2 − · · · −D2N−4H1

I > J f I < f J f

f e
d e BH0 B

d d d1, . . . , dn �
Lemma 1.8. Given a homogeneous ideal I, TFAE:
(1) I is generated by monomials;
(2) If f ∈ I and f

∑
J aJx

J , then xJ ∈ I whenever aJ � .

Definition 1.9. A homogeneous ideal satisfying either of the two equivalent prop-
erties of the preceding lemma is called a monomial ideal.

f ∈ SkV f
∑

I aIx
I

Im {I | aI � } .

initial monomial f

f xIm .

fg f g ,

f g ≤ f , g .



I ⊂ S initial ideal I I

{ f | f ∈ I}
I

Example. I x2
1 x1x2, x2

1 x2
2 .

x2
1

x1x2

I 2 x2
1, x1x2 I 3

x3
1, x

2
1x2, x1x

2
2 I

x3
2 x3

2 I 3 x1, x2
3

I x2
1, x1x2, x

3
2

Definition 1.10. For each monomial xJ ∈ I , there is an element fJ ∈ I with
fJ xJ . A choice of elements fJ as xJ ranges over a basis for I d are called

a standard basis for Id.

Remark. fJ
fJ xK xK ∈ I d K � J

reduced standard basis Id

Example. I x2
1 x1x2, x2

1 x2
2 revisited. I x2

1

x1x2, x1x2− / x2
2, x

3
2 x2

1 / x2
2, x1x2−

/ x2
2, x

3
2

Proposition 1.11. For any homogeneous ideal I, a standard basis {fJ} for Id is in
fact a basis for Id. In particular, Id and I d have the same dimension.

Proof. fJ f
∑

J cJfJ
f xJm Jm {J | cJ � }

K f ∈ Id
fJ f xK xK f c

f − cfK Id fJ
f �

I I

Corollary 1.12. If I ⊆ J , then I J if and only if I J .



Example 1.13. Symmetric polynomials Sn n
k x1, . . . , xn symmetric poly-

nomials k x1, . . . , xn
Sn

elementary symmetric functions σk
n∏

i=1

x xi xn
n∑

k=1

σkx
n−k.

Theorem 1.14. The natural map

k σ1, . . . , σn → k x1, . . . , xn
Sn

is an isomorphism.

Proof. p

p xi1
1 · · ·xinn ,

i1 ≥ i2 ≥ · · · ≥ in

σj1
1 · · ·σjn

n xj1+j2+···+jn
1 xj2+···+jn

2 · · ·xjnn .

�
Proposition 1.15. Let I be a monomial ideal. Then

I I.

Proof. f1, f2, . . . , fk I f
∑k

i=1 aifi
ai ∈ S { aifi | ≤ i ≤ k} f

ai fi ai fi ∈ I
aifi

ai f
�

Proposition 1.16. Let I be a monomial ideal. Then for any p, there is a basis for
the p’th syzygies of I of the form

∑
i aisi, where si is a basis for the p − ’st

syzygies of I and the ai are monomials.

Proof. M1, . . . ,MN I
∑

i aiMi

i aiMi

ajMj aiMi

xJMi −
xKMj



p−
Mi

p
∑

i aisi

�
Definition 1.17. Let S S T . We can now make S into a graded ring by setting

xi11 · · ·xinn T j i1 · · · in in other words, we treat T as having degree 0.
By a family of homogeneous S-modules we mean a finitely-generated homogeneous
S-module M .

St S/ T − t St
∼ S

M S Mt M ⊗S̃ St

Theorem 1.18. Let M be a family of homogeneous S-modules. TFAE:
(1) The Hilbert function of Mt is constant;

(2) For any t, any resolution → E• → M → of M by free S-modules has the
property that → E• ⊗ St →Mt → is exact.

Proof. → Mt

Ei⊗St t
Mt

→ E• M S
St

d S K Kd

R S/ x1, . . . , xn ∼ C T

Md
∼ ⊕jR bj ⊕ ⊕kR ck / pk T

pk T R/ p T ⊗R/ T − t T − t
p T R/ T − t T − t p T Mt d

t d Md

Md E• d ⊗R/ T − t
Mt d t �

Definition 1.19. We will call a family of homogeneous S-modules satisfying either
of the equivalent conditions of the preceding theorem a flat family of S-modules.

Remark.

Theorem 1.20 (Bayer). Let I be an ideal. Then there is a flat family of ideals It
with I0 I and It canonically isomorphic to I for all t � .

Proof. di i , . . . , n J j1, j2, . . . , jn

d J
n∑

i=1

diji.



I di d J > d K J < K
|J | |K| I

I
f ∈ S

f
∑
J

aJx
J .

d f aJ 
=0d J .

f xJ0 d f d J0

f t
∑
J

aJ t
d(J)−d(f)xJ .

f f f f t � xj �→ tdjxj
f td(f)f t S

d fg d f d g

fg t f t g t .

f g t f t g t
{xJ}J∈A I fJ ∈ I

I xJ

It fJ t J∈A.

I0 I xj �→ tdjxj I It
t �

∑
J∈A

uJfJ ,

d uJ 
=0 d uJ d J .∑
t(d(uJ )+d(J)−d)uJ t fJ t .

∑
d(uJ )+d(J)=d

uJ xJ ,

I
I ∑

J∈A
mJx

J ,

mJ

d mJ d J d



J f
∑

J mJfJ ∈ I d f > d

f
∑
K∈A

hKfK ,

d hK d K > d

t−d
∑
J

mJ t fJ t −
∑
K

t(d(hK)+d(K)−d)hK t fK t

∑
J mJx

J It �
Corollary 1.21. (The Cancellation Principle) For any ideal I and any i and d, there
is a complex of S/m-modules V d

• such that

V d
i
∼ S

i I , S/m d

and
Hi V d

• ∼ S
i I, S/m d.

Proof. It E• S
R S/ x1, . . . , xn ∼ C T Rt R/ T − t ∼ S/ x1, . . . , xn, T −

t E• E• ⊗ R φi Ei → Ei−1 Ei,t Ei ⊗ Rt

φi t Ei,t → Ei−1,t E•,t ∼ E• ⊗ St/mt

St
∼ S S

i It, S/m ∼ Hi E•,t i
φi U ⊆ C

R U U
U R U F•

E ψi Fi → Fi−1

ψi i Fi ⊗R0
∼ S

i I0, S/m i

Hi F•,t ∼ S
i It, S/m i t ∈ U I0 I

t It ∼ I t � It
t � t ∈ U t � F•,t

�
Remark.

I I
a priori

I

Definition 1.22. If g gij ∈ GL V and f ∈ SdV , we will denote by g f the
standard action of GL V on SdV under the substitution

xi �→
∑
j

gijxj .

We let g I {g f | f ∈ I}. The Borel subgroup B { gij ∈ GL V | gij
j > i}; these are the lower triangular matrices. Let T { gij ∈ GL V |

gij j < i}; these are the upper-triangular matrices.



Lemma 1.23. If g ∈ T and f ∈ SdV , then g f f .

Proof. g ∈ T g xJ xJ J

g xJ
n∏

i=1

n∑
k=1

gikxk
ji

g xJ . �
Definition 1.24. An elementary move ek for ≤ k ≤ n− is defined by

ek xJ xĴ

where

J j1, . . . , jk−1, jk , jk+1 − , jk+2, . . . , jn ,

and where we adopt the convention that xJ if some jm < .

Proposition 1.25. Let I be a monomial ideal. Then TFAE:
(1) If xJ ∈ I, then for every elementary move ek xJ ∈ I;
(2) g I I for every g belonging to the Borel subgroup B;
(3) g I I for every g in some open neighborhood of the identity in B.

Proof. Ei,j

i, j g Ek+1,k

g xJ
jk+1∑
m=0

(
jk+1

m

)
ek

m xJ .

g I I g xJ

I ek xJ ∈ I
g I I

g g m tEk+1,k B

g xJ
jk+1∑
m=0

(
jk+1

m

)
tm ek

m xJ .

xJ ∈ I I g xJ ∈ I t
g Ek+1,k

g xJ
jk+1∑
m=0

(
jk+1

m

)
ek

m xJ .

e
jk+1
k xJ ∈ I g e

jk+1
k xJ e

jk+1
k xJ

g I g emk xJ emk xJ
∑

r>k bre
r
k xJ

br m emk xJ ∈ I ∩ g I
m xJ ∈ g I g I I �



Definition 1.26. Amonomial ideal I is said to be Borel-fixed if any of the equivalent
conditions of the preceding proposition holds.

Example. Some monomial ideals. x2
1, x

2
2

e1 x2
2 x1x2 I

x3
1, x

2
1x2, x1x

2
2, x

3
2, x

2
1x

2
3

Theorem 1.27 (Galligo’s Theorem). For any multiplicative monomial order and
any homogeneous ideal I, there is a Zariski open subset U ⊆ GL V such that

g I is constant and Borel-fixed for g ∈ U .

Remark. g I g ∈ U generic initial ideal I
I

Cn g I g
GL V general coordinates

I

I x1, x2, x3 I 2

x2
1, x1x2, x1x3

x2
1, x1x2, x

2
2

Proof. Id N N ×
(
n−1+d

d

)
M Id

Id
d I d k

d Mk Id k
M Id Mk g I d g GL V

d g I d Ud

GL V Ud Ud+1 ⊆ Ud d
I I d g I d g ∈ Ud

I d0

Ud0

g I d g
U U

It I0 I t � It δt I
δt It I0 t

Nk I I ∩ Jk Jk k
d Kt Nk I

Mk I Nk K0 ≤ Nk Kt

t g It g ∈ GL V Nk I0 ≤
Nk g I0 ≤ Nk g It t g
Nk g It Nk It Nk I0 t

t g
Nk g I0 Nk I0 Nk I I d



g I0 I0 g
I0 I0 g I g �

Example 1.28. I Borel-fixed but I � I I x2
1, x1x2, x1x3

x2
3 I x2

1 x1x2 x1x3

I x2
1, x1x2, x

2
2 I

I

diagram
d n n −

xd1, . . . , xdn xI

i1/d, . . . , in/d
I generic diagram I

I

Definition 1.29. The notation xKp ⊗ xKp−1 ⊗ · · · ⊗ xK0 < xLp ⊗ xLp−1 ⊗ · · · ⊗ xL0

is defined inductively in p to mean that either K0 · · · Kp < L0 · · · Lp or
K0 · · · Kp L0 · · · Lp and xKp−1 ⊗ · · · ⊗ xK0 > xLp−1 ⊗ · · · ⊗ xL0 . The
case p is covered by Definitions 1.1 and 1.2.

Remark. ⊗ ⊗C

x2
2 ⊗ x1 < x2 ⊗ x1x2 < x1 ⊗ x2

2

x1 ⊗ x2
2 < x2 ⊗ x2

1 x1x
2
2 < x2

1x2

Definition 1.30. Let I be a homogeneous ideal with a minimal set of generators
f1, . . . , fN chosen so that f1 xJ1 , . . . , fN xJN are distinct. To a syzygy∑

i aifi we associate the vector
∑

i ai⊗xJi . The highest term of a syzygy s∑
i aifi is { aifi | i , . . . , N}. The initial term of

∑
i aifi is the maximal

element among ai ⊗ fi ; it is denoted s . Choose a basis s1, . . . , sN2 for
the syzygies, each having distinct initial terms. The initial term of a second syzygy∑

bisi is the maximal element among bi ⊗ si . Inductively, choose bases
for the syzygies having distinct initial terms, and define the initial term of a p’th
syzygy

∑
i aisi as the maximal element among ai ⊗ si ; it will be of the form

xKp ⊗xKp−1 ⊗· · ·⊗xK0 . The initial module of p’th syzygies of I is the submodule
of S ⊗C · · · ⊗C S, with p tensor products, consisting of initial terms of p’th
syzygies of I; it is an S-module under multiplication of the leftmost factor.

J j1, . . . , jn J
{i | ji > } J {i | ji > }

Theorem 1.31 (Eliahou-Kervaire). (cf. [E-K]) Let I be a Borel fixed monomial
ideal with generators xJ1 , . . . , xJN . Then the initial module of first syzygies of



I is minimally generated by xi1 ⊗ xJj as j , . . . N and ≤ i1 < Jj .
More generally, the initial module of p’th syzygies of J is minimally generated by
xip ⊗xip−1 ⊗· · ·⊗xi1 ⊗xJj where ≤ j ≤ N and ip < ip−1 < · · · < i1 < Jj .

Proof. I i < m Jj I
xJj−m+i ∈ I

xix
Jj−xm+KxJk K i

i Jj m K Jk xi⊗xJj > xm+K⊗xJk

|Jj | > |Jk| |Jj | |Jk| i < m Jj < Jk xi⊗xJj

xm+K ⊗ xJk

m K < Jk

I m K ≥ Jk
xK⊗xJk−xL⊗xJl

I xK xL

xK ≥ xJk

xL ≥ xJl K L K
Jk L Jl xJk ≥ xL xJl ≥ xK xK ≥

xL xL ≥ xK

xK xL

xi1 ⊗ xJj

i1 < Jj I
e e ≤ p−

p ie < ie−1 · · · < i1 < Jj s
Jj
ieie−1···i1

xie ⊗ xie−1 ⊗ · · · ⊗ xi1 ⊗ xJj

xL⊗sJklele−1···l1
L ≥ le ip < ip−1 xips

Jj
ip−1···i1 − xip−1s

Jj
ipip−2···i1

xip ⊗· · ·⊗xi1 ⊗xJj

s
Jj
ipip−1···i1

xip ⊗ · · · ⊗ xi1 ⊗ xJj

xL ⊗ sJklplp−1···l1 L ≥ lp
p

p I xK ⊗ s
Jj
ipip−1···i1

K ≥
ip xK+ip ⊗ s

Jj
ip−1···i1

xL ⊗ sJklp···l1 xL ⊗ sJklp···l1 |L| ≥ |K|
K Jj i1 · · · ip L Jk l1 · · · lp sJklp···l1

xM ⊗ s
Jj
ip−1···i1 Jk l1 · · · lp M Jj i1 · · · ip−1



K ip L M
L K |M | > |M | |L| |K|

xM xm xK ≥ xL K ip L m ip ≥ m
m � ip m K m ≥ K ≥ ip m ip

K L xm ⊗ s
Jj
ip−1···i1 sJklp···l1

m ≥ ip−1 > ip

xm ⊗ s
Jj
ip−1···i1 xlp ⊗ sJklp−1···l1 xK ⊗ s

Jj
ipip−1···i1 xL ⊗ sJklp···l1

p I s
Jj
ip···i1 ip < · · · <

i1 < Jj �

Example. Minimal free resolution of I x2
1, x1x2, x1x3, x

3
2 .

x1⊗x1x2, x1⊗x1x3, x2⊗x1x3, x1⊗x3
2

x1⊗x2⊗x1x3

S − → S3 − ⊕S − → S3 − ⊕S − →
I →

picture
I x3

1, x
2
1x2, x1x

2
2, x

3
2, x

2
1x

2
3

x[1]
    3

x[1]  x[2]
    2

x[1] x[2]
         2

x[2]
    3

x[1]  x[3]
    2     2

x[1] x[1] x[1] x[1] x[2]

x[1]

xJ

xi i < J
xi

xj j < i



Corollary 1.32. Let I be a Borel-fixed monomial ideal with xJ1 , . . . , xJN as gen-
erators. Let cdk I {Jj | |Jj | d Jj k}. Then

S
p I, S/m d

∑
k

cd−p
k I

(
k −

p

)
.

Corollary 1.33. Let I be any homogeneous ideal. Then using the notations of the
preceding corollary,

S
p I, S/m d ≤

∑
k

cd−p
k I

(
k −

p

)
.

Proof.

Corollary 1.34. (Hilbert’s Syzygy Theorem) The minimal free resolution E• of any
homogeneous ideal I has Ep for p ≥ n.

Proof.
p ≥ n

ip < ip−1 < · · · < i1 < Jj �

Example 1.35. (due to G. Evans and H. Hullett)

I x1x3, x2x3, x
3
1, x

3
2, x

3
3

J x5
1, x

2
2, x

2
3, x

2
1x2, x

2
1x3

I J x2
1, x1x2, x1x

2
3, x

3
2, x

2
2x3, x2x

3
3, x

5
3 .

c21 , c22 , c32 , c33 , c43 , c53
cdk E• I J

E0 S2 − ⊕ S3 − ⊕ S − ⊕ S −
E1 S − ⊕ S5 − ⊕ S2 − ⊕ S2 −
E2 S2 − ⊕ S − ⊕ S − .

I

E0 S2 − ⊕ S3 −
E1 S − ⊕ S4 − ⊕ S −
E2 S − ⊕ S − .

S − S − E2 E1

S − S − E1 E0



S − E1 E0

J

E0 S2 − ⊕ S2 − ⊕ S −
E1 S4 − ⊕ S2 −
E2 S − ⊕ S − .

S − E2

E1 K

J

E0 S2 − ⊕ S2 − ⊕ S −
E1 S4 − ⊕ S −
E2 S − .

E2 S/K
E1 E0 K

I K

E0 S2 − ⊕ S2 −
E1 S4 − ⊕ S −
E2 S − ⊕ S − .

K
J K

Q1, Q2, C1 L
K L C2

C2

→ K/L→ S/L→ S/K → ,

S
1 K/L, S/m ∼ S/m 3 − ⊕

S/m − x1, x2, x3 C2

L

I J

I J



I I

Proposition 1.36. If xJ , xK ∈ I , and either |J | > |K| or |J | |K| and xJ <
xK , then xK ⊗ xJ belongs to the module of initial terms of syzygies of I.

Proof. xJ ⊗ xK − xK ⊗ xJ xK ⊗ xJ �

V n e1, . . . en
V

Definition 1.37. If v
∑

i viei is a non-zero element of V and j {i | vi � },
then we define the initial term of v to be v ej . If W ⊆ V is a linear subspace
of V , then the initial subspace of W is W { v | v ∈W}.

Definition 1.38. Let I ⊆ { , , . . . , n}, we denote by VI {ei | i ∈ I}; we will
call these standard flags of V .

Remark. W ⊆ V W VI I
|I| W

Definition 1.39. If W ⊆ V is a linear subspace, then if w1, . . . , wd is a basis for
W and wi

∑
j wijej , the d × n matrix MW wij will be called the Plücker

matrix of W with respect to the basis w1, . . . , wd. If I ⊆ { , , . . . , n} is a set of
indices with |I| d, let pI W denote the determinant of the d× d minor of MW

taking the columns indexed by I; these are the Plücker coordinates of W .

Remark. pI W W I
W

Proposition 1.40. Let W ⊆ V be a linear subspace with W VI . If we order
the sets of indices of size d W lexicographically (with > > · · · > n),
then

I {J | |J | d pJ W � }.
Proof. w1, . . . , wd W wj eij I
{i1, . . . , id} i1 < i2 < · · · < id pI W �

J > I
J I ∩ J < d �

Definition 1.41. Let F iV V{i+1,i+2,... ,n} {ei+1, . . . , en}, this is the filtra-
tion on V associated to the ordered basis e1, . . . , en.

Proposition 1.42. Let W VI . Then W ∩ F iV I ∩ {i , i
, . . . , n} .



Proof. v � v ∈ F iV v ej j > i
�

Definition 1.43. Let G d, n denote the Grassmannian of linear subspaces of V of
dimension d. Then

I {W ∈ G d, n | W VI}

is the Schubert cell associated to the index I.

Remark. I

pI � {pJ J > I}

I {pJ J > I |J | d}.

G ⊆ GL n,C
G ⊆ GL n,C

Definition 1.44. If g ∈ G and W ⊆ V a linear subspace of dimension d, let gW
{g v | v ∈W}. This induces a map φW G→ G d, n .

Proposition 1.45. There is a non-empty Zariski open subset U ⊆ G and a unique
set of indices I such that gW VI for all g ∈ U .

Proof. G d, n I

I d { , , . . . , n} I {J | φW G ⊆
J} U φ−1

W I I

I

φW �

Definition 1.46. In the preceding Proposition, VI is the generic initial subspace of
W for G, denoted W .

Example 1.47. GL n,C SdV
xJ W Id ⊆ SdV

W I d

Definition 1.48. A subgroup B ⊆ G with Lie algebra B has the infinitesimal prop-
erty if, for all γ ∈ B and all i < j, either both γ ei and γ ej or

γ ei > ei, γ ej .

Example 1.49. G GL n,C SdV xJ

B



Example 1.50. G GL n,C V 2,2

.

G

Proposition 1.51. If W is a linear subspace of V with W VI , and B ⊆ G
has the infinitesimal property, then for any i ∈ I and γ ∈ B, if γ ei ej , then
j ∈ I.

Proof. i, j V V 0 V V 1 F jV
V 2 F iV γ V 2 ⊆ V 1

w ei ∈ W γ w ∈ W V 2

γ ei ∈ W �

Remark.

Comments for students:

2. Regularity and Saturation

I, J ⊆ S

I J {P ∈ S | PQ ∈ I Q ∈ J}.
m x1, . . . , xn



Definition 2.1. A homogeneous ideal I is saturated if I m I. The saturation
Isat of I is

Isat ∪k≥0 I mk .

A homogeneous ideal I is m-saturated if Id Isat
d for all d ≥ m.

Example. I x2
1, x1x2, x

3
2 in 2 variables. I m 2 x2

2 I
I

I sheafification
Pn−1 d ed Id⊗

OPn−1 −d → OPn−1 I I
ed Id → H0 I d

Proposition 2.2. A homogeneous ideal I is saturated if and only if the map
ed Id → H0 I d is an isomorphism for all d ≥ , and m-saturated if and
only if ed is an isomorphism for d ≥ m. I is m-saturated for m >> . For any I,
Isat ⊕dH

0 I d .

Definition 2.3. The satiety of I is the smallest m for which I is m-saturated. We
denote it I .

→ En−1 → · · · → E1 → E0 → I →
I

Ep ⊕jS −apj .

I m-regular apj−p ≤ m p, j regularity I m
I m I {apj−p}

I q S
p I, S/m p+q � p

Definition 2.4. A coherent sheaf F on Pr is m-regular if Hq F m− q for all
q > .

Remark. F m m

F m m >>

Definition 2.5. The regularity of F is the smallest m for which F is m-regular.
We denote it F .

Example. I x2
1, x1x2, x

3
2 in 2 variables. I →

S − ⊕S − → S2 − ⊕S − → I → − , − , − , −
I I S

I OP1



Proposition 2.6. An ideal I is m-regular if and only if I is m-saturated and its
sheafification I is m-regular. For a saturated homogeneous ideal I, the regularity
of I equals the regularity of its sheafification.

Proof. I m I Pn−1

I E• I E•
E• E• I

Ep ∼ ⊕jOPn−1 −apj .

αk H0 E0 k → H0 I k

Ik αk

Hq Eq k

q > q n −
an−1j < n k j m k ≥ m

Hq I m−q
Hq+p Ep m− q ∼ ⊕jOPn−1 m− q − apj q >

p q n − m − q − apj ≤ −n
apj ≥ m p

I m
I m E•

I Ep ⊕jS −apj I k k > m p
apj k p j E• E• I

E1 → E• k p− n →
I k p−n → Hn−1 Ep k p−n ∼ Hn−1 ⊕jOPn−1 k
p−n−apj Ep+1

n − p Hn−1−p I k p − n
I k − n − − p

p n − I m m ≤ k −
H0 E0 k − → H0 I k − k ≤ m

�

Proposition 2.7. I is m-saturated if and only if, for a general linear form h ∈ V ,
I h d Id for all d ≥ m.

Proof. Id ⊆ I m d ⊆ I h d h
I m S M

u ∈ M u {f ∈ S | fu } p u
u ∈ M associated prime M M

M f ∈ S
f ∈ ∪p∈Ass(M)p M

∑
d≥m S/I d

m ∈ M h ∪p∈Ass(M)p
h M I h d Id

d ≥ m m ∈ M m u u ∈ M



u ∈ I m d d ≥ m u /∈ Id I m
�

Corollary 2.8. For a general linear form h, I h d Id for d ≥ I .

Proof. m m
�

Proposition 2.9. For a Borel-fixed monomial ideal I, I xn I m .

Proof. I m ⊆ I xn f ∈ I xn xnf ∈ I
xnf

xif ∈ I I f ∈ I m
�

Corollary 2.10. For a Borel-fixed monomial ideal I, I is the degree of the
largest generator of I involving xn. In particular, I is saturated if no generator of
I involves xn.

Proof. I m I xn d Id
d ≥ m I d ≥ m xn

I xn d−1 � Id−1 I ≥ m xn

xJ ∈ I xn d xJ /∈ Id d ≥ m xnx
J xKxL xL

I |K| >
K ≥ L xn xK xJ ∈ I

�
Proposition 2.11. For a Borel-fixed monomial ideal I, I is the maximal degree
of a generator of I.

Proof. xJ I k {i | xi
J} xJ

(
k
p

)
p I |J | p

�
Example. I x2

1, x1x2, x
3
2 in 2 variables.

x2

I

Corollary 2.12. For a homogeneous ideal I, using any order, I ≤ I .
In particular, in any order, I is bounded by the degree of the highest generator
of I .

Proof. I I
I I

apj−p

I �



Definition 2.13. Let I be a graded homogeneous ideal over k x1, . . . , xn and h a

linear form. For f ∈ Id, we say that f ∈ Lk I, h if f hkg for some polynomial
g, i.e. g ∈ I hk . If we write f

∑
i≥k hifd−i, where fi ∈ k x1, . . . , xn−1 i, then

we let Lk I, h d {fd−k | f ∈ Lk I, h }, the k’th ideal of leading terms of I with

respect to h. For h xn, we denote Lk I, xn and Lk I, xn by Lk I and Lk I
respectively.

h ∈ V H IH
I H VH V/ h h xn

SkVH SkV V
x1, . . . , xn−1 IH
V

Proposition 2.14. For a general linear form h and a general choice of coordinates,
then using the rlex order, Lk I I hk

H I xkn xn

Lk I holds for all k ≥ .

Proof. I hk
H

x1, . . . , xn h
h xn I hk hk Lk I

I hk
H Lk I I hk

H Lk I
x1, . . . , xn−1 xn

xkn| p ↔ xkn|p p xkn
p �

Corollary 2.15. For a general linear form, in rlex order, IH I xn .

Lemma 2.16. Let W be a finite-dimensional vector space with a fixed descending
flag W W 0 ⊇ W 1 ⊇ W 2 ⊇ · · · . Let M ∈ W be such that, for all p,
M W p ⊆ W p−1, and consider g t tM ∈ GL W . Let V ⊆ W be a
fixed subspace and let V p t W p ∩ g t V . If the dimension of V p t is locally
constant at t , then

M V p ⊆ V p−1 W p.

Proof. V p t v0 ∈ V p

v t v0 tv1 t2v2 · · · vk ∈ V k
g t v t ∈W p t g t I tM t2/ M2 · · ·

t Mv0 v1 ∈W p v0 ∈W p

Mv0 ∈ W p−1 v1 ∈ W p−1 v1 ∈ V p−1

Mv0 ∈ V p−1 W p �
Proposition 2.17. For a general choice of coordinates, mLk I ⊆ Lk−1 I .



Proof. W SdV W k {xknp | p ∈ Sd−kV } M
p �→ xi∂p/∂xn M W k ⊆W k−1 g t etM

xn �→ xn txi h t

W k ∩ g t I Lk I, h t
xiLk I ⊆ Lk−1 I i

�

Proposition 2.18. For a general h, and all k ≥ , I hk ⊆ Isat.

Proof. hkp ∈ I p p0 hq p0 ∈ Lk I, h q
xJp0 ∈ L0 I, h |J | k L

|L| ≥ k xLp I h xLp hUL ∈ I
hk xLhkp hk+1UL ∈ I hk+1UL ∈ I

h I hk+1
m Im m >>

|L| UL ∈ I XLp ∈ I
p ∈ Isat �

Corollary 2.19. For a general linear form h, Isat ∪k I hk .

Proof. ∪k I hk ⊆ Isat ∪k I mk ⊆ ∪k I hk �

Proposition 2.20. For a general choice of coordinates,

L0 Isat
∑
k

Lk I .

Proof. ⊆ p ∈ Isat p ∈ I mk ⊆ I xkn
k p|xn ∈ I xkn xn

p|xn ∈ Lk I p|xn p ∈ Isat L0 Isat

⊇
�

Proposition 2.21. For a general choice of coordinates, for the rlex order,
(1) I

∑
k

∑
l≥k xln Lk I ;

(2) Isat
∑

k

∑
l x

l
n Lk I ∪k I xkn .

Proof. I

Lk I I xkn xn �

Example 2.22. I is saturated but I is not. I x2
1, x1x2 x2

3

I x2
1, x1x2, x1x

2
3, x

4
3

x1x3 ∈ I m

Lemma 2.23. A homogeneous ideal I is m-saturated if and only if, in generic
coordinates, for all d ≥ m and all k ≥ , Lk I d−k Lk+1 I d−k.



Proof. I m I
xn d Id d ≥ m f ∈ I xn d k ≥ xkn|f xk+1

n |f
f xkng g xn xnf ∈ I

xk+1
n g ∈ I g ∈ Lk+1 I d−k g

g ∈ Lk+1 I d−k f ∈ I g ∈ Lk I d−k g ∈ Lk I d−k I xn d � Id
k ≥ Lk I d−k � Lk+1 I d−k �

Theorem 2.24 (Bayer-Stillman). For a homogeneous ideal I, using rlex order,
I I , i.e. the maximal degree of a generator of I involving

xn. In particular, I is saturated iff no generator of rlex I involves xn.

Proof. I
m d ≥ m Lk I d−k Lk+1 I d−k Lk I ⊆

Lk+1 I
Lk I d−k Lk+1 I d−k k ≥ d ≥ m

Lk I Lk I
I m

I I
I

xn �
Proposition 2.25. If M,N are graded homogeneous S-modules with M ⊆ N . For
any p, q,
(1) If Mk Nk for q − p− ≤ k ≤ q − p, then S

p M,S/m q → S
p N,S/m q

is an isomorphism;
(2) If Mk Nk for k q−p, then S

p M,S/m q → S
p N,S/m q is surjective.

Proof. K• S/m Kp ∧pV ⊗ S −p
S
p N/M,S/m q

∼ Hp K• ⊗ N/M q

N/M q−p �
S S/ xn m

Theorem 2.26. In generic coordinates, if

i {xn+1−i , xn+2−i , . . . , xn },
then I is m-regular if and only if I is m-saturated and IΛi is m-saturated for all
i , . . . , n.

Proof. m m
I m I m

→ I xn − → I → Ixn → ,

→ S
p I, S/m q → S

p Ixn , S/m q →
S
p−1 I xn , S/m q−1 → S

p−1 I, S/m q →



p, q ∧pV ∧pV ⊕ ∧p−1V

S
p Ixn , S/m q

∼ S̄
p Ixn , S/m q ⊕ S̄

p−1 Ixn , S/m q−1.

I m S
p I, S/m q q > p m m
S
p−1 I xn , S/m q−1

S
p−1 I, S/m q−1

q > p m S
p Ixn , S/m q q > m p

Ixn m IΛi m
m

IΛi m Ixn m

I m S
p I, S/m q � q > m p

q − p
S
p I, S/m q

S
p I xn , S/m q

S
p+1 Ixn , S/m q+1 � ,

Ixn m

S
p I, S/m q+1 � ,

q − p I
m �

Theorem 2.27 (Bayer-Stillman). The regularity of I is equal to the regularity of
the rlex I , or equivalently by 2.11 to the degree of the largest generator of
the rlex I .

Remark.
I ≥ I

x2
1, x1x2 x2

3

Proof. I I
I m I m

IΛi m I Λi

m

I Λi IΛi ,

I ≥
I I m IΛi

m d < m I d ≥
IΛi IΛi d i

I d < m I
I

�



Example. Two quadrics in the plane. Q1, Q2

I x2
1, x1x2, x

3
2

I → S − → S2 − → I →
apj − p

I I
x3

Proposition 2.28 (Crystallization Principle). Let I be a homogeneous ideal gener-
ated in degrees ≤ d. Using the rlex order, assume that I has no generator in
degree d . Then I is generated in degrees ≤ d and I is d-regular.

Proof. k
V k
•

V k
p

S
p I , S/m k

p
Hp V k

• ∼ S
p I, S/m k.

k > d H0 V k
• V k

1 → V k
0 k > d k > d

V k
1 V k

0

k V k
0 V k+1

1 k > d

V k
0 V k+1

0 V d+1
0 V k

0 k > d
I ≤ d

I d �
Corollary 2.29. Let I be a homogeneous ideal. Assume that every generator of
rlex I in degree d is the initial term of a generator of I. Let J be the ideal
generated by the generators of I having degree ≤ d. Then J is d-regular.

Proof. J ⊆ I J k I k k ≤ d
J d I

I J �
Example. Two quadrics in the plane with a common factor. I Q1, Q2

I 2

x2
1, x1x2

I
x2

1, x1x2

PS/I d d I
Q1, Q2

I
x3

2 x1x
2
3 Isat

x1 Q1, Q2

x3
2



Theorem 2.30. Using rlex order, for any homogeneous ideal I,
(1) I is the degree of the largest generator of I involving xn and I
is the degree of the largest generator of I .
(2) Isat ∪k≥0 I xkn
(3) I is saturated iff no generator of I involves xn.
(4) For a general linear form h corresponding to a hyperplane H, IH

I xn . More generally, for any k ≥ , I hk
H I xkn xn .

(5) For a general hyperplane H, I I , IH .
(6) For a general nested sequence of nested linear spaces 0 ⊇ 1 · · · ⊇ n−1

where we have i i, I n−1
i=0 { IΛi }.

(7) In any order, I is less than or equal to the degree of the highest generator
of I .

Lk I I
V M ⊕qMq

S V K•
m M,V

· · · → ∧p+1V ⊗Mm−p−1 → ∧pV ⊗Mm−p → ∧p−1V ⊗Mm−p+1 → · · ·
K−p

m ∧pV ⊗Mm−p

Kp,q M,V H−p Kp+q M,V .

Lemma 2.31. If M is a finitely-generated graded S V -module, where V → V is
quotient with V V − , then

Kp,q M,V ∼ Kp,q M,V ⊕Kp−1,q M,V .

Proof. ∧pV ∼ ∧pV ⊕ ∧p−1V
V M

K•
m M,V ∼ K•

m M,V ⊕K•−1
m M,V �

Proposition 2.32. Let I be a graded homogeneous ideal in k x1, . . . , xn and let
V, V be the vector space spanned by x1, . . . , xn and x1, . . . , xn−1 respectively.
There is a spectral sequence for any m with Ep,q

1 K−p−q,m+q Lp I , V ⊕
K−p−q−1,m+q Lp I , V which abuts to K−p−q,m+p+q I, V .

Proof. I F pI Lp I pI Lp I
K•

m I, V F p

Ep,q
1 Hp+q K•

m−p Lp I , V ∼ K−p−q,m+q Lp I , V

xn Lk I Ep,q
1
∼ K−p−q,m+q Lp I , V ⊕

K−p−q−1,m+q Lp I , V K−p−q,m+p+q I, V �



Comments for students:

3. The Macaulay-Gotzmann Estimates on the Growth of Ideals

Proposition 3.1. If kd > kd−1 > · · · > k1 ≥ and ld > ld−1 > · · · > l1 ≥ , then(
kd
d

) (
kd−1

d−

)
· · ·

(
k1

)
>

(
ld
d

) (
ld−1

d−

)
· · ·

(
l1
)

if and only if kd, kd−1, . . . , k1 > ld, ld−1, . . . , l1 in the lexicographic order, i.e.
kd > ld or kd ld and kd−1 > ld−1, etc. We use the convention

(
a
b

)
if a < b.

Proof. ld ≥ li d− i kd > ld(
kd
d

)
≥
(
ld

d

)
(
ld
d

) (
ld −
d−

)
· · ·

(
ld − d− )

>

(
ld
d

) (
ld−1

d−

)
· · ·

(
l1
)
.

kd ld d
d �

Definition 3.2. Let d > be an integer and c > another. The d’th Macaulay
representation of c is the unique way of writing

c

(
kd
d

) (
kd−1

d−

)
· · ·

(
kδ
δ

)
,



where kd > kd−1 > · · · > kδ ≥ δ > . We will use the notations

c<d>

(
kd
d

) (
kd−1

d

)
· · ·

(
kδ
δ

)
,

c<d>

(
kd −

d

) (
kd−1 −
d−

)
· · ·

(
kδ −

δ

)
,

where by convention
(
a
b

)
if a < b.

Remark. d
kd {k | c ≥

(
k
d

)
}

ki c −∑d
j=i

(
kj
j

)
≥

c �→ c<d> c c �→ c<d>

c

Example. The 3’rd Macaulay representation of 27.
(
6
3

)
≤ <

(
7
3

)(
6
3

) (
6
3

) (
4
2

) (
6
3

) (
4
2

) (
1
1

)
d <3>

(
7
4

) (
5
3

) (
2
2

)
<3>(

5
3

) (
3
2

) (
0
1

)
Theorem 3.3 (Macaulay’s Estimate on the Growth of Ideals). Let I be a homoge-
neous ideal with the Hilbert function of S/I denoted h d . Then

h d ≤ h d <d>.

Theorem 3.4 (Hyperplane Restriction Theorem). Let I be a homogeneous ideal
and IH its restriction to a general hyperplane. Let h, hH be the Hilbert functions
of S/I, SH/IH respectively. Then

hH d ≤ h d <d>.

Proposition 3.5. Let I be a homogeneous ideal with Hilbert function h for S/I.
Then for all d ≥ ,

h d ≤
d∑

j=0

h j <d>.

Proof.
d

d, n − d, n
H xn IH

I xn I I I I
I

Id Jd xnJd−1 · · · xdnJ0,

Jj j x1, . . . , xn−1

I mJj ⊆ Jj+1 J



n− Jj n−
hS̄/J d ≤ ∑d

j=0 hS̄/J j <d> hS/I d
∑d

j=0 hS̄/J j

hSH/IH d hS̄/J d d n −
n d

d, n d− , n

→ I H d−1 → Id → IH,d → .

h, hH S/I, SH/IH
h d ≤ h d− hH d

hH d ≤ h d <d> h d − h d <d> ≤ h d−
c c − c<d>

<d−1> ≥ c < d − >
h h d ≤

h d− <d−1>

d − , n n ≤ d −
d, n c

d
(
kd
d

)
· · ·

(
kδ
δ

)
fd c

(
kd+1
d

)
· · ·

(
kδ+1
δ

)
fd c <d> c fd c<d> ≤ c

km m h d I
n, d− h d− ≤ h · · · h d− <d−1>

fd−1 fd c<d> ≤ c fd−1 h d − ≤
h · · · h d− fd h d ≤ h · · · h d

h d ≤ h d− <d−1> h d fd−1 h d− ≤ h · · · h d
c ≤ b<d−1> c fd−1 b ≥ fd c

c d
(
kd
d

)
· · ·

(
kδ
δ

)
b ≥
(
kd−1
d−1

)
· · ·

(
kδ−1
δ−1

)
δ > b ≥

(
kd−1
d−1

)
· · ·

(
k2−1

1

)
δ fd−1 b ≥

(
kd
d−1

)
· · ·

(
kδ
δ−1

)
fd−1 b ≥

(
kd
d−1

)
· · ·

(
k2
1

)
δ c fd−1 b ≥(

kd+1
d

)
· · ·

(
kδ+1
δ

)
n

d h i i , , . . . , d fd h d(
d+1
d

)
h · · · h d d n

h � h
h ≤ h <1> h <1> h

�

Definition 3.6. A monomial ideal is said to be a lex segment ideal in degree d if
Id is spanned by the first Id monomials in lexicographic order.

Example. The monomial ideal x1, x
3
2, x

2
2x3, x2x

3
3, x

4
3 in 3 variables.

Example. The lex gin of 2 general cubics in 4 variables.



C1, C2 I C1, C2

I x2
1, x1x

2
2, x1x2x

2
3, x1x2x3x

2
4, x1x2x

4
4, x1x

6
3, x

6
2

x6
2 x1x

5
3

Proposition 3.7 (Macaulay). If I is a lex segment ideal in degree d and has no
generators in degree d , then hS/I d hS/I d <d>, i.e. I achieves the
maximum for Macaulay’s bound.

Proof.
hS/I d ,

Id Jd x1Jd−1 · · · xd1J0 Ji
x2, . . . , xn I i

Jj C x2, . . . , xn j j < i Jj j > i Ji
n− hS/I d hS̄/Ji i

(
n+i−1
i+1

)
· · ·

(
n−3+d
d−1

) (
n−2+d

d

)
Id+1 mJd x1 mJd−1 Jd · · · xd1 mJ0 J1 xd+1

1 J0 hS/I d

hS̄/Ji i
(
n+1
i+2

)
· · ·

(
n−1+d
d+1

)
hS̄/Ji d ≤

(
n+i−2

i

)
i

hS̄/Ji d
(
ki
i

)
· · ·

(
kδ
δ

)
d

hS/I d
(
n−2+d

d

)
· · ·

(
n−1+i
i+1

) (
ki
i

)
· · ·

(
kδ
δ

)
Ji Id �

Theorem 3.8 (Gotzmann’s Persistence Theorem). Let I be a homogeneous ideal
generated in degrees ≤ d . If in Macaulay’s estimate,

h d h d <d>,

then I is d-regular and

h k h k <k>

for all k ≥ d.

Remark. I ≤ d
d

Proof. I I
I d I d
I

I d
I ≤ d

I d I ≤ d
I I I

d, n n d

Id Jd xnJd−1 · · · xdnJ0,



Jj j x1, . . . , xn−1

mJi ⊆ Ji+1 J Ji
S C x1, . . . , xn−1 hS/I d hS̄/J d · · · hS̄/J

Id+1 Jd+1 xnJd · · · xd+1
n J0,

hS/I d hS̄/J d · · · hS̄/J hS/I d
(
kd
d

)
· · ·

(
kδ
δ

)
d hS/I d

hS/I d
(
kd+1
d+1

)
· · ·

(
kδ+1
δ+1

)
hS̄/J d(

kd
d+1

)
· · ·

(
kδ
δ+1

)
hS̄/J d ≤ hS̄/J d · · · hS̄/J <d>

hS/I d <d>

(
kd−1
d

)
· · ·

(
kδ−1
δ

)
J d hS̄/J d hS̄/J d

· · · hS̄/J <d>

J ≥ d Id+2 Jd+2 xnJd+1 · · · xd+2
n J0

hS/I d
∑d+2

j=0 hS̄/J j hS/I d hS̄/J d(
kd+1
d+1

)
· · ·

(
kδ+1
δ+1

) (
kd+1
d+2

)
· · ·

(
kδ+1
δ+2

)(
kd+2
d+2

)
· · ·

(
kδ+2
δ+2

)
hS/I d hS/I d <d+1>

d d
k ≥ d

d �
Corollary 3.9. If I is a homogeneous ideal generated in degrees ≤ d and equality
holds for Macaulay’s estimate for I in degree d, and if hS/I d has Macaulay

representation in degree d given by
(
kd
d

)
· · ·

(
kδ
δ

)
, then

hS/I k

(
kd k − d

k

)
· · ·

(
kδ k − d

δ k − d

)
for all k ≥ d.

Remark. Id
∑

i x
d−i
n Ji

I Id ⊃ h I h d−1 ⊃ h2 I h2
d−2 ⊃ · · ·

IH , I h H , I h2
H , . . . H

I d

I d

∑
k xkn Lk I d−k

Definition 3.10. For any I, the Hilbert function hS/I d is equal to a polynomial
PS/I d for d >> , called the Hilbert polynomial of S/I.

Theorem 3.11 (Gotzmann’s Regularity Theorem). Any graded ideal I• has Hilbert
polynomial of the form

PS/I k

(
k a1

a1

) (
k a2 −

a2

)
· · ·

(
k as − s−

as

)



where

a1 ≥ a2 ≥ · · · ≥ as ≥ .

Furthermore, the associated ideal sheaf I is s-regular.

Remark.

sq {i | ai ≥ q − }.
s1 s q >

Hq I k − q k ≥ sq.

Proof. P k PS/I k H I ′
I ⊗OH

→ I k − → I k → I ′ k →
PH k I ′

H

PH k P k − P k − .

PH k

PH k

(
k b1

b1

) (
k b2 −

b2

)
· · ·

(
k bt − t−

bt

)

b1 ≥ b2 ≥ · · · bt ≥ .

tq {i | bi ≥ q − },
q >

Hq I ′ k − q k ≥ tq.

P k

(
k a1

a1

) (
k a2 −

a2

)
· · ·

(
k at − t−

at

)
e

e ai bi sq+1 tq q ≥
I ′

q >

Hq I k − q k ≥ sq.

q e ≥
fd H0 I d ,H0 OPr d fd,H

I ′ e < k >>

fk <

(
k a1

a1

) (
k a2 −

a2

)
· · ·

(
k at − t−

at

)
.



k >>

fk,H <

(
k b1

b1

) (
k b2 −

b2

)
· · ·

(
k bt − t−

bt

)
PH k ,

e ≥ at+1 at+2 · · · at+e

P k s t e

fd ≤ P d , d ≥ s2 − ,

H1 I d d s−

P d

(
d a1

d

) (
d a2 −

d−

)
· · ·

(
d as − s−

d− s−

)
.

fs−1 < P s −
fk P k k >> H1 I s −

I s
�

Remark. d hS/I d(
d+a1
d

) (
d−1+a2
d−1

)
· · ·

(
d−(s−1)+as
d−(s−1)

)
d

Proposition 3.12. Let I be a homogeneous ideal generated in degrees ≤ d. If Id is
a lex segment ideal in degree d, then Ik is a lex segment ideal in degree k for all
k ≥ d.

Proof. k d
xJ ∈ Id xK > xJ+m xK xL+k

L xL ≥ xJ km > k m km
p ki ji δim i < p kp > jp δpm p < m

kp > jp k p kp jp kl > l > p
k l xK xpx

J k p �

Proposition 3.13. Let I be a lex segment ideal in degree d. Then I m is a lex
segment ideal in degree d− .

Proof. xJ ∈ I m d−1 xK > xJ

xK+i > xJ+i i xJ+i ∈ Id i Id
xK+i ∈ Id i xK ∈ I m d−1 �

Proposition 3.14. Let Jd be a lex segment ideal in degree d in n − variables.
Then Id Jd xn Jd m · · · xdn Jd md is a lex segment ideal in degree d
in n variables.



Proof. Id xKxkn K
x1, . . . , xn−1 xK ∈ Jd mk xLxln > xKxkn L

x1, . . . , xn xL ∈ J ml l k xL > xK

Jd mk k < l
xLxl−k

n > xK xLxM > xK M |M | l − k
xL ∈ Jd ml k > l xL > xKxk−l

n L0

k − l xL xL−L0 > xK xL−L0 ∈ J mk

xL ∈ J ml �
Definition 3.15. Given c ≥ , d ≥ , let <d>c be the smallest number e such that
e<d−1> ≥ c.

Remark. d c
(
kd
d

)
· · ·

(
kδ
δ

)
δ >

<d>c
(
kd−1
d−1

)
· · ·

(
kδ−1
δ−1

)
δ <d>c

(
kd−1
d−1

)
· · ·
(
k2−1

1

)
Definition 3.16. Given c ≥ , d ≥ , let <d>c denote the smallest integer e such
that e<d> c.

Remark. d c
(
kd
d

)
· · ·

(
kδ
δ

)
<d>c

(
kd+1
d

)
· · ·

(
kδ+1
δ

)
Proposition 3.17. Let I be a homogeneous ideal such that

d∑
j=0

hS/I j <d> hS/I d .

Then hS/I j − <j>hS/I j for all ≤ j ≤ d. Furthermore, Ij Id md−j

for all j ≤ d.

Proof. d d d

hS/I d
(
kd
d

)
· · ·

(
kδ
δ

) ∑d
j=0 hS/I j(

kd+1
d

)
· · ·

(
kδ+1
δ

)
δ > hS/I d− ≥

(
kd−1
d−1

)
· · ·

(
kδ−1
δ−1

) ∑d−1
j=0 hS/I j

(
kd
d−1

)
· · ·

(
kδ
δ−1

)
hS/I d− ≤

(
kd−1
d−1

)
· · ·

(
kδ−1
δ−1

)
hS/I d − <d−1>

∑d−1
j=0 hS/I j d

δ
∑d−1

j=0 hS/I j
(

kd
d−1

)
· · ·

(
k2
1

)
hS/I d − ≤

(
kd−1
d−1

)
· · ·

(
k2−1

1

)
<d>hS/I d

hS/I d − ≥ <d>hS/I d

hS/I d − ∑d−1
j=0 hS/I j <d−1>

d

Ij Kj Id md−j
∑d

j=0 hS/K j ≤ ∑d
j=0 hS/I j

hS/K d hS/I d∑d
j=0 hS/I j <d>hS/I d

∑d
j=0 Kj

∑d
j=0 Ij

j ≤ d Ij ⊆ Kj Ij Kj j ≤ d �



Lemma 3.18. Let I be a homogeneous ideal. Then for a general hyperplane H,
I Hi

H ⊆ IH mi
H .

Proof. H
∑n

i=1 tixi I Hi

P x t HiP ∈ I
tJ |J | i xJP HUJ ∈ I UJ

xJP |H ∈ IH P ∈ IH mi
H �

Theorem 3.19. Let I be a homogeneous ideal such that hSH/IH d c and
hS/I d <d>c for a general hyperplane H. Then

hSH/(IH :miH) d− i <d−i+1>hSH/(IH :mi−1
H ) d− i

for all < i ≤ d.

Proof.
I d Jd xnJd−1 · · · xdnJ0,

Ji i x1, . . . , xn−1

c J n − Jj

Jd IH,d

�
Remark. hSH/IH d hS/I d <d> I

d n I x2
1, x1x2, x

2
2

<2> IH
I I

<2>

Corollary 3.20. Let I be a homogeneous ideal such that hS/I d d and
hSH/IH d . Then Id = I L d for some line L.

Proof.
J1 IH md−1

H 1

H IH,d ⊇ I P d P
Id

Id ⊆ I L d �
Example 3.21. 6 cubics in 3 variables. I

hS/I

(
4
3

)
<3>

(
5
4

)
L

hS/I d d d ≥



<3>

(
3
3

)

x3
1 x2

1x2 x2
1x3 x1x

2
2 x1x2x3

x1x
2
3 x1

Example 3.22. The case hS/I d ≤ d.

hS/I d c ≤ d kd d, kd−1

d− , . . . , kd−c+1 d− c c<d> c I
≤ d hS/I d c

Id c
c Id Id

Id+c

d c I
≤ c

Comments for students:



4. Points in P2 and Curves in P3

d I
I

x3 I

xk1 , x
k−1
1 x

λk−1
2 , . . . , x1x

λ1
2 , xλ0

2 .

I λ0 > λ1 > · · · > λk−1 >

Definition 4.1. For a set of d points, if

IΓ xk1 , x
k−1
1 x

λk−1
2 , . . . , x1x

λ1
2 , xλ0

2 ,

we will say that has invariants λ0, λ1, . . . , λk−1.

m ≥

hS/I m
k−1∑
i=0

m− i, λi .

m d
∑

i λi h1 IΓ m

d−∑k−1
i=0 m− i, λi m ≥

Lemma 4.2. Two set of points in the plane have the same invariants λ0, . . . , λk−1

if and only if they have the same Hilbert function.

Example. Four general points in the plane. P2

I Q1, Q2 Q1, Q2

I x2
1, x1x2, x

3
2 λ0 λ1 k

I
x1, x2, x3 x5

1

x5
2 x5

3

I

λ0

λ1



A S/I S C x2, x3

, x1, . . . , xk−1
1

x
λj
2 · xj1 A S

→ ⊕k−1
j=0S −λj − j → ⊕k−1

i=0 S −i → A→ .

nj λj j j , , . . . , k − .

λj−1 > λj nj−1 λj−1 j − ≥ λj j nj

n0 ≥ n1 ≥ · · · ≥ nk−1 ≥ numerical character

λj nj − j.

P3

Proposition 4.3. Let I, J be two homogeneous ideals. If I ∩ J ⊆ I ∩ J ,
then I J I J .

Proof.
F ∈ I J F P Q P ∈ I Q ∈ J

P,Q P
P � Q F P F Q F ∈
I J P Q R ∈ I ∩ J

R P Q c P − cR < P
P,Q P − cR,Q cR P

�
Theorem 4.4 (Ellia-Peskine). If λi > λi+1 for some i < k− , then contains
a subset 1 of λ0 · · · λi points lying on a curve of degree i . Furthermore,
if 1 2, then 2 has invariants λi+1, λi+2, . . . , λk−1 and 1 has invari-
ants λ0, λ1, . . . , λi. Furthermore, the decomposition of into two subsets having
invariants λ0, . . . , λi and λi+1, . . . , λk−1 is unique.



Proof. I m λi+1 i
J I ≤ m− λi+1 i

J m
J ≤ m −

J xk1 , x
k−1
1 x

λk−1
2 , . . . , xi+1

1 x
λi+1
2

H JH
sat xi+1

1

i H J
i F I
I ≤ m− g0F, g1F, . . . , gk−i−1F

gj xj1x
λi+1+j
2 g0, . . . , gk−i−1

2 λi+1, . . . , λk−1

i < k − I F g0, . . . , gk−i−1 F ∩ I ⊆
J F ∩ I I F I F

I F xi+1
1 , xi1x

λi
2 , · · · , xλ0

2

1 λ0, . . . , λi

I F · I F ⊆ I 1 2 ⊇

1 2

F ∈ IΓ̂1,i+1 FIΓ̂2,λi+1+1 ⊆ IΓ,λi+1+i+2

FIΓ̂2,λi+1+1 FIΓ2,λi+1+1

R F,F G F/R G F/R

IΓ2,λi+1+1 ⊆ G

i < k − G IΓ2,λi+1+1 IΓ̂2,λi+1+1

2 2 �
Remark. λi λi+1

I λi i
I

Example. Five points in the plane, 4 of them on a line.

I LM,LM ′, F
L M,M ′



F L
I x2

1, x1x2, x
4
2 λ0 λ1 k

λ0 > λ1

Definition 4.5. A set of points is said to be in uniform position if every pair of
subsets of having the same number of points have the same Hilbert function.

Proposition 4.6 (Uniform Position Principle). Let X be an irreducible variety in
Pr of dimension n. Then for a general codimension-n linear space ⊆ Pr, ∩X
is a set of points in uniform position.

Proof. �
Definition 4.7. A variety X ⊆ Pr is non-degenerate if X does not lie in any
hyperplane.

Corollary 4.8 (Gruson-Peskine). If a set of points in the plane with invariants
λ0, λ1, . . . , λk−1 is in uniform position, then

λi − ≥ λi+1 ≥ λi −
for all i , , . . . , k− . In particular, this holds for a general hyperplane section
of a reduced irreducible non-degenerate curve in P3.

Proof. i

1 2

1 2

1 2 1 2 1, 2

1 2 1 1

1 �
Corollary 4.9. If a set of points in the plane with invariants λ0, λ2, . . . , λk−1 is
in uniform position, then

d/k k − / ≤ λ0 ≤ d/k k − ,

with λ0 d/k k − holding if and only if is a complete intersection of type
k, d/k .

Proof. λ0 ≤ λ1 ≤ λ2 · · · ≤ λk−1 k −
kλ0 ≤

∑k−1
i=0 λi i d k k − λ0 ≤ d

k k −
λ0 ≥ λ1 ≥ λ2 ≥ · · · ≥ λk−1 k−

kλ0 ≥ d k k− / λ0 ≥ d
k

k−1
2

λ0 λi d/k k− − i λk−1 d/k− k− IΓ

F k G d/k− k− k− d/k
F



IΓ IΓ F,G
k, d/k �

Example 4.10. 8 points in P2 failing to impose independent conditions on cu-
bics.

λ0, . . . , λk−1 λ0 ≥
hS/I λ1 ≤ λ0 λ1 ≥

λ0 , λ1 k

Definition 4.11. Let im IΓ,m . For m ≥ , let dm im − im−1. We will
call dk, dk+1, . . . the difference sequence of . Here k is the degree of the lowest
generator of IΓ.

Example. 5 points inP2, 4 of them on a line.
d2, d3, d4, . . . , , , , , . . .

dk k

Proposition 4.12. Let be d points in the plane in uniform position.
(1) dm+1 ≥ dm for all λk−1 k − ≤ m < λ0;
(2) If dm+1 dm for some λk−1 k − ≤ m < λ0, then IΓ has no generators
in degree m ;

(3) d
∑λ0

m=0 m − dm .

Proof. im
(
m+2

2

)
− hS/IΓ m dm m −

hS/IΓ m − hS/IΓ m −
hS/IΓ m −hS/IΓ m− ∑k−1

i=0 m−i, λi − m−
− i, λi {i | m ≤ λi i} dm+1 − dm {i | m λi i}
dm+1 dm i λi i > m > λi+1 i

λ0 > m ≥ λk−1 k− λi ≥ λi+1

dm+1 dm
IΓ m IΓ,m

m

dm im − im−1 m
(
m+2

2

)
−
(
m+1

2

) ∑λ0
m=k m

− dm hS/IΓ λ0 d �



Corollary 4.13. Let be d points and be d points. If

k∑
m=0

dm ≥
k∑

m=0

dm

for k sufficiently large, then d ≤ d.

Proof. �
Proposition 4.14. Let be d points in the plane. Assume that IΓ has gm generators
in degree m and sm generators for the first syzygy module in degree m. Then
−dm−1 dm − dm+1 sm+1 − gm+1.

Proof. → ⊕jS −bj → ⊕iS −ai → IΓ →
IΓ im

∑
i

(
m−ai+2

2

)
−∑j

(
m−bj+2

2

)
dm

∑
i m−

ai , −∑j m−bj , dm−dm−1

∑
k≤m gk−

∑
k≤m sk

dm+1 − dm − dm − dm−1 gm+1 − sm+1

IΓ IΓ

I gm+1

dm+1 − dm − sm+1 dm − dm−1 −
�

Proposition 4.15 (Hilbert-Burch Theorem). The minimal free resolution of IΓ

is

→ ⊕k−1
i=0 S −λi − i− → ⊕k−1

i=0 S −λi − i ⊕ S −k → IΓ → .

The minimal free resolution of IΓ is obtained from this by cancelling those S −λi−
i not corresponding to generators of IΓ.

Proof.
�

Remark.

Example 4.16. be a set of d points in the plane in uniform position with ds ≥
and ds+1 ≥ . Then d ≤ s2 .

s ≥
ds+k ≥ k , s k k ≥

d ≤ · · · s s − s − s − · · ·
· · · s s s− s− · · ·

s s
s

s− s−

s2 . �



Proposition 4.17. (Harris) Let Z be a set of points in the plane and W ⊃ Z a
complete intersection given by a regular sequence of degrees a, b. Then m −
dm W − Z de+1−m W − de+1−m Z , where e a b− .

Proof. H R SH/IW |H
a b− Rm×Ra+b−2−m → Ra+b−2

∼ C
IW−Z IW IZ IZ , IW−Z

IZ , IW−Z R S/IW R IW−Z IZ
IW−Z m IZ

e−m ie−m Z − ie−m W hS/IW−Z m
de−m Z − de−m W hS/IW−Z m − hS/IW−Z m m − dm+1 W −Z

m m− �
P3

C d P3

IC H H ∩ C

→ IC m− → IC m → IΓ m → ,

IC,m → IΓ,m m >>

IΓ IC |H sat,

IΓ

λ0, λ1, . . . , λs−1

H
IC IC IC

IC x4 h H
L H

IC |L xs1, x
s−1
1 x

μs−1
2 , . . . , x1x

μ1
2 , xμ0

2 ,

s > μ0 > μ1 > · · · > μs−1 >

Definition 4.18. For any pair of positive integers i1, i2 , let

fC i1, i2 {i3 | xi11 xi22 xi33 ∈ IC },
where we allow for the possibility fC i1, i2 ∞.

IC fC i1, i2 <∞
fC i1, i2 > fC i1, i2 ≥ fC i1 , i2 .

< fC i1, i2 <∞ xi11 xi22 x
fC(i1,i2)
3 IC

fC i1, i2 xi11 xi22 ∈ IC |L IC xs1
xs−1

1 x
μs−1
2 . . . x1x

μ1
2 xμ0

2 xi11 xi22 x
f(i1,i2)
3 i2 < μi1 fC i1, i2 <∞

λ0, . . . , λk−1 s ≥ k μi ≥ λi ≤ i < k

m >> hS/IC m − g dm d degree C
g arithmetic genus C C g ≥ C



g geometric genus C h0 1
C

1
2h

1 C,R
C g ≥

Proposition 4.19. Let C be a curve whose general hyperplane section has invariants
λ0, . . . , λs−1. The (arithmetic) genus of C is

g C
s−1∑
i=0

i− λi

(
λi

)
−

∑
f(i1,i2)<∞

f i1, i2 .

Proof. m >>

hS/gin(IC) m
s−1∑
i=0

m+1−i∑
j=m+2−i−λi

j
∑

f(i1,i2)<∞
f i1, i2

s−1∑
i=0

(
m − i

)
−
(
m − i− λi

) ∑
f(i1,i2)<∞

f i1, i2

s−1∑
i=0

λi m − i −
(
λi

) ∑
f(i1,i2)<∞

f i1, i2 .

hS/gin(IC) m − g C md C d∑
i λi d

− g C
s−1∑
i=0

λi − i −
(
λi

) ∑
f(i1,i2)<∞

f i1, i2 ,

�

Example. The general rational curve of degree 5 in P3.

IC x3
1 x2

1x2

x1x
2
2 x3

2 x2
1x

2
3 H IC |H

x3
1, x

2
1x2, x1x

2
2, x

3
2, x

2
1x

2
3 C ∩ H IΓ

IC |H sat x2
1, x1x

2
2, x

3
2 λ0 λ1 k

f i1, i2 f ,
g C

P3

d



2

x1, x2, x3

P2 fC i, j

xi1x
j
2 i j

j
fC i, j k > k

i, j fC i, j ∞ i, j

Corollary 4.20. Let C be a reduced irreducible non-degenerate curve whose generic
hyperplane section has invariants λ0, . . . , λs−1. Then

g C ≤
s−1∑
i=0

i− λi

(
λi

)
.

Remark.

Example 4.21. Constraints coming from g ≥ .

C C x2
1 x1x2

x3
2 x2

2x3 IΓ x2
1, x1x2, x

2
2

g −

Definition 4.22. We will call
∑

fC(i1,i2)<∞ fC i1, i2 the number of sporadic zeros

of C. It is bounded above by
∑s−1

i=0 i− λi

(
λi
2

)
. If it is zero, we will say

that C has no sporadic zeros. If xi11 xi22 xi33 /∈ IC but f i1, i2 <∞, we will say
that xi11 xi22 xi33 is a sporadic zero of degree i1 i2 i3.



Example. The general rational quintic.
P3 x2

1 x2
1x3

Proposition 4.23. The number of sporadic zeros in degree m is the dimension of
the cokernel of the restriction map IC,m|H → IΓ,m, or equivalently the dimension
of the kernel of multiplication by H, H H1 IC m− → H1 IC m .

Proof. xi11 xi22 xi33 m IΓ

IC
IC |x4=0 → IΓ

→ IC m− → IC m → IΓ m → ,

IΓ,m/ IC.m
∼ H H1 IC m− → H1 IC m ,

Remark. H H1 IC m − → H1 IC m

Proposition 4.24. Let C be a reduced irreducible curve in P3 with IC having
minimal free resolution → E2 → E1 → E0 → IC → . Then E2 if and only
if C has no sporadic zeros.

Proof. → E2 → E1 → E0 → IC →
m

h1 IC m ∼ H3 E2 m → H3 E1 m .

E2 ⊕jOP3 −aj E2 E1

H1 IC aj − � j E2

H1 IC m m ≥
C

H H1 IC m− → H1 IC m

m ≥ H1 IC m m >>
H1 IC m m ≥ �
Corollary 4.25. A reduced irreducible curve C has no sporadic zeros if and only
if IC is equal to the ideal of m×m minors of an m× m polynomial matrix
which drops rank in codimension 2.



Proof. E2 E1 → E0 m × m
m IC

E1 → E0 → IC →
IC �

Remark.

Problem 4.26. For reduced irreducible curves C, what constraints are there on the
sporadic zeros, i.e. on the numbers fC i1, i2 ?

P3

Example 4.27. The generic initial ideal contains more information than the Hilbert
function.

I x3
1, x

2
1x2, x1x

2
2, x

3
2, x

2
1x

2
3 J x3

1 x2
1x2 x1x

2
2 x4

2 x2
1x3

x3
2x3

Example 4.28. Curves of degree 3. IΓ

x2
1, x1x2, x

2
2

IC x2
1, x1x2, x

2
2

IC S2 − → S3 − →
IC →

IC IC ×
×



Example 4.29. Curves of degree 4. IΓ

x2
1, x1x2, x

3
2

IC
C , IC

IC x2
1, x1x2, x

4
2, x

3
2x3

1

IC x2
1, x1x

2
2, x

3
2, x1x2x3

1

IΓ

IC IC → IΓ

,

C H
C ∩H Hk H1 IC m− k →

H1 IC m

Definition 4.30. We will say that an element α ∈ H1 IC m is primitive if it does
not lie in the image of H.



Remark. α αΓ ∈ H1 IΓ m

Proposition 4.31. (Strano [Str]) Let α ∈ H1 IC m−k be an element of Hk .
Then αΓ ∈ mk

H , i.e. αΓ is annihilated by all polynomials of degree k on H.

Proof. H
Hk H t1, . . . , tn

H
∑n

i=1 tixi α
H1 IC m − k Hkα ∼

∂k

∂ti1 ···∂tik
xi1 · · ·xikα Hβi1···ik ∼ β ∈ H1 IC m −

xi1 · · ·xinαΓ ∼ �
Proposition 4.32. Let the minimal free resolution of IΓ be

→ ⊕jS −bj → ⊕iS −ai → IΓ → .

Then there exists a non-zero element α ∈ H1 IΓ m−k which is annihilated by all
polynomials of degree k if and only if there is an element of ⊕bj≤m+2H

2 OP2 m−
k − bj that maps to zero in ⊕iH

2 OP2 m − k − ai under the natural map
induced by the resolution.

Proof. IΓ →⊕jOP2 −bj →⊕iOP2 −ai
→ IΓ → H1 IΓ m− k ∼ ⊕jH

2 OP2 m− k −
bj → ⊕iH

2 OP2 m − k − ai H2 OP2 q
k q ≥ −k −

⊕bj≤m+2H
2 OP2 m− k − bj

Theorem 4.33. (Strano) If C is a reduced irreducible curve and has a sporadic
zero in degree m, then IΓ has a syzygy in degree ≤ m .

Proof. C m
α ∈ H H1 IC m − → H1 IC m

α H
β ∈ H1 IC m− k Hk β βΓ

k
βΓ ∈ ⊕bj≤m+2H

2 OP2 m− k − bj bj ≤ m j �
Corollary 4.35. (Strano [Str]) If C is a reduced irreducible curve whose hyperplane
section has the Hilbert function of a complete intersection of type m,n , where
m,n > , then C is a complete intersection of type m,n .

Proof.
IΓ

m,n
m,n IΓ m n C

≤ m n −
IC → IΓ m n m n− ≥ m,n



IC → IΓ F,G IC
m,n IΓ IC F,G C

m,n �
Corollary 4.36 (Laudal’s Lemma). (Strano) If C is a reduced irreducible curve of
degree d such that IΓ,s � and IC,s , then d ≤ s2 .

Proof. IΓ,s−1 s s −
IC,s → IΓ,s C s IΓ

≤ s dm ds ≥
IΓ,s � ds

IΓ,s

IΓ s s
ds+1 ≥ ds IΓ s

≤ s
ds+1 ≥ ds ≥

ds+1 ≥ ds ≥ ds+1 ≥
d ≤ s2 �

Proposition 4.37. Let C be a reduced irreducible curve with IC,s having
difference sequence for given by ds, ds+1, ds+2, . . . , , , . . . . Then C has
no sporadic zeros in degree s .

Proof. IΓ

→ S − s ⊕ ⊕jS −bj → S −s ⊕ S2 − s ⊕ ⊕iS −ai → IΓ → ,

ai > s i bj > s j
Nm

k {α ∈ H1 IC k | Hm−kα } Nm
k {α ∈ H1 IΓ k | Pα

P ∈ H0 OH m− k }
→ Nk

k−1 → Nm
k−1 → Nm

k → Nm
k .

IΓ Ns
s−1 Ns+1

s−1
∼ C Ns

s−2 Ns+1
s−2
∼ C

Ns
k Ns+1

k k � s − , s − Nm
k m < s

Ns+1
s−2 ≤ α ∈ Ns+1

s−2

Ns+1
s−2 αΓ

l1, l2 α liα C Pi Pi

s − l1P2 − l2P1 C IC,s

U s−
Pi liU i , li α − U C α − U C

α H1 IC s− Ns+1
s−2

Ns+1
s−1 ≤

s
s

Ns+1
k �



Pn V H0 OPn

M → M → V ⊗ OPn → OPn →
∧2V ∼ H0 M P3 ∧2V

M∗ → OP3 → E
null-correlation bundle

σ ∈ H0 P3, E s E s ≥
σ C → ∧2E∗ − s →

E∗ −s → IC → H C ∩ H
→ ∧2E∗|H − s → E∗|H −s → IΓ → h0 IC s

h0 IΓ s C s2

Corollary 4.38. (Gruson-Peskine, Strano) If C is a reduced irreducible curve of
degree s2 such that IC,s and IΓ,s � , then if s ≥ , C is a curve arising
from a null-correlation bundle.

Proof. iΓ,s ≥ ds, ds+1, . . .
, , , . . . ≥ s2 iΓ,s

iΓ,s+1 ≥ , , , . . .
s2 s ≥

ds+2 ≤ s C s
s IΓ ≤ s

C
s IC,k → IΓ,k k ≥ s H H1 IC k → H1 IC k

k ≥ s H1 IC k k ≥ s
H1 IC s −

α ∈ H F C Hα F
t xi

∂F
∂tj
− xj

∂F
∂ti

∧2V dF
�

Comments for students:

P4

P3



P3

5. Gins in the Exterior Algebra

V x1, . . . , xn E ∧∗V ⊕k ∧k V
V I ⊕kIk ∧∗V

I I
n

M ⊕kMk ∧∗V

· · ·F3 → F2 → F1 → F0 →M → ,

Fp ⊕iE −q bpq ,

p bpq
Fp

p M
B•

k Bp
k SpV ⊗Mk−p

SpV ⊗Mk−p → Sp−1V ⊗ V ⊗Mk−p → Sp−1V ⊗Mk−p+1.

bpq Hp B•
q .



{q−p | bpq � } regularity
M M I ⊆ E I ≤ n

I
I I

I I
E

I H {P | H ∧ P ∈ I}/ I ∩ {H ∧ Q}
I H I xn

E
xI

xi ⊗ xI i ≤ {k | k I} p
xip ⊗ xip−1 ⊗ · ⊗ xi1 ⊗ xI ip ≤ ip−1 ≤ · · · ≤ i1 ≤ {k |

ik � }
≤ < n

I
I I

I
I

c >

c

(
kd
d

) (
kd−1

d−

)
· · ·

(
kδ
δ

)

c[d]
(

kd
d

) (
kd−1

d

)
· · ·

(
kδ

δ

)
.

Theorem 5.1 (Macaulay’s Bound for Exterior Ideals, Kruskal-Katona Theorem).
Let I ⊆ ∧∗V be an ideal with the Hilbert function of ∧∗V/I denoted by h d . Then

h d ≤ h d [d].

Remark.

Theorem 5.2 (Hyperplane Restriction Theorem). Let I ⊆ ∧∗V be an ideal with
the Hilbert function of ∧∗V/I denoted by h d . Let H be a general hyperplane and
IH denote the restriction of I toH and hH d the Hilbert function of ∧∗ V/H /IH .
Then

hH d ≤ h d <d>.



Proposition 5.3. Let I be a homogeneous exterior ideal with Hilbert function h.
Then for all d ≥ ,

h d ≤
d∑

j=d−1

h j <d>.

Proof.
d n I I I

E,E ∧∗V ∧∗ V/xn

d, n − d, n
Id Jd xnJd−1 I mJd−1 ⊆ Jd J

E Jd−1 Jd hE/I d hĒ/J d hĒ/J d −
hĒ/J d ≤ hE/I d <d> Jd Id|xn

d, n d, n −
d, n Id Jd xnJd−1 Id+1

Jd+1 xnJd hE/I d hĒ/J d hĒ/J d hE/I d

kd, . . . , kδ hĒ/J d ≤
(
kd−1
d

)
· · ·

(
kδ−1
δ

)
hĒ/J d ≤

(
kd−1
d+1

)
· · ·

(
kδ−1
δ+1

)
hE/I d ≤(

kd
d+1

)
· · ·

(
kδ
δ+1

)
d− , n d, n h d− h d

ud, . . . , uμ h d − h d <d>

(
ud−1
d

)
· · ·

(
uμ−1
μ

)
h d h d − <(

ud−1
d−1

)
· · ·

(
uμ−1
μ−1

)
h d ≤

(
ud−1
d

)
· · ·

(
uμ−1
μ

)
h d �

Theorem 5.4 (Gotzmann’s Persistence Theorem for the Exterior Algebra).
Let I be a homogeneous ideal in the exterior algebra generated in degrees ≤ d .
If in Macaulay’s estimate,

h d h d [d], then I ≤ d and h k h k [k]

for all k ≥ d.

Proof. I I I d

d I
d I
≤ d I ≤ d

Id I
I I

Id Jd xnJd−1 Jd, Jd−1 x1, . . . , xn−1

J Jd−1 Jd E mJd−1 ⊆ Jd
Id+1 Jd+1 xnJd hE/I d hĒ/J d hĒ/J d

hE/I d hĒ/J d hĒ/J d − hE/I d

ud, . . . , uδ hĒ/J d− ld−1, . . . , lν hĒ/J d

kd, . . . , kμ
(
ud
d+1

)
· · ·

(
uδ
δ+1

) (
kd
d

)
· · ·



(
kμ
μ

) (
kd
d+1

)
· · ·

(
kμ
μ+1

) (
kd+1
d+1

)
· · ·

(
kμ+1
μ+1

)
− ε J

d ε ≥
(
kd
d

)
· · ·

(
kμ
μ

)
≤
(
ud−1
d

)
· · ·

(
uδ−1
δ

)
<d>(

ud
d+1

)
· · ·

(
uδ
δ+1

)
≤
(
ud
d+1

)
· · ·

(
uδ
δ+1

)
− ε

ε ki ui − i J d
J ≥ d

Ik+1 Jk+1 xnJk k ≥ d hE/I k(
ud
k+1

)
· · ·

(
uδ

k+1+δ−d

)
k ≥ d

�

Construction 5.5 (Stanley-Reisner Algebra of a Simplicial Complex).
n

E ∧∗V V n σ
e1, . . . , en xK ∈ Iσ eK

σ eK σ eK Iσ
I

σI fk σ eK ∈ σ |K| k
fk σ hE/I k

k

Example. A square.

σ e1, e2, e3, e4 e1e2, e2e3, e3e4, e4e1

Iσ x1 ∧ x3, x2 ∧ x4

Definition 5.6. Let h be a linear form. For any ideal I ⊆ E, there is a complex
W • E/I, h given by

E/I 0
∧h−→ E/I 1

∧h−→· · · ∧h−→ E/I n.

Proposition 5.7. Let I ⊆ E be a monomial ideal. If h
∑

i tixi, h
′ ∑

i sixi be
two linear forms such that ti � , si � for all ≤ i ≤ n. ThenHk W • E/I, h ∼
Hk W • E/I, h′ for all k ≥ .

Proof. xi �→ si/ti xi I
W • E/I, h →W • E/I, h′

�



Definition 5.8. For a monomial ideal I and h
∑n

i=1 xi, we denote by Hk E/I
the module Hk W • E/I, h .

Definition 5.9. Given a simplicial complex σ on the set of vertices { , , . . . , n},
let σk be the vector space spanned by the k-simplices in σ, {eK ∈ σ | |K| k }.
The complex σ• is defined by

σn
∂−→σn−1

∂−→· · · ∂−→σ0,

where ∂ eii...ik
∑

j − jei1...ij−1ij+1...ik . The k’th simplicial homology Hk σ

of σ is Hk σ• . The reduced simplicial homology Hk σ is the cohomology of the
augmented complex σ• obtained by setting σ−1 k and defining ∂ ei for all
i; this differs from Hk σ only for k .

Theorem 5.10. Let σ be a simplicial complex. Then for all k, the simplicial ho-
mology Hk σ ∼ Hk+1 E/Iσ

∗.

Proof. σ• W •+1 E/I, h h∑
i xi �

Remark. E V/h ⊕kH
k E/Iσ E

h

E
σ

Example. Homology of the square.

Iσ x1 ∧ x3, x2 ∧ x4

h x1 x2 x3 x4 W • E/I, h k → V →
∧2V/Iσ,2 → →

∧2V/Iσ,2
H1 σ k Hk σ

Comments for students:



6. Lexicographic Gins and Partial Elimination Ideals

I ⊕kIk k x1, . . . , xn
I lexicographic order

Definition 6.1. If p ∈ Id has leading term p xd1
1 · · ·xdnn , we will set d1 p d1,

the leading power of x1 in p. We set

Kk I ⊕d{p ∈ Id | d1 p ≤ k}.
If p ∈ Kk I , then we may write uniquely p xk1p q where d1 q < k. The image

of Kk I in k x2, . . . , xn under the map p �→ p we will denote Kk I . We call
Kk I the k’th partial elimination ideal of I.

Remark. Kk I k x2, . . . , xn Kk I
k x2, . . . , xn K0 I

x1

I p , , . . . , f ∈ Kk I d

p f ≥ d−k f ∈ x2, . . . , xn
d−k Id−k

p Ip
p

Kk I Z I
π , , . . . , Pn−1 Pn−2

K0 I π Z

Remark. I
n − x1

I
∑

k xk1 Kk I

Proposition 6.2. Set-theoretically, Kk I is the ideal of {p ∈ π Z | p π Z
> k}.
Proof. p , , . . . , L p f ∈ Kk I

p f ≥ d − k l Z · L ≥ k

f |L f ∈ Kk I L



Kk I P p d >> P d−k ∩ Id →
H0 IZ·L+(d−k)p d Kk I

L l Z · L ≤ k L L
p L̄ π Z l Z · L �

Definition 6.3. For a homogeneous ideal I, the Jacobi ideal J I is the ideal gen-
erated by ∂f/∂xi for f ∈ I and ≤ i ≤ n.

Proposition 6.4. For a general choice of coordinates, J Kk−1 I ⊆ Kk I for all k.

Proof. d W k x1, . . . , xn d

W p xI i1 ≤ k V Id
M q �→ x1∂q/∂xi i � g t

xi �→ xi tx1 M W p ⊆ W p−1

x1 V k t Kk g t Id
V k t W k+1 Kk I d W k+1

�

Proposition 6.5. Let Z be a smooth projective variety. For projection π from a
general point of Pn−1, if f ∈ Iπ(Z), then ∂f/∂xi vanishes on the singular locus of
π Z .

Proof. f ∈ K0 IZ ∂f/∂xi ∈ K1 IZ
�

Remark. Z c c× c
Z

Z

Z Z
P3 Z

V M ⊕qMq

S V K•
m M,V

· · · → ∧p+1V ⊗Mm−p−1 → ∧pV ⊗Mm−p → ∧p−1V ⊗Mm−p+1 → · · ·
K−p

m ∧pV ⊗Mm−p

Kp,q M,V H−p K•
p+q M,V .

Proposition 6.6. Let I be a homogeneous ideal in k x1, . . . , xn . Let V be the vector
space spanned by x1, . . . , xn and V the vector space spanned by x2, . . . , xn. There
is for each m a spectral sequence with Ep,q

1 K−p−q,m+2p+q K−p I , V abutting
to K−p−q,m+2p+q I, V .

Proof. I F pI K−p I pId K−p I d+p

Ep,q
1 Hp+q K•

m+p
pI, V



Hp+qK•
m I, V Ep,q

1
∼ K−p−q,m+2p+q K−p I , V

K−p−q,m+2p+q I, V �

Corollary 6.7. Let Z be a reduced projective variety in Pn−1 such that p
, , . . . , is not a component of Z. Then K0 IZ is saturated and K1 IZ

m d/K1 IZ d injects into Kn−3,d+2 K0 I , V .

Proof. f ∈ IZ m xif ∈ IZ i ≥ p
Z f Z f ∈ IZ

IZ m IZ

f ∈ K0 IZ m xif ∈ K0 IZ i ≥
f ∈ IZ f ∈ k x2, . . . , xn

f ∈ K0 IZ
f ∈ K1 IZ m d gi ∈ K1 IZ gi x1 xif

hi hi ∈ k x2, . . . , xn d+2 xigj − xjgi xihj − xjhi

∧2V ∗ ⊗K0 I d+2
∼ ∧n−3V ⊗K0 I d+2

Kn−3,d+2 K0 I , V xihj −
xjhi xiuj−xjui ui ∈ K0 I xi hj−uj xj hi−ui

hi ui xiv v ∈ k x2, . . . , xn gi−ui xi x1f v
IZ x1f v ∈ IZ m IZ

f ∈ K1 IZ �

Remark.

f, g f
∑d1

i=0 xi1fd1−i g
∑d2

i=0 xi1gd2−i

fi, gi Sylvester matrix f, g
d1 d2 × d1 d2 ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f0 f1 f2 · · ·
f0 f1 · · ·

· · · fd1−1 fd1

g0 g1 g2 · · ·
g0 g1 · · ·

· · · gd2−1 gd2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

k f, g d1 d2 − k f, g



Remark. f, g resultant f g

Proposition 6.8. Let I f, g , where the coefficients of f and g are independent
variables. We take d1 ≤ d2 and f0 .
(1) The maximal minors of k f, g define a variety of the expected codimension
k ;
(2) The variety defined by these minors is the set of f, g having a common factor
of degree ≥ k ;
(3) Kk I is the ideal of maximal minors of k f, g .

Proof. R k f0, . . . , fd1 , g0, . . . , gd2 k f, g
R x d2−1 ⊕ R x d1−1 → R x d1+d2−1/ , x, . . . , xk−1

A,B �→Af Bg k+1 f, g { A,B |Af Bg ∈ , x, . . . , xk }
k f, g k f, g

fi, gi Af Bg
≥ k f g ≥ k

f, g f, g

k+1 f, g
d1 d2 − k k+1 f, g A,B

A,B

k f, g
d1 d2 − k × d1 d2 − k k f, g �

Corollary 6.9. Let f, g be general polynomials of degrees d1, d2 in n variables. Let
I f, g . For k ≤ n− , Kk I is the ideal of maximal minors of k f, g , and
this is a determinantal variety having the expected codimension k .

Proof. fi gi n−
k+1 k

n− Pn−2

k > n− k ≤ n− �
Remark. d1 ≤ d2 d2 k f, g

k ≤ d1

d2 Kk I

d1 × d1 − k i, j d2 − i j
n Kd1−1 I d1−1 f, g

Remark.
k > n− K1 IZ Z k n

f, g
Kk I

Kk I
k n



f, g
Kk I , n−

n−
≤ n−

Example 6.10. A complete intersection curve of type (3,3) in P3.

x3
1

x2
1 x2 x2

3 x3x
2
4 x4

4 x1 x4
2 x3

2x
2
3 x3

2x3x
2
4 x3

2x
3
4 x2

2x
5
3 x2

2x
4
3x4 x2

2x
3
3x

2
4 x2

2x
2
3x

4
4

x2
2x

5
3 x2

2x
7
4 x2x

8
3 x2x

7
3x

2
4 x2x

6
3x

4
4 x2x

5
3x

6
4 x2x

4
3x

8
4 x2x

3
3x

10
4 x2x

2
3x

12
4 x2x3x

14
2

x2x
16
4 x18

3 x9
2 K2 I K1 I x9

2

K0 I π Z
Z
≤ − K1 IZ ×

K2 IZ ×
d1− K1 I

π Z

Z KZ OZ − OZ KZ

· · g − g d(
d−1
2

)
− δ δ

(
8
2

)
− δ δ

K2 I
P3

K2 I Z
p p p

P2

Kk I
IZ x3

1, x
2
1 x2, x

2
3, x3x

2
4, x

4
4 , x1 x4

2, x
3
2x

2
3, x

2
2x

4
3, x2x

5
3, x

7
3 , x9

2

Z



K2 IZ

Example 6.11. The general complete intersection curve of type (2,2,2) in P4.

Z
Z P4

IZ x2
1, x1 x2, x3, x

2
4, x4x5, x

3
5 , x3

2, x
2
2x

2
3, x

2
2x3x

2
4, x2x

3
3, x

4
3

π Z
P3

2

π Z V K1 IZ
P4

P3 L P3

L V K1 IZ
V L

π Z | H L| V H

π Z
x3

2, x
2
2 x2

3, x3x4, x
2
4, x3x

2
5, x4x

2
5, x

4
5 , x2 x4

3, x
3
3x

2
4, x

2
3x

3
4, x3x

5
4, x

6
4 , x8

3

π Z P2

K1 I



Z KZ H D
D P3 KZ

∼ H−D
D ∼ H D

Z K2 Iπ(Z)

P2

Remark.
Z

Definition 6.12. For any ideal I and any choice of coordinates, if f ∈ Kk I d,

then there is a lifting f ∈ Kk I d+k, unique modulo Kk−1 I . If we write f

xk1f xk−1
1 g · · · , then the map f �→ g gives a well-defined map

φ1
k Kk I → Sd+1V /Kk−1 I d+1.

If φ1
k f , then we can choose a lifting f of f such that f xk1f xk−2

1 g · · · ,
and now f �→ g gives a map

φ2
k φ1

k d → Sd+2V /Kk−2 I d+2.

The φν
k are defined inductively so that

φν
k φν−1

k d → Sd+νV /Kk−ν I d+ν .

There is a hierarchy of further constructions exemplified by, if f ∈ Kk I d, choosing

a lifting f ∈ Kk I d with f xk1f xk−1
1 g xk−2

1 h · · · . The map f �→ h gives
a well-defined map

ψ1
k Kk I d → Sd+2V / Kk−2 I φ1

k Kk−1 I .

Example 6.13. Griffiths-Harris Fundamental Forms

Z ⊆ Pn+c n p ∈ Z
p , , , . . . , Z p

l1, . . . lc li ∈ Kki IZ ki
l1, . . . , lc N∗

p Z V

p T ∗
pZ V / l1, . . . , lc

φ1
ki

li ∈ S2V /Kki−1 I p

Kk I k l1, . . . , lc φ1
ki

li
S2T ∗

pZ II N∗
pZ → S2T ∗

pZ
Griffiths-Harris second fundamental form Z p φν

k

ν fundamental form Sν+1T ∗
pZ ψ1

k li
S3T ∗

pZ/ T ∗
pZ ⊗ II cubic form

p ∈ Z ν



ν

Example 6.14. A general complete intersection of 2 cubics in P3 projected from a
general point.

p Z P3

x2
1 x2, x3 , x1 x3

2, x
2
2x

2
3, x2x

4
3, x

6
3 , x8

2 π Z
p Z K1 IZ

π Z P2

Z p
K1 IZ

p P2 K2 I
Z p p π

l1, l2 K2 IZ II li qi
K1 IZ V l1q2 − l2q1 V Z
K2 IZ V
TpZ −q2, q1

li ci K1 IZ W l1c2 − l2c1
W TpZ −c2, c1

Remark. Z ⊆ Pn−1

Y Pn−1 Z φ Y ⊆ PN IZ,d p , , . . . ,
Z φ p

φ Y φ p Kk I d

Comments for students:
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Tight Closure, Parameter Ideals,
and Geometry

Craig Huneke

Foreword

1. An Introduction to Tight Closure

I
1 R I R I∗ I∗

I
I∗ ∗ I∗

The author was partially supported by the NSF. I thank Alberto Corso for helping me with both
the proofreading and the LATEXing.
1‘Equicharacteristic’ is just another way to say the ring contains a field. Rings such as the
integers are not equicharacteristic; the fraction field has characteristic 0, but the residue fields
at the maximal ideals have positive characteristic.



p > p
p q

p
p

Ro R R

Definition 1.1. R p > I
R x ∈ R I

c ∈ Ro q pe cxq ∈ I [q] I [q]

q I

Example 1.2. R k X, Y, Z / X3 Y 3 Z3 k
� x, y, z X, Y, Z R R

y, z
x2 ∈ y, z ∗ q k i i

x3−ix2q x3(k+1) −y3− z3 k+1

y3jz3h j h k j < q h < q
k j h < q ≤ k x3x2q ∈ yq, zq

x2 ∈ y, z ∗

xyz ∈ x2, y2, z2 ∗

z
z zN

I ⊆ R a ∈ I∗ zNaq ∈ I [q] q pe

y, z y, z, x2

y, z, x2 ⊆ y, z ∗

x /∈ y, z ∗ x ∈ y, z ∗ q > N N
S k X, Y, Z



J X3 Y 3 Z3, Y q, Zq S X > Y > Z
X3 Y 3 Z3 X3

J X3, Y q, Zq ZNXq /∈ J
q k i i Xq − kXi Y 3 Z3 k

J ZN − k Y 3 Z3 k /∈ J
ZN − kXi Y 3 Z3 k XiY 3kZN /∈ J X3, Y q, Zq

x /∈ y, z ∗

Theorem 1.3. Let R be a Noetherian ring of characteristic p and let I be
an ideal.

I ⊆ I∗ I∗ ∗. If I1 ⊆ I2 ⊆ R, then I∗1 ⊆ I∗2 .
If R is reduced or if I has positive height, then x ∈ R is in I∗ if and only if
there exists c ∈ Ro such that cxq ∈ I [q] for all q pe.
An element x ∈ R is in I∗ iff the image of x in R/P is in the tight closure
of I P /P for every minimal prime P of R.
I∗ ⊆ I, the integral closure of I.
Further let R be a regular local ring. Then I∗ I for every ideal I ⊆ R.
If I is tightly closed, then I J is tightly closed for every ideal J.
An intersection of tightly closed ideals is tightly closed.
I∗J∗ ⊆ IJ ∗.

Proof. I ⊆ I∗ x ∈ I∗ ∗ c ∈ Ro

cxq ∈ I∗ [q] q I∗ y1, . . . , yn I∗

di ∈ Ro diy
q
i ∈ I [q] q cxq

∑
i siy

q
i

q d d1 · · · dn dcxq ∈ I [q] q

cxq ∈ I [q] q ≥ q′ I

d ∈ I [q′] ∩ Ro dcxq ∈ I [q] q
R

x ∈ I∗

R c ∈ Ro P1, . . . , Pn

R c′i ∈ R/Pi c′i ci ∈ Ro

c′i ∈ R/Pi

c′ix
q
i ∈ I

[q]
i q xi Ii x

I R/Pi ci ∈ Ro c′i cix
q ∈ I [q] Pi

i ti Pi c
∑

i citi
c ∈ Ro q′ � N [q′] N

R cxq ∈ I [q] N cq
′
xqq

′ ∈ I [qq′]

x ∈ I∗

integral closure I
x

c ∈ Ro R cxn ∈ In

n I [q] ⊆ Iq



R
p R1/q R q pe, e ≥

x ∈ I∗ I ⊆ R
c ∈ Ro q cxq ∈ I [q] q

c1/qx ∈ IR1/q c1/q ∈ I R1/q x I R x R1/q

R1/q R q
c ∈ I R x [q] q c ∈ Ro

I R x R x ∈ I 2

J y
x ∈ I y ∗ I c ∈ Ro

cxq ∈ I y [q] ⊆ I [q] yq c xy q ∈ I [q] xy ∈ I∗ I
x ∈ I y

Definition 1.4.
weakly F-regular R RW

W F-regular

c
I x c

I x ∈ I∗ cxq ∈ I [q] q test element

Theorem (Existence of Test Elements). Let R be a reduced algebra of finite type
over an excellent local ring B,m,K of characteristic p. Let c ∈ Ro be such that
Rc is F-regular and Gorenstein (e.g. Rc regular). Then c has a power which is a
test element for R.

2More generally, from the Buchsbaum-Eisenbud criterion for exactness, it follows that for every
Noetherian ring R of characteristic p, TorR

i (M, S) = 0 for i > 0 whenever the projective dimen-

sion of M is finite, and where S = R viewed as a module over R via the Frobenius morphism.



Proposition 1.5. (Completion and Localization). Let R,m be an excellent Noe-
therian local ring of characteristic p.

Let I be an m-primary ideal. Then I∗R IR ∗.
Let I be an ideal generated by a regular sequence, and let W be a multiplica-
tively closed set. Then I∗ W IW

∗.

Proof. c Rred c

c c Rred

q′ p
c Rred R

c x ∈ J∗ q ≥ q′

cxq ∈ J [q] q′

R Rred c

c q′ R
I I∗ I z ∈ I ∗ ∩R

R R z ∈ I∗ I
G I R s ∈ W

Gs Gws w ∈W wu ∈ Im u ∈ Ir

u /∈ Ir+1 r ≤ m− smu ∈ Im s
su ∈ Ir+1 su u

q u ∈ I [q] w w ∈ W h
dh sq+hu ∈ I [q] Iq+h

h qn s(n+1)qu ∈ I [q] Iq(n+1) ⊆ I [q] I n
h dh ∈ I [q] Iq+h

dh
∑

i rix
q
i

∑
ν tνx

ν ν n
q q h w ∈ W

I [q] wdh
∑

i aix
q
i

∑
i wrix

q
i

∑
ν wtνx

ν xi

wrν ∈ I srν ∈ I
s dh+1 sdh I [q] Iq+h+1

w q cxq ∈ I [q] c
q pe p w q ∈W q

s ∈W s(n+1)qcxq ∈ I [q] c sn+1x q ∈ I [q]

sn+1x ∈ I∗ x ∈ I∗ W

x1, . . . , xd
d parameter ideal R,m

d x1, . . . , xd

m



Theorem 1.6. Let R be a Noetherian ring of characteristic p.

Let I be primary to a maximal ideal m. Then IRm
∗ I∗ m.

R is weakly F-regular iff every ideal primary to a maximal ideal is tightly
closed.
R is weakly F-regular iff Rm is weakly F-regular for every maximal ideal m
of R.
Assume that R has a test element c. Then the tight closure of an arbitrary
ideal I is the intersection of the tight closure of ideals primary to maximal
ideals.
Suppose that R is local Gorenstein with maximal ideal m. Then R is weakly
F-regular (in fact even F-regular) iff an ideal generated by a system of pa-
rameters is tightly closed.
Let S be a weakly F-regular ring and suppose that R ⊆ S is a direct summand
of S (as an R-module). Then R is weakly F-regular.

Proof. c ∈ Ro z ∈ R czq ∈ I [q]Rm

czq ∈ I [q] I m

I I mn m
I∗ ⊆ ∩n,m I mn ∗

m n x /∈ I∗

p q cxq /∈ I [q] m
m R

cxq /∈ I [q] mn n� cxq /∈ I mn [q] x /∈ I mn ∗

m I
x1, . . . , xd

xi
xt1, . . . , x

t
d t t �

J xt1, . . . , x
t
d ⊆ I I J J I

R R
R

I ⊆ R x ∈ I∗ x ∈ IS ∗ IS
x ∈ IS ∩R I

Example 1.7.

u I
u /∈ I∗



R k X, Y, Z / X2 Y 3 Z5 k
p > x, y, z X, Y, Z R R

y, z
y z

x /∈ y, z ∗ x
R x xp /∈ yp, zp

x y, z k p+1
2 xp+1 x2k −y3−z5 k

−y3− z5 k
(
k
j

)
y3jz5(k−j) xp+1 ∈ yp, zp(

k
j

)
j ≥ p k − j ≥ p k < p

k j k − j < p p p k p+1
2

j j < p k − j < p
j y3jz5(k−j) /∈ yp, zp x

y, z

Example 1.8. R k X, Y, Z / X2 Y 3 Z7 k
≥ x, y, z X, Y, Z R R

y, z

x ∈ y, z ∗ k q+1
2

xxq x2k − k y3 z7 k y3 z7 k

y3jz7(k−j) j < p k−j < p j k−j < p p
p+1
2 < p xq+1 ∈ yq, zq

q x ∈ y, z ∗

2. How Does Tight Closure Arise?

Theorem 2.1. (Tight closure from contractions). Let S ⊆ T be a module-finite
extension of Noetherian domains of positive characteristic p. Let I ⊆ S be an
ideal. Then IT ∗ ∩ S ⊆ I∗.

Proof. w ∈ IT ∗ ∩ S S φ T → S
φ d ∈ S − { } c ∈ T − { } cwq ∈ IT [q]



q 3 c S
c ∈ S − { } q cwq T
I [q] φ dcwq ∈ I [q] q w

I

Example 2.2. R x3 y3 z3

y, z y, z, x2 x2

y, z

p ≡ p k x2p x6k+4

x · x3 2k+1 x − 2k+1 y3 z3 2k+1 x2p ∈ yp, zp

y3 z3 2k+1

p i j k i ≤ p − j ≤ p −
k i j ≤ p − x2 ∈ y, z R1/p ∩ R

x2 ∈ y, z ∗

p ≡ R
I ⊆ R IR1/p ∩ R I
R S x2 ∈ y, z S∩R

S R
S

S
R I ⊆ R IS ∩R ⊆ I∗

IS ∩ R IT ∩ R T R
R R+ absolute integral closure

R R
IR+ ∩ R ⊆ I∗

I
p IR+ ∩ R I∗

R+

R R+

3Hochster has developed the idea of this proof considerably in his paper [Ho8] where he introduces
the concept of ‘solid closure’.



Theorem 2.3. (Tight closure via colon-capturing). Let R,m be a local equidi-
mensional ring of prime characteristic which is a homomorphic image of a Cohen-
Macaulay local ring S. Let x1, . . . , xt be parameters in R. Then

x1, . . . , xt−1 R xt ⊆ x1, . . . , xt−1
∗.

xn1 , . . . , x
n
t R x1 · · ·xt n−1 ⊆ x1, . . . , xt

∗.

Proof.

Lemma 2.4. Let S be a catenary Noetherian ring and let Q be a proper ideal of S
of height m. Set R S/Q, and assume that R is equidimensional. Let x1, . . . , xk
be parameters in R. Then there exist elements z1, . . . , zm ∈ Q and lifting yi of xi
such that any j element subset of the yi together with all the zi has height m j.
Furthermore the zi may be chosen so that there exists an element c /∈ Q with
cQn ⊆ z1, . . . , zm for some n.

R S/Q zi yi
c /∈ Q cQq′ ⊆ z1, . . . , zm m Q q′ p

r rt ∈ x1, . . . , xt−1 R xt∑
1≤i≤t rixi ri si ∈ S

∑
1≤i≤t r

q
i x

q
i

S
∑

1≤i≤t s
q
i y

q
i ∈ Q q′

c
∑

1≤i≤t cs
q′q
i yq

′q
i

∑
i tizi

ti ∈ S yi zi
csq

′q
t ∈ z1, . . . , zn, y

q′q
1 , . . . , yq

′q
t−1 d c R

drqt ∈ xq1, . . . , x
q
t−1 q ≥ q′

r ∈ xn1 , . . . , x
n
t R x1 · · ·xt n−1 r

s ∈ S S

s y1 · · · yt n−1
∑

1≤i≤t

si yi
n w

w ∈ Q q′q c

csq
′q y1 · · · yt q′q(n−1)

∑
1≤i≤t

si
qq′ yi

qq′n
∑

1≤i≤m

tizi.

yi zi

csq
′q ∈ y1

q′q, . . . , yt
q′q, z1, . . . , zm .

Q r ∈ x1, . . . , xt
∗

Example 2.5. R x3 y3 z3

x2 ∈ y, z ∗

R
S R mt

m R S y, zt, z yt
z yt x2t x2 zt y x2t2 x2t ∈ y, zt z yt

x2t ∈ y, zt ∗ φ S R



S R t t
x2 φ x2t ∈ φ y, zt ∗ y, z ∗

phantom

Definition 2.6. I x integral closure I I
x xk a1x

k−1 · · · ak ai ∈ Ii

R
x I

c R N
N cxN ∈ IN

R p

4

Theorem 2.7. (Tight Closure Briançon-Skoda). Let R be a ring of characteristic
p. Let I be any ideal generated by n elements. For all w ≥ ,

In+w ⊆ Iw+1 ∗ .

Proof. I a1, . . . , an z ∈ In+w c ∈ Ro

czN ∈ I(n+w)N N
h ≥ Inh+wh ⊆ ah1 , . . . , a

h
n

w+1Ih(n−1)

v Inh+wh ai bi ci
bi/h i ci > bi/h

∑
i ci

∑
i ci n >

4The theorem of Briançon and Skoda was proved in response to a question of Mather: let On =
C{z1, . . . , zn} be the ring of convergent power series in n variables. Let f ∈ On be a non-unit
(i.e., f vanishes at the origin). The Jacobian ideal of f is j(f) = (∂f/∂z1, . . . , ∂f/∂zn)On. Since

f ∈ j(f) there is an integer k such that fk ∈ j(f). Mather asked if there a bound for k which
works for all non-units f . Briançon and Skoda answered this question affirmatively with the
following stronger result ([BrS]): Let I ⊆ On be an ideal which can be generated by d elements.

Then for every w ≥ 0 Id+w ⊆ Iw+1. Since j(f) has at most n generators, applying the theorem
with I = j(f) and w = 0 gives fn ∈ j(f), answering Mather’s question. The ring On is a
regular local ring so one may ask if the entirely algebraic statement of the theorem remains true
in any regular ring. Lipman and Sathaye succeeded in proving the same theorem for arbitrary
regular local rings [LS]. Lipman and Teissier partly extended this theorem to rings having rational
singularities, cf. [LT]. Since then, there has been considerable activity in proving more precise
theorems of this type, e.g., see [HH10, AH1, AH2, AHT, RS, Sw1, Sw2, Sw3, L2].



∑
i bi/h n w

∑
i ci > w

∑
i ci ≥ w∏

i

ahi
ci ∈ ah1 , . . . , a

h
n

w+1,

v Inh+wh

czN ∈ I(n+w)N ⊆ aN1 , . . . , aNn
w+1IN(n−1) N q pe

czq ∈ Iw+1 [q] IN(n−1)

z ∈ Iw+1 ∗

Remark 2.8.
R

R≥n R
n

m

Theorem 2.9. (Graded Briançon-Skoda). Let R be a Noetherian nonnegatively
graded ring of positive Krull dimension d over a field k R0 of positive character-
istic p. Let f1, . . . , fd be a homogeneous system of parameters of degrees n1, . . . , nd.
Set N n1 · · · nd. Then R≥N ⊆ I∗, where I f1, . . . , fd .

Proof. fi n ≤ i ≤ d

N dn R≥N ⊆ Id ⊆ I∗

R≥N ⊆ Id R
S k f1, . . . , fd g δ ≥ dn

gm b1g
m−1 · · · bm

bi ∈ S bi bi iδ
bi ∈ Riδ ∩ S bi ∈ f1, . . . , fd

iδ/n ⊆ f1, . . . , fd
id

g ∈ Id

fi
mi F1 fm1+1

1 , . . . , Fd fmd+1
d

g ∈ R≥N N n1 · · · nd gfm1
1 · · · fmd

d
q qdT

F q
1 , . . . , F q

d

c ∈ Ro

c gfm1
1 · · · fmd

d
q ∈ f

q(m1+1)
1 , . . . , f

q(md+1)
d

cgq ∈ f
q(m1+1)
1 , . . . , f

q(md+1)
d R fm1

1 · · · fmd
d

q

fq
1 , . . . , f

q
d

∗

d cdgq ∈ fq
1 , . . . , f

q
d g ∈ f1, . . . , fd

∗



Example 2.10. x3 y3 z3 x2 ∈ y, z ∗

x2 y z x ∈ y, z ∗

x2 y3 z7

x > y z

persistence

c

Definition 2.11. R p F-finite R
Rp

Theorem 2.12. (Existence of Test Elements). Let R be either a reduced algebra of
finite type over an excellent local ring B,m,K of characteristic p, or a reduced
ring of characteristic p which is F-finite. Let c ∈ Ro be such that Rc is F-regular
and Gorenstein (e.g. if Rc is regular). Then c has a power which is a test element
for R.

Theorem 2.13. (Persistence of Tight Closure). Let φ R→ S be a homomorphism
of Noetherian rings of characteristic p. Let I be an ideal of R and let w ∈ R be an
element in I∗. Assume either that R is essentially of finite type over an excellent
local ring, or that Rred is F-finite. Then φ w is in the tight closure of IS.

Proof. S
φ w IS S
S/P P S

Q R→ S
S R/Q

R/Q S R/Q
S

S
φ

S R/Q
Q R Q Qh ⊇ Qh−1 ⊇ · · · ⊇ Q0

R Q Q0 R
i R R/Qi

≤ i ≤ h i



R
R/Qi−1

R Q
R

S R/Q R′ R
R R Q′

R′ Q R/Q → R′/Q′

R R′ ⊇ R
R′ Q′ R′

Q′

c ∈ R′ − Q′ R′
c c

c R′ Q′

R′ T R′/Q′

w T IT
w S IS

S ⊆ T

Theorem 2.14. (Briançon-Skoda). Let R,m be a regular local ring containing a
field. Let I be any ideal of R which is generated by l elements. Then for any w ≥

I l+w ⊆ Iw+1.

Proof.

p

Theorem 2.15. (Weakly F-regular is Cohen-Macaulay). Let R be a local ring which
is the homomorphic image of a Cohen-Macaulay ring and of positive characteristic.
If R is weakly F-regular, or even if ideals generated by parameters are tightly closed5

then R is Cohen-Macaulay.

Proof.

Theorem 2.16. Let S be a regular ring of characteristic p, and suppose that R is
a direct summand of S. Then R is Cohen-Macaulay.

Proof. R S
R S

S R
R

5Such rings are said to be F-rational. We will study these in the eighth section.



Theorem 2.17. (The Monomial Conjecture). Let R,m be a local ring contain-
ing a field and let x1, . . . , xd be a system of parameters. Then for all t ≥ ,
x1 · · ·xd t−1 /∈ xt1, . . . , x

t
d .

Proof. R p
R x1 · · ·xd t−1 ∈ xt1, . . . , x

t
d

∈ x1, . . . , xd
∗ c ∈ Ro

c q c ∈ xq1, . . . , x
q
d q

xq1, . . . , x
q
d q

p

p

d
d

c ∈ R
Rc

c I ⊆ R I

p

3. The Test Ideal I

Definition 3.1. R p c ∈ Ro

test element I x ∈ I∗ cxq ∈ I [q]

q pe c ∈ Ro

I
x ∈ I∗ cxq ∈ I [q] q pe

cx ∈ I I



R

Theorem (Existence of Test Elements). Let R be a reduced algebra of finite type
over an excellent local ring B,m,K of characteristic p. Let c ∈ Ro be such that
Rc is F-regular and Gorenstein (e.g. Rc regular). Then c has a power which is a
test element for R.

R
Rc c

R p
R

R
A,m p A1/p

A A
A1/p A A

q pe A1/q A d ∈ A
q pe m[q] d

d1/q /∈ mA1/q A1/q A d1/q

A1/q A φ A1/q → A
d1/q

A
A1/q A

q pe m A d ∈ A
p q q m m d /∈ m[q]

d1/q /∈ mA1/q q

A
1/q
m Am d1/q

rm /∈ m A φm A
1/q(m)
rm → Arm

d1/q rm
rm1 , . . . , rmk

q {q mi } m
A rmi m r rm1 Ar

A
1/q(m1)
r → Ar d1/q(m1) a fortiori

A
1/q(m1)
m → Am d /∈ m[q] q

q m A

r rm Ar A
1/q
r → Ar d1/q

r rNr A φr



A1/q → A d1/q rNr r∑
sir

N
i N

Nri φ
∑

siφri A d1/q

Theorem 3.2. Let R be an F-finite reduced ring of character-
istic p. Let c be any nonzero element of R such that Rc is regular. Then c has a
power which is a test element.

Proof. Rc

d ∈ R p Q

Rc R
1/Q
c Rc d1/Q

R R R1/Q R d1/Q c
d R R1/Q R cN

N R1/p R1/Q R
R φ R1/p R cN c c

R φ R1/p R c
c c2 c3

I R z ∈ I∗ d ∈ R
R q dzq ∈ I [q]

p q′ R α
R1/q′ → R d1/q′ cN N cNzq ∈ I [q] q

q′ dzqq
′ ∈ I [qq′] d1/q′zq ∈ I [q]R1/q′

α cNzq ∈ I [q] q
N z I

N cNzq ∈ I [q] q N
p "N/p# i p c�N/p�+i/pzq ∈ I [q]R1/p q
c�N/p�+1zq ∈ I [q]R1/p q φ c�N/p�+2zq ∈ I [q]

q N "N/p# ≥ N
N ≤ p N ≤

R R K
R K

K1/p K

p
Rd d

Question 3.3. (Existence of Test Elements). R
p R



Definition 3.4. test ideal R τ R

τ R Ro R
R

Example 3.5. R,m C
C I

R I
I IS ∩ R

S R C IS ∩ R ⊆ CSI CI C
x IS ∩ R ⊆ I I R

x ∈ C

Example 3.6. (F-purity and the test ideal). p F-pure
F R→ R

R M R
up ∈ I [p] u ∈ I

R m
R m τ

m p q′ mq′ ⊆ τ I
u ∈ I∗ τuq ⊆ I [q] q m[q′]I [qq′] ⊆ I [qq′]

muq ⊆ I [q] F q R
muq ⊆ I [q] q m R

m

Theorem 3.7. Let R be a regular local ring of characteristic p which is F-
finite. The quotient ring R/I is F-pure iff I [p] I � m[p].

R τ R/τ
I f

I [p] I fp−1 fp−1 /∈ m[p]

R

R
R

k t2, t3



Theorem 3.8. Let R be a regular Noetherian domain with quotient field K. Let L be
a finite separable field extension of K, and let S be a finitely generated R-subalgebra
of L. Set JS/R J th Fitting ideal of the S-module of Kähler R-differentials
S/R. Let T be the integral closure of S. Then JT ⊆ S.

Theorem 3.9. Let R be a Noetherian domain of characteristic p which is module-
finite over a regular subring A and whose fraction field is separable over the fraction
field of A. Then every nonzero element of JR/A is a test element.

Lemma 3.10. Let R be a Noetherian domain which is a module-finite and generi-
cally smooth extension of a regular domain A. Then A1/q R ∼ A1/q ⊗A R is flat
over R.

Proof. R A
d ∈ Ao Rd Ad S Rd B Ad

S ⊗B B1/q ∼ S B1/q B
B S ⊗B B1/q S B1/q

B
n B S/nS

B/n
A1/q⊗AR R1/q A1/q R

d
A

Lemma 3.11. Let the notation be as in . Let c ∈ JR/A. Then for all
q pe, cR1/q ⊆ A1/q R .

Proof. JR/A

JA1/q[R]/A1/q A1/q A

A1/q R A1/q⊗AR JR/A

A1/q R A1/q R R1/q

A1/q R JR/A



Proof of Theorem 3.9. c ∈ JR/A q pe cR1/q ⊆ A1/q R
x ∈ I∗ cx ∈ I

I x ∈ I∗ c R � I cx
d ∈ R dxq ∈ I [q] q

d d ∈ A d1/qx ∈ IR1/q

c cd1/qx ∈ IA1/q R A1/q A
A1/q R R d1/q ∈ I R cx A1/q R

q d ∈ m[q]

Example 3.12. R k X1, . . . ,Xn / F F Xa1
1 · · · Xan

n

Ai R Ai k X1, . . . ,Xi−1,Xi+1, . . . ,Xd

p k
a1 · · · an R Ai

JR/Ai F Xi

R Xa1−1
1 , . . . ,Xan−1

n

4. The Test Ideal II: the Gorenstein Case

R
R

m
R/τ

Discussion: Local Cohomology. x1, . . . , xd R
I x

Hi
I R ith

−→ R −→
⊕

Rxi −→
⊕

Rxi1xi2
−→ . . . −→ Rx1x2...xd −→ .

η z
xt

z
xt ∈

Rx1x2···xd Hd
I R R xi

η z
xt

z −t
∑

1≤i≤d xi η η



n zxn ∈ xt+n
1 , xt+n

2 , . . . , xt+n
d R x1, . . . , xd

η z ∈ xt1, x
t
2, . . . , x

t
d

R p R

η
z
xt ∈ Hd

m R F η zp

xtp η N
F η pN F η ηp

Hd
m R

η ∈ Hd
m R tight closure of c ∈ Ro

cηq q pe � R η z
xt

η ∗
Hdm(R) z ∈ xt1, . . . , x

t
d

∗

R,m
R Hd

m R d R

Proposition 4.1. Let R,m be a Gorenstein local ring of positive characteristic.
Let τ be the test ideal of R. Then τ AnnR ∗

Hdm(R) .

Proof. τ ⊆ R
∗
Hdm(R) c ∈

R
∗
Hdm(R) ∩Ro c /∈ τ I ⊆ R x ∈ I∗

cx /∈ I I J I
cx x ∈ J∗ cx /∈ J J m

R/J Hd
m R

R z Hd
m R ∗

Hdm(R)

τ

Corollary 4.2. Let R,m be a Gorenstein local ring of positive characteristic with
test ideal τ . Let x1, . . . , xd be an arbitrary system of parameters generating an ideal
I, and set J x1, . . . , xi for some ≤ i ≤ d− . Then

I I∗ I τ , and I τ I∗,
J τ J∗,⋂

K K K∗ τ , where the intersection runs over all ideals K generated by
a full system of parameters,
if J is an ideal such that for all ideals K generated by a system of parameters
K J K∗, then J τ .

Proof. I τ I∗

I I∗ I I τ I τ zτ ⊆ I
z ∈ I∗ η z

x ∈ ∗
Hdm(R)



τ R
∗
Hdm(R)

∗
Hdm(R) Hdm(R)τ

τη
It J xt

i+1, . . . , x
t
d u ∈ J τ u ∈ It τ

u ∈ I∗t
∩tI∗t J∗ z ∈ ∩tI∗t c

t q czq ∈ J [q] xtqi+1, . . . , x
tq
d t q

czq ∈ J [q]

τ ⊆ ∩K K K∗

u ∈ ∩K K K∗ u
u ∈ R

∗
Hdm(R) η ∗

Hdm(R)

η z
x x1, . . . , xd η ∈ ∗

Hdm(R)

z ∈ K∗ K x1, . . . , xd u
uz ∈ K uη

J ∩K K K∗

K K J K∗

K K∗ J K ∩K K K∗ ∩K J K J J
J τ

Corollary 4.3. Let R,m be either a complete local Gorenstein ring of character-
istic p, or a nonnegatively graded Gorenstein ring over a field of characteristic p.
Suppose that x1, . . . , xd is a system of parameters of R, homogeneous in the second
case, which are test elements. Then τ x1, . . . , xd R x1, . . . , xd

∗, where τ is
the test ideal of R.

Proof. τ ⊆ x1, . . . , xd R x1, . . . , xd
∗

c ∈ x1, . . . , xd R x1, . . . , xd
∗ J

R x ∈ J∗ cx /∈ J
M M � m xi

x ∈ IM M m R
m

xi τ

I I∗ W IW
∗

W R

Theorem 4.4. Let R,m be a Gorenstein local ring of characteristic
p with test ideal τ . Let P be an arbitrary prime ideal of R. Then the test ideal of
RP is τP .



Proof. x1, . . . , xi P
RP I R

RP IP τP IP
∗ I∗ P

I τ I∗

Lemma 4.5. Let x1, . . . , xd be a regular sequence of elements which are test ele-
ments for parameter ideals. Then

xt1, . . . , x
t
d

∗ xt1, . . . , x
t
d x1 · · ·xd t−1 x1, . . . , xd

∗.

Proof of Lemma 4.5. u ∈ xt1, . . . , x
t
d

∗ xi
u ∈ xt1, . . . , x

t
d x1, . . . , xd xt1, . . . , x

t
d x1 · · ·xd t−1R u

s x1 · · ·xd t−1 xt1, . . . , x
t
d s x1 · · ·xd t−1 ∈ xt1, . . . , x

t
d

∗

s ∈ x1, . . . , xd
∗

Theorem 4.6. Let R,m be either a complete local Gorenstein ring of character-
istic p, or a nonnegatively graded Gorenstein ring over a field of characteristic p.
Suppose that x1, . . . , xd is a system of parameters of R, homogeneous in the second
case, which are test elements. Set I x1, . . . , xd . Then R/τ and I∗/I are Matlis
dual, where τ is the test ideal of R.

Proof. I x1, . . . , xd
R R/τ,E ∼ I∗/I E

R E Hd
m R R

η z
xt1···xtd t ≥

f I∗/I → E u ∈ I∗ f u u
x1···xd ∈ E

f f u n x1 · · ·xd nu ∈
xn+1

1 , . . . , xn+1
d u ∈ I R

η z
xt1···xtd ∈ R R/τ,E

τ E τη τz ⊆ xt1, . . . , x
t
d

z ∈ xt1, . . . , x
t
d

∗ xt1, . . . , x
t
d x1 · · ·xd t−1I∗

z u x1 · · ·xd t−1v u ∈ xt1, . . . , x
t
d v ∈ I∗ η z

xt1···xtd
u+(x1···xd)t−1v

xt1···xtd
v

x1···xd f

Example 4.7. R x3 y3 z3

p R p ≡
X3 Y 3 Z3 p−1 /∈ X,Y,Z [p]

X,Y,Z 3p−3 ⊆ Xp, Y p, Zp, XY Z p−1 X3 Y 3 Z3 p−1 /∈ Xp

Y p Zp i j k p−
X3iY 3jZ3k XY Z p−1 p ≡



Example 4.8. R x3 y3 z3

k k p ≡
R

m R
p ≡ m x, y, z

a-invariant a n
n Hd

M R
d R
R k X1, . . . ,Xn / f1, . . . , fg a

R

a R
∑

1≤i≤g

fi −
∑

1≤i≤n

Xi .

S n
R S/I S a R

S
R a S −∑1≤i≤n Xi

x, y, z a y, z ∗

x3 y3 z3 , , m y, z, x2

x2 y3 yz4 z6 , , m y, z, x
x4 y4 z4 , , m2 y, z, x2

x5 y5 z5 , , m3 y, z, x2

x2 y3 z7 , , m y, z, x
x2 y3 yz8 , , x, y, z2 y, z, x
x2 y3 z5 , , − R y, z

N N
a R

Question 4.9. R
p � R

R≥a+1 a a R



5. The Tight Closure of Parameter Ideals

R,m
p R0 k
p m

d R x1, . . . , xd
R

What is the tight closure of x1, . . . , xd ? Where does it come from?

Remark 5.1. R R+

R
x1, . . . , xd R+ ∩R ⊆ x1, . . . , xd

∗

x1, . . . , xd
F IF

I u q pe uq ∈ I [q]

x1, . . . , xi R+ ∩R x1, . . . , xi
∗

i R

J R JR+ ∩R J∗

k x, y, z / x3 y3 z3 k �
Remark 5.2. R,m

R+

R
6 x1, . . . , xd R+

x1, . . . , xi R+ xi+1 x1, . . . , xi R+

≤ i ≤ d − u ∈ x1, . . . , xi R+ xi+1 R
u ∈ R x1, . . . , xi R

xi+1 ⊂ x1, . . . , xi
∗ x1, . . . , xi R+∩R

6Smith uses that R+ is Cohen-Macaulay to prove her result, so her result does not give a new
proof that R+ is Cohen-Macaulay, but rather is a good way of understanding the fact that R+

is Cohen-Macaulay and how this fact is related to the theory of tight closure.



u ∈ x1, . . . , xi R+ R+

IF

u q pe uq ∈ I [q]

Definition 5.3. S x1, . . . , xl S
I I lim z ∈ S

s xs−1z ∈ xs1, x
s
2, . . . , x

s
l x x1 · · ·xl

xi

I lim limit closure I I

Remark 5.4. I x1, . . . , xd
I lim ⊆ I∗ R I lim I

Remark 5.5. I x1, . . . , xd
Id ⊆ I∗

D
∑

i xi
R≥D ⊆ x1, . . . , xd

∗

Remark 5.6. J ⊆ I x1, . . . , xd J∗ ⊆ I∗

Igerm
∑
i

x1, . . . , xi−1, xi+1, . . . , xd
∗.

Igerm ⊆ I∗

I

Id Igerm IF Ilim ⊆ I∗.

R≥D Igerm IF I lim ⊆ I∗,

D
∑

i xi
R

I lim I x1, . . . , xd



I

Definition 5.7. equidimensional hull I R

Iunm

R
I Iunm

I

Proposition 5.8. Let R,m be an equidimensional graded or local ring essentially
of finite type over a field. Assume that R has an m-primary ideal of test elements
for parameter ideals. If I is a parameter ideal of height less than the dimension of
R, then Iunm I∗.

Proof. {x1, x2, . . . , xl} I l < R
m I

c {x1, x2, . . . , xl, c}
c P1, P2, . . . , Ps

I x1, x2, . . . , xl R Q1, . . . , Qr

I l
l

I Pi

I
√

P i Pi

z ∈ x1, x2, . . . , xl
∗ cz ∈ x1, x2, . . . , xl ⊂

⋂s
i=1 Pi Pi

c
√

P i z ∈ ⋂s
i=1 Pi

I
z ∈ ⋂Pi c Qi Pi

cz ∈ ⋂Pi ∩
⋂

Qi x1, . . . , xl R
z ∈ x1, . . . , xl

∗.
x1, . . . , xl

∗ ⋂s
i=1 Pi

R m
Igerm I

Igerm I
R m

IF R≥D ⊆ I∗

Proposition 5.9. Let R be a graded ring over a field R0 k of characteristic p,
and suppose that x1, . . . , xd are a homogeneous system of parameters which are
test elements. If R is Cohen-Macaulay then

x1, . . . , xd
∗ x1, . . . , xd

F R≥D,

where D
∑

i deg xi .



Proof. x1, . . . , xd
F R≥D ⊆ x1, . . . , xd

∗

u ∈ x1, . . . , xd
∗ uq ∈ xq1, . . . , x

q
d

∗ ⊆ xq1, . . . , x
q
d, y

q−1

y x1 · · ·xd u n < D q nq < D q−
uq ∈ xq1, . . . , x

q
d

R m
I lim Igerm

d+

Definition 5.10. R
x1, . . . , xn d-sequence ≤ i ≤ n− k > i

x1, . . . , xi xi+1xk x1, . . . , xi xk.

x1, . . . , xn strong d-sequence xm1
1 , . . . , xmnn

mi ≥ d+

Remark 5.11.

x1, . . . , xn
d+

u ∈ x1, . . . , xi xi+1xk xi+1xk x1, . . . , xi
u ∈ x1, . . . , xi

∗ xk
u ∈ x1, . . . , xi xk

Theorem 5.12. (Germ = Limit Closure). Let R,m be as above, and assume that
x1, . . . , xd are a system of parameters which are test elements for parameter tight
closure. Let I be the ideal they generate. Then Igerm Ilim.

Proof. Igerm ⊆ Ilim u ∈ x1, . . . , xi−1, xi+1, . . . , xd
∗

i xi xiu ∈ x1, . . . , xi−1, xi+1, . . . , xd
x1 · · ·xdu ∈ x2

1, . . . , x
2
d u ∈ I lim

d+

Theorem 5.13. Let n1, . . . , ns,m1, . . . ,ms be positive integers and suppose that
x1, . . . , xs are a d+-sequence. The ideal an1+m1

1 , . . . , ans+ms
s

∏
i a

mi
i is equal

to ∑
i

an1
1 , . . . , a

ni−1
i−1 , a

ni+1
i+1 , . . . , anss ai an1

1 , . . . , anss .



u ∈ I lim t uxt ∈ xt+1
1 , . . . , xt+1

d

x x1 · · ·xd x1, . . . , xd d+

s d m1 · · · md t n1 · · · nd

u ∈ ∑i a1, . . . , ai−1, ai+1, . . . , as ai I
∑

i a1, . . . , ai−1, ai+1, . . . , as ai
Igerm Ilim

R

I R

Remark 5.14. R≥D

R x1, . . . , xd
di D

∑
i di z ∈ R≥D η z

x ∈ Hd
m R

D −∑i di
∗
Hdm(R)

x1, . . . , xd
R u ∈ x1, . . . , xd

∗ η u
x ∈∗

Hdm(R) x xi

∗
Hdm(R)

∗
Hdm(R)

Theorem 5.15. (Strong Vanishing Theorem). Let R be a nonnegatively graded ring
over a field R0 K of characteristic or characteristic p� .7 Assume that R has
an m-primary ideal of parameter test elements. Let x1, . . . , xd be a homogeneous
system of parameters of degrees δ1, . . . , δd. Set δ

∑
i δi. Then

x1, . . . , xd
∗ x1, . . . , xd

germ R≥δ.

R

7At this point we will not be precise about what this means.



6. The Strong Vanishing Theorem

Theorem 6.1. Let R be a nonnegatively graded Cohen-Macaulay ring over a field
R0 K of characteristic or characteristic p � Assume that R has an m-
primary ideal of parameter test elements. Let x1, . . . , xd be a homogeneous system
of parameters of degrees δ1, . . . , δd. Set δ

∑
i δi. Then

x1, . . . , xd
∗ x1, . . . , xd R≥δ.

Proof.
Igerm I I

Theorem 6.2. Let R,m be a d-dimensional N-graded Noetherian domain over a
field S0 of characteristic p > . Assume that R has an m-primary ideal of test
elements for parameter ideals. Then the following are equivalent:

x1, x2, . . . , xd
∗ x1, x2, . . . , xd

lim R≥δ for all homogeneous systems of
parameters x1, x2, . . . , xd for R where δ is the sum of the degrees of the xj’s.
x1, x2, . . . , xd

∗ x1, x2, . . . , xd
germ R≥δ for all homogeneous systems

of parameters x1, x2, . . . , xd for R where δ is the sum of the degrees of the
xj ’s.
The tight closure of zero in Hd

m R has no non-zero elements of negative
degrees. In particular, the tight closure of zero in Hd

m R is precisely the
submodule of elements of non-negative degrees.
The Frobenius acts injectively on Hd

m S in negative degrees.
Further assume that R is Cohen-Macaulay. Then above are equivalent

to:
x1, x2, . . . , xd

∗ x1, x2, . . . , xd R≥δ for a fixed homogeneous system
of parameters x1, x2, . . . , xd for R which are test elements for parameters,
where δ is the sum of the degrees of the xj’s.

Proof.

Hd
m S
Hd

m S

η
Hd

m S ηq

Hd
m S



q ηq

−∞ q
ηq

z
xt1···xtd

t xt1, . . . , x
t
d

z ∈ xt1, . . . , x
t
d

∗ z
tδ z xt1, . . . , x

t
d x1 · · ·xd t−1 x1, . . . , xd

∗

s x1 · · ·xd t−1

s δ
s ∈ x1, . . . , xd

∗

Theorem 6.3. (The Test Ideal and Vanishing Theorem). Let R,m be an N-graded
Noetherian domain over a field k R0 of characteristic p > and of dimension d.
Assume that R is Gorenstein and has an isolated singularity at m. Further assume
that the Strong Vanishing Theorem holds for R.8 Then test ideal for R is R≥a+1,
where a is the a-invariant of R.

Proof. R m
x1, . . . , xd

τ x1, . . . , xd R x1, . . . , xd
∗.

R R/ x1, . . . , xd
a D D

∑
1≤i≤d xi

a a R
x1, . . . , xd

∗ x1, . . . , xd
germ R≥D

x1, . . . , xd R≥D R u ∈ x1, . . . , xd R x1, . . . , xd
∗

uR≥D ⊆ x1, . . . , xd u
u ≥ a u ≥ a u x1, . . . , xd

∗ ⊆ u x1, . . . , xd
R≥D ⊆ x1, . . . , xd R≥a+D+1 ⊆ x1, . . . , xd τ R≥a+1

τ R≥a+1 u ∈ x1, . . . , xd u < D D
x1, . . . , xd τu ⊆ x1, . . . , xd

uR≥a+1 ⊆ x1, . . . , xd u /∈ x1, . . . , xd u
uv D a v

a u < D u ∈ x1, . . . , xd

8The Strong Vanishing Theorem holds in characteristic 0 or for ‘large’ characteristic p.



Theorem 6.4. (Strong Vanishing for Hypersurfaces). Let R be the ring k X0, . . . ,
Xd / f . Assume that R is an isolated singularity which is quasihomogeneous,
where k is a field of characteristic p. Assume that the partial derivatives fi
∂f
∂Xi

form a system of parameters in R where ≤ i ≤ d. Further assume that
p > d− deg f −∑1≤i≤n deg Xi . Let y1, . . . , yd be a homogeneous system of
parameters of degrees a1, . . . , ad. Set A a1 · · · ad. Then

y1, . . . , yd
∗ y1, . . . , yd R≥A.

Proof.
R

fi
∂f
∂Xi

≤ i ≤ d

u ∈ f1, . . . , fd
∗ u /∈ f1

. . . fd δ
∑

1≤i≤d fi u ∈ R≥δ

u < δ

up ∈ fp
1 , . . . , fp

d
∗ fp

1 , . . . , fp
d f1 · · · fd p−1 f1, ..., fd

∗.

up
∑

1≤i≤d

rif
p
i f1 · · · fd p−1s,

s ∈ f1, . . . , fd
∗ s ≥ u up ∈

fp
1 , . . . , fp

d f1 · · · fd p−1s
p u ≥ p− δ u u < δ

up
∑

1≤i≤d

rif
p
i .

S k X0, . . . ,Xd

up
∑

1≤i≤d

rif
p
i rf i,

≤ i i up ∈ fp
1 , . . . , fp

d , f
i i ≥ p

up ∈ f1, . . . , fd, f
[p] S u ∈ f1, . . . , fd R

i < p up ∈ fp
1 . . . fp

d

f i+1 Dj
∂

∂Xj
Dj f fj Dj



if i−1fjr ∈ f1, . . . , fd, f
[p], f i S

i < p i ≤ j ≤ d

r ∈ f1, . . . , fd, f
[p], f i S S f1, . . . , fd, f

i−1 .

f, f1, . . . , fd r ∈ f1, . . . , fd, f
[p], F p−1, f S

F f1 · · · fd F p−1

r ∈ f1, . . . , fd, f
[p], f S up ∈ fp

1 , . . . , fp
d , f

i+1 S
F p−1 p − δ

r p u − i f ≤ p u − f
F p−1 r

p δ − u ≤ δ − f .

δ − u > p > δ − f

Remark 6.5.

Example 6.6. S k X, Y, Z f X2 Y 3 Z5

∂f
∂X

∂f
∂Y

R S/Sf p k d −
f − X − Y − −

x, y, z X, Y, Z R
y, z R y, z

y, z R≥16 R≥16 ⊆ y, z R
k

Example 6.7. R1 k X, Y, Z / X2 Y 3 Y Z4

R2 k X, Y, Z / X2 Y 3 Z7 R3 k X, Y, Z, U / X5 Y 5 Z5 U5

R1 x y z
a − − −

− −
R1

R2 x y z
a − − −

− −
R2

R3 a − − −
−

− − − R3



7. Plus Closure

R R+ R
R+ R

p >

Theorem 7.1. Let R be a locally excellent Noetherian domain of characteristic p >
. If I is any parameter ideal of R, then I∗ IR+ ∩R.

R

d R,m

Definition 7.2. Hd
m R +

Hdm(R)

φ Hd
m R → Hd

m R ⊗R R+ ∼ Hd
m R+ .

z ∈ x1, . . . , xd
∗

z
x1···xd ∈

∗
Hdm(R)

Proposition 7.3. Let R,m be an excellent local domain of dimension d and char-
acteristic p > , and let R+ be as above.

Let x1, . . . , xd be a system of parameters generating an ideal I. Then

z

x1 · · ·xd
∈ +

Hdm(R)
iff z ∈ I+.

+
Hdm(R)

⊆ ∗
Hdm(R).

+
Hdm(R)

∗
Hdm(R) iff I+ I∗ for all ideals I generated by systems of param-

eters x1, . . . , xd.

Proof. z ∈ I+ z ∈ IR+ z
x1···xd Hd

m R+

z
x1···xd Hd

m R+ R+

z ∈ IR+ ∩R I+

η ∈ +
Hdm(R)

η z
x1···xd

x1, . . . , xd z ∈ I+ ⊆ I∗

η ∈ ∗
Hdm(R)

+
Hdm(R)

∗
Hdm(R) z ∈ I∗ η z

x1···xd ∈
∗
Hdm(R)

+
Hdm(R)

z ∈ I+ I∗ I+



∗
Hdm(R)/

+
Hdm(R)

η
z

x1···xd ∈ Hd
m R ηq zq

xq1···xqd
Lemma 7.4. Let R,m be an excellent local domain of positive characteristic p and
dimension d > . Set K +

Hdm(R)
. Suppose that η ∈ Hd

m R , and set Ne equal to

the submodule of Hd
m R spanned by K together with η, ηp, . . . , ηp

e

. Suppose that
Ne−1 Ne for some e. Then η ∈ +

Hdm(R)
.

Proof. Ne Ne−1 q pe

ηq r1η
q1 · · · rjη

qj θ,

qj < · · · < q1 < q p θ ∈ +
Hdm(R)

R+

θ +
Hdm(R)

zq

xq1 · · ·xqd
r1z

q1xq−q1

xq1 · · ·xqd
· · · rjz

qjxq−qj

xq1 · · ·xqd
,

x x1 · · ·xd Hd
m R+ R+

zq r1z
q1xq−q1 · · · rjz

qjxq−qj w,

w ∈ xq1, . . . , x
q
d R+

z ∈ x1, . . . , xd R+

z ∈ x1, . . . , xd R+

η z
x1···xd Hd

m R+ η ∈ +
Hdm(R)

Proposition 7.5. Let R,m be an excellent local domain of positive characteristic
p and dimension d > . If the R-module ∗

Hdm(R)/
+
Hdm(R)

has finite length then it
vanishes.

Proof. η z
x1···xd ∈

∗
Hdm(R) Ne

η ∈ ∗
Hdm(R) q ηq ∈ ∗

Hdm(R)
+
Hdm(R)

⊆ N1 ⊆
N2 ⊆ · · · ⊆ ∗

Hdm(R)
∗
Hdm(R)/

+
Hdm(R)

Ne η ∈ +
Hdm(R)

Proof of Theorem 7.1.
R

R,m
R,m

z ∈ I∗ /∈ IR+∩R I x1, . . . , xd



K A K x1, . . . , xd ⊆ R
xi K A

B A z A ⊆ B ⊆ R B
d A R B

A Z / f f ∈ A Z
z ∈ x1, . . . , xd R ∗∩B ⊆ x1, . . . , xd B ∗ z /∈ IB+∩B
IB+ IR+ z /∈ IR+

+
Hdm(R)

∗
Hdm(R) d

R ∗
Hdm(R)/

+
Hdm(R)

∗
Hdm(R) τ R

+
Hdm(R)

J τ ⊆ J

J/τ P m
c/ ∈ JP

c ∈ J c Hn
PRP

RP

n RP c/ RP

τP x1, . . . , xn R
RP c x1, . . . , xn P

∗

c x1, . . . , xn
∗

P ⊆ x1, . . . , xn P

RP z ∈ x1, . . . , xn
∗

z/ ∈ x1, . . . , xn P
+ x1, . . . , xn

+
P

u /∈ P
uz ∈ x1, . . . , xn R+ x1, . . . , xn

x1, . . . , xd uz ∈ x1, . . . , xd R+ η uz
x1···xd ∈

+
Hdm(R)

c cη Hd
m R R

cuz ∈ x1, . . . , xd xn+1, . . . , xd
cuz ∈

x1, . . . , xn cz ∈ x1, . . . , xn P c ∈ τP

Remark 7.6. R+

R+ R,m
p x1, . . . , xd R+

z ∈ x1, . . . , xd R+ ∗

c czq ∈ xq1, . . . , x
q
d R+ q

S, n R x1, . . . , xd, c, z
czq ∈ S ∩ xq1, . . . , x

q
d R+ ⊆ xq1, . . . , x

q
d S ∗ d S

q dczq ∈ xq1, . . . , x
q
d S z ∈ x1, . . . , xd S ∗

z ∈ x1, . . . , xd S+ x1, . . . , xd R+

x1, . . . , xd S



x1, . . . , xd R+

8. F-Rational Rings

F-rational
R

R 9 R

Lemma 8.1. Let R,m be an equidimensional local Noetherian ring of characteris-
tic p which is a homomorphic image of a Cohen-Macaulay ring and let x1, . . . , xd ∈
m be part of system of parameters. If the ideal x1, . . . , xd R is tightly closed then
so is the ideal x1, . . . , xi R for ≤ i ≤ d.

Proof. i
d ≥ i d − r J

x1, . . . , xd−1 R r ∈ J xdR
∗ J xdR r j xdu

r − j ∈ J∗ J J∗ u ∈ J∗
R xdR xdu ∈ J∗

c0 ∈ Ro c0 xdu
q ∈ J [q] q

q c0u
q ∈ J [q]

R xqdR xq1, . . . , xqd−1 R R xqdR

c0u
q ∈ xq1, . . . , xqd−1

∗ u ∈ J∗ J∗ J xdJ
∗

J∗ J

Theorem 8.2. For Noetherian rings of characteristic p the following
hold. In parts d)–g) assume either that R is locally excellent or is a homomorphic
image of a Cohen-Macaulay ring.

A weakly F -regular ring is F -rational.
An F -rational ring is normal.
If R is local and excellent, then R is F-rational iff R is F -rational.
If R is F -rational, then R is Cohen-Macaulay.
A local ring R,m is F -rational if and only if it is equidimensional and the
ideal generated by one system of parameters is tightly closed.

9F -rational type means that after expressing relevant data over a finitely generated Z-algebra
(instead of a field) and reducing modulo the maximal ideals in a dense open set, the corresponding
algebra (now in positive characteristic) is F -rational.



R is F -rational if and only if its localization at every maximal ideal is F -
rational.
A localization of an F -rational ring R is F -rational. In particular, a local-
ization of a weakly F -regular ring which is locally excellent is F -rational.

Proof of Theorem 8.2.
R

R N R N
N

P x ∈ Ro x P
R
y Ro

∩n yn ∩n yn ∗ N
z − ry z ∈ Ro

N − sz s ∈ R N R r/s

R r/s R r ∈ s

r ∈ s r/s ∈ R

R F R
R I

I∗R IR ∗ R R F

R R R F
R

R
x1, . . . , xd

i x1, . . . , xi xi+1 � x1, . . . , xi
x1, . . . , xi xi+1 ⊆ x1, . . . , xi

∗ x1, . . . , xi
R

R
R R

R
x1, . . . , xd y1, . . . , yn ∈ R R

y1, . . . , yi R y1, . . . , yn R
Hn

m R ∼
−→ R/ xt1, . . . , x

t
n
∼

−→ R/ yt1, . . . , y
t
n

t t
x1 · · ·xn y1 · · · yn R/ y1, . . . , yn

R/ xt1, . . . , x
t
n t y1, . . . , yn R

R R/ y1, . . . , yn R
R/ xt1, . . . , x

t
n R

yi xti
x1, . . . , xn R xt1, . . . , x

t
n R t



z ∈ xn1 , . . . , x
n
t

∗ i zxi /∈ xn1 , . . . , x
n
t

z z x1, . . . , xt ⊆
xn1 , . . . , x

n
t xi xn1 , . . . , x

n
t x1, . . . , xt

xn1 , . . . , x
n
t , y

n−1 y x1 · · ·xt
z uyn−1 c ∈ Ro czq ∈ xnq1 , . . . , xnqt q
cuq ∈ xnq1 , . . . , xnqt y(n−1)q xq1, . . . , x

q
t

xi u ∈ x1, . . . , xt
∗ x1, . . . , xt

z ∈ xn1 , . . . , x
n
t

Rm F m
x1, . . . , xn R n R y

R F

R F P
R x1, . . . , xn ∈ P R n P

R P x1/ , . . . , xn/ RP

x1/ , . . . , xn/ RP

RP RP F

R F
R F

Theorem 8.3. (F-rationality and Local Cohomology). Let R,m be a d-dimen-
sional excellent local Cohen-Macaulay ring of characteristic p. R is F -rational iff
Hd

m R has no proper nontrivial submodules stable under the action of Frobenius.

Proof. R
x1, . . . , xd R z ∈ x1, . . . , xd

∗ I
η z

x ∈ Hd
m R R

Hd
m R η

zq

xq N Hd
m R

N z ∈ x1, . . . , xd
∗

c ∈ Ro czq ∈ I [q] cN
R N

Hd
m R

R F R
R R
R N ⊆

Hd
m R Hd

m R
R R

N
R



N
R c ∈ Ro

N cN
η z

x ∈ N x1, . . . , xd R x

η c czq

xq Hd
m R

t czqxt ∈ xt+q
1 , xt+q

2 , . . . , xt+q
d R

czq ∈ xq1, . . . , x
q
d z ∈ x1, . . . , xd

∗ R
F z ∈ x1, . . . , xd η

9. Rational Singularities

Definition 9.1. R
k f Z → X R

X
R rational singularity Rjf∗ OZ j >

Z
Z

R RP P
Rjf∗ OZ

∼ Hj+1
m R ≤ j ≤ R − R

Rjf∗ OZ Hj Z,OZ Z R
R

a

Theorem 9.2. Let R be a nonnegatively graded ring over a field k R0 of
characteristic . Then R has rational singularities (i.e., RP is a rational singularity
for every prime P of R) iff the following conditions hold:

R is Cohen-Macaulay and normal.
RP has a rational singularity for all primes P � M , where M is the unique
homogeneous maximal ideal.
The a-invariant, a R , is negative.

Example 9.3.

R k X, Y, Z / X2 Y 3 Z5 k
, , R

X Y Z
X2 Y 3 Z5

a − − R



R k X, Y, Z / X3 Y 3 Z3 k
� X3 Y 3 Z3

a − R
R k X, Y, Z / X2 Y 3 Z7 k �

, , R X Y Z

X2 Y 3 Z7 a − R

R I
I

R
S R S

R,m

I I
X R It R R

N R IN t
R

R I1t1, . . . , Intn
R I1t1, . . . , Intn n

I
R I1 · · · In t

R I1t1, . . . , Intn

p

Theorem 9.4. Let R,m be a nonnegatively graded ring over a field R0 of char-
acteristic with an isolated singularity at m. R is F-rational iff R has rational
singularities.

Proof. R R
R

a a R x1, . . . , xd
D

∑
i xi R≥D ⊆ x1, . . . , xd

∗



x1, . . . , xd
a < R

R R
a < a a R x1, . . . , xd

x1, . . . , xd
∗ x1, . . . , xd R≥D,

D
∑

i xi a <
R≥D ⊆ x1, . . . , xd R

Theorem 9.5. Let X be a scheme of finite type over a field of characteristic . X
has F -rational type iff X has rational singularities.

Example 9.6. R x2 y3 z5

K R
R y, z

y, z
y z y z

y, z ∗ y, z R≥16 y, z x R

x2 ∈ y2, z2 x
yz ∈ H2

m R

− x2

y2z2 ∈ H2
m R

x2 ∈ y2, z2

R k X0, . . . ,Xd / XN
0 · · ·

XN
d R p k

N R
p > d − N − d a a N − d −
p mN−d+2 m

p�



Example 9.7. A
x2 y3 z5 B k s, t C

A B A s, t af
a ∈ A f ∈ k s, t a f A C

A C C
D A s, t C

Hi
M C M

Hi
N D N

D C
a −

C C

10. The Kodaira Vanishing Theorem

X
k L

X Hi X,L−1 i X

Definition 10.1. L
X section ring for X with respect to L

SL
⊕
n∈N

H0 X,Ln .

Theorem 10.2. Let SL be a section ring for a pair X,L , where L is an ample
invertible sheaf on a projective variety X over a field k. If X is smooth and k has
characteristic zero, then for all i < dim SL, the graded local cohomology modules

Hi
m SL

have no non-zero graded components of negative degree.



Proposition 10.3. Let S,m be an equidimensional graded ring. Assume that for
every P ∈ SpecS − {m}, the local ring SP is Cohen-Macaulay. The following are
equivalent:

Hi
m S n for all n < and all i less than the dimension of S.

For every (homogeneous) parameter ideal I of height i and for all n < and
j < i, Hj

I S n . Further if η ∈ Hi
I S n with n < and η � , then

Ann η has the same height as I.
For every parameter ideal I of height i, the following holds: If η ∈ Hi

I S n

with n < and η � , then Ann η has the same height as I.
For every parameter ideal I, the following holds: Iunm ⊆ Ilim S≥δ, where
δ is the sum of the degrees of a set of parameters generating I.

Proof. x1, . . . , xi
i I δ
d S ⇒ ⇒ ⇒

⇒ ⇒ ⇒
i I

i d η
I η d

η � d
I m

i
η ∈ Hi

I S n n < η i
I xi+1 η

x1, . . . , xi+1 η i
xi+1 x1, . . . , xi+1 J

x1, . . . , xi+1

· · · → Hj
J S → Hj

I S → Hj
I S xi+1 → . . .

j ≤ i − Hj
I S xi+1 Sxi+1 I

i J Hj
J S

Hj
I S j i

η i
η

xi+1 η Hi
J S η

i ≤ i − η
I Iunm ∩K

K i xi+1 ∈ K x1, . . . , xi+1

Iunm I R xi+1 z ∈ Iunm

z < δ zxi+1

∑
1≤j≤i zjxj η z

(x1···xi) ∈
Hi

I S η xi+1

i η z − δ <



η t ≥ z x1 · · ·xi t ∈
xt+1

1 , . . . , xt+1
i z ∈ I lim

η z
(x1···xi) ∈ Hi

I S

i η < z zxt
1 · · ·xti

xj xt+1
j J

i Jz ⊆ I z ∈ Iunm

η z
δ xj z ∈ Ilim

η
i Hj

I S
j < i i H0

(x1)
S

S
x1, . . . , xi−1 J

j < i− Hj
I S Hj

J S I x1, . . . , xi
Hk

J S xi k j, j− Sxi

j i− Hi−1
I S

Hi−1
J S → Hi−1

J S xi η
η J xi

i > J η
η

Hi−1
I S i −

Hi−1
J S

i d

Theorem 10.4. (Kodaira Vanishing and Tight Closure). Let SL be the section ring
for an irreducible projective variety X over a field k with respect to an ample
invertible sheaf L. Let x1, x2, . . . , xi be parameters in SL with i < d dim SL . If
X is non-singular and k has characteristic zero, then

x1, x2, . . . , xi
∗ ⊆ x1, x2, . . . , xi

lim SL ≥δ,

where δ is the sum of the degrees of the xj , ≤ j ≤ i.

Proof. I x1, . . . , xi

x1, x2, . . . , xi
∗ x1, x2, . . . , xi

unm

X SL
m

full



Hi
m S i < S

S

Hi
m S

N Hi
m S n n < −N

η ∈ Hi
m S j

e jpe e
jpe < −N η
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homologiegruppen auf komplexen Räuman, Invent. Math. 11 (1970), 263–290.



[Ha] Han, C., The Hilbert-Kunz function of a diagonal hypersurface, Thesis, Bran-
deis University, 1992.

[HaMo] Han, C. and Monsky, P., Some surprising Hilbert-Kunz functions, Math. Z. 214
(1993), 119–135.

[Ha1] Hara, N., Classification of two dimensional F-regular and F-pure singularities,
preprint.

[Ha2] Hara, N., F-regularity and F-purity of graded rings, J. Algebra 172 (1995),
804–818.

[Ha3] Hara, N., A characterization of graded rational singularities in terms of injec-
tivety of Frobenius maps, preprint, 1996.

[Ha4] Hara, N., F-injectivity in negative degree and tight closure in graded complete
intersection rings, C.R. Math. Acad. Sci. Canada 17(6) (1995), 247–252.

[Ha5] Hara, N., A characterization of rational singularities in terms of the injectivity
of Frobenius maps, preprint, 1996.

[HW] Hara, N. and Watanabe, K-i., The injectivity of Frobenius acting on cohomology
and local cohomology modules, Manu. Math. 90 (1996), 301–316.

[He1] Herzog, J., Ringe der Characteristik p und Frobeniusfunktoren, Math. Z. 140
(1974), 67–78.

[HeK] Herzog, J. and Kunz, E., Der kanonische Modul eines Cohen-Macaulay Rings,
Lecture Notes in Math., Springer-Verlag 238 (1971).

[Ho1] Hochster, M., Contracted ideals from integral extensions of regular rings,
Nagoya Math. J. 51 (1973), 25–43.

[Ho2] Hochster, M., Topics in the homological theory of modules over commutative
rings, C.B.M.S. Regional Conf. Ser. in Math. No. 24, A.M.S., Providence, R.I.,
1975.

[Ho3] Hochster, M., Big Cohen-Macaulay modules and algebras and embeddability in
rings of Witt vectors, in Proceedings of the Queen’s University Commutative
Algebra Conference Queen’s Papers in Pure and Applied Math. 42, 1975, pp.
106–195.

[Ho4] Hochster, M., Cyclic purity versus purity in excellent Noetherian rings, Trans.
Amer. Math. Soc. 231 (1977), 463–488.

[Ho5] Hochster, M., Some applications of the Frobenius in characteristic 0, Bull.
Amer. Math. Soc. 84 (1978), 886–912.

[Ho6] Hochster, M., Cohen-Macaulay rings and modules, Proc. of the International
Congress of Mathematicians, Helsinki, Finland, Vol. I, Academia Scientarium
Fennica, 1980, pp. 291–298.

[Ho7] Hochster, M., Canonical elements in local cohomology modules and the direct
summand conjecture, J. Algebra 84 (1983), 503–553.

[Ho8] Hochster, M., Solid closure, Contemp. Math. 159 (1994), 103–172.

[Ho9] Hochster, M., Tight closure in equicharacteristic, big Cohen-Macaulay algebras
and solid closure, Contemp. Math. 159 (1994), 173–196.

[Ho10] Hochster, M., The notion of tight closure in equal characteristic zero, an Ap-
pendix to Tight Closure and Its Applications, by C. Huneke, CBMS Regional
Conference Series, AMS 88 (1996), 94–106.



[HoE] Hochster, M., and Eagon, J.A., Cohen-Macaulay rings, invariant theory, and
the generic perfection of determinantal loci, Am. J. Math. 93 (1971), 1020–
1058.

[HH1] Hochster, M. and Huneke, C., Tightly closed ideals, Bull. Amer. Math. Soc. 18
(1988), 45–48.

[HH2] Hochster, M. and Huneke, C., Tight closure, in Commutative Algebra, Math.
Sci. Research Inst. Publ. 15, Springer-Verlag, New York · Berlin · Heidelberg,
1989, pp. 305–324.

[HH3] Hochster, M. and Huneke, C., Tight closure and strong F -regularity, Mémoires
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loclaement de dimension projective finie, C. R. Acad. Sci. Paris Sér. A 269
(1969), 49–51.
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1. A Guide to Duality

1.1. Local Duality. A C
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Lemma 1.1. Let f C → D be a homomorphism of complexes. Then there is a
short exact sequence

→ H1 M Hn−1 f → Hn M f → H0 M Hn f →

for all n ∈ Z.
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Lemma 1.2. Let a resp. S be an ideal resp. a multiplicatively closed set of A. Let
E denote an injective A-module. Then

a E is an injective A-module,
the natural map E → ES, e �→ e

1 , is surjective, and
the localization ES is an injective A-module.
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Theorem 1.3. Let x x1, . . . , xr denote a system of elements of A with a xA.
Then there are functorial isomorphisms Hn

x M � Hn
a M for any A-module M

and any n ∈ Z.
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Corollary 1.4. Let a resp. x denote an ideal resp. an element of A. Then for n ∈ N
there is a functorial short exact sequence

→ H1
xA Hn−1

a M → Hn
(a,xA) M → H0

xA Hn
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for any A-module M.
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Corollary 1.5. Let A,m denote a local ring. Then Hn
m M , n ∈ N, is an

Artinian A-module for any finitely generated A-module M.
Let A→ B denote a homomorphism of Noetherian rings. Let a be an ideal of A.

For a B-module M there are A-isomorphisms Hn
a M � Hn

aB M for all n ∈ N.
Here in the first local cohomology module M is considered as an A-module.
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Theorem 1.6. There is a functorial map
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which induces an isomorphism in cohomology for any finitely generated A-module
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Y

M ⊗A A X,Y → A A M,X , Y ,
m⊗ f �→ m⊗ f g f g m

m ∈M,f ∈ A X,Y g ∈ A M,X .
A M Y A D·

x

A

M ⊗A A D·
x,D

·
x

∼−→ A A M,D·
x ,D·

x

A M.

A D·
x,D

·
x . T K·

x ⊗A

T K·
x .

f K·
x ⊗A T K·

x → E

C K·
x ⊗A T K·

x .

f

Eij
1 Hi K·

x ⊗A T K−j
x ⇒ Ei+j Hi+j C .

T K−j
x A

Eij
1 Hi

a T K−j
x

i � a x. i .
E0j

1 a T K−j
x .

E0j
1 −→ A A/an ⊗K−j

x , E .

E0j
1 j � A/an ⊗A Ax x ∈ a.

E00
1 −→ A A/an, E E,

E A
C A

M f A
g T f

g A→ A D·
x,D

·
x .

M g
T M f A D·

x,D
·
x A

M ⊗A A→M ⊗A A D·
x,D

·
x

∼−→ A A M,D·
x ,D·

x .



M g
A M ⊗A M g � M M ⊗ g

M ⊗ g M ⊗A A→M ⊗A A D·
x,D

·
x

A,m x x1, . . . , xr
m xA D·

x

A

M → A A M,D·
x ,D·

x

D·
x V a ,

a xA.
V a .

r

Theorem 1.7. Let A,m denote a local ring. Let x x1, . . . , xr
be a system of elements such that m xA. Then there are functorial isomor-
phisms

Hn
m M � A H−n

A M,D·
x , E , n ∈ Z,

for a finitely generated A-module M.

Proof. Hn
m M � Hn K·

x ⊗A M D·
x

A

M ⊗A A D·
x, E → A A M,D·

x , E ,

A M.

K·
x → A D·

x, E T 2 K·
x .

K·
x A D·

x, E A

M ⊗A K·
x →M ⊗A A D·

x, E

D·
x



1.2. Dualizing Complexes and Some Vanishing Theorems. A,m
A M

M {n ∈ Z | Hn
m M � } M {n ∈

Z | Hn
m M � }

Hn
m M .

Theorem 1.8. Suppose that the local ring A,m is the factor ring of a Gorenstein
ring B, n with r B. Then there are functorial isomorphisms

Hn
m M � A

r−n
B M,B ,E , n ∈ Z,

for any finitely generated A-module M, where E denotes the injective hull of the
residue field.

Proof. A
x x1, . . . , xr A.

K·
x Hr

m A −r �
E −r , E D·

x

A r .

H−n M,D·
x � r−n

A M,A

n ∈ Z. T r−n
A M,A � T r−n

A M,A

n ∈ Z
Kn

M
r−n
B M,B .

n M KM KdimM
M . KM

M. M A
A.

Kn
M

B. Kn
M n > M n < .

Kn
M ⊗A A � H−n

A M,D·
x , n ∈ Z,

Kn
M

H−n
A M,D·

x A
A M Serre’s condition Sk, k ∈

N,

Mp ≥ {k, Mp} p ∈ M.

M S1 M
Sk k ∈ N.

Lemma 1.9. Let M denote a finitely generated A-module. The finitely generated
A-modules Kn

M satisfy the following properties:



Kn
M p � K

n−dimA/p
Mp

for any p ∈ M, i.e. Kn
M ≤ n for all n ∈ Z.

If Mp A/p M for some p ∈ M, then KM p � KMp .
KM {p ∈ M | A/p M}, i.e. M KM .

Suppose that M is equidimensional. Then M satisfies condition Sk if and
only if Kn

M ≤ n− k for all ≤ n < M.
KM satisfies S2.

Proof. p ∈ M Kn
M p � K

n−dimA/p
Mp

,

Kn
M ≤ n.

E· B B B

B M,E· B n n < r − M

A Hr−dimM
B M,E· B {p ∈ M | A/p M}.

Mp A/p M
p ∈ M M n
≤ n < M p ∈ Kn

M A/p > n − k ≥ .

H
n−dimA/p
pAp

Mp � ,

Mp ≤ n− A/p < M − A/p Mp

Mp ≤ n− A/p < k,

Sk. p ∈ M
Mp < {k, Mp}. Kn

M p � n A/p Mp

A/p n− Mp > n− k,

KM ≥ { , KM}.
KM p � KMp p ∈ KM . KM

KM Mp A/p M
p ∈ KM .

M

x ∈ m. → M
x→ M → M/xM →

→ KM/xKM → KM/xM ,

H
i+dimA/p
m M � Hi

pAp
Mp �

.

Proposition 1.10. Let p be a t-dimensional prime ideal in a local ring A,m . Let
M denote a finitely generated A-module such that Hi

pAp
Mp � for a certain

i ∈ N. Then Hi+t
m M � .

Proof. P ∈ V pÂ Â/P Â/pÂ t.

P ∩ A p pÂP PÂP

Ap → ÂP .

� Hi
pAp

Mp ⊗Ap ÂP � Hi
pÂP

Mp ⊗Ap ÂP .



Mp ⊗Ap ÂP � M ⊗A Â P .

pÂP PÂP � Hi
PÂP

M ⊗A Â P .

Â

A→ Â

Hi+t
m M ⊗ Â � Hi+t

mÂ
M ⊗A Â � ,

p ∈ M

M ≤ A/p Mp

A M.

A,m
B, n . E· B

B B DA B A,E· B
A Hn DA �

n
B A,B .

Theorem 1.11. The complex DA is a dualizing complex of A. That is, there is a
functorial map

M → A A M,DA ,DA

that induces an isomorphism in cohomology for any finitely generated A-module
M.

Proof. DA A

M ⊗A A DA,DA
∼−→ A A M,DA ,DA

A M
A→ A DA,DA .

A A DA,DA A

A DA,DA
∼−→ B B A,E· B ,E· B .

B.

jB B → B E· B ,E· B



iB B → E· B .
M iB

B M iB , E· B M B iB, E· B

B iB, E· B B E· B ,E· B → E· B

B → B E· B ,E· B → E· B

iB. jB

B E· B ,E· B

B jB
M ⊗B B → M ⊗ B E· B ,E· B

A A

Proposition 1.12. Let P denote a property of finitely generated A-modules, where
A,m, k denotes a local ring with residue field k. Suppose that P satisfies the
following properties:

The residue field k has P.
If → M ′ → M → M ′′ → denotes a short exact sequence of finitely
generated A-modules such that M ′ and M ′′ have P, then so does M.
If x is an M-regular element such that M/xM has P, then so does M.

Then any finitely generated A-module M has P.

Theorem 1.13. Let D denote a bounded complex of injective A-modules. Assume
that D has finitely generated cohomology modules. Then D is a dualizing complex
if and only if

Hn
A k,D �

{
for n � t

k for n t

for a certain integer t ∈ Z.



Proof. D

k → A A k,D ,D

A k,D
k

k i ∈ Z Hi Hi
A k,D hi k Hi.

H · ∼→ A k,D ,
H · Hi

n ∈ Z

k Hn
A A k,D ,D

∑
i∈Z

hihi+n.

t ∈ Z ht

hi i � t.

M → A A M,D ,D

A M.

A A ·,D ,D
D

A

A A M,D ,D A

t D

M,D·
x

A B r B D M

A M,DA , M A M.

D M
∼−→ B M,E· M .

Hn D M � n
B M,B n ∈ Z.

Hr−d D M � KM Hr−n D M � Kn
M n � d M.

D M n n < r − d

iM KM d− r → D M ,

KM

M iM

→ D M − →M iM → KM d− r → .



Hr−n+1 M iM � Kn
M ≤ n < M

Hr−n+1 M iM n < n ≥ M.
D · A ·,DA

→ D KM r − d → D M iM → D2 M → .

DA A
KKM

→ H−1 D M iM →M
τM→ KKM → H0 D M iM →

Hn D M iM � Kd−n
KM

n ≥ .
M A τA

A→ A KA,KA , a �→ fa,

fa
a.

Theorem 1.14. Let M denote a finitely generated, equidimensional A-module with
d M, where A is a factor ring of a Gorenstein ring. Then for an integer
k ≥ the following statements are equivalent:

M satisfies condition Sk.
The natural map τM M → KKM is bijective (resp. injective for k ) and
Hn

m KM for all d− k ≤ n < d.

Proof. Hn D M iM � Kd−n
KM

n ≥ .
T Kn

KM
� Hn

m KM n ∈ Z.

Hn D M iM for all − ≤ n < k − .

⇒ D M iM
∼→ B M iM , E· B .

Ei,j
2

i
B H−j M iM , B ⇒ En Hn D M iM

Hn D M iM .

H−j M iM �
{

Kr+j+1
M ≤ r j < M

Kr+j+1
M ≤ r j −k j ∈ Z.

Ei,j
2 i, j ∈ Z i j < k− .

Mp A/p
M p ∈ M M

D M iM ⊗A Ap
∼−→ D M iMp .



M ≥ k. Kj
M ≤ j−k j > k

Kj
M ≤ ≤ j ≤ k.

r
B Kj+1

M , B � Hj D M iM j < k− .
r
B N,B N

B Hj+1
m M

j < k − A M ≥ k,

M S2 τM M →
KKM KA

KA A A S2.

Corollary 1.15. With the notation of 1.14 suppose that the A-module M satisfies
the condition S2. For an integer k ≥ the following conditions are equivalent:

KM satisfies condition Sk.
Hn

m M for all d− k ≤ n < d.

Proof. τM M → KKM

A

A,m
B KA � A.

Theorem 1.16. Let A,m denote a quasi-Gorenstein ring such that

Ap ≥ { A, Ap } for all p ∈ A.

Then A is a Gorenstein ring.

Proof. d A. A
d ≤ Ap

p � m. A,m
Sk k ≥ 1

2 A . KA � A
Hn

m A n < A,
A.



1.3. Cohomological Annihilators.

M
A A,m ,
x x1, . . . , xr ⊆ m

M M

xi /∈ p p ∈ M/ x1, . . . , xi−1 M \ {m}
i , . . . , r A

x1, . . . , xi−1 M xi/ x1, . . . , xi−1 M, i , . . . , r,

x M
{x1

1 , . . . , xi1 } ∈ Ap Mp p ∈ V x1, . . . , xi ∩ M \
{m} i , . . . , r.

Lemma 1.17. Let M denote a finitely generated A-module. Suppose that x x1,
. . . , xr denotes an M-filter regular sequence.

Hi x M is an A-module of finite length for all i < r.
Hi x M is an A-module of finite length for all i > .

Hi
c M ⊆ V m for all ≤ i < r, where c x1, . . . , xr A.

Proof.

Hi x M ⊆ V x ∩ M, i ∈ Z.
x M Hi x M

i < r.
Hi

c M ⊆ V x ∩ M. p
V x ∩ M.

Hi
c M ⊗A Ap � Hi

cAp
Mp i < r,

{x1
1 , . . . , xr1 } Mp

M A a A,m .
Hn

a M
M.

Hn
a M A M

an M A Hn
a M , n ∈ Z,

n M a.
M M



Theorem 1.18. Let x x1, . . . , xr denote an M-filter regular sequence. Then

an M · . . . · an+r M ⊆ an M/xM for all integers n.

Proof. K· K·
y A

y y1, . . . , ys a. K· x A ⊗A M
M x

C · K· ⊗A M ⊗A K· x A � K· ⊗A K· x M .

C ·

Eij
2 Hi K· ⊗A Hj x M ⇒ Ei+j Hi+j C · .

Hi K·⊗A N � Hi
a N , i ∈ Z, A N,

Eij
2 � Hi

a Hj x M i, j ∈ Z.
A Hi x M i < r

Eij
2 �

⎧⎨⎩ i � j � r,
Hj x M i j � r,

Hi
a M/xM j r.

Hr x M �M/xM

Eij
∞ i � , j � r.

Ei−k,r+k−1
k → Eir

k → Ei+k,r−k+1
k

Ei−k,r+k−1
k Ei+k,r−k+1

k k ≥ Eir
∞ � Hi

a M/xM
E0j

∞ � Hj x M j � r

Hi C · �

⎧⎨⎩ Hi x M ≤ i < r,
Hi−r

a M/xM r ≤ i ≤ d,
,

d M.
′Eij

2 Hj K· x A ⊗A Hi
a M ⇒ ′Ei+j Hi+j C · .

′Eij
2 Hj x Hi

a M ′Eij
2 j < j > r

′Eij
2

Hi
a M ai M ′Eij

2 i, j ∈ Z.
ai M ′Eij

∞ i, j ∈ Z. Hi+j C ·
′Eij

∞
a0 M · . . . · ai M Hi C · ≤ i < r

ai−r M · . . . · ai M Hi C · r ≤ i ≤ d.

Hi C ·



x x1, . . . , xr
a0 M · . . . · ai M Hi x1, . . . , xr M i < r.

Hi x M i < r
M

M.

Lemma 1.19. Let x x1, . . . , xr be an M-filter regular sequence contained in a.
Put c x1, . . . , xr A. Then there are the following isomorphisms

Hi
a M �

{
Hi

c M for ≤ i < r,
Hi−r

a Hr
c M for r ≤ i ≤ d,

where d A M .

Proof.

Eij
2 Hi

a Hj
c M ⇒ Ei+j Hi+j

a M .

Hj
c M ⊆ V m j < r Eij

2

i � j � r E0j
2 Hj

c M j � r Eir
2 Hi

a Hr
c M .

E0j
∞ � Hj

c M Eir
∞ � Hi

a Hr
c M .

E0j
∞ j > r

x x1, . . . , xr A
x(k) xk1 , . . . , xkr k ∈ N.

Corollary 1.20. Let x x1, . . . , xr be an M-filter regular sequence contained in a.
The multiplication by x1 · · ·xr induces a direct system {Hi

a M/x(k)M }k∈N, such
that

Hi+r
a M � −→ Hi

a M/x(k)M

for all i ≥ .

Proof. {M/x(k)M}k∈N

x1 · · ·xr
Hr

c M � −→ M/x(k)M.

ai M/xM , x x1, . . . , xr,
M i

j , , . . . , r

aij x M
⋂

k1,... ,kj≥1

ai M/ xk1
1 , . . . , x

kj
j M .

ai x M
⋂r

j=0 aij x M .

M M/xM.



Corollary 1.21. Let x x1, . . . , xr be an M-filter regular sequence contained in a.
Then

ai M · . . . · ai+r M ⊆ ai x M ⊆ ai M ∩ . . . ∩ ai+r M

for all ≤ i ≤ d− r. In particular, ai x M and ai M ∩ . . . ∩ ai+r M have the
same radical.

Proof. ai M · . . . · ai+j M ⊆ aij x M j , , . . . , r

xk1
1 , . . . , x

kj
j M x

x1, . . . , xr M

ai x M ⊆ aij x M ⊆ ai+j M

j , , . . . , r

mn M Hn
m M , n ∈ Z,

2. A Few Applications of Local Cohomology

2.1. On Ideal Topologies. S
A. a A aS aAS ∩ A. n ∈ N

a
(n)
S anAS ∩A n a S.

n p(n) pnAp ∩A
p A. aS S a,

aS {r ∈ A | rs ∈ a s ∈ S}.
aS

a S.

A A/aS {p ∈ A A/a | p ∩ S ∅}.

A aS/a {p ∈ A A/a | p ∩ S � ∅}.

A aS/a ⊆ V b , b
∏

p∈Ass(aS/a) p.

aS a A 〈b〉,

a ⊆ a A b ⊆ a A b2 ⊆ . . . .

a A 〈b〉 a A 〈b′〉 b, b′

a, b

a A 〈b〉 aS , S ∩p∈AssA/a\V (b)A \ p.

{a(n)
S }n∈N

a



Theorem 2.1. Let a denote an ideal of a local ring A,m . Let {bn}n∈N denote a
descending sequence of ideals. Suppose that the following conditions are satisfied:

A is a-adically complete,
∩n∈Nbn , i.e. the filtration is separated, and
for all m ∈ N the family of ideals {bn A/am}n∈N satisfies the descending
chain condition.

Then for any m ∈ N there exists an integer n n m such bn ⊂ am.

Proof. m ∈ N
n n m

bn am bn+k am k ≥ .

cm.
bn �⊆ am n ∈ N m ∈ N. cm � am.

cm+1 am cm. xm m∈N

xm ∈ cm \ am xm+1 ≡ xm am.

xm m∈N � x ∈ A.
A a m ∈ N

l ∈ N x − xn ∈ am n ≥ l l m . xn ∈ cn
x ∈ ∩m∈N ∩n∈N cn am .

x ,

a
m a.

Corollary 2.2. For an ideal a of a local ring A,m the following conditions are
equivalent:

{an A 〈m〉}n∈N is equivalent to the a-adic topology.
∩n∈N anÂ 〈mÂ〉 , where Â denotes the m-adic completion of A.

aÂ p/p < Â/p for all p ∈ Â.

Proof. A
⇒

⇒ p ∈ A a p m

� 〈p〉 ⊆ ∩n∈N an 〈p〉 ∩n∈N an 〈p a〉 ∩n∈N an 〈m〉 ,

⇒
A a

m ∈ N { an 〈m〉 A/am}n∈N

an 〈m〉 am /am

n ∈ N.
� ∩n∈N an 〈m〉 ,



p ∈ A ∩n∈N an 〈m〉
p A x � x ∈ ∩n∈N an 〈m〉 .

p ∈ A.
k ∈ N ak ∩ xA ⊆ xa.

x l ∈ N mlx ⊆ ak.

mlx ⊆ ak ∩ xA ⊆ xa,

ml ⊆ a p,

k ∈ N
ank A 〈m〉 ⊆ an n ∈ N.

u a
q A p

A/ a p > .

Proposition 2.3. Let a denote an ideal of a local ring A,m . Then it follows that
u a ∩n∈N an 〈m〉 .

Proof. x ∈ ∩n∈N an 〈m〉
x
1 ∈ ∩n∈NanAp p ∈ V a \ {m}. x ∈ p

p ∈ V a \ {m}.
x ∈ u a . ∩n∈N an 〈m〉 ⊆ u a .

c
∏

p,
p ∈ A A/ a p .

u a A 〈c〉
A 〈c〉 ⊆ ∩n∈N an 〈c〉 ∩n∈N an 〈c a〉 ∩n∈N an 〈m〉

c a m,

Corollary 2.4. Let a denote an ideal of a commutative Noetherian ring A. For a
regular element x ∈ a the following conditions are equivalent:

{xnA A 〈a〉}n∈N is equivalent to the xA-adic topology.
ÂP /p > for all P ∈ A/xA ∩ V a and all p ∈ ÂP .

Proof. ⇒
P ∈ A/xA ∩ V a p ∈ ÂP ÂP /p . x

ÂP ÂP / xÂP p . x
1

ÂP . ÂP A. n ∈ N
xmA A 〈m〉 �⊆ xnA m ≥ n. xmA A 〈a〉 �⊆ xnA m ≥ n

xmA A 〈m〉 ⊆ xmA A 〈a〉.



⇒
Em,n xmA A 〈a〉 xnA /xnA ⊆ A/xnA

n m ≥ n. A Em,n ⊆ A A/xA∩V a .
Em+1,n ⊆ Em,n. n ∈ N A Em,n

Xn. Xn

∅. Xn � ∅.
Xn {m}, A,m .

Em,n V m n ∈ N m.

xmA A 〈a〉 ⊆ xnA A 〈m〉
n m.

k n xnA A 〈m〉 ⊆ xkA. Xn ∅,
Xn.

A. A,m

A/P A/p P ∈ A p ∈ Â/PÂ.

A/P
P ∈ A.

A
Ap, p ∈ A, A

A

Proposition 2.5. Let A,m denote a local ring satisfying condition . Then it
satisfies also locally .

Proof. P ∈ A,A/P

Â/P Â/pÂ p ∈ Â/PÂ.
Q ∈ V P AQ/PAQ AQ

Q ∈ A. Q ∈ V P
p ∈ A p ⊆ Q pAQ ∈ AQ.

Corollary 2.6. Let A denote a commutative Noetherian ring satisfying locally the
condition . Let x ∈ a be a regular element. Then {xnA A 〈a〉}n∈N is equivalent
to the xA-adic topology if and only if a p/p > for all p ∈ A. In
particular, in the case of a local ring A,m this holds if and only if aÂ

p/p > for all p ∈ Â.

Proof. a p/p > p ∈ A. AP /p >
P ∈ A/xA ∩ V a p ∈ AP .



AP ÂP /q > q ∈ ÂP /pÂP .

ÂP ∪p∈AssAP ÂP /pÂP ,

a
p/p p ∈ A. P ∈ V a

AP /pAP . x
1 AP P ∈

A/xA ∩ V a .

2.2. On Ideal Transforms.

x ∈ A A ⊆ B ⊆ Ax

Lemma 2.7. For an intermediate ring A ⊆ B ⊆ Ax the following conditions are
equivalent:

B is a finitely generated A-module.
There is a k ∈ N such that xkB ⊆ A.
There is a k ∈ N such that xk+1B ∩A ⊆ xA.
{xnB ∩A}n∈N is equivalent to the xA-adic topology.
There is a k ∈ N such that xn+kB ∩A xn xkB ∩A for all n ≥ .

Proof. ⇒
⇒ ⇒ ⇒ ⇒

B A A 1
xk

A

a
A.

Ta A {q ∈ Q A | Aq A/A ⊆ V a },
Q A A.

Ta A {q ∈ Q A | anq ⊆ A n ∈ N},
A ⊆ Ta A ⊆ Ax, x ∈ a
a a1, . . . , as A, ai

Ta A ∩si=1Aai Ta B
A ⊆ B ⊆ Q A

Ta A A

A

Lemma 2.8. Let a denote a regular ideal of a commutative ring A. Let x ∈ a be a
non-zero divisor. Then the following conditions are satisfied:



Ta Ta A Ta A ,

A Ta A /A A/xA ∩ V a , and
rTa A ∩A rA 〈a〉 for any regular element r ∈ A.

Proof. p A q
q s

xn ∈ Ta A \A. p xnA A s s �∈ xnA. p ∈ A/xA.

a ⊆ p akq ⊆ A ak ⊆ A q p, k ∈ N.

rTa A ∩A ⊆ rA A 〈a〉
rTa A 〈a〉 rTa A .

A Ta A /A 1
A A/a, A .

Ta A A a > .

A a, A � A Q(A) a
a A. −→ A an, A � ∪n∈N A Q(A) an Ta A .

→ A→ Ta A → H1
a A → ,

Ta A /A � H1
a A .

H1
a A .

Ta A H1
a A

A

Theorem 2.9. Let a denote a regular ideal of a
commutative Noetherian ring A. Then the following conditions are equivalent:

Ta A is a finitely generated A-module.
ÂP /p > for all P ∈ A

1
A A/a, A and all p ∈ ÂP .

Proof.
{xnA A 〈a〉}n∈N xA x ∈ a.

Ta A ⊆ Ax.

A/xA ∩ V a 1
A A/a, A

A

Corollary 2.10. Suppose that A is a factor ring of a Cohen-Macaulay ring. Then
Ta A is a finitely generated A-module if and only if a p/p > for all
p ∈ A. In particular Ta A is a finitely generated A-module if and only if
Ta+p/p A/p is a finitely generated A/p-module for all p ∈ A.

Suppose that A,m is a local ring. Then Ta A is a finitely generated A-module
if and only if aÂ p/p > for all p ∈ Â.

Proof.



A,m
H1

m A A/p >
p ∈ A.

Ta A A

2.3. Asymptotic Prime Divisors.

A F {an}n∈Z

an A n ≤ ,
an+1 ⊆ an n ∈ Z,
anam ⊆ an+m n,m ∈ Z.

R F , F, R F ⊕n∈Zant
n ⊆

A t, t−1 , t a a1, . . . , as A
A. F a an ⊆ an n ∈ Z.

a R F R a

R a ⊕n∈Zantn A a1t, . . . , ast, t
−1

A a. R a
a F {an}n∈Z.

a F
a. S

A. a
(n)
S , n ∈ N, n a S.

F {a(n)
S }n∈Z a

RS a R F a S.
S A \ p p A RS p RA\p p .

F a R F
R a k ∈ N an+k

anak n ∈ N. an+k ⊆ an n ∈ N
k ≥ .

F a
k ∈ N Fk {ank}n∈Z. R Fk � R(k) F ,

R(k) F ⊕n∈Zankt
nk k R F .

R F A

Proposition 2.11. Let F {an}n∈Z denote a filtration of ideals. Then the following
conditions are equivalent:

R F is an A-algebra of finite type.
There is a k ∈ N such that R Fk is an A-algebra of finite type.



There is a k ∈ N such that R Fk is a finitely generated R ak -module.
There is a k ∈ N such that ank ak

n for all n ≥ k.
There is a k ∈ N such that an+k anak for all n ≥ k.

Proof. ⇒ r ∈ N R F
A a1t, . . . , art

r . l r k rl. an
∑

an1
1 · · · anrr ,

n1, . . . , nr

∑r
i=1 ini ≥ n. n ≥ k

≤ i ≤ r ni ≥ l
i . an ⊆ an−lal

n ≥ k. an+k anak n ≥ k
⇒ ⇒

⇒
R ak A

⇒ ≤ i < k Ai ⊕n∈Zank+it
nk

R(k) F , R(k) F R Fk . Ai, ≤ i < r,

R(k) F R F ⊕k−1
i=0 Ait

i R F

R(k) F R F A

⇒
⇒

Proposition 2.12. Let a, b, b1, . . . , bt, t ∈ N, denote ideals of a commutative Noe-
therian ring A.

There is a k ∈ N such that

∩ti=1 an+k bi an ∩ti=1 ak bi ∩ti=1bi for all n ≥ .

There is a k ∈ N such that

an+k
A b an ak A b A b for all n ≥ .

Proof.
A

A/ ∩ti=1 bi → ⊕t
i=1A/bi, a ∩ti=1bi �→ a b1, . . . , a bt .

k ∈ N

an+k ⊕t
i=1A/bi ∩ A/ ∩ti=1 bi an ak ⊕t

i=1A/bi ∩ A/ ∩ti=1 bi

n ∈ N.
b b1, . . . , bs A.

c ∈ N

an+c
A bi ⊆ an A bi



n ∈ N i , . . . , s. d ∈ N

∩si=1 an+d
A bi ⊆ an ∩si=1 A bi an A b .

∩si=1 an A bi an A b n ∈ N.
k ∈ N an+k

A b ⊆ an A b n ∈ N.
A/ A b

T(at,t−1) R a .

T(at,t−1) R a ⊆ A t, t−1 .
n

T(at,t−1) R a n

{
A n ≤ ,

an ∗ n > ,

an ∗ ∪m∈N an+m am an.
R∗ a ⊕n∈Z an ∗tn.

Lemma 2.13. Let a be an ideal of a commutative Noetherian ring A.

There is an integer k ∈ N such that an ∗ an A 〈a〉 for all n ≥ k. In
particular an ∗ an for all n ≥ k provided a is a regular ideal.
an+1 ∗

A a an ∗ for all n ∈ N.
T(at,t−1) R a is a finitely generated R a -module if and only if a is a regular
ideal.

Proof. n ∈ N. m

A am A 〈a〉 an ∗ an+m
A 〈a〉 A am.

A/ A 〈a〉 a

⊕n∈Z an+1
A a tn

R a
k ∈ N an+k+1

A a an ak+1
A a n ≥ .

an+k+1
A a an+k n ≥ .

A,m a A
T(m,t−1) R a . n

T(m,t−1) R a n

{
A n ≤ ,

an A 〈m〉 n > .

T(m,t−1) R a

k ∈ N an+k 〈m〉 ⊆ an n ≥



l a a,

l a R a / m, t−1 R a ,

a ≤ l a ≤ A.

l a grA a /mgrA a , grA a ⊕n∈Nan/an+1

a.

Theorem 2.14. Let a denote an ideal of a local ring A,m .

The ideal transform T(m,t−1) R a is a finitely generated R a -module if and
only if

l aÂ p/p < Â/p for all p ∈ Â.

T(m,t−1) R a is an A-algebra of finite type if and only if there is a k ∈ N
such that

l akÂ 〈mÂ〉 p/p < Â/p for all p ∈ Â.

Proof.
T(m,t−1) R a R a

aÂ Â, m̂ .
A

R a

P R a p A

P �→ p P ∩A p �→ ⊕n∈Z an ∩ p tn.

T(m,t−1) R a R a

T(m/p,t−1) R a p/p R a p/p p ∈
A. A,m

T(m,t−1) R a

R a m, t−1 R a > . A

m, t−1 R a R a − R a / m, t−1 R a .

R a A R a / m, t−1 R a l a

a A. a
a A/an an/an+1

n ∈ N,

m ∈ a a A,m .



Theorem 2.15. Suppose that A,m denotes a local Noetherian ring. Then the fol-
lowing results are true:

If m �∈ a , then l a < A.
The converse is true provided A is a universally catenarian domain and
grA a is unmixed.

Proof.

φn an/an+1 → anA/an+1A A A/ A 〈a〉
n ∈ N.

A a m �∈ a
a a a,

R∗ a .

A/ an ∗ ⊆ A/ an+1 ∗ n ∈ N.

an+1 ∗ a an ∗ n ∈ N, a
a1, . . . , as A.

A/ an ∗ → ⊕s
i=1A/ an+1 ∗, r an ∗ �→ rai an+1 ∗

n ∈ N. A/ an ∗ ⊆ A/ an+1 ∗,
an ∗ an n m �∈ A/ an ∗

n ∈ N. T(m,t−1) R∗ a ⊕n∈Z an ∗ 〈m〉 tn

T(m,t−1) R∗ a R∗ a . m, t−1 R∗ a > .

< m, t−1 R∗ a ≤ R∗ a − R∗ a / m, t−1 .

R∗ a R a

R∗ a A R∗ a / m, t−1 R∗ a l a ,

m, t−1 R∗ a R∗− l a
A grA a an+1 ∗

A a an ∗

n ∈ N P R a R∗ a / t−1 R∗ a
at, t−1 R a . an ∗ an A 〈a〉

R a / t−1 R a → R a ∗/ t−1 R a ∗

R a V at, t−1 R a .

R∗ a / t−1 R∗ a {P ∈ R a / t−1 R a | P �⊇ at, t−1 R a }
R∗ a / t−1 R∗ a

m, t−1 R∗ a > T(m,t−1) R∗ a R∗ a ,



an ∗ 〈m〉 an ∗ n ∈ N.
an ∗ an n

an an.
R a R a A t, t−1 .

R a n

{
an n > ,
A n ≤ ,

an an, x ∈ A
xm a1x

m−1 . . . am , ai ∈ an i, i , . . . ,m.
A/an

n, a

Theorem 2.16. Let a denote an ideal of a local ring A,m . Then the following
conditions are true:

If m �∈ a , then l a < A.
The converse is true, provided A is a universally catenarian domain.

Proof. an 〈m〉 an n ∈ N A/an, n ∈ N,
T(m,t−1) R a R a .

m, t−1 R a > .

< m, t−1 R a ≤ R a − l a ,

m, t−1 R a R a −
l a , A

< m, t−1 R a m, t−1 R a .

R a

t−1 R a T(m,t−1) R a R a .
an 〈m〉 an n ∈ N,

a A,m .

A A.

Corollary 2.17. Let a denote an ideal of a local ring A, a . Then m ∈ a if and
only if l aÂ p/p < Â/p for all p ∈ Â.

Proof. m ∈ A/a mÂ ∈ Â/aÂ,
m ∈ A/a p ∈ A

m/p ∈ A/p / aA/p ,

Â/p



a S {a(n)
S }n∈N

S A. RS a

⊕n∈Za
(n)
S tn a S.

Corollary 2.18. Let S denote a multiplicatively closed subset of A. Let a denote a
regular ideal of A. Suppose that the following conditions are satisfied:

A is a universally catenarian domain,
grA a P ≥ { , grA a P} for all P �⊇ grA a +, and

l aAp < Ap for all p ∈ a with p ∩ S � ∅.
Then an a

(n)
S for all sufficiently large n ∈ N.

Proof.
R∗ a / t−1 R∗ a

a
(n)
S /an {p ∈ A/an | p ∩ S � ∅}.

n a
(n)
S /an T a .

T a ∅. T a � ∅.
A,m

T a {m}. a
(n)
S an 〈m〉 n ∈ N.

R∗ a T(m,t−1) R∗ a . A

R∗ a / t−1 R∗ a

< R∗ a − l a m, t−1 R∗ a .

T(m,t−1) R∗ a R∗ a an ∗ 〈m〉 an ∗ n ∈ N.
an ∗ an n.
T a ∅, m.

grA a
n ∈ N.

R∗ a R a .

RS a b n
S n ∈ N.

Theorem 2.19. Let a resp. S denote an ideal resp. a multiplicatively closed subset
of a commutative Noetherian ring A.

RS a is a finitely generated R a -module if and only if l aÂP p/p <

ÂP /p for all prime ideals P ∈ a such that P ∩ S � ∅ and all p ∈
ÂP .

RS a is an A-algebra of finite type if and only if there is a k ∈ N such that
bn b

(n)
S for all large n ∈ N, where b a

(k)
S .



Proof. RS a R a
P ∈ a P ∩ S � ∅. anAP 〈PAP 〉 ⊆

a
(n)
S AP n ∈ Z. T(PAP ,t−1) R aAP

RSAP aAP R aAP

k ∈ N

Ek,n a
(n+k)
S an /an

n ≥ . Ek,n

X ∪n≥1{P ∈ A/an | P ∩ S � ∅}.
Ek,n X.

Ek,n

X. A,m

m a
(n)
S an A 〈m〉

n ∈ N. T(m,t−1) R a R a

{m} �∈ Ek,n k ∈ N n ≥ , Ek,n ,

bn

a
(nk)
S bn b

(n)
S .

2.4. The Lichtenbaum-Hartshorne Vanishing Theorem.

Hd
a A a d A,m .

d A M M d

M A/p d. a A

u u aÂ q Â

Â/ aÂ p > p ∈ Â d, p q d A.

Theorem 2.20. Let a denote an ideal in a d-dimensional local ring A,m . Then
Hd

a A � A u, E , where E denotes the injective hull of the residue field
A/m. In particular Hd

a A is an Artinian A-module and Hd
a A if and only if

Â/ aÂ p > for all p ∈ Â d.

Proof. T A ·, E

T Hd
a A � T Hd

a A ⊗A Â � T Hd
aÂ

Â

A A
B, n A B d,

A B/b. a B T Hd
a B/b .

bd q b
B/p d p bd/b < d



→ bd/b→ B/b→ B/bd →
Hd

a B/b � Hd
a B/bd . bd b B/b

T Hd
a B ⊗B/b � B B/b, T Hd

a B .

T Hd
a B � ←−T d

B B/an, B � ←−H0
n B/an ,

H0
n B/an an 〈n〉/an

B ←−H0
n B/an � ∩n∈N an 〈n〉 .

∩n∈N an 〈n〉 v B
q B/ a p > p

q,

T Hd
a B ⊗B B/b � B B/b, v � B b ∩ v.

B b ∩ b b
B B B/b. B b ∩v � B b ∩v b /b.

B b ∩v B/b. u � B b ∩v

u
Hd

a A

Corollary 2.21. Suppose that A,m denotes a formally equidimensional local ring.
Then Hd

a A , d A, if and only if the topology defined by {an 〈m〉}n∈N

is equivalent to the a-adic topology.

Proof. {an 〈m〉}n∈N a

Â/ aÂ p > p ∈ Â. A Â/p

p ∈ Â A.

2.5. Connectedness Results. a, b
A.

→ A/a ∩ b
i→ A/a⊕A/b

p→ A/ a b → ,

i a a∩b a a,−a b p a a, b b a b a b a, b ∈ A.



Lemma 2.22. Let a, b denote two ideals of a commutative Noetherian ring A. Then
there is a functorial long exact sequence

. . .→ Hn
a+b M → Hn

a M ⊕Hn
b M → Hn

a∩b M → Hn+1
a+b M → . . .

for any A-module M.

Proof. c A.

−→
n A/cn,M � Hn

c M

A M n ∈ Z,
an bn.

{an bn}n∈N {an∩bn}n∈N

a b a∩b

Theorem 2.23. Let c denote an ideal of a local ring A,m . Suppose that c >
. Then the scheme A \ V c is connected.

Proof. c > Hi
c A i , .

A \ V c a, b

a ∩ b
A\V a A\V b A.
A \ V c A \ V a ∪ A \ V b

a b c.

→ H0
a+b A → H0

a A ⊕H0
b A → H0

a∩b A → H1
a+b A .

c > a b c Hi
a+b A

i , . a ∩ b H0
a∩b A A.

H0
a A ⊕H0

b A � A.
A H0

a A A
H0

b A H0
a A H0

b A A. a b
A \ V c

a A k x0, . . . , x3

P3
k. a c

A \ V a A \ V c
c ≤ , c

A. a



Corollary 2.24. Let A,m denote a local Noetherian ring satisfying the condition
S2. Suppose that A is catenarian. Then it is equidimensional, i.e. all of the minimal
prime ideals have the same dimension.

Proof. p, q A.

p p1, . . . , pr q

pi, pi+1 i , . . . , r − .

A/pi A/ pi, pi+1 A/pi+1.

r− A/p A/q,

Lemma 2.25. Let A,m denote an analytically irreducible domain with d
A > . Suppose there are two ideals b, c of A such that A/b > , A/c >

, and Hd−1
b∩c A . Then A/b c > .

Proof. b c m

Hd−1
b∩c A → Hd

m A → Hd
b A ⊕Hd

c A → Hd
b∩c A .

A Hd−1
b∩c A

Hd
m A � Hd

b A ⊕ Hd
c A .

Hd
m A

Hd
b A . b m

Theorem 2.26. Suppose a denotes an ideal of an analytically irreducible domain
A,m with d A > . Suppose that Hn

a A for n d − , d. Then
A/a \ V m/a is connected.

Proof. b, c A b∩c
a b c m b c m

Hd−1
a A

H3
a A

a P3
k A k x0, . . . , x3 .

a



Theorem 2.27. Let A,m denote a d-dimensional local ring which is the quotient
of a Gorenstein ring. Assume that A satisfies the condition S2. Suppose that a
denotes an ideal of A such that Hn

a A for n d − , d. Then the scheme
A/a \ V m/a is connected.

Proof. b, c
A b ∩ c a b c m b c
m A

Hd
m A � Hd

b A ⊕Hd
c A .

KA � u ⊕ v, u v
q A A/b p >

A/c p > p, q,
KKA � Ku ⊕Kv. A

S2 A � KKA ,
Kv,

A � Ku. Ku u.

A u {p ∈ A | A/b p }
A Ku m ⊆ b p

p A. m ⊆ b ,
A/a \ V m/a

3. Local Cohomology and Syzygies

3.1. Local Cohomology and Tor’s. A,m
T · A ·, E E EA A/m

A
n M,N n

A M,N
M ⊗A N A

Lemma 3.1. Let M,N denote finitely generated A-modules such that M ⊗A N is
an A-module of finite length. Then

i
A M,Hj

m N and A
i M,Hj

m N

are A-modules of finite length for all i, j ∈ Z.
Proof. A

A B B r.
Hj

m N � T Kj
N j ∈ Z,



Kj
N �

r−j
B N,B A

i
A M,Hj

m N � T A
i M,Kj

N
A
i M,Hj

m N � T i
A M,Kj

N

i, j ∈ Z. Kj
N ⊆ V A N j ∈ Z.

A
i M,Kj

N ⊆ V A M, A N .

M ⊗A N A

V A M, A N ⊆ V m ,

A
i M,Kj

N A i, j ∈ Z

A
n M,N

n
A M,N .

Theorem 3.2. Let M,N be two finitely generated A-modules such that M ⊗A N is
an A-module of finite length. Then

LA
n
A M,N ≤∑i≥0 LA

i
A M,Hn−i

m N and
LA

A
n M,N ≤∑i≥0 LA

A
n+i M,Hi

m N

for all n ∈ Z.
Proof. x x1, . . . , xd, d A, A.

x m. K· K·
x

Hn K· ⊗A N � Hn
m N n ∈ Z, F ·

M.
K·⊗A A F ·, N . Ki

A F ·, N → K· ⊗A A F ·, N

K· ⊗A A F ·, N ∼→ A F ·,K· ⊗A N

Ei,j
2

i
A M,Hj

m N ⇒ En n
A M,N .

n
A M,N Ei,n−i

∞
LA Ei,n−i

∞ ≤ LA Ei,n−i
2 < ∞,

K· ⊗A F · ⊗A N . F · ⊗A N → K· ⊗A

F · ⊗A N

Ei,j
2

A
−i M,Hj

m N ⇒ En A
−n M,N



K·⊗A F ·⊗A N .

N M ⊗AN

Corollary 3.3. Let N be a Cohen-Macaulay module. Then there are the following
isomorphisms

n
A M,N � n−d

A M,Hd
m N and A

n M,N � A
n+d M,Hd

m N

for all n ∈ Z, where d N.

M A
n

A
n M,N � .

Theorem 3.4. Let M,N be two non-zero finitely generated A-modules. Suppose
that A M is finite. Then

{n ∈ Z | A
n M,N � } A N A M

provided A
s M,N , where s {n ∈ Z | A

n M,N � }. In
particular the equality holds whenever M ⊗A N is an A-module of finite length.

Proof. p A M t A N.
C · K· ⊗A F · ⊗A N, K· F ·

M.

E−i,j
2

A
i M,Hj

m N ⇒ E−i+j H−i+j C · .

−i j n ≤ −p t. n < −p t
E−i,j

2 . j < t, Hj
m N , j ≥ t,

i > p A M. n −p t

E−i,j
2 i � p.

H−p+t C · � A
p M,Ht

m N Hn C · n < −p t.

H−p+t C · � . Ht
m N A

k A/m.

→ k → Ht
m N → C →

→ A
p M,k → A

p M,Ht
m N . A

p M,k
�

Ei,−j
2 Hi

m
A
j M,N ⇒ Ei−j Hi−j C · .

i−j n. n < −s Ei,−j
2

s {n ∈ Z | A
n M,N �



}. Hn C · n < −s H−s C · � H0
m

A
s M,N � .

A
s M,N . −s −p t,

{n ∈ Z | A
n M,N � }

A N ≤ A M
M ⊗A N A

A N ≤ A M.

Corollary 3.5. Let M,N be two finitely generated A-modules such that M ⊗A N
is of finite length. Suppose that A M is finite. Then N is a Cohen-Macaulay
module with A N A M if and only if A

n M,N for all n ≥ .

Proof. N
A
n M,N � A

n+d M,Hd
m N , d N,

d A M.
n.

A M − A N ≥ A M − A N

A M − A N ≥

A N ≤ A M

A N A M ≤ A,

M ⊗A N A M

A N A M ≤ A A

n ∈ N.
A
n+1 M,N A

n M,N .
A,m

A M <∞



χ M,N
∑

i≥0 − iLA
A
i M,N

n ∈ N

χn M,N
∑
i≥0

− iLA
A
n+i M,N .

χ M,N χ0 M,N .
A,m χ M,N .

χ M,N
χ1 M,N ≥

A M <∞.
N LA M ⊗A N

χ0 M,N . χ1 M,N .
A N M A/xA, x

x1, . . . , xr A A M r. N/xN
A N ≤ r. χ0 M,N e0 x N

A
i A/xA,N � Hi x N , i ∈ N,

∑
i≥0 − iLA Hi x N e0 x N ,

e0 x N N x,
L N/xN e0 x N N

N r.

Conjecture . M,N A M ⊗AN
A A M <∞.

LA M⊗AN χ0 M,N .
N A M A N

χn M,N n ∈ N.
χn+1 M,N

χn M,N
A
k M,N k ≥ n. A M

Corollary 3.7. Let a, b be two ideals of a local ring A,m . Assume that A A/a
is finite and a b is an m-primary ideal.

Suppose that A/a is a Cohen-Macaulay ring with A/a A/b
A. Then a ∩ b ab resp. χ M,N LA A/ a b .

Suppose that A/a is rigid resp. weakly rigid . Then the converse is true.

Proof. A
1 A/a, A/b

a ∩ b/ab.

A a ∩ b ab
A/a A/b A A/a A/b



3.2. Estimates of Betti Numbers. M k

A,m
B, n r B. M

B.
M Kn

M � r−n
B M,B , n ∈ Z,

M. KM Kd
M , d M,

M.

βn M k
B
n k,M , n ∈ Z,

n M. k B.

Theorem 3.8. Let M denote a finitely generated B-module. Then

βn M ≤
{ ∑r−n

i=0 βr−n−i Ki
M for n > c, and∑d

i=0 βr−n−i Ki
M for n ≤ c,

where c r − d, d M, denotes the codimension of M.

Proof. B X n ∈ Z

B
n k,X � Hn x X ,

Hn x X X x x1, . . . , xr,
n, B.

Hn x B B/n B.

Hn+i x T Ki
M � T Hn+i x Ki

M .

Hn+i x Ki
M � Hr−n−i x Ki

M .

k βn+i Hi
m M βr−n−i Ki

M

i, n ∈ Z.

M B
βn M βc−n KM , ≤

n ≤ c. B ·, B F ·

F · M.

Corollary 3.9. Let M be a finitely generated B-module with A M p and
B M t. Then βp M β0 Kt

M . That is the rank of the last module in
a minimal free resolution of M is given by the minimal numbers of generators of
the first non-vanishing Ki

M .



Proof.
B
p k,M � B

r k,Ht
m M .

B
r k,Ht

m M � T Hr x Kt
M � T H0 x Kt

M ,
r B

n, B.

Hi
m M , i < d A M,

A/m A M

Corollary 3.10. Let M denote a quasi-Buchsbaum module over the local ring
A,m . Then

βn M ≤
r−n∑
i=0

(
r

n i

)
k Hi

m M

for all n > c, where k A/m denotes the residue field.

Proof. Hi
m M , i < d,

k βr−n−i k
(

r
n+i

)
B

r.

3.3. Castelnuovo-Mumford Regularity.

k A ⊕n≥0An

A0 k A A0 A1 . A
B k X1, . . . ,Xr , r k A1. M

A
B. k B

n k,M
n

M.
K·

x B x X1, . . . ,Xr

B
B

Hn
m M � Hn K·

x ⊗A M m

B N e N {n ∈ Z | Nn � }, Nn

n N. N
e N <∞. e N −∞ N .

M M
B

M {e Hn
m M n | n ∈ Z}.



M.

M {e B
n k,M − n | n ∈ Z},

M

M e B
c k,M − c, c M.

M.

Theorem 3.11. Let M denote a finitely generated graded B-module. Let s ∈ N be
an integer. Then the following two integers coincide

{e Hi
m M i | ≤ i ≤ s} and

{e B
j k,M − j | r − s ≤ j ≤ r}.

In particular for s B M it follows that

M {e B
j k,M − j | c ≤ j ≤ r},

where c r − B M denotes the codimension of M.

Proof.

Ei,j
2 H−i x Hj

m M ⇒ Ei+j H−i−j x M

x X1, . . . ,Xr

B. B
n k,N � Hn x N n ∈ Z B

N.

Suppose that Hs x M s+t � for a certain t ∈ Z and r − i ≤ s ≤ r. Then there
exists a j ∈ Z such that ≤ j ≤ i and Hj

m M t−j � .

Hj
m M t−j ≤ j ≤ i.

E−s−j,j
2 t+s Hs+j x Hj

m M t+s ⇒ E−s
t+s Hs x M t+s.

E2

⊕Hj
m M

r
s+j −s− j t+s.

j ≤ i.
j > i. s j > s i ≥ r

(
r

s+j

)
.

E2 E−s−j,j
2 t+s j ∈ Z.

E−s−j,j
∞ t+s j ∈ Z. E−s

t+s Hs x M t+s ,



Hn
m M

Let r B denote the number of variables of B. Suppose that there are integers
s, b such that the following conditions are satisfied:

Hi
m M b+1−i for all i < s and

Hr x Hs
m M b+r−s �

Then it follows that Hr−s x M b+r−s � .

Hs
m M

b− s. r m.

E−r,s
2 Hr x Hs

m M ⇒ E−r+s Hr−s x M

b r − s. E−r,s
2 b+r−s

E−r−n,s+n−1
n b+r−s → E−r,s

n b+r−s → E−r+n,s−n+1
n b+r−s

n ≥ . E−r−n,s+n−1
n b+r−s E−r+n,s−n+1

n b+r−s

Hr+n x Hs+n−1
m M b+r−s Hr−n x Hs−n+1

m M b+r−s .

⊕Hs−n+1
m M

r
r−n −r n b+r−s , n ≥ .

E−r,s
2 b+r−s E−r,s

∞ b+r−s �
E−r+s

b+r−s � Hr−s x M b+r−s �
E∞

a {e B
j k,M − j | r − s ≤ j ≤ r}.

a ≤ b,

b {e Hi
m M i | ≤ i ≤ s}.

j ≤ j ≤ s b e Hj
m M j.

Hj
m M b−j � , Hj

m M c−j c > b, Hi
m M b+1−i

i < j. Hj
m M b − j.

B
r−j K,M b+r−j � .

b ≤ a,

M e B
c K,M − c, c r − M,

M



Theorem 3.12. Let M be a finitely generated graded B-module with d B M.
Suppose there is an integer j ∈ Z such that for all q ∈ Z either

Hq
m M j−q or

Hp
m M j+1−p for all p < q and Hp

m M j−1−p for all p > q.

Then for s ∈ Z it follows that
B
s k,M s+j � ⊕r−s

i=0
B
r−s−i k,Ki

M s+j
∨ provided s > c, and

B
s k,M s+j � ⊕d−1

i=0
B
s+i k,Ki

M r−s−j
∨ ⊕ B

c−s k,KM r−s−j
∨,

provided s ≤ c,

where Ki
M

r−i
B M,B −r , ≤ i < d, denote the module of deficiencies and

KM is the canonical module of M.

Proof.

E−s−i,i
2 Hs+i x Hi

m M ⇒ E−s Hs x M

s j. E−s−i,i
2 s+j � E−s−i,i

∞ s+j s ∈ Z.
E−s−i,i

2 s+j

⊕Hi
m M

r
s+i −s− i s+j

Hi
m M j−i . Hi

m M j−i � .

E−s−i,i
n+1 s+j

E−s−i−n,i+n−1
n s+j → E−s−i,i

n s+j → E−s−i+n,i−n+1
n s+j .

Hs+i+n x Hi+n−1
m M s+j Hs+i−n x Hi−n+1

m M s+j .

E2

E∞ Hs x M s+j

Hs+i x Hi
m M s+j .

Hs x M s+j � ⊕r−s
i=0Hs+i x Hi

m M s+j

s ∈ Z.
Hi

m M �
T Ki

M , ≤ i ≤ d, T k ·, k

Hs+i x T Ki
M s+j � T Hs+i x Ki

M s+j � Hr−s−i x Ki
M r−s−j

∨.

B
r−s−i k,Ki

M r−s−j
∨.

s > c r − s < d.
s ≤ c

i , . . . , d,



Corollary 3.13. Suppose there exists an integer j ∈ Z such that

Hq
m M j−q Hq

m M j+1−q

for all q < B M. Then
B
s k,M s+j � B

c−s k,KM r−s−j
∨,

for all s ∈ Z, where c M.

Proof. j
Hp

m M j−1−p p > M.

B
s+i k,Hi

m M s+j � Hs+i x Hi
m M s+j ,

Hi
m M j−i i < M.

M
KM .

M.

Example . C ⊂ PnK
K. C g C

. A B/I B K x0, . . . , xn I

B
s k,B/I s+j � B

s+1 k,H1
m B/I s+j

s ≥ j ≥ . A
Hq

m B/I q ≤ q > .
H1

m B/I j−1 j ≤ . H2
m B/I j−1−2

j ≥ g C . j ≥
B
c−s k,KB/I r−s−j

j ≥ .

Hc−s x KB/I r−s−j
∨ � Hs+2 x H2

m B/I s+j

j ≥
3.4. The Local Green Modules. E EA A/m

A,m . x x1, . . . , xr
A. n ∈ Z

Hn x T M � T Hn x M Hn x T M � T Hn x M .

T A ·, E . A,m
B, Kn

M



M
A

M x x1, . . . , xr M
Kn

M⊗Â
n

, , . . . , M. Â A.
Kn

M .
A

Kn
M .

Â x M

M ⊗A Â Kn
M⊗Â

Â

M

Lemma 3.15. Suppose that x x1, . . . , xr denotes a strongly M-filter regular se-
quence. Let j ∈ Z denote an integer. Then Hi x Hj

m M resp. Hi x Hj
m M are

A-modules of finite length in the following two cases:
for all i < r resp. i > , and
for all i ∈ Z, provided r ≥ j.

Proof. A

Hi x Hj
m M � T Hi x Kj

M , i, j ∈ Z,
Hi x Kj

M A
i < r.

r > i Kj
M ≤ j,

i r.

Hi x Hj
m M .

Theorem 3.16. Let x x1, . . . , xr, r ≥ M, denote a strongly M-filter regular
sequence. Let n ∈ N be an integer. Then there are the following bounds:

LA Hn x M ≤∑n
i≥0 LA Hn−i x Hi

m M .

LA Hn x M ≤∑i≥0 LA Hn+i x Hi
m M .

Proof.

C · K· ⊗A K· x M ,

K·

C ·.



Hi
m Hj x M ⇒ Hi−j C · .

Hj x M , j ∈ Z, A
Hi

m Hj x,M j i �
H0

m Hj x M � Hj x M j ∈ Z.

H−n C · � Hn x M n ∈ Z.

Ei,−j
2 Hj x Hi

m M ⇒ Ei−j Hi−j C · .

Ei,−j
2 A

i, j ∈ Z, Ei,−j
∞

LA Ei,−j
2 ≥ LA Ei,−j

∞ i, j ∈ Z. E−n H−n C ·

Ei,−n−i
∞ i ∈ Z.

LA E−n ≤
∑
i≥0

LA Ei,−n−i
2 ,

Corollary 3.17. Let x and M be as in 3.16. Then there are the following canonical
isomorphisms:

Ht x M � H0 x Ht
m M , t M.

Hn x M � Hn−d x Hd
m M for all n ∈ Z, provided M is a d-dimensional

Cohen-Macaulay module.

H0 x Ht
m M � x1,. . . , xt M M x/ x1,. . . , xt M.

Hi x Hj
m M .

x x1, . . . , xd M M
y y1, . . . , yd x1, . . . , xi M y1, . . . , yi M, i , . . . , d M.

y M.
LA M/xM e0 x M

M x,



Theorem 3.18. Let x x1, . . . , xd, d M > , denote an arbitrary system of
parameters. Choose y y1, . . . , yd as above. Then

LA M/xM − e0 x M ≤
d−1∑
i=0

LA Hi y′ Hi
m M ,

where y′ y1, . . . , yd−1.

Proof. x y
y M

LA M/yM − e0 y M LA y′M M yd/y
′M ,

y′M M yd/y
′M ⊆ y′M M 〈m〉/y′M.

yd M/y′M.

y′M M 〈m〉/y′M � H0
m M/y′M .

K·

A,m . C · K· ⊗A

K· y′ M , K· y′ M M y′.

Ei,−j
2 Hi

m Hj y′ M ⇒ Ei−j Hi−j C · .

y′ M Hj y′ M , j � , A

j � Ei,−j
2 i � .

H0 C · � H0
m M/y′M .

E−i,j
2 Hj y′ Hi

m M ⇒ Ei−j Hi−j C · .

E−i,i
2 E−i,i

2 i < i ≥ d

Hn
m M , n , . . . , d − , A

LA M/xM − e0 x M ≤
d−1∑
n=0

(
d−

i

)
LA Hn

m M .

LA M/xM

LA M/xM ≤
d∑

n=0

LA Hn x Hn
m M .



M/xM � H0
m M/xM .

Hn
m M , n , . . . , d− ,

LA M/xM ≤
d−1∑
i=0

(
d

i

)
LA Hn

m M LA KM/xKM .

Hd x Hd
m M � T Hd x KM .

M/xM �
T KM/xKM . e0 x M
e0 x KM .

Corollary 3.19. Let M denote a finitely generated A-module with A M −
A M ≤ . Let x, y, and y′ be as above. Suppose that A is the quotient of

a Gorenstein ring B. Then

LA M/xM − e0 x M ≤ LA Kd−1
M /y′Kd−1

M ,

where d A M and Kd−1
M

c+1
B M,B .

Proof. Hd−1 y′ Hd−1
m M � H0 y′ Kd−1

M .

T Kd−1
M � Hd−1

m M
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Problems and Results on Hilbert Functions
of Graded Algebras

Giuseppe Valla

Introduction

V Z I ⊆ Pn

V

V,
Id,

d V d.
(
n+d
d

)
d Id

Hilbert function A k X0, . . . ,Xn /I
V d A.

M

Hilbert polynomial
HM s s.

d d.

V, V,
V

V
V



k



h

h
h

G j j k X0, . . . ,Xn

G j

P2



1. Macaulay’s Theorem

k R
k X1, . . . ,Xn M R

Mi i < . M R
Mn M k

Definition 1.1. Let M be a finitely generated graded R-module. The numerical
function

HM N→ N

defined as
HM t dimk Mt

for all t ∈ N is the Hilbert function of M.
The power series

PM z
∑
t∈N

HM t zt

is called the Hilbert Series of M.

t ≥

HR t

(
n t−

t

)
PR z − z n

.



R
PM z

Theorem 1.2. (Hilbert-Serre) Let M be a finitely generated graded R-module. Then
there exists a polynomial f z ∈ Z z such that

PM z
f z

− z n
.

M � f z
n

h z h0 h1z · · · hsz
s ∈ Z z

h � d, ≤ d ≤ n

PM z
h z

− z d
.

h z the h-polynomial M h0, h1, . . . , hs

the h-vector M.
d Krull dimension M.

i ≥ ,

ei
h(i)

i(
X i

i

)
X i · · · X

i
.

pM X
d−1∑
i=0

− iei

(
X d− i−

d− i−

)
d− t >>

pM t HM t .

pM X Hilbert polynomial M

h

d− .

e0 M h
e M the multiplicity M.

d e M dimk M .
sensitivity to reg-

ular sequences. F1 . . . , Fr

R regular sequence R M
F1, . . . , Fr Fi M

F1, . . . , Fi−1 M i , . . . , r.



J F1, . . . , Fr,
d1, . . . , dr,

PM z ≤ PM/JM z∏r
i=1 − zdi

F1, . . . , Fr

M. L ∈ R1 M,

PM/LM z PM z − z .

M/LM first
difference function HM HM

HM t

{
t

HM t −HM t− t ≥ .

HA t
k A. t
HA t HA t

k
d a

a

(
k d

d

) (
k d−
d−

)
· · ·

(
k j

j

)

k d > k d− > · · · > k j ≥ j ≥ .

a , d ,( ) ( ) ( ) ( )
.

a d

a<d>

(
k d

d

) (
k d−

d

)
· · ·

(
k j

j

)
.

<4>

( ) ( ) ( ) ( )
.

Theorem 1.3. (Macaulay) Let H N → N be a numerical function. There exists
a standard homogeneous k-algebra A with Hilbert function HA H if and only if
H and H t ≤ H t <t> for every t ≥ .



admissible

z z2 z3 z4

k ( ) ( )
<3>

( ) ( )
.

H, k

n H R k X1, · · · ,Xn

degree lexicographic order.

Xa1
1 Xa2

2 · · ·Xan
n > Xb1

1 Xb2
2 · · ·Xbn

n∑
ai >

∑
bi

∑
ai

∑
bi j < n

a1 b1, · · · , aj bj , aj+1 > bj+1.
t ≥ H t

t, I HR/I t H t
t ≥ .

H t ≤ H t <t>, M It
t, MXn t MX1, . . . ,MXn ∈ I

I R k X1,X2,X3

PR/I z
z − z4 z5

− z 2

I X2
1 ,X1X

3
2 ,X1X

2
2X3 .

lex-segment
k t

the lex-segment ideal

k



Theorem 1.4. Let H N → N be a numerical function. There exists a reduced
homogeneous k-algebra A with Hilbert function HA H if and only if either
H { , , . . . } or H is admissible.

Proof. A R/I depth A > , I
X1, . . . ,Xn .

L A.
A A/LA.

J S HS/J H.

m Xa1
1 Xa2

2 · · ·Xan
n X0

l m
n∏

j=1

aj−1∏
p=0

Xj − pX0 .

J m1, . . . ,ms

l J l m1 , . . . , l ms

R k X0, . . . ,Xn , X0

R/l J

S/J � R/l J /X0 R/l J .

I ⊆ R J,

PS/J z P(R/I)/X0(R/I) z PR/I z − z

HS/J HR/I . HS/J H HR/I H HR/I . �

H { , , , , , . . . }
k

k { , ,− , , , . . . }

Theorem 1.5. Let h0, . . . , hs be a finite sequence of positive integers. There exists
an integer d and a Cohen-Macaulay homogeneous k-algebra A of dimension d such
that

PA z
h0 h1z · · · hsz

s

− z d

if and only if h0, . . . , hs is admissible.



Proof. R/I
L1, . . . , Ld R/I

R/I / L1, . . . , Ld R/I h �
h

2. The Perfect Codimension Two and Gorenstein Codimension
Three Case

domains

A R/I non degenerate I1

k

PA z
z h2z

2 · · · hsz
s

− z n−2
.

h
a initial degree A, j hj < j ,

ht+1 − ht ≤
t ≥ a− .

n<k> n k ≤ n.

R/I

→ ⊕s
i=1R −bi

f→ ⊕s+1
i=1R −ai → R→ R/I →

I s × s M
f.

a1 ≤ a2 ≤ · · · ≤ as+1

b1 ≤ b2 ≤ · · · ≤ bs.

uij bj − ai i j

uij the degree matrix A.
M Gij , deg Gij uij Gij uij ≤ .

uij

• i j
uij ≤ ui j+1

uij ≥ ui+1 j .



•
i, j, h, k

uij uhk uik uhj .

• i , . . . , s
ui+1 i bi − ai+1 >

i ui+1 i ≤ , Ghk h ≥ i
k ≤ j.

• I i , . . . , s−
ui+2 i bi − ai+2 > .

s u42 ≤ . ⎛⎜⎜⎜⎜⎜⎜⎝
• • • • •
• • • • •
• • • • •

• • •
• • •
• • •

⎞⎟⎟⎟⎟⎟⎟⎠
I.

PA z

∑s
i=1 zbi −∑s+1

i=1 zai

− z n
,

h A

h z

∑s
i=1 zbi −∑s+1

i=1 zai

− z 2
.

A a1,

ht+1 − ht ≤
t ≥ a1 −

h z h z − z

∑s
i=1 zbi −∑s+1

i=1 zai

− z
.

bs −
∑bs−1

j=0 pjz
j.

h z

pj ≤ j ≥ a1.

pj  {m|bm ≤ j} −  {m|am ≤ j}



 X X. ui+2 i >
i , . . . , s−

pj < ⇒ pj+1 <

j bs − .
pj < j < bs

j < b1, pj+1 ≤ pj < . b1 ≤ j ,
t ≤ t ≤ s−

at+2 < bt ≤ j < bt+1.

t a′is t b′is
j .

pj+1  {m|bm ≤ j } −  {m|am ≤ j } ≤ t− t − ,

h
decreasing type strictly decreasing

Theorem 2.1. Let A R/I be a codimension two non-degenerate Cohen-Macaulay
homogeneous domain. Then the h-polynomial of A is of decreasing type.

A
d

PA z
z z2 z3

− z d
.

A k X1,X2 / X2
1 ,X1X2,X

3
2

PA z z z2 z3.

h z z h2z
2 · · · hsz

s

d

PA z
h z

− z d
.

P3



h z z z2 z3.

A k X1,X2 / X3
1 ,X

2
1X2,X1X

2
2 ,X

4
2 .

⎛⎜⎜⎝
⎞⎟⎟⎠

u42

h z

∑s
i=1 zbi −∑s+1

i=1 zai

− z 2
,

z z2 z3 − z 2 − z3 z4 z5
s∑

i=1

zbi −
s+1∑
i=1

zai

a1 a2 a3 , b1 , b2 .

⎛⎝ ⎞⎠ .

J k X1,X2⎛⎝ X1

X2 X2
1

X2
2

⎞⎠
B k X1,X2 /J

PB z
− z3 z4 z5

− z 2
z z2 z3.

R k X1,X2,X3,X4

I



⎛⎝ X1 X3X4

X2 X2
1

X4 X2
2

⎞⎠ .

I

φ R→ k u, v

φ X1 u3v4, φ X2 u2v5, φ X3 u7 φ X4 v7.
A R/I

PA z
z z2 z3

− z 2
.

dim A

Theorem 2.2. (Bertini) Let A be a Cohen-Macaulay graded domain of dimension
greater or equal than two. Then the h-vector of A is the h-vector of a Cohen-
Macaulay graded domain of dimension two.

Theorem 2.3. Let h z z h2z
2 · · · hsz

s be a polynomial with integer
coefficients. There exists an integer d and a Cohen-Macaulay graded domain A of
dimension d such that

PA z
z h2 · · · hsz

s

− z d

if and only if h z is admissible and of decreasing type.

ho, h1, . . . , hs ∈ Zs+1 flawless
hi ≤ hs−i ≤ i ≤ s/
h0 ≤ h1 ≤ · · · ≤ h[s/2].

unimodal

h0 ≤ h1 ≤ · · · ≤ hj ≥ hj+1 ≥ · · · ≥ hs

j ≤ j ≤ s.
h



A

PA z
z z2 z3 z4 z5

− z 2
.

P4

Conjecture 2.4. (Unimodal Conjecture) The h-vector of a graded algebra which is
a Cohen-Macaulay integral domain is unimodal.

h
h

C
Pn C e deg C

Pn−1. The points of
are indistinguishable from one another.

Theorem 2.5. Let be a set of points which are the general hyperplane section of
a reduced, irreducible projective curve. For every subset ′ of d′ points of and
for every n ≥

HΓ′ n {d′,HΓ n }.

in uniform
position UP

A
d ≥ g, h

A
g.

h h
Pg.

Problem 2.6. What could be the Hilbert function of a set of points in Uniform
Position?

Proposition 2.7. Let I be the defining ideal of a set X of points in Pn in UP. If a
is the initial degree of I, then Ia has no fixed components.



dim Ia

h UP P2

UP.
X Pn,

HX t X.

Theorem 2.8. Let X be a set of r distinct points in Pn in UP. Then we have

HX m t ≥ {r,HX m HX t − }
for every m, t ≥ .

h , , , ,
, , , , , , . . .

UP
Pn, n ≥ ,

Theorem 2.9. (Stanley inequalities) Let A be a graded Cohen-Macaulay domain of
dimension d ≥ . Let , h1, . . . , hs be the h-vector of A and m ≥ , n ≥ with
m n < s. Then

h1 h2 · · · hn ≤ hm+1 hm+2 · · · hm+n.

Proof. h A h X UP.

PX z
h1z · · · hsz

s

− z

HX p
∑p

j=0 hj p ≥ X h1 · · · hs.

HX m n ≥ { h1 · · · hs,HX m HX n − }

h1 · · · hm+n ≥ { h1 · · · hs, h1 · · · hm h1 · · · hn− }.
m n < s,

h1 · · · hm+n ≥ h1 · · · hm h1 · · · hn

hm+1 · · · hm+n ≥ h1 · · · hn

�



h
A s the socle degree

A, t At � .

Theorem 2.10. (Hilbert Function by Liaison) Let A be an Artinian Gorenstein
algebra with socle degree s and let I be an homogeneous ideal in A. If we let
J I, we have for every t such that ≤ t ≤ s,

HA t HA s− t HI t HJ s− t .

In particular
HA t HA/I t HA/J s− t .

Proof. A

A1 As.

i j i j ≤ s F ∈ Ai

FAj , FAj−1A1 FAj−1 ⊆ As. FAj−1

F . k

Ai ×Aj → Ai+j

I A J I.

It s−t Js−t

Js−t

As−t → Hom It, As .

HA s− t ≤ HI t HJ s− t .

As−t ×At → As,

Js−t → Hom At/It, As

HJ s− t ≤ HA/I t .

HA s− t ≤ HI t HJ s− t ≤ HA t HA s− s− t ≤ HA s− t .

�



the h-vector of a Gorenstein algebra is symmetric

A k X1,X2 / X2
1 ,X1X2,X

3
2 . h A , ,

A

A

Definition 2.11. Given a set X of s points in Pn, we say that X is a Cayley-
Bacharach scheme (CB for short), if for every subset Y of s − points of X we
have for every t ≥ ,

HY t {s− ,HX t }.

Theorem 2.12. Let X be a set of s points in Pn. If X is a CB scheme, then the
h-vector of X is symmetric if and only if the homogeneous coordinate ring of X
is Gorenstein.

UP CB, h
A A

h UP P2

h

Theorem 2.13. The h-vector of the homogeneous coordinate ring of a set of points
in UP in P2 is of decreasing type.

Proof. X UP P2 I X
R k X0,X1,X2 . I

I F1, . . . , Fr deg F1 ≤ deg F2 ≤
· · · ≤ deg Fr F1, F2 R. J F1, F2 , a deg F1

b deg F2 . L
R/I R/J. L X0. S R/X0R

− z PR/J z P(R/J)/X0(R/J) z PS/JS z ,

− z PR/J z − z PR z − za − zb PS(z) − za − zb .

F1 F2 R/X0R

I S k X1,X2

F,G a b
S/I t ≥ b− .



�

UP Pn n ≥

Problem 2.14. What can be said about the Hilbert function of an ideal in a poly-
nomial ring R if we know the degrees of a maximal regular sequence contained in
I?

R/I I.

UP P3.

Theorem 2.15. Let I be a zero-dimensional ideal of R such that I contains a regular
sequence F1, . . . , Fn of forms of degrees d1 ≤ d2 ≤ · · · ≤ dn. Set d

∑n
i=1 di − n

and s socdeg R/I .
a) For every t ≥ d− dn ,

HR/I t ≥ HR/I t

b) For d− dn−1 ≤ t ≤ s,

HR/I t > HR/I t .

c) If F1, . . . , Fn−2 is a prime ideal, then for d− dn−1 ≤ t < s,

HR/I t ≥ HR/I t n− .

h Q z
d − z dQ z

A

Problem 2.16. What sequences { , h1, h2, . . . , hs} with hs � satisfies hi HA i
for some Artinian graded Gorenstein algebra A

Gorenstein sequence
hi

hs−i , , , , , , , ,



Theorem 2.17. Let { , , h2, . . . , hs} be a sequence of nonnegative integers. Then it
is a Gorenstein sequence if and only if it is symmetric and the sequence { , , h2−
h1, , . . . , h[s/2] − h[s/2]−1} is admissible.

Theorem 2.18. Let h z z h2z
2 · · · hsz

s be a polynomial with inte-
ger coefficients. There exists an integer d and a Gorenstein graded domain A of
dimension d such that

PA z
z h2 · · · hsz

s

− z d

if and only if h z is symmetric and { , , h2−h1, , . . . , h[s/2]−h[s/2]−1} is admis-
sible and of decreasing type.

, , , , , , , s .
, , ,

, , , , , , , h

, , , , , , , , , , , s
. , , , , ,

h

{ , h1, h2, . . . , hs}

{ , h1 − , h2 − h1, , . . . , h[s/2] − h[s/2]−1}
h

h
, , , , .

h

Problem 2.19. If , , h2, . . . , , is a Gorenstein sequence, is it unimodal?

3. The EGH Conjecture



Conjecture 3.1. If X ⊆ Pn is a nondegenerate collection of s points lying on m
independent quadrics whose intersection Y is zero-dimensional, then

s ≤ a b n− a−
where

(
a
2

)
b is the -binomial expansion of

(
n+1

2

)
−m.

deg X ≤ deg Y .
Y

Conjecture 3.2. (Cn) Let A k X1, . . . ,Xn /I where I is a zero-dimensional ideal
generated by quadrics. If

(
a
2

)
b is the -binomial expansion of HA , then

e A dimk A ≤ a b n− a− .

Theorem 3.3. Let X be a zero-dimensional scheme in Pn which is the complete
intersection of n hypersurfaces of degree d1, . . . , dn. Let d

∑n
i=1 di − n− , and

Y a subscheme of X with deg Y deg X − . Then every hypersurface of degree
d containing Y must contain X.

d1 · · · dn , d n−
deg X − n − > n − n − n−(n−1).

Conjecture 3.4. (CB) Let X be a zero-dimensional scheme in Pn which is a com-
plete intersection of quadrics. Let Y be a subscheme of X with deg Y > deg X −
n−m n − n−m. Then every hypersurface of degree m containing Y must con-

tain X.

S k X0, . . . ,Xn β ⊆ α X Y
e S/α > n − n−m,

HS/α m HS/β m .
X0 S/α S/β R

S/X0S, I α X0 / X0 J β X0 / X0 ,

PS/α z PR/I z / − z

PS/β z PR/J z / − z .



HS/α m
m∑
j=0

HR/I j HS/β m
m∑
j=0

HR/J j .

e S/α e R/I J ⊆ I

e S/α e R/I > n− n−m, HR/I j HR/J j j , . . . ,m.
HR/I j < HR/J j j Ij ⊃ Jj

F ∈ Ij , F �∈ J. I ⊇ J, F ⊃ J

n − n−m < e R/I ≤ e R/ J, F .

Conjecture 3.5. (Anj) Let A R/I where I J F with J a zero-dimensional
ideal generated by a regular sequence of quadrics and F /∈ J an element of degree
j. Then

e A ≤ n − n−j.

Cn
Cn I I

n

HA

(
n

)
− n

(
n− )

n− .

n−1 n−2 n− n− − · n−2 n − n−2,

Cn, HA

(
n−1

2

)
n− , An2.

n ≤ .

X Pn,

ωX t deg X −HX t

superabundance t
X.

ωX t h1IX t

I X.



Theorem 3.6. Let X be a zero dimensional scheme in Pn which is the complete
intersection of n hypersurfaces of degree d1, . . . , dn. Let d

∑n
i=1 di − n, and Y

a subscheme of X with ωY d− > . Then Y X.

Conjecture 3.7. (GCBm) Let X be a zero dimensional scheme in Pn which is a
complete intersection of quadrics and let Y be a subscheme of X with ωY m > .
Then

deg Y ≥ m+1.

ωY m >
R/I m .

GCBm m.

Conjecture 3.8. (A) Let A R/I be an Artinian graded algebra where I is an
ideal containing a zero-dimensional regular sequence of quadrics. If s socdeg A
then

e A ≥ s.

A

Conjecture 3.9. (G) Let A R/I be an Artinian graded Gorenstein algebra where
I is an ideal containing a zero-dimensional regular sequence of quadrics. If s
socdeg A then

e A ≥ s.

A, G Anj

Theorem 3.10. Conjecture G holds if the socle degree is less than or equal to .

Proof. R k X1, . . . ,Xn HA r ≤ n. dim I1 n− r
I1 L1, . . . , Ln−r I

I2 Fn−r+1, . . . , Fn {L1, . . . , Ln−r, Fn−r+1, . . . , Fn}
R. K L1, . . . , Ln−r, Fn−r+1, . . . , Fn , K ⊆ I

R/K e R/K r socdeg R/K
r ≥ s.

HA r, r ≥ s s , , .
s r HA HA . r

HR/K HR/I HR/K:I

K I R K I. e R/I e R/K 4

r ≥ <2> r HA ≤ HA
<2>,



HA ≥
e A ≥ 4

�
An2 n ≤ .

→ R/ J F → R/J → R/I →

e R/I e R/J − e R/ J F n − e R/ J F .

e R/ J F ≥ n−2.

socdeg R/ J F n− .

socdeg R/J n, Rn+1 ⊆ J F ∈ J Rn−1 Rn−1 ⊆ J F.
Rn−2 ⊆ J F, FRn−3 ⊆ J R1 F ∈ R2,

Cn.

d a

a

(
k d

d

) (
k d−
d−

)
· · ·

(
k j

j

)
k d > k d− > · · · > k j ≥ j ≥ .

a(d)

(
k d

d

) (
k d−

d

)
· · ·

(
k j

j

)
.

Conjecture 3.11. (M) Let A R/I where I is an homogeneous ideal of R which
contains a zero-dimensional regular sequence of quadrics. Then for every t ≥ we
have

HA t ≤ HA t (t).

Cn
A Cn. I

HA

(
a
2

)
b, a > b ≥ , HA ,

HA n, HA

(
a
2

)
b, HA ≤

(
a
3

) (
b
2

)
,

e A dimk A ≤ n

[(
a
)
· · ·

(
a

a

)] [(
b
) (

b
)
· · ·

(
b

b

)]
n

n a − a− b − a b n− a− .



h < h ≤
(
n
2

)
t
(
n
2

)
− h.

I X2
1 , . . .X

2
n,XiXj

XiXj t

, n, h, h(2), h(2)(3) , . . . .

h
(
a
2

)
b a > b ≥ .

t

(
n
)
−
(
a
)
− b.

X1X2, . . . ,X1Xn,X2X3, . . . ,X2Xn, . . . ,Xn−aXn−a+1, . . . ,Xn−aXn(
n
2

)
−
(
a
2

)
.

b

Xn−aXn−b+1, . . . ,Xn−aXn

I. t
Xn−a−1, . . . ,Xn It

(
a
t

)
t Xn−aM M

t − Xn−b−1, . . . ,Xn I(
b

t−1

)
t I,

HR/I t

(
a

t

) (
b

t−

)
HR/I t− (t).

Conjecture 3.12. Let A R/I where I is an homogeneous codimension h ideal
generated by forms of degree t. Then

e A ≤ th−2 t2 − t .

h
R k X, Y I F1, F2, F

t F1, F2

R. J F1, F2 R/J

e R/J F ≥ t− .

e R/I t2 − e R/J F ≤ t2 − t .



4. Hilbert Function of Generic Algebras

R k X1, . . . ,Xn A R/I
F ∈ Rj

t ≥ ,

At
F→ At+j

dimk At ≤ dimk At+j ,
dimk At ≥ dimk At+j . F ∈ Rj

→ F −j → A −j
F→ A→ A/FA→ ,

HA/FA t HA t −HA t− j H0:F t− j .

F

HA/FA t { ,HA t −HA t− j }.

PA/FA z
∣∣ − zj PA z

∣∣ ,∑
aiz

i
∣∣∑ aiz

i
∣∣ ∑

biz
i

bi ai a0, . . . , ai > , bi aj ≤ j ≤ i.
r d1, . . . , dr

Conjecture 4.1. Let F1, . . . , Fr be generic forms in R of degrees d1, . . . , dr. If I
F1, . . . , Fr , then

PR/I z

∣∣∣∣∏ − zdi

− z n

∣∣∣∣ .
Pe z

∣∣∣∣∏ − zdi

− z n

∣∣∣∣
expected Hilbert series r d1, . . . , dr .

i , . . . , r

A/ F1, . . . , Fi−1 t
Fi→ A/ F1, . . . , Fi−1 t+di

Pg z
r d1, . . . , dr , I

F1, . . . , Fr d1, . . . , dr,

PR/I z ≥ Pg z PR/I z
lex
≥ Pe z



R/I PR/I z Pe z ,

Pe z PR/I z ≥ Pg z
lex
≥ Pe z .

Pg z Pe z

r ≤ n
r n

n n

d d {di}

n ,

r ≤ n, r
B R/ F1, . . . , Fr−1

F d dr R

Bt
F→ Bt+d

R

Xa1
1 Xa2

2 · · ·Xan
n > Xb1

1 Xb2
2 · · ·Xbn

n∑
ai >

∑
bi

∑
ai

∑
bi j ≤ n

an bn, an−1 bn−1, · · · , aj bj , aj−1 < bj−1.
F R M F F. I

M I M F , F I. Gröbner basis
I F1, . . . , Fr ∈ I

M I M F1 , . . . ,M Fr .

M I
k k R/I.

Gl n, k R

B {g ∈ Gl n, k |gij ∀j < i}.

Theorem 4.2. (Galligo) Let I be an homogeneous ideal of R there exists a Zariski
open set U ⊆ Gl n, k , such that the monomial ideal M gI is invariant under the
action of B.



J R J Borel-fixed
Xp1

1 · · ·Xpn
n ∈ J Xp1

1 · · ·X
pj+q
j · · ·Xpi−q

i · · ·Xpn
n ∈

J j, i q ≤ j < i ≤ n ≤ q ≤ pi
n , J

J k

k X1,X2 .

Theorem 4.3. Let F1,. . . , Fr be generic forms in two variables of degrees d1,. . . , dr.
If I F1, . . . , Fr , then

PR/I z

∣∣∣∣∏ − zdi

− z n

∣∣∣∣ .
Proof. J F1, . . . , Fr−1 B R/J.

M J t HR/J t r,

M(I)t︷ ︸︸ ︷
Xt

1,X
t−1
1 X2, . . . ,X

r
1X

t−r
2

k−base of Bt︷ ︸︸ ︷
Xr−1

1 Xt−r+1
2 , . . . ,Xt

2

d dr F Fr Xd
2 . r

dim Bt < dim Bt+d r dim Bt ≥ dim Bt+d .
r t , It Bt

{Xt
1,Xt−1X2, . . . ,X1X

t−1
2 ,Xt

2}.
Xd

2 , t
t d. dim Bt+d > t ,

k Bt+d.
k Bt

{Xr−1
1 Xt−r+1

2 , . . . ,Xt
2}.

Xd
2 , r

t d. dim Bt+d ≤ r, �
n ≥ ,

Problem 4.4. If we fix the reverse lexicographic order in the set of monomials of
a polynomial ring R, what is the shape of the Gröbner basis of an ideal generated
by generic forms?

5. Fat Points: Waring’s Problem and Symplectic Packing

2 2 2 2



•
•

j ≥ , g j
g j jth

g , g ,
g .

g j

Little Waring Problem
Big Waring Problem

g
≤

Definition 5.1. Let G j be the least integer such that all sufficiently large integers
are the sum of (at most) G j jth powers of positive integers.

G j ≤ g j ,
G g .

G ≤ , G , G ≤ , G ≤ .
G j j.

C X0, . . . ,Xn , C

Problem 5.2. How much can one form be “simplified” by linear changes of vari-
ables (that is under the action of the general linear group in n variables)?

C X1,X2,X3 .

Problem 5.3. (LWP) For every j ≥ , determine the least integer g j such that
every form of degree j in C X0, . . . ,Xn can be written as the sum of (at most)
g j powers of linear forms.



Problem 5.4. (BWP) For every j ≥ , determine the least integer G j such that
the generic form of degree j in R C X0, . . . ,Xn can be written as the sum of
G j powers of linear forms.

j .
n

rank M

G ≤ n .

< n

G n .

. . .

C
• G j s

L1, . . . , Ls R1

Rj Lj−1
1 , . . . , Lj−1

s j .

S S k Y0, . . . , Yn

R
R S.

Xi ◦ Yj
∂

∂Yi
Yj

{
i � j
i j.



Rj × Sj → k

j ≥ .

I R t ≥ It
⊥

S It.

dimk It
⊥ dimk St − dimk It dimk Rt − dimK It HR/I t .

I X1, . . . ,Xn
2,

It
⊥ { St It}.

It t
S Xi Yi I.

s P1, . . . , Ps Pn

℘1, . . . , ℘s, m1, . . . ,ms

Pn

I ℘m1 ∩ ℘m2 ∩ · · · ∩ ℘ms

fat points

Z m1P1 · · · msPs.

Z P ′
is(

n+mi−1
n

)
Pi.

It Pn

t
(
n+mi−1

n

)
Pi. R/I

Z

deg Z
s∑

i=1

(
n mi −

n

)
.

m1 · · · ms .

HR/I t

{
s,

(
n t

n

)}
.

R/I maximal Hilbert function

P1, . . . , Ps Pn

Pi ai0, . . . , ain ,

LPi ai0Y0 · · · ainYn

S1.



Theorem 5.5. Let I be the defining ideal of the scheme of double fat points

Z P1 · · · Ps.

For every j > we have

Ij
⊥ Lj−1

P1
, . . . , Lj−1

Ps j .

• G j s s Pn

HR/I j HR j

(
n j

j

)
I Z P1 · · · Ps.

m1 · · · ms ,

deg Z e R/I s n .

G n . I

Z P1 · · · Pn+1

n

HR/I

(
n

)
.

j j ≤ n

n

G j j+1
2 .

HR/I j j ⇐⇒ t ≥ j

I ℘2
1∩ · · ·∩℘2

t . R k X0,X1 , R/I
S/J S k X

R/I
HR/I j {j , e R/I }.

e R/I t,

• j − j

G j



•

HR/I < HR

I
P2. P2

• The generic form of degree 4 in 4 variables is not the sum of 9 fourth powers

HR/I < HR

I
P3. P3

• The generic form of degree 4 in 5 variables is not the sum of 14 cubes

HR/I < HR

I
P4. P4

A regularity
index r A A t HA t e A .

general position n Pn.

Theorem 5.6. Let Z P1 · · · Ps where P1, . . . , Ps are points in general
position in Pn. If A denotes the homogeneous coordinate ring of Z, then

r A ≤
{

,

[
n− s

n

]}
.

Further, if the support of Z lies on a rational normal curve, then equality holds
above.

G j
• The generic form of degree 3 in 5 variables is not the sum of seven cubes

HR/I <

I
P4.



r R/I { , } .

HR/I < e R/I HR .

• The generic form of degree 3 in 4 variables is the sum of 5 cubes

HR/I e R/I

I
P3. {

,

[ − ]}
,

Theorem 5.7. Let Z P1 · · · Ps where P1, . . . , Ps are generic points in
Pn. If A denotes the homogeneous coordinate ring of A, then, except for the four
pathological cases considered above, we have

HA t

{
s n ,

(
n t

n

)}
.

Theorem 5.8. For every j ≥ we have

G j

{
t | n t ≥

(
n j

j

)}
except for the following four cases:
j n where G , instead of G ,
j n where G , instead of G ,
j n where G , instead of G ,
j n where G , instead of G ,

j n
(
n+j
j

)
Lj

1 · · · Lj
G

n G

•



n j

N

(
n j

j

)
− .

P Rj � PN

P Rj Rj

j R.

νj Pn → PN

P α0, . . . , αn ∈ Pn

νj P αi0
0 · · ·αin

n i0+···+in=j .

νj Pn j Pn PN .

Remark 5.9. νj Pn may be seen in P Rj as the projectivization P W of the
subspace W of Rj of all forms consisting of powers of linear forms.

n j N .

Q
∑

0≤i≤j≤2

aijXiXj

⎛⎝ a00 a01 a02

a01 a11 a12

a02 a12 a22

⎞⎠ .

≤ Q
ν2 P2 P5⎛⎝ X00 X01 X02

X01 X11 X12

X02 X12 X22

⎞⎠
Q

a00, a01, a02, a11, a12, a22 ∈ ν2 P2 .

ch k n , j N ,
ν2 P1 ⊆ P2

X00X11 −X2
01.

X01 .



Rj

νj Pn .

Definition 5.10. Let X ⊆ Pd be a projective variety and let k ≥ . Seck−1 X is
defined as the closure of the union of the Pk−1 in Pd which cut X in k distinct
points. This variety is called the k − Secant Variety to X.

Seck−1 X Pd.

Remark 5.11. A generic point of Seck−1 νj Pn corresponds to a form of degree
j which can be written as the sum of k powers of linear forms.

Problem 5.12. (BWP) Given the integer j determine the least integer G j such
that

SecG(j)−1 νj Pn PN .

Pn.

Theorem 5.13. For every n, j and k, let I be the defining ideal of the scheme of
double fat points Z P1 · · · Pk where P1, . . . , Pk are generic points in Pn.
Then

dim Seck−1 νj Pn HR/I j − .

g j j.
j j

Pj ,
j

g j ≤ j. g j j
j . P P3

C X0 t3, X1 t2u, X2 tu2, X3 u3.
P , , , X2 X3

C , , , . C,
C

Sec1 ν3 P1 P3.

Sec1 ν3 P1 .

Sec1 ν3 P1 {∪ } ∪ {∪ } .



X2
0X1, , , , ,

Problem of infinitesimal generic interpolation

Problem 5.14. At how many points is it possible to prescribe values to a polynomial
of given degree, together with derivatives up to a given order?

B4 {z ∈ C2 | |z| ≤ }

k B4. ν B4, k

ν B4, k
ν B4, k

V ol B4
.

• ν B4, k , full filling
• ν B4, k < , packing obstruction

Conjecture 5.15. (Nagata) Let P1,. . . , Pk be generic points in P2 and m1,. . . ,mk

be fixed non negative integers. For every k ≥ , if d is the initial degree of the
defining ideal of the scheme of fat points

Z m1P1 · · · mkPk,

we have

d ≥
∑k

i=1 mi√
k

.

k , , , , ,
k p2 p



Theorem 5.16. (McDuff-Polterovich) Assume Nagata’s conjecture is true for some
k. Then there exists a full symplectic packing of B4 by k equal standard balls, that
is,

ν B4, k .

P2,

Problem 5.17. What is the Hilbert function of a scheme of fat points in Pn

Conjecture 5.18. Given a set of s distinct points on a rational normal curve in
Pn, and given a set of natural numbers m1, . . . ,ms let

Z m1P1 · · · msPs

be the corresponding scheme of fat points. Then
• The Hilbert function of Z does not depend on the points.
• For every scheme Y of fat points in general position and with the same

multiplicities, we have
HZ t ≤ HY t

for every t ≥ ,

m1 · · · ms

n n

6. The HF of a CM Local Ring

A,M M.
A associated graded ring

A k

grM A ⊕t≥0Mt/Mt+1.

HA t dimk Mt/Mt+1

PA z PgrM(A) z .

grM A
A V

grM A tangent cone V



V
Proj exceptional set blowing

up V
k A

A

A k t4, t5, t11 .

grM A k X, Y, Z / XZ, Y Z,Z2, Y 4

X,Y,Z Z ∈ Ass grM A

A

PA z
z z3

− z
.

A k X, Y, Z / X4 − Y Z, Y 3 −XZ,Z2 −X3Y 2 .

grM A k X, Y, Z /I∗ I X4 − Y Z, Y 3 −XZ,Z2 −X3Y 2

I∗ I. a ∈ A
n a ∈Mn,

a∗ a ∈Mn/Mn+1

the initial form a grM A .

Theorem 6.1. Let A,M be a local ring and I x1, . . . , xr an ideal in A. Let
x1, . . . , xr be the residue class of x1, . . . , xr inM/M2 and B,N A/I,M/I .
Then we have :

• PB z / − z r ≥ PA z .
• The following conditions are equivalent:

a) PB z PA z − z r.
b) x1, . . . , xr form a regular sequence in grM A .



c) x1, . . . , xr form a regular sequence in A and

grN B grM A / x1, . . . , xr .

d) x1, . . . , xr form a regular sequence in A and for every n ≥
Mn ∩ I Mn−1I.

Definition 6.2. Let A,M be a local ring; an element x inM is called superficial
for A if there exists an integer c > such that

Mn x ∩Mc Mn−1

for every n > c.

x M2 x
A x∗ ∈ M/M2

grM A .
depth A > ,

A.

Definition 6.3. A set of elements x1, . . . , xr in the local ring A,M is said to be
a superficial sequence if x1 is superficial for A, x2 is superficial for A/x1A and so
on.

Proposition 6.4. Let A,M be a local ring and x1, . . . , xr a superficial sequence.
If we let J x1, . . . , xr and B,N A/J,M/J , then

• depth grM A ≥ r ⇐⇒ x∗
1, . . . , x

∗
r is a regular sequence in grM A .

• depth grM A ≥ r ⇐⇒ depth grN B ≥ .

Sally’s machine

grM A .
r d −

A
A X (M,X).

A
A.

λA M A M embcod A
embedding codimension A HA − d.

HA −d h1 z h A. embcod A
A

A



Proposition 6.5. Let A,M be a d-dimensional local ring and x a superficial ele-
ment which is also regular on A. If B A/xA, we have :

• dim B d− .
• HA HB .
• embcod A embcod B .
• ek B ek A for every k , . . . , d− .
• − ded A − ded B −∑n

j=0 λA Mj+1 x/Mj for every n >> .

• ed A ed B if and only if x∗ is regular in grM A .

e
A h ei

ei A G grM A . A
r ≤ r ≤ d, r
A.

Theorem 6.6. (Abhyankar) Let A,M be a d-dimensional Cohen-Macaulay local
ring; then

e ≥ h .

Proof. e h
d .

PA z hz · · · hsz
s

s ≥ h′
is

e h h2 · · · hs ≥ h . �

A

A k X, Y / X2,XY A

PA z
z − z2

− z

e < h .

Theorem 6.7. (Northcott) Let A,M be a d-dimensional Cohen-Macaulay local
ring; then

e1 ≥ e− .

Proof. d

PA z hz · · · hsz
s

e1 h h2 · · · shs ≥ e− h h2 · · · hs − .

h′
is



d ≥ , e1 A e1 B ≥ e1 C e A e B e C
x1, . . . , xd

B A/ x1, . . . , xd−1

C A/ x1, . . . , xd .

�

Theorem 6.8. Let A,M be a d-dimensional Cohen-Macaulay local ring; then

e1 ≥ e− h− .

Proof. d

PA z hz · · · hsz
s

e1 h h2 · · · shs ≥ h · · · hs − h−
d ≥ , e1 A e1 B ≥ e1 C e A e B

e C B C
A

d . �

h A

Theorem 6.9. Let A,M be a d-dimensional Cohen-Macaulay local ring and let s
be the degree of the h-polynomial of A. The following conditions are equivalent:

• s ≤ .
• e1 e− h− .

Further, if either of the above conditions holds, then G is Cohen-Macaulay.

Proof.

PA z
hz h2z

2

− z d
,

e h h2 e1 h h2.

e− h− h h2 − h− h h2 e1.

e1 e − h − . d , PA z hz · · · hsz
s

s ≥ . e1 e− h−
h3 h4 · · · s− hs

s ≤ .



d ≥ ,

e− h− e1 A e1 B ≥ e1 C ≥ e− h−
e A e B e C B C

A
e1 B e1 C e− h−

PB z
PC z

− z

hz h2z
2

− z

gr B depth G d G

PA z
PC z

− z d

hz h2z
2

− z d

�
s ≤ , e h

e1 e− A.

Theorem 6.10. Let A,M be a d-dimensional Cohen-Macaulay local ring and let
s be the degree of the h-polynomial of A. The following conditions are equivalent:

. s ≤ .

. PA z hz / − z d.

. e1 e− .

. e1 h.

. e h .
Further, if either of the above conditions holds, then G is Cohen-Macaulay.

Proof.
e1 ≥ e− h− ,

e1 − e ≥ e− h− ≥ , e1 − h ≥ e− h− ≥

d . d ≥ e h . J
M,

M ⊃ M2

∪ ∪
J ⊃ JM

λ M/M2 h d, λ M/J h λ J/MJ d, M2 JM
Mn JMn−1 n ≥ . A

h
d . �



e1 e, e h ,
e1 e rigid

A G
e h

Theorem 6.11. Let A,M be a d-dimensional Cohen-Macaulay local ring. The
following conditions are equivalent:

. PA z hz z2 / − z d.

. e1 e.

. e1 h .

. e h and G is Cohen-Macaulay.

Proof. e1 e,
e1 e ≥ h . e1 ≥ e−h− e1−h− , e1 h

e1 h

h e1 ≥ e ≥ h , e1 e h e− h−
G

e h G

PA z
PC z

− z d

C
A. C e h

PA z
PC z

− z d

hz z2

− z d
. �

A,M τ A Cohen-
Macaulay type A

A.

Theorem 6.12. Let A,M be a d-dimensional Cohen-Macaulay local ring. The
following are equivalent:
• e h .
• PA z hz zs / − z d for some integer s, ≤ s ≤ h .

Further, if either of the above conditions holds, then we have:
• τ A ≤ h.
• depth G ≥ d− .
• G is Cohen-Macaulay ⇐⇒ s ⇐⇒ e1 e ⇐⇒ e1 h ⇐⇒ τ A < h.
Finally if A is Gorenstein, such is G.



s ≤ s ≤ h ,
As e h

PAs z
hz zs

− z
.

A2 k te, te+1, te+3, . . . , t2e−1 ,

As k te, te+1, te+s+1, te+s+2, . . . , t2e−1, t2e+3, t2e+4, . . . , t2e+s

s ≤ s ≤ e−

Ae−1 k te, te+1, t2e+3, t2e+4, . . . , t3e−1 .

e1 e .
A.

Theorem 6.13. Let A,M be a d-dimensional Cohen-Macaulay local ring. The
following conditions are equivalent:
• e1 e .
• Either PA z hz z2 / − z d or PA z hz z3 / − z d.

In the first case G is Cohen-Macaulay, in the second case G has depth d− .

Proof. e1 e . e1 e ,

e1 e ≥ e− h−

h ≤ e ≤ h . e h , e1 e − ,
e h , e1 h , e h e1 h .

PA z
hz z3

− z d

depth G d− .

e− h− h − h− h e1

PA z
hz z2

− z d

G �

Problem 6.14. Find a structure theory for local Cohen-Macaulay rings verifying

e ≥ h .



A
e h , G

e h G

A k t6, t7, t15

A k X, Y, Z / Y 3 −XZ,X5 − Z2

G k X, Y, Z / XZ, Y 6, Y 3Z,Z2

PA z
z z2 z3 z5

− z
.

Problem 6.15. Find the possible Hilbert functions of a local Cohen-Macaulay ring
with

e1 ≥ e .

e e1

e1,

e− h− ≤ e1 ≤
(
e
)
−
(
h
)
.

t e−h− ≤
t ≤
(
e
2

)
−
(
h
2

)
A

A

pA X eX − t.

Theorem 6.16. Let A,M be a 1-dimensional Cohen-Macaulay local ring. The
following conditions are equivalent:
• e1

(
e
2

)
−
(
h
2

)
.

• PA z hz
∑e−1

i=h+1 zi / − z .

Problem 6.17. Let A,M be a d-dimensional Cohen-Macaulay local ring. Are the
following conditions equivalent?
• e1

(
e
2

)
−
(
h
2

)
.

• PA z hz
∑e−1

i=h+1 zi / − z d.



e2,

A

e1 h h2 · · · shs e2 h2 h3 · · ·
(
s
)
hs

e1 e2 h0, . . . , hs

Theorem 6.18. Let A,M be a -dimensional Cohen-Macaulay local ring. If x is
a superficial element inM, then for every j ≥

HA j e− ρj

where ρj λ Mj+1/xMj .
In particular, if s is the degree of the h-polynomial of A,

ρ0 e− , ρ1 e− h− , ρj ∀j ≥ s,

e1

s−1∑
j=0

ρj and e2

s−1∑
j=1

jρj

Proof.
A ⊃ Mj ⊃ Mj+1

∪ ∪ ∪
xA ⊃ xMj xMj

HA j λ Mj/xMj − λ Mj+1/xMj .

λ A/xA e A/Mj � xA/xMj

HA j e− λ Mj+1/xMj

j ≥ . ρ0 e−HA e− ρ1 e−HA e− h− .

PA z
e− ρ1 − z ρ1 − ρ2 z2 · · · ρs−2 − ρs−1 zs−1 ρs−1z

s

− z

e1 e2. �

A,M
e1

∑
j≥0

vj e2

∑
j≥1

jvj

J M

vj λ Mj+1/JMj − λ Mj JMj−1 .



vi

A,M n

Mn ⊆Mn+1 M⊆Mn+2 M2 ⊆ · · · ⊆ Mn+k Mk ⊆ · · ·

M̃n
⋃
k≥1

Mn+k Mk .

M̃ M,

i, j n

Mn ⊆ M̃n M̃iM̃j ⊆ M̃i+j.

x A,

M̃n+1 x M̃n

n ≥ .
J

A n ≥

σn λ M̃n+1/JM̃n .

σ0 e− .
A

e1

∑
j≥0

σj e2

∑
j≥1

jσj .

e2

Proposition 6.19. If A,M is a Cohen-Macaulay local ring, we have

e2 ≥ e1 − e ≥ .

Proof. A e2 A e2 B
e1 A e1 B B

e2

∑
j≥1

jσj
∑
j≥1

σj
∑
j≥2

j − σj ≥ e1 − σ0 e1 − e .

ρj
σj . d ,

e2 − e1 e− h3 h4 · · ·
(
s− )

hs

�



Conjecture 6.20. Let A,M be a d-dimensional Cohen-Macaulay local ring and
let s be the degree of its h-polynomial. The following conditions are equivalent:
• e2 e1 − e .
• s ≤ .

Further if this is the case, then G is Cohen-Macaulay.

s ≤ , e h h2, e1 h h2 e2 h2.

e1 − e h h2 − h h2 h2 e2.

e2 , , . e2 ,
e1 e − e2 e1 e

e2 e1 e
d , .

Proposition 6.21. Let A,M be a Cohen-Macaulay local ring of dimension less
than or equal to 1. If e2 e1 − e then s ≤ .
Proof. d e2 e1 − e ,

h3 h4 · · ·
(
s− )

hs .

s
d ,

ρ1 ρ2 · · · s− ρs−1 ρ1 ρ2 · · · ρs−1

ρ2 ρ3 · · · s− ρs−1 .

s ≥ , ρs−1 , �
e2

A

PA z
hz z3 − z4

− z 2
.

e2

G

e2 ≤
(
e1

)
−
(
h
)

e1.

Problem 6.22. What can be said about the Hilbert function of a Cohen-Macaulay
local ring A



M I.

I A,M ,
e2 e1 − e λ A/I .

M
I M

I I.
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Theorem 2.10. (Cayley-Hamilton theorem) Let E be a graded module over a ring
of polynomials and let f be an endomorphism of E. If the rank of E over R is
e, Pf t is a monic polynomial of degree e. Moreover, if E is torsion–free over R
then Pf f · E . Furthermore, if E is a faithful A–module and f ∈ A1 then
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The arithmetic degree of an algebra versus its reduction number
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Theorem 2.11. Let A be an affine algebra over an infinite field k, let k z be a
Noether normalization of A, and let M be a finitely generated graded, faithful A–
module. Then every element of A satisfies a monic equation over k z of degree at
most M .
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Corollary 2.12. Let A be a standard graded algebra and denote

A { M | M }.
For any standard Noether normalization R of A, every element of A satisfies an
equation of degree A over R.

Reduction equations from integrality equations
A u ∈ A1
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e−1,

Proposition 2.13. Let A k A1 be a standard algebra over a field k of character-
istic zero. Let R k z ↪→ A be a Noether normalization, and suppose that every
element of A1 satisfies a monic equation of degree e over k z . Then A ≤ e− .
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Dimension one
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Dimension two
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Example 3.6. S k x, y, z, w J
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Hyperplane section
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Proposition 3.8. Let R be a locally Gorenstein ring and let M be a finitely gener-
ated R–module. Suppose the annihilator of M has codimension r. Then the module

r
R M,R is nonzero, and all of its associated primes are of codimension r.

Proof. x R
r M

r
R M,R � R/(x) M,R/ x ,

R/ x
r
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·
Proposition 3.9. Let M be a graded module over the graded algebra A and let S be
a Gorenstein graded algebra such that S/I A.

M is independent of S.
M ≤ M ≤ M ≤ M , and equality holds throughout

if and only if M is Cohen–Macaulay.

Proof. R S1 S2
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Proposition 3.10. (Rees lemma) Let R be a commutative ring, E and F R–
modules and x ∈ R. If x is a regular element on R and F and xE , then

n
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Remark 3.11. M
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S

·

a priori

Proposition 3.12. Let M be a graded module over the graded algebra A and let S
be a Gorenstein graded algebra such that S/I A.



Let L H0
m M be the submodule of M of elements with finite support. Then

M M/L � L .

In particular, if M , then M M .
If M and h is a regular hyperplane section on M , then

M ≥ M/hM .

Proof. S M d

i
S M,S i

S M/L,S , ≤ i < d
d
S M/L,S

� d
S M,S � L .

→M
h−→M −→M → ,

→ S M,S −→ S M,S −→ 1
S M,S −→

1
S M,S −→ 1

S M,S −→ 2
S M,S → ,

S M,S 2
S M,S

S M,S 1
S M,S F

2
S M,S

h E 1
S M,S

1
S M,S M

M

S M,S .

E

� F ≤ � E ,

E L
G E/L E G � L

E h
L G

→ hL −→ hE −→ hG −→ L/hL −→ E/hE −→ G/hG→ .

E/hE 2
S M,S

G/hG G
h



hG
� hE <∞

→ S M,S /h · S M,S −→ 1
S M,S −→ hE → ,

S M,S 1
S M,S ,

E � L G

� L G/hG

≥ � L/hL � G/hG

≥ � E/hE

� F ,

�

Generalized Cohen–Macaulay modules

R
M d M

M M
d∑

i=1

(
d−
i−

)
· i

R M,R

M
d∑

i=1

(
d−
i−

)
· � i

R M,R

M
d∑

i=1

(
d−
i−

)
· � Hd−i

m M

M
d−1∑
i=0

(
d−

i

)
· � Hi

m M .

→M
h−→M −→M →

→M0
h−→M0 −→M0 −→M1

h−→M1 −→M1 −→ · · ·
Md−2

h−→Md−2 −→Md−2 −→Md−1
h−→Md−1 −→Md−1 → ,



M R d Mi
i
R M,R M i

i+1
R M,R

→ Li −→Mi
h−→Mi −→ Ni →

→ Ni −→M i −→ Li+1 →
≤ i ≤ d−

i L0 M M i ≥

� Ni � Li

� M i � Li � Li+1 .

� Mi ≥ � Li

� M i ≤ � Mi � Mi+1 ,(
d−
i−

)
M ≥ M/hM .

h ·Mi

Homologically associated primes of a module
M

M

M

Definition 3.13. R M
R S S �→ R

homologically associated primes M R

M
⋃
i≥0

i
S M,S .

S R
S

Definition 3.14.

M \ M ,

hidden associated primes M



i1
S

i2
S · · · ir

S M,S , S , · · · , S .

well–hidden

Problem 3.15. R
M R⋃

i≥0

i
R M,R

Homological degree and hyperplane sections
S M

S superficial
r M z ∈ Sr Mz M

Definition 3.16. generic hyperplane section M h ∈ S1

Mi1,i2,... ,ip
i1
S

i2
S · · ·

ip−1
S

ip
S M,S , S , · · · , S ,

i1 ≥ i2 ≥ · · · ≥ ip ≥

i1 ≤ S p ≤ S h

Theorem 3.17. Let S be a standard Gorenstein graded algebra and let M be a
finitely generated graded module. If h ∈ S is a regular, generic hyperplane section
then

M ≥ M/hM .

Proof. h
M S

M S d

→M
h−→M −→ N → .

Mi
i
S M,S N Ni

i+1
S N,S N S −

Ni
i
S/(h) N,S/ h



·
Ni ≤ Mi Mi+1 , i ≥ .

→M0 −→M0 −→ N0 −→M1 −→M1 −→ N1 −→M2 −→ · · ·
· · · −→Md−2 −→Md−2 −→ Nd−2 −→Md−1 −→Md−1 −→ Nd−1 → ,

→ Li −→Mi −→ M̃i →
→ M̃i −→Mi −→ Gi →
→ Gi −→ Ni −→ Li+1 → .

Li h i

M N M̃i

Mi, Gi Ni

Ni � Ni � Gi � Li+1

≤ Mi Mi+1 .

Proposition 3.18. Let S be a Gorenstein graded algebra and let

→ A −→ B −→ C →
be an exact sequence of graded modules. Then

If A is a module of finite length, then

B A C .

If C is a module of finite length, then

B ≤ A C .

Proof. B B
d ≥

C B

i
S B,S i

S C,S , ≤ i ≤ d− ,

� d
S B,S � d

S A,S � d
S C,S .

i
S B,S i

S A,S , ≤ i < d− ,

0 → Extd−1
S (B, S) → Extd−1

S (A, S) → Extd
S(C, S) → Extd

S(B, S) → Extd
S(A, S) → 0.



d−1
S A,S

d−1
S B,S ≤ d−1

S A,S
d
S B,S ≤ d

S A,S d
S , S .

d−1
S A,S

d−1
S A,S d−1

S A,S � m
d−1
S A,S .

d−1
S B,S d−1

S A,S ,

� m
d−1
S B,S ≤ � m

d−1
S A,S ,

�

M̃i ≥
Ni ≤ Gi � Li+1 .

Gi Mi m ·

→ M̃i −→ Mi −→ Gi →
↑ ↑ ↑

→ m M̃i −→ m Mi −→ m Gi

Hi

m Mi −→ m Gi .

→ M̃i/ m M̃i
α−→Mi/ m Mi −→ Gi/Hi → .

β Mi/ m Mi � M̃i/ m M̃i

M̃i/ m M̃i ↪→Mi/ m Mi ,

β h Mi/ m Mi

M̃i/ m M̃i Mi/ m Mi α
h

→Mi/ m Mi
h−→Mi/ m Mi −→ Gi/Hi → .

j
S Mi/ m Mi , S j

S Mi, S , j < S,

h Mi/ m Mi

Mi/ m Mi ≥ Gi/Hi .



Gi Gi/Hi � Hi .

Mi/ m Mi

� m Mi � Hi � Li

Gi ≤ Mi/ m Mi � m Mi Mi ,

Ni ≤ Gi � Li+1

≤ Mi Mi+1 ,

�

Remark 3.19.
R k x, y M x, y 2 M

h M/hM
M

Corollary 3.20. Let M and h be as above and let r be a positive integer. Then

r · M ≥ M/hrM .

Proof. M

→M
hr−→M −→ N → .

M/hrM r · M
h hr

Ni ≤ Gi � L̃i+1 , i ≥ .

L̃i hr Mi

r � L̃i+1 ≤ r · � Li+1

Gi Gi/Hi � Hi ,

Gi/Hi ≤ r · Mi/ m Mi

r · Mi − � m Mi .

Hi m Mi

� Hi � L̃i

� m Mi h hr



Ni ≤ r · Mi r · � Li+1

−r · � m Mi � Hi ,

� Li+1 Mi+1

Ni ≤ r · Mi Mi+1 ,

�

r
hr

Remark 3.21.

M ≤ M/hM ,

M ≥ M/hM .

M
· a priori

Homological multiplicity of a local ring

R R R/p
R/p A/p R

A
R R

R R̂

Theorem 3.22. Let R be a local ring that is a homomorphic image of a Gorenstein
ring. Then

R R̂ .

Definition 3.23. R
homological multiplicity eh R R

· eD R R



4. Regularity versus Cohomological Degrees

R k
m

·
D R

R
R ·

Proposition 4.1. Let · be a degree function satisfying , and . Let
M be a finitely generated module.

If · denotes the ordinary multiplicity as given by the Hilbert function of
M ,

M ≥ M ,

with equality if and only if M is Cohen–Macaulay.
If νR · denotes the minimal number of generators function,

νR M ≤ M .

If L is any submodule of finite length of M then

M M/L � L .

D R is a convex set.

Proof.

d M d M � M ≥ νR M
d > L m M �

N M/L > h
M

N ≥ N/hN ≥ νR N/hN νR N ,

�
Definition 4.2. M − M ·

M

Remark 4.3. R ·
R

M M � m M .

R ·
M R

→M −→ N −→ P → ,

N ≤ M P .



I R ν I ≤ R

→ I ∩ L −→ I −→ I L /L→ ,

L H0
m R I L /L

R/L R/L

R ≥
R k x, y

Proposition 4.4. Let M be a finitely generated R–module and let x be a generic
hyperplane section. Then

M ≥ M/xM x · x M .

Proof. x x M m M L

→ L −→M −→M0 → .

x

→ xL −→ xM −→ xM0 −→ L/xL −→M/xM −→M0/xM0 → ,

xM {m ∈M | xm } xM0

M M0 L

≥ M0/xM0 L ,

M/xM M0/xM0 L/xL

M0/xM0 L − xL ,

�

Castelnuovo regularity

Proposition 4.5. Let A,m be a graded algebra and let

→M −→ N −→ P →
be an exact sequence of graded modules and homomorphisms. Then

N ≤ { M , P }
M ≤ { N , P }
P ≤ { M − , N }
N { M , P }, if M has finite length.



In particular, if N is a graded module and h is a regular hyperplane section on N ,
then

N N/hN .

Proof.

Hi−1
m P −→ Hi

m M −→ Hi
m N −→ Hi

m P −→ Hi+1
m M ,

�

·

Theorem 4.6. Let A be a standard graded algebra over an infinite field k. For any
function · , it holds

A < A .

Proof. d A d d
A

L H0
m A

→ L −→ A −→ A→ .

A { L , A }
A − L A

L A A h
A A ≥ A/hA A A/hA

d ≥ L � L
A h

→ L0 −→ A
h−→ A −→ A→ .

→ L0 −→ L
h−→ L −→ H0

m A .

H0
m A r A −

n > r Ln hLn−1

s � hL ≤ A − A

Lr+s+1 hs+1Lr ,

hALr ⊃ h2ALr ⊃ · · · ⊃ hs+1ALr ⊃
s L ≤ r s < A �

A
A A



5. Cohomological Degrees and Numbers of Generators

I R
R/I

R,m M R
ν M

M M M

Proposition 5.1. Suppose that M is a module of generic rank M r >
and let I be a minimal reduction of m. Then

� M/IM ≥ r · R ,

and equality holds if and only if M is Cohen–Macaulay.

� M/IM � M/mM
ν M

m

Proposition 5.2. Let R,m be a Cohen–Macaulay local ring of dimension d >
and let M be a submodule of a free module

→M −→ Rr −→ C → ,

such that C has finite length. Then

ν M ≤ r · R d− � C .

Proof. M ν M
R ω

M

i
R M,ω i+1

R C,ω ,

i < d − � C i d −

M M

(
d−

d− d−

)
� C

r · R d− � C ,

M Rr M ≥ ν M ·
�

Theorem 5.3. Let R,m be a Cohen–Macaulay ring of dimension d, and let I be
an ideal of codimension g > . If R/I r, then

ν(I) ≤ deg(R) + (g − 1)Deg(R/I) + (d − g − r)(Deg(R/I) − deg(R/I))

= deg(R) + (g − 1) deg(R/I) + (d − r − 1)(Deg(R/I) − deg(R/I)). (31)



Proof. R

→ I −→ R −→ R/I → .

g d

ν I ≤ R d− � R/I .

g < d x R/I
R r > x

→ I/xI −→ R/ x −→ R/ I, x → ,

I/xI I ′ R′ R/ x
I R′/I ′ R/I R′/I ′ ≤

R/I
R/I

→ x R/I −→ I/xI −→ R/ x −→ R/ I, x → .

x R/I ⊂ L H0
m R/I ,

� x R/I ≤ R/I − R/I

ν I ≤ ν I ′ R/I − R/I ,

I ′ I/xI R′ R/ x
R′/I ′ ≤ R/I −

xL R′/I ′ ≤ R/I
d > g d g

d− g R/I − R/I r
�

Remark 5.4. R
R/I I

6. Hilbert Functions of Local Rings

R,m d > I m

I

R It R It I2t2 · · · , I

I R R/I ⊕ I/I2 ⊕ I2/I3 ⊕ · · · , I

T I FI m R/m⊕ I/mI ⊕ I2/mI2 ⊕ · · · , R It



R It

m R
HR n n

Bounding rules

I R I

I/J ↪→ R/J,

J R/J

Proposition 6.1. Let R,m be a one–dimensional local ring and let I be an ideal.
Then

ν I ≤ R � H0
m R .

Proof. L H0
m R I

→ I ∩ L −→ I −→ I R/L →
ν I R/L ≤ R/L

R R/L
R IR ≤ R IR

�

Proposition 6.2. Let I be an ideal and let J ⊂ I be a subideal such that one of the
following conditions hold:

R/J is a ring of dimension one.
R/J and I/J are Cohen–Macaulay modules.

Then

ν I ≤ ν J R/J .

·

R ν I

Theorem 6.3. Let R,m be a Cohen–Macaulay local ring of dimension and mul-
tiplicity e R . If the ideal I has an irreducible representation I ∩Ii in which r
of the Ii’s are m–primary, then

ν I ≤ r e R .



Proof. x, y R � R/ x, y K
M

K⊗M I

I � H0 K⊗ I − � H1 K⊗ I

� I/ x, y I − � 1 R/ x, y , I

� I/ x, y I − � 2 R/ x, y ,R/I

� I/ x, y I − � H2 K⊗R/I

� I/ x, y I − � R R/ x, y ,R/I .

� R R/m, R/I r R/ x, y e R

R ·, R/I

� R R/ x, y ,R/I ≤ r · e R .

� I/ x, y I ≥ ν I I ≤
R �

Maximal Hilbert functions
J

ν J R/J
J

R/J

I
J ⊂ I Ir+1 JIr r

rJ I I J I

R,m I

T I
⊕
n≥0

In/mIn,

I I

Theorem 6.4. Let R,m be a Cohen–Macaulay ring of dimension d > and let I
be an m–primary ideal such that the index of nilpotency of R/I is s. Then

ν I ≤ R sd−1 d− .

Proof. K a1, . . . , ad m

J as1, . . . , asd−1 .

R/J
R sd−1 ν J d−

�



Theorem 6.5. Let R,m be a Cohen–Macaulay local ring of dimension d > . Let
I be an m–primary ideal and s the index of nilpotency of R/I. Then

ν I ≤ e R

(
s d−

d−

) (
s d−

d−

)
.

Proof. R J a1, . . . , ad
m Js ⊂ I

J0 a1, . . . , ad−1
s d −

R/J0

e R/J0 e R

(
s d−

d−

)
.

→ I/J0 −→ R/J0 −→ R/I → .

I/J0

R/J0

ν I/J0 ≤ e R/J0 .

ν I ≤ ν J0 ν I/J0 ≤
(
s d−

d−

)
e R/J0 ,

�

Corollary 6.6. Let R,m be a Cohen–Macaulay local ring of dimension d > .
Then for all n,

HR n ≤ e R

(
n d−

d−

) (
n d−

d−

)
.

T m

Theorem 6.7. Let R,m of a Cohen–Macaulay local ring of dimension d > and
multiplicity e R . The Hilbert series of R is bounded by the rational function

e R − t
− t d

.



R,m d > I
m I J ⊂ I
I J

→ I ·R Jt −→ I ·R It −→ SJ I → .

SJ I
J � SJ I n

J

Theorem 6.8. Let J be a minimal reduction of the maximal ideal. The Hilbert
function of SJ m is monotonic.

Conjecture 6.9. m

Gorenstein ideals
R/I

Theorem 6.10. Let R,m be a Cohen–Macaulay local ring of dimension d > . Let
I be an m–primary irreducible ideal and let s be the index of nilpotency of R/I.
Then

ν I ≤ e R

(
s d−

d−

) (
s d−

d−

)
.

Proof. R ≤
J0 a1, . . . , ad−2

s

I/J0 ↪→ R/J0

R/J0

e R/J0 e R

(
s d−

d−

)
.

I/J0

�

General local rings

Theorem 6.11. Let R,m be a local ring of dimension d > and infinite residue
field. Let I be an m–primary ideal and let s be the index of nilpotency of R/I.
Then for any degree function · defined onM R , one has

ν I ≤ R

(
s d−

d−

) (
s d−

d−

)
.



Proof.

a1, . . . , ad−1

Rp p
d − R

L a1, . . . , ad−1 J0 Ls

R/J0 ≤ R

(
s d−

d−

)
.

s s

R/Ls ≤ R/Ls−1 Ls−1/Ls .

Ls−1/Ls r · R r
(
s+d−3
d−2

)
→ K −→ R/L r −→ Ls−1/Ls →

Ls−1/Ls R/L r
L d−

K

Ls−1/Ls K R/L r r · R/L ≤ r · R .

ν I ≤ ν Ls ν I/Ls ,

I/Ls ↪→ R/Ls

R/Ls �

Bounding reduction numbers

Theorem 6.12. Let R,m be a Cohen–Macaulay local ring of dimension d > ,
with infinite residue field. Then

m ≤ d · e R − d .

Proof. m

ν mn ≤ e R

(
n d−

d−

) (
n d−

d−

)
.

n

ν mn <

(
n d

d

)
,

m ≤ n−



n

e R

(
n d−

d−

) (
n d−

d−

)
<

(
n d

d

)
,

e R
n

n d−
d−

n d− <
n d

d
.

n d · e R − d �
Remark 6.13.

m m ≤
d · e R −
Corollary 6.14. For any local ring R,m of dimension d > with infinite residue
field and equipped with a degree function · , one has

m ≤ {d · R − d , }.
Primary ideals

m
I

T I I R
I

Theorem 6.15. Let R,m be a Cohen–Macaulay local ring of dimension d ≥ and
infinite residue field and let I be an m–primary ideal. Then

ν In ≤ e I

(
n d−

d−

) (
n d−

d−

)
,

where e I is the multiplicity of the ideal I.

Proof.
J a1, . . . , ad−1, ad I

In/Js
0 ↪→ R/Jn

0 ,

J0 a1, . . . , ad−1

R/Jn
0

R/Jn
0 R/J0

(
n d−

d−

)
,

R/J0

R/J0 { � R/ J0, x , x R/J0 },
R/J0 ≤ � R/ J0, ad � R/J e I �

Remark 6.16. I m
R/I s e I

I ≤ { d · sd−1e R − d− , d · e I − d }.



eh R homological multiplicity of a
primary ideal I R

Remark 6.17. e I
� R/I

e I ≤ R · e R · � R/I .

Depth conditions
I

F I I

Theorem 6.18. Let R,m be an analytically equidimensional local ring with resi-
due field of characteristic zero. Let I be an m–primary ideal. Suppose that the Rees
algebra R It of I satisfies the condition S2 of Serre e.g. R It is normal . Then

I ≤ e I R − . I R e I R is the multiplicity of the ideal I.

Proof. I

I R R It ⊗R R/I ,

S1

R/m
R/I k R/m k t1, . . . , td

F I I R ⊗ R/m

I R I R
A k t1, . . . , td e I R

I R

I I R < I R I R e I R ,

�

I R

Theorem 6.19. Let R be a Buchsbaum resp. Cohen–Macaulay local ring of dimen-
sion d ≥ , let I be an m–primary ideal and suppose that I R ≥ d − .
Then I ≤ R td−1 resp. I ≤ R td−1 − , where t R/I .

Question 6.20. R,m
I R eh R It eh I R
I m



7. Open Questions

Bounds problems

A

Conjecture 7.1. (Eisenbud-Goto) A
k

A ≤ A − A .

A ≤ A − A .

Conjecture 7.2. I S k x1, . . . , xn in I
1

S/I ≤ S/in I .

A S/I A′ S/in I

±
A′ A

A′ A A

A

A′ A

������

����
��
��
�

����
��
��
�

���
��

��
��

��

���
��

��
��

��
��

��
��

���
�

�
�

���
��

��
��

��
��

��
��

����
��
��
�

����
��
��
��
��
��
��
�

��������

OO�
�
�

A > A

1Added in proof: Bresinsky and Hoa have established this conjecture for generic coordinates.



Cohomological degrees problems

Proposition 7.3. Let M be a finitely generated module over the Noetherian local
ring R. For any prime ideal p

M ≥ Mp .

Proof.
�

Problem 7.4. · M S p ⊂ S
M Sp

·

Conjecture 7.5. M h

M ≥ M/hM .

Remark 7.6.

Problem 7.7. D A

Problem 7.8. ·
A

M N A

M,N
∑
i≥0

ci
A
i M,N ,

ci M,N , M N
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A-linear, 11

a-invariant, 209, 358

absolute integral closure
of a domain, 194

acyclic closure, 61

admissible filtration, 265

analytic spread, 268

anti-commutativity, 100

apolarity, 321

arithmetic

– degree, 346, 351

– degree of an algebra, 361

– genus of a curve, 163

As(a), 268

As(a), 270

associated

– graded ring, 329, 381

– prime, 139

– to the ordered basis, 135

associative, 10

Auslander-Buchsbaum-Serre
Theorem, 35

bar construction, 27

Bayer-Stillman, 143, 144
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Big Cohen-Macaulay algebras, 187

Big Waring Problem, 320

blowing up, 330

Borel subgroup, 127

Borel-fixed, 319

– monomial ideal, 129

bounded below, 4

Boutot’s theorem, 226

Briançon-Skoda theorem, 188, 196, 199

Bs(a), 268

Bs(a), 270

Cancellation Principle, 127

canonical bimodule structure, 58

canonical module of a module, 249,
281, 285

Cartan-Eilenberg spectral sequence, 29

Castelnuovo-Mumford regularity, 282,
285, 350

category of DG modules, 11

Cayley-Bacharach, 309

– theorem, 313

Cayley-Hamilton theorem, 360

Čech complex, 244, 257, 277, 278, 287

chain Γ -derivation, 59
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Chevalley’s theorem, 259

classical Sylvester’s theorem, 323

codimension three Gorenstein
ideals, 310

Cohen Structure Theorem, 35

Cohen-Macaulay

– conjecture, 280

– defect, 34

– deviation of a module, 377

– type, 335

coherent sheaf, 138

cohomological

– annihilator of a module, 256, 259

– degree, 364

colon-capturing, 193, 195

complete intersection, 71

– defect, 72

complex, 4

– of Γ -indecomposables, 60

complexes, 4

complexity, 38

composition product, 100

condition (C), 262, 264

Conjecture of Nagata, 328



conormal module, 83

Crystallization Principle, 145

cubic form, 183

curvature, 39

d+-sequence, 213

d’th Macaulay representation, 147

d-sequence, 213

decomposable

– Γ-monomials, 60

– differential, 66

degree

– lexicographic order, 121, 299

– matrix, 301

– of a curve, 163

– of a module, 345

– of nilpotency, 346

depth, 6

deviation, 65

DG algebra, 10

– resolution, 14

DG Lie algebra, 102

DG module, 11

– of Γ -differentials, 59

– of derivations, 59

– of differentials, 84

– resolution , 19

difference sequence, 161

dimension

– of a module, 345, 349

– of a simplicial complex, 352

divided powers variable, 54

dualizing complex, 248, 251, 252

EGH Conjecture, 311

Eilenberg-Moore spectral sequences, 30

Eisenbud

– conjecture, 46

– operators, 90

elementary

– move, 128

– symmetric functions, 124

embedding

– codepth, 34

– codimension, 34, 331

– dimension, 34

equidimensional hull of an ideal, 212

essential augmentation, 37

Euler

– characteristic, 280

– derivation, 85

– morphism, 85

exceptional set, 330

Ext algebra, 100

exterior variable, 16

extremal module, 108

F-finite ring, 198, 202

F-pure ring of characteristic p, 203

F-rational, 222

– ring, 199

– type, 222

F-regular ring, 190

f-vector of a simplicial complex, 353

face ring, 352

family

– of higher homotopies, 26

– of homogeneous S-modules, 125

filter regular sequence, 256–259

filtration, 135

– of ideals, 265

first

– difference, 298

– quadrant, 29

flat family of S-modules, 125

free Lie algebra, 106

full filling, 328

fundamental form, 183

Γ -derivation, 58

Γ -variable, 54

Galligo’s Theorem, 129

general coordinates, 129

generalized Golod ring, 107



generic

– diagram, 130

– hyperplane section, 372

– initial ideal, 129

– initial subspace of W , 136

geometric

– degree, 346, 352

– genus of a curve, 164

Golod

– homomorphism, 32

– module, 50

Gorenstein sequence, 310

Gotzmann’s Persistence Theorem, 150

– for the Exterior Algebra, 174

Gotzmann’s Regularity Theorem, 151

graded

– acyclic closure, 84

– algebra, 11

– Betti number, 10

– Briançon-Skoda Theorem, 197

– commutative, 10

– commutator, 101

– Lie algebra, 100

– minimal model, 84

– module, 10, 11

– ring, 10

Grassmannian, 136

M. Green’s duality theorem, 286

Griffiths-Harris second fundamental
form, 183

Gröbner basis, 318

Grothendieck’s Finiteness Result, 264

h-polynomial, 297

h-vector, 297

– of a Cohen-Macaulay graded domain
of dimension two, 305

– of a Gorenstein algebra, 309

Hard Lefschetz theorem, 318

Hartshorne-Rao module, 366

hidden associated primes
of a module, 371

highest term, 130

Hilbert

– function, 296, 345, 349

– by Liaison, 308

– Poincaré series, 358

– polynomial, 151, 297

– series, 63, 296

– of Cohen-Macaulay homogeneous
algebras, 300

– -Burch Theorem, 162, 301

homological

– degree of a module, 347, 364, 365

– multiplicity of a local ring, 376

– multiplicity of a primary ideal I, 388

– type, 29

homologically associated

– prime, 371

– primes of a module, 371

homomorphism of, 4

homotopic, 5

– over A, 11

homotopy, 5

– classes, 11

– Lie algebra, 104

Hyperplane Restriction Theorem,
148, 173

hyperplane section, 354

hypersurface ring, 44

ideal

– quotient, 137

– transform, 263, 267, 268

index

– of nilpotency, 346, 383

– of regularity, 358

indexing sequence, 61, 102

inert module, 32

infinitesimal property, 136

initial

– degree of A, 301

– form, 330

– ideal, 345

– of I, 123

– monomial, 122

– subspace, 135



– term, 130, 135

– of a p’th syzygy, 130

integral closure of an ideal, 189, 196,
270

internal degree, 10

Intersection Theorem, 279

irrelevant maximal ideal, 10

Jacobi identity, 100

k’th ideal of leading terms of I with
respect to h, 141

Kodaira Vanishing Theorem, 188, 228,
230

Koszul

– complex, 6, 244, 281, 289

– -co-complex, 257

Künneth Theorem, 14

Laudal’s Lemma, 170

leading power, 177

Leibniz rule, 10

length multiplicity, 350

Lescot spectral sequence, 30

lex segment ideal, 149, 299

Lichtenbaum-Hartshorne vanishing
theorem, 272

Lie

– bracket, 100

– subalgebra, 101

lifting property, 12, 17

limit closure of an ideal, 211

linear equivalence of filtrations, 265

Little Waring Problem, 320

local

– cohomology functors, 244

– Duality Theorem, 248, 285, 290

– Green Modules, 286

– homomorphism, 8

– ring, 6

m-regular

– coherent sheaf, 138

– ideal, 138

m-saturated, 138

Macaulay’s

– Estimate on the Growth of Ideal,
148

– Theorem, 296

mapping cone, 5, 243, 247, 253

Massey operation, 46

Matlis duality functor, 246, 272, 276

matrix factorization, 45

maximal Hilbert function, 322

Mayer-Vietoris sequence, 273, 275, 276

McDuff-Polterovich Theorem, 329

minimal

– complex, 6

– DG algebra, 66

– graded resolution, 10

– model, 67

– multiplicity, 50

– regular presentation, 35

– resolution, 7

modules of deficiency, 281, 285, 286

monomial

– conjecture, 200

– ideal, 122

morphism, 5

– of DG algebras, 11

multiplicative order, 120

multiplicity of a module,
288, 297, 345, 349

Nagata Conjecture, 328

no sporadic zeros, 165

Noether normalization, 346

non-degenerate, 160

normal

– Γ -monomial, 58

– monomial, 102

normalized

– bar construction, 28

– dualizing complex, 253

null-correlation bundle, 171

number of sporadic zeros, 165

numerical character, 158



obstruction to DG module structure, 31

packing obstruction, 328

parameter ideal, 191

parameters, 191

partial elimination ideal, 177

persistence, 193, 198

phantom homology, 196

Plücker

– coordinates, 135

– matrix, 135

plus closure of 0 in Hd
m(R), 219

Poincaré series, 31

points, 160

– in general position, 324

polynomial

– of decreasing type, 303

– variable, 17

primitive element, 168

Problem of infinitesimal generic
interpolation, 328

projective

– dimension, 6

– resolution, 6

quasi-

– Buchsbaum module, 282

– dualizing complex, 248

– Gorenstein ring, 255

– isomorphism, 5

rank of module, 32

rational singularities, 188, 225

Ratliff

– closure, 339

– -Rush closure, 266, 267

reduced simplicial homology, 176

reducing system of parameters, 288

reduction number, 383

– of an algebra, 347, 357

reduction of an ideal, 383

Rees

– algebra, 381

– ring associated to a filtration, 265

regular

– element, 54

– presentation, 35

– ring, 35

– sequence, 56, 297

regularity

– index of a one-dimensional ring, 324

– of a graded algebra, 173

– of a sheaf, 138

– of an ideal, 138

relation type of an algebra, 359

resolvent, 17

resultant, 180

reverse lexicographic order, 121

rigid, 335

rigidity of Tor, 279

Rush closure, 339

S-component of an ideal, 259

Sally module, 385

Sally’s machine, 331

satiety of an ideal I, 138

saturated ideal, 138

saturation of an ideal, 138

Schubert cell associated
to the index, 136

section ring, 228

semi-free, 11

– Γ -extension, 54

– extension, 17

sensitivity to regular sequences, 297

Serre’s condition Sk, 249, 254, 255

sheafification of an ideal, 138

shift, 5

simplicial

– complex, 352

– homology, 176

socle degree, 308

special fiber, 381

spectral sequence, 29

sporadic zero, 165

square, 101



standard

– algebra, 354

– basis, 58, 123

– flags, 135

– resolution, 27

Stanley inequalities, 307

Stanley-Reisner

– Algebra of a Simplicial
Complex, 175

– ring, 352

strictly decreasing polynomial, 303

strong d-sequence, 213

strongly M -filter regular sequence, 287

superabundance, 313

superficial element of order r, 372

Sylvester matrix, 179

symbolic

– power, 259

– Rees ring, 265, 271

symmetric polynomials, 124

syzygy, 7

Tate resolution, 55

tensor product

– of complexes, 5

– of DG algebras, 11

– of DG modules, 11

test

– element, 190, 200

– ideal of a reduced ring, 203

Theorem of

– Abhyankar, 332

– Bertini, 305

– Galligo, 318

– Hilbert-Serre, 297

– Macaulay, 298

– McDuff-Polterovich, 329

– Northcott, 332

tight closure

– of 0 in Hd
m(R), 206

– of an ideal, 187, 188

Tor

– algebras, 21

– modules, 22

translate , 10

transposition, 5

underlying module of, 4

uniform position, 160, 306

– principle, 160

Unimodal Conjecture, 306

universal

– derivation, 59

– enveloping algebra, 101

– extension, 101

variable, 17

Veronese immersion, 326

Veronesean subring, 265

virtual projective dimension, 96

Weak Rigidity Conjecture, 280

weakly F-regular ring, 190

well-hidden associated prime
of a module, 372
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