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Preface

This book contains an introduction to the mathematical theory of financial
markets with proportional transaction costs. Traditionally, a theoretical analy-
sis of models with market imperfections was considered as the most challeng-
ing and difficult chapter of mathematical finance. Nowadays there are hun-
dreds of papers on this subject, but it still is not covered by monographic
literature fixing the main achievements. We propose here a highly subjective
selection of results, which, as we hope, give an idea what is going on and which
may serve as a platform for further studies. The main topics are: approxima-
tive hedging, arbitrage theory, and consumption–investment problems.

Our interest in the subject originates from the famous paper of Heyne Le-
land, who suggested a method how to price contingent claims on a market
with constant proportional transaction costs and gave to the traders a prac-
tically important benchmark. From the economical perspectives his idea is to
replace the classical Black–Scholes principle of “pricing by replication” (co-
inciding, in the case of complete markets, with the principle of “pricing by
arbitrage”) by the principle of “pricing by an approximative hedging.” This
approximative hedging can be realized in various ways. Leland’s suggestion
was to apply the common algorithm of periodical portfolio revisions using the
common Black–Scholes formulae but with an appropriately enlarged volatility.
This method happened to be very efficient for practical values of the model
parameters where the transaction costs are small. It is widely accepted in the
financial industry. However, a more detailed analysis shows some interesting
mathematical aspects of this approach: even for the standard call option, the
terminal value of the replicating portfolio does not converge to the termi-
nal pay-off if the transaction cost coefficients do not depend on the number
of revisions (tending to infinity). The limiting discrepancy can be calculated
explicitly. This is a rigorous mathematical result disclaiming but not discard-
ing Leland’s approach. In his paper Leland conjectured that the convergence
takes place when the transaction costs are decreasing to zero as n−1/2, where
n is the number of revisions. This was confirmed in the thesis of Klaus Lott,
who provided necessary mathematical arguments; we refer to this particular
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case where the enlarged volatility does not depend on n as to the Leland–Lott
model. In fact, the approximation error always tends to zero if the transaction
costs tend to zero (with any rate). The latter property explains the applica-
bility of the Leland idea and its importance for the practical purposes: the
trader may assume that the real-world market is described by a model with
a particular but sufficiently large number n of revision intervals for which the
transaction cost coefficients kn are small enough.

The case investigated by Lott seems to be the most important. This is the
reason why we concentrate our efforts on the analysis of the asymptotical
behavior of the hedging error. We obtain the exact rate of asymptotics of
the L2-norm of this error for a large class of options with convex pay-off
functions. We consider the setting with nonuniform revision intervals and
establish an asymptotic expansion when the revision dates are tni = g(i/n),
where the strictly increasing scale function g : [0, 1] → [0, 1] and its inverse f
are continuous with their first and second derivatives on the whole interval or
g(t) = 1 − (1 − t)β , β ≥ 1. We show that the sequence n1/2(V n

T − VT ) converges
in law to a random variable which is the terminal value of a component of a
two-dimensional Markov diffusion process and calculate the limit.

It is worth noticing that the result that there is no convergence in the case
where the transaction costs do not depend on the model number also has some
practical implications: the revealed structure of the discrepancy explains the
empirical fact that the precision of approximation is worse in the case where
the stock at the maturity date evolves near the pay-off. We discuss this and
other aspects of the Leland strategy in our first chapter. In particular, we
provide a formulation of the Pergamenshchikov limit theorem which gives a
limiting distribution of the approximation error corrected by the discrepancy.

We present also the beautiful proof due to Skorokhod and Levental of the
Davis–Norman conjecture that in the presence of market friction the hedg-
ing (super-replication) of a call option on the stock evolving as a geometric
Brownian motion can be achieved by a single buy-and-hold transaction, at
the beginning of the trading period, without further trading.

In the second chapter we develop an arbitrage theory for financial markets
without friction.

First, we recall the classical arbitrage theory for frictionless market models
in discrete time, providing a self-contained and rather exhaustive synthesis
of the known results. We give a detailed analysis of the Dalang–Morton–
Willinger theorem in its modern formulation, which is a list of equivalent
conditions, and show that for the model with restricted information, the list
is necessarily shorter. Our presentation is adapted for the treatment of more
delicate problems for transaction cost model. Note that the mentioned clas-
sical topic is rarely discussed in textbooks on mathematical finance being
considered as too complicated. By this reason we present a “fast” and “el-
ementary” proof of the major equivalence suitable for lecture courses. It is
based on a combination of the original approach due to Chris Rogers with a
lemma on convergent measurable subsequences.
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We also discuss the structure of equivalent martingale measures and prove
the theorem that in the case where the reference measure is a martingale one,
the martingale measures with bounded densities are norm-dense in the set of
all martingale measures. This implies, in particular, that the set of martingale
measures with finite entropy, if nonempty, is dense in the set of all martingale
measures. This section also contains a simple proof of the optional decompo-
sition theorem, which is, in the discrete-time setting, a very simple result. We
also prove a hedging theorem for European options, which asserts that the set
of initial endowments for (self-financing) portfolios super-replicating a given
contingent claim is a closed interval. Its left extremity is the supremum of
expectations of the contingent claim with respect to the set of all martingale
measures. We go beyond finite-horizon setting and prove some no-arbitrage
criteria for infinite-horizon models. We conclude the section by an example
of application of the duality theory to a utility maximization problem and a
brief comment on continuous-time models.

With the above preliminaries, in the third chapter we attack the problem
of no-arbitrage conditions for markets with proportional transaction costs.

As a mathematical description for the latter, we use a general scheme of two
adapted cone-valued processes in convex duality, giving, at least for mathe-
maticians, a comprehensive “parameter-free” description of the main objects
of the theory. In the financial context the values of the primary processes are
polyhedral cones, describing solvency regions (evolving in time and depending
on the state of the nature). The portfolio processes are vector-valued; they
can be viewed either in terms of quotes (i.e., units of a certain numéraire) or
in terms of “physical units” (e.g., for models of currency markets, positions in
euros, dollars, yens, etc.); both descriptions are related in the obvious way. It
is convenient to treat the no-arbitrage conditions in “physical units domain”.
The crucial observation is that the natural analog of the density processes
of equivalent martingale measures in this general setting are strictly positive
martingales evolving in the dual cone-valued process. The considered frame-
work covers the majority of models considered in the literature, including the
pioneering paper by Jouini and Kallal.

We discuss three types of no-arbitrage properties: weak (NAw), strict (NAs),
and robust (NAr), all coinciding with the classical one when the transaction
cost coefficients are zero. The most natural generalization is the weak NA-
property, claiming the absence of strict arbitrage opportunities, i.e., portfolio
processes starting from zero and having as the terminal values a nontriv-
ial random vector with positive coordinates. For finite probability space, the
NAw-criterion can be established in a very easy way, by the same arguments
as the Harrison–Pliska theorem. Its formulation is simple: NAw holds if and
only if there exists a strictly positive martingale with values in the dual of
solvency cones. Surprisingly, an extension to an arbitrary probability space,
i.e., an analog of the Dalang–Morton–Willinger theorem, as it was shown by
Schachermayer, fails to be true in general. By this reason other definitions of
no-arbitrage were investigated by a number of authors. A particularly fruitful
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idea, due to Schachermayer, is to consider as arbitrage-free the models for
which the NAw-property still holds even under better investment opportuni-
ties, i.e., with “larger” solvency cones. Such a “robust” no-arbitrage property,
referred to as NAr, allows for an equivalent (“dual”) description without any
assumptions on the underlying probability space. We present another surpris-
ing result, due to Grigoriev: in the two-asset model the NAw-criterion in the
above formulation still holds.

Another interesting feature of models with transaction costs is the presence
of arbitrage of the second kind. The latter notion serves to describe the situa-
tion that the initial endowments of the investor lie outside the solvency cone.
Nevertheless, there is a self-financing portfolio which ends up in the solvency
cone. It happens that the absence of arbitrage of the second kind is equivalent
to the existence of martingales evolving in the interiors of dual of the solvency
cones with arbitrary starting points.

The hedging problem for European contingent claims for markets with
transaction costs can be formulated as follows. The contingent claim ξ is
a vector of liabilities expressed in the units of corresponding assets. The in-
vestor wants to know whether he can super-replicate the contingent claim (in
the sense of partial ordering generated by the solvency cone at the terminal
date) by a self-financing portfolio starting from the initial endowment x. The
answer is: the initial endowment x allows this if and only if its value Z0x is
not less than the expected value of the contingent claim EZT ξ whatever is
the process Z evolving in the dual to the solvency cone (a suggestive name
for such a process Z: consistent price system).

The American contingent claim is a process. The option seller is interested
to determine whether his initial endowment x suits to start a portfolio super-
replication the American contingent claim at all dates. We present in Chap. 3
a hedging theorem which involves a class of coherent price systems which is
larger than the class of consistent price systems.

We explain, following Bouchard, that models where the investor’s informa-
tion is delayed or restricted can be treated in the space of orders which is of
higher dimension and give no-arbitrage criteria for such a situation.

We provide some results on the other important theoretical problem, hedg-
ing theorem in continuous-time framework. The latter gives a description of
the set of initial vector-valued endowments ensuring the existence of a hedging
portfolio for a given, also vector-valued, contingent claim. The situation here
is more complicated than in the discrete-time setting: one needs an appropri-
ate definition of admissibility and even that of portfolio processes. We present
here the recent result due to Campi and Schachermayer explaining that the
requirement that the portfolio process is càdlàg is too restrictive to get a
“good” hedging theorem and should be replaced. We complete the chapter by
a hedging theorem for American options.

The concluding chapter is devoted to Davis–Norman consumption–invest-
ment problem in a multi-asset framework. We start by recalling the classical
Merton problem for a power utility function. From the point of view of ex-
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perts in stochastic control the latter is trivial. Indeed, the verification theorem
(which is itself a very simple result) requires to find a solution of the Hamilton–
Jacobi–Bellman (HJB) equation. An easy argument shows that the Bellman
function inherits the homogeneity property of the utility function and, thus,
if finite, it is the same utility function up to a multiplicative constant, and
the HJB equation is reduced immediately to an algebraic one to determine
the latter.

The situation becomes quite different in the transaction cost setting. The
problem is far from being trivial even in the case of powerful utility function.
There is no smooth solution, and, therefore, the usual verification theorem
does not work. The remedy comes from the theory of viscosity solutions.
However, one should first check that the Bellman function is a viscosity so-
lution of the HJB equation. Though the general lines of the arguments are
well known, they are quite lengthy and rarely presented in detail. Moreover,
there are many definitions of the viscosity solutions. We used the simplest
one adapted for positive utility functions. In this chapter we give a rigorous
proof of the Dynamic Programming Principle and derive that the Bellman
function is a viscosity solution of the HJB equation. We proof that the latter
has a unique solution in a class determined by a suitably defined Lyapunov
function. Following Soner–Shreve, we analyze the structure of the Bellman
function in the case of the two-asset model and conclude by presenting the
results of Shreve and Janec̆ek on the asymptotics of the solution when the
transaction costs tend to zero.

In the Appendix we collect various auxiliary results from convex geometry,
functional analysis, probability theory, measurable selection, and stochastic
differential equations with reflection. Of course, our bibliographical comments
are not exhaustive, and we apologize in advance for missing references.

This book could not be written without fruitful collaboration with our col-
leagues: Christophe Stricker, Freddy Delbaen, Esko Valkeila, Günter Last,
Nizar Touzi, Bruno Bouchard, Claudia Klüppelberg. We are grateful to
Thomas Keller and Iris Reinelt for their constructive comments and sugges-
tions. We express our thanks to Emmanuel Denis and Dimitri De Vallière for
their contribution and attentive reading of the manuscript.

A large portion of manuscript was completed during the stay of the first
author at the Kyoto University and Tokyo Metropolitan University.

Besançon Cedex, France Yuri Kabanov
Moscow, Russia

Karlsruhe, Germany Mher Safarian
Stuttgart, Germany
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1

Approximative Hedging

1.1 Black–Scholes Formula Revisited

1.1.1 Pricing by Replication

Certainly, the reader of this book is well acquainted with foundations of the
option pricing. Nevertheless, having in mind that the theory we develop in this
chapter will deviate from the standard approach, we start our presentation
with a short discussion of the Black–Scholes model and principle of option
pricing by replication.

In the classical Black–Scholes model it is assumed that there are only two
securities in the market, the bank account (or bond) and the stock. Their
price increments are respectively:

dBt = rBt dt,

dSt = aSt dt + σSt dwt,

where w is a Wiener process. The first relation means that the deposit on
the bank account (in the other interpretation, the amount invested in bond)
is increasing exponentially if the interest rate r > 0 and remains constant if
r = 0:

Bt := B0e
rt.

The second equation expresses the idea that the relative increments dSt/St

of the price of risky security are due to a deterministic instantaneous rate of
return a and Gaussian fluctuations with an amplitude characterized by the
volatility σ. This equation also can be solved, and the resulting explicit for-
mula shows that the price of the risky asset evolves as the geometric Brownian
motion:

St = S0e
(a− 1

2 σ2)t+σwt .

In our study, to simplify the notation, we suppose immediately that r = 0.
This is not a restriction and simply means that the bank account is chosen as
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2 1 Approximative Hedging

the numéraire: the price of the stock is measured in its units. The translation
into other units (of the “cash”) is so simple that there is absolutely no necessity
to keep r in the presentation.1

In the Black–Scholes model it is assumed that the price process carries all
possible information. Mathematically speaking, this means that the filtration
F = (Ft) is generated by the process S (or, equivalently, by w).

The self-financing portfolio with the initial capital p is given by its value
process

Xt := p + H · St = p +
∫ t

0

Hu dSu,

where H is a predictable (or adapted) process taken from a certain class of
“admissible” integrands; H · S is a common (and convenient) notation for the
stochastic integral.

We shall discuss a bit later the important (and nontrivial) question how
to specify these “admissible” integrands. We also postpone a short discussion
on the interpretation of the introduced terminology.

Let us examine the problem of option pricing, considering as an example
the European call option. This is a contract between two agents. At the end of
the contract, at the maturity (exercise) date T , the option seller will be faced
the contingent claim (random pay-off) ζ = (ST − K)+. In a market model
without friction this is equivalent to sell one unit of stock at the price K > 0.
Note that in the presence of transaction costs there is a difference whether
the stock will be delivered or not.

The maturity date T and the parameter K (“strike”) are stipulated by
the contract.

How to price such an option? The classical answer in the Black–Scholes
theory is the following: price it by replication. This means that for the option
writer, it would be desirable to sell the option for an amount p with which
he could start a self-financing portfolio the terminal value of which is the
pay-off ξ. Mathematically, the problem is: to find a real number x and an
admissible strategy H such that

p + H · ST = (ST − K)+.

Being “well formulated,” this problem can be solved by a straightforward
reference. A short search through a textbook on stochastic calculus reveals
that the predictable representation theorem is a result exactly in this spirit.
We formulate it in the following way, denoting by P the predictable σ-algebra:

Predictable representation theorem. Any random variable ζ ∈ L2(FT )
admits a representation

ζ = Eζ + G · wT

with (uniquely defined) G ∈ L2(Ω × [0, T ], P , dP × dt).

1 Unfortunately, this tradition is persistent. This phenomena might be explained
by a desire of some authors to keep the presentation closer to “practically looking”
formulae.
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Remarkably, for the case where the instantaneous rate of return a is zero,
the direct application of this theorem already gives the answer: the repli-
cation price is p = Eζ, and the replication strategy is H = G/(σS). For
ζ = (ST − K)+, the calculation of the above expectation is easy, and only
minor efforts are needed to obtain an explicit expression for G.

For the general case, one needs to apply at the first step the Girsanov
measure transformation removing the drift. We need it in the simplest form2

claiming that the process w̃t := wt − ϑt on the interval [0, T ] is a standard
Wiener process under the probability measure P̃ (sometimes called the risk-
neutral measure) given by the formula

P̃ = eϑwT − 1
2 ϑ2T P. (1.1.1)

Thus, with ϑ = −a/σ, we obtain that dSt = σSt dw̃t and

St = S0e
σw̃t − 1

2 σ2t, (1.1.2)

where w̃ is a standard Wiener process under the measure P̃ . The general case
is reduced in this way to the particular one considered above. We conclude
that the replication price p = Ẽ(ST − K)+.

1.1.2 Explicit Formulae

Let η ∼ N (0, 1), and let b and A be positive constants. The difference η − b

under the measure P ′ = ebη− 1
2 b2P has the same distribution as η under P ;

this simple observation is an ancestor of the Girsanov theorem. Therefore, we
have

E
(
ebη− 1

2 b2 − A
)+ = Eebη− 1

2 b2I{η≥ 1
b ln A+ 1

2 b} − AEI{η≥ 1
b ln A+ 1

2 b}

= EI{η≥ 1
b ln A− 1

2 b} − AEI{η≥ 1
b ln A+ 1

2 b}

= Φ

(
− 1

b
ln A +

1
2
b

)
− AΦ

(
− 1

b
ln A − 1

2
b

)
.

Noticing that w̃T /
√

T ∼ N (0, 1) under P̃ , from this and from (1.1.2) we
obtain that the replication price p = Ẽ(ST − K)+ when S0 = x is given by
the first Black–Scholes formula

C(0, x, σ) = xΦ

(
1

σ
√

T
ln

x

K
+

1
2
σ

√
T

)
− KΦ

(
1

σ
√

T
ln

x

K
− 1

2
σ

√
T

)
. (1.1.3)

2 It was known a long time before Girsanov. The fact that, under P̃ , the increments
are centered independent Gaussian r.v.’s follows immediately from the expression
for the characteristic functions. This was already known to Escher in 1930s.
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Respectively, if the contract starts at time t < T where T is the maturity
time and T − t is the time to maturity, the pricing formula can be written as
follows:

C(t, x) = C(t, x, σ) = xΦ(d) − KΦ(d − σ
√

T − t), (1.1.4)

where

d = d(t, x) = d(t, x, σ) =
1

σ
√

T − t
ln

x

K
+

1
2
σ

√
T − t. (1.1.5)

We also put C(T, x) = (x − K)+. With this definition, the function C is
continuous at every point (t, x) ∈ [0, T ] × ]0, ∞[ except (T, K). The singularity
at the point (T, K) is of no importance in the classical theory but, as we shall
see further, has dramatic consequences for models with transaction costs.

The option price process C(t, St) is a P̃ -martingale. To see this, we calcu-
late the derivatives

Cx(t, x) = Φ
(
d(t, x)

)
, (1.1.6)

Ct(t, x) = − σx

2
√

T − t
ϕ
(
d(t, x)

)
, (1.1.7)

Cxx(t, x) =
1

xσ
√

T − t
ϕ
(
d(t, x)

)
. (1.1.8)

Notice that
Ct(t, x) + (1/2)σ2x2Cxx(t, x) = 0. (1.1.9)

Applying the Itô formula, we have that, on [0, T [,

C(t, St) = C(0, S0) +
∫ t

0

Cx(u, Su) dSu

+
∫ t

0

[
Ct(u, Su) + (1/2)S2

uCxx(u, Su)
]
du,

and, therefore, due to the above equation,

C(t, St) = C(0, S0) +
∫ t

0

Cx(u, Su) dSu.

Since the process S is a square-integrable martingale with respect to P̃ on
[0, T ], so is the integral in the right-hand side of the resulting identity (the
integrand is bounded). As is easy to see, the limit of the left-hand side exists
a.s. and is equal to (ST − K)+. We arrive at the second Black–Scholes formula

(ST − K)+ = C(0, S0) +
∫ T

0

Cx(u, Su) dSu. (1.1.10)

The formula (1.1.6) is easy to memorize: it looks like if we would forgotten,
differentiating (1.1.4), that d depends on x. It is worth emphasizing that for
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the call option, the instantaneous holding of stock in stock units, namely,

Ht = Cx(t, St) = Φ
(
d(t, St)

)
,

is a random process evolving in the interval [0, 1], i.e., for the replication
purposes, the short selling is not needed. The holding of the stock in units
of the numéraire is StΦ(d(t, St)). Hence, the holding in the numéraire is
Vt − StΦ(d(t, St)).

1.1.3 Discussion

As the reader may observe, our derivation of the Black–Scholes formulae (we
prefer to use the plural) is based on a rather simple mathematics and. . .
a murky economical background.

In fact, we choose this presentation as the quickest one to create a platform
for further analysis and discussion of mathematical and financial aspects. The
following considerations do not pretend to be rigorous, but we provide them
to sketch some ideas exploited in the theory of option pricing in frictionless
financial markets.

1. The first point is that the choice of a geometric Brownian motion as
the model of price process is ad hoc. Numerous statistical tests definitely
reject this model: the logarithms of price increments are not Gaussian random
variables. Stable processes give much better fit, but their use is still limited
since models based on them fail to be complete.

2. The pricing principle (that the option price is the expectation with
respect to the martingale measure P̃ ) is universal in the Black–Scholes model.
It works also for the path-dependent option and allows one to calculate easily
the price for options with complicated structure using Monte Carlo methods.
The problem of finding the replicating strategies is more difficult. Fortunately,
for pay-offs which are contingent with the stock price value at the exercise
date, i.e., of the form ζ = g(ST ) where g is a “reasonable” function, this
can be done in a regular way, namely, by finding the solution of the Cauchy
problem (1.1.9) with the terminal condition C(T, x) = g(x). This idea works
well also for more general diffusion price processes like that given by the
formula (1.1.11) below. Methods of partial differential equations seems to be
helpful also for models with transaction costs.

3. The representation theorem, playing such an important role in the op-
tion pricing, holds true only for a very restrictive class of processes. For exam-
ple, in the realm of stochastically continuous scalar processes with independent
increments, only the Wiener process and the Poisson process generate filtra-
tions satisfying the predictable representation property. However, the price
process can be modeled as the solution of the stochastic equation

dSt = a(t, St)St dt + σ(t, St)St dwt (1.1.11)

with “reasonable” coefficients. This ensures an additional flexibility of the
Brownian framework.
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4. It is clear that if the buyer agrees for a larger price than p, then the
seller has a free lunch. A moment reflection shows that in the market where
the short selling is permitted, if the contract price is lower than p, the buyer
of the option will have a free lunch. One can try to define a “fair” price of the
derivative as such that it does not give arbitrage opportunities to any of two
counterparts. Unfortunately, in more complicated models such a “fair” price
is not unique.

5. To be consistent with statistical tests, financial theory needs models
where the predictable representation property for the price processes may
fail. This means that certain contingent claims cannot be replicated, i.e., rep-
resented as the terminal values of self-financing portfolios. In such models
(usually referred to as models of incomplete markets) there are many equiv-
alent martingale measures. One can find in the literature a lot of ideas how
to price contingent claims in incomplete markets; there exists a number of
“prices.” We mentioned here only the super-replication price: the minimal
initial capital for a self-financing portfolio the terminal value of which in all
cases dominates the terminal pay-off. Under very general assumptions, it is the
infimum over the set of expectations of the pay-off with respect to the equiv-
alent martingale measures. The idea of super-replication can be extended to
markets with transaction costs. It will be extensively discussed in this book.

6. How to choose a convenient class of admissible strategies? The pre-
dictable representation theorem gives a hint: the process HS should be in the
space L2 with respect to the product measure dP̃ dt. When the martingale
measure is not unique, the situation becomes much more complicated. How-
ever, the definition of admissibility requiring the boundedness from below of
the value processes works well in a number of problems.

7. How to use the Black–Scholes formulae? The first one, (1.1.4), gives
a “theoretical price,” i.e., a reference point for the trader. The second pre-
scribes the fraction of the stock to be hold. Since the continuous trading is
not possible—it is nothing but a mathematical idealization—the trader, in
practice, revises the portfolio time to time. The simplest method is to do
these revisions periodically, by dividing the interval [0, T ] into n intervals and
making the revisions in accordance with the Black–Scholes prescription. In
this case the portfolio process can be described as follows:

V n
t = C(0, S0) +

∫ t

0

Hn
r dSr, (1.1.12)

where
Hn =

∑
Cx(ti−1, Sti−1 , σ)I]ti−1,ti], (1.1.13)

ti = (i/n)T , i = 0, . . . , n − 1. When the number of the revision intervals
converges to infinity, V n

T → VT = (ST −K)+ in L2(P̃ ) (just by the construction
of the stochastic integral). Thus, V n

T → VT = (ST −K)+ also in P -probability.
The parameters T and K are stipulated in the contract. The only remain-

ing parameter, the volatility σ, should be extracted somehow from the market
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data. In the Black–Scholes world of continuous trading, σ can be recovered
from any, arbitrary small, part of the trajectory of S. In reality, by various
reasons (discrete observations, model misspecification, round-off errors, and
many others), this is not possible. There are many ideas how to estimate σ, but
this discussion (involving the problem of historical and implied volatilities) is
beyond the scope of our book. We shall assume that the model parameter σ
is available.

8. We leave aside the question why the derivatives do exist and traded
actively in many markets. In the Black–Scholes world they are redundant
securities. As we shall see further, in the natural extension of classical model by
including transaction costs for the super-replication of most common options,
even the continuous trading can be avoided.

1.2 Leland–Lott Theorem

1.2.1 Formulation and Comments

As early as in their famous paper of 1973 Black and Scholes noticed a dis-
crepancy between the really observed option price and the “theoretical” one
given by the formula. Between other suggestions, they indicated that this may
be due to the transaction costs. Indeed, though the percentage of the trans-
action volume payed as the brokerage fee individually can be considered as
negligible, the total sum after hundreds and thousands portfolio revisions is
far from being such: in the continuous trading (i.e., in the limit) the Black–
Scholes prescription leads to the explosion of the accumulated transaction cost
payments.

In 1985 Heyne Leland suggested a new prescription for the standard call
option based on the idea of approximate replication. He observed that for
small proportional transaction costs, the terminal pay-off ζ = (ST − K)+ is
close to the terminal value of the portfolio using the strategy to keep on the in-
terval ]ti−1, ti] between two consecutive revisions, instead of Cx(ti−1, Sti−1 , σ)
units of stock as in (1.1.12) and (1.1.13), Cx(ti−1, Sti−1 , σ̂n) units. The input
parameter σ̂n here is a multiple of the true volatility σ by a certain magnifying
factor depending of the transaction constant coefficient, the volatility itself,
and the number n of the revision intervals.

Leland’s conclusion was very important for practitioners and it remains
such because it provides a reference point for pricing contingent claims in
real-world markets. Its great advantage is an easy implementation. Numeri-
cal simulations reveal good correspondence of the calculated prices with the
market option prices.

Unfortunately, Leland could not provide a mathematically correct con-
firmation for his prescription. In his basic setting he considered a kind of
scheme of series, in number n of the revision intervals, where the proportional
transaction cost coefficient is constant in n. His only theorem claimed that
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the terminal values of portfolios converge to the pay-off. This assertion is
false: the convergence holds but not to the terminal pay-off indicated in the
contract. There is a nontrivial discrepancy, which we shall study in the next
section.3 Leland also made a remark, without providing arguments, that the
convergence holds also in the model where the transaction cost coefficient is
a function of the number of revisions decreasing as n−1/2. This conjecture is
correct. It was proven in the thesis of Klaus Lott. The Lott result is the first
rigorous explanation why the Leland strategy does work in practical situations
of small transaction costs and not very high frequencies of portfolio revisions.

We present here a slightly more general convergence result showing that
the convergence holds when the coefficient decreases as n−α for any α > 0.
An inspection of the proof below shows that the same conclusion holds when-
ever kn → 0 as n → ∞.

In the two-asset model of the previous section (extended to take into
account proportional transaction costs), the current value of the portfolio
process at time t, corresponding to the regular revisions at ti = (i/n)T , can
be described (for t < T ) as follows:

V n
t = V n

0 +
∫ t

0

Hn
u dSu −

∑
ti ≤t

Stif
(
Hn

ti
− Hn

ti−1

)
, (1.2.1)

where Hn is a predictable piecewise constant process of the form

Hn =
n∑

i=1

Hn
ti−1

I]ti−1,ti].

Hn
ti

are Fti -measurable random variables, and

f(x) = kbxI{x>0} − ksxI{x<0}

for some constants ks, kb > 0. We shall consider the case where the buying and
selling are equally charged, i.e., kb = ks = k and f(x) = k|x|. The coefficient
may depend on n. Namely, we shall assume that, for n ≥ 1,

k = kn = k0n
−α, α ∈ [0, 1/2]. (1.2.2)

The Leland strategy is given by the process Hn with

Hn
ti

= Cx(ti, Sti , σ̂n),

where

σ̂2
n := σ2

(
1 +

γn

σ

)
, γn :=

√
8
π

knn1/2 =

√
8
π

k0n
1/2−α. (1.2.3)

3 Warning: the reader should take care that there are still papers where authors
believe that the discrepancy is zero.
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Remarks on notation. In the case α = 1/2 (and only in this case) the
parameters γ and σ̂ do not depend of n. However, to alleviate formula, we
shall often omit the index n also in other cases, hoping that this will not lead
to ambiguities. We assume that the time unit is such that T = 1. We use also
the abbreviations

Ĉ(t, x) := C(t, x, σ̂), Ĥt := Ĉx(t, St), ĥt := Ĉxx(t, St).

Note that, in contrast to the piecewise constant process Hn, the process
Ĥ = Ĥn is continuous, but their values at the revision dates ti coincide.
Prerequisites. In this chapter we use rather elementary mathematical tools.
Our arguments require only one result from stochastic calculus beyond stan-
dard facts used in the derivation of the Black–Scholes formula. Namely, we
use the following version of the Lenglart inequality, which can be found in any
textbook on martingales: if M is a square-integrable martingale and 〈M 〉 is
its quadratic characteristics, then for all a, b > 0,

P
(

|MT | > a
)

≤ a−2E
(
b ∧ 〈M 〉T

)
+ P

(
〈M 〉T ≥ b

)
.

This inequality implies immediately that if Mn is a sequence of square-
integrable martingales (not necessarily with respect to the same filtration)
such that 〈Mn〉T → 0 in probability as n → 0, then Mn

T also converges to
zero in probability.

The assertion of the following theorem for α = 1/2 was conjectured by Le-
land and proved by Lott. The extension to the case α ∈ ]0, 1/2[ was established
in [130].

Theorem 1.2.1 Let kn = k0n
−α, where k0 > 0 and α ∈ ]0, 1/2]. Then

P - lim
n

V n
1 = (S1 − K)+. (1.2.4)

1.2.2 Proof

The convergence in probability is invariant under the equivalent changes of
probability measure. By this reason we assume from the very beginning that
P is the martingale measure (i.e., the drift coefficient of the price process is
zero).

By the Itô formula we get that

Ĉx(t, St) = Ĉx(0, S0) + Mn
t + An

t , (1.2.5)

where

Mn
t :=

∫ t

0

Ĉxx(u, Su) dSu =
∫ t

0

σSuĈxx(u, Su) dwu =
∫ t

0

σSuĥu dwu,

An
t :=

∫ t

0

[
Ĉxt(u, Su) +

1
2
σ2S2

uĈxxx(u, Su)
]

du.
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The process Mn is a square-integrable martingale on [0, 1]. In virtue of the
expression for Cxx given by (1.1.8),

〈
Mn

〉
t
=

1
2π

∫ t

0

σ2

σ̂2(1 − u)
exp

{
−d2(u, Su, σ̂)

}
du.

Now we have to represent the difference V n
1 − ζ in a form convenient for the

asymptotic analysis.

Lemma 1.2.2 We have V n
1 − ζ = Fn

1 + Fn
2 , where

Fn
1 :=

∫ 1

0

(
Hn

t − Ĥt

)
dSt =

n∑
i=1

∫ ti

ti−1

(
Ĉx(ti−1, Sti−1) − Ĉx(t, St)

)
dSt, (1.2.6)

Fn
2 :=

1
2
γσ

∫ 1

0

S2
t Ĉxx(t, St) dt − k

n∑
i=1

∣∣Hn
ti

− Hn
ti−1

∣∣Sti . (1.2.7)

Proof. According to the Black–Scholes formulae, the contingent claim ζ ad-
mits the representation

ζ = C(0, S0) +
∫ 1

0

Ht dSt, (1.2.8)

where, we recall, Ht = Cx(t, St, σ).
Taking the difference of (1.2.1) and (1.2.8), we obtain that

V n
1 − ζ =

∫ 1

0

(
Hn

t − Ht

)
dSt + Ĉ(0, S0) − C(0, S0) − k

n∑
i=1

∣∣Hn
ti

− Hn
ti−1

∣∣Sti .

It remains to check that

Ĉ(0, S0) − C(0, S0) =
∫ 1

0

(Ht − Ĥt) dSt +
1
2
γσ

∫ 1

0

S2
t Ĉxx(t, St) dt.

This identity holds because by the Itô formula

Ĉ(0, S0) − C(0, S0) = C(1, S1) − C(0, S0) −
[
Ĉ(1, S1) − Ĉ(0, S0)

]

=
∫ 1

0

Cx(t, St) dSt −
∫ 1

0

Ĉx(t, St) dSt

+
1
2

∫ 1

0

(
σ̂2

t − σ2
)
S2

t Ĉxx(t, St) dt,

where the simplification in the right-hand side is due to the fact that C(t, x)
is the solution of the parabolic equation (1/2)σ2x2Cxx + Ct = 0 with the
boundary condition C(1, x) = (x − K)+, while Ĉ(t, x) is the solution of
(1/2)σ̂2x2Ĉxx + Ĉt = 0 with the same boundary condition. �
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Note that there is no need in portfolio rebalancing at the maturity date,
and that is why the summation in (1.2.7) is taken only up to n − 1.

Lemma 1.2.3 For any α ∈ [0, 1/2],

P - lim
n

Fn
1 = 0. (1.2.9)

Proof. In virtue of the basic (isometry) property of the stochastic integral
with respect to a Wiener process, it is sufficient to verify that

lim
n

E

∫ 1

0

σ2S2
t

(
Hn

t − Ĥt

)2
dt = 0.

But this is almost obvious. In the case α ∈ [0, 1/2[, the parameter σ̂n increases
to infinity, and both Hn

t and Ĥt tend to unit for t < 1. If α = 1/2, the
parameter σ̂n remains constant, but still Hn

t − Ĥt → 0 for t < 1. �

Comment on the intuition. It seems to be rather clear that the integral
in the definition of Fn

2 can be well approximated by the Riemann sums with
terms S2

ti−1
Cxx(ti−1, Sti−1). On the other hand, E|wti − wti−1 | =

√
2/π

√
Δt

and ∣∣Hn
ti

− Hn
ti−1

∣∣Sti ≈ σS2
ti−1

Cxx(ti−1, Sti−1)|wti − wti−1 |

≈ σS2
ti−1

Cxx(ti−1, Sti−1)
√

2/π
√

Δt.

So, it is reasonable to expect that the choice γ = γn = 2
√

2/πn1/2 will lead to
an appropriate compensation and Fn

2 can be represented as
∑

i ≤ nξn
i , where

for each i, the sequence (ξn
i )n≥1 converges to zero sufficiently fast to ensure

that the whole sum converges to zero. Indeed, this is the case for α ∈ ]0, 1/2].
A rigorous study of Fn

2 is rather delicate and requires some patience.
Put Δt := 1/n. It is easily seen that Fn

2 =
∑5

i=1 Ln
i , where

Ln
1 :=

1
2
γσ

∫ 1

0

S2
t ĥt dt − 1

2
γσ

∫ 1

0

n∑
i=1

S2
ti−1

ĥti−1I]ti−1,ti](t) dt,

Ln
2 :=

1
2
γσ

n∑
i=1

S2
ti−1

ĥti−1Δt − kσ

n∑
i=1

S2
ti−1

ĥti−1 |Δwti |,

Ln
3 := kσ

n∑
i=1

S2
ti−1

ĥti−1 |Δwti | − k

n∑
i=1

Sti−1 |ΔMti |,

Ln
4 := k

n∑
i=1

Sti−1 |ΔMti | − k

n∑
i=1

Sti−1 |ΔĤti |,

Ln
5 := −k

n∑
i=1

ΔSti |ΔĤti |,

Δwti := wti − wti−1 , ΔSti := Sti − Sti−1 , and ΔĤti := Ĥti − Ĥti−1 .
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Lemma 1.2.4 For any α ∈ [0, 1/2[, both terms the difference of which defines
Ln

1 converge almost surely, as n → ∞, to J1 := S1 ∧K, and, therefore, Ln
1 → 0

a.s. The latter property also holds for α = 1/2.

Proof. We shall argue for ω outside the null set {S1 = K}. Recalling the
definition ĥt = Cxx(t, St, σ̂) and using formula (1.1.8), we obtain, after the
substitution v = σ̂2(1 − t), that the first term in the representation of Ln

1 can
be written as

1
2

γσ

σ̂2

∫ σ̂2

0

S1−v/σ̂2
√

v
ϕ

(
ln(S1−v/σ̂2/K)

√
v

+
1
2

√
v

)
dv.

In a similar way we rewrite the second term:

1
2

γσ

σ̂2

∫ σ̂2

0

n∑
i=1

S1−vi−1/σ̂2
√

vi−1

ϕ

(
ln(S1−vi−1/σ̂2/K)

√
vi−1

+
1
2

√
vi−1

)
I]vi−1,vi](v) dv,

where vi := σ̂2(1 − ti). In the case α = 1/2, the adjusted volatility σ̂ does not
depend on n, and Ln

1 → 0 because of the convergence of the Riemann sum to
the integral. If α ∈ [0, 1/2[, then σ̂2 → ∞ and γσ/σ̂2 → 1.

The following simple observation is important (and will be used several
times in future): for every ω outside the null-set {S1 = K}, the integrands
above are dominated by a continuous function dependent on ω which decreases
to zero at zero and infinity exponentially fast and hence is integrable on [0, ∞[.
By the dominated convergence both integrals converge to

1√
8π

∫ ∞

0

S1√
v

exp
{

− v

2

(
ln(S1/K)

v
+

1
2

)2}
dv = S1 ∧ K. (1.2.10)

The (unexpectedly simple) expression for the above integral can be easily
deduced from the formula

f(a) :=
∫ ∞

0

e−(u2+a2/u2) du =
√

π

2
e−2|a|. (1.2.11)

To verify the latter, it is sufficient to consider the case a ≥ 0 and notice that
f ′ = −2f and f(0) =

√
π/2. �

Our next step is to establish the following:

Lemma 1.2.5 For any α ∈ [0, 1/2], we have P -limn Ln
2 = 0.

Proof. Let us consider the discrete-time process Mn = (Mn
m) with

Mn
m := σk

m∑
i=1

ĥti−1

(
|Δwti | − n−1/2

√
2/π

)
.
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Taking into account the independence of increments of the Wiener process
and the equalities

E|Δwti | = n−1/2
√

2/π,

E
(

|Δwti | − n−1/2
√

2/π
)2 = (1 − 2/π)n−1 = (1 − 2/π)Δt,

we infer that Mn = (Mn
m) is a square-integrable martingale with the charac-

teristics

〈
Mn

〉
m

= σ2(1 − 2/π)k2
m∑

i=1

S4
ti−1

Ĉ2
xx(ti−1, Sti−1)Δt.

Notice that 〈Mn〉n → 0 as n → ∞. Indeed, as in the proof above, we treat
separately the case α ∈ [0, 1/2[ (in which we obtain, using the same change
of variable, that the convergence is of order (k2/σ̂2) ln n = O(n−1/2−α ln n))
and the case α = 1/2, where the convergence is of order k2 = O(n−1).

Now, since 〈Mn〉n → 0 in probability, we obtain from the Lenglart in-
equality that also Mn

n → 0 in probability, and the result follows. �

Now we need again to exercise in calculations.

Lemma 1.2.6 For t ∈ [0, 1[, we have

ES2
t ĥ2

t = ES2
t Ĉ2

xx(t, St) =
1

2πσ̂2(1 − t)
1√

2a2 + 1
exp

{
− b2

2a2 + 1

}
, (1.2.12)

where

a :=
σ

√
t

σ̂
√

1 − t
, b :=

ln(S0/K) − σ2t/2
σ̂

√
1 − t

+
1
2
σ̂

√
1 − t.

Proof. Let η ∈ N (0, 1). Then, for any real numbers a and b,

E exp
{

−(aη + b)2
}

=
1√

2a2 + 1
exp

{
− b2

2a2 + 1

}
.

Since
2πσ̂2(1 − t)S2

t Ĉ2
xx(t, St) = exp

{
−(awt/

√
t + b)2

}
,

the result follows. �

As a corollary, we get that, for t ∈ [1/2, 1[,

ES2
t Ĉ2

xx(t, St) ≤ c

σ̂
√

1 − t
. (1.2.13)

We shall need some bounds for higher-order derivatives of the function
Ĉx(t, x) = Φ(d̂), where

d̂ = d(t, x, σ̂) =
ln(x/K)
σ̂

√
1 − t

+
1
2
σ̂

√
1 − t.



14 1 Approximative Hedging

Using the abbreviation

δ̂ := δ̂t :=
1

σ̂
√

1 − t

and noticing that

∂d̂

∂x
=

1
x

δ̂,
∂ϕ(d̂)

∂x
= − 1

x
δ̂d̂ϕ(d̂ ),

we get easily the needed derivatives:

Ĉxx(t, x) :=
1
x

δ̂ϕ(d̂ ),

Ĉxxx(t, x) := − 1
x2

δ̂(1 + δ̂d̂ )ϕ(d̂ ),

Ĉxxxx(t, x) :=
1
x3

[
2δ̂(1 + δ̂d̂ ) + δ̂2d̂(1 + δ̂d̂ ) − δ̂3

]
ϕ(d̂ ),

Ĉxt(t, x) := δ̂

(
1
2

1
1 − t

ln(x/K) − 1
4
σ̂2

)
ϕ(d̂ ),

Ĉxxt(t, x) :=
1
x

δ̂

[
1
2

1
1 − t

− δ̂d̂

(
1
2

1
1 − t

ln(x/K) − 1
4
σ̂2

)]
ϕ(d̂ ).

It follows that for t < 1, we have, with some constant c, the following bounds:

∣∣Ĉxxx(t, x)
∣∣ ≤ c

1
x2

(
δ̂ + δ̂2

)
,

∣∣Ĉxxxx(t, x)
∣∣ ≤ c

1
x3

(
δ̂ + δ̂2 + δ̂3

)
,

∣∣Ĉxt(t, x)
∣∣ ≤ c

(
1

1 − t
+ σ̂2δ̂

)
,

∣∣Ĉxxt(t, x)
∣∣ ≤ c

1
x(1 − t)

(δ̂ + 1)

(to estimate these derivatives, we use the boundedness of the function d̂pϕ(d̂ )).

Lemma 1.2.7 For any α ∈ [0, 1/2], we have P -limn Ln
3 = 0.

Proof. Using the elementary inequality | |a1| − |a2| | ≤ |a1 − a2|, we get that

∣∣L3
n

∣∣ ≤ kσ

n∑
i=1

Sti−1

∣∣∣∣
∫ ti

ti−1

(Sti−1 ĥti−1 − Suĥu) dwu

∣∣∣∣ ≤ kσ max
u≤1

Su

n∑
i=1

ξi,

where we use the abbreviation ξi = ξn
i for the absolute value of the stochastic

integral. With this remark, it is sufficient to check that
k
∑n

i=1 ξi → 0 in L1. We verify a stronger property, namely, that
k
∑n

i=1 ‖ξi‖L2 → 0. Notice that the last terms involving a singularity can
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be omitted because

Eξ2
n ≤ 2n−1ES2

tn−1
ĥ2

tn−1
+ 2n−1

∫ 1

1−n−1
ES2

uĥ2
u du → 0

in virtue of (1.2.13).

E

∣∣∣∣
∫ ti

ti−1

(Sti−1 ĥti−1 − Suĥu) dwu

∣∣∣∣ ≤
(∫ ti

ti−1

E(Sti−1 ĥti−1 − Suĥu)2 du

)1/2

.

By the Itô formula,

dStĥt = d
[
StĈxx(t, St)

]
= ft dwt + gt dt,

where

ft := σStĈxx(t, St) + σ2S2
t Ĉxxx(t, St),

gt := StĈxxt(t, St) +
1
2
σ2S3

t Ĉxxxx(t, St) + σ2S2
t Ĉxxx(t, St).

Thus,

E(Sti−1 ĥti−1 − Stĥt)2 = E

[∫ t

ti−1

fu dwu +
∫ t

ti−1

gu du

]2

≤ 2
∫ ti

ti−1

Ef2
u du + 2Δt

∫ ti

ti−1

Eg2
u du.

Using the prepared bounds for the derivatives, we have, for i < n,

‖ξi‖2
L2 =

∫ ti

ti−1

E(Sti−1 ĥti−1 − Suĥu)2 du

≤ c(Δt)2
(
δ̂2
ti

+ δ̂4
ti

)
+ c(Δt)3

(
(1 + δ̂ti)

2

(1 − ti)2
+ δ̂6

ti

)
.

It follows that

‖ξi‖L2 ≤ cΔt
(
δ̂ti + δ̂2

ti

)
+ c(Δt)3/2 1 + δ̂ti

1 − ti
.

It is clear that
n−1∑
i=1

Δt

σ̂(1 − ti)1/2
∼ σ̂−1

∫ 1

0

dt

(1 − t)1/2
,

n−1∑
i=1

Δt

σ̂2(1 − ti)
∼ σ̂−2 lnn,

(Δt)1/2
n−1∑
i=1

Δt

σ̂1/2(1 − ti)3/2
∼ 2n−1/2σ̂−1/2n1/2,

(Δt)1/2
n−1∑
i=1

Δt

1 − ti
∼ n−1/2 ln n.
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All these terms converge to zero if α ∈ [0, 1/2[, even without multiplying by
k = kn. The case α = 1/2 is special, but then, luckily, kn = k0n

−1/2, and we
always have the convergence k

∑n
i=1 ‖ξ‖L2 → 0. �

Lemma 1.2.8 For any α ∈ ]0, 1/2], we have P -limn Ln
4 = 0. For α = 0, the

sequence L4
n is bounded in probability.

Proof. Using again the inequality | |a1| − |a2| | ≤ |a1 − a2|, we get that

∣∣L4
n

∣∣ ≤ k

n∑
i=1

Sti−1 |Ati − Ati−1 |

≤ kξ

∫ 1

0

∣∣Ĉxt(u, Su)
∣∣ du + kξ

n∑
i=1

∫ ti

ti−1

σ2S2
u

∣∣Ĉxxx(u, Su)
∣∣ du,

where ξ ≥ 0 is a finite random variable.
Both terms in the right-hand side of the above bound converge to zero in

the case α = 1/2 (where kn = k0n
−1/2, and Ĉ does not depend on n).

When α ∈ [0, 1/2[, by the same reasoning as in Lemma 1.2.4 we conclude
that, outside of the null set {S1 = K}, the first term in the right-hand side of
the above bound converges to the finite limit

ξk∞
1√
2π

∫ ∞

0

∣∣∣∣12
ln(S1/K)

v
√

v
− 1

4
√

v

∣∣∣∣ exp
{

− v

2

(
ln(S1/K)

v
+

1
2

)}
dv,

where k∞ = lim kn is equal to zero for α > 0 and k∞ = k0 for α = 0.
To establish the convergence to zero of the second term when α ∈ [0, 1/2[,

we use the estimate of Cxxx(t, St, σ̂n) prepared earlier. We have

n−1∑
i=1

∫ ti

ti−1

σ2S2
u

∣∣Ĉxxx(u, Su)
∣∣ du ≤ c

n−1∑
i=1

(
δ̂ + δ̂2

)

≤
(
σ̂−1 + σ̂−2 lnn

)
→ 0.

The remaining summand converges to zero a.s. because, for any ω for which
S1(ω) �= K, the sequence of functions Cxxx(u, Su(ω)) is bounded near the
terminal date t = 1. �

Lemma 1.2.9 For any α ∈ [0, 1/2], we have P -limn Ln
5 = 0.

Proof. Since maxi |ΔSti | → 0 as n → ∞, it is sufficient to verify that the se-
quence k

∑n
i=1 |ΔĤti | is bounded in probability or, equivalently, that

k
∑n

i=1 Sti−1 |ΔĤti | has this property. But the latter fact follows from the
preceding lemmas. �

Inspecting the formulations of above lemmas, we conclude that all terms
Ln

j tend to zero in probability in the case where α ∈ ]0, 1/2], and the proof of
Theorem 1.2.1 is finished.
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1.3 Constant Coefficient: Discrepancy

1.3.1 Main Result

A detailed view of the above proof reveals that almost all steps in the argu-
ments works well also when α = 0, i.e., when the transaction cost coefficient
does not depend on the number of portfolio revisions, but in Lemma 1.2.8
in this case we have nontrivial limits. This observation leads to the following
result.

Theorem 1.3.1 Let k = k0 ≥ 0 (i.e., α = 0). Then

P - lim
n

V n
1 = (S1 − K)+ + J1 − J2(k0), (1.3.1)

where J1 := S1 ∧ K and J2(k0) := S1F (ln(S1/K), k0) with

F (y, k0) :=
1
4

∫ ∞

0

1√
v
G(y, v, k0) exp

{
− v

2

(
y

v
+

1
2

)2}
dv, (1.3.2)

G(y, v, k0) :=
1√
2π

∫ ∞

− ∞

∣∣∣∣x − 2k0y√
2πv

+
k0√
2π

∣∣∣∣e−x2/2 dx. (1.3.3)

Since (x − K)+ + x ∧ K = x, the right-hand side of (1.3.1) is equal to
S1 − J2(k0).

Notice that G(y, v, 0) = 2/
√

2π and, hence, according to the formula
(1.2.10),

J2(0) = S1F
(
ln(S1/K), 0

)
= S1 ∧ K = J1.

We recover the known result that, in the absence of transaction costs, the
considered strategy leads to the replication in the limit.

Proof. In virtue of Lemmas 1.2.4–1.2.7 for α = 0, each of the “chained” terms
Ln

1 , Ln
2 , and Ln

3 is a difference of sequences of random variables converging to
the common limit J1. Thus, in our representation of Ln

4 the first component
also converges to J1, and it remains to check the convergence property for the
second component, i.e., that

k0

n∑
i=1

Sti−1 |Ĥti − Ĥti−1 | → J2(k0). (1.3.4)

Put

Zn
i :=

∣∣∣∣
√

n(wti − wti−1) −
ln(Sti−1/K)

2σ(1 − ti−1)
√

n
+

σ̂2

4σ
√

n

∣∣∣∣.
We shall work with the identity

n∑
i=1

Sti−1 |Ĥti − Ĥti−1 | − 1
k0

J2(k0) = In
1 + In

2 + In
3 − 1

k0
J2(k0),
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where

In
1 :=

n∑
i=1

Sti−1 |Ĥti − Ĥti−1 | −
n∑

i=1

σS2
ti−1

ĥti−1Z
n
i n−1/2,

In
2 :=

n∑
i=1

σS2
ti−1

ĥti−1

[
Zn

i − E
(
Zn

i | Fti−1

)]
n−1/2,

In
3 :=

n∑
i=1

σS2
ti−1

ĥti−1E
(
Zn

i | Fti−1

)
n−1/2.

Using the inequality | |a1| − |a2| | ≤ |a1 − a2| and the representation (1.2.5),
we estimate the summand In

1 , regrouping the terms, as follows:

∣∣In
1

∣∣ ≤
n∑

i=1

Sti−1

∣∣Mti − Mti−1 − σSti−1 ĥti−1(wti − wti−1)
∣∣

+
n∑

i=1

Sti−1

∣∣∣∣Ati − Ati−1 − σSti−1 ĥti−1

(
ln(Sti−1/K)
2σ(1 − ti−1)

− σ̂2

4σ

)
Δt

∣∣∣∣.

The first sum in the right-hand side coincides up to the constant k0 with
the majorant for |Ln

3 |, which, as established in the proof of Lemma 1.2.7,
converges to zero in probability. Consulting the table of derivatives, we observe
that

xĈxx(t, x)
(

1
2

1
1 − t

ln(x/K) − 1
4
σ̂2

)
= Ĉxt(t, x).

It follows that the second sum is dominated, up to a random but fixed mul-
tiplier, by

∫ 1

0

∣∣Ĉxxx(t, St)
∣∣ dt +

n∑
i=1

∣∣∣∣
∫ ti

ti−1

[
Ĉxt(t, St) dt − Ĉxt(ti−1, Sti−1)

]
dt

∣∣∣∣.

As already shown, the first integral converges to zero.
The convergence of the second term to zero (of course, outside the null-set

{S1 = K}) follows by our usual arguments based on the change of variables
and dominating convergence.

Using the same consideration as in the proof of Lemma 1.2.5, we can show
that In

2 → 0 in probability. Indeed, for every fixed n, the sequence of random
variables Z̃n

i = Zn
i − E(Zn

i | Fti−1), i = 1, . . . , n, is a martingale difference with
respect to the discrete-time filtration (Fti−1). Easy calculations show that

n∑
i=1

σ2S4
ti−1

ĥ2
ti

E
((

Z̃n
i

)2| Fti−1

)
n−1 → 0 a.s.,

implying by the Lenglart inequality the required convergence of In
2 to zero in

probability.
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Taking into account that σ̂/
√

n ∼
√

8/πk0σ, we obtain, substituting the
expressions for ĥ and the conditional expectation, that In

3 has the same limit
as

1
4

n∑
i=1

Sti−1

σ̂
√

1 − ti−1
G
(
Sti−1 , σ̂

2(1 − ti−1)
)
ϕ
(
d(ti−1, Sti−1 , σ̂)

)
Δt,

which is obviously equal to k−1
0 J2(k0). �

Remarks. 1. It is easy to see that for the discrepancy (i.e., for the limiting
hedging error), we have the bounds

−κk0 ≤ J1 − J2(k0) < 0, (1.3.5)

where κ is a function of S1 and K. They lead to the important conclusion
that the option is always underpriced in the limit, though the hedging error
is small for small values of k0.

The proof of these bounds is easy. Inspecting the formula (1.3.3) and taking
into account that J1 = J2(0), we observe that they follow from the following
bounds for a standard Gaussian random variable ξ:

−|c| ≤ E|ξ| − E|ξ − c| < 0

for any nonzero constant c. The first one is obvious since |a| − |b| ≤ |a − b|. The
second holds because the function f(x) := E|ξ − x| = 2ϕ(x) + x(2Φ(x) − 1)
with the derivative f ′(x) = 2Φ(x) − 1 attains its unique minimum at x = 0.

2. As was observed by Granditz and Schachinger in [85], the function F
defined by (1.3.2) and (1.3.3) for k0 �= 0 has a removable discontinuity at
y = 0. Since the random variable S1 is not equal to K a.s., the value F (1, k0)
does not matter and can be chosen arbitrarily, e.g., to make the function
continuous. However, this may not be a reasonable idea because the mentioned
formula appears in a natural way. The quality of a limiting approximation
is deteriorating when S1 is near the strike K, and the discontinuity of F
(the point jumps upwards) indicates that it may be even worse for finite n.
Simulations results confirmed this conjecture.

1.3.2 Discussion

As we have shown, the Leland theorem that the strategy based on the Black
and Scholes formula with an enlarged volatility replicates in the limit the call
option pay-off (inclusive transaction costs fail to be true when the transaction
cost coefficient does not depend on the number of revisions (which is quite
common). On the other hand, this strategy is used by traders routinely: the
Leland pricing formula is an important tool to account market imperfections.
How to solve this apparent contradiction between theoretical results and fi-
nancial practice? The answer can be based on the Leland–Lott theorem and
the usual methodology of using asymptotic results. The latter prescribes to
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Picture 1. Dependence of J1 − J2 on k = k0 and S = S1 for K = 150.

imbed the model in a family of models parameterized by n (the “scheme of
series”). So, if n revisions are planned by the investor, the transaction cost
coefficient (e.g., provided by a trader) has to be interpreted as kn = k0n

−α

with certain artificial parameters k0 and α needed to compute the modified
volatility. In the realistic situations where n is several dozens and the transac-
tion costs are fractions of percent, this interpretation seems to be legitimate
and leads to satisfactory results.

So, though we provide arguments disclaiming the Leland theorem, they do
not discard the approach based on the approximate hedging.

Denis [62] recently suggested a modification of the Leland strategy for
which the convergence in probability to the pay-off of the call option holds
for the constant transaction cost coefficient kn = k0. Namely, one can take

Hn
ti−1

= Ĉx(ti−1, Sti−1) −
∫ ti−1

0

Ĉxt(u, Su) du.

Another improvement of the Leland strategy to ensure convergence was pro-
posed in [179].

1.3.3 Pergamenshchikov Theorem

The convergence results presented below can be deepened. One of interesting
questions is on the rate of convergence in Theorems 1.2.1 and 1.3.1. A re-
sult of Granditz and Schachinger [85] indicated that in the latter it should
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be n−1/4. A complete answer is given by the following theorem of Pergamen-
shchikov [179].

Theorem 1.3.2 Let k = k0 > 0. Then the sequence of random variables

ξn := n1/4
(
V n

1 − (S1 − K)+ − J1 + J2(k0)
)

(1.3.6)

converges in law to a random variable ξ with a mixed Gaussian distribution.

The proof of this theorem is rather complicated, and we have no intention
to give it here. In the next section we investigate the rate of convergence in
Theorem 1.2.1, namely, the deviation in the L2-norm of the terminal value of
the portfolio process from the pay-off.

1.4 Rate of Convergence of the Replication Error

1.4.1 Formulation

In this section we consider the Lott case, where α = 1/2, and therefore σ̂n

does not depend on n. It is easy to prove that V n
1 converges also in L2. We

establish a much more delicate result giving the rate of convergence of the
mean-square replication error. For simplicity, we continue to work under the
martingale measure.

Theorem 1.4.1 The mean-square approximation error of the Leland–Lott
strategy for hedging the European call option with equidistant revision dates
has the following asymptotics:

E
(
V n

1 − V1

)2 = A1n
−1 + o

(
n−1

)
, n → ∞, (1.4.1)

where the coefficient

A1 =
∫ 1

0

[
σ4

2
+ σ3k0

√
2
π

+ k2
0σ

2

(
1 − 2

π

)]
Λt dt (1.4.2)

with Λt = ES4
t Ĉ2

xx(t, St). Explicitly,

Λt =
K2

2πσ̂
√

1 − t
√

2σ2t + σ̂2(1 − t)
exp

{
−

(ln S0
K − 1

2σ2t − 1
2 σ̂2(1 − t))2

2σ2t + σ̂2(1 − t)

}
.

(1.4.3)

One can consider a slightly more general hedging strategy with a nonuni-
form revision grid defined by a smooth transformation of the uniform one.

Let f be a strictly increasing differentiable function on [0, 1] such that
f(0) = 0 and f(1) = 1, and let g := f −1 denote its inverse. For each fixed n,
we define the revision dates ti = tni = g(i/n), 1, . . . , n. The enlarged volatility
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now depends on t and is given by the formula

σ̂2
t = σ2 + σk0

√
8/π

√
f ′(t). (1.4.4)

The pricing function

Ĉ(t, x) = E
(
xeξρt − 1

2 ρ2
t − K

)+
, t ∈ [0, 1], x > 0,

where

ρ2
t =

∫ 1

t

σ̂2
s ds,

admits the explicit expression

Ĉ(t, x) = xΦ
(
ρ−1

t ln(x/K) + ρt/2
)

− KΦ
(
ρ−1

t ln(x/K) − ρt/2
)
, t < 1.

The function ρt decreases from ρ0 to 0. The following bounds are obvious:

σ2(1 − t) ≤ ρ2
t ≤ σ2(1 − t) + σk0

√
8/π(1 − t)1/2

(
1 − f(t)

)1/2
.

Assumption 1. g, f ∈ C2([0, 1]).

Assumption 2. g(t) = 1 − (1 − t)β, β ≥ 1.

Note that in the second case where f(t) = 1 − (1 − t)1/β , the derivative f ′

for β > 1 explodes at the maturity date, and so does the enlarged volatility.
The notation C2([0, 1]) is used for the functions which are continuous with
their two derivatives on the closed interval [0, 1].

Theorem 1.4.2 Under any of the above assumptions, the mean-square ap-
proximation error for hedging the European call option has the following as-
ymptotics:

E
(
V n

1 − V1

)2 = A1(f)n−1 + o
(
n−1

)
, n → ∞, (1.4.5)

where the coefficient

A1(f) =
∫ 1

0

[
σ4

2
1

f ′(t)
+ k0σ

3

√
2
π

1√
f ′(t)

+ k2
0σ

2

(
1 − 2

π

)]
Λt dt (1.4.6)

with Λt = ES4
t Ĉ2

xx(t, St). Explicitly,

Λt =
1

2πρt

K2√
2σ2t + ρ2

t

exp
{

−
(ln S0

K − 1
2σ2t − 1

2ρ2
t )

2

2σ2t + ρ2
t

}
. (1.4.7)

The case f(t) = t corresponds to the model with the uniform grid and
A1 = A1(f).

We formulated Theorems 1.4.1 and 1.4.2 for convenience of references and
because of their rather explicit formulae. Our main result is more general.
It covers not only models with nonuniform grids but also gives the rate of
convergence of the mean-square error in the problem of approximate hedging
of options with pay-off function G(x) satisfying the following hypothesis.
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Assumption 3. G : R+ → R is a convex function such that G|Ij ∈ C2(Ij),
where the intervals Ij := [Kj−1, Kj ], j = 1, . . . , N , IN+1 := [KN , ∞[ with
0 = K0 < K1 < · · · < KN < ∞, and G′ ′(x) ≤ κ(1 + xm) for some constants
κ, M > 0.

The pricing function

Ĉ(t, x) = EG
(
xeξρt − 1

2 ρ2
t
)
, t ∈ [0, 1], x > 0, (1.4.8)

solves the Cauchy problem

Ĉt(t, x) +
1
2
σ̂2

t x2Ĉxx(t, x) = 0, Ĉ(1, x) = G(x). (1.4.9)

Theorem 1.4.3 Suppose that for the scale function, one of Assumptions 1
or 2 is fulfilled and the pay-off function satisfies Assumption 3. Then

E
(
V n

1 − V1

)2 = A1(f)n−1 + o
(
n−1

)
, n → ∞, (1.4.10)

where A1(f) is given by the formula (1.4.6) with Λt = ES4
t Ĉ2

xx(t, St).

This result makes plausible the conjecture that the normalized difference
n1/2(V n

1 − V1) converges in law. Indeed, this is the case; see further Theo-
rem 1.5.1.

1.4.2 Preparatory Manipulations

First of all, we represent the deviation of the approximating portfolio from
the pay-off in an integral form, which is instructive how to proceed further.
This is an obvious extension of Lemma 1.2.2. There is only a minor difference:
now σ̂2

t − σ2 = 2
√

2/πk0

√
f ′(t).

In the sequel we need to define a number of stochastic processes. Since the
terminal date plays a particular role (we do not include the final transaction),
they will be defined on the interval [0, 1[ with an extension by continuity to its
right extremity. With such a convention, the identity in the following lemma
holds also for s = 1.

Lemma 1.4.4 We have the representation V n
s − V̂s = F 1n

s + F 2n
s , s ∈ [0, 1[,

where V̂s = Ĉ(s, Ss),

F 1n
s := σ

∫ s

0

St

n∑
i=1

(
Ĉx(ti−1, Sti−1) − Ĉx(t, St)

)
I[ti−1,ti[(t) dwt,

F 2n
s := k0

√
2
π

σ

∫ s

0

S2
t Ĉxx(t, St)

√
f ′(t) dt − k0√

n

∑
ti ≤s

∣∣ΔĈx(ti)
∣∣Sti ,

with the abbreviation ΔĈx(ti) := Ĉx(ti, Sti) − Ĉx(ti−1, Sti−1).
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Proof. Using the expression

V n
s = Ĉ(0, S0) +

∫ s

0

n∑
i=1

Ĉx(ti−1, Sti−1)I]ti−1,ti](u) dSu − k0√
n

∑
ti ≤s

Sti

∣∣ΔĈx(ti)
∣∣

and applying the Itô formula to the increment Ĉ(0, S0) − Ĉ(s, Ss), we get that
the difference V n

s − V̂s is equal to

F 1n
s −

∫ s

0

(
Ĉt(t, St) +

1
2
σ2S2

t Ĉxx(t, St)
)

dt − k0√
n

∑
ti ≤s

∣∣ΔĈx(ti)
∣∣Sti .

Since Ĉ(t, x) solves the Cauchy problem (1.4.9), the integrand above is equal
to (1/2)(σ2 − σ̂2

t )S2
t Ĉxx(t, St). We conclude by substituting the expression

(1.4.4) for σ̂2
t . �

Put (for s ∈ [0, 1[)

M1n
s :=

1
2
σ2

∑
ti ≤s

Ĉxx(ti−1, Sti−1)S
2
ti−1

[
Δti − (Δwti)

2
]
,

M2n
s := σ

k0√
n

∑
ti ≤s

Ĉxx(ti−1, Sti−1)S
2
ti−1

[√
2/π

√
Δti − |Δwti |

]
,

where Δti := ti − ti−1 and Δwti := wti − wti−1 .
We introduce also two residual processes Rjn

s := F jn
s − M jn

s , j = 1, 2.
Since V̂1 = G(S1), Theorem 1.4.3 follows from the following assertions:

Proposition 1.4.5 nE(M1n
1 + M2n

1 − A1(f))2 → 0 as n → ∞.

Proposition 1.4.6 nE sups≤1(R1n
s )2 → 0 as n → ∞.

Proposition 1.4.7 nE sups≤1(R2n
s )2 → 0 as n → ∞.

Remark. In fact, to prove the theorem, it would be sufficient to show that
nE(Rjn

1 )2 → 0. However, the stronger property claimed above happens to be
useful in a study of more delicate results on the asymptotic behavior of the
hedging error.

For a process X = (Xt), we denote by X∗ its maximal process. That is,
X∗

t = supu≤t |Xu|. In this (standard) notation the claims of Propositions 1.4.6
and 1.4.7 can be written as n1/2‖Rjn∗

1 ‖L2(Ω) → 0, j = 1, 2.
Note that the sum in the expression for Fn2

1 = Fn2
1− does not include the

term with i = n. Having in mind singularities of derivatives at the maturity, it
is convenient to isolate the last summands also in other sums and treat them
separately.

Now we analyze the expressions for F 1n
s and F 1n

s by applying the Taylor
expansion of the first order to the differences Ĉx(ti−1, Sti−1) − Ĉx(t, St) and
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Ĉx(ti, Sti) − Ĉx(ti−1, Sti−1) at the point (ti−1, Sti−1). A short inspection of
the resulting formulae using the helpful heuristics ΔSt ≈ σStΔwt ≈ σSt

√
dt

reveals that the main contributions in the first-order Taylor approximations
of increments originate from the derivatives of Ĉx(t, x) in x. That is, the
principal terms of asymptotics are

P 1n
s := σ

∫ s

0

n−1∑
i=1

Ĉxx(ti−1, Sti−1)S
2
ti−1

(1 − St/Sti−1)St/Sti−1I[ti−1,ti[(t) dwt,

P 2n
s := k0

∑
ti ≤s

Ĉxx(ti−1, Sti−1)S
2
ti−1

×
[
σ
√

2/π
√

f ′(ti−1)Δti − |Sti/Sti−1 − 1|/
√

n
]
,

where s ∈ [0, 1[.
We write the first residual term R1n

s = (P 1n
s − M1n

s ) + (F 1n
s − P 1n

s ) in the
following form:

R1n
s :=

(
R1Mn

s + R1nn
s − R1tn

s − (1/2)R̃1n
s

)
σ, (1.4.11)

where

R1Mn
s :=

(
P 1n

s − M1n
s

)
/σ,

R1nn
s := I[tn−1,tn](s)

∫ s

tn−1

(
Ĉx(tn−1, Stn−1) − Ĉx(t, St)

)
St dwt,

R1tn
s :=

∫ s

0

n−1∑
i=1

Ĉxt(ti−1, Sti−1)(t − ti−1)StI[ti−1,ti[(t) dwt,

R̃1n
s :=

∫ s

0

n−1∑
i=1

Ũ i
t I[ti−1,ti[(t) dwt

with

Ũ i
t = Ĉxxx(t̃i−1, S̃ti−1)(St − Sti−1)

2St + Ĉxtt(t̃i−1, S̃ti−1)(t − ti−1)2St

+ 2Ĉxxt(t̃i−1, S̃ti−1)(t − ti−1)(St − Sti−1)St.

The intermediate point (t̃i−1, S̃ti−1) in the interval connecting (ti−1, Sti−1)
and (ti, Sti) can be chosen in such a way that the mapping ω �→ (t̃i−1, S̃ti−1)
is an Fti -measurable random variable (for example, one cane take the first
point on this interval for which the Taylor formula holds).

Notice that t̃i−1 ∈ [ti−1, ti] and S̃ti−1 ∈ [Sti−1 , St].
The structure of the above representation of R1n is clear: the term R1nn

corresponds to the nth revision interval (it will be treated separately because
of singularities at the left extremity of the time interval), the term R1tn in-
volving the first derivatives of Ĉx in t at points (ti−1, Sti−1) comes from the
Taylor formula, and the “tilde” term is due to the remainder of the latter.
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It is important to note that the integrals involving in the definition of
P 1n depend only on the increments of the Wiener process on the intervals
[ti−1, ti] and, therefore, are independent on the σ-algebras Fti−1 . This helps
to calculate the expectation of the squared sum: according to Lemma 1.4.16
below, it is the sum of expectations of the squared terms. We define P 2n in a
way to enjoy the same property. The second residual term includes the term
R2nn corresponding to the last revision interval; the term R21n represents the
approximation error arising from replacement of the integral by the Riemann
sum; we split the remaining part of the residual in a natural way into sum-
mands Rn

22 and Rn
23. After these explanations we write the second residual

term as follows:
We “telescope” the residual term R2n

s = (P 2n
s − M2n

s ) + (F 2n
s − P 2n

s ) in
the following way:

R2n
s =

(
R2Mn

s +σ
√

2/πR2nn
s +σ

√
2/πR21n

s +R22n
s +R23n

s +R24n
s

)
k0 (1.4.12)

with

R2Mn
s =

(
P 2n

s − M2n
s

)
/k0,

R2nn
s = I[tn−1,tn](s)

∫ s

tn−1

S2
t Ĉxx(t, St)

√
f ′(t) dt,

R21n
s =

n−1∑
i=1

∫ ti

ti−1

(
S2

t Ĉxx(t, St)
√

f ′(t) − S2
ti−1

Ĉxx(ti−1, Sti−1)
√

f ′(ti−1)
)
dt,

R22n
s =

1√
n

∑
ti ≤s

Ĉxx(ti−1, Sti−1)|Sti−1 − Sti |(Sti−1 − Sti),

R23n
s =

1√
n

∑
ti ≤s

[. . .]i(Sti − Sti−1),

R24n
s =

1√
n

∑
ti ≤s

[. . .]iSti−1 ,

where

[. . .]i = Ĉxx(ti−1, Sti−1)|Sti − Sti−1 | −
∣∣Ĉx(ti, Sti) − Ĉx(ti−1, Sti−1)

∣∣. (1.4.13)

1.4.3 Convenient Representations, Explicit Formulae, and Useful
Bounds

1. Representations of derivatives in x. We consider the function Ĉ(t, x)
defined by the formula (1.4.8), i.e.,

Ĉ(t, x) =
∫ ∞

− ∞
G
(
xeρty− 1

2 ρ2
t
)
ϕ(y) dy. (1.4.14)
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To ensure that the integral is finite, we suppose that G : R+ → R is of poly-
nomial growth. We assume also that G is a convex function. Automatically,
G, being locally Lipschitz, admits a positive Radon–Nikodym derivative G′.
One can choose as G′ the right derivative of G, which is increasing and has
only a countable set of discontinuities.

Our aim is to get appropriate estimates of partial derivatives of Ĉ(t, x).
To this end we introduce the function

C̄(x; ρ) =
∫ ∞

− ∞
G
(
xeρy− 1

2 ρ2)
ϕ(y) dy. (1.4.15)

Lemma 1.4.8 Suppose that G is a convex function with Radon–Nikodym
derivative G′ of polynomial growth. Then for n = 1, 2, 3, 4, we have the fol-
lowing representation:

∂n

∂xn
C̄(x; ρ) =

1
ρn−1xn−1

∫ ∞

− ∞
G′(xeρy+ 1

2 ρ2)
Pn−1(y)ϕ(y) dy, (1.4.16)

where

P0(y) := 1,

P1(y) := y,

P2(y) := y2 − ρy − 1,

P3(y) := y3 − 3ρy2 +
(
2ρ2 − 3

)
y + 3ρ.

Proof. Let us introduce the function

Ḡ(u; ρ) := G
(
e−ρu− 1

2 ρ2)
, u ∈ R, ρ > 0.

Recall that the convolution of Ḡ and ϕ is defined by the formula

Ḡ ∗ ϕ(z; ρ) :=
∫ ∞

− ∞
Ḡ(z − y; ρ)ϕ(y) dy.

The representation C̄(x; ρ) = Ḡ ∗ ϕ(−ρ−1 ln x; ρ) allows us to calculate easily
the derivatives in x.

Differentiating the convolution, we get that

∂n

∂zn
Ḡ ∗ ϕ(z; ρ) = Ḡ ∗ ϕ(n)(z; ρ) = Ḡ′ ∗ ϕ(n−1)(z; ρ).

Recalling that ϕ(n)(y) = (−1)nHn(y)ϕ(y), where Hn is the Hermite polyno-
mial of order n, we obtain the representations

∂n

∂zn
Ḡ ∗ ϕ(z; ρ) = (−1)nρ

∫ ∞

− ∞
G′(e−ρ(z−y)− 1

2 ρ2)
e−ρ(z−y)− 1

2 ρ2
Hn−1(y)ϕ(y) dy
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and
∂n

∂zn
Ḡ∗ϕ

(
−ρ−1 ln x; ρ

)
= (−1)nρx

∫ ∞

− ∞
G′(xeρy− 1

2 ρ2)
eρy− 1

2 ρ2
Hn−1(y)ϕ(y) dy.

Changing the variable, we rewrite the last formula as

∂n

∂zn
Ḡ ∗ ϕ

(
−ρ−1 ln x; ρ

)
= (−1)nρx

∫ ∞

− ∞
G′(xeρy+ 1

2 ρ2)
Hn−1(y + ρ)ϕ(y) dy.

(1.4.17)

The first four derivatives of the function f(g(.)) at the point x are given
by the formulae

d

dx
f
(
g(x)

)
= f ′

g(x)g′(x),

d2

dx2
f
(
g(x)

)
= f ′ ′

g (x)
(
g′(x)

)2 + f ′
g(x)g′ ′(x),

d3

dx3
f
(
g(x)

)
= f (3)

g (x)
(
g′(x)

)3 + 3f ′ ′
g (x)g′ ′(x)g′(x) + f ′

g(x)g(3)(x),

d4

dx4
f
(
g(x)

)
= f (4)

g (x)
(
g′(x)

)4 + 6f (3)
g (x)g′ ′(x)

(
g′(x)

)2 + 3f ′ ′
g (x)

(
g′ ′(x)

)2

+ 4f ′ ′
g (x)g(3)(x)g′(x) + f ′

g(x)g(4)(x),

where we use the abbreviations f ′
g(x) := f ′(g(x)), f ′ ′

g (x) := f ′ ′(g(x)), etc.
For the function g(x) = −ρ−1 ln x, the mth derivative

g(m)(x) = (−1)m(m − 1)!ρ−1x−m.

Applying the above formulae with f = Ḡ ∗ ϕ and f
(n)
g (x) given by the right-

hand side of (1.4.17), we obtain the assertion of the lemma with

P0(y) = H0(y + ρ),
P1(y) = H1(y + ρ) − ρH0(y + ρ),
P2(y) = H2(y + ρ) − 3ρH1(y + ρ) + 2ρ2H0(y + ρ),
P3(y) = H3(y + ρ) − 6ρH2(y + ρ) + 11ρ2H1(y + ρ) + 6ρ3H0(y + ρ).

Since H0(y) = 1, H1(y) = y, H2(y) = y2 − 1, and H3(y) = y3 − 3y, these
formulae can be rewritten as in the statement of the lemma. �
Remark. Using the well-known combinatorial formula for the nth derivative
of f(g(x)) (see, e.g., Theorem III.21 in the textbook [208]), one can easily check
that the representation (1.4.16) holds for each n with a certain polynomial
Pn−1 of two variables, y and ρ, of order n − 1 and the coefficient at yn−1 equal
to unity.

It follows from the above lemma and accompanying remark that in the
case where G′(x) ≤ κ(1 + xp),

∂n

∂xn
Ĉ(t, x) ≤ κn

(1 + xp)
xn−1(1 − t)(n−1)/2

. (1.4.18)
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In particular, if G′ is bounded, we have that

∂n

∂xn
Ĉ(t, x) ≤ κn

1
xn−1(1 − t)(n−1)/2

. (1.4.19)

Lemma 1.4.9 Suppose that G is a convex function with Radon–Nikodym
derivative G′ of polynomial growth. Then Ĉx(t, St) → G′(S1) as t → 1 al-
most surely and in any Lp(Ω), p < ∞.

Proof. From the representation (1.4.16) with n = 1 it follows that

Ĉx(t, St) =
∫ ∞

− ∞
G′(Ste

ρty+ 1
2 ρ2

t
)
ϕ(y) dy.

Since the distribution of S1 is continuous, the set Ω0 of ω for which S1(ω)
belongs to the (countable) set of discontinuities of G′ has zero probability.
Outside Ω0 we apply to the integral the Lebesgue dominated convergence
theorem using the assumption that G′ has a polynomial growth. To get the
convergence in Lp(Ω), we also apply the Lebesgue theorem but now to the
expectation. Its condition holds because S∗

1 is integrable in any power. �

2. Representations of mixed derivatives. Explicit formulae for deriv-
atives involving the variable t are more cumbersome but also easy to obtain.

Let us define the operator T transforming the polynomial P (y; ρ) into the
polynomial

TP (y; ρ) =
(
yP (y; ρ) − Py(y; ρ)

)
(y + ρ) + ρPρ(y; ρ) − P (y; ρ).

Lemma 1.4.10 Suppose that G is an increasing convex function with Radon–
Nikodym derivative G′ of polynomial growth. Then we have the following for-
mulae:

Ĉt(t, x) = − σ̂2
t x

2ρt

∫ ∞

− ∞
G′(xeρty+ 1

2 ρ2
t
)
P1(y)ϕ(y) dy,

Ĉxt(t, x) = − σ̂2
t

2ρ2
t

∫ ∞

− ∞
G′(xeρty+ 1

2 ρ2
t
)
TP0(y; ρt)ϕ(y) dy,

Ĉxxt(t, x) = − σ̂2
t

2ρ3
t x

∫ ∞

− ∞
G′(xeρty+ 1

2 ρ3
t x
)(

TP1(y; ρt) + P1(y)
)
ϕ(y) dy,

Ĉtt(t, x) = −
(

(σ̂2
t )′

2ρt
+

σ̂4
t

4ρ3
t

)
x

∫ ∞

− ∞
G′(xeρty+ 1

2 ρ2
t
)
P1(y)ϕ(y) dy

+
σ̂4

t x

4ρ3
t

∫ ∞

− ∞
G′(xeρty+ 1

2 ρ2
t
)
TP1(y; ρt)(y)ϕ(y) dy,

Ĉxtt(t, x) = −
(

(σ̂2
t )′

2ρ2
t

+
σ̂4

t

2ρ4
t

)∫ ∞

− ∞
G′(xeρty+ 1

2 ρ2
t
)
TP0(y; ρt)ϕ(y) dy

+
σ̂4

t

2ρ4
t

∫ ∞

− ∞
G′(xeρty+ 1

2 ρ2
t
)
T 2P0(y; ρt)ϕ(y) dy,
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where Pj(y) are polynomials defined in Lemma 1.4.16. In accordance to the
definition of the operator T ,

TP0(y) = y2 + ρy − 1,

TP1(y) = y3 + ρy2 − 2y − ρ.

Proof. Differentiating under the sign of integral in (1.4.15) and making a linear
change of variables, we obtain the representation

C̄ρ(x; ρ) = x

∫ ∞

− ∞
G′(xeρy+ 1

2 ρ2)
yϕ(y) dy.

Since ρ′
t = −σ2

t /(2ρt), the formula for Ĉt(t, x) follows obviously.
Using the change of variable

z(y; x, ρ) = xeρy+ 1
2 ρ2

with the inverse
y(z; x, ρ) =

1
ρ

ln
z

x
− 1

2
ρ

and differentiating under the sign of integral, we get that

∂

∂ρ

∫ ∞

− ∞
G′(xeρy+ 1

2 ρ2)
P (y; ρ)ϕ(y) dy =

1
ρ

∫ ∞

− ∞
G′(xeρy+ 1

2 ρ2)
TP (y; ρ)ϕ(y) dy.

This identity helps us to derive the formulae for Ĉxt(t, x) and Ĉxxt(t, x) from
the representation (1.4.16) and also get the formulae for Ĉtt(t, x) and Ĉxtt(t, x)
by the differentiation of those for Ĉt(t, x) and Ĉxt(t, x). �

From the above lemma we have the following bounds:

Lemma 1.4.11 Suppose that one of Assumptions 1 or 2 is fulfilled and G′

has a polynomial growth. Then

∣∣Ĉxt(t, x)
∣∣ ≤ κ

1
1 − t

(
1 + xm

)
, (1.4.20)

∣∣Ĉxxt(t, x)
∣∣ ≤ κ

1
(1 − t)3/2

1
x

(
1 + xm

)
, (1.4.21)

∣∣Ĉxtt(t, x)
∣∣ ≤ κ

1
(1 − t)2

(
1 + xm

)
. (1.4.22)

Proof. Under the Assumption 1, both σ̂2
t and |(σ̂2

t )′ | = κ|f ′ ′(t)|/
√

f ′(t) are
bounded, and the statement is obvious. Under Assumption 2, i.e., when
f(t) = 1 − (1 − t)1/β , β > 1, direct calculations lead to the bounds

σ̂2
t

ρ2
t

≤ κ
1

1 − t
,

|(σ̂2
t )′ |

ρ2
t

≤ κ
1

(1 − t)2
, (1.4.23)

implying the required estimates. �
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3. Sharper estimates of partial derivatives. For our analysis, we need
also more precise estimates requiring further hypotheses on G.

Put

ΣN (x, ρ) :=
N∑

j=1

exp
{

− 1
4

ln2(Kj/x)
ρ2

}
(1.4.24)

with the convention Σ0(x, ρ) := 0.

Lemma 1.4.12 Under Assumption 3, there is a constant κ such that, for any
ρ ∈ [0, σ],

0 ≤ C̄xx(x, ρ) ≤ κ
1

ρx3/2
ΣN (x, ρ) + κ

(
1 + xm

)
. (1.4.25)

Proof. Put

δj :=
1
ρ

ln
Kj

x
− 1

2
ρ.

Integrating by parts on the closed intervals with the extremities δj , we obtain
that

∫ ∞

0

G′(xeρy+ 1
2 ρ2)

yϕ(y) dy = −
N∑

j=0

G′(xeρy+ 1
2 ρ2)

ϕ(y)
∣∣∣δj+1−

δj+

+ ρx

∫ ∞

− ∞
G′ ′(xeρy+ 1

2 ρ2)
eρy+ 1

2 ρ2
ϕ(y) dy.

Clearly,

−
N∑

j=0

G′(xeρy+ 1
2 ρ2)

ϕ(y)
∣∣∣δj+1−

δj+
=

N∑
j=1

(
G′(Kj+) − G′(Kj −)

)
ϕ(δj).

Due to the assumed convexity of G, the summands in the right-hand side are
positive and dominated by

G′(KN+)ϕ(δj) = G′(KN+)
1√
2π

e−ρ2/8 Kj
1/2

x1/2
exp

{
− 1

2
ln2(Kj/x)

ρ2

}
.

Due to the polynomial-growth condition on G′ ′ in Assumption 3,∫ ∞

− ∞
G′ ′(xeρy+ 1

2 ρ2)
eρy+ 1

2 ρ2
ϕ(y) dy ≤ κ

(
1 + xm

)
.

Combining the above estimates, we infer that

0 ≤
∫ ∞

0

G′(xeρy+ 1
2 ρ2)

yϕ(y) dy

≤ κ

x1/2

N∑
j=1

exp
{

− 1
2

ln2(Kj/x)
ρ2

}
+ κρx

(
1 + xm

)
.

The claim follows now from the representation (1.4.16) for n = 2. �
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Lemma 1.4.13 Under Assumption 3, there is a constant κ such that, for any
ρ ∈ ]0, σ],

∣∣C̄xxx(x, ρ)
∣∣ ≤ κ

1
ρ2x9/4

ΣN (x, ρ) + κ
1
ρx

(
1 + xm

)
,

∣∣C̄xxxx(x, ρ)
∣∣ ≤ κ

1
ρ3x13/4

ΣN (x, ρ) + κ
1

ρ2x2

(
1 + xm

)
.

Proof. Let Qn(y) be a polynomial the coefficients of which are functions of ρ
bounded on [0, σ]. Then there exists a constant κ such that
∣∣∣∣
∫ ∞

0

G′(xeρy+ 1
2 ρ2)

Qn(y)ϕ(y) dy

∣∣∣∣ ≤ κ
1

x1/4
ΣN (x, ρ) + κρx

(
1 + xm

)
. (1.4.26)

By virtue of the representation (1.4.16), the bounds of the lemma immediately
follow from the above inequality. To prove the latter, we first consider the case
where Qn(y) is Hn(y), the Hermite polynomial of order n. We argue in the
same way as in the proof Lemma 1.4.12.

Taking into account that ϕ(n)(y) = (−1)nHn(y)ϕ(y), we obtain, using the
integration by parts, that the left-hand side of (1.4.26) is dominated by

G′(KN+)
N∑

j=1

∣∣ϕ(n−1)(δj)
∣∣ + ρx

∫ ∞

− ∞
G′ ′(xeρy+ 1

2 ρ2)
eρy+ 1

2 ρ2∣∣ϕ(n−1)(y)
∣∣ dy.

There is a constant κn such that |ϕ(n−1)(y)| ≤ κnϕ(y/2) for all y. In partic-
ular, ∣∣ϕ(n−1)(δj)

∣∣ ≤ κn
1√
2π

e−ρ2/16 Kj
1/4

x1/4
exp

{
− 1

4
ln2(Kj/x)

ρ2

}
.

This leads to the inequality (1.4.26) for the Hermite polynomials. The Hermite
polynomials Hn(y) form a basis in the linear space of polynomials in y. It
follows that the inequality holds also for Qn(y) = yn and, hence, for any
polynomial the coefficients of which are functions of ρ bounded on [0, σ]. �

Using the estimate (1.4.26) we obtain from Lemma 1.4.10 the following:

Lemma 1.4.14 Under Assumption 3 on the pay-off function G, there is a
constant κ such that, for any t ∈ [0, 1[,

∣∣Ĉt(t, x)
∣∣ ≤ κ

σ̂2
t x3/4

ρt
ΣN (x, ρt) + κσ̂2

t x2
(
1 + xm

)
,

∣∣Ĉxt(t, x)
∣∣ ≤ κ

σ̂2
t

ρ2
t x

1/4
ΣN (x, ρt) + κ

σ̂2
t

ρt
x
(
1 + xm

)
,

∣∣Ĉxxt(t, x)
∣∣ ≤ κ

σ̂2
t

ρ3
t x

7/4
ΣN (x, ρt) + κ

σ̂2
t

ρ2
t

(
1 + xm

)
,
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∣∣Ĉtt(t, x)
∣∣ ≤ κ

(
(σ̂2

t )′

2ρt
+

σ̂4
t

4ρ3
t

)(
x3/4ΣN (x, ρt) + ρtx

2
(
1 + xm

))
,

∣∣Ĉxtt(t, x)
∣∣ ≤ κ

(
(σ̂2

t )′

2ρt
+

σ̂4
t

2ρ4
t

)(
1

x1/4
ΣN (x, ρt) + ρtx

(
1 + xm

))
.

4. Call option: explicit formulae. For the classical call option with
G(x) = (x−K)+, the derivatives we need can be given explicitly. In particular,

Ĉx(t, x) = Φ
(
d̂(t, x)

)
,

Ĉxx(t, x) =
1

xρt
ϕ
(
d̂(t, x)

)
,

where
d̂(t, x) :=

1
ρt

ln
x

K
+

1
2
ρt. (1.4.27)

To get the expression for the function Λt = ES4
t Ĉ2

xx(t, St) from Theo-
rem 1.4.5, we use the following easily verified formula.

Let ξ ∈ N (0, 1), and let a �= 0, b, c be arbitrary constants. Then

Eecξe−(aξ+b)2 =
1√

2a2 + 1
exp

{
− b̃2

2a2 + 1
+ b̃2 − b2

}
, (1.4.28)

where b̃ := b − c/(2a).
The distribution of the random variable 2πSp

t Ĉ2
xx(t, St) is the same as that

of
Sp−2

0 e− 1
2 (p−2)σ2tρ−2

t ectξe−(atξ+bt)
2
,

where ct = (p − 2)σt1/2, at = 1
ρt

σt1/2,

bt =
1
ρt

(
ln

S0

K
− 1

2
σ2t

)
+

1
2
ρt, b̃t = bt − 1

2
(p − 2)ρt.

Since

b̃2
t − b2

t = −(p − 2)
[(

ln
S0

K
− 1

2
σ2t

)
+ ρ2

t − 1
4
pρ2

t

]
,

we obtain from the above that

ESp
t Ĉ2

xx(t, St) =
1

2πρt

Kp−2√
2σ2t + ρ2

t

e−Bt , (1.4.29)

where

Bt :=
(ln S0

K − 1
2σ2t − 1

2 (p − 3)ρ2
t )

2

2σ2t + ρ2
t

− (p − 2)(p − 4)
4

ρ2
t . (1.4.30)
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In particular, with p = 4, we have

Λt =
1

2πρt

K2√
2σ2t + ρ2

t

exp
{

−
(ln S0

K − 1
2σ2t − 1

2ρ2
t )2

2σ2t + ρ2
t

}
. (1.4.31)

5. Bounds for expectations. Using (1.4.28), we obtain from Lem-
mas 1.4.12–1.4.14 and (1.4.23) the bounds which will be used in the proof
of Theorem 1.4.3.

Lemma 1.4.15 Suppose that one of Assumptions 1 or 2 is fulfilled and G
satisfies Assumption 3. Then

ESp
t Ĉ2m

xx (t, St) ≤ κ
1

(1 − t)m−1/2
, (1.4.32)

ESp
t Ĉ2m

xt (t, St) ≤ κ
1

(1 − t)2m−1/2
, (1.4.33)

ESp
t Ĉ2m

xxx(t, St) ≤ κ
1

(1 − t)2m−1/2
, (1.4.34)

ESp
t Ĉ2m

xxt(t, St) ≤ κ
1

(1 − t)3m−1/2
, (1.4.35)

ESp
t Ĉ2m

xxxx(t, St) ≤ κ
1

(1 − t)3m−1/2
, (1.4.36)

where the constant κ depends on p and m. In particular,

Λt ≤ κ
1√

1 − t
. (1.4.37)

1.4.4 Tools

In our computations we shall frequently use the following two assertions. The
first one is a standard fact on discrete-time square-integrable martingales.

Lemma 1.4.16 Let M = (Mi) be a square-integrable martingale with respect
to a filtration (Gi), i = 0, . . . , k, and let X = (Xi) be a predictable process
with EX2 · 〈M 〉k < ∞. Then

E(X · Mk)2 = EX2 · 〈M 〉k =
k∑

i=1

EX2
i (ΔMi)2,

where, as usual, Δ〈M 〉i := E((ΔMi)2| Gi−1),

X · Mk :=
k∑

i=1

XiΔMi, X2 · 〈M 〉k :=
k∑

i=1

X2
i 〈M 〉i.
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Lemma 1.4.17 Suppose that g′, f ′ ∈ C([0, 1]). Let p > 0 and a ≥ 0. Then

n−1∑
i=1

(Δti)p+a

(1 − ti)p
=

⎧⎨
⎩

O(n1−p−a), p < 1,
O(n−a ln n), p = 1,
O(n−a), p > 1.

If g(t) = 1 − (1 − t)β, β ≥ 1, then

n−1∑
i=1

(Δti)p+a

(1 − ti)p
=

⎧⎨
⎩

O(n1−p−a), p < 1 + a(β − 1),
O(n−aβ lnn), p = 1 + a(β − 1),
O(n−aβ), p > 1 + a(β − 1).

Proof. We first consider the case where g′, f ′ ∈ C([0, 1]), i.e., g′ is not only
bounded but also bounded away from zero. By the finite increment formula
Δti = g′(xi)n−1, where xi ∈ [(i − 1)/n, i/n], and, hence, Δti ≤ const n−1.
Applying again the finite increment formula and taking into account that
min g′(t) > 0, it is easy to check that there is a constant c such that

1 − ti−1

1 − ti
≤ c, 1 ≤ i ≤ n − 1.

Thus,
n−1∑
i=1

Δti
(1 − ti)p

≤ c

n−1∑
i=1

Δti
(1 − ti−1)p

≤ c

∫ tn−1

0

dt

(1 − t)p
.

Since
n−1 min g′(t) ≤ 1 − g(1 − 1/n) ≤ n−1 max g′(t),

the asymptotics of the last integral is O(1) if p < 1 (the integral converges),
O(ln n) if p = 1, and O(np−1) if p > 1. This implies the claimed property.

In the second case where g(t) = 1 − (1 − t)β , β ≥ 1, we have

n−1∑
i=1

(Δti)p+a

(1 − ti)p
=

βp+a

np−1+a

n−1∑
i=1

(1 − xi)(β−1)(p+a)

(1 − i/n)βp

1
n

.

The sum in the right-hand side is dominated, up to a multiplicative constant,
by

n−1∑
i=1

1
(1 − (i − 1)/n)p+a−βa

1
n

≤
∫ 1−1/n

0

dt

(1 − t)p+a−βa
.

Using the explicit formulae for the integral, we infer that the required property
holds whatever are the parameters p > 0, a ≥ 0, and β ≥ 1. �

1.4.5 Analysis of the Principal Terms: Proof of Proposition 1.4.5

Since E(M1n
1 + M2n

1 ) = 0, we need to verify that nE(M1n
1 + M2n

1 )2 → A1(f)
as n → ∞.
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Recall that E(ξ2 − 1)2 = 2 and E|ξ|3 = 2E|ξ| = 2
√

2/π for ξ ∈ N (0, 1).
Using Lemma 1.4.16, we obtain the representation

nE
(
M1n

1 + M2n
1

)2 =
σ4

2
n

n−1∑
i=1

Λti−1(Δti)2 + k0σ
3

√
2
π

n1/2
n−1∑
i=1

Λti−1(Δti)3/2

+ k2
0σ

2

(
1 − 2

π

) n−1∑
i=1

Λti−1Δti.

By the finite increment formula Δti = g(i/n) − g((i − 1)/n) = g′(xi)/n, where
xi ∈ [(i − 1)/n, i/n]. We substitute this expression into the sums above. Let
us introduce the function Fn (depending on p) by the formula

Fn(t) :=
n−1∑
i=1

Λg((i−1)/n)

[
g′(xi)

]p
I[(i−1)/n,i/n[(t).

For p ≥ 1, we have

n−1∑
i=1

Λg((i−1)/n)

[
g′(xi)

]p 1
n

=
∫ 1

0

Fn(t) dt →
∫ 1

0

Λg(t)

[
g′(t)

]p
dt.

The needed uniform integrability of the sequence {Fn} with respect to the
Lebesgue measure follows from the de la Vallée-Poussin criterion because the
estimate Λt ≤ κ(1 − t)−1/2 and the boundedness of g′ imply that

∫ 1

0

F 3/2
n (t) dt ≤ const

∫ 1

0

dg(t)
(1 − g(t))3/4

= const
∫ 1

0

ds

(1 − s)3/4
< ∞.

By the change of variable, taking into account that g′(t) = 1/f ′(g(t)), we
transform the limiting integral into the form used in the formulations of the
theorem:

∫ 1

0

Λg(t)

[
g′(t)

]p
dt =

∫ 1

0

Λg(t)

[
g′(t)

]p−1
dg(t) =

∫ 1

0

Λt

[
f ′(t)

]1−p
dt.

The claimed property on the convergence of n1/2(M1n
1 + M2n

1 ) to A1(f) in
L2-norm is verified.

1.4.6 Analysis of the Residual R1n

In this subsection we give a proof of Proposition 1.4.6.
1. To check the convergence of the sequence n1/2R1Mn∗

1 to zero in L2, it
is convenient to introduce the “intermediate” process

M̄1n
s := σ2

∫ s

0

n−1∑
i=1

Ĉxx(ti−1, Sti−1)S
2
ti−1

(wti−1 − wt)I[ti−1,ti[(t) dwt.
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The difference P 1n − M̄1n is a square-integrable martingale, and

E
(
P 1n

1 −M̄1n
1

)2 = σ2
n−1∑
i=1

Λti−1

∫ ti

ti−1

E

[(
St

Sti−1

−1
)

St

Sti−1

−σ(wt −wti−1)
]2

dt.

It is a simple exercise to check that

E
((

euξ− 1
2 u2

− 1
)
euξ− 1

2 u2
− uξ

)2 = O
(
u4

)
, u → 0.

Hence, we can dominate the expectations in the integrals by a quadratic func-
tion and obtain that

nE
(
P 1n

1 − M̄1n
1

)2 ≤ const n

n−1∑
i=1

Λti−1(Δti)3 → 0, n → ∞.

By virtue of the Doob inequality, also nE sups(P 1n
s − M̄1n

s )2 → 0.
Note that M̄1n

ti−1
= M1n

ti−1
, the process M1n is constant on the interval

[ti−1, ti[, while

M̄1n
s − M̄1n

ti−1
= σ2Ĉxx(ti−1, Sti−1)S

2
ti−1

∫ s

ti−1

(wti−1 − wt) dwt.

It follows that

n sup
s

(
M1n

s − M̄1n
s

)2 = nσ4 max
i≤n−1

Ĉ2
xx(ti−1, Sti−1)S

4
ti−1

η2
i ,

where
1
2

sup
s∈[ti−1,ti]

∣∣(ws − wti−1)
2 − (s − ti−i)

∣∣.
Let m ∈ ]1, 3/2[. Using the elementary inequality maxi |ai| ≤

∑
i |ai|, the

independence of increments of the Wiener process from the past, the bound
(1.4.32), and the estimate E|ηi|2m ≤ κ(Δti)2m, we obtain that

nmE sup
s

(
M1n

s − M̄1n
s

)2m ≤ κnm
n−1∑
i=1

(Δti)2m

(1 − ti−1)m−1/2
= O

(
n1−m

)
, n → ∞.

The sequence n sups(M1n
s − M̄1n

s )2 converges to zero in Lm and, hence, in L1.
Summarizing, we conclude that n1/2‖R1Mn∗

1 ‖L2 → 0 as n → ∞.
2. The residual process R1nn is a martingale, and by the Doob inequality

E(R1nn∗
1 )2 ≤ 4E(R1nn

1 )2. We have

E
(
R1nn

1

)2 =
∫ 1

tn−1

E
(
Ĉx(tn−1, Stn−1) − Ĉx(t, St)

)2
S2

t dt ≤ κn(1 − tn−1),

where κn is the supremum of the integrand over [tn−1, 1]. By virtue of Lem-
ma 1.4.9, κn → 0. Since 1 − tn−1 ≤ κn−1 (due to the boundedness of g′), we
conclude that nE(R1nn

1 )2 → 0.
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3. By the Doob inequality asymptotic analysis of the sequence R1tn∗
1 can

be reduced to that of

R1tn
1 =

n−1∑
i=1

Ĉxt(ti−1, Sti−1)
∫ ti

ti−1

(t − ti−1)St dwt.

According to (1.4.33),

EĈ2
xt(t, St)S2

t ≤ κ
1

(1 − t)3/2
.

Therefore,

E
(
R1tn

1

)2 =
n−1∑
i=1

EĈ2
xt(ti−1, Sti−1)S

2
ti−1

∫ ti

ti−1

(t − ti−1)2E(St/Sti−1)
2 dt

≤ const
n−1∑
i=1

(Δti)3

(1 − ti−1)3/2
= O

(
n−3/2

)
, n → ∞,

in virtue of Lemma 1.4.17. Hence, E(R1tn
1 )2 → 0.

4. Now we estimate the expectation E(R̃1n
1 )2 corresponding to the terminal

value of the martingale arising from the remainder term in the Taylor formula
for Ĉx. We have

E
(
R̃1n

1

)2 =
n−1∑
i=1

∫ ti

ti−1

E
(
Ũ i

t

)2
dt.

Since (a + b + c)2 ≤ 3(a2 + b2 + c2), it is sufficient to check that each of the
following sums converge to zero as o(n−1):

Σn
1 =

n−1∑
i=1

∫ ti

ti−1

EĈ2
xxx(t̃i−1, S̃ti−1)(St − Sti−1)

4S2
t dt,

Σn
2 :=

n−1∑
i=1

∫ ti

ti−1

EĈ2
xtt(t̃i−1, S̃ti−1)(t − ti−1)4S2

t dt,

Σn
3 :=

n−1∑
i=1

∫ ti

ti−1

EĈ2
xxt(t̃i−1, S̃ti−1)(t − ti−1)2(St − Sti−1)

2S2
t dt.

Using the continuity of the process St, we obtain from the formula (1.4.24)
that

lim
t→1

sup
r≥t

ΣN (Sr, ρt) = 0 a.s.

Applying Lemma 1.4.13, we infer that for any ε > 0 and m ≥ 1, there exists
a ∈ ]0, 1[ such that

E
∣∣Ĉxxx(t̃i−1, S̃ti−1)

∣∣2m ≤ ε
1

(1 − ti)2m
(1.4.38)
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for every ti−1 ≥ a. For ti−1 < a, the above expectation is bounded by a
constant which does not depend on n.

Let ξ ∼ N(0, 1), and let b ∈ [0, 1]. Using the elementary bound
∣∣ebx − 1

∣∣ ≤ b
(
e|x| − 1

)
,

which follows from the Taylor expansion, we obtain, for m ≥ 1, the estimate

E
(
euσξ−(1/2)σ2u2

− 1
)2m ≤ κu2m,

where the constant κ depends on m and σ. Applying the Cauchy–Schwarz
inequality and this estimate, we get that

E(St − Sti−1)
2mSp

t ≤ κ(t − ti−1)m.

Manipulating again with the Cauchy–Schwarz inequality, we obtain with the
help of the above bounds that

Σn
1 ≤ κ

∑
ti−1<a

(Δti)3 + κε

n−1∑
i=1

(Δti)3

(1 − ti)2
.

The first sum in the right-hand side is of order O(n−2). According to Lem-
ma 1.4.17, the second one is of order O(n−1). Since ε > 0 is arbitrary, it
follows that limn nΣn

1 = 0.
Similarly to the bound (1.4.38) but referring now to Lemma 1.4.14, we can

establish that for any ε > 0, there is a threshold a ∈ ]0, 1] such that for any
ti−1 ≥ a, the following inequalities hold:

E
∣∣Ĉxxt(t̃i−1, S̃ti−1)

∣∣2m ≤ ε
1

(1 − ti)3m
(1.4.39)

and
E
∣∣Ĉxtt(t̃i−1, S̃ti−1)

∣∣2m ≤ ε
1

(1 − ti)4m
. (1.4.40)

With these bounds, we prove, making obvious changes in arguments, that
limn nΣn

2 = 0 and limn nΣn
3 = 0. Thus, nE(R̃1n∗

1 )2 → 0.

1.4.7 Analysis of the Residual R2n

Now we give a proof of Proposition 1.4.7.
1. Put (for s < 1)

P̄ 2n
s = k0

1√
n

∑
ti ≤s

Ĉxx(ti−1, Sti−1)S
2
ti−1

[
E|Sti/Sti−1 − 1| − |Sti/Sti−1 − 1|

]
.
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The processes P 2n, P̄ 2n, and M2n have piecewise constant trajectories jump-
ing at the moments ti, i ≤ n − 1. Thus,

∥∥∥sup
s

∣∣P 2n
s − M2n

s

∣∣∥∥∥
L2

≤
∥∥∥sup

i

∣∣P 2n
ti

− P̄ 2n
ti

∣∣∥∥∥
L2

+
∥∥∥sup

i

∣∣P̄ 2n
ti

− M2n
ti

∣∣∥∥∥
L2

.

We have

n1/2
∥∥∥sup

i

∣∣P 2n
ti

− P̄ 2n
ti

∣∣∥∥∥
L2

≤ k0

n−1∑
i=1

Λ
1/2
ti−1

Bi,

where
Bi :=

∣∣σ√2/π
√

nf ′(ti−1)Δti − E|Sti/Sti−1 − 1|
∣∣.

Using the Taylor formula, it is easy to verify that, for u > 0,

E
∣∣euξ− 1

2 u2
− 1

∣∣ = 2
[
Φ(u/2) − Φ(−u/2)

]
=

√
2/πu + O

(
u3

)
, u → 0.

It follows that

Bi = σ
√

2/π(Δti)1/2
∣∣√nf ′(ti−1)Δti − 1

∣∣ + O
(
(Δti)3/2

)
.

By the Taylor formula,

Δti = g(i/n) − g
(
(i − 1)/n

)
= g′((i − 1)/n

) 1
n

+
1
2
g′ ′(yi)

1
n2

,

where the point yi ∈ [(i − 1)/n, i/n]. Since f is the inverse of g, we have
f ′(ti−1) = 1/g′((i−1)/n). Using these identities and the elementary inequality
|

√
1 + a − 1| ≤ |a| for a ≥ −1, we obtain that

Bi ≤ const
|g′ ′(yi)|

g′((i − 1)/n)
(Δti)1/2 1

n
+ O

(
(Δti)3/2

)
.

Fix ε ∈ ]0, 1/4[. Substituting the finite increment formula Δti = g′(xi)/n with
an intermediate point xi in [(i − 1)/n, i/n], we infer that

Bi ≤ const an
g′(xi)

[1 − g((i − 1)/n)]3/4−ε

1
n

+ O
(
(Δti)3/2

)
,

where

an =
1

n1/2
sup

i≤n−1
sup
xi,yi

|g′ ′(yi)|[1 − g((i − 1)/n)]3/4−ε

g′((i − 1)/n)(g′(xi))1/2
.

Recall that

n−1∑
i=1

g′(xi)
[1 − g((i − 1)/n)]1−ε

1
n

→
∫ 1

0

dg(t)
[1 − g(t)]1−ε

=
∫ 1

0

dt

(1 − t)1−ε
< ∞
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and an → 0 under each of our assumptions. These observations lead to the
conclusion that

n−1∑
i=1

Λ
1/2
ti−1

Bi → 0.

Noticing that

E
(∣∣euξ− 1

2 u2
− 1

∣∣ − u|ξ|
)2 = O

(
u4

)
, u → 0,

we infer that

E
[(

E|Sti/Sti−1 − 1| − |Sti/Sti−1 − 1|
)

− σ
(
E|Δwti | − |Δwti |

)]2 = O
(
(Δti)2

)
.

Applying Lemma 1.4.16 and the Doob inequality to the discrete-time square-
integrable martingale (P̄ 2n

ti
− M2n

ti
, Fti), we get that

nE sup
i

∣∣P̄ 2n
ti

− M2n
ti

∣∣2 ≤ const
n−1∑
i=1

Λti−1(Δti)2 → 0, n → ∞.

We conclude that n1/2‖R2Mn∗
1 ‖L2 → 0 as n → ∞.

2. Noting that ‖S2
t Ĉxx(t, St)‖L2 = Λ

1/2
t , we have

∥∥R2nn
1

∥∥
L2 ≤

∫ 1

tn−1

Λ
1/2
t

√
f ′(t) dt ≤

(∫ 1

tn−1

Λt dt

)1/2(
1 − f(tn−1)

)1/2
.

Since f(tn−1) = f(g((n − 1)/n)) = 1 − 1/n and the function Λ is integrable,
it follows that nE(R2nn

1 )2 → 0.
3. The process R21n describes the error in approximation of an integral by

the Riemann sums. To analyze the approximation rate, we need the following
auxiliary result.

Lemma 1.4.18 Let X = (Xt)t∈[0,T ] be a process with

dXt = μt dt + ϑt dwt, X0 = 0,

where μ = (μt)t∈[0,T ] and ϑ = (ϑt)t∈[0,T ] are predictable processes such that
∫ T

0

(
|μt| + ϑ2

t

)
dt < ∞.

Let Xn
t :=

∑n
i=1 Xti−1I]ti−1,ti](t). Then

E sup
s∈[0,T ]

(∫ s

0

(
Xt − Xn

t

)
dt

)2

≤ 8
∫ T

0

n∑
i=1

(ti − u)2I]ti−1,ti](u)Eϑ2
u du

+ 2

(∫ T

0

n∑
i=1

(ti − u)I]ti−1,ti](u)
(
Eμ2

u

)1/2
du

)2

.
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Proof. It is sufficient to work assuming that the right-hand side of the in-
equality is finite. Having in mind that (a + b)2 ≤ 2a2 + 2b2, we may consider
separately the cases where one of the coefficients is zero. Let us start with
the case where μ = 0. For v ∈ [ti−1, ti[, we have, using the stochastic Fubini
theorem,
∫ v

ti−1

(Xt − Xti−1) dt =
∫ v

ti−1

∫ v

ti−1

ϑuI]ti−1,t](u) dwu dt =
∫ v

ti−1

(v − u)ϑu dwu.

Thus, ∫ s

0

(
Xt − Xn

t

)
dt =

∫ s

0

n∑
i=1

(ti − u)I]ti−1,ti](u)ϑu dwu.

The right-hand side is a local martingale, and by the Doob inequality we
obtain

E sup
s∈[0,T ]

(∫ s

0

(
Xt − Xn

t

)
dt

)2

≤ 4
∫ T

0

n∑
i=1

(ti − u)2I]ti−1,ti](u)Eϑ2
u du.

In the case where ϑ = 0, we have, this time by the ordinary Fubini theorem,
that ∫ v

ti−1

(Xt − Xti−1) dt =
∫ v

ti−1

(v − u)μu du, v ∈ [ti−1, ti[,

and this representation allows us to transform the squared process of interest
to the following form:

∫ s

0

∫ s

0

n∑
i,j=1

(ti − u)(tj − r)I]ti−1,ti](u)I]tj−1,tj ](r)μuμr du dr.

Its expectation can be dominated by

∫ s

0

∫ s

0

n∑
i,j=1

(ti − u)(tj − r)I]ti−1,ti](u)I]tj−1,tj ](r)E|μuμr | du dr.

Using the Cauchy–Schwarz inequality E|μuμr | ≤ (Eμ2
u)1/2(Eμ2

r)1/2 and once
again the Fubini theorem, we obtain the needed bound. �

Let Xt := S2
t Ĉxx(t, St)

√
f ′(t)I[0,tn−1]. Then

R21n
s = Y n

s +
∫ s

0

Xn
t dt −

∑
ti ≤s

Ĉxx(ti−1, Sti−1)S
2
ti−1

√
f ′(ti−1)Δti, s < 1,

where
Y n

s :=
∫ s

0

(
Xt − Xn

t

)
dt.
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The process X on the interval [0, tn−1] admits the representation of the above
lemma with the coefficients

ϑt =
[
2StĈxx(t, St) + S2

t Ĉxxx(t, St)
]√

f ′(t)σSt,

μt =
1
2
[
2Ĉxx(t, St) + 4StĈxxx(t, St) + S2

t Ĉxxxx(t, St)
]√

f ′(t)σ2S2
t

+
1
2
S2

t Ĉxx(t, St)
f ′ ′(t)√
f ′(t)

+ S2
t Ĉxxt(t, St)

√
f ′(t).

In the case where g′ is bounded away from zero (hence, f ′ is bounded),
estimates (1.4.29) and (1.4.34) imply that Eϑ2

t ≤ κ/(1 − t)3/2. If also f ′ ′ is
bounded, then estimates (1.4.29) and (1.4.34)–(1.4.36) ensure that
Eμ2

t ≤ κ/(1 − t)5/2.
Applying the lemma, we have

E sup
s∈[0,1]

∣∣Y n
s

∣∣2 ≤ κ

n−1∑
i=1

(Δti)3

(1 − ti)3/2
+ κ

(
n−1∑
i=1

(Δti)2

(1 − ti)5/4

)2

.

According to Lemma 1.4.17, the right-hand side is O(n−3/2) as n → ∞.
In the case where g(t) = 1 − (1 − t)β , β > 1, we obtain in the same way

that Eϑ2
t ≤ κ/(1 − t)5/2−1/β , Eμ2

t ≤ κ/(1 − t)7/2−1/β , and

E sup
s∈[0,1]

∣∣Y n
s

∣∣2 ≤ κ

n−1∑
i=1

(Δti)3

(1 − ti)5/2−1/β
+ κ

(
n−1∑
i=1

(Δti)2

(1 − ti)7/4−1/(2β)

)2

.

By Lemma 1.4.17 the first sum in the right-hand side can be of order O(n−2),
O(n−2 ln n), or O(n−(β/2+1)), that is, o(n−1) as n → ∞. The second sum
can be O(n−1), O(n−1 ln n), or O(n−(β/4+1/2)), i.e., o(n−1/2). In all cases
nE sups |Y n

s |2 → 0.
The process R21n − Y n vanishes in the revision dates, and

sup
s∈[0,1]

∣∣R21n
s − Y n

s

∣∣ ≤ κ max
i≤n−1

∫ ti

ti−1

Ĉxx(t, St)S2
t

√
f ′(t) dt.

By the Cauchy–Schwarz inequality,

∫ ti

ti−1

Ĉxx(t, St)S2
t

√
f ′(t) dt ≤

(∫ ti

ti−1

Ĉ2
xx(t, St)S4

t dt

)1/2(∫ ti

ti−1

f ′(t) dt

)1/2

.

Note that the second integral in the right-hand side is equal to 1/n.
Using the bound maxi |ai| ≤

∑
i |ai|, the Jensen inequality, and estimate

(1.4.32) we obtain from here that, for m ≥ 3/2,
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nmE sup
s∈[0,1]

∣∣R21n
s − Y n

s

∣∣2m ≤ κE
∑

i≤n−1

(∫ ti

ti−1

Ĉ2
xx(t, St)S4

t dt

)m

≤ κ
∑

i≤n−1

(Δti)m−1

∫ ti

ti−1

EĈ2m
xx (t, St)S4m

t dt

≤ κ
∑

i≤n−1

(Δti)m

(1 − ti)m−1/2
= O

(
n−1/2

)

by virtue of Lemma 1.4.17. That is, n sups∈[0,1] |R21n
s − Y n

s |2 tends to zero in
Lm and, hence, in L1.

4. The residual processes R22n
s have piecewise constant trajectories, and

the analysis of the asymptotic behavior is reduced to the discrete-time scheme.
Let

ξn
i := (Sti/Sti−1 − 1)2sign (Sti/Sti−1 − 1),

ΔMn
i := ξn

i − Eξn
i , and Xn

i := Ĉxx(ti−1, Sti−1)S
2
ti−1

. With this notation, we
have the representation

n1/2R22n
tk

= Xn · Mn
k + An

k , k ≤ n − 1,

where
An

k :=
∑
i≤k

Xn
i Eξn

i .

Note that
E
(
euξ− 1

2 u2
− 1

)4 = O
(
u4

)
, u → 0.

Applying the Doob inequality and Lemma 1.4.16, we obtain that

E sup
i≤n−1

(
Xn · Mn

n−1

)2 ≤ 4E
(
Xn · Mn

n−1

)2 ≤ 4
∑

i≤n−1

EΛti−1(Sti/Sti−1 − 1)4

≤ κ
∑

i≤n−1

(Δti)2

(1 − ti−1)1/2
= O

(
n−1

)

according to Lemma 1.4.17.
By virtue of Lemma 1.4.20 given below in the section on asymptotics of

Gaussian integrals, for sufficiently large n, we have the inequalities

0 ≤ Eξn
i ≤ κ(Δti)3/2,

implying that the discrete-time process A is increasing and∥∥An
n−1

∥∥
L2 ≤

∑
i≤n−1

∥∥Xn
i

∥∥
L2Eξn

i ≤ κ
∑

i≤n−1

Λ
1/2
ti−1

(Δti)3/2

≤ κ
∑

i≤n−1

(Δti)3/2

(1 − ti−1)1/4
= O

(
n−1/2

)
,

again according to Lemma 1.4.17.
It follows that nE(R22n∗

1 )2 → 0.
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5. We verify now that nE(R23n∗
1 )2 → 0. Recall that

E(Sti − Sti−1)
2m ≤ cm(Δti)m.

Using (1.4.33), we obtain the bound

EĈ2
xt(ti−1, Sti−1)(Δti)2(Sti − Sti−1)

2 ≤ κ
(Δti)3

(1 − ti−1)3/2
.

To estimate the terms coming from the residual term of the Taylor expan-
sion, we use the Cauchy–Schwarz inequality and the bounds (1.4.18), (1.4.21),
and (1.4.22). This yields the following:

EĈ2
xxx(t̃i−1, S̃ti−1)(Sti − Sti−1)

6 ≤ κ
(Δti)3

(1 − ti)2
,

EĈ2
xxt(t̃i−1, S̃ti−1)(Sti − Sti−1)

4(Δti)2 ≤ κ
(Δti)4

(1 − ti)3
,

EĈ2
xtt(t̃i−1, S̃ti−1)(Δti)4(Sti − Sti−1)

2 ≤ κ
(Δti)5

(1 − ti)4
.

Obviously,

n1/2
∥∥R23n∗

1

∥∥
L2 ≤

∑
i≤n−1

∥∥[. . .]i(Sti − Sti−1)
∥∥

L2 ,

where [. . .]i is defined in (1.4.13). Taking into account that Ĉxx(t, x) ≥ 0 and
using the inequality ‖a| − |b‖ ≤ |a − b|, we can write that
∥∥[. . .]i(Sti − Sti−1)

∥∥
L2 ≤ κ

(∥∥Ĉxt(ti−1, Sti−1)(ti − ti−1)(Sti − Sti−1)
∥∥

L2 + · · ·
)
,

where we denote by dots the L2-norms of the residual term in the first-order
Taylor expansion of the difference Ĉx(ti, Sti) − Ĉx(ti−1, Sti−1). Summing up
and using the above estimates, we conclude, applying Lemma 1.4.17, that
the right-hand side of the above inequality tends to zero as n → ∞, and we
conclude.

6. It remains to check that nE(R24n∗
1 )2 → 0, and this happens to be the

most delicate part of the proof. Again the analysis can be reduced to the
discrete-time case. We note that

nE
(
R24n∗

1

)2 ≤
∑

i≤n−1

ES2
ti−1

[. . .]2i + 2
∑
i<j

E
∣∣Sti−1 [. . .]iStj−1 [. . .]j

∣∣.

The estimation of the first sum is rather straightforward. Applying the Itô
formula to the function Ĉx(t, x) and using the positivity of Ĉxx(t, x) and the
inequality ‖a| − |b‖ ≤ |a − b|, we dominate the absolute value of random
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variable denoted by [. . .]i, see the formula (1.4.13), by the absolute value of
∫ ti

ti−1

(
Ĉxx(ti−1, Sti−1) − Ĉxx(t, St)

)
dSt

−
∫ ti

ti−1

(
Ĉxt(t, St) +

σ2

2
S2

t Ĉxxx(t, St)
)

dt.

We check that
n−1∑
i=1

ES2
ti−1

∫ ti

ti−1

(
Ĉxx(ti−1, Sti−1) − Ĉxx(t, St)

)2
S2

t dt = O
(
n−1/4

)
, (1.4.41)

n−1∑
i=1

ΔtiES2
ti−1

∫ ti

ti−1

(
Ĉ2

xt(t, St) + S4
t Ĉ2

xxx(t, St)
)
dt = O

(
n−1/2

)
. (1.4.42)

A generic term of the first sum is dominated by

ΔtiE sup
t≤1

S4
t sup

ti−1≤t≤ti

(
Ĉxx(t, St) − Ĉxx(ti−1, Sti−1)

)2
.

The Cauchy–Schwarz inequality allows us to separate the terms under the sign
of expectation and reduce the problem to the estimation of the fourth power
of the difference Ĉxx(t, St) − Ĉxx(ti−1, Sti−1). The Itô formula transforms this
difference into the sum of a stochastic integral and an ordinary integral. Using
consecutively the Burkholder and Cauchy–Schwarz inequalities and the bound
(1.4.34), we have

E sup
t∈[ti−1,ti]

[∫ t

ti−1

Ĉxxx(u, Su)Su dSu

]4

≤ c4E

[∫ ti

ti−1

Ĉ2
xxx(u, Su)S4

u du

]2

≤ c4ΔtiE

∫ ti

ti−1

Ĉ4
xxx(u, Su)S8

u du

≤ κ
(Δti)2

(1 − ti)7/2
.

To estimate the ordinary integral, we use the Jensen inequality for f(x) = x4

and the bounds (1.4.35) and (1.4.36) and get that

E sup
t∈[ti−1,ti]

[∫ t

ti−1

(
Ĉxxt(u, Su) +

1
2
σ2S2

uĈxxxx(u, Su)
)

du

]4

≤ κ
(Δti)4

(1 − ti)11/2
.

Using these estimates, we obtain that the sum in (1.4.41) is dominated,
up to a multiplicative constant, by

n−1∑
i=1

[
(Δti)2

(1 − ti)7/4
+

(Δti)3

(1 − ti)11/4

]
,

and the claimed asymptotics follows from Lemma 1.4.17.
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Similar arguments, but using the inequalities (1.4.33) and (1.4.34), give us
the second asymptotic formula.

From the same estimates we obtain that
n−1∑
i=1

(
ES2

ti−1
[. . .]2i

)1/2 ≤ κ

n−1∑
i=1

Δti
(1 − ti)7/8

+ κ

n−1∑
i=1

(Δti)3/2

(1 − ti)11/8
.

The second sum in the right-hand side converges to zero, while for the first
one, we can say only that it is dominated by a convergent integral. Using
this observation, we conclude that the sum of expectations of cross terms over
indices i, j with i < j and tj > a also can be done arbitrarily small by choosing
a sufficiently close to one.

Unexpectedly, the most difficult part of the proof is in establishing the
convergence to zero of the sum of cross terms corresponding to the dates of
revisions before a < 1, i.e., bounded away from the singularity.

To formulate the claim, we introduce “reasonable” notations. Put

αi := Ĉxx(Sti−1 , ti−1)S2
ti−1

(
Sti

Sti−1

− 1
)

,

βi := Sti−1Ĉxt(Sti−1 , ti−1)Δti +
1
2
S3

ti−1
Ĉxxx(Sti−1 , ti−1)

(
Sti

Sti−1

− 1
)2

,

γi := |αi + βi| − |αi|. Let us also define the random variable χi := sign αiβi

and the set Ai := { |βi| < |αi| }, which will be used in the lemma below.
Now we have the identity

Sti−1 [. . .]i = −γi + ζi,

where the expression [. . .]i is given in (1.4.13), and

ζi := |αi + βi| −
∣∣Ĉx(ti, Sti) − Ĉx(ti−1, Sti−1)

∣∣Sti−1 .

Using the second-order Taylor expansion of Ĉx(t, x) at the point
(ti−1, Sti−1) and the elementary inequality | |x| − |y| | ≤ |x − y|, we obtain
that

|ζi| ≤ 1
2
Sti−1

∣∣Ĉxtt(ti−1, Sti−1)(Δti)2+2Ĉxxt(ti−1, S̃ti−1)ΔtiΔSti

∣∣+ 1
6
Sti−1 |ri|,

where the residual term is of the form

ri := Ĉxttt(t̃i−1, S̃ti−1)(Δti)3 + 3Ĉxxtt(t̃i−1, S̃ti−1)(Δti)2ΔSti

+ 3Ĉxxxt(t̃i−1, S̃ti−1)Δti(ΔSti)
2 + Ĉxxxx(t̃i−1, S̃ti−1)(ΔSti)

3.

For t bounded away from unit, the derivatives of Ĉ can be estimated by
polynomials of x and x−1. This allows us to obtain the bound

|ζi| ≤ κaη
(

|ΔSti |3 + |ΔSti |2Δti + |ΔSti |Δti + (Δti)2
)
,
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where η = 1 + exp{κw∗
1 } is a random variable having moments of any order.

It follows that
E|ζi|2 ≤ κ(Δti)3.

By the Cauchy–Schwarz inequality we infer from here that

∑
ti,tj ≤a

E|ζiζj | ≤
(∑

ti ≤a

(
E|ζi|2

)1/2
)2

= O
(
n−1

)
, n → ∞.

Taking into account that |γi| ≤ |βi|, we get the estimate E|γi|2 ≤ κ(Δti)2.
Therefore,

∑
ti,tj ≤a

E|γiζj | ≤
(∑

ti ≤a

(
E|γi|2

)1/2
)(∑

ti ≤a

(
E|ζi|2

)1/2
)

= O
(
n−1/2

)
.

The assertion needed to conclude is the lemma below. It is based on as-
ymptotic analysis of expectations of some Gaussian integrals given in the next
section and the following identities:

|α + β| − |α| = |β|χIA + |β|I{χ>0}IAc +
(

|β| − 2|α|
)
I{χ≤0}IAc

= |β|χ + 2
(

|β| − |α|
)
I{χ≤0}IAc − |β|I{χ=0}IAc ,

where α, β are arbitrary random variables, χ := sign (αβ), and
A := {|β| < |α| }.

Lemma 1.4.19 For every fixed a ∈ ]0, 1[,
∣∣∣∣

∑
i<j,tj ≤a

Eγiγj

∣∣∣∣ = o(1), n → ∞.

Proof. The routine estimation |Eγiγj | ≤ E|γi‖γj | does not work in our case.
However, for i < j,

|Eγiγj | =
∣∣E(

γiE(γj | Ftj−1)
)∣∣ ≤ E

(
|γi|

∣∣E(γj | Ftj−1)
∣∣) ≤ E

(
|βi|

∣∣E(γj | Ftj−1)
∣∣).

According to the above identity,
∣∣E(γj | Ftj−1)

∣∣ ≤
∣∣E(

|βj |χj | Ftj−1

)∣∣ + 2E
(

|βj |IAc
j

| Ftj−1

)
.

Using Lemma 1.4.21 of the next section with ηu = Stj /Stj−1 −1, u = (Δtj)1/2,
and A = −S2

ti−1
Ĉxxx(Sti−1 , ti−1)/Ĉxt(Sti−1 , ti−1), we dominate the first term

in the right-hand side of the above inequality by

κ
(
Sti−1

∣∣Ĉxt(Sti−1 , ti−1)
∣∣ + S3

ti−1

∣∣Ĉxxx(Sti−1 , ti−1)
∣∣)(Δtj)3/2.

Applying again the bounds for the derivatives Ĉ(t, x) when tj ≤ a < 1, we
infer that the coefficients can be dominated by κa(1 + exp{κw∗

1 }), i.e., by a
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random variable having all moments. In the same range of indices we have
also the bound E(β2

i | Fti−1) ≤ ζa(Δti)2, where ζa is a random variable having
all moments. It follows from here that

∑
i<j,tj ≤a

E
(

|βi|
∣∣E(

|βj |χj | Ftj−1

)∣∣) = O
(
n−1/2

)
.

We estimate P (Ac
j | Ftj−1) applying Lemma 1.4.22 of the next section with

c1(tj−1) :=
S3

tj−1
Ĉxxx(Stj−1 , tj−1)

S2
tj−1

Ĉxx(Stj−1 , tj−1)
, c2(tj−1) :=

Stj−1Ĉxt(Stj−1 , tj−1)

S2
tj−1

Ĉxx(Stj−1 , tj−1)
,

and c(tj−1) := 2
(

|c1(tj−1)| + |c2(tj−1)| + 1
)
. On the interval [0, a] the contin-

uous process c(t) can be dominated by a random variable ξa. Fix ε > 0 and
choose N such that P (ξa > N) < ε. Lemma 1.4.22 implies that

P
(
Ac

j | Ftj−1

)
≤ LN (Δtj)1/2I{c(tj−1})≤N + I{c(tj−1)>N },

and, therefore, P (Ac
j) ≤ LN (Δtj)1/2 + ε ≤ 2ε when n is large enough. Using

the Cauchy–Schwarz and Jensen inequalities, we get that
∑

i<j,tj ≤a

E
(

|βi|
∣∣E(

|βj |IAc
j

| Ftj−1

)∣∣) ≤
∑
ti ≤a

(
Eβ2

i

)1/2 ∑
tj ≤a

(
Eβ4

i

)1/4(
P
(
Ac

j

))1/4

≤ (2ε)1/4
∑
ti ≤a

(
Eβ2

i

)1/2 ∑
tj ≤a

(
Eβ4

j

)1/4
.

Both sums in the right-hand side are bounded because Eβ2
j ≤ κ(Δti)2 and

Eβ4
j ≤ κ(Δti)4. By the choice of ε the right-hand side can be made arbitrarily

small. �

Thus, nE(R24n∗
1 )2 → 0.

1.4.8 Asymptotics of Gaussian Integrals

Let ξ ∈ N (0, 1), and let ηu := euξ− 1
2 u2 − 1, u ∈ [0, 1].

Lemma 1.4.20 The following asymptotical formulae hold as u → 0:

E
[
η2

u − η2
−u

]
I{ηu>0} =

2√
2π

u3 + O
(
u4

)
,

Eη2
u sign ηu =

2√
2π

u3 + O
(
u4

)
,

E sign ηu = − 1√
2π

u + O
(
u3

)
.



50 1 Approximative Hedging

Proof. Put
Z(u) :=

(
euξ− 1

2 u2
− 1

)2 −
(
e−uξ− 1

2 u2
− 1

)2
.

Then Z(0) = Z ′(0) = Z ′ ′(0) = 0, Z ′ ′ ′(0) = 12(ξ3 − ξ), and the function
Z(4)(u) is bounded by a random variable having moments of any order. Using
the Taylor formula, we obtain that

EZ(u)I{ξ≥ 1
2 u} = 2u3E

(
ξ3 − ξ

)
I{ξ≥ 1

2 u} + O
(
u4

)
, u → 0,

and we obtain the first formula. The second formula is a corollary of the first
one since

Eη2
u sign ηu = EZ(u)I{ξ≥ 1

2 u} − Eη2
uI{ |ξ|≤ 1

2 u},

and the last term is O(u4) as u → 0. Finally,

E sign ηu = P (ξ > u/2) − P (ξ < u/2) = 2
(
Φ(0) − Φ(u/2)

)

= − 1√
2π

u +
1
4
ϕ(ũ)ũu2,

where ũ ∈ [0, u/2]. �

Lemma 1.4.21 There exists a constant κ such that, for any A ∈ R,
∣∣E|η2

u − Au2
∣∣ sign

(
η2

u − Au2
)
ηu

∣∣ ≤ κ
(
1 + |A|

)
u3. (1.4.43)

Proof. Note that |x| signxy = x sign y. Therefore, the left-hand side of (1.4.43)
is dominated by ∣∣Eη2

u sign ηu

∣∣ + |A|u2|E sign ηu|,

and the result holds by virtue of the previous lemma. �

Lemma 1.4.22 For every N > 0, there is a constant LN such that, for all
u ∈ [0, 1],

P
(∣∣c1η

2
u + c2u

2
∣∣ > |ηu|

)
≤ LNI{c≤N }u + I{c>N }

for any constants c1, c2 and c := 2(|c1| + |c2| + 1).

Proof. Suppose that N ≥ c > 2, the only case where the work is needed. It is
easy to see that

P
(∣∣c1η

2
u + c2u

2
∣∣ > |ηu|

)
≤ P

(
(c/2)η2

u + (c/2)u2 > |ηu|
)

≤ P
(
c|ηu| > 1

)
+ P

(
|ηu| < cu2

)
.

The probabilities in the right-hand side as functions of c are increasing, and
it remains to dominate their values at the point c = N . The required bound
holds for the first probability in the right-hand side (and even with a constant
which does not depend on N). Indeed, using the Chebyshev inequality, finite
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increment formula, and the bound ϕ(x) ≤ 1/
√

2π, we have

P
(
N |ηu| > 1

)
≤ 1

N
E|ηu| ≤ 1

2
E|ηu| = Φ(u/2) − Φ(−u/2) ≤ 1√

2π
u.

For u ≥ 1/
√

2N , the second probability is dominated by linear functions with
LN ≥

√
2N . For u < 1/

√
2N , we write it as

P
(
u/2 ≤ ξ < (1/u) ln

(
1+Nu2

)
+u/2

)
+P

(
(1/u) ln

(
1−Nu2

)
+u/2 < ξ < u/2

)
.

Using again the finite increment formula, we obtain that

P
(
u/2 ≤ ξ < (1/u) ln

(
1 + Nu2

)
+ u/2

)
≤ 1√

2π
Nu.

On the interval ]0, 1/
√

2N [, we have the bound (1/u) ln(1 − Nu2) ≥ −κNu,
where κ > 0 is the maximum of the function − ln(1 − x)/x on the interval
]0, 1/2]. It follows that

P
(
(1/u) ln

(
1 − Nu2

)
+ u/2 < ξ < u/2

)
≤ 1√

2π
κNu.

Thus, the second probability also admits a linear majorant on the whole in-
terval [0, 1]. �

1.5 Functional Limit Theorem for α = 1/2

1.5.1 Formulation

The asymptotic behavior of the hedging error is mathematically interesting
and practically important issue. It is well known that, in finance, gains and
losses have quite different weights. That is why measuring hedging errors
using L2-norm is strongly criticized. Of course, the limiting distribution of
the hedging errors is much more informative. However, the problem to find it
is nontrivial even for models without transaction costs, i.e., for the case where
k0 = 0.

The exact rate of the L2-convergence for α = 1/2 provided by Theo-
rem 1.4.3 indicates that in this case the approximation errors multiplied by
the amplifying factor growing as n1/2 also should converge in law. Our aim is to
show this property: the sequence of random variables n1/2(V n

1 − V1) converges
in law. In fact, we prove a more general result on the Markov diffusion ap-
proximation which claims that the process n1/2(V n − V̂ ), where V̂t = Ĉ(t, St),
converges in law in the Skorokhod space to a continuous process and calculate
the limit.

Theorem 1.5.1 Suppose that α = 1/2 and that Assumption 1 or 2 holds.
Suppose also that Assumption 3 on the pay-off function is fulfilled. Then the
distributions of the processes Y n := n1/2(V n − V̂ ) in the Skorokhod space
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D[0, 1] converge weakly to the distribution of the process

Yt =
∫ t

0

F (t, St) dw′
t, (1.5.1)

where w′ is an independent Wiener process, and

F (t, x) =
[
σ4

2
1

f ′(t)
+ k0

√
2
π

σ3√
f ′(t)

+ k2
0σ

2

(
1 − 2

π

)]1/2

Ĉxx(t, x)x2.

It is important to note that the limiting process Y itself is not a Markov
diffusion, but it is a component of the Markov diffusion process (S, Y ). Though
the problem looks as a scalar one, its natural framework is two-dimensional,
and it can be treated as a problem of diffusion approximation in a general
semimartingale setting. In fact, we prove a more general result on the con-
vergence in distribution of the two-dimensional processes (S, Y n) to (S, Y ).
The strategy of the proof is a standard one: to reduce the problem to the
well-known semimartingale scheme and then use an appropriate result from
a large variety of limit theorems. Our choice is Theorem IX.3.39 (in fact,
its simplified version) from the fundamental monograph [102]. However, a
straightforward application of this theorem is not possible because its condi-
tions, rather delicate, are not fulfilled. The problem is due to the singularity
of the coefficients at the maturity date. To circumvent the difficulty, we first
check the C-tightness of distributions using the relatively simple classical suf-
ficient condition from the mentioned book. As the second step, we identify the
limit by applying to this aim Theorem IX.3.39 on a shorter intervals [0, T ],
T < 1.

1.5.2 Limit Theorem for Semimartingale Scheme

For the reader’s convenience, we formulate a functional limit theorem for a
weakly convergent sequence of semimartingales Xn. This theorem is just a
simplified version of Theorem IX.3.39 from [102] adapted to our purposes.
Namely, we assume that the triplet (B, C, ν) of predictable characteristics of
the limit is assumed to be (0, C, 0), while Xn have no continuous martingale
component. We shall use it to identify the limit.

Let (D[0, T ], D,D = (Dt)t≤T ) be the Skorokhod space of d-dimensional
càdlàg functions on [0, T ] with its natural filtration, D = DT , and let C[0, T ]
be its subspace formed by continuous functions. We denote by α a generic
point of D[0, T ] and consider the canonical process X with Xt(α) = αt.

On this stochastic basis, we are given a d × d-dimensional continuous
adapted process C of finite variation with C0 = 0 and increments Ct − Cs,
s ≤ t, taking values in the set of nonnegative definite matrices.

Put τa(α) = inf{t > 0 : |αt| ∨ |αt− | > a}, a > 0.
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For the formulation of the theorem, we need the following conditions:

(H1) Continuity hypothesis: the function α �→ Ct(α) is continuous (in the
Skorokhod topology).

(H2) Local strong majoration hypothesis: for each a > 0, there is a continu-
ous deterministic increasing function s �→ F a

s strongly dominating4 the
stopped process (

∑
i≤d Cii

s∧τa
).

(H3) Local uniqueness property holds for the martingale problem with the
triplet (0, C, 0) (see details in [102]); we denote by Q the unique solution.

We do not want to discuss the latter hypothesis here: as we shall see later,
it is always fulfilled in the case of interest.

In conformity with [102], we consider a fixed continuous truncation func-
tion h(x) = xδ(x), where δ : Rd → [0, 1] is a function such that δ(x) = 1 for

|x| ≤ 1 and δ(x) = 0 for |x| ≥ 2.
Let Xn = (Xn

t )t≤1 be a d-dimensional semimartingale, Xn
0 = X0, defined

on a stochastic basis (Ω, F ,Fn, P ). Let μn and (Bn, 0, νn) be the jump mea-
sure and the triplet of predictable characteristics of Xn corresponding to the
truncation function h. Let L(Xn) be the distribution of Xn.

Put τn
a := τa ◦ Xn = inf{t > 0 : |Xn

t | ∨ |Xn
t− | > a} and

C̃n,i,j
t :=

(
hihj

)
∗ νn

t −
∑
s≤t

ΔBn,i
s ΔBn,j

s .

With this notation, we write the simplified version of Theorem IX.3.39 as
follows:

Theorem 1.5.2 Assume that hypotheses (H1)–(H3) are fulfilled and the fol-
lowing conditions hold for all t ∈ [0, T ] and a > 0:

(a) sups≤T |Bn
s∧τn

a
| →P 0;

(b) C̃n
t∧τn

a
− Ct∧τa ◦ Xn →P 0;

(c) g ∗ νn
t∧τn

a
→P 0 for each bounded function g ≥ 0 vanishing in a neigh-

borhood of the origin.

Then L(Xn) weakly converge to Q.

1.5.3 Problem Reformulation

First, we formulate an assertion following immediately from the results above
and which reduces the asymptotic analysis of the processes V n − V̂ to the
analysis of processes of more simple structure.

The processes in the formulation of the lemma below are defined on [0, 1[;
we extend them to the closed interval [0, 1] by continuity.

Put
λt := Ĉ2

xx(t, St)S4
t . (1.5.2)

4 By definition, Ã strongly dominates A if Ar − As ≤ Ãr − Ãs for r ≥ s.
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Lemma 1.5.3 The error process admits the representation

V n
s − V̂s = M1n

s + M2n
s + Rn

s ,

where

M1n
s :=

1
2
σ2

∑
ti ≤s

λti−1

[
Δti − (Δwti)

2
]
,

M2n
s := k0σn−1/2

∑
ti ≤s

λti−1

[√
2/π

√
Δti − |Δwti |

]
,

and
√

n‖ sups≤1 Rn
s ‖ → 0 as n → ∞.

Since Rn
s = R1n

s + R2n
s , the claimed property of the residual is a direct

corollary of Lemma 1.4.4 and Propositions 1.4.6 and 1.4.7. It implies, accord-
ing to Lemma IX.3.31 in [102], that it is sufficient to establish the functional
limit theorem for the processes n1/2(M1n + M2n).

To apply the general semimartingale scheme, we need to reformulate our
problem appropriately and adjust the notation. We consider the stochastic
basis (Ω, F ,Fn = (F n), P ) with F n

t = Ftn
i−1

for t ∈ [tni−1, t
n
i [ supporting

the two-dimensional square-integrable martingale Xn = (X1n, X2n) with the
components defined, for t < 1, by the formulae

X1n
t :=

n∑
i=1

Sti−1I[ti−1,ti[(t) =
∑
ti ≤t

ΔSti ,

X2n
t := n1/2

(
M1n

t + M2n
t

)
=

∑
ti ≤t

Un
i ,

where Un
i := Y n

i + Zn
i ,

Y n
i :=

1
2
σ2n1/2λti−1

[
Δti − (Δwti)

2
]
,

Zn
i := k0σλti−1

[√
2
π

√
Δti − |Δwti |

]
,

and ΔSti = Sti −Sti−1 , Δwti = wti −wti−1 (as S and w are continuous, we hope
that the reader will not be confused by this notation). We put Xn

1 = Xn
tn−1

.
Note that

〈
X1n

〉
t
=

∑
ti ≤t

E
(
(ΔSti)

2| Fti−1

)
,

〈
X2n

〉
t
=

∑
ti ≤t

E
(
Un2

i | Fti−1

)
.
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It is easily seen that the triplet of predictable characteristics of Xn (with
respect to the truncation function h) is (Bn, 0, νn), where

Bn
t =

∑
ti ≤t

E
(
h
(
ΔXn

ti

)
| Fti−1

)
,

νn
(
[0, t] × Γ

)
=

∑
ti ≤t

E
(
IΓ

(
ΔXn

ti

)
| Fti−1

)
.

The components of the matrix-valued process C̃n
t are as follows:

C̃n,1,1
t =

∑
ti ≤t

[
E
(
(ΔSti)

2δ2
(
ΔXn

ti

)
| Fti−1

)
−

(
E
(
ΔStiδ

(
ΔXn

ti

)
| Fti−1

))2]
,

C̃n,1,2
t = C̃n,2,1

t =
∑
ti ≤t

[
E
(
ΔStiU

n
i δ2

(
ΔXn

ti

)
| Fti−1

)

− E
(
ΔStiδ

(
ΔXn

ti

)
| Fti−1

)
E
(
Un

i δ
(
ΔXn

ti

)
| Fti−1

)]
,

C̃n,2,2
t =

∑
ti ≤t

[
E
(
Un2

i δ2
(
ΔXn

ti

)
| Fti−1

)
−

(
E
(
Un

i δ
(
ΔXn

ti

)
| Fti−1

))2]
.

1.5.4 Tightness

We consider Gn = 〈X1n〉 + 〈X2n〉. According to [102, Theorem VI.4.13], the
sequence L(Xn) is tight if the sequence L(Gn) is C-tight. In fact, we have a
much stronger property: Gn converges uniformly a.s. to a certain continuous
process. Since the pointwise convergence of increasing functions to a continu-
ous function implies the uniform convergence, it is sufficient to verify that

〈
X1n

〉
t

→ 〈S〉t = σ2

∫ t

0

S2
r dr

and 〈
X2n

〉
t

→
∫ t

0

F 2(r, Sr) dr

a.s. for t ∈ [0, 1].
Using the independence of increments of the Wiener process, we have

〈
X1n

〉
t
=

∑
ti ≤t

S2
ti−1

E(Sti/Sti−1 − 1)2 = σ2
∑
ti ≤t

S2
ti−1

Δti + on(1),

where on(1) is a sequence of random variables converging to zero almost surely.
This representation implies the first claimed relation.

For ξ ∼ N(0, 1), we have E(ξ2 − 1)2 = 2, E(ξ2 − 1)(|ξ| − E|ξ|) =
√

2/π,
and E(|ξ| − E|ξ|)2 = 1 − 2/π.

Using these formulae and the independence of increments, we get that

E
(
Un2

i | Fti−1

)
= F 2

n(ti−1)Δti,
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where

F 2
n(ti−1) :=

[
1
2
σ4nΔti + k0

√
2
π

σ3(nΔti)1/2 + k2
0σ

2

(
1 − 2

π

)]
λti−1

with λt := Ĉ2
xx(t, St)S4

t .
Defining the process Fn(t) with trajectories that are constant on each

interval [ti−1, ti[, where they take values Fn(ti−1), we obtain that

〈
X2n

〉
t
=

∑
ti ≤t

E
(
Un2

i | Fti−1

)
=

∫ t

0

F 2
n(r) dr.

By virtue of Lemma 1.4.12, (λt)t∈[0,1[ is a process with trajectories that
are bounded continuous functions for all ω except a P -null set. Recall that
nΔti = g′(yi), where yi is a point between (i − 1)/n and i/n, and also the
differentiation rule for the inverse function, g′((i − 1)/n) = 1/f ′(ti−1). Under
any of our two assumptions on the scale transform, g′ is bounded. It follows
immediately that F 2

n(r) → F 2(r, Sr) for all r < 1 and that the limit and the
integral are interchangeable in virtue of the Lebesgue dominated convergence
theorem (except a P -null set).

So, the second claimed relation holds.
Noting that, for ξ ∼ N(0, 1),

E
(
euξ−u2/2 − 1

)(
ξ2 − 1

)
= E

(
(ξ + u)2 − 1

)
= u2

and ∣∣E(
euξ−u2/2 − 1

)(
|ξ| − E|ξ|

)∣∣ =
∣∣E|ξ + u| − E|ξ|

∣∣ ≤ κu2,

we obtain that 〈X1n, X2n〉t → 0 a.s. for all t ≤ 1.
It is easy to check that supt |ΔXn

t | →P 0. Indeed, supi |ΔSti | → 0 and
supi |Zn

i | → 0 almost surely due to the continuity of S and w. Using the
Chebyshev inequality, we have

P
(
n1/2 sup

i

∣∣(Δwti)
2 − Δti

∣∣ > ε
)

≤
∑

i

P
(
n1/2

∣∣(Δwti)
2 − Δti

∣∣ > ε
)

≤ ε−4n2
∑

i

E
∣∣(Δwti)

2 − Δti
∣∣4

≤ κε−4n2
∑

i

(Δti)4 → 0, n → ∞.

Recall that supt λt is finite a.s. It follows that supi |Y n
i | →P 0, and, therefore,

supt |ΔXn
t | →P 0. So, the sequence L(Xn) is C-tight.

The standard method to prove the limit theorem is to show that any
convergent subsequence of L(Xn) has as the limit the measure defined in
the formulation of the theorem, i.e., the distribution of the diffusion process
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X = (X1
t , X2

t ) with

dX1
t = σX1

t dw1
t , X1

0 = 1,

dX2
t = F (t, X1

t ) dw2
t , X2

0 = 0,

where (w1, w2) is a standard Wiener process in R2.
Recall that measures coinciding on an algebra also coincide on the σ-

algebra generated by the latter. Also, C1 = σ{
⋃

T<1 CT }, where (Ct) is the
natural filtration in the space of continuous functions. Thus, it is sufficient
to identify the limit by considering the restrictions of the processes to each
interval [0, T ], T < 1.

1.5.5 Limit Measure

We fix T ∈ ]0, 1[ and define on the canonical space D[0, T ] (with d = 2) the
matrix-valued process

C = C(t, α) =
∫ t

0

c(s, αs) ds, αs =
(
α1

s, α
2
s

)
,

where c(s, x) = a(s, x)a∗(s, x), and a(s, x) is the diagonal 2 × 2-matrix with

a11(s, x) = σx1, a22(s, x) = F
(
s, x1

)
.

Notice that the function (t, x) �→ c(t, x) is continuous on [0, T ] × R2. It follows
that C(t, α) is continuous in α on the whole space D[0, T ] (see, e.g., [161],
Chap. 6.2) and the condition (H1) is fulfilled. Note that we cannot claim this
property with T = 1.

The local boundedness hypothesis (H2) holds obviously with F a
t = c̄at,

where the constant c̄a is the maximal value of the function c(t, x) on the set
[0, T ] × {x : |x| ≤ a}.

The “triangle” structure of C allows us to solve the martingale problem re-
cursively. The martingale problem corresponding to the triplet of predictable
characteristics (0, C, 0) with the initial condition x ∈ R2 has a unique solu-
tion Qx. It is the distribution of the Markov diffusion process Xx with

dXx1
t = σXx1

t dw1
t , Xx1

0 = x1,

dXx2
t = F (t, Xx1

t ) dw2
t , Xx2

0 = x2.

By virtue of the representation given by Lemma 1.4.8 and Assumption 3,
the mapping Ψ : C[0, T ] → C[0, T ] with (Ψy)t = Ĉxx(t, yt)y2

t is locally Lip-
schitz. Using this, we infer that supt≤T |Xxn

t − Xx
t | → 0 as xn → x. It

follows that, for a bounded continuous function ψ on D[0, T ], the function
x �→ Eψ(Xx) is continuous and, hence, Borel. By monotone class arguments
we obtain that the function x �→ Qx(A) is Borel whatever is A ∈ DT . Accord-
ing to Lemma IX.4.4, hypothesis (H3) on local uniqueness of the martingale
problem is also fulfilled.
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1.5.6 Identification of the Limit

To identify the limit, it remains to verify conditions (a), (b), and (c) of The-
orem 1.5.2.

For ε > 0, by the Cauchy–Schwarz and Chebyshev inequalities we have

E
∣∣ΔXn

ti

∣∣I{ |ΔXn
ti

|>ε} ≤
(
E
∣∣ΔXn

ti

∣∣2)1/2(
P
(∣∣ΔXn

ti

∣∣ > ε
))1/2

≤ 1
ε2

(
E
∣∣ΔXn

ti

∣∣2)1/2(
E
∣∣ΔXn

ti

∣∣4)1/2
.

Similarly,

E
∣∣ΔXn

ti

∣∣2I{ |ΔXn
ti

|>ε} ≤ 1
ε2

E|ΔXti |4.

Recall that E|ΔSti |2p ≤ κpn
−p for p ≥ 1. By virtue of Lemma 1.4.12, the ran-

dom variable supt≤T Ĉ2p
xx(t, St)S

4p
t for T < 1 is dominated, up to a multiplica-

tive constant depending on T , by a power of the random variable supt≤1 St.
The latter has moments of any order, and we easily infer that

max
i

E
∣∣ΔUn

i

∣∣2p ≤ κp,T n−p,

where the maximum is taken over the set of indices i for which ti ≤ T .
Put h̄(x) := x − h(x). Since E(ΔXn

ti
| Fti−1) = 0, we have

sup
t≤T

∣∣Bn
t

∣∣ ≤
∑
ti ≤T

∣∣E(
h
(
ΔXn

ti

)
| Fti−1

)∣∣ =
∑
ti ≤T

∣∣E(
h̄
(
ΔXn

ti

)
| Fti−1

)∣∣. (1.5.3)

Using the inequality |h̄(x)| ≤ |x|I{ |x|>1}, from the above bounds we obtain
that

E sup
t≤T

∣∣Bn
t

∣∣ ≤
∑
ti ≤T

E
∣∣ΔXn

ti

∣∣I{ |ΔXn
ti

|>1} = O
(
n−1/2

)
, n → ∞,

and this property is stronger than (a).
In a similar way we get that, for any ε > 0,

∑
ti ≤T

E
∣∣ΔXn

ti

∣∣2I{ |ΔXn
ti

|>ε} = O
(
n−1

)
, n → ∞. (1.5.4)

The latter property implies (c).
Since 1 − δ2(x) ≤ I{ |x|>1} and 1 − δ(x) ≤ I{ |x|>1}, we have that

∑
ti ≤t

E
(∣∣ΔXn

ti

∣∣2(1 − δ2
(
ΔXn

ti

))
| Fti−1

)
≤

∑
ti ≤t

E
(∣∣ΔXn

ti

∣∣2I{ |ΔXn
ti

|>1} | Fti−1

)
,

∣∣∣∣
∑
ti ≤t

E
(
ΔXn

ti

(
1 − δ

(
ΔXn

ti

))
| Fti−1

)∣∣∣∣ ≤
∑
ti ≤t

E
(∣∣ΔXn

ti

∣∣I{ |ΔXn
ti

|>1} | Fti−1

)
.
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For every t ∈ [0, T ], the right-hand sides of the above inequalities tend to zero
in L1 and, hence, in probability as n → ∞. Thus, the sequence C̃n

t has the
same limit as 〈Xn〉t, i.e., 〈X〉t =

∫ t

0
c(s, Ss) ds. On the other hand,

∫ t

0

c11
(
s, Xn

s

)
ds = σ2

∫ t

0

∑
i

S2
ti−1

I[ti−1,ti[(s) ds → σ2

∫ t

0

S2
s ds

and
∫ t

0

c22
(
s, Xn

s

)
ds = σ2

∫ t

0

∑
i

F 2(s, Sti−1)I[ti−1,ti[(s) ds → σ2

∫ t

0

F 2(s, Ss) ds.

That is, C̃n
t − Ct(Xn) →P 0, and this implies (b).

1.6 Superhedging by Buy-and-Hold

1.6.1 Levental–Skorokhod Theorem

Let St = eMt , where M is a continuous semimartingale on [0, T ] starting from
zero. Recall that any adapted right-continuous process L of bounded variation
admits the Hahn decomposition L = L+ − L− into a difference of two adapted
right-continuous increasing processes with L+

0 = L0 and L−
0 = 0 such that

the total variation process |L| = L+ + L−.
The main objects of our interest will be the processes of the form

Y = L− · S − λS · |L|, (1.6.1)

where λ > 0 is a fixed number. If L is piecewise constant, L can be interpreted
as a “simple” portfolio strategy and Y as the corresponding value process
(starting from zero) in a market with proportional transaction costs λ.

We immediately formulate the assumption on M needed for the central
result. To this aim, we define ε > 0 as the solution of the equation λ := e2ε − 1
and introduce the sequence of stopping times (τn) forming the ε-chain for M ,
i.e., in this sequence, τ0 := 0, and the other terms are defined recursively
by

τn := inf
{
t ≥ τn−1 : |Mt − Mτn−1 | = ε

}
∧ T, n ≥ 1.

Using the ε-chain, we define the (discrete-time) “imbedded” process, or
“skeleton”, of M by putting M̃n := Mτn on the set τn < T and M̃n := M̃n−1

on its complement. Its increments ΔM̃n := M̃n − M̃n−1 take three values:
−ε, ε, and 0. We shall also consider the processes S̃n := Sτn , L̃n := Lτn , and
Ỹn := Yτn and the filtration F̃n with F̃n := Fτn .
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We further assume that M satisfies the following hypothesis:
Hε. For every n ≥ 0,

P (M̃τn+1 − M̃τn = ε| Fτn) > 0 on {τn < T }, (1.6.2)

P (M̃τn+1 − M̃τn = −ε| Fτn) > 0 on {τn < T }. (1.6.3)

Clearly, the Wiener process with drift satisfies Hε for every ε > 0, and so
the standard model with a geometric Brownian motion S as the price process
falls in the scope of the present setting. The above conditions can be rewritten
as

P (ΔM̃n+1 = ε| F̃n) > 0 on {ΔM̃n �= 0}, (1.6.4)
P (ΔM̃n+1 = −ε| F̃n) > 0 on {ΔM̃n �= 0}. (1.6.5)

Let G be the set of convex functions g : [0, ∞[→ R with g(0) = 0 and
g(y) ∼ y as y → ∞. An important example: g(y) = (y − K)+, where K > 0.

Theorem 1.6.1 Let g ∈ G. If x + Y ≥ g(S), then x ≥ 1.

This theorem due to Levental and Skorokhod is the principal result of the
section. Its proof is nontrivial and will be given later, after some preliminary
work. Contrary to this, the assertion below is its easy consequence, and we
establish it immediately.

Corollary 1.6.2 Let g ∈ G. Assume that S ∈ M and Y ≥ −κ(1 + S) for
some constant κ > 0. If x + YT ≥ g(ST ), then x ≥ 1.

Proof. In virtue of the assumed lower bound for Y , we have

λS · |L| =:= L · S − Y ≤ L · S + κ(1 + S).

Thus, λS · |L| is locally integrable increasing process, and, therefore, Y is
a local supermartingale. Due to the convexity of g, so is the process −g(S)
and also the process X := x + Y − g(S). The latter, being bounded from
below by a martingale, is a true supermartingale (by the Fatou lemma). But
a supermartingale, nonnegative at T , is nonnegative on the whole interval
[0, T ], i.e., the hypothesis of the theorem is fulfilled. �

The main assumption of the theorem is the inequality between two proces-
ses. It corresponds to the hedging of an American option when the investor’s
portfolio should dominate the pay-off process to meet at any time the eventual
exercise of the option. Recall that we choose the unit of stock at time zero to
be equal to the unit of money. Thus, the conclusion of the theorem means that
the minimal initial endowment for the seller which guarantees to be always
on the safe side allows one to buy the unit share of stock and hold it until the
exercise date. This trivial strategy is always feasible. The corollary covering
the situation with the European options yields the similar conclusion, but in
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this case one needs an additional admissibility assumption on the strategy
which is fulfilled automatically for American options.

Notice that in the formulation of the above assertions one can replace the
class G by the wider class F of the Borel functions f which are bounded from
below and such that f(0+) = 0 and lim infy→∞ f(y)/y ≥ 1. Indeed, if the
inequality x + Y ≥ f(S) holds for f ∈ F , then the inequality x + Y ≥ g(S)
holds for g ∈ G. To see this, it is sufficient to consider the convex envelope of
the function f(y) ∧ y.

1.6.2 Proof

The structure of the proof is very simple. It is based on a reduction to the
discrete-time processes by noting that, for every n, the following inequality
holds:

g(S̃n) − Ỹn ≥ g(S̃n) −
n−1∑
k=0

L̃k(S̃k+1 − S̃k), (1.6.6)

see Lemma 1.6.4 below. With this observation, it remains to show that, for
every c < 1, the supremum over n of the right-hand side is greater than
c with positive probability. For this, it is sufficient to construct an arbitrary
discrete-time (Fn)-adapted process S̄ such that the increments of its logarithm
M̄ := ln S̄ take only two values ε and −ε and

sup
n

[
g(S̄n) −

n−1∑
k=0

L̃k(S̄k+1 − S̄k)

]
> c (a.s.). (1.6.7)

Indeed, the property of increments alone and the hypothesis Hε imply that
P (S̄n = S̃n, ∀n ≤ N) > 0 for every finite integer N (Lemma 1.6.3), and the
claimed property follows.

Lemma 1.6.3 Let wn be a sequence of F̃n−1-measurable r.v.’s such that
w0 = 0 and |Δwn| = ε, n ≥ 1. Let AN := {M̃n = wn, n ≤ N }. Then
P (AN ) > 0.

Proof. For N = 0, the claim is trivial. Assume that P (Ak) > 0. At least one
of the sets Ak ∩ {Δwk+1 = ε} or Ak ∩ {Δwk+1 = −ε}, say, the first one, has
a positive probability. Then

P (Ak+1) ≥ P (Ak, Δwk+1 = ε, ΔM̃k+1 = ε) > 0

in virtue of Hε. �

Lemma 1.6.4 Let σ, τ be stopping times such that σ ≤ τ ≤ T . If |Mt − Mσ | ≤ ε
for all t ∈ ]σ, τ ], then

Yτ − Yσ ≤ Lσ(Sτ − Sσ).
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Proof. With L of bounded variation and S continuous, the Itô formula for the
product coincides with the classical one, and, hence, L dS = d(LS) − S dL. It
follows that
∫ τ

σ

Lt dSt = Lσ(Sτ −Sσ)+
∫ τ

σ

(Sτ −St) dLt ≤ Lσ(Sτ −Sσ)+
∫ τ

σ

|Sτ −St| d|L|t.

For t ∈ ]σ, τ ], due to the assumed bounds e−ε ≤ St/Sσ ≤ eε, we have

|Sτ − St| ≤
(
eε − e−ε

)
Sσ ≤

(
e2ε − 1

)
St = λSt

according to the definition of ε. Using this, we get the inequality
∫ τ

σ

Lt dSt ≤ Lσ(Sτ − Sσ) + λ

∫ τ

σ

St d|L|t,

equivalent to the claimed one. �

By “telescoping” and by the above lemma we infer that

Ỹn = Yτn = Y0+
n−1∑
k=0

(Yτk+1 −Yτk
) ≤

n−1∑
k=0

Lτk
(Sτk+1 −Sτk

) =
n−1∑
k=0

L̃k(S̃k+1 −S̃k).

This inequality is equivalent to (1.6.6).
The most delicate part of the proof is constructing a process S̄ = (S̄n)

satisfying the indicated properties. This can be done as follows.
Let c ∈ ]0, 1[, and let f : R → [0, 1] be a strictly increasing function with

c < f(0) < f(∞) < 1.

For an arbitrary sequence of reals l = (lk)k≥0, we define recursively the integer-
valued sequence m = (mk) and the sequence s = (sk) with sk := eεmk by
putting m0 := 0 and

mk+1 := mk + I{lk<f(sk)} − I{lk ≥f(sk)}, k ≥ 0.

We also put Σ0 := 0 and

Σn :=
n−1∑
k=0

lk(sk+1 − sk).

Obviously, sk = wk(l0, . . . , lk−1) for some Borel function wk : Rk → R.
To accomplish the proof of Theorem 1.6.1, it remains to show that the

(Fn)-predictable process S̄ with S̄n := sn(L̃0, . . . , L̃n−1) satisfies inequal-
ity (1.6.7). This is implied by the following assertion, which provides a prop-
erty of the introduced sequences which is even stronger than the needed one.



1.6 Superhedging by Buy-and-Hold 63

Proposition 1.6.5 Let g ∈ G. There exists N = N(c, ε) such that

sup
n≤N

(
g(sn) − Σn

)
> c (1.6.8)

whatsoever is the sequence (lk).

Proof. We start with some estimates.

Lemma 1.6.6 Let n ≥ k. Then

Σn − Σk < f(∞)(sn − sk)I{sn>sk } + f(0)(sn − sk)I{sn<sk }. (1.6.9)

Let p ∈ N and n > 2p. If |mk | < p for all k ≤ n, then

Σn ≤ f(∞)
(
epε − e−pε

)
− (n − 2p)θ/2, (1.6.10)

where
θ := inf

|k|≤p

(
f
(
e(k+1)ε

)
− f

(
ekε

))(
e(k+1)ε − ekε

)
.

Proof. By definition,

Σk+1 − Σk = lk(sk+1 − sk) < f(sk)(sk+1 − sk). (1.6.11)

Since f is increasing, inequality (1.6.9) holds for n = k + 1. Notice also that
if mi = mj+1 and mi+1 = mj , i �= j, then

(Σi+1 − Σi) + (Σj+1 − Σj) < −
(
f(si+1) − f(si)

)
(si+1 − si) (1.6.12)

because (1.6.11) implies that the left-hand side above is dominated by

f(si)(si+1 − si) + f(sj)(sj+1 − sj) = f(si)(si+1 − si) + f(si+1)(si − si+1).

The function f being increasing, the right-hand side of (1.6.12) is always
negative. With this important observation, we easily complete the proof. In-
deed,

Σn − Σk =
n−1∑
q=k

(Σq+1 − Σq).

In the sum of one-step increments we can couple, for each r ∈ Z, pairs of in-
dices corresponding to up-crossings and down-crossings by the sequence (mq)
of each interval [r, r + 1[. These pairs give negative contributions to the sum.
For the uncoupled pairs, all the increments sq+1 − sq are either positive or
negative in dependence of the sign of sn − sk, and their sum equals to sn − sk.
Thus, inequality (1.6.9) follows from the one-step bound and monotonicity
of f . With these arguments, the bound (1.6.10) is also obvious: the first term
of the majorant is the upper bound for uncoupled summands, while the second
expresses that every coupled pair of summands is dominated, in accordance
with (1.6.12), by −θ. �
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Since g(0+) = 0 and g(y) ∼ y as y → ∞, there is an integer p such that
for a := e−pε and b := epε, we have

g(a) − f(0)a > c − f(0), b

(
g(b)
b

− f(∞)
)

> c.

Take N > 2p such that

κ − f(∞)b + (N − 2p)θ/2 > c,

where κ is the lower bound for g.
If sn ∈ ]a, b[ for all n ≤ N , then by (1.6.10)

g(sN ) − ΣN ≥ κ − f(∞)b + (N − 2p)θ/2 > c.

Otherwise, either sn = a or sn = b for some n ≤ N , and in virtue of (1.6.9)
we have, respectively,

g(sn) − Σn ≥ g(a) − f(0)(a − 1) = f(0) +
(
g(a) − f(0)a

)
> c

or

g(sn) − Σn ≥ g(b) − f(∞)(b − 1) > b

(
g(b)
b

− f(∞)
)

> c.

In all cases (1.6.8) holds, and Proposition 1.6.5 is proven. �

1.6.3 Extensions for One-Side Transaction Costs

It is clear that the previous results hold true with obvious modifications for
the processes of the form

Y = L · S − μ1S · L+ − μ2S · L− (1.6.13)

with both μi strictly positive (because Y ≤ L · S − λS · |L|, where λ = μ1 ∧ μ2).
It is less evident that it will be the case where one of the coefficients vanishes.
Nevertheless, the arguments can be modified and extended in an appropriate
way to produce the same conclusions.

First, let us consider the model where

Y = L · S − λS · L+ (1.6.14)

where λ > 0, that is, only buying of stocks is charged. The analysis of the
proof is based again on a reduction to the imbedded process.

We start with a revision of the basic inequalities. Choose ε > 0 small
enough to ensure the inequalities λ > 2α/(1 − α) > 0, where α := e2ε − 1.
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Lemma 1.6.7 Let σ, τ be stopping times such that σ ≤ τ ≤ T . If |Mt − Mσ | ≤ ε
for all t ∈ ]σ, τ ], then

Yτ − Yσ ≤ 1
1 − α

Lσ(Sτ − Sσ) − α

1 − α
(LτSτ − LσSσ). (1.6.15)

On the set {Mτ = Mσ + ε} we have the inequality

Yτ − Yσ ≤ Lσ(Sτ − Sσ) − λ′Sσ

(
L+

τ − L+
σ

)
, (1.6.16)

where λ′ := (λ − α)e−ε.

Proof. Repeating the proof of Lemma 1.6.4, we use the integration by parts
to replace the integral with respect to S by the integral with respect to L and,
estimating the latter, arrive at the inequality

∫ τ

σ

Lt dSt ≤ Lσ(Sτ − Sσ) + α

∫ τ

σ

St d|L|t.

Using the identity |L| = 2L+ − L, we replace the integral with respect to |L|
by the integrals with respect to L+ and L. Applying again the integration by
parts formula to the second one (to be back with the integral with respect
to S), we rewrite the above inequality as
∫ τ

σ

Lt dSt ≤ Lσ(Sτ − Sσ) + 2α

∫ τ

σ

St dL+
t − α(LτSτ − LσSσ) + α

∫ τ

σ

Lt dSt.

“Solving” it, we get that
∫ τ

σ

Lt dSt ≤ 1
1 − α

Lσ(Sτ − Sσ) +
2α

1 − α

∫ τ

σ

St dL+
t − α

1 − α
(LτSτ − LσSσ).

Due to the assumed inequality λ > 2α/(1 − α), this implies (1.6.15).
Since 0 ≤ Sτ − Zt ≤ αZt for t ∈ [σ, τ ], we have that

∫ τ

σ

(Sτ − St) dLt ≤ α

∫ τ

σ

St dL+
t .

Using this, we infer from the integration by parts formula that
∫ τ

σ

Lt dSt ≤ Lσ(Sτ − Sσ) + α

∫ τ

σ

St dL+
t .

So,
∫ τ

σ

Lt dSt − λ

∫ τ

σ

St dL+
t ≤ Lσ(Sτ − Sσ) − (λ − α)

∫ τ

σ

St dL+
t ,

and the result follows because e−εSσ ≤ St for t ∈ [σ, τ ]. �
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The first inequality of the above lemma will be used to show that, when
the hedge is nontrivial, there is a strictly positive probability that it will not
work at one of the stopping times of the ε-chain (for suitably chosen ε) unless
the number of shares at that time is negative. The second inequality, giving
the bound on the gain when the stock price goes up, will be used on the set
where the latter event happened. Roughly speaking, the bad things always
may arrive if the hedge has a short position and the stock price (along the
ε-chain) goes up and up.

Theorem 1.6.8 Suppose that Hε holds for values of ε > 0 arbitrarily close
to zero. Let g ∈ G, and let Y be given by (1.6.14). If x+Y ≥ g(S), then x ≥ 1.

Proof. Fix η > 0. Choose ε > 0 small enough not only to apply the above
lemma (i.e., to satisfy the bounds λ > 2α/(1 − α) > 0, where α := e2ε − 1)
but also to ensure the following inequalities:

α

1 − α
L0 < η,

α

1 − α
< e3ε − 1, λ′ = (λ − α)e−ε > e3ε − eε. (1.6.17)

It follows from (1.6.15) that

Ỹn ≤ 1
1 − α

n−1∑
k=0

L̃k(S̃k+1 − S̃k) − α

1 − α
L̃nS̃n +

α

1 − α
L0. (1.6.18)

Taking into account (1.6.17), from this we immediately obtain the following
inequality, which will replace (1.6.6):

g(S̃n) − Ỹn + η ≥ g(S̃n) − 1
1 − α

n−1∑
k=0

L̃k(S̃k+1 − S̃k) +
α

1 − α
L̃nS̃n. (1.6.19)

Since η > 0 is arbitrary, it remains to check that, for any constant c ∈ ]0, 1[,
the supremum of the right-hand side dominates c with positive probability.
To this aim, we define the auxiliary function h(z) := g(z) ∧ g(e3εz) and the
sets

Bn :=

{
h(S̃n) − 1

1 − α

n−1∑
k=0

L̃k(S̃k+1 − S̃k) > c

}
.

Applying the previous results for the function h ∈ G and the strategy L/(1−α)
(namely, Proposition 1.6.5 and Lemma 1.6.3), we note that there is n such
that P (Bn, τn < 1) > 0. Thus, either P ({L̃n ≥ 0, τn < 1} ∩ Bn) > 0 (in this
case the claimed property is obvious) or

P
(

{L̃n < 0, τn < 1} ∩ Bn

)
> 0. (1.6.20)

To complete the proof, it is sufficient to verify that in the latter case

P
(
g(S̃n+3) − Ỹn+3 ≥ c − η

)
> 0. (1.6.21)
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Let us consider the set Γn := {ΔM̃n+k = ε, 1 ≤ k ≤ 3}, where the imbedded
process has three consecutive moves upwards. Due to the hypothesis on the
process fluctuations, (1.6.20) implies that the set {L̃n < 0, τn < 1} ∩ Bn ∩ Γn

has strictly positive probability. According to the second inequality of
Lemma 1.6.7, on this set we have

Ỹn+3 − Ỹn ≤
n+2∑
k=n

L̃k(S̃k+1 − S̃k) − λ′
n+2∑
k=n

S̃k

(
L̃+

k+1 − L̃+
k

)
(1.6.22)

and, hence, due to the bound (1.6.18) and the definition of h, we have that

g(S̃n+3) − Ỹn+3 +
α

1 − α
L0 ≥ h(S̃n) − 1

1 − α

n−1∑
k=0

L̃k(S̃k+1 − S̃k) + Rn,

where

Rn :=
α

1 − α
L̃nS̃n −

n+2∑
k=n

L̃k(S̃k+1 − S̃k) + λ′
n+2∑
k=n

S̃k

(
L̃+

k+1 − L̃+
k

)

on the considered set Rn ≥ 0. Indeed,

Rn ≥ α

1 − α
L̃nS̃n −

n+2∑
k=n

(
L̃n + L̃+

k − L̃+
n

)
(S̃k+1 − S̃k) + λ′

n+2∑
k=n

S̃k

(
L̃+

k+1 − L̃+
k

)

≥
[

α

1 − α
−

(
e3ε − 1

)]
L̃nS̃n −

(
e3ε − eε

)
S̃n

(
L̃+

n+2 − L̃+
n

)

+ λ′S̃n

(
L̃+

n+2 − L̃+
n

)

≥
[

α

1 − α
−

(
e3ε − 1

)]
L̃nS̃n +

[
λ′ −

(
e3ε − eε

)]
S̃n

(
L̃+

n+2 − L̃+
n

)
≥ 0

because of our choice of ε and the negativity of L̃n.
The claimed property (1.6.21) follows now from definition of Bn. �

The result for the model

Y = L · S − λS · L−, (1.6.23)

λ > 0, describing the situation where only selling of stocks is charged, is
similar.

Theorem 1.6.9 Suppose that Hε holds for values of ε > 0 arbitrarily close
to zero. Let g ∈ G, and let Y be given by (1.6.23). If x+Y ≥ g(S), then x ≥ 1.

The reasoning is based on the following lemma the proof of which is anal-
ogous to that of Lemma 1.6.7 and left to the reader.



68 1 Approximative Hedging

Lemma 1.6.10 Let σ, τ be stopping times such that s σ ≤ τ ≤ T . Suppose
that λ > 2α/(1 + α), where α := e2ε − 1. If |Mt − Mσ | ≤ ε for all t ∈ ]σ, τ ],
then

Yτ − Yσ ≤ 1
1 + α

Lσ(Sτ − Sσ) − α

1 + α
(LτSτ − LσSσ). (1.6.24)

On the set {Mτ = Mσ − ε} we have the inequality

Yτ − Yσ ≤ Lσ(Sτ − Sσ) − λ′Sσ

(
L−

τ − L−
σ

)
, (1.6.25)

where λ′ := (λ − α)e−ε.

The auxiliary function needed in the proof of the theorem can be given as
h(z) = g(z) ∧ g(ze−3ε). Note that h(z)/z → e−3ε (and not to 1) as z → ∞.
Nevertheless, Proposition 1.6.5 holds for such a function but with c < e−3ε.
Since e−3ε can be chosen arbitrarily close to 1, this does not matter, and the
arguments work well with obvious changes (e.g., moves upwards should be
replaced by moves downwards).

At last, the proofs of corresponding corollaries for the European options
in the case of one-side transaction costs are exactly the same as that of Corol-
lary 1.6.2.

1.6.4 Hedging of Vector-Valued Contingent Claims

Until now we considered hedging problems for models where the initial and
final transactions were charge-free and the accounting was on the lump sum
of the asset values. However, the final adjustment may not be exempted from
transaction costs. In such a case, e.g., the hedging of a call option will depend
on the clause of the contract whether the stock is delivered to the buyer
or the latter receives only its money equivalent equal to the market price.
More elaborate models, admitting transaction costs for any portfolio revisions
and separating the accounting for each asset, allow us to incorporate the
mentioned specificity. A general theory of such models will be developed in
the next chapters. Here we present, in a rather sketchy way, a two-asset model
of this kind assuming that the first one is the numéraire, the price process
of the second is a continuous martingale S > 0, S0 = 1, and at least one
of the transaction cost coefficients λ12, λ21 is strictly positive. The notation
with superscripts in the two-dimensional case looks rather awkward, but it is
chosen to be coherent with that we shall use later for multi-asset models.

We suppose that the process M := lnS satisfies condition Hε for all
sufficiently small ε > 0.

Now the value process V = V v,L of a portfolio is two-dimensional, and its
components are

V 1 = v1 + L21 −
(
1 + λ12

)
L12,

V 2 = v2 + V̂ 2 · S + L12 −
(
1 + λ21

)
L21,
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where L12, L21 are increasing adapted right-continuous processes representing
the accumulated net wealth transferred to a corresponding position, V 1

t is the
wealth on the bank account, V 2

t is the wealth on the stock account, while
V̂ 2

t := V 2
t /St is the number of stock units held at time t.

An important concept of the model is the solvency cone K defined as the
set of points x = (x1, x2) for which there exist a12, a21 ≥ 0 such that

x1 + a21 −
(
1 + λ12

)
a12 ≥ 0,

x2 + a12 −
(
1 + λ21

)
a21 ≥ 0.

The closed convex cone K generates a partial ordering in R2; namely, x � y
if x − y ∈ K.

It is easy to check that the vectors w1 := (1, 1+λ12) and w2 := (1+λ21, 1)
are generators of the dual positive cone K∗ := {w : wx ≥ 0 ∀ x ∈ K}. Recall
that K∗ ∗ = K and, hence, x � y if and only if wx ≥ wy for all w ∈ K∗.
Of course, the inequality for all w ∈ K∗ holds if and only if it holds for the
generators: the symbol x � y replaces comfortably the system of two linear
inequalities wix ≥ wiy, i = 1, 2.

It is easy to see that the vectors (1 + λ12, −1) and (−1, 1 + λ21) generate
the solvency cone K.

The set of hedging endowment for the contingent claim C = (C1, C2) is

Γ :=
{
v ∈ R2 : ∃L such that V v,L

T � C
}
.

The agent strategy L in the above definition should be admissible. This means
that V � −κS for some κ > 0.

Assume that C = g(ST ), where g : ]0, ∞[→ R2 is such that the functions
wig(y) are bounded from below with wig(0+) = 0, i = 1, 2,

lim inf
y→∞

w1g(y)/y = 1 + λ12,

lim inf
y→∞

w2g(y)/y = 1.

Examples of the pay-off functions for the call option:

(1) the stock is delivered g1(y) := −KI{y≥0}, g2(y) := yI{y≥0};
(2) the stock is not delivered g1(y) := (y − K)+I{y≥0}, g2(y) := 0.

Theorem 1.6.11 If a point v is in Γ , then the following two linear equations
are satisfied:

v2 ≥ 1 −
(
1 + λ21

)
v1,

v2 ≥ 1 − 1
1 + λ12

v1.
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Proof. Let v ∈ Γ . The relation V v,L
T � C holds if and only if, for all α, β ∈ ]0, 1[

such that α + β = 1,

(αw1 + βw2)V
v,L
T ≥ (αw1 + βw2)C.

Substituting the expression for V v,L
T and setting κ0 := (1 + λ12)(1 + λ21) − 1

and L̃12 = (1/S) · L12, L̃21 = (1/S) · L21, we can rewrite this inequality as

(αw1 + βw2)v +
(
1 + αλ12

)
V̂ 2 · St − κ0

(
αS · L̃21 + βS · L̃12

)
≥ (αw1 + βw2)C.

Notice also that the process

V̂ 2 = V̂ 2
0− + L̃12 −

(
1 + λ21

)
L̃21

is of bounded variation. It follows that the left-hand side of the above inequal-
ity is dominated by (αw1 + βw2)v + Y , where Y has the structure demanded
in Theorem 1.6.2. The assumptions on the function g = (g1, g2) ensure that
this theorem can be applied (after an appropriate normalization) yielding the
inequality

(αw1 + βw2)v ≥ α
(
1 + λ12

)
+ β.

By continuity it holds also for α equal to 0 and 1, and we get the system
(
1 + λ21

)
v1 + v2 ≥ 1,

v1 +
(
1 + λ12

)
v2 ≥ 1 + λ12.

The theorem is proven. �
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Arbitrage Theory for Frictionless Markets

2.1 Models without Friction

2.1.1 DMW Theorem

The classical result by Dalang–Morton–Willinger, usually abbreviated as
DMW and sometimes referred to as the Fundamental Theory of Asset (or
Arbitrage) Pricing (FTAP) for the discrete finite-time model of a frictionless
financial market, says:

There is no arbitrage if and only if there is an equivalent martingale
measure.

This formulation is due to Harrison and Pliska, who established it for a
model with finite number of states of the nature, i.e., for finite Ω. Retrospec-
tively, one can insinuate that in this case it is mainly a “linguistic” exercise:
the result expressed in geometric language was known a long time ago as the
Stiemke lemma. This is, to large extent, true. However, a remarkable fact is
that, contrarily to its predecessors, exactly this formulation of a no-arbitrage
criterion, involving an important probability concept, a martingale measure,
opens a way to numerous generalizations of great theoretical and practical
value.

Loosely speaking, the result can be viewed as a partial converse to the
assertion that one cannot win (in finite time) by betting on a martingale: if
one cannot win betting on a process, the latter is a martingale with respect
to an equivalent martingale measure.

We start our presentation here with a detailed analysis of the Dalang–
Morton–Willinger theorem. The assertion in italics is, in fact, a grand public
formulation which hides a profound difference between these two results, and
the authors of advanced textbooks prefer to give a longer list of NA criteria.
We follow this tradition.

The model is given by a complete probability space (Ω, F , P ) with a
discrete-time filtration F = (Ft)t=0,1,...,T and an adapted d-dimensional price
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process S = (St) with the constant first component. It is convenient to assume
that F0 is trivial and FT = F .

The set of “results” RT (obtained from zero starting value) consists of the
terminal values of discrete-time integrals

H · ST :=
T∑

t=1

HtΔSt,

where ΔSt := St − St−1, and H runs over the linear space P of predictable
processes, i.e., Ht ∈ L0(Rd, Ft−1) (the first component of S plays no role here
because ΔS1

t = 0).
The common terminology: H is a (portfolio) strategy, while H · S is called

a value process. The larger set AT := RT − L0
+ can be interpreted as the set

of hedgeable claims; it is the set of random variables H · ST − h where the r.v.
h ≥ 0.

By definition, the NA property of the model means that RT ∩ L0
+ = {0}

(or, equivalently, AT ∩ L0
+ = {0}). We prefer to use from the very beginning

these mathematically convenient definitions in terms of intersections of certain
sets rather than a popular form like this: the property H · ST ≥ 0 implies that
H · ST = 0.

Theorem 2.1.1 The following properties are equivalent:

(a) AT ∩ L0
+ = {0} (NA condition);

(b) AT ∩ L0
+ = {0} and AT = ĀT (closure in L0);

(c) ĀT ∩ L0
+ = {0};

(d) there is a strictly positive process ρ ∈ M such that ρS ∈ M;
(e) there is a bounded strictly positive process ρ ∈ M such tat ρS ∈ M.

As usual, M is the space of martingales (if necessary, we shall also use a
more complicated notation showing the probability, time range, etc.).

Of course, the last two properties are usually formulated as:

(d′) there is a probability P̃ ∼ P such that S ∈ M(P̃ );
(e′) there is a probability P̃ ∼ P with dP̃ /dP ∈ L∞ such that S ∈ M(P̃ ).

However, the chosen versions have more direct analogs in the model with
transaction costs. Their equivalences are obvious due to the following elemen-
tary fact about martingales with respect to a probability measure P̃ � P
with density ρT :

S ∈ M(P̃ ) if and only if ρS ∈ M(P ) where ρt = E(ρT | Ft), t ≤ T .

Collecting conditions in the single theorem is useful because one can clearly
see that in numerous generalizations and ramifications certain properties re-
main equivalent (of course, appropriately modified), but others do not. Note
also that, in the case of finite Ω, the set AT is always closed. Indeed, it is
the arithmetic sum of a linear space and the polyhedral cone −L0

+ in the
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finite-dimensional linear space L0. Thus, it is a polyhedral cone. So, we have
no difference between the first three properties, while the last two coincide
trivially. The situation is completely different for arbitrary Ω. Though the
linear space RT is always closed (we show this later), the set AT may be not
closed even for T = 1 and a countable Ω. To see this, let F0 be trivial and take
F1 = σ{ξ} and ΔS1 = ξ, where ξ is a strictly positive finite random variable
such that P (ξ > ε) > 0 whatever is ε > 0. The set A1 = Rξ − L0

+ does not
contain any strictly positive constant, but each constant c > 0 belongs to its
closure Ā1 because (nξ) ∧ c → c as n → ∞.

To the already long list, one can add several other equivalent conditions:

(f) there is a strictly positive process ρ ∈ M such that ρS ∈ Mloc;
(f′) there is a probability P̃ ∼ P such that S ∈ Mloc(P̃ );
(g) {ηΔSt : η ∈ L0(Ft−1)} ∩ L0

+ = {0} for all t ≤ T (NA for one-step
models).

With other conditions already established, the above addendum poses no
problems. Indeed, (f ′) is obviously implied by (e′). On the other hand, if
S ∈ Mloc(P̃ ), then H̃ · S ∈ M(P̃ ) with H̃t := 1/(1 + Ẽ(|ΔSt‖Ft−1)). So,
we know that NA holds for the process H̃ · S; hence, it holds also for S
as both processes have the same set of hedgeable claims, i.e., (f ′) implies a
property from the “main” list of equivalent conditions. Suppose now that the
implication (g) ⇒ (a) fails. Take the smallest t ≤ T such that At ∩ L0

+ = {0}
(the set of such dates is nonempty: it contains, at least, T ). We have a strategy
H = (Hs)s≤T such that H · St ≥ 0 and P (H · St > 0) > 0. Due to the choice
of t, either the set Γ ′ := {H · St−1 < 0} is of strictly positive probability
(and (g) is violated by η := IΓ ′ Ht), or the set Γ ′ ′ := {H · St−1 = 0} is of full
measure (and (g) is violated by η := IΓ ′ ′ Ht), a contradiction.
Remark. The NA property for the class of all strategies, as defined above, is
equivalent to the NA property in the narrower class of bounded strategies H.
Indeed, if there is an arbitrage opportunity, then, in virtue of the condition (g),
there is an arbitrage opportunity η for a certain one-step model. Clearly, when
n is sufficiently large, ηI{ |η|≤n} will be an arbitrage opportunity for this one-
step model. Note that the presence of (g) in the list of equivalent conditions
is crucial in this reasoning.

Similarly, NA is equivalent to the absence of arbitrage in the class of so-
called admissible strategies for which the value processes are bounded from
below by constants (depending on the strategy). Moreover, if H is an arbitrage
opportunity generating the value process V = H · S, one can find another
arbitrage opportunity H̃ such that the value process H̃ · S ≥ 0. To see this,
we consider the sets Γt := {H · St < 0} and the last instant r for which the
probability of such a set is strictly positive; 0 < r < T since H is an arbitrage
opportunity. Let us check that the strategy H̃ := IΓrI]r,T ]H has the claimed
property. Indeed, the process Ṽ := H̃ · S is zero for all t ≤ r and remains
zero outside the set Γr until T . On the set Γr, the increments ΔṼt = ΔVt for
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t ≥ r + 1, and hence the trajectories of Ṽ are the trajectories of V shifted
upwards on the value −Vr > 0.

Before the proof of Theorem 2.1.1, we give in the following subsection
several elementary results which will be also useful in obtaining NA criteria
in models with transaction costs.

2.1.2 Auxiliary Results: Measurable Subsequences
and the Kreps–Yan Theorem

Lemma 2.1.2 Let ηn ∈ L0(Rd) be such that η := lim inf |ηn| < ∞. Then
there are η̃k ∈ L0(Rd) such that for all ω, the sequence of η̃k(ω) is a convergent
subsequence of the sequence of ηn(ω).

Proof. Define the random variables τk := inf{n > τk−1 : ‖ηn| − η| ≤ k−1}
starting with τ0 := 0. Then η̃k

0 := ητk is in L0(Rd), and supk |η̃k
0 | < ∞.

Working further with the sequence of η̃n
0 , we construct, applying the above

procedure to the first component and its lim inf, a sequence of η̃k
1 with con-

vergent first component and such that for all ω, the sequence of η̃k
1 (ω) is a

subsequence of the sequence of η̃n
0 (ω). Passing on each step to the newly cre-

ated sequence of random variables and to the next component, we arrive at a
sequence with the desired properties. ��

Remark. The claim can be formulated as follows: there exists a (strictly)
increasing sequence of integer-valued random variables σk such that ησk con-
verges a.s.

Lemma 2.1.3 Let G = {Γα} be a family of measurable sets such that any
nonnull set Γ has a nonnull intersection with an element of G. Then there
is an at most countable subfamily of sets {Γαi } the union of which is of full
measure.

Proof. Suppose that G is closed under countable unions. Then supα P (Γα)
is attained on some Γ̃ ∈ G. The subfamily consisting of a single Γ̃ gives
the answer. Indeed, P (Γ̃ ) = 1: otherwise we could enlarge the supremum
by adding a set from G having a nonnull intersection with Γ̃ c. The general
case follows by considering the family formed by countable unions of sets
from G. ��

The following result is referred to as the Kreps–Yan theorem. It holds for
arbitrary p ∈ [1, ∞], p−1 + q−1 = 1, but the cases p = 1 and p = ∞ are the
most important. Recall that for p = ∞, the norm closure of a convex set in
Lp coincides with the closure in σ{Lp, Lq }.

Theorem 2.1.4 Let C be a convex cone in Lp closed in σ{Lp, Lq }, containing
−Lp

+ and such that C ∩ Lp
+ = {0}. Then there is P̃ ∼ P with dP̃ /dP ∈ Lq

such that Ẽξ ≤ 0 for all ξ ∈ C.



2.1 Models without Friction 75

Proof. By the Hahn–Banach theorem any nonzero x ∈ Lp
+ := Lp(R+, F ) can

be separated from C: there is a zx ∈ Lq such that Ezxx > 0 and Ezxξ ≤ 0
for all ξ ∈ C. Since C ⊇ −Lp

+, the latter property yields that zx ≥ 0; we
may assume that ‖zx‖q = 1. Let us consider the family G := {zx > 0}. As
any nonnull set Γ has a nonnull intersection with the set {zx > 0}, x = IΓ ,
the family G contains a countable subfamily of sets (say, corresponding to a
sequence {xi}) the union of which is of full measure. Thus, z :=

∑
2−izxi > 0,

and we can take P̃ := zP . ��

2.1.3 Proof of the DMW Theorem

The implications (b) ⇒ (a), (b) ⇒ (c), and (e) ⇒ (d) are trivial. The im-
plication (d) ⇒ (a) is easy. Indeed, let ξ ∈ AT ∩ L0

+, i.e., 0 ≤ ξ ≤ H · ST .
Since the conditional expectation with respect to the martingale measure
Ẽ(HtΔSt| Ft−1) = 0, we obtain by consecutive conditioning that ẼH · ST = 0.
Thus, ξ = 0. To complete the proof, it remains to verify that (c) ⇒ (e) and
(a) ⇒ (b).

(c) ⇒ (e). Notice that for any random variable η, there is an equivalent
probability P ′ with bounded density such that η ∈ L1(P ′) (e.g., one can
take P ′ = Ce− |η|P ). Property (c) (as well as (a) and (b)) is invariant under
equivalent change of probability. This consideration allows us to assume that
all St are integrable. The convex set A1

T := ĀT ∩ L1 is closed in L1. Since
A1

T ∩ L1
+ = {0}, Theorem 2.1.4 ensures the existence of P̃ ∼ P with bounded

density and such that Ẽξ ≤ 0 for all ξ ∈ A1
T , in particular, for ξ = ±HtΔSt

with bounded and Ft−1-measurable Ht. Thus, Ẽ(ΔSt| Ft−1) = 0.
(a) ⇒ (b). Lemma 2.1.2 allows us to establish the closedness of AT by

simple recursive arguments even without assuming that the σ-algebra F0 is
trivial (of course, this does not add any generality but helps to start the
induction in the time variable).

Let us consider the case T = 1. Let Hn
1 ΔS1 − rn → ζ a.s., where Hn

1 is
F0-measurable, and rn ∈ L0

+. The closedness of A1 means that ζ = H1ΔS1 −r
for some F0-measurable H1 and r ∈ L0

+. To show this, we represent each Hn
1

as a column vector and write the whole sequence of these column vectors as
the infinite matrix

H1 :=

⎡
⎢⎢⎢⎣

H11
1 H21

1 . . . . . . Hn1
1 . . .

H12
1 H22

1 . . . . . . Hn2
1 . . .

. . . . . . . . . . . . . . . . . .

H1d
1 H2d

1 . . . . . . Hnd
1 . . .

⎤
⎥⎥⎥⎦ .

If the matrix is zero, there is nothing to prove. Suppose that the assertion
holds when this (random) matrix has, for each ω, at least m zero lines. We
show that the claim holds true also when H1 has at least m − 1 zero lines.

It is sufficient to find F0-measurable random variables H̃k
1 convergent a.s.

and r̃k ∈ L0
+ such that H̃k

1 ΔS1 − r̃k → ζ a.s.
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Let Ωi ∈ F0 form a finite partition of Ω. An important (though obvi-
ous) observation: we may argue on each Ωi separately as on an autonomous
measure space (considering the restrictions of random variables and traces of
σ-algebras).

Let H1 := lim inf |Hn
1 |. On Ω1 := {H1 < ∞}, we take, using Lemma 2.1.2,

F0-measurable H̃k
1 such that H̃k

1 (ω) is a convergent subsequence of Hn
1 (ω) for

every ω; r̃k are defined correspondingly. Thus, if Ω1 is of full measure, the
goal is achieved.

On Ω2 := {H1 = ∞}, we put Gn
1 := Hn

1 /|Hn
1 | and hn

1 := rn
1 /|Hn

1 |. Clearly,
Gn

1ΔS1 − hn
1 → 0 a.s. By Lemma 2.1.2 we find F0-measurable G̃k

1 such that
G̃k

1(ω) is a convergent subsequence of Gn
1 (ω) for every ω. Denoting the limit

by G̃1, we obtain that G̃1ΔS1 = h̃1 where h̃1 is nonnegative; hence, in virtue
of (a), G̃1ΔS1 = 0.

As G̃1(ω) = 0, there exists a partition of Ω2 into d disjoint subsets Ωi
2 ∈ F0

such that G̃i
1 = 0 on Ωi

2. Define H̄n
1 := Hn

1 − βnG̃1, where βn := Hni
1 /G̃i

1

on Ωi
2. Then H̄n

1 ΔS1 = Hn
1 ΔS1 on Ω2. The matrix H̄1 has, for each ω ∈ Ω2,

at least m zero lines: our operations did not affect the zero lines of H1, and
a new one has appeared, namely, the ith one on Ωi

2. We conclude by the
induction hypothesis.

To establish the induction step in the time variable, we suppose that the
claim is true for (T − 1)-step models. Let

∑T
t=1 Hn

t ΔSt − rn → ζ a.s., where
Hn

t are Ft−1-measurable, and rn ∈ L0
+. As at the first step, we work with the

matrix H1 using exactly the same reasoning.
On Ω1 we take an increasing sequence of F0-random variables τk such that

Hk := Hτk
1 converges to H1. Thus,

∑T
t=2 Hτk

t ΔSt − rτk converges as k → ∞,
and we have a reduction to a (T − 1)-step model.

On Ω2 we use again the same induction in m, the number of zero lines
of H1. The only modification is that the identical operations (passage to
subsequences, normalization by Hn

1 , etc.) should be performed simultaneously
over all other matrices H2, . . . ,HT .

Remark 1. Exactly the same arguments as those used in the proof of the
implication (a) ⇒ (b) lead to the following assertion referred to as the Stricker
lemma:

The set of results RT is closed.

This property holds irrelevantly of the NA-condition. Indeed, the latter
was used only to check that the nonnegative limit h̃1 is, in fact, equal to zero.
But this holds automatically if we start the arguments with rn = 0.

Remark 2. The DMW theorem contains as a corollary the assertion that, in
the discrete-time setting with finite horizon, any local martingale is a mar-
tingale with respect to a measure P̃ ∼ P with bounded density. Moreover,
this measure can be chosen in such a way that a given random variable ξ will
be P̃ -integrable. At the end of this chapter we show that, even in the model
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with infinite horizon, the local martingale is a martingale with respect to an
equivalent probability measure.

2.1.4 Fast Proof of the DMW Theorem

Our detailed formulation of the DMW theorem, together with its proof, is
intended to prepare the reader to the arguments developed for models with
transaction costs. However, a short and elementary proof of the “main” equiv-
alence (a) ⇔ (e), a proof which can be used in introductory courses for math-
ematical students, is of separate interest. We give one here combining an
optimization approach due to Chris Rogers with Lemma 2.1.2 on measurable
subsequences. It is based on the one-step result the first condition of which is
just an alternative reformulation of the NA-property.

Proposition 2.1.5 Let ξ ∈ L0(Rd), and let G be a sub-σ-algebra of F . Then
the following conditions are equivalent:

(i) for any α ∈ L0(Rd, G), the inequality αξ ≥ 0 holds as the equality;
(ii) there exists a bounded random variable � > 0 such that E�|ξ| < ∞ and

E(�ξ| G) = 0.

Proof. One needs arguments only for the “difficult” implication (i) ⇒ (ii).
First, examine the case where G is trivial. Let us consider the function

f(a) = Eeaξ− |ξ|2 , a ∈ Rd. If it attains its minimum at some point a∗, the
problem is solved with ρ = ea∗ξ− |ξ|2 , since at this point the derivative of f is
zero: Eξea∗ξ− |ξ|2 = 0. One can check that condition (i) excludes the possibility
that the minimum is not attained—we do a verification below.

Let us turn to the general case. A dimension reduction argument allows us
to work assuming that the relation αξ = 0 with α ∈ L0(Rd, G) holds only if
α = 0 (when G is trivial, this is just the linear independence of the components
of ξ as elements of L0). Let Q(ω, dx) be the regular conditional distribution
of ξ with respect to G. Define the function

f(ω, a) :=
∫

eax− |x|2Q(ω, dx)

continuous in a and G-measurable in ω. Introduce the G-measurable random
variable f∗(ω) = infa f(ω, a) and consider, in the product space Ω × Rd, the
sets {(ω, a) : f(ω, a) < f∗(ω) + 1/n} with nonempty open ω-sections Γn(ω).
Let αn be a G-measurable random variable with αn(ω) ∈ Γn(ω). Such αn can
be constructed easily, without appealing to a measurable selection theorem,
e.g., one can take αn(ω) := qθ(n), where

θ(n) := min
{
k : f(ω, qk) < f∗(ω) + 1/n

}
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with an arbitrary countable dense subset {qn} in Rd. Let us consider the set
Ω0 := {lim inf |αn| < ∞} with its complement Ω1. Using Lemma 2.1.2, we
may assume that on Ω1 the sequence α̃n := αn/|αn| converges to some β with
|β| = 1 and, by the Fatou lemma,

∫
elim |αn(ω)|β(ω)x− |x|2I{β(ω)x �=0}Q(ω, dx)

≤ lim inf
∫

eαn(ω)x− |x|2I{β(ω)x �=0}Q(ω, dx) ≤ f∗(ω).

Necessarily, Q(ω, {x : β(ω)x > 0}) = 0, implying that βξ ≤ 0 (a.s.), and,
therefore, in virtue of (i), we have that βξ = 0. Due to our provision, this
equality holds only if β = 0, and, hence, Ω1 is a null set which does not
matter. Again by Lemma 2.1.2 we may assume that on the set Ω0 of full
measure the sequence αn(ω) converges to some α∗(ω). Clearly, f(ω, a) attains
its minimum at α∗(ω), and we conclude with � := eα∗ξ− |ξ|2/c(α∗), where the
function c(a) := supx(1 + |x|)eax− |x|2 . ��

The “difficult” implication (a) ⇒ (e) follows from the above proposi-
tion by backward induction. We claim that for each t = 0, 1, . . . , T − 1,
there is a bounded random variable ρT

t > 0 such that EρT
t |ΔSu| < ∞ and

EρT
t ΔSu = 0 for u = t + 1, . . . , T . Since (a) implies the NA-property for

each one-step model, the existence of ρT
T −1 follows from the above proposition

with ξ = ΔST and G = FT −1. Suppose that we have already found ρT
t .

Putting ξ = E(ρT
t | Ft−1)ΔSt−1 and G = Ft−2, we find bounded

Ft−1-measurable �t−1 > 0 such that E(�t−1E(ρT
t | Ft−1)|ΔSt−1|) < ∞ and

E(�t−1E(ρT
t | Ft−1)ΔSt−1) = 0. It is clear that ρT

t−1 meets the requirements.
Property (e) of the DMW theorem holds with ρt := E(ρT

0 | Ft).

2.1.5 NA and Conditional Distributions of Price Increments

As shown by Jacod and Shiryaev, the long list of conditions equivalent to
the NA-property can be completed by the following one involving the regular
conditional distributions Qt(ω, dx) of the price increments ΔSt knowing Ft−1:

(h) 0 ∈ ri conv supp Qt(ω, dx) a.s. for all t = 1, . . . , T .

Recall that Qt(ω, Γ ) is an Ft−1-measurable random variable in ω and a
measure in Γ such that P (ΔSt ∈ Γ | Ft−1) = Qt(ω, Γ ) (a.s.) for each Borel set
Γ in Rd. The topological support of the measure Qt(ω, dx) is the intersection
of all closed sets the complements of which are null sets for this measure. The
abbreviation “ri” denotes the relative interior of a convex set, i.e., the interior
in the relative topology of the smallest affine subspace containing it.

Comparing (h) and (g), we see that their equivalence follows from the next
one-step result complementing Proposition 2.1.5.
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Proposition 2.1.6 Let ξ ∈ L0(Rd), and let Q(ω, dx) be a regular conditional
distribution of ξ with respect to a σ-algebra G ⊆ F . Then the NA-property (or
the equivalent property (ii)) holds if and only if the following condition is
satisfied:

(iii) 0 ∈ ri conv supp Q(ω, dx) a.s.

Proof. (ii) ⇒ (iii). Consider the case where G is trivial. If the origin does not
belong to A := ri conv supp Q(dx), then there exists a ∈ Rd such that the
latter set lies in the closed half-space {x : ax ≥ 0} but not in the subspace
{x : ax = 0} (to see this, apply the separation theorem in the linear subspace
of minimal dimension containing A and extend the separating functional to
a functional on the whole Rd vanishing on the orthogonal complement). So,
Q(x : ax > 0) > 0, and for any strictly positive bounded random variable
ρ measurable with respect to σ{ξ} (i.e., of the form ρ = r(ξ) with a Borel
function r), we have

Eρaξ =
∫

r(x)axI{x: ax>0}Q(dx) > 0,

in contradiction with (ii).
In the general case we consider the set Γ := {(ω, a) : Q(ω, {ax > 0}) > 0},

which is measurable with respect to the product σ-algebra G ⊗ Bd; let Γ (ω)
be its ω-sections. If (iii) fails, then, as it was just shown, the projection PrΩΓ
of Γ on Ω is nonnull. Due to the measurable selection theorem, there exists a
G-measurable Rd-valued random variable α such that α(ω) ∈ Γ (ω) for almost
all ω from PrΩΓ . Now, take an arbitrary bounded strictly positive function
r(ω, x) measurable with respect to σ{ G, ξ} ⊗ Bd and put ρ(ω) := r(ω, ξ(ω)).
Then

E(rαξ| G) =
∫

r(ω, x)α(ω)xI{x: α(ω)x>0}Q(ω, dx) > 0 on PrΩΓ.

It is easy to see that this is a contradiction with (ii).
(iii) ⇒ (ii). Again, let us first consider the case of trivial G. Let L

be the affine subspace of minimal dimension containing the set
A := ri conv supp Q(dx).

The assumption 0 ∈ A implies that the function

f(a) :=
∫

eax− |x|2Q(dx) =
∫

eax− |x|2IL(x)Q(dx)

attains its minimum at some point a∗: otherwise, we could find, as in the proof
of Proposition 2.1.5, a vector β such {x : βx > 0} ∩ L is a Q-null set. But
this means that the origin is not in the relative interior of the convex hull of
supp Q(dx). In the general case, we can find a G-measurable random variable
α∗ such that α∗(ω) is a minimizer of f(ω, a) and conclude in the same way as
in Proposition 2.1.5. ��
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2.1.6 Comment on Absolute Continuous Martingale Measures

One may ask whether the existence of an absolute continuous martingale
measure can be related with a certain no-arbitrage property. Indeed, in the
case of finite number of states of nature, we have the following criterion:

Proposition 2.1.7 Suppose that Ω is finite. Then the following conditions
are equivalent:

(a) RT ∩ L0(R+ \ {0}) = ∅;
(b) there is a probability measure P̃ � P such that S ∈ M(P̃ ).

Here the implication (b) ⇒ (a) is obvious, while the converse follows easily
from the finite-dimensional separation theorem applied to the disjoint convex
sets AT \ {0} and L0(R+ \ {0}): any separating functional after normalization
is a density of probability measure with the needed property. The condition
(a) means that there is no “universal” arbitrage strategy H, that is, such that
H · ST > 0 (a.s.).

Unfortunately, the above proposition cannot be extended to the case of
arbitrary Ω.
Example. Let us consider a one-period model with two risky assets whose
price increments ΔS1

1 and ΔS2
1 are random variables defined on a count-

able probability space Ω = {ωi}i≥0 with all P ({ωi}) > 0. The initial σ-
algebra is trivial. Let ΔS1

1(ω0) = 1, ΔS1
1(ωi) = −i, i ≥ 1. Let ΔS2

1(ω0) = 0,
ΔS2

1(ωi) = 1, i ≥ 1. Apparently, the equalities EQΔS1
1 = 0 and EQΔS2

1 = 0
are incompatible, and, hence, there are no martingale measures. On the other
hand, let (H1, H2) ∈ R2 be a “universal” arbitrage strategy. Then necessarily
H1 > 0, and we get a contradiction since in such a case the countable system
of inequalities −iH1 + H2 > 0, i ≥ 1, is incompatible whatever is H2.

2.1.7 Complete Markets and Replicable Contingent Claims

As we observed, the set of results RT is always closed in L0. It is an easy
exercise to deduce from this property that the set R + RT is also closed. We
use this remark in the proof of the following:

Proposition 2.1.8 Suppose that the set Qe of equivalent martingale mea-
sures is nonempty. Then the following conditions are equivalent:

(a) Qe is a singleton;
(b) R + RT = L0.

Proof. (a) ⇒ (b). We may assume without loss of generality that P is a
martingale measure. Suppose that there is ξ ∈ L0 which is not in the closed
subspace R + RT ⊆ L0. It follows that the random variables ξn := ξI{ |ξ|≤n}
are not in this subspace for all n ≥ N . Applying the separation theorem, one
can find η with |η| ≤ 1/2 such that Eηζ = 0 for the elements ζ from the
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closed subspace (R+RT ) ∩ L1 of L1 but EηξN > 0. Put Q = (1 + η)P . Then
EQH · ST = 0 whatever is a bounded predictable process H. This means that
Q is an equivalent martingale measure different from P , contradicting (a).

(b) ⇒ (a). Take Γ ∈ FT . Then IΓ = cΓ +HΓ · ST , where cΓ is a constant.
It follows that Q(Γ ) = cΓ whatever is a martingale measure Q, i.e., the latter
is unique.

The property (b), in financial literature referred to as the market complete-
ness, means that any contingent claim can be replicated, that is, represented
as the terminal value of a self-financing portfolio starting from a certain initial
endowment. The above statement, asserting that an arbitrage-free market is
complete if and only if there is only one equivalent martingale measure, some-
times is called the second fundamental theorem of asset pricing.

The closedness of the subspace R+RT leads the next assertion concerning
replicable claims on incomplete markets. In its formulation, Ql and Qe

l denote
the sets of absolutely continuous and equivalent local martingale measures.
��

Proposition 2.1.9 Suppose that Qe = ∅. Let a random variable ξ ≥ 0 be
such that a = supQ∈Qe

l
EQξ < ∞ and the supremum is attained on some

measure Q∗. Then ξ = a + H · ST for some predictable process (and, hence,
the function Q �→ EQξ is constant on the set Qe

l ).

Proof. Supposing that the statement fails, we apply the Hahn–Banach theo-
rem and separate ξ and the subspace (R + RT ) ∩ L1(Q∗) in L1(Q∗), that is,
we find η ∈ L∞ such that EQ∗ ξη > 0 and EQ∗ ηζ = 0 for all ζ from the sub-
space. In particular, EQ∗ η = 0 and EQ∗ H · ST η = 0 whatever is a predictable
process H such that H · ST is integrable; in particular, the last equality holds
for H = I[0,τn], where τn is a localizing sequence for S. Normalizing, we may
assume that |η| ≤ 1/2. It follows that the measure Q̃ = (1 + η)Q∗ is an ele-
ment of Qe

l and EQ̃ξ = a + EQ∗ ξη > a in an apparent contradiction with the
definition of Q∗. ��

2.1.8 DMW Theorem with Restricted Information

Let us consider the following setting, which is only slightly different from the
classical one. Namely, assume that we are given a filtration G = (Gt)t≤T with
Gt ⊆ Ft. Suppose that the strategies are now predictable with respect to this
smaller filtration (i.e., Ht ∈ L0(Gt−1)), a situation which may happen when
the portfolios are revised on the basis of restricted information, e.g., due to a
delay. Again, we may define the sets RT and AT and give a definition of the
arbitrage, which, in these symbols, looks exactly as (a) above, and we can list
the corresponding necessary and sufficient conditions.

To this aim, we define the G-optional projection Xo of an integrable
process X by putting Xo

t := E(Xt| Gt), t ≤ T .
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Theorem 2.1.10 The following properties are equivalent:

(a) AT ∩ L0
+ = {0} (NA condition);

(b) AT ∩ L0
+ = {0} and AT = ĀT ;

(c) ĀT ∩ L0
+ = {0};

(d) there is a strictly positive process ρ ∈ M with (ρS)o ∈ M(G);
(e) there is a bounded strictly positive process ρ ∈ M with (ρS)o ∈ M(G).

The symbol M(G) stands here for the set of G-martingales, and we pre-
sume tacitly in the last two conditions that Eρt|St| < ∞. Clearly, these con-
ditions can be formulated in terms of existence of an equivalent probability P̃
such that Ẽ(St+1| Gt) = Ẽ(St| Gt) for all t ≤ T − 1.

We leave to the reader as an (easy) exercise to inspect that the arguments
of the previous section go well for this theorem.
Remark. Curiously, this result, rather natural and important for practical ap-
plications, was established only recently. It happens that all numerous proofs,
except one suggested in [131] and reproduced above in Sect. 2.1.3, in their
most essential part concerning the construction of equivalent martingale mea-
sures given the NA-property, are based on the reduction to the one-step case
with T = 1. Of course, (a) implies (g) (i.e., the NA-property for all one-step
models). A clever argument in the Dalang–Morton–Willinger paper permits
to assemble a required martingale density from martingale densities for one-
step models. However, in the model with restricted information, the property
(g) drops out from the list of equivalent conditions.
Example. Consider the model where T = 2, G0 = G1 = {∅, Ω}, but there is
A ∈ F2 such that 0 < P (A) < 1. Put

ΔS1 := IA − 1
2
IAc , ΔS2 := − 1

2
IA + IAc .

There is no arbitrage at each of two steps, but the constant process with
H1 = H2 = 1 is an arbitrage strategy for the two-step model.

2.1.9 Hedging Theorem for European-Type Options

One of the most fundamental though simple ideas of mathematical finance is
the arbitrage pricing of contingent claims.

A contingent claim or an option is a random variable ξ which can be inter-
preted as a pay-off of the option seller to the option buyer. For a European-
type option, the payment is made at the terminal (maturity) date T and may
depend on the whole history up to T . What is a “fair” price for such a con-
tract payed at time zero? Apparently, and this is the basic principle, the option
price should be such that neither of two parties has arbitrage opportunities,
i.e., riskless profits.
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Let us define the set

Γ := Γ (ξ) := {x : ∃H ∈ P such that x + H · ST ≥ ξ}.

Clearly, if not empty, it is a semi-infinite interval (maybe, coinciding with the
whole line). A priori, it can be either of the form [x̄, ∞[ or ]x̄, ∞[.

The theorem below ensures, in particular, that x̄ ∈ Γ . If the contracted
price of the option, say, x is strictly larger than x̄, then the seller has a nonrisky
profit by pocketing x − x̄ and running a self-financing portfolio process in the
underlying assets x̄+H ·S, the terminal value of which dominates the terminal
pay-off (so, selling the portfolio at the date T covers the liability).

Similarly, suppose that the right extremity x of the semi-infinite interval

−Γ (−ξ) = {x : ∃H ∈ P such that − x + H · ST ≥ −ξ}

belongs to this interval. If x is strictly less than x, then the option buyer will
have an arbitrage opportunity. Indeed, in this case there exists a strategy H
such that −x + H · ST ≥ −ξ. Thus, borrowing x at t = 0 to buy the option,
the agent runs a portfolio −x + H · S, which has a terminal value larger than
x − x − ξ. Therefore, after exercising the option, the agent will have a nonrisky
profit x − x.

These arguments show that “fair” prices lie in the interval [x, x̄].

Remark 1. Note that it is tacitly assumed that the agent (option seller)
may have a short position in option: for the discrete-time model, it is an
innocent assumption, but it is questionable for continuous-time models, where
the admissibility means that unbounded short positions even in the underlying
are not allowed.

In the case where the contingent claim is redundant, that is, of the form
ξ = x + Hξ · ST , we necessarily have that x = x = x̄ is the no-arbitrage price
of the option. Indeed, let us consider the hedging portfolio process x̄ + H · S
for ξ. The absence of arbitrage implies that its terminal value must coincide
with ξ and, in virtue of the “law of one price” (also due to NA, see the remark
below), x = x̄ and, by symmetry, x = x. The same NA arguments show that
if ξ is nonredundant, the hedging portfolio starting from x̄ is an arbitrage
opportunity. Thus, the range of no-arbitrage prices is either a singleton or an
open interval ]x, x̄[.

Remark 2. The law of one price (L1P) is the property asserting that the
equality x + H · ST = x′ + H ′ · ST implies the equality x = x′. The NA-
property is a sufficient condition for L1P that follows from the DMW theorem:
the latter ensures that there is a measure under which the process (H − H ′) · S
is a martingale. One may ask what is a necessary and sufficient condition for
L1P. The answer is the following:

L1P holds if and only if there is a bounded martingale Z with EZT = 1
and Z0 > 0 such that the process ZS is a martingale.
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In this formulation we do not suppose that the σ-algebra is trivial. Notice
that L1P means that RT ∩ L0(F0) = {0}, where, as already mentioned, the
linear space RT is closed. We hope that with this remark the proof of the
nontrivial “only if” part will be an easy exercise for the reader.

Now we present the theorem giving a “dual” description of the set of initial
capitals Γ , from which one can super-replicate (hedge) the contingent claim ξ.
Notation. Let Q (resp. Qe) be the set of all measures Q � P (resp. Q ∼ P )
such that S is a martingale with respect to Q. We add to this notation the
subscript l to denote larger sets of measures Ql and Qe

l for which S is only a
local martingale. We shall denote by Z, Z e, Zl, . . . the density processes for
measures from the corresponding sets.

Theorem 2.1.11 Suppose that Qe = ∅. Let ξ be a bounded from below ran-
dom variable such that EQ|ξ| < ∞ for every Q ∈ Qe. Then

Γ =
{
x : x ≥ EρT ξ for all ρ ∈ Z e

}
. (2.1.1)

In other words, x̄ = supQ∈Qe EQξ and Γ = [x̄, ∞]. An obvious corollary of
this theorem (applied to the set Γ (−ξ)) is the assertion that x = infQ∈Qe EQξ.

The direct proof of this result is not difficult, but we obtain it from two
fundamental facts having their own interest. The first one usually is referred to
as the optional decomposition theorem, which will be discussed in Sect. 2.1.12.

Theorem 2.1.12 Suppose that Qe = ∅. Let X = (Xt) be a bounded from
below process which is a supermartingale with respect to each probability mea-
sure Q ∈ Qe. Then there exist a strategy H and an increasing process A such
that X = X0 + H · S − A.

Proposition 2.1.13 Suppose that Qe = ∅. Let ξ be a bounded from below
random variable such that supQ∈Qe EQ|ξ| < ∞. Then the process X with

Xt = ess sup
Q∈Qe

EQ(ξ| Ft)

is a supermartingale with respect to every Q ∈ Qe.

For the proof of this result, we send the reader to Appendix (Proposi-
tion 5.3.7).
Proof of Theorem 2.1.11. The inclusion Γ ⊆ [x̄, ∞[ is obvious: if x+H ·ST ≥ ξ,
then x ≥ EQξ for every Q ∈ Qe. To show the opposite inclusion, we may
suppose that supQ∈Q EQ|ξ| < ∞ (otherwise both sets are empty). Applying
the optional decomposition theorem, we get that X = x̄ + H · S − A. Since
x̄ + H · ST ≥ XT = ξ, the result follows. ��
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2.1.10 Stochastic Discounting Factors

In this subsection we discuss financial aspects of the hedging theorem and give
an interpretation of densities of martingale measures as stochastic discounting
factors.

Let us consider a “practical example” where the option seller promised to
deliver at the expiration date T a “basket” of d assets, namely, ηi units of
the ith asset with positive price process Si. Since the market is frictionless,
this is same as to deliver ηST units of the numéraire, i.e., to make a payment
ξ = ηST . The hedging theorem asserts that the set of initial capitals allowing
one to super-replicate ξ can be described in terms of prices. Namely, if the
NA-property holds, one can hedge the pay-off from the initial capital x if
and only if x dominates the expectation of “stochastically discounted” pay-off
ρT ξ = ξSρ

T whatever is a martingale density ρ. In other words, the comparison
should be done not by computing the “value” of the basket using the “true”
price process but replacing the latter by a “consistent price system” Sρ = ρS
obtained by multiplying the “true” price process by the stochastic discounting
factor ρ. The word “consistent” here reflects the fact that Sρ

t is determined
by Sρ

T via the martingale property: Sρ
t = E(Sρ

T | FT ).

2.1.11 Hedging Theorem for American-Type Options

In the American-type option the buyer has the right to exercise at any date
before T on the basis of the available information flow, so the exercise date
τ is a stopping time; the buyer gets the amount Yτ , the value of an adapted
process Y at τ . The description of the pay-off process Y = (Yt) is a clause of
the contract (as well as the final maturity date T ).

By analogy with the case of European options, we define the set of initial
capitals starting from which one can run a self-financing portfolio the values
of which dominate the eventual pay-off on the considered time-interval:

Γ := Γ (Y ) := {x : ∃H ∈ P such that x + H · S ≥ Y }.

Theorem 2.1.14 Suppose that Qe = ∅. Let Y = (Yt) be an adapted process
bounded from below and such that EQ|Yt| < ∞ for all Q ∈ Qe and t ≤ T .
Then

Γ =
{
x : x ≥ EρτYτ for all ρ ∈ Z e and all stopping times τ ≤ T

}
. (2.1.2)

The proof of this result based on application of the optional decomposition
is exactly the same as of Theorem 2.1.11. The only difference is that now we
take as X the process

Xt = ess sup
Q∈Qe,τ ∈Tt

EQ(Yτ | Ft),

where Tt is the set of stopping times with values in the set {t, t + 1, . . . , T }.
Under the assumption supQ∈Qe EQ|Yt| < ∞ for each t, the process X is
a supermartingale with respect to every Q ∈ Qe, see Proposition 5.3.8 in
Appendix.
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2.1.12 Optional Decomposition Theorem

We give here a slightly different formulation.

Theorem 2.1.15 Suppose that Qe
l = ∅. Let X = (Xt) be a process which is a

generalized supermartingale with respect to each measure Q ∈ Qe
l . Then there

are a strategy H and an increasing process A such that X = X0 + H · S − A.

Proof. We start from a one-step version of the result. ��

Lemma 2.1.16 Let G be a sub-σ-algebra of F , and let ξ and η be random
variables with values in R and Rd and for which E(|ξ| + |η| | G) < ∞. Assume
that E(αξ| G) ≤ 0 whatever is a random variable α > 0 with E(α| G) = 1 such
that E(αη| G) = 0 and E(α|ξ| | G) < ∞, E(α|η| | G) < ∞. Suppose that such α
does exist. Then there is λ ∈ L0(Rd, G) such that ξ − λη ≤ 0.

Proof. First, we suppose without loss of generality that ξ and η are integrable
(we may argue with ξ̃ := ξ/(1+E(|ξ| + |η| | G)) and η̃ := η/(1+E(|ξ| + |η| | G))).
Define the set A := {λη : λ ∈ L0(Rd, G)} − L0

+. By the DMW theorem, it is
closed in probability. Thus, the convex set A1 := A ∩ L1 is closed in L1. If the
assertion of the lemma fails, ξ /∈ A1. Therefore, in virtue of the Hahn–Banach
separation theorem, there is α ∈ L∞ such that

Eαξ > sup
ζ∈A1

Eαζ.

Necessarily, α ≥ 0: if not, the right-hand side of the above inequality would
be infinite. By the same reason Eαλη = 0 whatever is λ ∈ L∞(Rd, G). Hence,
E(αη| G) = 0, and the supremum is equal to zero. That is, Eαξ > 0. But
this is incompatible with the inequality E(αξ| G) ≤ 0 we should have for
such α. ��

With the lemma, the proof of the theorem is easy. Indeed, let ρ ∈ Z e
l .

Consider the obvious identity ρt = α1 . . . αt, where αk := ρk/ρk−1. The mar-
tingale property of ρ means that E(αt| Ft−1) = 1. On the other hand, due to
the coincidence of the classes of local and generalized martingales, ρ ∈ Z e

l if
and only if E(αt|ΔSt| | Ft−1) < ∞ and E(αtΔSt| Ft−1) = 0 for all t ≤ T . Thus,
by Lemma 2.1.16, there is Ht ∈ L0(Rd| Ft−1) such that ΔXt − HtΔSt ≤ 0.
Denoting the right-hand side by −ΔAt and putting A0 = 0, we obtain the
desired decomposition.
Remark. Let us return to the setting of Lemma 2.1.16, assuming that the
σ-algebra G is trivial. Consider the maximization problem Eαξ → max under
two equality constraints Eα = 1 and Eαη = 0, the constraint α > 0 (a.s.),
and “admissibility” assumptions on α to ensure the needed integrability. The
hypothesis of the lemma says that the value of this problem does not exceed
zero. It is not difficult to prove that there is a Lagrange multiplier λ “remov-
ing” the second equality constraint. For the new maximization problem, we



2.1 Models without Friction 87

also have that Eα(ξ − λη) ≤ 0 for all α satisfying the remaining constraints.
Clearly, this is possible only if ξ − λη ≤ 0.

One may expect that these arguments can be extended for the general
case, with conditional expectations. This is still easy for finite or countable Ω.
This strategy of proof is feasible for arbitrary Ω, but one needs to look for a
G-measurable version of Lagrange multipliers by applying a delicate measur-
able selection result, requiring, in turn, specific preparations. However, this
approach (inspired by the original proof of the DMW) works well also for
continuous-time models, see [73]. We use it for an analysis of the structure of
the set of equivalent martingale measures in the next subsection.

2.1.13 Martingale Measures with Bounded Densities

The following useful result gives, in particular, the positive answer to the
question whether the set Qe is norm-dense in Qe

l (that is whether Z e is dense
in Z e

l in the L1-norm). Indeed, in virtue of the DMW theorem, Qe
l = ∅ if

and only if Qe = ∅. It remains to take as the reference measure an arbitrary
element of the latter set and apply the theorem below. This theorem happens
to be useful to get a similar property for the discrete-time model with infinite
horizon, which will be discussed in the next section.

Theorem 2.1.17 Let P ∈ Qe
l . Then the set {Q ∈ Qe, dQ/dP ∈ L∞ } is

norm-dense in Qe
l .

Proof. It contains three steps. The first one is a simple lemma on the ap-
proximations of positive functions on the probability space (Rm, Bn, μ) by
positive functions from C(R̄m), where R̄m is the one-point compactification
of Rm. ��

Lemma 2.1.18 Let φ : Rm → Rl be a measurable mapping with |φ| ∈ L1(μ).
Put U := {g ∈ L1(μ) : g > 0, g|φ| ∈ L1(μ)} and UC := U ∩ C(R̄m). Then
for any f ∈ U and ε > 0, there is fε ∈ UC such that ‖f − fε‖L1(μ) < ε and

Eμφf = Eμφfε. (2.1.3)

Proof. Let Oε(f) be an open ball in L1
μ of radius ε with center at f . Define

the convex sets G := U ∩ Oε(f) and GC := UC ∩ Oε(f) and consider the
affine mapping Φ : G → Rl with Φ(g) = Eμ(f − g)φ. We need to show that
0 ∈ Φ(GC). Notice that UC is a dense subset of U , and, therefore, GC is
dense in G in L1

μ. It follows that Φ(GC) is dense in Φ(G). The convexity of
these sets implies that ri Φ(GC) = riΦ(G), and to complete the proof, it is
sufficient to check that 0 ∈ ri Φ(G). To this aim we first observe that without
loss of generality we may consider the case where fφi, i = 1, . . . , l, are linearly
independent elements of L1

μ. Suppose that 0 /∈ riΦ(G). Let us consider the
smallest hyperplane H containing Φ(G). Since 0 ∈ Φ(G), it is a subspace. By
the separation theorem, there is a nontrivial linear functional y on H such that
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yx ≥ 0 for all x ∈ Φ(G). Extending y to a linear functional on the whole Rl,
we may rewrite this as Eμ(f − g)yφ ≥ 0 whatever is g ∈ G. Using functions of
the form g = f ± δfIΓ where Γ is a measurable set and δ ∈ ]0, 1[ is such that
g ∈ Oε(f), we get from here that EμIΓ fyφ = 0 for any Γ . Hence, yfφ = 0,
in contradiction with the assumed linear independence of components. ��

With this preparatory result, we can easily prove the claim for the one-
period model.

Lemma 2.1.19 Let G be a (complete) sub-σ-algebra of F , and let α and η
be random variables taking values, respectively, in R+ \ {0} and Rd such that
E((1+α)|η| | G) < ∞. Assume that E(α| G) = 1, E(η| G) = 0, and E(αη| G) = 0.
Then there are bounded random variables αn > 0 converging to α a.s. and such
that E(αn| G) = 1, E(αnη| G) = 0.

Proof. Let μ(dx, ω) be a regular conditional distribution of the random vector
(α, η) knowing G. Define on Rd+1 the functions f(x) := x1 and
φ(x) := (1, x2, . . . , xd+1). Writing the conditional expectations as the inte-
grals with respect to conditional distribution, we express properties of α as
follows: Eμ(.,ω)fφ = e1 (the first orth in Rd+1) for all ω except a null-set. The
set

Γn :=
{
(ω, g) ∈ Ω × C

(
R̄d+1

)
: g > 0, Eμ(.,ω)gφ = e1,

Eμ(.,ω)|f − g| < 1/n
}

is G ⊗ B(C(R̄d+1))-measurable and, according to the previous lemma, has
the projection on Ω of full measure. By the classical measurable selection the-
orem Γn admits a G-measurable selector fn : Ω → C(R̄d+1). The function
of two variables fn(ω, x), being G-measurable in ω and continuous in x, is
G ⊗ Bd+1-measurable. The random variables α̃n = fn(ω, (α(ω), η(ω))) con-
verge to α in L1 and, hence, in probability. Let us define the bounded random
variables α̃n,k(ω) := f̃n,k(ω, (α(ω), η(ω))), where

f̃n,k(ω, x) = fn(ω, x)I{ ‖fn(ω,.)‖ ≤k} + I{ ‖fn(ω,.)‖>k},

and ‖.‖ is a uniform norm in x. Since Eμ(.,ω)gφ = e1, we have the equalities
E(α̃n,k | G) = 1, E(α̃n,kη| G) = 0.

Obviously, α̃n,k converge to α̃n in probability. The convergence in prob-
ability is a convergence in a metric space, and, therefore, one can take a
subsequence kn such that αn := α̃n,kn converge to α in probability. But then
there is a subsequence of αn convergent to α a.s.

The third, concluding step, is also simple. Note first that we may replace
the reference measure by any other from Qe

l with bounded density. According
to the DMW theorem, between such measures, there are measures from Qe,
and so we may assume without loss of generality that already P ∈ Qe.

We again use the multiplicative representation of the density ρT = dQ/dP ,
namely, ρT = α1 . . . αT with αt := ρt/ρt−1. The property ρ ∈ Z e

l holds if and
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only if E(αt| Ft−1) = 1, E(αt|ΔSt| | Ft−1) < ∞ and E(αtΔSt| Ft−1) = 0 for all
t ≤ T . Applying the preceding lemma, we define the measure Pn := ρn

T P ∈ Qe

with bounded density ρn
T := αn

1 . . . αn
T convergent to ρT a.s. But by the Scheffe

theorem, here we also have the convergence in L1. ��

Remark. Theorem 2.1.17 has several obvious corollaries. For example, if
P ∈ Qe

l , then the set of Q ∈ Qe
l with bounded densities ρT = dQ/dP and

ρ−1
T = dP/dQ is dense in Qe

l . This fact is easily seen by considering the con-
vex combinations Qn = (1 − 1/n)Q + (1/n)P and letting n tend to infinity.
Noticing that Qe

l is dense in the set Ql (by the similar consideration), one can
further strengthen the claim in another direction, etc.

It is not difficult to check that the set of local martingale measures with
finite entropy (i.e., with EρT ln ρT < ∞), if nonempty, is also dense in Qe

l . We
explain the idea by establishing a more general result, which has applications
in portfolio optimization problems.

Let ϕ : ]0, ∞[→ R be a measurable function bounded from below, and let

Qe
ϕ :=

{
Q ∈ Qe : Eϕ(dQ/dP ) < ∞

}
.

Proposition 2.1.20 If the set Qe
ϕ = ∅, then it is dense in Qe in the following

two cases:

(a) for every c ≥ 1, there exist constants r1(c), r2(c) ≥ 0 such that

ϕ(λy) ≤ r1(c)ϕ(y) + r2(c)(y + 1), y ∈ ]0, ∞[, λ ∈
[
c−1, c

]
; (2.1.4)

(b) ϕ is convex, and Qe
ϕ = Qe

ϕλ
for any λ > 0, where ϕλ(y) := ϕ(λy).

Proof. (a) Let P̃ ∈ Qe
ϕ. Take an arbitrary measure Q ∈ Qe. By the above

theorem and the accompanying remark, there exists a sequence Qn ∈ Qe

convergent to Q with the densities dQn/dP̃ taking values in intervals [c−1
n , cn].

We have

Eϕ

(
dQn

dP

)
= Eϕ

(
dQn

dP̃

dP̃

dP

)
≤ r1(cn)Eϕ

(
dP̃

dP

)
+ 2r2(cn) < ∞.

Hence, Qn ∈ Qe
ϕ, and the result follows.

(b) We may assume without loss of generality that ϕ ≥ 0 (by adding a
constant) and repeat the same arguments modifying only the last step. Clearly,
dQn/dP̃ = αnc−1

n + (1 − αn)cn, where αn is a random variable taking values
in [0, 1]. By convexity,

Eϕ

(
dQn

dP̃

dP̃

dP

)
≤ E

[
αnϕ

(
c−1
n

dP̃

dP

)
+ (1 − αn)ϕ

(
cn

dP̃

dP

)]

≤ Eϕ

(
c−1
n

dP̃

dP

)
+ Eϕ

(
cn

dP̃

dP

)
< ∞

in virtue of assumption, and we conclude as before.
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Note that for convex ϕ, condition (a) implies (b). The latter hypothesis
entangles properties of ϕ and Qe.

In financial applications, typically, ϕ(y) = yp, p > 0, or ϕ(y) = y ln y.
In particular, if nonempty, the set Qe

y ln y of martingale measures with finite
entropy is dense in the set of equivalent martingale measures Qe.

More generally, let u : R → R be an increasing concave differentiable
function, and let u∗ be its Fenchel dual (which is, by definition, the Fenchel
dual of the convex function −u(−.)), i.e., the convex function

u∗(y) = sup
x

(
u(x) − xy

)
.

For example, the dual of the exponential utility function u(x) = 1 − e−x is
the function u∗(y) = y ln y − y + 1, y ≥ 0, and u∗(y) = ∞, y < 0.

Suppose that u has a “reasonable” asymptotic elasticity, i.e.,

AE+(u) := lim sup
x→∞

xu′(x)
u(x)

< 1, AE−(u) := lim inf
x→ − ∞

xu′(x)
u(x)

> 1.

It can be shown that the function ϕ = u∗ satisfies the growth condition (a)
of Proposition 2.1.20. ��

2.1.14 Utility Maximization and Convex Duality

In this subsection we explain the importance of the set of equivalent martin-
gale measures in the problem of portfolio optimization. Namely, we consider
the simplest model with finite number of states of nature where the investor
maximizes the mean value of an exponential utility function of the terminal
value of his portfolio. Applying the classical Fenchel theorem, we show that
the dual problem involves martingale measures.

So, Ω is finite, and hence, the space L0 can be identified with a finite-
dimensional Euclidean space. As usual, RT is the set of random variables H ·
ST , and Z e

T (respectively, Z e) is the set of densities (respectively, density
processes) of equivalent martingale measures.

It is supposed in the following discussion that Z e
T = ∅.

We are interested in the portfolio optimization problem the value of which
is

Jo := sup
η∈RT

E
(
1 − e−η

)
. (2.1.5)

It will be studied jointly with the minimization problem EZT lnZT → min
over the set of equivalent martingale densities Z e

T ; let its value be

J := inf
ξ∈Z e

T

Eξ ln ξ. (2.1.6)

The latter problem, by abuse of language, sometimes is referred to as the
“dual” one. As we shall see below, this terminology deviates from the standard
one of the convex analysis.
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The continuous function ξ → Eξ ln ξ attains its minimum J on the com-
pact set Z a

T which is a closure of Z e
T . Due to strict convexity, the minimizer

ξo is unique. The derivative of the function ϕ(x) = x ln x (with ϕ(0) = 0)
at zero is −∞, and this property implies that ξo is strictly positive. Indeed,
let us take an arbitrary point ξ of the set Z e

T (assumed nonempty) and con-
sider on [0, T ] the function Ft = Eft, where ft := ϕ(tξ + (1 − t)ξo). As F
attains its minimum at t = 0, the derivative F ′

0 ≥ 0. But F ′
0 = Ef ′

0. Since
f ′
0 = ϕ′(0)ξ = −∞ on the set {ξo = 0}, the probability of the latter is zero.

The measure P o = ξo is called the entropy minimal equivalent martingale
measure.

Proposition 2.1.21 Jo = 1 − e−J .

This result is a direct consequence of the fundamental Fenchel theorem.
We recall the simplest version of its formulation (in its traditional form, for
convex functions).

Let X be a Hilbert space, and let f : X → R ∪ {∞}, g : X → R ∪ { ∞}
be two convex lower semicontinuous functions not identically equal to infinity,
i.e., dom f = ∅ and dom g = ∅.

Let us consider two minimization problems, the primal

f(η) + g(η) → min on X (2.1.7)

and the dual
f ∗(−ξ) + g∗(ξ) → min on X∗(= X). (2.1.8)

We denote their values v := infx[f(x) + g(x)] and v∗ := infy[f ∗(−y) + g∗(y)].
Suppose that

dom f ∩ dom g = ∅,
(

−dom f ∗)
∩ dom g∗ = ∅;

we rewrite these conditions, to relate them with those in the formulation of
theorem below, as

0 ∈ dom f − dom g, 0 ∈ dom f ∗ + dom g∗.

They ensure that v < ∞ and v∗ < ∞.
Note that always v + v∗ ≥ 0 because by the Fenchel inequality

f(η) + g(η) + f ∗(−ξ) + g∗(ξ) ≥ (−η, ξ) + (η, ξ) = 0.

The following result is a particular case of the Fenchel theorem.

Theorem 2.1.22 (a) Let 0 ∈ int (dom f − dom g). Then the dual problem
(2.1.8) has a solution, and v + v∗ = 0.

(b) Let 0 ∈ int (dom g∗ + dom f ∗). Then the primal problem (2.1.7) has a
solution, and v + v∗ = 0.
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Let us consider the minimization problem

f(η) + g(η) → min on L0, (2.1.9)

where f(η) := E(eη − 1), and g = δRT
, the indicator function (in the sense

of convex analysis), which is equal to zero on RT and infinity on the com-
plement. Clearly, f ∗ is calculated via the dual to the convex function ex − 1,
namely, f ∗(−ξ) = E(ξ ln ξ − ξ + 1)δ[0,∞[(ξ), and g∗ = δR◦

T
. In our case the

polar R◦
T is just R⊥

T , the subspace orthogonal to RT . The conditions of the
Fenchel theorem, part (a), are obviously fulfilled. Thus, Jo coincides with the
(attained) value of the dual problem

f ∗(−ξ) + g∗(ξ) → min on L0,

i.e., Jo is equal to the minimum of f ∗(−ξ) on the set R⊥
T ∩ L0

+ = R+Z a
T . Since

inf
ξ∈Z

inf
t≥0

E(tξ ln tξ − tξ + 1) = inf
ξ∈Z a

T

(
1 − e−Eξ ln ξ

)
= 1 − e−J ,

we get the result.
Remark. If Z e = ∅, the hypothesis of the Fenchel theorem, part (b), holds,
ensuring the existence in the primal problem. In the case where Z e = ∅, there
is an arbitrage strategy Ha with ηa := Ha · ST ≥ 0 and ηa = 0. Clearly, for
any η ∈ RT , the value of the functional in (2.1.5) at ηa + η is strictly larger
than at η.

Proposition 2.1.23 Let Ho be the optimal strategy for the problem of port-
folio optimization, Then the random variable

ξo := e−Ho ·ST /Ee−Ho ·ST (2.1.10)

is the density of the minimal entropy equivalent martingale measure P o.

Proof. The right-hand side of (2.1.10) is the density of a martingale measure.
Indeed, for any strategy H, the function

fH(λ) = 1 − Ee−Ho ·ST +λH·ST

attains its maximum at λ = 0, and, therefore, f ′
H(0) = 0, i.e.,

E(H · ST )e−Ho ·ST = 0,

implying the claimed property. Using it, we can easily verify that

1 − e−Eξo ln ξo

= 1 − Ee−Ho ·ST .

Accordingly to Proposition 2.1.21, this equality may hold only if ξo is the
solution of the problem of the entropy minimization. ��
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2.2 Discrete-Time Infinite-Horizon Model

The aim of this section is to present relations between the absence of arbitrage
and the existence of an equivalent martingale measure for the model with
an Rd-valued price process S = (St)t=0,1,... defined on some filtered space
(Ω, F ,F = (F )t=0,1,...). We assume that the initial σ-algebra is trivial. In the
first subsection we discuss some purely probabilistic questions. In particular,
we show that if S admits an equivalent local martingale measure, then it
admits an equivalent martingale measure. Moreover, the latter can be chosen
to ensure the integrability of an arbitrary adapted process fixed in advance.
Afterwards we introduce some substitutes for the no-arbitrage property and
prove necessary and sufficient conditions for them.

2.2.1 Martingale Measures in Infinite-Horizon Model

We consider the discrete-time infinite-horizon model with an Rd-valued pro-
cess S = (St)t≥0 and introduce, for p ≥ 1, the set Qe,p of probability measures
Q ∼ P such that S is a Q-martingale and St ∈ Lp(Q) for all t ≥ 0. We also
use the standard notation S∗

t := sups≤t |Ss|.
Theorem 2.2.1 Let S ∈ Mloc(P ). Then there exists a probability measure
P̃ ∼ P such that S ∈ M(P̃ ).

In the case of finite time-horizon this assertion is a direct corollary of
the DMW theorem (and the measure P̃T ∼ P even can be chosen with the
bounded density dP̃T /dP ). For the infinite-time horizon, we get it from the
following much more general assertion.

Theorem 2.2.2 Let S be a local martingale, and Y = (Yt) be an adapted
process dominating S∗. Let ε > 0. Then there exists a measure P ′ ∼ P such
that S is a local P ′-martingale, Yt ∈ L1(P ′) for every t, and ‖P ′ − P ‖ ≤ ε.

As an obvious corollary, we have:

Theorem 2.2.3 The set Qe,p is dense in the set Qe
l .

Theorem 2.2.2 is a generalization of Theorem 2.1.17. It is interesting that
the reference to the latter constitutes the essential ingredients of the proof.

Lemma 2.2.4 Let S = (St)t≤T be a local martingale in Rd, and let ξ ∈ L0
+.

Then for any ε > 0, there is a probability measure P ε ∼ P with density Zε
T

such that S = (St)t≤T is a local martingale with respect to P ε, E|Zε
T − 1| < ε,

and Zε
T (1 + ξ) is bounded.

Proof. We introduce the probability measure P 1 = ce−ξP . Since the NA-
property holds for P , it holds for P 1. By the DMW theorem there is P 2 ∼ P 1

with dP 2/dP 1 ∈ L∞ such that S ∈ M(P 2). Applying Theorem 2.1.17 with
P 2 as the reference measure, we obtain that there exists a measure P ε ∼ P 2

with dP ε/dP 2 ∈ L∞ such that ‖P ε − P ‖ < ε and S ∈ M(P ε). The measure
P ε meets the requirements. ��
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Proof of Theorem 2.2.2. We may suppose that ε < 1. Take a sequence εn > 0
such that

∑
εn < ε/3. We define recursively an auxiliary sequence of probabil-

ity measures Pn ∼ P with bounded Fn-measurable densities dPn/dP . Let ζk

denote the density process of P k with respect to P , that is,
ζk
t = E(dP k/dP | Ft). Put

Zn
t := ζ1

t . . . ζn
t , Z̄n

t := E
(
Zn

∞ | Ft

)
.

The construction will ensure the following properties:

(a) ζn
n (1 + Yn) ≤ cn for some constant cn;

(b) E(Z̄n
t St| Ft−1) = Z̄n

t−1St−1 for all t, i.e., Z̄nS is a local martingale;
(c) ‖Pn − P ‖ ≤ ε̃n := εn/(1 + c0 . . . cn−1).

Using Lemma 2.2.4, we define a probability measure P 1 ∼ P with
F1-measurable density dP 1/dP such that ζ1

1 (1+Y1) ≤ c1 for some constant c1,
the process (St)t≤1 is a P 1-martingale, and ‖P 1−P ‖ ≤ ε1. Note that the whole
process S remains a local martingale with respect to P 1.

Suppose that the measures P k for k ≤ n − 1 are already constructed. Ap-
plying Lemma 2.2.4 to the (d + 1)-dimensional local martingale
(Z̄n−1

t St, Z̄
n−1
t )t≤n, we find a measure Pn ∼ P with Fn-measurable density

such that the properties (a) and (c) hold and (Z̄n−1
t St, Z̄

n−1
t )t≤n is a local

Pn-martingale. The latter property means that (Z̄n−1
t ζn

t St, Z̄
n−1
t ζn

t )t≤n is a
local martingale. The martingale (Z̄n−1

t ζn
t ), having at the date t = n the value

Zn−1
n ζn

n = Zn
n = Zn

∞, coincides with (Z̄n
t ). Thus, Z̄nS is a local martingale,

and the property (b) holds.
By virtue of our construction,

E
∑∣∣ζn

∞ − 1
∣∣ ≤

∑
εn < ∞,

and hence
∑

|ζn
∞ − 1| < ∞ a.s. Thus, Zn

∞ converges almost surely to some
finite random variable Z∞ > 0. Moreover, the convergence holds also in L1

because

E
∣∣Zn

∞ − Zn−1
∞

∣∣ = EZn−1
∞

∣∣ζn
∞ − 1

∣∣ ≤ c0 . . . cn−1E
∣∣ζn

∞ − 1
∣∣ ≤ εn

and
∑

εn is finite. Also,

E|Z∞ − 1| ≤
∑

E
∣∣Zn

∞ − Zn−1
∞

∣∣ ≤
∑

εn < ε/3.

It remains to check that the probability measure P ′ = (Z∞/EZ∞)P meets
the requirements. Since EZ∞ ≥ 1 − ε/3 ≥ 2/3, we have that

‖P ′ − P ‖ = E|Z∞/EZ∞ − 1| ≤ 2E|Z∞ − 1|
EZ∞

≤ ε.

It is easy to check that, for each fixed t, the sequence Zn
∞Yt, n = t, t+1, . . . ,

is fundamental in L1. Indeed, we again use the properties (a) and (c):
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E
∣∣Zn

∞Yt − Zn−1
∞ Yt

∣∣ ≤ E
∣∣ζn

n − 1
∣∣ζ1

1 . . . ζt
tYtζ

t+1
t+1 . . . ζn−1

n−1

≤ c0 . . . cn−1E
∣∣ζn

n − 1
∣∣ ≤ εn.

It follows that Zn
∞Yt and Zn

∞St converges in L1 to integrable random variables.
Thus, Z∞Yt ∈ L1, and, in virtue of (b),

E(Z∞ΔSt| Ft−1) = 0,

i.e., P ′ is a martingale measure. ��

2.2.2 No Free Lunch for Models with Infinite Time Horizon

Infinite-horizon discrete-time market models based on the price process
(St)t=0,1,... pose new interesting mathematical problems related with the so-
called doubling strategies or the St.-Petersburg game. It is well known that
if S is a symmetric random walk on integers and, hence, a martingale, the
strategy Ht = 2tI{t≤τ } where τ := inf{t ≥ 1 : ΔSt = 1} looks as an ar-
bitrage opportunity: H · S∞ = 1. This strategy vanishes after the stopping
time τ , which is finite but not bounded. So, certain restrictions on strategies
are needed to exclude such a one. A satisfactory criterion relating the exis-
tence of an equivalent martingale measure with a strengthened no-arbitrage
property can be obtained by assuming that there is no trading after some
bounded stopping time where the bound depend on the strategy. Using the
concepts and notation developed above, we can formalize this easily.

Let R∞ be the union of all sets RT , T ∈ N, and let A∞ := R∞ − L0
+.

The infinite-horizon model has the NA-property if R∞ ∩ L0
+ = {0} (or,

equivalently, A∞ ∩ L0
+ = {0}). In general, NA is weaker than the EMM -

property claiming the existence of a probability measure P̃ ∼ P such that S
is a P̃ -martingale. The simplest reinforcing of NA is the NFL-property (“no-
free-lunch”) suggested by Kreps: C̄w

∞ ∩ L∞
+ = {0}, where C̄w

∞ is the closure of
the set C∞ := A∞ ∩ L∞ in the topology σ(L∞, L1) (i.e., the weak* closure).

Theorem 2.2.5 The following properties are equivalent:

(a) C̄w
∞ ∩ L∞

+ = {0} (NFL);
(b) there exists P̃ ∼ P such that S ∈ Mloc(P̃ );
(c) there exists P̃ ∼ P such that S ∈ M(P̃ ).

Proof. The Kreps–Yan theorem says that the NFL-property holds if and only
if there exists P ′ ∼ P such that E′ξ ≤ 0 for all ξ ∈ C̄w

∞. This P ′ can be called
a separating measure since its density is a functional from L1 which separates
C̄w

∞ and L∞
+ . Of course, a local martingale measure P̃ is a separating one.

Indeed, if H · ST is bounded from below, then the process (H · St)t≤T is a P̃ -
martingale. Hence, for any bounded from below random variable ξ = H ·ST −h
where h ∈ L0

+, we have the inequality Ẽξ ≤ 0. It follows that this inequality
holds for any ξ ∈ C̄w

∞. This gives us the implication (b) ⇒ (a). The more
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difficult implication (a) ⇒ (b) follows from Theorem 2.2.6 below ensuring
that, amongst the equivalent separating measures, there is a local martingale
measure. The equivalence (b) ⇔ (c) follows from Theorem 2.2.2. ��

Theorem 2.2.6 Any neighborhood of a separating measure contains an equiv-
alent probability measure P ′ under which S is a local martingale.

Proof. We assume without loss of generality that the reference measure P is
separating. Fix ε > 0 and a sequence of numbers εs > 0 such that

∑
s≥1 εs < ε.

The theorem will be proven if, for each s ≥ 1, we find an Fs-random variable
αs > 0 with the following properties:

(i) E(αs| Fs−1) = 1;
(ii) E(|1 − αs| | Fs−1) ≤ εs;
(iii) E(αs|ΔSs| | Fs−1) < ∞ and E(αsΔSs| Fs−1) = 0.

Indeed, let us consider the process Zt := α1 . . . αt, t ≥ 1, Z0 = 1, which is a
martingale in virtue of (i). In virtue of (ii),

E|ΔZs| = EZs−1E
(

|αs − 1| | Fs−1

)
≤ εs.

The martingale Z, being dominated by an integrable random variable, namely,
by 1 +

∑
|ΔZs|, is uniformly integrable. Also, E

∑
|αs − 1| < ε. Therefore,∑

|αs −1| < ∞ a.s., and the infinite product Z∞ > 0 a.s. Thus, the probability
measure P̃ = Z∞P is equivalent to P . In virtue of (iii), the process S is
a generalized martingale under P̃ , i.e., belongs to the class coinciding with
Mloc(P̃ ). Moreover,

E|Z∞ − 1| ≤ E
∑
s≥1

|ΔZs| < ε.

Let Hs ∈ L0(Rd, Fs−1) be such that the random variable HsΔSs is
bounded from below. Then (HsΔSs) ∧ n, being an element of C∞, has a neg-
ative expectation—we assumed that P is a separating measure. By the Fatou
lemma EHsΔSs ≤ 0. In the proposition below we show that this ensures the
existence of αs with the required properties. ��

So, we need the following one-step result.

Proposition 2.2.7 Let G be a sub-σ-algebra of F . Suppose that η ∈ L0(Rd)
is such that Eγη ≤ 0 for any γ ∈ L0(Rd, G) for which γη is bounded from
below. Let ε > 0. Then there is a strictly positive random variable α such that
E(α| G) = 1, E(|1 − α| | G) ≤ ε, E(α|η| | G) < ∞, and E(αη| G) = 0.

Proof. Let μ(dx, ω) be a regular conditional distribution of η with respect
to G. In the space Ω × C(R̄d) we consider the G ⊗ B(C(R̄d))-measurable set Γ
defined as the intersection of the sets

{
(ω, g) : g > 0, Eμ(.,ω)g = 1, Eμ(.,ω)|1 − g| ≤ ε

}
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and {
(ω, g) : Eμ(.,ω)g|x| < ∞, Eμ(.,ω)gx = 0

}
.

If the projection of Γ on Ω is of full measure, we apply the measurable selec-
tion theorem, take an arbitrary G-measurable selector f : Ω → C(R̄d), and
conclude by putting α(ω) = f(ω, η(ω)).

Let Δω be the image of the convex set
{
g ∈ C

(
R̄d

)
: g > 0, Eμ(.,ω)g = 1, Eμ(.,ω)g|x| < ∞, Eμ(.,ω)|1 − g| ≤ ε

}
under the linear mapping Ψω := g �→ Eμ(.,ω)gx. The full projection property
means that, for almost all ω, the set Δω contains the origin.

Let us first consider the case d = 1, where Δω is just an interval. Define
the G-measurable random variables

ζ ′(ω) = inf
{
t : μ

(
]− ∞, t], ω

)
> 0

}
, ζ ′ ′(ω) = sup

{
t : μ

(
]− ∞, t], ω

)
< 1

}
.

The random variables IAI{ −n≤ξ′ }η, where A ∈ G, being bounded from
below, have negative expectations. Hence, I{ − ∞<ξ′ }E(η| G) ≤ 0. This implies
that

I{ − ∞<ξ′ }E
(
η+| G

)
≤ I{ − ∞<ξ′ }E

(
η− | G

)
< ∞.

Therefore, Ψ(1) ≤ 0 on the set {−∞ < ξ′ } and, by symmetry, Ψ(1) ≥ 0 on
the set {ξ′ ′ < ∞} (a.s.). Thus, on the intersection of these sets, Ψ(1) = 0. It
follows from the elementary lemma below that the interval Δω ⊇ [0, ∞[ for
almost all ω ∈ {−∞ < ξ′, ξ′ ′ = ∞}. By symmetry, the interval Δω ⊇] − ∞, 0]
for almost all ω ∈ { −∞ = ξ′, ξ′ ′ < ∞}. ��

In the following assertion, ω is fixed and omitted in notation.

Lemma 2.2.8 If ξ′ ′ = ∞, then Δ is unbounded from above.

Proof. Fix ε ∈ ]0, 1] and a > 0 such that μ({a}) = 0. Consider the subset
Wγ,a formed by the continuous functions g such that g(a) = 1, xg(x) → 0 as
x → ±∞, and EμgI[a,∞[ = ε. Note that supg∈Wε,a

EμxgI[a,∞[ = ∞. Indeed,
as the support of μ is unbounded, we can find a continuous function g0 with
a compact support contained in the interval ]a, ∞[ such that Eμg0 < ε while
the value Eμxg is arbitrarily large. Adding to g0 the function e−λ|x−a| with
an appropriately chosen parameter λ, we obtain a function g ∈ Wε,a with
EμxgI[a,∞[ ≥ Eμg0.

Take a > 0 such that μ({a}) = 0 and μ({x : |x| ≥ a}) ≤ δ/2. Take
f = e−λ|x+a| and choose the parameter λ to ensure that

ε := μ
({

x : |x| ≥ a
})

− EμfI]− ∞,a] > 0.

By the above, for any N >0, we can find fN ∈ Wε,a such that EμxfNI[a,∞[ ≥ N .
The assertion became obvious since, for the function

gN := fI]− ∞,−a[ + I]−a,a[ + gNI]a,a],

we have Ψ(gN ) ≥ N . The lemma is proven. ��
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For the case of d > 1 and ω for which 0 /∈ Δω, there is, in virtue of the
Hahn–Banach theorem, l(ω) ∈ Rd such that |l(ω)| = 1 and l(ω)x > 0 for all
x ∈ Δω. Put l(ω) = 0 if 0 ∈ Δω. Using a measurable version of the Hahn–
Banach theorem, one can choose the separating functionals in such a way
that the function ω �→ l(ω) is G-measurable. Applying the above reasoning
to the scalar random variable ηl := lη, we find a function f l(ω, y) on Ω × R
which is G-measurable in ω and continuous in x. Denoting by μl(dy, .) the
regular conditional distribution of ηl with respect to G, we get, by the change
of variable, that

l(ω)
∫
Rd

xf l
(
ω, l(ω)x

)
μ(dx, ω) =

∫
R

yf l(ω, y)μl(dy, ω) = 0.

Thus, l = 0 (a.s.), and the required property holds.
Remark. Let P be a probability measure under which S is a local martingale,
and let H be a strategy such that the process H · S is bounded from below.
Then this process is a true martingale converging at infinity to a random
variable H · S∞ almost surely. By the Fatou lemma, H · St ≥ E(H · S∞ | Ft).
Therefore, for this strategy, H · S ≥ 0 if and only if H · S∞ ≥ 0. These
considerations show that there is hope to get conditions for the existence of
an equivalent local martingale measure based on strategies of such a type.
This is done in the next section.

In the following model the NA-property is fulfilled, but there is no equiva-
lent separating measure. Namely, R∞ ⊂ L∞, R∞ ∩ L∞

+ = {0}, but C̄w
∞ = L∞!

Example. Let Ω = N, P ({2k − 1}) = P ({2k}) = 2−k−1, k ≥ 1, and let
Ft := σ{{1}, . . . , {2t} }. Put S0 := 0,

ΔSk = 25kI{2k−1} + 22kI{2k} − 2−kI{2k+1,...}.

Since FT is finite, the random variables H ·ST are bounded, and R∞ ⊆ L∞.
Let 0 ≤ ξ ≤ 1. Then ST ∧ ξ ∈ C∞, and ST ∧ ξ → ξ in probability as

T → ∞. Hence, ξ ∈ C̄w
∞. It follows that C̄w

∞ = L∞.
Let η = 0 be a random variable from R∞ ∩ L∞

+ , i.e., of the form H · ST .
Let k be the first integer for which at least one of the values η(2k − 1) or
η(2k) is strictly positive. Inspecting sequentially the increments HtΔSt, we
deduce that Ht = 0 for t < k, while the Fk−1-measurable random variable
Hk(j) is equal to a > 0 for j ≥ k − 1. It follows that Hk(j)ΔSk(j) ≤ −ae−k

for j ≥ 2k + 1. The negative values at elementary events 2k + 1 and 2k + 2
can be compensated only if Hk+1(j) ≥ a2−k for j ≥ 2k + 1. Continuing this
inspection, we arrive at the last increment HT ΔST the negative values of
which on elementary events 2T + 1, . . . cannot be compensated.

More surprisingly, in this example the closure of R∞ in the L1-norm inter-
sects L∞

+ only at zero. This can be shown by a similar sequential inspection of
limn Hn

t ΔSt. To ensure the positivity of η, these random variables should take
such large positive values at the elementary events with odd numbers larger
than k that the L1-norm of η would be infinite in an apparent contradiction.



2.2 Discrete-Time Infinite-Horizon Model 99

2.2.3 No Free Lunch with Vanishing Risk

The NFL-condition can be criticized because the weak* closure has no good
financial interpretation.1 Fortunately, it can be replaced by the more attractive
NFLVR-property.

To describe the latter we introduce the class of admissible strategies H
whose value processes H · S are bounded from below (by constants depending
on H) and converge a.s. to finite limits. Denoting by Rad the set of random
variables H · S∞, we define the sets Aad := Rad − L0

+ and Cad := Aad ∩ L∞.
We say that the process S has the NFLVR-property (no free lunch with

vanishing risk) if C̄ad ∩ L∞ = {0}, where C̄ad is the norm-closure of Cad. “Fi-
nancial” motivation of the terminology is based on the alternative description:
NFLVR-property holds if and only if P -lim ξn = 0 for every sequence ξn ∈ Cad

such that ‖ξ−
n ‖L∞ → 0, see Lemma 2.2.11.

Though the sets A and Aad may be not related by an inclusion, the prop-
erty Aad ∩ L0

+ = {0} ensures the property A∞ ∩ L0
+ = {0}. Indeed, the former

implies that, for any finite T , there is no arbitrage in the class of strategies
with the value processes (H · St)t≤T bounded from below. As we know, this is
equivalent to the absence of arbitrage in the class of all strategies and, hence,
to the existence of an equivalent martingale measure on FT . It follows that
the property Aad ∩ L0

+ = {0} implies that the bound H · ST ≤ c propagates
backwards and C∞ ⊆ Cad.

Theorem 2.2.9 NFLVR holds if and only if there is P ′ ∼ P such that
S ∈ Mloc(P ′).

Proof. It is easy to see (using the Fatou lemma) that a local martingale mea-
sure (and even a separating measure for R∞) separates C̄ad and L∞

+ . So, the
implication “if” is obvious. On the other hand, the condition C̄w

ad ∩ L∞
+ = {0},

ensuring that C∞ ⊆ Cad, implies the NFL-property, and the needed measure
P ′ does exist in virtue of Theorem 2.2.5. But according to Theorem 2.2.10
below, such a condition holds because under NFLVR the set C̄w

ad coincides
with C̄ad. ��

Theorem 2.2.10 Suppose that C̄ad ∩ L∞ = {0}. Then Cad = C̄w
ad.

Before the proof we establish some simple facts from functional analysis.
Let �η, ∞� be the set of ξ ∈ L0 such that ξ ≥ η.

Lemma 2.2.11 Let C be a convex cone in L∞ containing −L∞
+ . Then the

following properties are equivalent:
1 Of course, the definition of weak* closure involving only halfspaces is even simpler
than that of the norm closure. The intuition, though, appeals to the “interior”
description, in terms of limits. In general, the weak* sequential closure lies strictly
between the norm-closure and weak* closure. To get all points of the latter as limits,
one needs to consider convergence along the nets, which is, indeed, not intuitive.
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(a) C̄ ∩ L∞
+ = {0};

(b) P -lim ξn = 0 for every sequence ξn ∈ C such that ‖ξ−
n ‖L∞ → 0;

(c) the set C ∩ �−1, ∞� is bounded in probability.

Proof. (a) ⇒ (b). If the assertion fails, one can find a sequence ξn ∈ C such
that ξn ≥ −1/n and P (ξn > ε) ≥ ε for some ε > 0. Since ξn ∧ 1 ∈ C, we
may assume that ξn ≤ 1. By the von Weizsäcker theorem there are random
variables of the form ξ̄k = k−1

∑k
i=1 ξni (thus, elements of C) convergent to

a certain random variable ξ a.s. Note that the negative parts of ξ̄k converge
to zero in L∞. On the other hand, ξ is not zero. Indeed, ξ is also the limit of
k−1

∑k
i=1 ξ̃ni , where ξ̃n := ξn + 1/n ≥ 0 and P (ξ̃n > ε) ≥ ε. It is easy to see

that
Ee−ξ̃n ≤ P (ξ̃n ≤ ε) + e−εP (ξ̃n > ε) ≤ 1 − ε + e−εε < 1.

Due to convexity of the exponential, the same bound holds for the convex
combinations of ξ̃n and, thus, for the limit ξ. So, β := P (ξ > 0) > 0. By
the Egorov theorem, there is a measurable set Γ with P (Γ ) > 1 − β/2 on
which the convergence ξ̄n → ξ is uniform. But then the sequence ξ̄+

n IΓ − ξ̄−
n

of elements of C converges in L∞ to a nonzero random variable ξIΓ ≥ 0, in
contradiction with (a).

(b) ⇒ (c). If the set C ∩ �1, ∞� is unbounded in probability, then it contains
a sequence of random variables ξ0

n ≥ 1 such that limP (ξ0
n ≥ n) > 0. But then

the sequence ξn := ξ0
n/n violates condition (b).

(c) ⇒ (a). If (a) fails to be true, there exist a sequence ξn ∈ C and a
nonzero ξ ∈ L∞

+ such that ‖ξ − ξn‖L∞ ≤ 1/n. It follows that ‖ξ−
n ‖L∞ ≤ 1/n.

Then the random variables nξn belong to C ∩ �−1, ∞� and form a sequence
divergent to infinity on the set {ξ > 0} and, therefore, not bounded in prob-
ability. ��

The next lemma, comparatively with the previous one, requires a specific
structure of the cone C. We use the notation K̄P for the closure of K in L0.

Lemma 2.2.12 Let C = (K − L0
+) ∩ L∞ where K is a cone, K ⊆ �−1, ∞�.

Suppose that K is bounded in probability. Let ξn be a sequence in C ∩ �−1, ∞�
convergent to ξ a.s. Then the set K̄P ∩ �ξ, ∞� is nonempty and contains a
maximal element η0.

Proof. In virtue of the assumed structure of the set C, there are ηn ∈ K such
that ηn ≥ ξn. Applying the von Weizsäcker theorem, we find a subsequence
such that η̄k := k−1

∑k
i=1 ηni converge a.s. to some η̄ ≥ ξ. Since K is bounded

in probability, so is the set K̄P . Thus, η̄ is finite and belongs to K̄P ∩ �ξ, ∞�= ∅.
It remains to recall that any nonempty closed bounded subset of L0 has a
maximal element with respect to the natural partial ordering (each linearly
ordered subset {ζα} has as a majorant ess supαζα < ∞, and the existence of
the maximal element holds by the Zorn lemma). ��

Lemma 2.2.13 Let Cad ∩ L+ = {0}. If H is an admissible integrand, then
H · S∞ ≥ −1 if and only if the process H · S ≥ −1.
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Proof. Suppose that H is admissible and H · S∞ ≥ −1 but there is u such
that P (Γu) > 0, where Γu := {H · Su < −1}. Then the strategy HI[u,∞[IΓu is
admissible, and the random variable HI]u,∞[IΓu · S∞ ≥ 0 is strictly positive
on Γu. This is a contradiction with the assumption of the lemma. ��

Proof of Theorem 2.2.10. According to the Krein–S̆mulian theorem, a convex
set is closed in σ{L∞, L1} if an only if its intersection with every ball of
L∞ is closed in probability. Obviously, the last condition follows if the set
is Fatou-closed, that is, if it contains the limit of any bounded from below
sequence of its elements convergent almost surely. So, let ξn be a sequence
in Cad convergent to ξ a.s. and such that all ξn ≥ −c. It is sufficient to
argue with c = 1. We apply Lemma 2.2.12 with K = Rad ∩ �−1, ∞�, which
is bounded in probability by virtue of Lemma 2.2.11. The theorem will be
proven if we show that a maximal element η0 in K̄P ∩ �ξ, ∞�= ∅ belongs
to K. So, we have a sequence V n := Hn · S ≥ −1 with V n

∞ → η a.s. We
claim that supt |V n

t − V m
t | → 0 in probability as n, m → ∞. If this not true,

then P ((supt(V
ik
t − V jk

t )+ > ε) ≥ ε with some ε > 0 and ik, jk → ∞. For
Tk := inf{t : V ik

t − V jk
t > α}, we have P (Tk < ∞) ≥ ε. Let us consider the

process
Ṽ k :=

(
I[0,Tk]H

ik + I]Tk,T ]H
jk

)
· S,

which is an element of K = Rad ∩ �−1, ∞�. Note that

Ṽ k
∞ = V ik

∞ I{Tk=∞} + V jk
∞ I{Tk<∞} + ξk,

where ξk := (V ik

Tk
− V jk

Tk
)I{Tk<∞} ≥ 0, and P (ξk ≥ ε) ≥ ε. Using the von

Weizsäcker theorem in the same way as in the proof of Lemma 2.2.11, we find
a sequence V̄ k ∈ K such that V̄ k

∞ → η0 + ξ, where ξ ∈ L0 and ξ = 0. This
contradicts the maximality of η0.

Taking a subsequence, we may assume that supt |V n
t − V m

t | → 0 a.s. Thus,
there is a process V which is a uniform limit of V n (a.s.). Obviously, V ≥ −1,
and the limit V∞ exists and is finite. Since ΔV n

t = Hn
t ΔSt converges to ΔVt

and RT is closed, we have ΔVt = HtΔSt. ��

2.2.4 Example: “Retiring” Process

Here we present an example where a martingale measure can be constructed
in a rather straightforward way. We shall use the result later, in the study of
models with transaction costs.

Let S = (St)t≥0 be an Rd-valued discrete-time adapted process. Put
ξt = ΔSt, Γt := {ξt = 0}.

Proposition 2.2.14 Suppose that the following conditions hold:

(i) for each finite T , the process (St)t≤T has the NA-property;
(ii) IΓt ↑ 1 a.s.;
(iii) E(IΓt | Ft−1) > 0 a.s. on Γ c

t−1 for each t ≥ 1.
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Then there exists a probability Q ∼ P such that S is a Q-martingale
bounded in L2(Q) (hence, uniformly integrable with respect to Q).

Proof. By the DMW theorem condition (i) is equivalent to the NA-property
for each one-step model: the relation γξt ≥ 0 with γ ∈ L0(Rd, Ft−1) may hold
only if γξt = 0. The same theorem asserts that each ξt admits an equivalent
martingale measure which can be chosen to ensure the integrability of any
fixed finite random variable, e.g., |ξt|2. In terms of densities this means that
there are Ft-measurable random variables ᾱt > 0 such that E(ᾱtξt| Ft−1) = 0
and ct := E(ᾱt|ξt|2| Ft−1) < ∞. Normalizing, to this we can also add the
property E(ᾱt| Ft−1) = 1.

We define the Ft-measurable random variable αt > 0 by the formula

αt = IΓt−1 +
[

(1 − δt)IΓt

E(IΓt | Ft−1)
+

δtᾱtIΓ c
t

E(ᾱtIΓ c
t

| Ft−1)

]
IΓ c

t−1∩At + IΓ c
t−1∩Ac

t
,

where At := {E(ᾱtIΓ c
t

| Ft−1) > 0} and δt := 2−tE(ᾱtIΓ c
t

| Ft−1)/(1 + ct).
Clearly, E(αt| Ft−1) = 1.

Noting that ᾱtIΓ c
t
IAc

t
= 0 (a.s.), we obtain that E(αtξ

2
t | Ft−1) ≤ 2−t and

E(αtξt| Ft−1) = 0.
The process Zt := α1 . . . αt is a martingale which converges (stationarily)

a.s. to a random variable Z∞ > 0 with EZ∞ ≤ 1. Recalling that IΓt ↑ 1 (a.s.)
and using the identity Z∞IΓt = ZtIΓt , we obtain that

EZ∞ = E lim
t

Z∞IΓt = lim
t

EZ∞IΓt = lim
t

EZtIΓt = 1 − lim
t

EZtIΓ c
t
.

It follows that EZ∞ = 1 (i.e., (Zt) is a uniformly integrable martingale).
Indeed, E(αkIΓ c

k
| Fk−1 ≤ 2−k, and, hence,

EIΓ c
t
Zt = E

∏
k≤t

αkIΓ c
k

≤
∏
k≤t

2−k → 0.

Thus, Q := Z∞P is a probability measure under which S is a martingale. At
last,

EQS2
t =

∑
k≤t

EZkξ2
k ≤

∑
k≤t

2−k ≤ 1,

i.e., St belongs to the unit ball of L2(Q). ��
Remark 1. Condition (iii) cannot be omitted. Indeed, let S be the symmetric
random walk starting from zero and stopped at the moment when it hits unit.
It is a martingale, and condition (ii) holds. Since S∞ = 1 a.s., the process S
cannot be a uniformly integrable martingale with respect to a measure Q
equivalent to P .
Remark 2. Fix f : R → R+. A minor modification of the arguments leads to
a martingale measure Q for which EQ supt f(St) < ∞. Indeed, let (ηt) be an
adapted process with ηt = ηtIΓ c

t
≥ 0. As above, we can find αt with the extra

property E(αtf(St)| Ft−1) ≤ 2−t implying that E
∑

t ηt < ∞. It remains to
take ηt = f(St)IΓ c

t
and note that supt f(St) ≤

∑
t ηt.
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2.2.5 The Delbaen–Schachemayer Theory in Continuous Time

This book is addressed to the reader from whom we do not expect the knowl-
edge of stochastic calculus beyond standard textbooks. Luckily, the theory
of markets with transaction costs, in current state of art, does not require
such a knowledge, in a surprising contrast to the classical continuous-time
NA-theory initiated by Kreps and largely developed in a series of papers by
Delbaen and Schachermayer collected in [57]. However, it seems to be useful
to provide a short abstract of the main results of the latter, which will serve
as a background for a discussion explaining this difference.

In the classical continuous-time theory we are given a set X of scalar
semimartingales X on a compact interval [0, T ] interpreted as value processes;
the elements of RT := {XT : X ∈ X } are the investor’s “results”; the NA-
property means that RT ∩ L0

+ = {0}. Typically, X is the set of stochastic
integrals H · S, where S is a fixed d-dimensional semimartingale (interpreted
as the price processes of risky assets), and H is a d-dimensional predictable
process for which the integral is defined and is bounded from below by a
constant depending on H. The condition on H (“admissibility”) rules out the
doubling strategies. The experience with discrete-time models gives a hint that
martingale densities can be obtained by a suitable separation theorem. Put
CT := (RT − L0

+) ∩ L∞ (the set of bounded contingent claims hedgeable from
zero initial endowment) and introduce the “no-free-lunch condition” (NFL):
C̄w

T ∩ L∞
+ = {0}, where C̄w

T is a closure of CT in the weak* topology, i.e.,
σ{L∞, L1}. The Kreps–Yan theorem (Theorem 2.1.4) says that NFL holds if
and only if there exists an equivalent “separating” measure P ′ ∼ P such that
E′ξ ≤ 0 for all ξ from C̄w

T (or RT ). It is easy to see that in the model with
a bounded (resp., locally bounded) price process S, the latter is a martingale
(resp. local martingale).

The above result established by Kreps in the context of financial modelling
(“FTAP”) was completed by Delbaen and Schachermayer by a number of im-
portant observations for the model based on the price process S. We indicate
here only a few.

First, they observed that in the Kreps theorem the condition NFL can
be replaced by a visibly weaker (but, in fact, equivalent) condition “no-free-
lunch condition with vanishing risk” (NFLVR): C̄T ∩ L∞

+ = {0}, where C̄T is
the norm-closure of CT in L∞. The reason for this is in the following simply
formulated (but difficult to prove) result from stochastic calculus:

Theorem 2.2.15 Let the NFLVR-condition be fulfilled. Then CT = C̄w
T .

This result, which is a generalization of Theorem 2.2.9, can be formulated
in a more abstract way for a convex set X of bounded from below semimartin-
gales which satisfies some closedness and concatenation properties.

Second, they establish that in any neighborhood of a separating mea-
sure P ′, there exists an equivalent probability measure P̃ (also a separating
one) such that the semimartingale S with respect to P̃ is a σ-martingale
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(i.e., for some predictable integrants Gi with values in ]0, 1], the processes
Gi · Si, i = 1, . . . , d, are P̃ -martingales). The situation for the continuous time
is rather different even with respect to infinite-horizon discrete-time models:
one cannot claim the existence of an equivalent local martingale measure! The
reason for this is clear: in discrete time there is no difference between local
martingales and σ-martingales (which are just generalized martingales).

As we shall see further, for the model with transaction costs, the portfolio
processes are vector-valued, and their dynamics can be described using only
the Lebesgue integrals. In the case of zero transaction cost, one can make a
reduction to scalar wealth processes H · S, but the resulting H are (vector-
valued) processes of bounded variation and not arbitrary integrands, which is,
apparently, an additional complication. In the general case the problem of no-
arbitrage criteria has also other particularities arising even in the discrete-time
framework.



3

Arbitrage Theory under Transaction Costs

3.1 Models with Transaction Costs

3.1.1 Basic Model

We describe here a financial framework leading to a “standard” discrete-time
model with proportional transaction costs with complete information.

Suppose that the agent portfolio contains d assets which we prefer to
interpret as currencies. Their quotes are given in units of a certain numéraire
which may not be a traded security. At time t, the quotes are expressed by
the vector of prices St = (S1

t , . . . , Sd
t ) with strictly positive components.

The agent’s positions can be described either by the vector of “physical”
quantities V̂t = (V̂ 1

t , . . . , V̂ d
t ) or by the vector V = (V 1

t , . . . , V d
t ) of values

invested in each asset; they are related as follows:

V̂ i
t = V i

t /Si
t , i ≤ d.

This formula suggests the notation V̂t = Vt/St. More formally, introducing
the diagonal operator

φt :
(
x1, . . . , xd

)
�→
(
x1/S1

t , . . . , xd/Sd
t

)
, (3.1.1)

we may write that
V̂t = φtVt.

In the considered market any asset can be exchanged to any other. At
time t, the increase of the value of ith position in one unit of the numéraire by
changing the value of jth position requires diminishing the value of the latter
in 1 + λji

t units of the numéraire. The matrix of transaction cost coefficients
Λt = (λij

t ) has nonnegative entries and the zero diagonal.
In the dynamical multiperiod setting, S = (St) and Λ = (Λt) are adapted

processes; it is convenient to choose the scales to have Si
0 = 1 for all i and

assume as a convention that Si
0− = 1.

Yu. Kabanov, M. Safarian, Markets with Transaction Costs,
Springer Finance, DOI 10.1007/978-3-540-68121-2 3,
c© Springer-Verlag Berlin Heidelberg 2009

http://dx.doi.org/10.1007/978-3-540-68121-2_3
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The portfolio evolution can be described by the initial condition V−0 = v
(the endowments of the agent when entering the market) and the increments
at dates t ≥ 0:

ΔV i
t = V̂ i

t−1ΔSi
t + ΔBi

t (3.1.2)

with

ΔBi
t :=

d∑
j=1

ΔLji
t −

d∑
j=1

(
1 + λij

t

)
ΔLij

t , (3.1.3)

where ΔLji
t ∈ L0(R+, Ft) represents the net amount transferred from the

position j to the position i at the date t. The first term in the right-hand side
of (3.1.2) is due to the price increments, while the second corresponds to the
agent’s own actions at the date t (made after the instant when the new prices
were announced). These actions are charged by the amount

−
d∑

i=1

ΔBi
t =

d∑
i=1

d∑
j=1

λij
t ΔLij

t

(broker’s fees, taxes, etc.) diminishing the nominal portfolio value.
One can interpret the matrix (ΔLij

t ) as the investor orders immediately
executed by the trader: the entry (i, j) means “increase the jth position by
ΔLij

t units of the numéraire in exchange with the ith position; the transaction
costs indicate that for this, the trader has to decrease the value of the latter
by (1 + λij

t )ΔLij
t units of the numéraire. The latter quantities also can be

interpreted as orders.
Note that in the present setting the orders “to increase” (“to get”) and

“to decrease” (“to send”) are related by a simple Ft-measurable bijection
(ΔLij

t ) �→ (1 + λij
t )ΔLij

t . So, only one of them is needed to describe the port-
folio evolution. In the setting where the information available to the investor
is given by a smaller filtration, the control of the portfolio can be done using
orders of both types and not only in units of the numéraire but also in physical
units. We shall discuss this issue in Sect. 3.5.

With every Md
+-valued process L = (Lt) (in our notation Md

+ stands for
the set of matrices with positive elements) and any initial endowment v ∈ Rd,
we associate, by the formula (3.1.2), a value process V = (Vt), t = 0, . . . , T .
The terminal values of such processes form the set of “results” Rv

T .
Notice that, in “reasonable” orders, we can expect that ΔLij

t ΔLji
t = 0,

i.e., there are no bidirectional fund transfers. However, it is convenient not
to exclude “unreasonable orders”: their inclusion has no effect on the results
we are interested in, namely, on no-arbitrage criteria and hedging theorems.
Similarly, one may assume the “free disposal” of assets, that is, enlarge the
class of strategies by extracting from Bi increasing adapted processes (in the
notation we develop below, this means that ΔBt ∈ −L0(Kt, Ft) rather than
ΔBt ∈ −L0(Mt, Ft)).
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Finishing with the modeling issues, we look now for an appropriate math-
ematical setting.

Observe that relation (3.1.2) is, in fact, a linear controlled difference equa-
tion (a vector one) of a very simple structure with the components connected
only via controls:

ΔV i
t = V i

t−1ΔY i
t + ΔBi

t , V i
−1 = vi, (3.1.4)

where

ΔY i
t =

ΔSi
t

Si
t−1

, Y i
0 = 1, (3.1.5)

with B given by (3.1.3). Since the dynamics are driven by the d-dimensional
process B, we can diminish the dimension of the phase space of controls and
choose B as the control strategy. Indeed, any ΔLt ∈ L0(Md

+, Ft) defines the
Ft-measurable random variable ΔBt with values in the set −Mt where

Mt :=

{
x ∈ Rd : ∃ a ∈ Md

+ such that xi =
d∑

j=1

[(
1 + λij

t

)
aij − aji

]
, i ≤ d

}
.

Vice versa, a simple measurable selection argument shows that any portfo-
lio increment ΔBt ∈ L0(−Mt, Ft) is generated by a certain (in general, not
unique) order ΔLt ∈ L0(Md

+, Ft). Note that this does work only in the case
of full information: if the investor’s actions are measurable with respect to a
smaller filtration, such a reduction is impossible.

We shall denote by B the set of control strategies, i.e., of the processes
B = (Bt) with ΔBt ∈ −Mt (i.e., more formally, with ΔBt ∈ L0(−Mt, Ft)).

It is useful to look at the dynamics of the portfolio in “physical units.” It
is given by the simpler formula

ΔV̂ i
t =

ΔBi
t

Si
t

, V i
−1 = vi, i ≤ d, (3.1.6)

which can be written also as

ΔV̂t = Δ̂Bt, −Δ̂Bt ∈ M̂t := φtMt.

Financially, it is absolutely obvious (the increments of positions now are due
to fund transfers only and do not depend on price movements), but this can
be also checked formally. A closer look reveals that the formula is a half-step
to solve the linear nonhomogeneous equation: the second half-step yields the
solution via the discrete analog of the Cauchy formula (with S, the solution
of the linear equation (3.1.5) playing the role of the “exponential” of Y ):

V i
t = Si

t V̂
i
t = Si

t

(
vi +

t∑
s=0

ΔBi
s

Si
s

)
.
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These trivial observations underlie the whole development of the discrete-time
theory.

An important concept in the above setting is the solvency cone Kt (de-
pending, in general, on ω). It is defined as the set of vectors x ∈ Rd for which
one can find a matrix a ∈ Md

+ such that

xi +
d∑

j=1

[
aji −

(
1 + λij

t

)
aij
]

≥ 0, i ≤ d.

In other words, Kt is the set of portfolios (denominated in units of the
numéraire) which can be converted at time t, paying the transactions costs, to
portfolios without short positions (i.e., without debts in any asset). Clearly,
Kt = Mt + Rd

+, and K̂t = M̂t + Rd
+, the solvency cone when the accounting

of assets (e.g., currencies) is done in terms of physical units.
In this model the contingent claim ξ is just a d-dimensional random vari-

able. To hedge this contingent claim means to find a portfolio process V such
that VT − ξ ∈ KT (a.s.). Denoting by the symbol ≥T the partial ordering in
Rd associated with the cone KT (as usual, x ≥T 0 means that x ∈ KT ), we
may write this as the “inequality” VT ≥T ξ.

It is easy to see that the claim ξ is hedgeable if and only if there exists
a portfolio process such that VT ≥ ξ componentwise, i.e., in the sense of the
partial ordering generated by the (smaller) cone Rd

+. Indeed, if VT ≥T ξ, then
VT − ξ ∈ KT and, therefore, VT − ξ = η + ρ, where η ∈ L0(MT , FT ) and
ρ ∈ L0(Rd

+, FT ). Replacing the last transaction ΔBT by ΔBT − η, we obtain
a new value process the terminal value of which is ξ+ρ and, hence, dominates
ξ componentwise.

Introducing the model, we formulate two fundamental questions:
Problem 1. What is the analog of FTAP?
Problem 2. What is the analog of the hedging theorem?

Of course, the answers to these questions necessitates not only to define
appropriate concepts of absence of arbitrage but also to find an analog to
the notion of equivalent martingale measure or martingale density. As we
shall see further, this can be easily done by placing the model in an adequate
mathematical framework.

Turning back to the description of the cone Mt, we observe that it is an
image of the polyhedral cone Md

+ (or even of the smaller one M̃d
+ of matrices

with positive entries and e zero diagonal) in the space Md of d × d matrices
under the linear mapping Ψ : Md → Rd with

[
Ψ
((

aij
))]i :=

d∑
j=1

[(
1 + λij

t

)
aij − aji

]
.

Thus, Mt is also a polyhedral cone. The cone M̃d
+ (which can be identified

with Rd(d−1)
+ ) is generated by d × (d − 1) elements which are matrices with
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all zero entries except a single one equal to unit. The image of this set of
generators is a generating set for Mt. Therefore, Mt is a (random) polyhedral
cone, namely,

Mt = cone
{(

1 + λij
t

)
ei − ej , 1 ≤ i, j ≤ d

}
.

Its dual positive cone

M ∗
t := {w : wx ≥ 0 ∀x ∈ Mt}

=
{
w :
(
1 + λij

t

)
wi − wj ≥ 0, 1 ≤ i, j ≤ d

}
.

Similarly, the cone Kt is the image of M̃d
+ ⊗ Rd

+ under a linear mapping,

Kt = cone
{(

1 + λij
t

)
ei − ej , ei, 1 ≤ i, j ≤ d

}
,

and its positive dual is

K∗
t = M ∗

t ∩ Rd
+ =
{
w ∈ Rd

+ :
(
1 + λij

t

)
wi − wj ≥ 0, 1 ≤ i, j ≤ d

}
.

It is an easy exercise to check that

K̂t = φtKt = cone
{
πij

t ei − ej , ei, 1 ≤ i, j ≤ d
}
,

where
πij

t :=
(
1 + λij

t

)
Sj

t /Si
t .

Note also that if there is a nonzero transaction cost coefficient λij
t , then all

basis orths ei belong to Mt = Kt.
The above consideration shows that our “basic” model is nothing but a

linear difference equation with additive control subjected to polyhedral cone
constraints. The posed questions are related with properties of attainability
sets of such equations, and, of course, they can be addressed to more general
ones. Linear equations can be solved, and this makes the analysis relatively
easy, especially, in the case of finite Ω.

The solvency cone Kt can be generated by many matrices Λt. In theoretical
analysis it is convenient to consider the matrix with minimal absolute norm∑

ij λij
t . Note that, for this matrix,

1 + λij
t ≤
(
1 + λik

t

)(
1 + λkj

t

)
∀i, j, k. (3.1.7)

Indeed, if we have an opposite inequality, then both vectors (1 + λij
t )ei − ej

and (1 + λ̃ij
t )ei − ej with λ̃ij

t := (1 + λik
t )(1 + λkj

t ) − 1 are conic combinations
of the other generating vectors of Kt. Thus, replacing λij by λ̃ij , we obtain
the same cone Kt diminishing the norm of Λt.

The financial interpretation of (3.1.7) is obvious: an “intelligent” investor
will first try all possible chains of transfers from the ith position to the posi-
tion j and act accordingly to a cheapest one, i.e., replacing effectively a given
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matrix of transaction costs by that with the minimal norm. However, in prac-
tice it is not always done (the real situation is more complicated than the
model considered: the proportional transaction costs are already a simplifica-
tion).

The linear space K0
t := Kt ∩ (−Kt) also has a simple financial interpreta-

tion. It is composed by the positions which can be converted to zero without
paying transaction costs and vice versa. Indeed, let x ∈ Kt ∩(−Kt). According
to the definition,

xi =
d∑

j=1

[(
1 + λij

t

)
aij − aji

]
+ hi,

−xi =
d∑

j=1

[(
1 + λij

t

)
ãij − ãji

]
+ h̃i.

Summing up, we get that

d∑
i=1

d∑
j=1

λij
t

(
aij + ãij

)
+

d∑
i=1

(
hi + h̃i

)
= 0.

It follows that all summands here are zero, and this leads to the claimed
property.

Before going further, we give in the next subsections a survey of other
approaches or parameterizations which lead, essentially, to the same model
with proportional transaction costs or its particular case. However, all this
variety can be studied in a framework of the geometrical formalism we develop
in this chapter.

3.1.2 Variants

1. Alternative parameterizations. In the literature one can find various
specifications for transaction cost coefficients. To explain the situation, let us
put ΔL̃ij

t := (1+λij
t )ΔLij . The increment of the value of the ith position due

to the agent’s action can be written as

ΔBi
t =

d∑
j=1

μji
t ΔL̃ji

t −
d∑

j=1

ΔL̃ij
t ,

where μji
t := 1/(1 +λji

t ) take value in the interval ]0, 1]. The matrix (μij
t ) can

be specified as the matrix of the transaction cost coefficients.
Historically, the theory of models with transaction costs was initiated hav-

ing in mind the interpretation of the stock market with an obvious numéraire:
cash or bank account. In models with a traded numéraire, i.e., a nonrisky as-
set, a mixture of both specifications is frequent. For example, for the two-asset
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model, the dynamics quite often is written as

ΔV 1
t = (1 − μt)ΔMt − (1 + λt)ΔLt,

ΔV 2
t = V 2

t−1ΔY 2
t + ΔLt − ΔMt,

where ΔLt ≥ 0 and Mt ≥ 0 are Ft-measurable random variables.
2. A model of stock market. In this model it is assumed that all transac-
tions pass through the money: so the orders are either “buy a stock” or “sell a
stock.” At time t, they can be represented by Ft-measurable random vectors
(ΔL2

t , . . . , ΔLd
t ) and (ΔM2

t , . . . , ΔMd
t ).

The corresponding d-asset dynamics is given by the system

ΔV 1
t =

d∑
j=2

(
1 − μj

t

)
ΔM j

t −
d∑

j=2

(
1 + λj

t

)
ΔLj

t ,

ΔV i
t = V i

t−1ΔY i
t + ΔLi

t − ΔM i
t , i = 2, . . . , d.

The generators of the cone Mt in Rd are the vectors −(1 + λj
t )e1 + ej ,

(1 − μj
t )e1 − ej , j = 2, . . . , d. The solvency cone Kt is generated by this set

augmented by the vector e1. It is not difficult to see that it can be described
as follows:

Kt =

{
x ∈ Rd : x1 +

d∑
j=2

[(
1 − μj

t

)
xjI{xj>0} −

(
1 + λj

t

)
xjI{xj<0}

]
≥ 0

}
.

Comparing this with the model of currency market (given by a matrix
of transaction cost coefficients), we notice that it can be imbedded into the
former by choosing sufficiently large transaction cost coefficients. Of course,
this leads to a larger set of value processes, but such a procedure has no effect
on the arbitrage properties.
3. Modeling in physical units. Let us consider a kind of a barter market
where we are given not quotes of assets in terms of a numéraire but only
the matrix Π = (πij) (depending on t and ω) with generic entry πij > 0
representing a number of units of the ith asset needed to get in exchange one
unit of the jth asset (of course, πii = 1). In the literature it is usually assumed
that πij ≤ πikπkj , i.e., the direct exchange is better than two consecutive ones.
As explained above, this is not a loss of generality: an “intelligent” agent will
act not according to a given matrix of exchange rates Π̃ but to a corrected
one with

πij = min
{
π̃ii1 . . . π̃inj

}
.

Now the solvency region, i.e., the set of y ∈ Rd for which one can find
c ∈ Md

+ such that

yi ≥
d∑

j=1

[
πij

t (ω)cij − cji
]
, i ≤ d,

is the cone {ei, πijei − ej , 1 ≤ i, j ≤ d}.
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In dynamics, Π = (Πt) is an adapted process, sometimes called in the
literature the bid-ask process.

Obviously, the market model with the price quotes St and the transaction
cost coefficients Λt can be reformulated in terms of Π: in this case we have

πij
t =
(
1 + λij

t

)
Sj

t /Si
t , 1 ≤ i, j ≤ d.

Reciprocally, one can introduce in the barter market “money” and generate
a price process S and a matrix Λ of transaction cost coefficients. Indeed, take
an arbitrary St ∈ L0(K̂∗

t \ {0}, Ft) and note that the components of this
process are strictly positive. Put

λij
t := πij

t Si
t/Sj

t − 1.

Clearly, λij
t ≥ 0 because by duality St(π

ij
t ei − ej) ≥ 0. It remains to recall

that the solvency cone in terms of physical units for the model described by
S and Λt = (λij

t ) coincides with K̂t.
Thus, modeling via Π is nothing but just another parameterization of the

model considered in the first subsection. The former has certain advantages:
first, it follows the tradition already established in the financial literature; sec-
ond, suits better to study portfolio optimization problems; and, third, allows
for a rather straightforward generalization for the continuous-time setting.
4. Models where the transactions charge the bank account. In this
case the dynamics is given as follows:

ΔV 1
t =

d∑
j=2

(
ΔLj1

t − ΔL1j
t

)
−

d∑
i,j=1

γij
t ΔLij

t ,

ΔV i
t = V̂ i

t−1ΔSi
t +

d∑
j=1

ΔLji
t −

d∑
j=1

ΔLij
t , i = 2, . . . , d,

where γij
t ∈ [0, 1[, γii = 0. For this model, again linear and with polyhedral

cone constraints on the controls, the solvency cone is always polyhedral:

Kt = cone
{
γije1 + ei,

(
1 + γ1i

)
e1 − ei,

(
−1 + γj1

)
e1 + ej , ei, 1 ≤ i, j ≤ d

}
.

5. Models with a price spread. Usually such a model is designed for
stock markets, i.e., transactions are only buying or selling shares according to
two price processes S̄ and S, where S̄j ≥ Sj > 0, j = 2, . . . , d. Clearly,
it can be given in terms of a single price or quote process and transac-
tion cost coefficients. For example, one can put St := (S̄t + St) and define
λj

t := S̄j
t /Sj

t − 1, μj
t := 1 − Sj

t/Sj
t . The absence of arbitrage opportunities

means that RT ∩ L0
+ = {0} where the “results” here are terminal values of

the money component of the portfolio processes (in our terminology this will
correspond to the NAw-property).
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Historically, the first criterion of absence of arbitrage was obtained for a
model described in terms of bid and ask prices. The Jouini–Kallal theorem
claims (under some conditions) that there is no-arbitrage if and only if there
exist a probability measure P̃ ∼ P and an Rd−1-valued P̃ -martingale S̃ such
that Sj

t ≤ S̃i
t ≤ S̄i

t , i = 2, . . . , d. In the case where S = S̄, this assertion
coincides with the DMW theorem.

As we shall see further, for the model with finite Ω (or in the case where
d = 2), the NAw-property is equivalent to the existence of the martingale Z
with strictly positive components which evolves in the duals to the solvency
cones in physical units, i.e., such that Zt ∈ L0(K̂∗

t \ {0}, Ft). The latter
property is more general and, for specific models, can be rewritten in the
formulation due to Jouini and Kallal.

Let us consider the basic model assuming in addition that S1 ≡ 1, i.e., the
first asset is the numéraire (“money”), and for all i and j,

(
1 + λi1

)(
1 + λ1j

)
≤ 1 + λij .

This means that the direct exchanges are more expensive than those via
money; they can be excluded at all (as it is usually done in stock market
models). The cone K∗ consists of all w ∈ Rd

+ satisfying the inequalities

1
1 + λi1

w1 ≤ wi ≤
(
1 + λ1i

)
w1, i > 1.

Indeed, other inequalities defining K∗ hold automatically: for any pair i, j, we
have

wj ≤
(
1 + λ1j

)
w1 ≤

(
1 + λi1

)(
1 + λ1j

)
wi ≤

(
1 + λij

)
wi.

Let Zt ∈ L0(K̂∗
t \ {0}, Ft) be a martingale. Normalizing, we can assume that

EZ1
T = 1 and define the probability measure P̃ = Z1

T P . The condition that
Z evolves in K̂∗ reads as

1
1 + λi1

Z1 ≤ Zi

Si
≤
(
1 + λ1i

)
Z1, i > 1.

Introducing the selling and buying prices

Si :=
1

1 + λi1
Si, S

i
:=
(
1 + λ1i

)
Si,

we obtain that the process S̃ := Z/Z1 is a martingale with respect to P̃ and

Si ≤ S̃i ≤ S
i
, i > 1.

Thus, for models with this particular structure of the solvency cones, the
NA-criteria can be written in the formulation suggested by Jouini and Kallal.
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3.1.3 No-arbitrage problem: NAw for finite Ω

Considering our basic model described above, we define the strict arbitrage
opportunity as a strategy B ∈ B such that the terminal value VT of the port-
folio process V = V B given by (3.1.2) with V0− = 0 belongs to L0(Rd

+) but
is not equal to zero. We shall say that a model has the weak no-arbitrage
property (in symbols: NAw) if it does not admit strict arbitrage opportuni-
ties. Denoting by R0

T the set of terminal values of portfolios with zero initial
endowments, we may rewrite the definition of NAw in a conformity with the
previous section: R0

T ∩ L0(Rd
+) = {0} or, equivalently, R̂0

T ∩ L0(Rd
+) = {0},

where R̂0
T = φT R0

T is the set of attainable results in physical units.
We define also the set A0

T of hedgeable claims A0
T := R0

T − L0(KT , FT ).
Let denote by MT

0 (K̂∗ \ {0}) the set of martingales Z = (Zt)t≤T such that
Zt ∈ L0(K̂∗

t \ {0}) for all t.
In the literature the elements of M(K̂∗ \ {0}) are sometimes referred to as

consistent price systems. In the model with finite number of states of the na-
ture, the existence of the latter is equivalent to the absence of strict arbitrage
opportunities.

Theorem 3.1.1 Suppose that Ω is finite. Then the following conditions are
equivalent:

(a) R0
T ∩ L0(Rd

+) = {0} (i.e., NAw);
(b) A0

T ∩ L0(Rd
+) = {0};

(c) MT
0 (K̂∗ \ {0}) = ∅.

Proof. Conditions (a) and (b) are obviously equivalent. Let us check the equiv-
alence of (a) and (c). Without loss of generality we may assume that all ele-
mentary events of Ω = {ω1, . . . , ωN } have strictly positive probabilities. Thus,
the space of d-dimensional random variables can be identified with the Euclid-
ean space of dimension d × N with the scalar product (ξ, η) := Eξη. Note that
if G = cone{ξ1, . . . , ξm} is a random cone generated by Ft-measurable Rd-
valued random variables, then L0(G, Ft) is the polyhedral cone generated by
the random variables ξiIΓj where Γj are the atoms of the σ-algebra Ft. Thus,
being a sum of polyhedral cones, R̂0

T is also a polyhedral cone, and so is
L0(Rd

+); the positive dual of the latter coincides with the primal one. Apply-
ing the Stiemke lemma as it is formulated in Lemma 5.1.1 of the Appendix,
we obtain that condition (a) holds if and only if there exists a d-dimensional
random variable η in the intersection of (−R̂0∗

T ) with the interior of L0(Rd
+).

This means that Eξη ≤ 0 for all ξ ∈ R̂0
T and that all components of η are

strictly positive. It remains to notice that the martingale Zt = E(η| Ft) be-
longs to MT

0 (K̂∗ \ {0}). Indeed, for any ζ ∈ L0(K̂t, Ft) ⊆ −R̂0
T +L0(Rd

+), we
have that

EZtζ = Eηζ ≥ 0.

This property obviously means that Zt ∈ L0(K̂∗
t , Ft). ��
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The above statement contains as a particular case the Harrison–Pliska
theorem. To see this, suppose that Λ = 0 and the first asset is the numéraire,
i.e., ΔS1

t = 0. Let V̄t =
∑

i≤d V i
t . Summing up relations (3.1.2), we get that

the dynamics of V̄ is given by

ΔV̄t =
d∑

i=1

V̂ i
t−1ΔSi

t = HtΔSt,

where Ht ∈ L0(Rd, Ft−1). There is a single linear relation for the components
V̂ i

t−1, namely, V̄t−1 = V̄t, but it is of no importance since ΔS1
t = 0. Thus,

the set of attainable random variables V̄T is exactly the same as RT in our
model of frictionless market, and the classical NA-condition RT ∩ L0

+ = {0}
is equivalent to the NAw-condition.

On the other hand, in the case Λ = 0 the cone K̂∗
t = R+St, and, hence, the

property Zt ∈ L0(K̂∗
t , Ft) means simply that Zt = ρtSt for some ρt ≥ 0. Thus,

Z ∈ MT
0 (K̂∗ \ {0}) if and only if there exists a strictly positive martingale

ρ = (ρt) such that ρS is a martingale; normalizing, we may always assume
that Eρt = 1.

It is worth noticing that the NAw-condition can be reformulated in many
various ways. In particular, below one can replace R0

T and KT by R̂0
T and K̂T .

Proposition 3.1.2 The following conditions are equivalent:

(a) R0
T ∩ L0(KT , FT ) ⊆ L0(∂KT , FT );

(b) R0
T ∩ L0(Rd

+, FT ) = {0}.

Proof. The implication (a) ⇒ (b) holds because Rd
+ ∩ ∂KT = {0}. To prove

the implication (b) ⇒ (a), we notice that if V B
T ∈ L0(KT , FT ) where B ∈ B,

then there exists B′ ∈ B such that V B′

T ∈ L0(Rd
+, FT ) and V B′

T (ω) = 0 on
the set V B

T (ω) /∈ ∂KT (ω). To construct such B′, it is sufficient to modify
only ΔBT by combining the last transfer with the liquidation of the negative
positions. ��

As we shall see later, a straightforward generalization of Theorem 3.1.1
for arbitrary Ω, unlike the cases of Harrison–Pliska and DWW theorems, fails
to be true. Thus, one can try to find other definitions of arbitrage opportu-
nities permitting to extend NA-criteria beyond models with finite number of
states of the nature. The alternative definitions of the NAw excluding the final
liquidation gives a hint to alternative approaches.

3.1.4 No-arbitrage Problem: NAs for Finite Ω

Suppose that, at time t, investor’s portfolio is a subject of an audit. Audi-
tors are not interested in real transaction costs needed to liquidate negative
positions. Summing up the black and red figures (of course, the latter with
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minus), they may obtain a strictly positive value. From their point of view, the
investor has an arbitrage. Judging this as an exaggeration, we consider now
a minor modification of the NAw-property more acceptable from the point of
view of the investor.

We say that a strategy B realized a weak arbitrage opportunity at time
t ≤ T if V B

t ∈ Kt but P (V B
t /∈ K0

t ) > 0, where K0
t := Kt ∩ (−Kt). Respec-

tively, the absence of such a one at time t is referred to as a strict no-arbitrage
property NAs

t :
R0

t ∩ L0(Kt, Ft) ⊆ L0
(
K0

t , Ft

)
,

or, equivalently, in the realm of physical values,

R̂0
t ∩ L0(K̂t, Ft) ⊆ L0

(
K̂0

t , Ft

)
.

We use the notation NAs when NAs
t holds for every t ≤ T . Clearly, in the

no-friction case this definition coincides with the classical one.

Theorem 3.1.3 The following conditions are equivalent:

(a) R0
T ∩ L0(KT , FT ) ⊆ L0(K0

T , FT ) (i.e., NAs
T holds);

(b) A0
T ∩ L0(KT , FT ) ⊆ L0(K0

T , FT );
(c) there exists Z(T ) ∈ MT

0 (K̂∗ \ {0}) such that Z
(T )
T ∈ L1(ri K̂∗

T , FT ).

Proof. The equivalence of (a) and (b) is obvious. The proof of the equiva-
lence (a) ⇔ (c) differs from that of Theorem 3.1.1 only in that we now use
Theorem 5.1.3 instead of Lemma 5.1.1. ��

As a direct corollary, we obtain the following:

Theorem 3.1.4 The following conditions are equivalent:

(a) R0
t ∩ L0(Kt, Ft) ⊆ L0(K0

t , Ft) for all t (i.e., NAs holds);
(b) A0

t ∩ L0(Kt, Ft) ⊆ L0(K0
t , Ft) for all t;

(c) for each t ≤ T , there exists a process Z(t) ∈ Mt
0(K̂

∗ \ {0}) such that
Z

(t)
t ∈ L1(ri K̂∗

t , Ft).

Note that NAs
T does not imply NAs

t for t < T . In other words, weak
arbitrage opportunities may disappear next day.
Example. Let us consider the (deterministic) one-period two-asset model
with (S1

0 , S2
0) = (1, 1) and (S1

1 , S2
2) = (1, 2). Assume that the entries of Λ

are equal to zero except λ12 = λ. The vectors (1, 1) and (1, 1 + λ) are gen-
erators of K∗. Clearly, transfers at T = 1 cannot increase the value, so the
only strategy to be inspected is with ΔB0 = (−(1 + λ), 1) (the transfers are
ΔL12

0 = 1, ΔL21
0 = 0) and ΔB1 = (0, 0). So, V B

1 = (−(1+λ), 2). For λ ∈ [0, 1[,
we have V B

1 ∈ int K, i.e., B is a strict arbitrage opportunity; for λ = 1, the
model satisfies NAw

1 condition, but the strategy B is a weak arbitrage oppor-
tunity; and if λ > 1, the model enjoys the NAs

1 property.
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We can extend in time this model by assuming that at the second period
S2

2 takes values ε and 1/ε, say, with probabilities 1/2. For λ = 1, this model
satisfies NAs

2 when the parameter ε > 2 (i.e., the price increment ΔS2
2 takes

a negative and a positive value).
A specific feature of the NAs-property is that the above criterion holds true

in the general case (i.e., without finiteness assumption on Ω) for important
classes of models, namely, for models with constant coefficients and also for
models with efficient friction with K0

t = {0}. In both cases (c) is equivalent
to the condition MT

0 (ri K̂∗) = ∅, see Theorem 3.2.1 and the accompanying
discussion. However, without further assumptions, this is not true. It hap-
pened that, for a general Ω, the condition MT

0 (ri K̂∗) = ∅ is equivalent to
the so-called robust no-arbitrage property NAr which excludes arbitrage even
under better investment opportunities, i.e., when the NAw-property holds for
a certain process Λ̃t = (λ̃ij

t ), where λ̃ij
t (ω) < λij

t (ω) if the latter coefficient is
not zero. We shall analyze this in a more general geometric context.
Remark. The following example shows that even in the case of Ω consisting
of two elementary events ω1, ω2 having equal probabilities, condition (c) does
not imply that MT

0 (ri K̂∗) = ∅, and, hence, NAs is weaker than NAr. Indeed,
let F0 be trivial, F1 = F2 = F . Take now K̂∗

0 = K̂∗
2 = cone{e1 + e2} and

let K̂∗
1 (ω1) = cone{e1 + e2, e1 + 2e2} and K̂∗

1 (ω2) = cone{e1 + e2, 2e1 + e2}.
Clearly, one can find martingales Z(t), t ≤ 2, satisfying (c), but there is no
one with values in ri K̂∗

t , t = 0, 1, 2.

3.2 No-arbitrage Problem: Abstract Approach

3.2.1 NAr- and NAs-Properties: Formulations

We consider now the case of arbitrary Ω in an abstract framework which cov-
ers various discrete-time models of financial markets with proportional trans-
action costs (eventually, with additional linear inequality constraints). The
development below is purely mathematical. To make the idea more transpar-
ent, we prefer not to insist here on financial aspects. We use the notation Gt

instead of our traditional K̂t hoping that the reader understands well that we
have in mind the corresponding structure in the world of physical units.

In the present framework we are given a sequence of set-valued mappings
G = (Gt), called C-valued process, specified by a countable sequence of adapted
Rd-valued processes Xn = (Xn

t ) such that, for all t and ω, only a finite but
nonzero number of Xn

t (ω) is different from zero and

Gt(ω) := cone
{
Xn

t (ω), n ∈ N
}
,

i.e., Gt(ω) is a polyhedral cone generated by the finite set {Xn
t (ω), n ∈ N}.

Let G and G̃ be closed cones. We shall say that G is dominated by G̃ if
G \ G0 ⊆ ri G̃, where G0 is the linear space G ∩ (−G). We extend this notion
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in the obvious way to C-valued or cone-valued processes. It can be formulated
in terms of the dual cones because

G \ G0 ⊆ ri G̃ ⇐⇒ G̃∗ \ G̃∗0 ⊆ ri G∗.

In particular, if G has an interior (which is always the case for financial
models),

G \ G0 ⊆ int G̃ ⇐⇒ G̃∗ \ {0} ⊆ ri G∗.

For a C-valued process G, let At(G) := −
∑t

s=0 L0(Gs, Fs).
Extending to the abstract setting the concepts introduced in a financial

context, we say that G satisfies:

– weak no-arbitrage property NAw if

At(G) ∩ L0(Gt, Ft) ⊆ L0(∂Gt, Ft) ∀t ≤ T ;

– strict no-arbitrage property NAs if

At(G) ∩ L0(Gt, Ft) ⊆ L0
(
G0

t , Ft

)
∀t ≤ T.

– robust no-arbitrage property NAr if G is dominated by G̃ satisfying NAw.

It is an easy exercise to check that if G dominates the constant process
Rd

+, then NAw holds if and only if AT (G) ∩ L0(Rd
+) = {0}.

The main results can be formulated as follows:

Theorem 3.2.1 Assume that G dominates Rd
+. Then

NAr ⇐⇒ MT
0 (ri G∗) = ∅.

Theorem 3.2.2 Assume that L0(G0
s, Fs−1) ⊆ L0(G0

s−1, Fs−1) ∀s ≤ T . Then

NAs ⇐⇒ MT
0 (ri G∗) = ∅.

We postpone the proof of extended versions of these theorems to the next
subsections. The “easy” implication ⇐ will be established without extra as-
sumptions.

The hypothesis of the second theorem holds trivially when G0 = {0}
(an efficient friction condition in financial context). More interesting, it is
fulfilled also for the setting corresponding to the market model for which the
subspace K0

t = Kt ∩ (−Kt) is constant over time (e.g., the transaction costs
are constant) and NAs holds. Therefore, in such a case the properties NAr

and NAs coincide.
Indeed, let us suppose that Gt = φtKt where K is a C-valued process

dominating Rd
+,

φt(ω) :
(
x1, . . . , xd

)
�→
(
x1/S1

t (ω), . . . , xd/Sd
t (ω)
)
,

and Si
t are strictly positive Ft-measurable random variables.

For J ⊆ {1, . . . , d}, we put 1J :=
∑

i∈J ei, where {ei} is the canonical
basis in Rd.



3.2 No-arbitrage Problem: Abstract Approach 119

Proposition 3.2.3 Suppose that there is a partition J1, . . . , Jl of {1, . . . , d}
such that K0

t
⊥ = lin {1J1 , . . . ,1Jl

}. If G satisfies the NAw-property, then the
assumption of Theorem 3.2.2 is fulfilled.

Proof. If the claim fails, there is ξ ∈ L0(G0
s, Fs−1) such that {ξ /∈ G0

s−1} is
a nonnull set. Without loss of generality we may assume that ξ is equal to
zero outside it. Necessarily, some set {φ−1

s−1ξ1Jk
= 0} is nonnull. We may

assume that {φ−1
s−1ξ1Jk

> 0}, the random variable ξ is zero outside this set
and, moreover, all components of ξ vanish except those corresponding to Jk.
Notice that Jk is not a singleton because φs and φs−1 are diagonal operators.
Take i0 ∈ Jk such that ξi0 > 0 and consider ξ′ different of ξ only by the i0th
component

ξ′i0 := − 1
Si0

s−1

∑
i∈Jk \ {i0}

ξiSi
s−1.

Clearly, ξ′ ∈ L0(G0
s−1, Fs−1) and ξ − ξ′ = h, where h is equal to zero except

the nontrivial component hi0 ≥ 0. This violates the NAw property. ��

In a specific financial context, where Kt is the solvency cone in values
(generated by the matrix of transaction cost coefficients Λt), and S is the
price process, the linear space K0

t
⊥ is always the linear span of the random

vectors 1J1(t), . . . ,1Jl(t), where Ji(t) are the classes of “equivalent” assets (i.e.,
the assets which can be converted one into another without transaction costs).
Of course, in the case of constant transaction costs these vectors do not evolve
in time. Since NAw is weaker than NAs, the latter implies that MT

0 (ri G∗) = ∅.
Remark. The hypothesis of Theorem 3.2.1 can be slightly relaxed by de-
manding that G dominates an increasing C-valued process H such that all Ht

have nonempty interiors.
As in the frictionless case, one can modify the right-hand of the equivalence

in the suggested theorems by taking into account the next result which is an
easy corollary of the DMW theorem.

Lemma 3.2.4 Let MT
0 (ri G∗) be nonempty, and let P̃ ∼ P . Then

MT
0 (ri G∗, P̃ ) is also nonempty and even contains a bounded martingale.

Proof. Let Z ∈ MT
0 (ri G∗), and let ζ := 1+supt≤T |Zt|. By the DMW theorem

(“easy” part) the P -martingale (1, Z) has the NA-property. The latter, being
invariant under equivalent change of probability measure, holds also with re-
spect to P ′ := cζ−1P . Again by the same theorem but this time its “difficult”
part, there is a bounded density process ρ > 0 such that ρZ is a P ′-martingale,
or, equivalently, the process Z̃t := E(ζ−1| Ft)ρtZt is a P -martingale. It is
bounded and, since ri G∗

t (ω) are cones, belongs to MT
0 (ri G∗). Using the same

idea, we can obtain from Z̃ a bounded element of MT
0 (ri G∗, P̃ ). ��

In the proof we used only that the values of riG∗ are cones. The extension
of the lemma (as well as its version below) to arbitrary cone-valued processes
is obvious.
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Lemma 3.2.5 Let MT
0 (ri G∗) = ∅, P̃ ∼ P , and α ≥ 0 be a (finite) random

variable. Then MT
0 (ri G∗, P̃ ) contains Z such that (1 + α)|Z| is bounded.

Of course, the previous proof still works with ζ replaced by ζ + α.
Remark. The above result is extremely useful. In many cases it removes tech-
nical difficulties related with integrability and provides a great flexibility in
arguments. Note also that we can fabricate a “convenient” vector-valued mar-
tingale just by multiplying the given one by a strictly positive scalar process.

Recall that for any sequence of random variables, there exists an equivalent
probability measure P̃ with bounded density such that all these random vari-
ables are integrable, and, moreover, if, initially, the sequence was convergent
almost surely, it will be convergent in L1(P̃ ). Lemma 3.2.4 (more precisely,
its variant with MT

0 (G∗ \ {0})), combined with this elementary fact, makes
almost obvious the following assertion:

Proposition 3.2.6 Let MT
0 (G∗ \ {0}) = ∅. Then

ĀT
0 ∩ L0(GT , FT ) ⊆ L0(∂GT , FT ).

Proof. Suppose that the sequence ζn =
∑T

t=0 ξn
t , where ξn

t ∈ −L0(Gt, Ft),
converge a.s. to some ζ ∈ L0(GT , FT ). According to the above remark, there
is no loss of generality to assume, by a suitable choice of the reference measure,
that ξn

t ∈ −L1(Gt, Ft) and ζn → ζ in L1. Take a bounded Zt ∈ MT
0 (G∗ \ {0}).

Then

EZT ζn =
T∑

t=0

EZtξ
n
t ≤ 0.

On the other hand, EZT ζ ≥ 0, and this inequality is strict if ζ ∈ int GT with
positive probability. This implies that ζ ∈ L0(∂GT , FT ). ��

3.2.2 NAr- and NAs-Properties: Proofs

We start the proof with certain useful properties. It is convenient to formulate
them in a more general framework.

Let Ns, s = 0, 1, . . . , T , be closed convex cones in L0(Rd, Fs) stable under
multiplication by the elements of L0(R+, Fs). The last property implies that
Ns are decomposable and, hence, can be represented as L0(Gs, Fs) for some
cone-valued process (Gs), see Appendix 5.4.

Let N0
s := Ns ∩ (−Ns), At := −

∑t
s=0 Ns.

We introduce the following conditions:

(i) AT ∩ Nt ⊆ N0
t for every t = 0, . . . , T ;

(ii) At−1 ∩ Nt ⊆ N0
t for every t = 1, . . . , T ;

(iii) the relation
∑T

s=0 ξs = 0 with ξs ∈ Ns implies that all ξs ∈ N0
s .

In the case where Ns = L0(Gs, Fs), condition (i) coincides with the NAs-
property.
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Lemma 3.2.7 (iii) ⇒ (i).

Proof. Suppose that
∑T

s=0 ζs = −η, where ζs ∈ Ns and η ∈ Nt. In virtue of
(iii), we have that ξt := ζt + η is an element of N0

t . Thus, η = ξt − ζt is in
−Nt, i.e., η ∈ N0

t . ��

Remark. Trivially, (i) ⇒ (ii). In general, the implication (ii) ⇒ (iii) may fail.
However, it is easily seen that it holds if all N0

s = {0}, and in this case these
three properties are equivalent.

The following lemma shows that condition (iii) ensures the closedness of
AT in probability. Though, its proof is based on the same arguments as for
the “difficult” implication in the DMW theorem, and we spell out it here.

Lemma 3.2.8 If (iii) holds, then AT = ĀT .

Proof. We proceed by induction. For T = 0, there is nothing to prove. Suppose
that the claim holds up to T −1 periods. Let

∑T
s=0 ξn

s → ξ a.s., where ξn
s ∈ Ns.

The question is whether ξ =
∑T

s=0 ξs with ξs ∈ Ns. If Ωi ∈ F0 form a partition
of Ω, we may argue separately with each part as it were the whole Ω, find
appropriate representations, and “assemble” ξs from separate pieces.

The case Ω = {lim inf |ξn
0 | < ∞} is simple: by Lemmas 2.1.2 we may

assume that ξn
0 converge to ξ0 ∈ N0 and, hence,

∑T
s=1 ξn

s converge a.s. to a
random variable ζ which is in

∑T
s=1 Ns by the induction hypothesis.

In the case Ω = {lim inf |ξn
0 | = ∞}, we put ξ̃n

s := ξn
s /|ξn

0 | (with the
convention 0/0 = 0). As |ξ̃n

0 | ≤ 1, we again may assume that ξ̃n
0 converge

to some ξ̃0 ∈ N0. Then
∑T

s=1 ξ̃n
s converge a.s. to a random variable which

can be represented by the induction hypothesis as
∑T

s=1 ξ̃s, where ξ̃s ∈ Ns.
Since ξ/|ξn

0 | → 0 a.s., the limit of the whole normalized sum is zero, i.e.,∑T
s=0 ξ̃s = 0. By the assumption all ξ̃s ∈ N0

s . Since |ξ̃0| = 1, there are disjoint
sets Γi ∈ F0 such that Ω =

⋃d
i=1 Γi and Γi ⊆ {ξ̃i

0 = 0}.
Put ξ̄n

s =
∑d

i=1(ξ
n
s + βniξ̃s)IΓi , where βn = −ξni

0 /ξ̃i
0. Clearly, ξ̄n

s ∈ Ns,
and
∑T

s=0 ξ̄n
s converge to ξ a.s. The situation is reproduced. It is instruc-

tive to represent sequences ξn
0 and ξ̄n

0 as infinite-dimensional matrices with
d-dimensional columns. Of course, every zero line of the first matrix remains
zero line of the second one. But the second matrix contains one more zero line
(namely, the ith for ω ∈ Γi). Thus, if the first matrix contains one nonzero
line a.s., the proof is accomplished (all ξ̄n

0 = 0, and we can use the induc-
tion hypothesis). If not, we repeat the whole procedure with the sequence of
processes (ξ̄n

s ), etc. ��

Lemma 3.2.9 Assume that (iii) holds. Then for any ζ ∈ Nt, t ≤ T , there is
a bounded Rd-valued martingale Zζ such that:

(1) Zζ
s ξ ≥ 0 for any ξ ∈ Ns, s ≤ T ;

(2) ζI{Zζ
t ζ=0} ∈ N0

t .



122 3 Arbitrage Theory under Transaction Costs

Proof. Let A1
T := AT ∩ L1 and ZT := {ZT ∈ L∞(Rd) : Eηξ ≤ 0 ∀ξ ∈ A1

T }.
With each ZT ∈ ZT , we associate the martingale Z with Zs := E(ZT | Fs). It
satisfies condition (1), since otherwise we could find ξ ∈ Ns ∩ L1 such that the
set Γ := {Zsξ < 0} is nonnull and, therefore, EZT (ξIΓ ) = EZs(ξIΓ ) < 0, con-
tradicting the definition of ZT . Let ct := supZT ∈ZT

P (Ztζ > 0). There exists
Zζ

T ∈ ZT such that, for the corresponding martingale Zζ , the supremum is at-
tained, i.e., we have ct = P (Zζ

t ζ > 0). To see this, take the martingales Zn gen-
erated by Zn

T ∈ ZT with P (Zn
t ζ > 0) → ct and put Zζ

T :=
∑

2−nZn
T /‖Zn

T ‖ ∞.
If (2) fails, then, for a sufficiently large, ζa := ζI{Zζ

t ζ=0, |ζ|≤a} does not
belong to N0

t and, being in Nt ∩ L1, cannot not belong, in virtue of condition
(i) implied by (iii), to the convex cone A1

T , which is closed in L1 accordingly
to Lemma 3.2.8. By the Hahn–Banach theorem one can separate ζa and A1

T ,
that is, to find η ∈ L∞(Rd) such that

sup
ξ∈A1

T

Eηξ < Eηζa.

Since A1
T is a cone, the supremum above is equal to zero, ensuring that η ∈ ZT

and Eηζa > 0. The latter inequality implies that, for Zt = E(η| Ft), the
product Ztζ (always ≥ 0) is strictly positive on a nonnull set. Thus, for the
martingale Z̃ := Z + Zζ with the terminal value Z̃T := η + ZT ζ, we have

P (Z̃tζ > 0) > P
(
Zζ

t ζ > 0
)

= ct.

This contradiction shows that (2) holds. ��

Lemma 3.2.10 Assume that (iii) holds. Let Γ be a countable subset of⋃
s≤T Ns. Then there is a bounded Rd-valued martingale Z such that, for

all s ≤ T , we have:

(1) Zsξ ≥ 0 for any ξ ∈ Ns;
(2′) ζI{Zsζ=0} ∈ N0

s whatever is ζ =
∑

n αnξn with ξn ∈ Γ ∩ Ns and
αn ∈ L0

+(Fs).

Proof. One can take as Z any (countable) convex combination with strictly
positive coefficients of all elements of the family {Zζ }ζ∈Γ with |Zζ

T | ≤ 1.
Taking into account that Ns is stable under multiplication on the elements of
L0

+(Fs), we verify consecutively that property 2′) holds for ξn, αnξn, and, at
last, for ζ which are represented as series of ξn with Fs-measurable positive
coefficients. ��

In the next lemma we argue in the case where Nt = L0(Gt, Ft), where
(Gt) is a C-valued process and, hence, N0

t = L0(G0
t , Ft) and At = At(G).

Lemma 3.2.11 If (iii) holds, then MT
0 (ri G∗) is nonempty.
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Proof. Consider the process Z from the previous lemma corresponding to
the set Γ which is the union of all Xn

t , t ≤ T , n ∈ N. Property (1) means
that Z ∈ MT

0 (G∗). Recall also that Zs(ω) /∈ ri G∗
s(ω) if and only if there

exists x ∈ Gs(ω) \ G0
s(ω) such that Zs(ω)x = 0. Thus, if the property

Zs ∈ L0(ri G∗
s, Fs) is violated, the Fs ⊗ Bd-measurable set

Δ :=
{
(ω, x) : Zs(ω)x = 0, x ∈ Gs(ω) \ G0

s(ω)
}

has a nonnull projection onto Ω. Take its Fs-measurable selector ζ putting it
zero outside the projection of Δ. Then ζ =

∑
n αnXn

s with αn ∈ L0
+(Fs) (for

each ω, this sum has only a finite number of nonzero summands). Thus, ac-
cording to property 2′), we have ζI{Zsζ=0} ∈ G0

s, in an apparent contradiction
with our assumption. ��

Lemma 3.2.12 Suppose that a C-valued process G satisfies the NAr-
property. If G dominates Rd

+, then (iii) holds.

Proof. Let G̃ dominate G, and let AT (G̃) ∩ L0(Rd
+, FT ) = {0}. Assume that

in the identity
∑T

s=0 ξs = 0 where ξs ∈ L0(Gs, Fs), a random variable ξt does
not belong to L0(G0

t , Ft). This means that ξt(ω) ∈ int G̃t(ω) on a set B of
positive probability. It follows that there is a random variable ε ∈ L0(Rd

+, Ft)
strictly positive on B such that ξt − ε is still in L0(G̃t, Ft). The nontrivial
random variable ε = −

∑T
s=0 ξ′

s where ξ′
s := ξs, s = t, ξ′

t := ξt − ε, being in
AT (G̃) ∩ L0(Rd

+, FT ), violates the NAw-property of G̃. ��

Lemma 3.2.13 Suppose that a cone-valued process G has the NAs-property.
If, in addition,

L0
(
G0

s, Fs−1

)
⊆ L0
(
G0

s−1, Fs−1

)
∀s ≤ T, (3.2.8)

then condition (iii) holds.

Proof. This can be shown by induction starting trivially and with an easy
step. The equality

∑T −1
s=0 ξs = −ξT implies that ξT is FT −1-measurable and, in

virtue of the NAs-property, belongs to L0(G0
T , FT ). By the assumed inclusion

ξT belongs also to L0(G0
T −1, FT −1) and can be combined with ξT −1, reducing

the sum to T − 1 terms which are elements of L0(G0
s, Fs) (the induction

hypothesis). In particular, ξT −1 + ξT belongs to L0(G0
T −1, FT −1) as well as

both summands. ��

The “difficult” implications (⇒) in Theorems 3.2.1 and 3.2.2 follow from
the last three lemmas. Now we establish the “easy” implications (⇐).

Lemma 3.2.14 If MT
0 (ri G∗) = ∅, then NAs and NAr hold.

Proof. Let us check first the NAs-property. To this aim we apply Lemma 3.2.7
with Ns = L0(Gs, Fs), reducing the problem to a verification of (iii). So, let
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∑T
s=0 ξs = 0 with ξs ∈ Ns. Choose a reference measure such that all ξs are

integrable. By Lemma 3.2.4 there is a bounded martingale Z ∈ MT
0 (ri G∗).

Multiplying the identity by ZT and taking the expectation, we obtain that∑T
s=0 EZsξs = 0. Since Zsξs ≥ 0, this is possible only when all Zsξs = 0, i.e.,

when ξs ∈ L0(G0
s, Fs).

To verify the NAr-property, we take an arbitrary Z ∈ MT
0 (ri G∗) and de-

fine the C-valued process G̃ whose values are half-spaces G̃s(ω) = (R+Zs(ω))∗.
Applying the above arguments with Ns = L0(G̃s, Fs), we conclude that G̃ has
the NAs-property coinciding with the NAw-property because ∂G̃s = G̃0

s. Since
G̃ dominates G, the latter has the NAr-property. ��

Remark 1. Inspecting the first part of the above proof, it is not difficult
to see that condition (c) in Theorem 3.1.4 implies (iii) and, hence, the NAs-
property. Unlike the situation of finite Ω, the converse is not true. However, if
all G0

t = {0}, then (3.2.8) holds trivially, and NAs implies that MT
0 (ri G∗) = ∅,

i.e., in this particular case the latter condition, condition (c), and NAs are
equivalent.
Remark 2. Recently, T. Pennanen and I. Penner, [177], suggested a simple
argument showing that for the cone-valued processes the NAr-property holds
if and only if MT

0 (ri G∗) = ∅. Indeed, it is not difficult to check that if (Gt) has
the NAr-property, then there is a cone-valued process (G′

t) dominating (Gt)
still having the NAr-property. From the above general lemmas we infer that
the cone AT (G′) is closed in L0, and, using the Kreps–Yan theorem in L1, we
obtain that MT

0 (G′ ∗ \ {0}) is non-empty. But G′ ∗ \ {0} ⊆ riG∗.
The condition MT

0 (ri G∗) = ∅ guarantees that AT (G) is closed. This topo-
logical property looks indispensable in the theory of no-arbitrage criteria.
A simple example shows that NAw does implies the closedness of AT (G), and,
therefore, the extension of NAw-criteria given in Theorem 3.1.1 are impossible.
More surprising is the result by Grigoriev asserting that, for two-asset model,
the necessary and sufficient conditions of this theorem, except (b), hold for
arbitrary Ω.

3.2.3 The Grigoriev Theorem

Throughout this subsection we shall work with a C-valued process G dom-
inating the constant process R2

+. The initial σ-algebra F0 is not assumed
trivial.

The proof of the theorem involves models with initial dates different from
zero. By this reason we shall use the notation AT

0 , AT
1 , etc., giving an idea

about the considered time range.
We formulate the statement in the same way as the Dalang–Morton–

Willinger theorem, omitting, of course, condition (B) (which looks exactly
as (b) of the latter): being stronger than (A), it is sufficient but not necessary
for the NAw-property.
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Theorem 3.2.15 Let d = 2. Then the following conditions are equivalent:

(A) AT
0 ∩ L0(Rd

+) = {0};
(C) ĀT

0 ∩ L0(Rd
+) = {0};

(D) MT
0 (G∗ \ {0}) = ∅;

(E) MT
0 (G∗ \ {0}, P̃ ) contains a bounded process whatever is P̃ ∼ P .

Proof. The equivalence of (D) and (E) was already discussed for the general
setting (see Lemma 3.2.14 and the accompanying remark). The implication
(E) ⇒ (A) is obvious because a freedom in the choice of the reference measure
allows us to avoid the problems with integrability, and we can argue in the
same way as for the case of finite Ω.

Thus, the problem poses only the implication (A) ⇒ (C) the proof of
which uses essentially the specificity of the plane, where the cones Gt(ω) are
just sectors containing the first orthant. ��

Let us define the set

ΓT
1 :=

{
ξ ∈ L∞(R2, F0

)
: EξZ1 ≤ 0 ∀Z ∈ MT

1

(
G∗ \ {0}

)}
.

Proposition 3.2.16 Suppose that (Gt)0≤t≤T satisfies the NAw-property.
Then:

(a) we have the inclusion ΓT
1 ⊆ AT

1 ;
(b) if ξ ∈ ΓT

1 is such that EξZ1 < 0 for all Z ∈ MT
1 (G∗ \ {0}), then there is

ε ∈ L0(R2
+, FT ), ε = 0, such that ξ + ε ∈ AT

1 .

The above proposition plays a crucial role. It makes easy the induction step
on the length of the time interval for the implication (A) ⇒ (C). Reciprocally,
the NAw-criterion permits us to prove the induction step for this proposition.
Let TN and PN denote the assertions of Theorem 3.2.15 and Proposition 3.2.16
for the N -step model. Symbolically, the arguments can be chained in the
following way:

(1) (TN , PN+1) ⇒ TN+1,
(2) (TN+1, PN+1) ⇒ PN+2.

Proof of the implication (TN , PN+1) ⇒ TN+1.
So, let NAw hold for the (N +1)-step model. We are looking for a martin-

gale Z ∈ MN+1
0 (G∗ \ {0}). By the induction hypothesis we know that there is

Z0 ∈ MN+1
1 (G∗ \ {0}). We want to show that there is an element of the lat-

ter set which can be extended one step backward as a martingale with initial
value in G∗

0 \ {0}.
Case 1. For any nonnull set Γ ∈ F0, there is ZΓ ∈ MN+1

1 (G∗ \ {0})
such that the intersection Γ ∩ {E(ZΓ

1 | F0) ∈ G∗
0} is nonnull. By Lemma 2.1.3

we can find at most countable family of sets Δi := {E(ZΓi
1 | F0) ∈ G∗

0}
the union of which is of full measure. Normalizing, we may assume that
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E|ZΓi

N+1| = 1. It is easily seen that Zt :=
∑

i 2−iIΔiE(ZΓi

N+1| Ft) is an element
of MN+1

0 (G∗ \ {0}).
Case 2. There is a nonnull set Γ ∈ F0 such that Γ ∩ {E(Z1| F0) ∈ G∗

0}
is a null set whatever is Z ∈ MN+1

1 (G∗ \ {0}). The arguments below exclude
this case.

Let gi, i = 1, 2, be the random vectors of unit length generating the bound-
ary rays of the sector G0, and let

g := g1IH1 + g2IH2\H1

where Hi := {giE(Z0
1 | F0) < 0}. Since
{
E
(
Z0

1 | F0

)
/∈ G∗

0

}
= H1 ∪ H2,

we have gE(Z0
1 | F0) < 0 on Γ (a.s.). Moreover, gE(Z1| F0) < 0 on Γ (a.s.)

whatever is Z ∈ MN+1
1 (G∗ \ {0}). The latter assertion holds because, in the op-

posite case, we could find in Γ a nonnull subset Γ ′ ∈ F0 and
Y ∈ MN+1

1 (G∗ \ {0}) such that gE(Y1| F0) ≥ 0 on Γ ′. It is easy to see that
there is a scalar F0-measurable random variable α ≥ 0 such that, on Γ ′,

αgE
(
Z0

1 | F0

)
+ gE(Y1| F0) = 0.

It follows that, for the process Z := αZ0 + Y from MN+1
1 (G∗ \ {0}), we have

on Γ ′ the equality gp = 0 where p := E(Z1| F0). But for the considered two-
dimensional model, this means that a.s. on Γ ′ the vector p(ω) with strictly
positive components belongs to one of two boundary rays of G∗

0(ω). This is
an apparent contradiction with the defining property of Γ .

Applying PN+1 with ξ := gIΓ , we infer that there exists a nontrivial
ε ∈ L0(R2

+, FN+1) such that gIΓ + ε ∈ ÂN+1
1 . Since gIΓ ∈ L0(G0, F0), this

contradicts to the NAw-property of GN+1
0 .

Proof of the implication (TN+1, PN+1) ⇒ PN+2.
(a) We shall prove that

ΓN+2
1 :=

{
ξ ∈ L∞(R2, F0

)
: EξZ1 ≤ 0 ∀Z ∈ MN+2

1

(
G∗ \ {0}

)}
⊆ AN+2

1 ,

assuming NAw for GN+2
1 and knowing already that the latter property is

equivalent to the existence of Z0 ∈ MN+2
1 (G∗ \ {0}) with |Z0

1 | = 1; moreover,
the claim holds for all shorter time ranges. Note that the existence of Z0

implies that in the definition of ΓN+2
1 we can replace the set MN+2

1 (G∗ \ {0})
by the larger set MN+2

1 (G∗) (due to the “regularization” Z +εZ0 with ε ↓ 0).
If subsets Ωi ∈ F1 form a finite partition of Ω, it is sufficient to establish

the result separately for each Ωi considered as a new model, with traces of
the filtration and probability on Ωi and random variables restricted to this
set (clearly, NAw is inherited for such restrictions of a cone-valued process).

We apply this remark (frequent in proofs of NA criteria) to the subsets
Ω1 := {ξ /∈ −G1} and Ω2 := Ωc

1. For Ω2, the claim is trivial. Therefore, we
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may assume without loss of generality that Ω1 = Ω, i.e., ξη > 0 for some
η ∈ L0(G∗

1, F1), and normalizing, that |ξ| = 1 and |η| = 1.
Moreover, we need to investigate only the case where there exists a process

Z̃ ∈ MN+2
2 (G∗ \ {0}) such that EξZ̃2 > 0 (otherwise, ξ ∈ AN+2

2 by the
induction hypothesis, and there is nothing to prove because AN+2

2 is a part
of AN+2

1 ).
The intersection Θ of the set Θ1 := {ξE(Z̃2| F1) > 0} (of positive prob-

ability) with Θ2 := {E(Z̃2| F1) ∈ G∗
1} is a null set. Indeed, in the opposite

case we would have the inequality EξZ1 > 0 for the process Z ∈ MN+2
1 (G∗)

with Zt := IΘE(Z̃N+2| Ft), which is impossible in virtue of the remark at the
beginning of the proof.

Thus, neglecting a null set, we may assume that Θ1 ⊆ Θc
2 and, normalizing,

that |E(Z̃2| F1)| = 1 on the set Θc
2 = {E(Z̃2| F1) /∈ G∗

1}.
The following elementary geometric fact is obvious:
if x1, x2, x3 are unit vectors in R2

+ with yx1 ≥ 0, yx2 ≥ 0, yx3 ≤ 0, and
yx1 ≥ yx2 for some vector y, then x2 is a conic combination of x1 and x3.

Recalling that ξZ0
1 ≤ 0, we obtain from this observation that on the set

Θ1 ∩ {ξη > ξE(Z̃2| F1)} the random vector E(Z̃2| F1) lies between η and Z0
1 ,

i.e., takes values in G∗
1.

Thus, by the above, Θ1 ⊆ {ξη ≤ ξE(Z̃2| F1)} (a.s.). Using again the men-
tioned geometric fact, we get that there are nonnegative F1-measurable coeffi-
cients α and β such that η = αE(Z̃2| F1)+βZ0

1 on Θ1. It follows that EξZ ′
1 > 0

for the process Z ′ ∈ MN+2
1 (G∗) with Z ′

1 = ηIΘ1 and Z ′
t = (αZ̃2 + βZ0

t )IΘ1

for t ≥ 2. We get a contradiction that ξ ∈ ΓN+2
1 .

(b) Let ξ ∈ ΓN+2
1 be such that EξZ1 < 0 for every Z ∈ MN+2

1 (G∗ \ {0}).
Without loss of generality we shall assume that |ξ| = 1. By the above we know
that ξ ∈ AN+2

1 , i.e. ξ =
∑N+2

t=1 ζt with ζt ∈ −L0(Gt, Ft).
Let us consider three possible cases:
Case 1: The set {ξ ∈ −int G1} is nonnull. The assertion is obvious since

we can increase ξ on this set.
Case 2: The set Γ := {ξ ∈ int G1} is nonnull. Then ξ − θ ∈ L0(G1, F1} for

some θ ∈ L0(R2
+, F1) such that θ > 0 on Γ and θ = 0 outside. Since ξ ∈ AN+2

1 ,
we have that also θ ∈ AN+2

1 , in violation of the assumed NAw-property. So,
this case is impossible.

Case 3: Complementary to the previous ones. The components of ξ have
different signs, and ξη ≥ 0 for some η ∈ L0(G∗

1, F1) with |η| = 1.
We introduce the cone-valued process G̃N+2

1 with G̃1 = Rξ + R2
+ and

G̃t = Gt, t ≥ 2. Let us check whether NAw holds for G̃N+2
1 . If G̃N+2

1 satis-
fies NAw, there is a bounded Z̃ ∈ MN+2

1 (G̃∗ \ {0}). Let Z be an arbitrary
element from MN+2

1 (G∗ \ {0}). Then ξZ1 ≤ 0. Recalling that ξη ≥ 0 and
ξZ̃1 = 0 (by the definition of G̃1), we obtain using the main geometric fact
that Z̃1 takes values between the rays generated by Z1 and η. It follows that
Z̃1 ∈ L∞(G∗

1, F1). This means that Z̃ ∈ MN+1
1 (G∗ \ {0}) but ξZ̃1 = 0, which

is impossible.
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Thus, NAw does not hold for the process G̃N+2
1 , and, therefore, there exists

ε ∈ L0(R2
+, FN+2), ε = 0, such that

ε =
N+2∑
t=1

ξt, ξt ∈ −L0(G̃t, Ft).

By definition, ξ1 = −αξ − β, where β takes values in R2
+. Modifying, if

necessary, ε and ξ1 (by adding β), we may assume that ξ1 = −αξ, where α is a
scalar F0-measurable random variable. Moreover, we may assume without loss
of generality that all ξi are integrable (changing, eventually, the probability
measure) and α takes values −1, 0, 1.

Since GN+2
2 satisfies NAw, necessarily, εI{α=0} = 0. Take a bounded

process Z ∈ MN+2
2 (G∗ \ {0}) (existing by the induction hypothesis). Using

the martingale property of Z and the duality, we have

EεE(Z1| F0)I{α=−1} − EξE(Z1| F0)I{α=−1} = EI{α=−1}

N+2∑
t=2

ξtZt ≤ 0.

Since ξE(Z1| F0) ≤ 0, it follows that εE(Z1| F0)I{α=−1} ≤ 0 (a.s.) and, there-
fore, εI{α=−1} = 0. Thus, εI{α=1} = 0. On the set {α = 1} we have the
equality

ε = −ξ +
n+2∑
t=2

ξt.

It follows that ξ + εI{α=1} ∈ AN+2
1 , which is a required property of ξ. ��

3.2.4 Counterexamples

Example 1. A two-asset one-period model satisfying NAw for which A1
0 is

not closed. Let Ω = N, F = 2Ω , P (k) = 2−k, F0 = {∅, Ω}, F1 = F . Take
G0 = cone{2e2 − e1, e1 − e2} and G1 = cone{2e1 − e2, e2 − e1}. The vec-
tor e1 + e2 belongs to both G∗

0 and G∗
1, and, hence, the constant process

Z = e1 + e2 is an element of M1
0(G

∗ \ {0}). Let us check that the random
variable ξ with ξ(k) = k(e2 − e1) does not belong to the set A1

0 but lies in the
closure of the latter. Indeed, suppose that ξ = ξ0 + ξ1, where ξ0 ∈ −G0 and
ξ1 ∈ −L0(G1, F ). Since Zξ = 0, Zξ0 ≤ 0, and Zξ1 = 0, we have that
Zξ0 = 0. But this means that ξ0 = c(e2 − e1) with some c ≥ 0. It follows that
ξ1(k) = (k − c)(e2 − e1), and this vector cannot belong to G1 for k > c, in con-
tradiction with the assumption. On the other hand, ξ is the limit of a sequence
of random variables from A1

0, namely, ξn = ξn
0 +ξn

1 , where ξn
0 := n(e2 −e1) and

ξn
1 (k) := min{k − n, 0}(e2 − e1).

Example 2. A three-dimensional one-period model satisfying NAw for which
M1

0(G
∗ \ {0}) = ∅. The probabilistic setting is the same as in the previ-

ous example. Take G∗
0 = R+η, G∗

1 = cone{η1, η2}, where η = (3, 1, 1) and
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η1 = (4, 1, 1) are deterministic vectors in R3
+, while η2 is a random one with

η2(k) = (2, 1, 1 + 1/k).
Clearly, M1

0(G
∗ \ {0}) = ∅ because one cannot find random variables

α, β ≥ 0 to meet the conditions Eα = Eβ = 1/2 and Eβγ = 0, where
γ(k) = 1/k, needed to ensure the equality EZ1 = Z0.

Let ξ0 ∈ −G0 and ξ1 ∈ −L0(G1, F ) be such that ξ = ξ0 + ξ1 takes values
in R3

+. The latter condition implies that η1ξ ≥ 0. Since η1ξ1 ≤ 0, we have
η1ξ0 ≥ 0. In the same way we get that η2(k)ξ0 ≥ 0 whatever is k. But

η1ξ0 + lim
k

η2(k)ξ0 = 2ηξ0 ≤ 0,

and, therefore, both terms in the left-hand side are zero. So, η1ξ0 = 0. As a
result, η1ξ = η1ξ1 ≤ 0. With ξ taking values in R3

+, this is possible only when
ξ = 0 and NAw holds.

Thus, a straightforward generalization of Theorem 3.2.15 for an arbitrary
C-valued process fails to be true already in dimension three. However, the
above counterexample does not exclude that it holds in a narrower class of
financial models.
Example 3. A four-asset two-period model satisfying NAs for which
M2

0(G
∗ \ {0}) = ∅. The probability space is Ω = {−1, 0, 1, . . .}, F = 2Ω ,

P (k) = 2−k−2, F0 = { ∅, Ω}, F1 = F2 = F . We consider a C-valued process G

corresponding to K̂ of the financial model parameterized by the adapted
matrix-valued process Π = (Πt)t≤2 depending on the parameter a ∈ (1, 2)
and given as follows:

Π0 =

⎛
⎜⎜⎝

1 a a a
1 1 a a
a a 1 a
a a 1 1

⎞
⎟⎟⎠ ; Π1(−1) =

⎛
⎜⎜⎝

1 a a a
a 1 a a
a a 1 a
a a a 1

⎞
⎟⎟⎠ ;

Π1(0) =

⎛
⎜⎜⎝

1 1 1 1/2
1 1 1 1/2
1 1 1 1/2
2 2 2 1

⎞
⎟⎟⎠ ; Π1(k) =

⎛
⎜⎜⎝

1 k
1 k

k−1 1 a
k−1 1 1

⎞
⎟⎟⎠ , k ≥ 2;

the matrices Π1(1) and Π2(−1) are filled by units (this means the absence
of transaction costs); at last, for k ≥ 0, the nondiagonal elements of the
matrix Π2(k) are πij

2 (k) = 2k+2; the empty spaces can be filled by arbitrary
sufficiently large numbers (say, k) to avoid chains of transfers cheaper than
those already specified. Recall that the cone Gt is generated by the orths ei

and the vectors πij
t ei − ej .

Verification of the NAs
1-property. If ξ = ξ0 + ξ1 ∈ L0(G1, F1), where

ξ0 ∈ −G0 and ξ1 ∈ −L0(G1, F1), then ξ0 ∈ G1(−1), which is possible only if
ξ0 = 0: the scalar product of any nontrivial element of G1(−1) on the vector
1 = (1, 1, 1, 1) is strictly positive, while the scalar products of the elements of
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−G0 on the same vector are negative (i.e., the linear space orthogonal to 1
separates the cones G1(−1) and −G0). Thus, ξ = ξ1 ∈ L0(G0

1 , F0).
Verification of the NAs

2-property. Suppose that ξ = ξ0 +ξ1 +ξ2, where
ξt ∈ −L0(Gt, Ft) and ξ ∈ L0(G2, F2). Notice that 1ξ(1) ≥ 0 and 1ξt(1) ≤ 0
for t = 0, 1, 2. Therefore, 1ξt(1) = 0. This implies, in particular, that

ξ0 = α(e1 − e2) + β(e3 − e4), α, β ≥ 0.

Suppose that the coefficient β > 0. For the vector wk = (a, 1, k, ak), we have

wkξ0(k) = α(a − 1) − βk(a − 1) < 0

when k is large. This leads to a contradiction because wkξ1(k) ≤ 0 (since
wk ∈ G∗

1(k) as one can easily verify by multiplying wk by the generators of
G1(k)) and wkξ2(k) ≤ 0, while wkξ(k) ≥ 0 (since wk ∈ G∗

2(k)). Thus, β = 0.
For any k ≥ 1, the scalar product of the vector fk = (1, 1, k, k) with

ξ0 = α(e1 − e2) is zero; the scalar products of this vector with vectors from
G1(k) are positive and strictly positive with vectors from G2(k)\ {0}. It follows
that ξ0 + ξ1(k) + ξ2(k) = 0; the latter equality can be obtained also for k = 0
by the same arguments but with the vector f0 = (1, 1, 1, 1/2).

Finally, we have that the vector ξ(−1) = ξ0(−1) + ξ1(−1) + ξ2(−1) be-
longs to G2(−1). The vector ξ0 ∈ G0

2(−1). It follows that ξ1(−1) belongs to
G2(−1) and, by assumption, to −G1(−1); these two cones are separated by
the subspace orthogonal to 1, that is, by G0

2(−1). So, ξ1(−1) ∈ G0
2(−1). With

this, we conclude that ξ(−1) ∈ G0
2(−1) and, hence, ξ(−1) ∈ G0

2(−1).
Thus, A2

0 ∩ L0(G2, F2) ⊆ L0(G2, F2), i.e., the NAs
2-property holds.

Verification that M2
0(G

∗ \ {0}) = ∅. Recall that M2
0(G

∗ \ {0}) = ∅ if
and only if Ā2

0 ∩ L0(R4
+, F2). So, it is sufficient to construct an appropriate

sequence ξn = ξn
0 + ξn

1 + ξn
2 convergent to ξ ∈ L0(R4

+, F2), ξ = 0: this will
inform us also that A2

0 = Ā2
0.

We put

ξn
0 = N(e1 − e2) + (e3 − e4),

ξn
1 (k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, k = −1,

−N(e1 − e2) − ( 1
2e3 − e4), k = 0,

−N(e1 − e2) − (e3 − e4), k = 1,

− N
k (ke1 − e4) − N( 1

ke3 − e2) − (N
k − 1)(e4 − e3), 2 ≤ k ≤ N,

− N
k (ke1 − e4) − N( 1

ke3 − e2) − N
k (e4 − e3), 2 ≤ k > N,

ξn
2 (k) =

{
−ξn

0 , k = −1,

0, k ≥ 0.
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It is tedious but elementary exercise to verify that ξn
t ∈ L0(Gt, Ft) and

ξn = ξn
0 + ξn

1 + ξn
2 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, k = −1,
1
2e3, k = 0,

0, 1 ≤ k ≤ N,

e3 − e4, k > N.

Thus, ξn is a required sequence.

3.2.5 A Complement: The Rásonyi Theorem

Unlike other proofs, the arguments used to establish the Grigoriev theorem
do not rely upon the closedness of the set AT

0 in L0 and a separation theorem
in an infinite-dimensional space. It was shown by Rásonyi that they can be
extended to get the following interesting result which can be considered as a
complement to Theorem 3.2.2.

Let G = (Gt) be an adapted cone-valued process, i.e., Gt(ω) are closed
cones in Rd, and the sets {(ω, x) : x ∈ Gt(ω)} are in Ft ⊗ B(Rd). Let

AT
0 := −

T∑
t=0

L0(Gt, Ft).

Suppose that G0
t := Gt ∩ (−Gt) = {0} or, equivalently, intG∗

t = ∅ for every
t (efficient friction condition in the context of financial modeling). In accor-
dance with our previous terminology, we say that the NAs-property holds if
At

0 ∩ L0(Gt, Ft) = {0} for t = 0, 1, . . . , T .

Theorem 3.2.17 Suppose that Gt+Gt+1 are closed cones for t = 0, . . . , T −1.
Then NAs ⇔ MT

0 (int G∗) = ∅.

Note that the condition of the theorem is fulfilled when the cones Gt are
polyhedral.

The proof of the result needs some prerequisites from finite-dimensional
convex analysis and measurable selections. Further information, in particular
on expectations of set-valued mappings, can be found in the Appendix 5.4.
To work comfortably, we assume that all σ-algebras here are complete.

1. If B is a closed convex set with intB = ∅, then B is a closure of intB
and, for any closed convex set A,

int A ∩ B = ∅ ⇐⇒ int (A ∩ B) = ∅.

If also int A = ∅, then

int A ∩ int B = int (A ∩ B).
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2. Let ω �→ K(ω) be a measurable mapping the values of which are non-
empty convex closed subsets of Rd. Then the mapping ω �→ int K(ω) is also
measurable.

Suppose that the values of K are closed convex cones. Let ω �→ K1(ω) be
another measurable mapping the values of which are nonempty open subsets
of Rd and such that K ∩ K1 = ∅ on a set Γ . Then K and K1 can be separated
on Γ in a measurable way, i.e., there is ξ ∈ L0(Rd, F ) with ξ = ξIΓ such that
sup ηξ ≤ 0 for every η ∈ L0(K, F ) and ζξ > 0 on Γ for every ζ in L0(K1, F ).

3. Let ω �→ C(ω) be a measurable mapping the values of which are closed
convex subsets of the unit ball Ō1(0) in Rd. Let G be a sub-σ-algebra of F .
There exists a G-measurable mapping, denoted E(C| G), the values of which
are closed convex subsets of the unit ball and such that

L0
(
E(C| G), G

)
=
{
E(η| G) : η ∈ L0(C, F )

}
.

Lemma 3.2.18 Suppose that 0 ∈ C and int C = ∅ (a.s.). Then
{
E(η| G) : η ∈ L0(int C, F )

}
⊆
{
L0
(
int E(C| G), G

)}
⊆
{
E(η| G) : η ∈ L0(2 int C, F )

}
.

The first inclusion implies that int E(C| G) = ∅ (a.s.).

Proof. Let η ∈ L0(int C, F ). Then ρ := 2dist (η, ∂C) is a strictly positive
random variable, and η+ρŌ1(0) ⊆ C. Hence, E(η| G)+E(ρ| G)Ō1(0) ⊆ E(C| G)
and E(η| G) ∈ L0(int E(C| G), G)}, i.e., the first inclusion holds.

To check the second inclusion, we fix an arbitrary ϑ0 ∈ L0(int C, F ) and
put ϑ̃0 := E(ϑ0| G). Let η ∈ L0(int E(C| G), G). Let ε denote the distance of η
from the boundary of E(C| G). It is a G-measurable random variable taking
values in ]0, 1]. We have η − εϑ̃0 ∈ E(C| G) and, by the definition of the set-
valued conditional expectation, η − εϑ̃0 = E(ϑ1| G) for some ϑ1 ∈ L0(C, F ).
Putting ϑ := ϑ1 + εϑ0, we get that η = E(ϑ| G). Since

ϑ = (1 + ε)
[

1
(1 + ε)

ϑ1 +
ε

(1 + ε)
ϑ0

]

and the expression in the square bracket defines an element from L0(int C), the
random variable ϑ is a selector of the set (1 + ε)int C. The latter is contained
in the set 2 intC due to the assumption 0 ∈ C, which we use only here. ��

Proof of Theorem 3.2.17. We need to establish only the “difficult” implication
(⇒). To this aim define by backward induction the adapted set-valued process
C = (Ct) with CT := G∗

T ∩ Ō1(0) and Ct := E(Ct+1| Ft) ∩ G∗
t for t ≤ T − 1.

In the case where all (Ft-measurable) random sets intCt = ∅, the needed
martingale is Z = ZT , where ZT is obtained by the following procedure.
Take an arbitrary Z0

0 ∈ L0(int C0, F0). Suppose that we already
constructed Zt ∈ Mt

0(int C). In virtue of Lemma 3.2.18, for the element
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Zt
t ∈ L0(int Ct, Ft), we can find η ∈ L0(2 int Ct+1, Ft+1) such that

Zt
t = E(η| Ft). The process Zt+1 := 1

2 (Zt
0, . . . , Z

t
t , η) is an element

of Mt+1
0 (int C).

So, the theorem will be proven if we show that NAs implies that int Ct = ∅
for all t. Suppose that this is not the case and there is s such that intCt = ∅
for every t ≥ s + 1, but intCs = ∅ on a nonnull set Γs ∈ Fs; note that
s ≤ T − 1 as int CT = ∅. Since intCs = int

(
E(Cs+1| Fs) ∩ G∗

s

)
= ∅ on Γs and,

by assumption, intG∗
s = ∅, one can separate int E(Cs+1| F0) and G∗

s on Γs in
an Fs-measurable way, that is, to find ξ ∈ L0(Rd, Fs) vanishing outside Γs

and such that ηξ ≤ 0 for every η ∈ L0(G∗
s , Fs) (therefore, ξ ∈ −L0(Gs, Fs))

and ζξ > 0 on Γs for any selector ζ of int E(Cs+1| F1). According to the lemma
below, this contradicts to NAs. ��

Lemma 3.2.19 Assume that int Ct = ∅ for t ≥ s + 1. Suppose that there
exists ξ ∈ AT

s such that ζξ ≥ 0 whatever is ζ ∈ L0(int E(Cs+1| Fs), Fs) and
this inequality is strict on a nonnull set (hence, ξ = 0). Then NAs fails.

Proof. If s = T − 1, then ξ is a weak arbitrage opportunity already for AT
T −1.

Indeed, let B := {ξ /∈ GT } be a nonnull set. Then one can find ν ∈ L0(G∗
T , FT )

with |ν| ≤ 1 such that νξ < 0 on B. Thus,

E(νIB | FT −1)ξ = E(νξIB | FT −1) ≤ 0,

and the inequality is strict on a nonnull set. This contradicts to the assump-
tion of the lemma that the inequality ζξ ≥ 0 holds for all random vectors
ζ ∈ L0(E(CT | FT −1), FT −1). Hence, ξ are in GT , and NAs fails to be true.

Going backward, let us establish the assertion for an arbitrary s assuming
that it holds for s+1, . . . , T − 1. Since the behavior before s does not matter,
we may assume for the notational convenience that s = 0 and also that the
cone G0 = −Rξ, i.e., G∗

0 = {y : yξ ≤ 0}. Consider the partition of Ω into the
following three F1-measurable subsets:

Ω1 :=
{
int E(C2| F1) ∩ int G∗

1 ∩ G∗
0 = ∅

}
,

Ω2 :=
{
int E(C2| F1) ∩ G∗

1 ∩ G∗
0 = ∅

}
∩
{
int E(C2| F1) ∩ G∗

1 ∩ G∗
0 ⊆ ∂G∗

1

}
,

Ω3 :=
{
int E(C2| F1) ∩ G∗

1 ∩ G∗
0 = ∅

}
.

Suppose that P (Ω1) > 0. On Ω1, the intersection of int (E(C2| F1) ∩ G∗
1)

and int G∗
0 is nonempty, and hence C1 ∩ {y : yξ < 0} = ∅. Let ν be a selector

of the latter set extended by zero outside Ω1. Then η := E(ν| F0) belongs
to E(C1| F0), and ηξ ≤ 0 with the strict inequality on a nonnull set. This
contradiction with the hypothesis of the lemma means that P (Ω1) = 0.

Suppose now that P (Ω2) > 0. Put H := ∂G∗
0 = {y : yξ = 0}. Note that

the assumption of the lemma implies that (a.s.)

int E(C2| F1) ∩ G∗
1 ∩ G∗

0 = int E(C2| F1) ∩ G∗
1 ∩ H.

Indeed, on the subset of Ω where the left-hand side is empty, this identity is
obvious. On the complementary subset,
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int E(C2| F1) ∩ G∗
1 ∩ int G∗

0 = ∅,

and, hence, int (E(C2| F1) ∩ G∗
1) ∩ int G∗

0 = ∅, implying that C1 ∩ int G∗
0 = ∅.

Using this, we arrive at a contradiction by the same separation argument as
was done for the set Ω1.

Arguing with convex sets in the subspace H, we easily get that
{
int E(C2| F1) ∩ G∗

1 ∩ G∗
0 = ∅

}
∩
{
int G∗

1 ∩ H = ∅
}

=
{(

int E(C2| F1) ∩ H
)

∩ (G∗
1 ∩ H) = ∅, int G∗

1 ∩ H = ∅
}

⊆
{
int E(C2| F1) ∩ int G∗

1 ∩ H = ∅
}

⊆ Ω1.

It follows that Ω2 ∩ {int G∗
1 ∩ H = ∅ } = ∅. So, Ω2 is the union of two sets

Ω2 ∩ {G∗
1 ⊆ G∗

0} and Ω2 ∩ {G∗
1 ⊆ −G∗

0}. The first has zero probability because,
in virtue of the assumption of the lemma, the inclusion C1 ⊆ {y : yξ ≤ 0}
may hold only on a null-set. Thus, P (Ω2) = P (Ω2 ∩ {G∗

1 ⊆ −G∗
0}). This means

that ξ ∈ G1 on Ω2. If P (Ω2) = 1, then the NAs-property fails. It remains to
consider the case P (Ω2) < 1.

So, suppose that P (Ω3) > 0. In this case we can separate intE(C2| F1)
and G∗

1 ∩ G∗
0 on Ω3, i.e., find an F1-measurable random vector ν = IΩ3ν equal

to zero outside Ω3 and such that νζ > 0 for any ζ ∈ L0(int E(C2| F1), F1) on
Ω3 and νζ ≤ 0 for any ζ ∈ L0(G∗

1 ∩ G∗
0, F1). Since (G∗

1 ∩ G∗
0)

∗ = G0 + G1

in virtue of the assumption on closedness of G0 + G1, the second property
means that ν = αξ − ξ1, where α ∈ L0(R+, F1) and ξ1 ∈ L0(G1, F1). If α > 0
on Ω3, we can divide the identity by α and claim the existence of ν with the
above properties having the form ν = ξ − ξ1. In this case, ν ∈ A1

0, and by
the induction hypothesis NAs fails. If Ω̃3 := {α = 0} ∩ Ω3 is a nonnull set,
we arrive at the same conclusion by applying the induction hypothesis with
ν = ξ1IΩ̃3

. ��

3.2.6 Arbitrage Opportunities of the Second Kind

On some markets satisfying the NAw-property, it may happen that an investor
with an initial endowment outside the solvency cone may run a portfolio to
get rid of debts for sure. As the following example shows, sometimes it is
sufficient just to wait.
Example. Let us consider the two-asset model with S1

0 = S2
0 = 1, where

the first asset is the numéraire, i.e., S1
1 = 1, while S2

1 takes values 1 + ε and
1 − ε > 0 with probabilities 1/2. The filtration is generated by S. Suppose
that K∗

0 is the cone generated by the vectors (1, 2) and (1, 1/2) and that
K∗

1 = R+1, i.e., there are no transaction costs at the date T = 1. Then K̂∗
1

is the ray generated by the vector S1. The process Z with Z0 = (1, 1) and
Z1 = S1 is a strictly consistent price system, so the NAw-property holds. Let v
be a point from the dual C of the cone generated by the vectors (1, 1 + ε)
and (1, 1 − ε). It lies in the solvency cone K̂1 a.s. But for ε ∈ ]0, 1/2[, this
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dual C is strictly larger than the solvency cone K̂0 = K0. The investor having
v ∈ C \ K0 as the initial endowment became solvent at time T = 1, though
he was not solvent at the date zero. Clearly, we can modify the model by
introducing small transaction costs at time T = 1 to get the same conclusion
for a model with efficient friction.

We say that the model G admits arbitrage opportunities of the second kind
if there exist s ≤ T − 1 and an Fs-measurable d-dimensional random variable
for which Γ := {ξ /∈ Gs} is not a null-set and such that

(
ξ + AT

s

)
∩ L0(GT , FT ) = ∅,

i.e., ξ = ξs + · · · + ξT for some ξt ∈ L0(Gt, Ft), s ≤ t ≤ T . If such ξ does
exist, then, in the financial context where G = K̂, an investor having IΓ ξ as
the initial endowments at time s may use the strategy (IΓ ξt)t≥s and get rid
of all debts at time T .

So, the model has no arbitrage opportunities of the second kind (abbre-
viation: has the NA2-property) if, for every date s and for ξ ∈ L0(Rd, Fs),
the intersection (ξ + AT

s ) ∩ L0(GT , FT ) is nonempty only if ξ ∈ L0(Gs, Fs).
Alternatively, the NA2-property can be expressed in the following way:

L0
(
Rd, Fs

)
∩
(

−AT
s

)
= L0(Gs, Fs) ∀s ≤ T.

Note that in the original paper by Rásonyi the NA2-property was called the
no sure gain in liquidation value property (NGV) or, in earlier version, no sure
profits property with the abbreviation NSP . We use the terminology consistent
with that developed in the theory of large financial markets, see [121].

Theorem 3.2.20 Suppose that the efficient friction condition is fulfilled and
Rd

+ ⊆ Gt for all t. Then the following conditions are equivalent:

(a) NA2;
(b) L0(Rd, Fs) ∩ L0(Gs+1, Fs+1) ⊆ L0(Gs, Fs) for all s = 0, . . . , T − 1;
(c) coneint E(G∗

s+1 ∩ Ō1(0)| Fs) ⊇ int G∗
s (a.s.) for all s = 0, . . . , T − 1;

(d) for all s ≤ T − 1 and η ∈ L1(int G∗
s, Fs), there is Z ∈ MT

s (intG∗) such
that Zs = η.

Proof. (a) ⇒ (b). It follows from the inclusions

L0(Gs+1, Fs) ⊆ L0(Gs+1, Fs+1) ⊆ −AT
s .

(b) ⇒ (c). Put Hs := coneint E(G∗
s+1 ∩ Ō1(0)| Fs). Suppose that for some

t ≤ T − 1, the set of Γ := {int G∗
t \ Ht = ∅ } has strictly positive probability.

The convex sets Ht(ω) \ {0} are open. Hence, Γ = {int G∗
t \ H̄t = ∅}. Using

measurable selection, we can find an Ft-measurable d-dimensional random
variable ζ = ζIΓ such that ζ ∈ int G∗

t \H̄t a.s. on the set Γ . By the measurable
version of the separation theorem, we find a d-dimensional random variable
ξ̃ = ξ̃IΓ satisfying the following two properties:
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(i) ξ̃η ≥ 0 for all η ∈ L0(H̄t, Ft);
(ii) ξ̃ζ < 0 a.s. on Γ .

Normalizing, we may assume that |ξ̃| = IΓ .
Property (i) implies that ξ̃ ∈ L0(Gt+1, Ft) (a.s.). Indeed, a random variable

ξ ∈ L1(Rd, Ft) takes values in Gt+1 if and only if EξE(η| Ft) ≥ 0 for every
η ∈ L0(G∗

t+1, Ft+1) with |η| ≤ 1. But the set of the conditional expectations
E(η| Ft) for such η coincides with the set L0(E(G∗

t+1 ∩ Ō1(0)| Ft), Ft).
Property (ii) means that ξ̃ does not take values in Gt on the set Γ of

strictly positive probability. The existence of such ξ̃ contradicts (b).
(c) ⇒ (d). Let Zt ∈ L1(G∗

t , Ft). Since{
(a, y) ∈ ]0, ∞[ × int E

(
G∗

t+1 ∩ Ō1(0)| Ft

)
(ω) : ay = Zt(ω)

}
= ∅ a.s.,

we get, using measurable selection, that Zt = αtYt, where αt ∈ L0(]0, ∞[, Ft)
and Yt ∈ L0(intE(G∗

t+1 ∩ Ō1(0)| Ft), Ft). By Lemma 3.2.18, Yt ∈ E(Z̃t+1| Ft)
for some Z̃t+1 ∈ L0(2 int(G∗

t+1 ∩ Ō1(0)), | Ft+1). Put Zt+1 := αtZ̃t+1. Then
E(|Z̃t+1| | Ft)) ≤ 2α < ∞ and E(Z̃t+1| Ft) = Zt. Since the process G∗ evolves
in Rd

+, we have that E(αtZ
i
t+1) = EZi

t < ∞, i.e., Zt+1 is integrable. Repeating
successively these arguments starting from Zs = η, we obtain a martingale
with the required property. Note that, without the assumption that Rd

+ ⊆ Gt,
by this construction we could obtain only a generalized martingale.

(d) ⇒ (a). Let us suppose that ξ ∈ L0(Rd, Fs) admits the representation
ξ = ξs + · · · + ξT with ξt ∈ L0(Gt, Ft), s ≤ t ≤ T , but the set Γ := {ξ /∈ Gs}
is of strictly positive probability. Without loss of generality we may assume
that ξ is bounded. For each ω ∈ Γ , one can find η(ω) ∈ int G∗

s(ω) such that
η(ω)ξ(ω) < 0. Using measurable selection, we can find η ∈ L0(int G∗

s, Fs)
such that the latter inequality holds a.s. Condition (d) ensures the existence
of Z ∈ MT

s (int G∗) such that Zs = η. Then EZT ξIΓ = EZsξIΓ < 0, and, in
virtue of Lemma 3.3.2 (next section),

EZT

T∑
t=s

ξtIΓ ≥ 0,

a contradiction. ��

Remark. As we could see, the criteria investigated in this chapter relate
certain properties of financial models with the existence of a consistent price
system, i.e., a martingale which is a selector of a set-valued process (for the
considered models, in the dual to the process of solvency cones in physical
units). It was observed by Rokhlin that the latter problem can be placed in
a more general framework of the martingale selection problem, which is not
only of mathematical but also of financial interest because it is useful also for
models with liquidity constraints. The martingale selection problem suggests
that there is a set-valued adapted process G = (Gt), and the question is
whether there exist a probability Q ∼ P and a Q-martingale Z ∈ M(G). For
the development in this direction, we refer to the papers [198, 199, 196, 197].
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3.3 Hedging of European Options

3.3.1 Hedging Theorem: Finite Ω

Let C be an Rd-valued FT -measurable random variable, interpreted as a
contingent claim of values of corresponding assets.

Our aim now is to describe the set of all initial endowments starting from
which one can “super-replicate,” in the sense of the partial ordering, the con-
tingent claim C by the terminal value of a self-financing portfolio.

The formal description of the convex set of hedging endowments (in values
or in physical units since we use a convention that all Si

0 = 1) is as follows:

Γ :=
{
v ∈ Rd : ∃B ∈ B such that v + V B

T �T C
}
.

It is easy to see that

Γ =
{
v ∈ Rd : Ĉ ∈ v + ÂT

0

}
.

We also introduce the closed convex set

D :=
{

v ∈ Rd : sup
Z

E(ZT Ĉ − Z0v) ≤ 0
}

=
⋂
Z

{
v ∈ Rd : Z0v ≥ EZT Ĉ

}
,

where Z runs over the set MT
0 (K̂∗ \ {0}) assumed to be nonempty. Having in

mind the approximation of ZT by Ze
T := (1 − ε)ZT +εZ̃T , where Z̃ belongs to

MT
0 (K̂∗ \ {0}), we can, of course, take above the supremum over Z ∈ MT

0 (K̂∗).

Theorem 3.3.1 Let Ω be finite, and let MT
0 (K̂∗ \ {0}) = ∅. Then Γ = D.

Proof. Take ξ =
∑T

t=0 ξt with ξt ∈ −L0(K̂t, Ft). For any Z ∈ MT
0 (K̂∗ \ {0}),

we have

EZT Ĉ ≤ EZT

(
v +

T∑
t=0

ξt

)
= Z0v +

T∑
t=0

EZtξt ≤ Z0v,

and the “easy” inclusion Γ ⊆ D holds.
Take now v /∈ Γ . To show that v /∈ D, it is sufficient to find Z ∈ MT

0 (K̂∗)
with Z0v < EZT Ĉ. Since Ĉ /∈ v + ÂT

0 and the latter set, being a shift of
a polyhedral cone, is closed, the separation theorem for a finite-dimensional
space implies that

sup
ξ∈v+ÂT

0

Eηξ < EηĈ (3.3.1)

for some d-dimensional random variable η. Define the martingale
Zt := E(η| Ft). It follows that EZtξt ≥ 0 for all ξt ∈ L0(K̂t, Ft), implying
that Z ∈ MT

0 (K̂∗). Taking in (3.3.1) ξ = v and using the martingale prop-
erty, we get the desired inequality EZ0v < EηĈ. ��
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Financial interpretation. We want to attract the reader’s attention to the
financial interpretation of the obtained result and the role of consistent price
systems. The theorem asserts that a contingent claim Ĉ (in physical units) can
be super-replicated starting from an initial endowment v by a self-financing
portfolio if and only if the “value” Z0v of this initial endowment is not less
than the expected “value” of the contingent claim EZT Ĉ, whatever is the
consistent price system Z (we write “value” in quotation marks to emphasize
its particular meaning in the present context). In other words, consistent price
systems allow the option seller to relate benefits from possessing v at time
t = 0 and the liabilities Ĉ at time t = T and provide information whether
there is a portfolio ending up on the safe side.

3.3.2 Hedging Theorem: Discrete Time, Arbitrary Ω

Now we present a hedging result extending the Theorem 3.3.1 to the case of
arbitrary Ω. There is no need to change the definition of the set of Γ of initial
endowments from which one can start a portfolio process the terminal values
of which dominate the contingent claim. However, its dual description, that
is, the definition of the set D requires some precautions needed to ensure the
existence of expectations involved. Moreover, the techniques used requires the
closedness of the set of replicable claims. That is why we shall assume that
the set MT

0 (ri G∗) is nonempty.
We present the result in the abstract setting of the C-valued process G

dominating the constant process Rd
+; as we can indicated earlier, such a set-

ting is not only more mathematically transparent but covers various financial
models with proportional transaction costs besides our basic one.

So, we fix a d-dimensional random variable ζ (which corresponds in finan-
cial context to Ĉ, the contingent claim expressed in physical units). Define
the set

Γ =
{
v ∈ Rd : ζ ∈ v + AT

0

}
.

Let Z be the set of martingales from MT
0 (ri G∗) such that E(ZT ζ)− < ∞.

Put
D :=

{
v ∈ Rd : sup

Z∈Z
E(ZT ζ − Z0v) ≤ 0

}
.

The following simple assertion is a key to understanding the role of the
integrability assumption involved in the definition of Z.

Lemma 3.3.2 Let Z be an Rd-valued martingale, and let ΣT := ZT

∑T
s=0 ξs,

where ξs ∈ L0(Rd, Fs) are such that Zsξs ≤ 0. If EΣ−
T < ∞, then all products

Zsξs are integrable, ΣT is integrable, and EΣT ≤ 0.

Proof. For T = 0, there is nothing to prove. Assume that the claim is true for
T − 1. Clearly,

ZT

T −1∑
s=0

ξs ≥ −Σ−
T − ZT ξT ≥ −Σ−

T .
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By conditioning the resulting inequality we get that

ZT −1

T −1∑
s=0

ξs ≥ −E(Σ−
T | FT −1).

Since the left-hand side is ΣT −1, we have the bound Σ−
T −1 ≤ E(Σ−

T | FT −1),
implying that EΣ−

T −1 ≤ EΣ−
T < ∞. By the induction hypothesis, ΣT −1 is

integrable, and EΣT −1 ≤ 0. We have the same properties for ΣT because
ZT ξT ≤ 0. ��

Theorem 3.3.3 Suppose that MT
0 (ri G∗) = ∅. Then Γ = D.

Proof. The arguments follow the same line as in the proof of Theorem 3.3.1.
The inclusion Γ ⊆ D is clear: if ζ = v +

∑T
s=0 ξs with ξs ∈ −L0(Gs, Fs), then

EZT ζ ≤ Z0v for any martingale from Z in virtue of the above lemma.
To check the opposite inclusion, we take a point v /∈ Γ and show that

v /∈ D. It is sufficient to find Z ∈ Z such that Z0v < EZT ζ. Consider a
measure P̃ ∼ P with bounded density ρ such that ζ ∈ L1(P̃ ). The convex set
Ã1 := AT

0 ∩ L1(P̃ ) is closed and does not contain the point ζ − v and, hence,
can be separated from the latter by a functional η from L∞. This means that

sup
ξ∈Ã1

Eρηξ < Eηρ(ζ − v).

The bounded martingale E(ρη| Ft) satisfies the needed inequality and belongs
to MT

0 (G∗). Adding to it the martingale εZ̃ where Z̃ ∈ MT
0 (ri G∗) and taking

ε > 0 small enough, we get Z with all needed properties. ��

3.4 Hedging of American Options

3.4.1 American Options: Finite Ω

We consider again the abstract setting where the model is given C-valued
process G = (Gt), t = 0, 1, . . . , T , dominating the constant process Rd

+. Recall
that a particular case of this setting serves as a model of financial market with
transactions costs specified in the “hat” terms, i.e., the assets are counted in
physical units. The pay-off process Y = (Yt) is now Rd-valued. Our aim is to
describe the set Γ = Γ (Y ) of all v ∈ Rd such that there is a portfolio process
X = (Xt) starting from zero for which v + Xt ≥Gt Yt, i.e., the process v + X
dominates Y in the sense of partial orderings generated by G. More formally,
we denote by X 0 the set of X = (Xt) with X−1 = 0 and ΔXt ∈ −L0(Gt, Ft)
for t = 0, 1, . . . , T and put

Γ :=
{
v ∈ Rd : ∃X ∈ X 0 such that v + Xt − Yt ∈ Gt, t = 0, 1, . . . , T

}
.
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We also introduce the set AT
0 (.) of hedgeable American claims consisting of

all processes Y which can be dominated, in the above sense, by a portfolio
process with zero initial capital. Clearly, if Y ∈ AT

0 (.), then Yt ∈ At
0 for all

t ≥ 0. Note that the adapted processes can be viewed as measurable functions
on the measure space (Ω̃, F̃ , PN ), where Ω̃ = Ω × {0, 1, . . . , T }, the σ-algebra
F̃ is generated by the adapted processes themselves,1 and dPN = dPdN with
N the counting measure on integers (i.e., N({t}) = 1). The averaging with
respect to PN will be denoted by EN .

By analogy with the result available for frictionless market (Proposi-
tion 2.1.14) and having in mind just established hedging theorems for Euro-
pean-type options under transaction costs, one may guess that, at least for
the case of finite Ω,

Γ =
{
v ∈ Rd : Z0v ≥ EZτYτ ∀Z ∈ M(G∗), τ ∈ T

}
. (3.4.1)

Surprisingly, in general, this equality, as we show later, fails to be true. To
formulate the correct result, we introduce the notation

Z̄t :=
T∑

r=t

E(Zr | Ft)

and define the set of adapted bounded processes

Z(G∗, P ) :=
{
Z : Zt, Z̄t ∈ L∞(G∗

t , Ft), t = 0, 1, . . . , T
}
.

Clearly, all bounded martingales from M(G∗, P ) belong to Z(G∗, P ).

Theorem 3.4.1 Suppose that Ω is finite. Then

Γ =
{
v ∈ Rd : Z̄0v ≥ ENZY ∀Z ∈ Z(G∗, P )

}
. (3.4.2)

Proof. The inclusion ⊆ is easy. Indeed, let v ∈ Γ , and let X be a value process
which dominates Y − v. Then, for Z ∈ Z(G∗, P ), we have

ENZY =
T∑

t=0

EZtYt ≤
T∑

t=0

EZt(v + Xt) = Z̄0v +
T∑

t=0

EZtXt ≤ Z̄0v

since
T∑

t=0

EZtXt =
T∑

t=0

t∑
r=0

EZtΔXr =
T∑

t=0

E

(
T∑

r=t

Zr

)
ΔXt =

T∑
t=0

EZ̄tΔXt ≤ 0

because ΔXt and Z̄t take values in −Gt and G∗
t , respectively.

To prove the reverse inclusion, we follow the usual pattern. Suppose that
v /∈ Γ , i.e., Y − v does not belong to the closed convex cone AT

0 (.) in the
finite-dimensional Euclidean space L2(Rd; Ω̃, F̃ , PN ). The separation theorem
provides us an element Z from this space (which is simply an adapted process)
1 That is, F̃ is the discrete-time analogue of the optional σ-algebra of the general
theory of processes.
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such that
sup

X∈AT
0 (.)

ENZX < ENZ(Y − v). (3.4.3)

Since AT
0 (.) is a cone, the supremum is zero. Thus, for every X ∈ AT

0 (.),

T∑
t=0

EZtXt ≤ 0,

T∑
t=0

EZ̄tΔXt ≤ 0 (3.4.4)

(the left-hand sides of these equalities are the same according to the above cal-
culation). It follows that EZtξ ≤ 0 and EZ̄tξ ≤ 0 whatever is ξ ∈ −L0(Gt, Ft).
Therefore, Z ∈ Z(G∗, P ). As ENZ(Y − v) > 0, the point v does not belong
to the set in the right-hand side of (3.4.2), and we conclude. ��

Remark. It is easy to see that the hedging theorem for American options
remains true if we replace the counting measure by an arbitrary probability
measure ν on the set {0, 1, . . . , T } with ν({t}) > 0 for all t = 0, 1, . . . , T . Of
course, Z̄t should be replaced by

Z̄ν
t =

T∑
r=t

E(Zr | Ft)ν
(

{r}
)

=
∫

[t,T ]

E(Zr | Ft)ν(dr).

This gives a hint to the corresponding result in the continuous-time setting.
Financial interpretation. As we shall see below, even in a very simple
discrete-time model, consistent price systems form a class which is too narrow
to evaluate American claims correctly. The phenomenon appears because one
cannot prohibit the option buyer to toss a coin and take a decision to exercise
the option at time t or not, in dependence of the outcome. It happens that
the expected “value” of an American claim is the mathematical expectation
of the weighted average of “values” of assets obtained by the option holder for
a variety of exercise dates. This expected “value” should be compared with
the “value” of the initial endowment. The main question is what is the class of
price systems which should be involved to calculate “values” to be compared.
The above theorem shows that the comparison can be done with the systems
for which the expected weighted average of future prices knowing the past is
again a price system. The structure of such price systems is coherent with the
option buyer actions. We shall call them coherent price systems and use the
abbreviation CoPS.

3.4.2 American Options: Arbitrary Ω

Assuming a condition which guarantees the closedness of AT
0 (.) (see Proposi-

tion 3.4.3 below), we can easily establish the following result, which holds for
an arbitrary probability space.
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Theorem 3.4.2 Suppose that NAr-property holds. Then

Γ =
{
v ∈ Rd : Z̄0v ≥ ENZY ∀Z ∈ Z(G∗, P ) with EN |ZY | < ∞

}
. (3.4.5)

Proof. The arguments to establish the inclusion ⊆ remain the same as in the
previous theorem. To check the opposite inclusion, take an arbitrary v /∈ Γ .
So, Y − v /∈ AT

0 (.). Choose an auxiliary probability measure P̃ such that the
density process ρ = (ρt)t≤T is bounded and ẼN |Y | < ∞. Now Y −v ∈ L1(P̃N )
and does not belong to the closed convex cone AT

0 (.) ∩ L1(P̃N ). Let Z̃ denote
the separating functional. The bounded process Z := ρZ̃ satisfies (3.4.3) and
(3.4.4), and we conclude exactly in the same way as above. ��

Proposition 3.4.3 If NAr-property holds, then the set AT
0 (.) is closed in

L0(PN ).

Proof. We know already that the claim holds for the one-step model. Arguing
by induction, we suppose that it is true for T −1. Let us consider a sequence of
processes Y n ∈ AT

0 (.) converging to some Y . By definition, there is a sequence
of portfolio processes Xn (i.e., with ΔXn

t ∈ −Gt) such that Xn
t − Y n

t ∈ Gt.
By the standard reduction it is sufficient to consider the following two cases.

The first, easy, case: Xn
0 converges to a limit X0 ∈ L0(−G0, F0). It follows

that X0 − Y0 ∈ L0(G0, F0). The process Ỹ n
t := Y n

t − ΔXn
0 , t ≥ 1, is an

element of AT
1 (.). By the induction hypothesis, the limit of the sequence of

processes Ỹ n belongs to AT
1 (.). This means that X̃t − Ỹt ∈ L0(Gt, Ft) for

some portfolio process defined for t ≥ 1. Put Xt := X̃t + X0 for t ≥ 1. Then
X = (Xt)t≥0 is a portfolio process dominating Y on the whole time range,
and, hence, Y ∈ AT

0 (.).
The second case: |Xn

0 | diverges to infinity. Using the lemma on subse-
quences, we can assume that Xn

0 /|Xn
0 | converges to an element X̃0 from

L0(G0
0, F0), where G0 := G0 ∩ (−G0). By the induction hypothesis, the set

AT
1 (.) is closed. We get from here that the constant process −X̃0 is an ele-

ment of AT
1 (.), and, hence, the zero process is an element of AT

0 (.) dominated
by some process X̃ with |X̃0| = 1. The domination property means that
X̃t =

∑t
r=0 ΔX̃r takes values in Gt for each t ≥ 0. Recalling that the equality

t−1∑
r=0

ΔX̃r + (ΔX̃t − X̃t) = 0

is fulfilled only if the summands are elements of the corresponding linear
spaces L0(G0

r, Fr) (see Lemma 3.2.12), we obtain that ΔX̃t and X̃t belong
to L0(G0

t , Ft) for every t ≥ 0. The existence of such a process allows us to
make a step of the Gauss-type elimination algorithm to diminish the number
of nonzero components of Xn

0 , and we accomplish the proof in the same way
as in Lemma 3.2.8. ��
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3.4.3 Complementary Results and Comments

Now we examine the question under which condition on the market the iden-
tity Γ (Y ) = D(Y ) holds for every pay-off process Y ; here D(Y ) is the set in
the right-hand side of (3.4.1).

Put
ct(x) := inf{λ ∈ R : λe1 − x ∈ Gt}, x ∈ Rd.

In financial context, ct(x) is the number of units of the first asset needed to
acquire, at date t, the portfolio x; if the first asset is the numéraire, ct(x) is a
constitutional value of x.

Proposition 3.4.4 Let T ≥ 1. Suppose that there is x ∈ Rd such that the
following two conditions are fulfilled:

(i) if y − c0(x)e1 ∈ G0
0, then either y − x ∈ G0

0 or P (y − x ∈ G1) < 1;
(ii) x − c0(x)e1 /∈ G0.

Then there exists Y = (Yt) such that Γ (Y ) = D(Y ).

Proof. The process Yt = c0(x)e1I{t=0} +xI{t>0} has the needed property. For
any Z ∈ M(G∗) and an arbitrary stopping time τ ≤ T , we have

E
(
ZτYτ − Z0c0(x)e1

)
= E
(
Zτx − Z0c0(x)e1

)
I{τ>0}

= Z0

(
x − c0(x)e1

)
P (τ > 0).

The right-hand side being negative, c0(x)e1 ∈ D(Y ). If c0(x)e1 ∈ Γ (Y ), there
is a portfolio process X such that c0(x)e1 + X dominates Y . In particular,
X0 ∈ G0. But X0 = ΔX0 ∈ −G0. According to condition (i), we have two
possibilities. The first one: c0(x)e1 + X0 − x ∈ G0

0; then c0(x)e1 − x ∈ G0
0,

and this is impossible due to (ii). The second possibility is also impossible
because the domination property c0(x)e1 + X0 + ΔX1 − x ∈ G1 implies that
c0(x)e1 + X0 − x ∈ G1 (a.s.). Therefore, v /∈ Γ (Y ). ��

Remark. Note that always x − c0(x)e1 ∈ −G0. Thus, in the case G0
0 = {0},

condition (ii) holds for all x except x = c0(x)e1.
Example. Let us consider the two-dimensional model with T = 1, trivial
filtration,

Gt := {x : ptx ≥ 0, hx ≥ 0}, t = 0, 1,

pt = (1, 1 + λt), λ1 > λ0 ≥ 0, and h1 > h2 > 0. That is, Gt are sharpened
sectors containing the first quadrant; the upper boundary is taken to be com-
mon. For x = e2, condition (ii) holds obviously. Let y = c0(e2)e1, i.e., y is
the projection on the x-axis of the point y − x = c0(e2)e1 − e2 lying on the
intersection point of the lower boundary of G0 with the line parallel to the x-
axis and containing −e2; note that c1(e2) > 1. The lower boundary of G1 lies
above that of G0. Thus, y − x /∈ G1, condition (i) holds, and Γ (Y ) = D(Y ).
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3.5 Ramifications

3.5.1 Models with Incomplete Information

Models with transaction costs where the investor has an uncomplete (for ex-
ample, delayed) information not only necessitate important changes in the
description of value processes but also appropriate modifications of the main
concepts. In particular, one cannot work on the level of portfolio positions
represented by a point in Rd but has to remain on the primary level of the
investor’s decisions (orders), i.e., in the space of much higher dimension.
Example 1. Let us consider the barter market which is described by an
F-measurable conversion (“bid-ask”) process Π = (πij

t ) taking values in the
set of strictly positive d × d matrices such that πij

t πji
t ≥ 1. The entry πij

t

stands for the number of units of the ith asset needed to exchange, at time t,
for one unit of the jth asset. The above inequality means that exchanging
one unit of the ith asset for 1/πij

t units of the jth asset with simultaneous
exchange back of the latter quantity results in decrease of the ith position.

In the case of fully informed investor, the portfolio process is generated by
an F-adapted process (ηij

t ) with values in the set Md
+ of positive d×d matrices;

the entry ηij
t ≥ 0 is the investor’s order to increase the position j by ηij

t units
by converting a certain number of units of the ith asset. The investor has a
precise idea about this “certain number”: it is πij

t ηij
t . The situation is radically

different when the information available is given by a smaller filtration G, i.e.,
ηij

t is only Gt-measurable. The decrease of the ith asset implied by such an
order, being Ft-measurable, is unknown to the investor. However, one can
easily imagine a situation where the latter is willing to control the lower level
of investments in some assets in his portfolio. This can be done by using the
G-adapted order process (η̃ij

t ) with the element η̃ij
t representing the number

of units of the ith asset to be exchanged for the jth asset—the result of this
transaction yields an increase of the jth position in η̃ij

t /πij
t units, and, in

general, now this quantity is unknown to the investor at time t. Of course,
orders of both types, “to get” and “to send”, can be used simultaneously.
In other words, the investor’s orders form a G-adapted process [(ηij

t ), (η̃ij
t )]

taking values in the set of positive rectangular matrices Md×2d
+ = Md

+ × Md
+.

The dynamics of the portfolio processes is given by the formula

ΔV̂t = Δ̂B
1

t + Δ̂B
2

t , (3.5.1)

where the coordinates of Δ̂B
1

t and Δ̂B
2

t are

Δ̂B
1,i

t :=
d∑

j=1

[
ηji

t − πij
t ηij

t

]
,

Δ̂B
2,i

t :=
d∑

j=1

[
η̃ji

t /πji
t − η̃ij

t

]
.
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Let (eij) ∈ Md
+ be the matrix with all zero entries except the entry (i, j)

which is equal to unity. The union of the elementary orders [(eij), 0] and
[0, (eji)] forms a basis in Md×2d. The execution of the order [(eij), (eji)] (buy-
ing a unit of the jth asset in exchange for the ith asset and then exchanging
it back) leads to a certain loss in the ith position, while others remain un-
changed, i.e., ΔV̂ i

t ≤ 0, ΔV̂ j
t = 0, j = i. This observation will be used further,

in the analysis of the NAr-property.
Example 2. Let us turn back to our basic model which is defined by a
price process S = (St) (describing the evolution of prices of units of assets in
terms of some numéraire, e.g., the euro) and an Md

+-valued process Λ = (λij
t )

of transaction cost coefficients. This model admits a formulation in terms of
portfolio positions in physical units: one can introduce the matrix Π by setting

πij
t =
(
1 + λij

t

)
Sj

t /Si
t , 1 ≤ i, j ≤ d.

In the full information case the difference between two models is only in
parameterizations: one can introduce in the barter market “money” by taking
as the price process S an arbitrary one evolving in the duals to the solvency
cones and nonvanishing and defining λij

t from the above relations. On the other
hand, from the perspective of partial information, the setting based on price
quotes is more flexible and provides a wider range of possible generalizations.

Again, assume that the investor’s information is described by a smaller
filtration G, while S and Λ are F-adapted (note that these processes may be
adapted with respect to different filtrations).

In contrast to the barter market, the investor now may communicate orders
of four types: in addition to the orders (ηij

t ) and (η̃ij
t ), one can imagine also

similar orders, “to get” and “to send”, but expressed in units of the numéraire
and given by G-adapted matrix-valued processes (αij

t ) and (α̃ij
t ) with positive

components. The entry αij
t is the increment of value in the position j due to

diminishing the position i, while the entry α̃ij
t is a value of the ith asset

ordered to be exchanged for the jth asset.
The dynamics of value processes in such a model, in physical units, is given

by the formula
ΔV̂t = Δ̂B

1

t + Δ̂B
2

t + Δ̂B
3

t + Δ̂B
4

t , (3.5.2)

where Δ̂B
3,i

t := ΔB3,i
t /Si

t , Δ̂B
4,i

t := ΔB4,i
t /Si

t with

ΔB3,i
t :=

d∑
j=1

αji
t −

d∑
j=1

(
1 + λij

t

)
αij

t ,

ΔB4,i
t :=

d∑
j=1

α̃ji
t

1 + λji
t

−
d∑

j=1

α̃ij
t .

Of course, in this case the dynamics can be expressed also in values, that is,
in units of the numéraire (using the relation Xi = X̂iSi).
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Thus, in both cases the set of “results” (for portfolios with zero initial
endowments) consists of the d-dimensional random variables

ξ =
T∑

t=0

Ltζt, ζt ∈ Ot := L0
(
Md×m

+ , Gt

)
, (3.5.3)

where m is either 2d or 4d, and Lω,t : Md×m → Rd are linear operators such
that the mappings ω �→ Lω,t are measurable with respect to the σ-algebra Ft.
We shall denote this set by R̂T or, when needed, by R̂T (L) to show the
dependence on the defining operator-valued random process. As usual, we
define the set of hedgeable claims ÂT (L) := R̂T (L) − L0(Rd

+).
Let us associate with the random linear operator Lt (acting on elements

of Md×m) the linear operator Lt acting on Md×m-valued random variables,
Lt : L0(Md×m, Gt) → L0(Rd, Ft), by setting (Ltζ)(ω) = Lω,tζ(ω). With this
notation,

R̂T =
T∑

t=0

Lt(Ot).

Sometimes, it is convenient to view Md×m as the set of linear operators
defined by the corresponding matrices.

Unlike the case of frictionless market, the set RT , in general, is not closed
even for models with complete information: see Example 1 in Sect. 3.2.4,
where the set R̂1 = Â1 is not closed though the NAw-condition is satisfied.
However, similarly to the models with complete information, we have the
following result.

Proposition 3.5.1 The sets Lt(Ot) are closed in probability.

Proof. The arguments being standard, we only sketch them. In a slightly more
general setting, consider the sequence of random vectors ζn =

∑N
i=1 cn

i gi in
a finite-dimensional Euclidean space, where gi are G-measurable random vec-
tors, and cn

i ∈ L0
+(G). Let L be an F -measurable random linear operator.

Knowing that the sequence ξn = Lζn converges to ξ, we want to show that
ξ = Lζ for some ζ =

∑N
i=1 cigi. Supposing that the result holds for N − 1 (for

N = 1, it is obvious), we extend it to N . Indeed, it is easy to see, recalling, as
usual, the lemma on random subsequences, that we may assume without loss
of generality that all sequences cn

i converge to infinity and, moreover, the nor-
malized sequences c̃n

i := cn
i /|cn|, where |cn| is the sum of cn

i , converge to some
G-measurable random variables c̃i. For the random vector ζ̃ :=

∑N
i=1 c̃igi, we

have that Lζ̃ = 0. Put αn := mini{cn
i /c̃i : c̃i > 0}. Note that the random

variable c̄n
i := cn

i −αnc̃i ≥ 0 and, for each ω, at least one of c̄n
i (ω) vanishes. For

ζ̄n =
∑N

i=1 c̄n
i gi, we have that Lζ̄n also tends to ξ. Considering the partition

of Ω by N disjoint G-measurable subsets Γi constructed from the covering of
Ω by sets {lim infn c̄n

i = 0} and replacing on Γi the coefficients c̄n
i by zero

(without affecting the limit ξ), we obtain a reduction to the case with N − 1
generators. ��
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3.5.2 No Arbitrage Criteria: Finite Ω

The definition of the NAw-property remains the same as in the model with
full information: R̂T ∩ L0(Rd

+, FT ) = {0} or ÂT ∩ L0(Rd
+, FT ) = {0}.

As always, criteria in the case of finite Ω are easy to establish using the
finite-dimensional separation theorem.

Proposition 3.5.2 Let Ω be finite. The following conditions are equivalent:

(a) NAw;
(b) there exists Z ∈ M(intRd

+,F) such that E(ZtLtζ| Gt) ≤ 0 for any ζ ∈ Ot.

Proof. (a) ⇒ (b). Note that ÂT is a finite-dimensional polyhedral (thus,
closed) cone containing −L0(Rd

+). The NAw-property implies that nonzero
elements of L0(Rd

+) can be separated from ÂT in a strict sense. Using a clas-
sical argument, we construct an F-martingale Z = (Zt) with strictly positive
components such that EZT ξ ≤ 0 for every ξ ∈ ÂT . Namely, we can take ZT

equal to the sum of functionals negative on ÂT and strictly positive on eiIΓ

with the summation index Γ running through the family of atoms of FT and
i = 1, 2, . . . , d. It follows that E(ZtLtζt) ≤ 0 for any ζt ∈ Ot, implying the
assertion.

(b) ⇒ (a). This implication is obvious because for ζ admitting the repre-
sentation (3.5.3), we have that

EZT ξ =
T∑

t=0

E
[
E(ZtLtζt| Gt)

]
≤ 0,

and, therefore, ξ cannot be an element of L0(Rd
+, FT ) other than zero. ��

As we know, even in the case of full information, a straightforward gen-
eralization of the above criterion to an arbitrary Ω fails to be true. To get
“satisfactory” theorems, one needs either to impose extra assumptions or to
modify the concept of absence of arbitrage. We investigate here an analog of
the NAr-condition starting from the simple case where Ω is finite.

First, we establish a simple lemma which holds in a “very abstract” setting
where the word “premodel” instead of “model” means that we do not suggest
any particular properties of (Lt).

Fix a subset It of Ot. The elements of It will be interpreted later, in a
more specific “financial” framework, as the reversible orders.

We say that the premodel has the NAr-property if the NAw-property holds
for the premodel based on an F-adapted process L ′ = (L ′

t) such that

(i) L ′
tζ ≥ Ltζ componentwise for every ζ ∈ Ot;

(ii) 1L ′
tζ = 1Ltζ if ζ ∈ Ot \ It (i.e., the above inequality is not identity).
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Lemma 3.5.3 Let Ω be finite. If a premodel has the NAr-property, then there
is a process Z ∈ M(intRd

+,F) such that E(ZtLtζ| Gt) ≤ 0 for every ζ ∈ Ot

and, if ζ ∈ Ot \ It,
ζI{E(Zt Ltζ|Gt)=0} ∈ It. (3.5.4)

Proof. According to Proposition 3.5.2 applied to the premodel based on the
process L ′ from the definition of NAr, there exists Z ∈ M(intRd

+,F) such
that E(ZtL ′

tζ| Gt) ≤ 0 for any ζ ∈ Ot. Hence, E(ZtLtζ| Gt) ≤ 0 by virtue of (i).
Again by (i) we have, for ζ ∈ Ot \ It, that

ZtL ′
tζI{E(Zt Ltζ|Gt)=0} ≥ ZtLtζI{E(Zt Ltζ|Gt)=0}.

If the order ζI{E(Zt Ltζ|Gt)=0} is not in It, this inequality is strict on a nonnull
set. Thus, taking the expectation, we obtain

EZtL ′
tζI{E(Zt Ltζ|Gt)=0} > 0,

which is contradiction. ��

Now we give a precise meaning to the word “model” by imposing an as-
sumption on the generating process (fulfilled in both our examples) and spec-
ifying the sets It.

Namely, we suppose that in Md×m there is a basis formed by the union of
two families of vectors {fi} and {f̃i}, 1 ≤ i ≤ md/2, belonging to Md×m

+ and
such that, componentwise,

Ltfi + Ltf̃i ≤ 0, (3.5.5)

while It is the cone of (matrix-valued) random variables having the form∑
i(ηifi + η̃if̃i) with ηi, η̃i ∈ L0

+(Gt) and such that Lt

∑
i(ηi + η̃i)(fi + f̃i) = 0.

Note that the latter equality implies that Lt(It) ⊆ Lt(Ot)∩(−Lt(Ot)). It is
clear that the set It is stable under multiplication by elements of L0(R+, Gt).
This implies that (3.5.4) for ζ ∈ It always holds (cf. the formulations of
Lemma 3.5.3 and the theorems below).

Inequality (3.5.5) means that the elementary transfers in opposite direc-
tions cannot lead to gains. The orders from It, even symmetrized, do not incur
losses.

For the models, in the definition of the NAr the words “premodel” are
replaced by “models,” i.e., we require that property (3.5.5) should also hold
for the dominating process L ′.

Theorem 3.5.4 Let Ω be finite. Then the following properties of the model
are equivalent:

(a) NAr;
(b) there is Z ∈ M(intRd

+,F) such that E(ZtLtζ| Gt) ≤ 0 for every ζ ∈ Ot

and, if ζ ∈ Ot,
ζI{E(Zt Ltζ|Gt)=0} ∈ It.
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Proof. To check the remaining implication (b) ⇒ (a), we put L ′
tζ := Ltζ − L̄tζ

defining the action of L̄t on the element ζ =
∑

i(ηifi + η̃if̃i) by the formula
L̄tζ :=

∑
i(ηi + η̃i)θi, where θi = θi(t) has the components

θk
i := max

{
1
2
[

Lt(fi + f̃i)
]k

,
1
d

E(ZtLtfi| Gt)
E(Zk

t | Gt)
,
1
d

E(ZtLtf̃i| Gt)
E(Zk

t | Gt)

}
.

The values θk
i (t) being negative, condition (i) holds. Inequality (3.5.5) for L ′

t

is obviously fulfilled due to the first term in the definition of θk
i (t). Now let ζ

be an element of Ot \ It. This means that, for some k and i, the set

Γ :=
{
(ηi + η̃i)

[
Lt(fi + f̃i)

]k
< 0
}

=
{
(ηi + η̃i)Zk

t

[
Lt(fi + f̃i)

]k
< 0
}

is nonnull. From elementary properties of conditional expectations it follows
that (ηi + η̃i)E(Zk

t [Lt(fi + f̃i)]k | Gt) < 0 on Γ . Property (ii) holds because on
Γ both E(ZtLtfi| Gt) and E(ZtLtf̃i| Gt) are strictly negative, as follows from
the coincidence of sets
{
E(ZtLtfi| Gt) < 0

}
=
{
E(ZtLtf̃i| Gt) < 0

}
=
{
E
(
ZtLt(fi + f̃i)| Gt

)
< 0
}
,

which can be easily established. Indeed, fiI{E(Zt Ltfi |Gt)=0} ∈ It and, by the
definition of It,

I{E(Zt Ltfi |Gt)=0} Ltf̃i = −I{E(Zt Ltfi |Gt)=0} Ltfi.

Multiplying this identity by Zt and taking the conditional expectation with
respect to Gt, we get that

I{E(Zt Ltfi |Gt)=0}E(ZtLtf̃i| Gt) = 0.

Similarly,
I{E(Zt Ltf̃i |Gt)=0}E(ZtLtfi| Gt) = 0.

These two equalities imply the coincidence of sets where the conditional ex-
pectations (always negative) are zero, i.e., the required assertion.

Finally, we check the NAw-property of (L ′
t) using Proposition 3.5.2. For

any ζ =
∑

i(ηifi + η̃if̃i) from Ot, we have

E(ZtL ′
tζ| Gt) = E(ZtLtζ| Gt) − E

(∑
i

(ηi + η̃i)
d∑

k=1

Zk
t θk

i

∣∣∣Gt

)

≤ E(ZtLtζ| Gt) −
∑

i

ηiE(ZtLtfi| Gt) −
∑

i

η̃iE(ZtLtf̃i| Gt) = 0.

It follows that EZT ξ ≤ 0 for every ξ ∈ R̂T (L ′) ∩ L0(Rd
+), excluding arbitrage

opportunities for the model based on L ′.
The theorem is proven. ��
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Remark 1. One might find it convenient to view Md×m as the set of linear
operators defined by corresponding matrices and consider the adjoint opera-
tors L ∗

ω,t : Rd → (Md×m)∗. This gives a certain flexibility of notation, e.g.,
the property “E(ZtLtζ| Gt) ≤ 0 for every ζ ∈ Ot” can be formulated as “the
operator E(L ∗

t Zt| Gt) is negative” (in the sense of partial ordering induced
by Md×m

+ ), the inclusion fi ∈ Ker E(L ∗
t Zt| Gt) can be written instead of the

equality E(ZtLtfi| Gt) = 0, and so on. However, the current notation has the
advantage of being easier adjustable for the more general situation where Lt

is a concave positive homogeneous mapping from Md×m
+ into L0(Rd, Ft).

Remark 2. The hypothesis on the structure of invertible claims may not be
fulfilled for Examples 1 and 2. For the investor having access to full informa-
tion, the set of all assets can be split into classes of equivalence within which
one can do frictionless transfers though not necessary in one step. Our assump-
tion means that all transfers within each class are frictionless, a hypothesis
which does not lead to a loss of generality as a fully informed “intelligent”
investor will not lose money making charged transfers within an equivalence
class. However, in the context of restricted information, it seems that such an
assumption means that the information on equivalence classes is available to
the investor.

3.5.3 No Arbitrage Criteria: Arbitrary Ω

In the general case the assertion of Proposition 3.5.2 fails to be true, though
with a suitable modification, its condition (b) remains sufficient for the NAw-
property. Namely, we have:

Proposition 3.5.5 The NAw-property holds if there exists Z ∈ M(intRd
+,F)

such that all conditional expectations E(|Zt| | Ltfi| | Gt) and E(|Zt| | Ltf̃i| | Gt) are
finite and E(ZtLtζ| Gt) ≤ 0 for any ζ ∈ Ot.

This result is an obvious corollary of the following technical lemma dealing
with integration issues.

Lemma 3.5.6 Suppose that ΣT = ZT

∑T
t=0 ξt, where Z ∈ M(Rd

+,F) and
ξt ∈ L0(Rd, Ft) are such that E(|Zt| |ξt| | Gt) < ∞ and E(Ztξt| Gt) ≤ 0. Put
Σ̄T := E(ΣT | GT ). If Σ̄−

T ∈ L1, then Σ̄T ∈ L1 and EΣ̄T ≤ 0.

Proof. We proceed by induction. The claim is obvious for T = 0. Suppose
that it holds for T − 1. Clearly,

ZT

T −1∑
t=0

ξt = ΣT − ZT ξT .

By the martingale property E(Zi
T |ξt| | Gt) = E(Zi

t |ξt| | Gt) < ∞, implying that
E(|ZT | |ξt| | Gt) < ∞ for any t ≤ T . Thus, Σ̄T is well defined and finite. Taking
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the conditional expectation with respect to GT in the above identity, we get,
using the martingale property, that

E(ΣT −1| GT ) = E

(
ZT

T −1∑
t=0

ξt

∣∣∣GT

)
= Σ̄T − E(ZT ξT | GT ) ≥ Σ̄T .

Therefore, the negative part of E(ΣT −1| GT ) is dominated by the negative part
of Σ̄T , which is integrable. Using Jensen’s inequality, we have

Σ̄−
T −1 =

[
E
(
E(ΣT −1| GT )| GT −1

)]−

≤ E
([

E(ΣT −1| GT )
]− | GT −1

)
≤ E
(
Σ̄−

T | GT −1

)
.

Thus, Σ̄−
T −1 ∈ L1 and, by virtue of the induction hypothesis, Σ̄T −1 ∈ L1 and

EΣ̄T −1 ≤ 0. In the representation Σ̄T = E(Σ̄T −1| GT )+E(Σ̄−
T | GT −1), the first

term is integrable and has negative expectation, while the second is negative.
Thus, EΣ̄T ≤ 0 and, automatically, EΣ̄+

T < ∞. ��

The NAr-criterion, suitably modified, remains true without any restriction
on the probability space. Of course, in its formulation one needs to take care
about the existence of the involved conditional expectations. This can be done
as in the next result.

Theorem 3.5.7 The following conditions are equivalent:

(a) NAr;
(b) there is Z ∈ M(intRd

+,F) such that all random variables E(ZtLtfi| Gt)
and E(ZtLtf̃i| Gt) are finite, E(ZtLtζ| Gt) ≤ 0 for every ζ ∈ Ot, and, if
ζ ∈ Ot,

ζI{E(Zt Ltζ|Gt)=0} ∈ It. (3.5.6)

We have no trouble with the implication (b) ⇒ (a): an inspection of the
arguments given in the case of finite Ω shows that they work well until the
concluding step, which now can be done just by reference to Lemma 3.5.6.

The proof of the “difficult” implication (a) ⇒ (b) follows the same line of
ideas as in the case of full information.

Lemma 3.5.8 Suppose that the equality

T∑
t=0

Ltζ̃t − r̃ = 0 (3.5.7)

with ζ̃t ∈ Ot and r̃t ∈ L0(Rd
+) holds only if ζ̃t ∈ It and r̃ = 0. Then ÂT is

closed in probability.
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Proof. For T = 0, the arguments are exactly the same as those used for
Proposition 3.5.1 with obvious changes caused by the extra term describing the
funds withdrawals. Namely, the difference is that for the limiting normalized
order ζ̃ :=

∑N
i=1 c̃igi, we get the equality Lζ̃ − r̃ = 0 where r̃ ∈ L0(Rd

+, FT ) is
the limit of normalized funds withdrawals. By hypothesis, r̃ = 0, and we can
complete the proof using the same Gauss-type reduction procedure.

Arguing by induction, we suppose that ÂT −1 is closed and consider the
sequence of order processes (ζn

t )t≤T such that
∑T

t=0 Ltζ
n
t − rn → η. There is

an obvious reduction to the case where at least one of “elementary” orders at
time zero tends to infinity. Normalizing and using the induction hypothesis,
we obtain that there exists an order process (ζ̃t)t≤T with nontrivial ζ̃0 such
that

∑T
t=0 Ltζ̃t − r̃ = 0, and we can use the assumption of the lemma. It

ensures that r̃ = 0 and there are ζ ′
t ∈ Ot such that Ltζ

′
t = −Ltζ̃t. This allows

us to reduce a number of nonzero coefficients (i.e., “elementary” orders) at the
initial order by putting ζ̄n

0 = ζn
0 − αnζ̃0, as in the proof of Proposition 3.5.1,

and ζ̄n
t = ζn

t + αnζ ′
t for t ≥ 1. ��

Lemma 3.5.9 The NAr-condition implies the hypothesis of the above lemma.

Proof. Of course, r̃ = 0 (otherwise, (ζ̃t) is an arbitrage opportunity, i.e., even
NAw is violated). For the process (L ′

t), from the definition of NAr we have
that componentwise

T∑
t=0

L ′
tζ̃t ≥

T∑
t=0

Ltζ̃t = 0

and 1
∑T

t=0 L ′
tζ̃t > 0 with strictly positive probability if at least one of ζ̃t

does not belong to It. This means that (ζ̃t) is an arbitrage opportunity for
the model based on (L ′

t). ��

Lemma 3.5.10 Assume that the hypothesis of Lemma 3.5.8 holds. Then for
any “elementary” order f and every t ≤ T , one can find a bounded process
Z = Z(t,f) ∈ M(intRd

+,F) such that:

(1) E(|Zs| | Lsg|) < ∞ and E(ZsLsg| Gs) ≤ 0 for all s ≤ T and all “elemen-
tary” orders g,

(2) fI{E(Zt Ltf |Gt)=0} ∈ It.

Proof. We may assume without loss of generality that all portfolio increments
Lsg corresponding to the elementary orders g are integrable (otherwise we can
pass to an equivalent measure P ′ with bounded density ρ, find a process Z ′

with the needed properties under P ′, and take Z = ρZ̃ ′).
Let Z be the set of all bounded processes Z ∈ M(Rd

+,F) such that
EZT ξ ≤ 0 for all ξ ∈ Â1

T := ÂT ∩ L1. Let

ct := sup
Z∈Z

P
(
E(ZtLtf | Gt) < 0

)
. (3.5.8)
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Let Z be an element for which the supremum is attained (one can take as
Z a countable convex combination of any uniformly bounded sequence along
which the supremum is attained).

If (2) fails, then the random vector Lt(f + f̃)I{E(Zt Ltf |Gt)=0} (all com-
ponents of which are negative) is not zero. This implies that the element
−Ltf̃ I{E(Zt Ltf |Gt)=0} does not belong to Â1

T . Indeed, in the opposite case we
would have the identity

T∑
s=0

Lsζs = −Ltf̃ I{E(Zt Ltf |Gt)=0}.

The assumption of Lemma 3.5.8 ensures that the order f̃ I{E(Zt Ltf |Gt)=0} + ζt

is in It. Thus, for the symmetrized order, we have that

Lt(f + f̃)I{E(Zt Ltf |Gt)=0} + Lt(ζ + ζ̃) = 0.

Since the second term is also componentwise negative, both should be equal
to zero, and we get a contradiction.

By the Hahn–Banach theorem one can separate ϕ := −Ltf̃ I{E(Zt Ltf |Gt)=0}

and Â1
T : that is, we may find η ∈ L∞(Rd) such that

sup
ξ∈Â1

T

Eηξ < Eηϕ.

Since Â1
T is a cone containing −L1(Rd

+), the supremum above is equal to
zero, η ∈ L1(Rd

+), and Eηϕ > 0. The latter inequality implies that, for
Zη

t = E(η| Gt), we have EE(Zη
t Ltf | Gt)I{E(Zt Ltf |Gt)=0} < 0. Therefore, for the

martingale Z ′ := Z + Zη, we have that

P
(
E(Z ′

tLtf | Gt) < 0
)

> P
(
E(ZtLtf | Gt) < 0

)
= ct.

This contradiction shows that (2) holds.
The process Z constructed in this way may be not in M(intRd

+,F). How-
ever, it can be easily “improved” to meet the latter property. To this end, fix
i ≤ d and consider, in the subset of Z on which the supremum ct in (3.5.8)
is attained, a process Z with maximal probability P (Zi

T > 0) (such a process
does exist). Then P (Z̄i

T > 0) = 1. Indeed, in the opposite case, the element
eiI{Zi

T =0} ∈ L1(Rd
+) is not zero and, therefore, does not belong to Â1

T . So
it can be separated from the latter set. The separating functional generates
a martingale Z ′ ∈ Z. Since P (Z̄T + Z ′

T > 0) > P (Z̄T > 0), we arrive at a
contradiction with the definition of Z̄. The set of Z ∈ Z satisfying (1) and (2)
is convex, and, hence, a convex combination of d processes obtained in this
way for each coordinate has the required properties. ��

The implication (a) ⇒ (b) of the theorem follows from the lemmas above.
Indeed, by virtue of Lemmas 3.5.9–3.5.10, NAr ensures the existence of pro-
cesses Z(t,f) satisfying (1) and (2) of Lemma 3.5.10. One can take as a required
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martingale Z the process Z :=
∑

t,f Z(t,f), where t = 0, 1, . . . , T , and f runs
through the set of “elementary” orders. An arbitrary order ζ ∈ Ot is a lin-
ear combination of elementary orders with positive Gt-measurable coefficients.
The condition E(ZtLtζ| Gt) ≤ 0 follows from property (1) of Lemma 3.5.10. To
prove the inclusion (3.5.6), we note that I{Σξi=0} =

∏
I{ξi=0} when ξi ≤ 0.

With this observation, the required inclusion is an easy corollary of prop-
erty (2) of Lemma 3.5.10 and the stability of It under multiplication by pos-
itive Gt-measurable random variables.
Remark. In the above proof we get from NAr a condition which looks stronger
than (b), with bounded Z and integrable random variables |Zt| | Ltf |, but, in
fact, it is equivalent to (b).

3.5.4 Hedging Theorem

Thanks to the previous development, hedging theorems in the model with
partial information do not require new ideas. For the case of finite Ω the
result can be formulated in our “very abstract” setting without additional
assumptions on the structure of the sets It.

We fix a d-dimensional random variable Ĉ, a contingent claim expressed
in physical units. Define the set

Γ =
{
v ∈ Rd : Ĉ ∈ v + ÂT

}
.

Let Z be the set of martingales Z ∈ MT (Rd
+,F) such that E(ZtLtζt| Gt) ≤ 0

for every ζt ∈ Ot. Put

D :=
{

v ∈ Rd : sup
Z∈Z

E(ZT Ĉ − Z0v) ≤ 0
}

.

Proposition 3.5.11 Let Ω be finite, and let Z = ∅. Then Γ = D.

In this theorem the inclusion Γ ⊆ D is obvious, while the reverse inclusion
is an easy exercise on the finite-dimensional separation theorem. We leave it
to the reader.

In the case of general Ω we should take care about the integrability and
closedness of the set ÂT . To this end we shall work with the model in the
“narrow” sense of the preceding sections assuming the NAr-property. Now Z
is the set of bounded martingales Z ∈ MT (Rd

+,F) such that E(ZtLtfi| Gt) and
E(ZtLtf̃i| Gt) are finite, E(ZtLtζ| Gt) ≤ 0, and E(ZT Ĉ)− < ∞. The definitions
of the sets Γ and D remain the same.

Theorem 3.5.12 Suppose that NAr holds. Then Γ = D.

Proof. The inclusion Γ ⊆ D follows from the inequality

ZT (Ĉ − v) ≤ ZT

T∑
t=0

Ltζt, ζt ∈ Ot,

and Lemma 3.5.6.
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To check the inclusion D ⊆ Γ , we take a point v /∈ Γ and show that
v /∈ D. It is sufficient to find Z ∈ Z such that Z0v < EZT Ĉ. Consider a
measure P̃ ∼ P with bounded density ρ such that Ĉ and all | Lt| |fi| and
| Lt| |fi| belong to L1(P̃ ). Under NAr, the convex set Ã1 := AT

0 ∩ L1(P̃ ) is
closed and does not contain the point Ĉ − v. Thus, we can separate the latter
by a functional η from L∞. This means that

sup
ξ∈Ã1

Eρηξ < Eηρ(Ĉ − v).

It is clear that the bounded martingale Zt := E(ρη| Ft) satisfies the required
properties. ��

3.6 Hedging Theorems: Continuous Time

3.6.1 Introductory Comments

In this section we develop two continuous-time models, both with efficient
market friction, and suggest versions of hedging theorems for European and
American options.

The first, “X-model” is based on the right-continuous adapted value pro-
cesses of bounded variation. Our hedging theorem for European options re-
quires the continuity of the price processes and transaction cost coefficients
and involves also some technical hypotheses. Fortunately, all of them are ful-
filled in the reference case of Brownian filtration and constant transaction
coefficients.

It would be natural to proceed after exposing a corresponding theory for
frictionless market. However, the latter, being based on the extensive use of ad-
vanced stochastic calculus, is much more demanding mathematically. Rather
surprisingly, in the considered setting we need only very elementary facts from
the general theory of stochastic processes. The explanation of this difference
is simple. In contrast with the classical theory, in our transaction cost model
one can consider only the strategies which are processes of bounded variation,
while already in the Black–Scholes model one needs to consider a more gen-
eral class, and the replicating strategy is not of bounded variation. Having in
mind this specific feature of models with transaction costs, we believe that
a preliminary knowledge of continuous-time results, though desirable, is not
necessary.

Using many ideas which appeared already in the study of discrete-time
models, we shall try to circumvent technicalities related with the structure
of continuous-time set-valued processes. That is why we postulate simply in
our abstract formulation that the dual C-valued process is generated by a
countable family of continuous vector-valued processes. The main difficulty
of the theory originates from the necessity to exclude doubling strategies.
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We consider, as admissible, strategies generating the value processes which,
being expressed in physical units of assets, are bounded from below in the
sense of partial ordering. Our assumptions allow us to verify the closedness
property of the set of hedgeable claims, which leads, as one might expect, to
a super-replication result.

The continuity assumption on price processes plays an essential role in our
proof. It happens that it is a principal condition which cannot be relaxed in
the considered framework: the Rásonyi counterexample shows that a straight-
forward generalization of the hedging theorem fails to be true if the price
process has jumps.

The situation is better with the “Y -model” suggested by Campi and
Schachermayer, where the value processes are predictable, of bounded vari-
ations, and have right and left limits. Of course, the trajectories of such
processes are not distribution functions of (vector-valued) measures, and work-
ing with them requires more efforts. Fortunately, this class is more flexible,
consistent with a financial intuition, and the dual description of the set of
hedging endowments for a European option is of the same type as in the case
of the X-model.

We complete the section by a hedging theorem for American options in
the framework of the Y -model and deduce from it a corresponding result for
the X-model assuming, of course, the continuity hypothesis for the latter.

3.6.2 Model Specification

All processes are given on a fixed stochastic basis (Ω, F , (Ft)t≤T , P ) (i.e., a
filtered probability space satisfying the “usual conditions” of stochastic cal-
culus); a finite time horizon T is fixed; the initial σ-algebra is trivial (in the
sense: generated by the null sets), and F = FT .

A continuous-time version of our basic model can be described as fol-
lows. The price process S = (S1, . . . , Sd) is a continuous semimartingale with
strictly positive components and S0 = 1. The adapted matrix-valued process
Λ = (λij) representing the transaction cost coefficients also is assumed to be
continuous, with λij ≥ 0 and λii = 0. The definitions of the solvency cone K
and the cone M remain the same as in the discrete-time model. We shall as-
sume that at each instant at least one λij = 0 and, therefore, Kt = Mt. Again,
the agent’s positions at time t can be described either by the vector of their
values Vt or by the vector of “physical” quantities V̂t, where V̂ i

t := V i
t /Si

t .
To describe the portfolio dynamics we define the class of strategies B as

the set of all right-continuous d-dimensional adapted processes B of bounded
variation such that, for any stopping time τ ≤ T ,

Ḃτ ∈ −Kτ . (3.6.1)

The symbol Ḃ denotes the Radon–Nikodym derivative of B with respect to the
(scalar) total variation ‖B‖ (we prefer this notation to more common Var B).
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More precisely, Ḃ = (Ḃt) is the optional process the trajectories Ḃt(ω) of
which, for almost all ω, are the Radon–Nikodym derivatives of B.(ω) with
respect to ‖B‖.(ω). The reader can find a proof of the existence of such a
process in any treatise on stochastic calculus, see, e.g., Proposition I.3.13
in [102]. By convention, B0− := 0, but B0 is not necessarily equal to zero
(this allows us to interpret the value ΔB0 as the initial transfer). It should
be noted that the definitions of ‖B‖ may differ in dependence of the chosen
norm in Rd; for the absolute norm, the quantity ‖B‖0 is just the sum of |ΔBi

0|.
Since all norms in a finite-dimensional space are equivalent, property (3.6.1)
is invariant with respect to the choice of a particular one.

For v ∈ Rd and B ∈ B, we define the process V = V v,B , the value of a
self-financing portfolio with the strategy B and initial endowment v, by

V i = vi + V̂ i
− · Si + Bi, (3.6.2)

where we use the abbreviated notation for stochastic integrals, i.e.,

V̂ i
− · Si

t :=
∫

[0,t]

V̂ i
u− dSi

u.

By financial consideration it is obvious that the dynamics in the “physical
domain” is much simpler:

V̂ i
t = vi +

1
S

· Bi = vi +
∫

[0,t]

dBi
u

Si
u

(3.6.3)

(the changes in number of units of assets does not depend on the price evolu-
tion). This relation implies the representation

V i
t = Si

tv
i + Si

t

∫
[0,t]

dBi
u

Si
u

,

which is nothing but the (stochastic) Cauchy formula for the solution of linear
equation. Indeed, putting S̃i := (1/Si

−) · Si, we may rewrite the V -dynamics
as the linear equation

V i = vi + V i
− · S̃i + Bi, (3.6.4)

solve it, and obtain that

V i
t = Et

(
S̃i
)
vi + Et

(
S̃i
) ∫

[0,t]

dBi
s

Es(S̃i)
, (3.6.5)

where the process E (S̃i) is the Doléans exponential coinciding with Si.
Remark. This model can be described using the family of increasing adapted
processes Lij , 1 ≤ i, j ≤ d, i = j, representing the accumulated net values
transferred from the position j to the position i. Of course, an L-process
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generates the B process, and the converse to this assertion is an exercise on
measurable selection arguments.

As in the discrete-time case, it is easier to analyze the hedging problem
in the “physical units domain.” The definition of the cones K̂t remains the
same. The portfolio processes V̂ are of bounded variation, right-continuous,
and such that dV̂ /d‖V̂ ‖ ∈ −K̂ (up to a null set).

The reader acquainted with continuous-time market models without fric-
tion knows well that one should make precautions to avoid doubling strate-
gies. In the classical theory, a standard constraint imposed on the strategies
is the so-called admissibility, requiring the boundedness of portfolio processes
from below. That is why it seems natural to use the same idea and con-
sider as admissible the strategies with V -processes bounded from below, in
the sense of partial orderings induced by solvency cones. Unfortunately, this
does not work. To get reasonable theorems we need to permit strategies with
V̂ -processes bounded from below. The latter class includes strategies allow-
ing to keep fixed negative quantities of certain assets (i.e., “buy-and-hold”
with eventual short positions). We give the precise definition in the following
abstract framework.

3.6.3 Hedging Theorem in Abstract Setting

We are given a C-valued process G = (Gt)t∈[0,T ] dominating Rd
+ and defined

by a countable sequence of adapted d-dimensional processes ξk = (ξk
t ) such

that, for every t and every ω, only a finite but nonzero number of ξk
t (ω)

are different from zero and Gt(ω) := cone{ξk
t (ω), k ∈ N}, i.e., Gt(ω) is a

polyhedral cone generated by the finite set {ξk
t (ω), k ∈ N}.

The class of C-valued processes is stable under intersections, sums, and
duality (the operations are understood in the sense of set-valued mappings).
It is also stable under linear transforms defined by adapted matrix-valued
processes.
Efficient friction hypothesis. Throughout this section we shall assume that
all cones Gt are proper, i.e., Gt ∩ (−Gt) = {0} or, equivalently, intG∗

t = ∅.
We suppose that the generators of G are continuous processes and add to

this the following assumption on the continuity of the generators of G∗:
G. There is a countable family of continuous adapted processes (ζk) such

that, for each ω, only a finite number of vectors ζk are different from zero and
G∗

t = cone{ζk
t : k ∈ N} for every t.

Clearly, this hypothesis is fulfilled for financial models with constant coef-
ficients (i.e., with constant K and K∗) and continuous price process S.
Remark. It is important to note that the continuity of generators does not
imply the continuity of the cone-valued processes. The following simple ex-
ample gives the idea: Gt = cone{ξ1

t , ξ2
t }, where ξ1

t = e1, ξ1
t = (t − 1)+e2.
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We denote by D = D(G) the subset of MT
0 (int G∗) formed by martingales

Z such that not only Zt ∈ L0(int G∗
t , Ft) but also Zt− ∈ L0(int G∗

t , Ft) for all
t ∈ [0, T ].

Let X 0 be the set of all càdlàg processes X of bounded variation with
X0 = 0 and such that Ẋτ ∈ L0(−Gτ , Fτ ) for all τ ≤ T , and let X x = x + X 0,
x ∈ Rd. We denote by X x

b the subset of X x formed by the processes X such
that Xt + κX1 ∈ L0(Gt, Ft), where κX ∈ R. One can say that such a process
X is bounded from below by a constant vector-valued process −κX1 in the
sense of the partial orderings ≥G defined in the obvious way. At last, we put
X x

b (T ) := {XT : X ∈ X x
b }.

The following lemma gives a useful alternative description of the class X 0.

Lemma 3.6.1 An adapted right-continuous process X of bounded variation
belongs to X 0 if and only if the processes ζk · X, k ∈ N, are decreasing.

Proof. If ζk · X are decreasing, then, outside a P -null set, ζk
t (ω)Ẋt(ω) ≤ 0

for all k and t ∈ [0, T ] except a set of dates having d‖X‖(ω)-measure zero.
Replacing Ẋt by zero on the set where at least one of the inequalities fails
to be true, we obtain an optional version of the Radon–Nikodym derivative
which evolves in G. The “only if part” is obvious. ��

Lemma 3.6.2 If Z ∈ MT
0 (G∗) and X ∈ X x

b , then ZX is a supermartingale,
and

E(−ZẊ) · ‖X‖T ≤ Z0x − EZT XT . (3.6.6)

Proof. By the product formula we have that

ZX = Z0X0 + X− · Z + ZẊ · ‖X‖. (3.6.7)

The second term in the right-hand side is a local martingale, the third is a
negative decreasing process because ZẊ ≤ 0. Thus,

Z0x + X− · Z ≥ Z0X0 + X− · Z + Z ≥ ZX ≥ −κXZ1

due to the definition of the set X x
b . The (scalar) local martingale X− · Z,

bounded from below by a martingale, is a supermartingale. The terminal
value of the decreasing process in (3.6.7), namely, ZẊ · ‖X‖T ≤ 0, being
bounded from below by an integrable random variable, is also integrable.
Hence, ZX is a supermartingale. The bound (3.6.6) follows from (3.6.7) and
the supermartingale property of X− · Z. ��

Let ξ ∈ L0(Rd, FT ) be such that ξ + κ1 ∈ L0(GT , FT ), where κ is a
constant.

Define the convex set Γ := Γξ := {x ∈ Rd : ξ ∈ X x
b (T )} and the closed

convex set

D := Dξ :=
{
x ∈ Rd : Z0x ≥ EZT ξ ∀Z ∈ MT

0 (G∗)
}
.
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Obviously, Γ ⊆ D: if x ∈ Γ , then there is ξ = x + XT where X ∈ X 0
b .

For any Z ∈ MT
0 (G∗), we have Z0x ≥ EZT ξ in virtue of the supermartingale

property (Lemma 3.6.2).
The next hypothesis is a requirement that the set MT

0 (G∗) is rich enough.
It will serve us to propagate the property of boundedness from below from
the terminal date to the whole time interval.

B. Let ξ ∈ L0(Rd, Ft). If the scalar product Ztξ ≥ 0 for all Z ∈ MT
0 (G∗),

then ξ ∈ L0(Gt, Ft).
Condition B is fulfilled for the model with constant transaction costs ad-

mitting an equivalent martingale measure, i.e., when K∗ is constant and there
exists a strictly positive martingale ρ such that all ρSi are martingales. Indeed,
for any w ∈ K∗, the process Zw with the coordinates ρwiSi is an element of
MT

0 (K̂∗). Recall that, in our notation, G corresponds to K̂. The condition
Zw

t ξ ≥ 0 means that wηt ≥ 0, where ηt(ω) = φ−1
t (ω)ξ(ω), and the diagonal

operator φt is defined in (3.1.1). We have the latter inequality for all w ∈ K∗,
and, hence, φ−1

t ξ ∈ K and ξ ∈ K̂t.
Our main result for the considered model is the following:

Theorem 3.6.3 Assume that D(G) = ∅ and that G and B hold. Then Γ = D.

Its proof is given in the next subsection.

3.6.4 Hedging Theorem: Proof

We need some auxiliary results. The following one is very important. It ex-
presses the fact that, under the efficient friction condition, the value processes
cannot oscillate too much if their terminal values are bounded from below by
a constant vector.

Lemma 3.6.4 Assume that D(G) = ∅ and that G holds. Let A be a subset
of X 0

b . Suppose that there is a constant κ such that XT + κ1 ∈ L0(GT , FT )
for all X ∈ A. Then there exists a probability measure Q ∼ P with bounded
density such that supX∈A EQ‖X‖T < ∞.

Proof. Let Z̃ ∈ D(G). Since (−Z̃T XT ) ≤ κZ̃T 1, it follows from (3.6.6) that

sup
X∈A

E(−Z̃Ẋ) · ‖X‖T ≤ sup
X∈A

E(−Z̃T XT ) ≤ κEZ̃T 1 < ∞.

Let us consider the random variable

α := inf
t≤T

inf
x∈Gt, |x|=1

Z̃tx = inf
t≤T

Z̃txt,

where xt is the point on the unit sphere at which the interior infimum is at-
tained. If tn → t0 and the sequence xtn tends to some x0, then x0 ∈ Gt0 ,
because the continuity of the generators ζk imposed in G ensures that the
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inequalities xtnζk
tn

≥ 0 imply that xt0ζ
k
t0 ≥ 0. The infimum in t can be ob-

tained either on a decreasing sequence of tn (in this case, α = Z̃t0xt0) or on an
increasing one (in this case, α = Z̃t0−xt0). The assumption on Z̃ guaranties
that α is strictly positive.

It is easily seen that

E(−Z̃Ẋ) · ‖X‖T ≥ Eα|Ẋ| · ‖X‖T = Eα‖X‖T ≥ Eαe−α‖X‖T .

With these observations, the assertion becomes obvious: one can take Q with
the density dQ/dP = cαe−α. ��

Recall that a sequence an is Césaro convergent if ān := n−1
∑n

k=1 ak con-
verges; in general, a type of convergence must be specified. The Komlós theo-
rem asserts that if ξn are random variables with supn E|ξn| < ∞, then there
exist ξ ∈ L1 and a subsequence ξn′

such that all its subsequences are Césaro
convergent to ξ a.s.

Let VT be the space of positive finite measures on [0, T ] equipped by
the topology of weak convergence (in probabilistic sense). An optional ran-
dom measure is simply a VT -valued random variable μ such that the process
μt(ω) := μ(ω, [0, t]) is adapted.

The following result can be easily obtained from the Komlós theorem by
the diagonal procedure.

Lemma 3.6.5 Let μn be optional random measures with supn Eμn
T < ∞.

Then there exist an optional random measure μ with μT ∈ L1 and a subse-
quence μn′

such that all its further subsequences are Césaro convergent in VT

to μ a.s.

Proof. Let Q be a countable set dense in [0, T ] with T ∈ Q. Using the Komlós
theorem and the diagonal procedure, we find a subsequence such that μn′

r

is Césaro convergent a.s. to μo
r ∈ L1 (with all further subsequences) for all

r ∈ Q . We can always choose a common null set N and assume that μo
r(ω) is

increasing in r for each ω /∈ N . The process μt := lim supr↓t μo
r (where r ∈ Q

and r > t) is such that μ̄n′

t (ω) → μt(ω) for all t, where μ.(ω) is continuous for
ω /∈ N ; it defines the random measure μ we need. ��

We say that a sequence of Rd-valued random variables Un is Fatou-
convergent to U if Un → U a.s. and Un + κ1 ∈ L0(GT , FT ) for some κ
(in other words, Un �GT

−κ1). A set A is Fatou-closed if it contains all limits
of its Fatou convergent sequences. A subset A0 is Fatou-dense in A if any
element of A is a limit of a Fatou-convergent sequence of elements from A0.

Lemma 3.6.6 Assume that D(G) = ∅. Let G and B hold. Then X x
b (T ) is

Fatou-closed.

Proof. Let Xn
T ∈ X x

b (T ) be a sequence with Xn
T + κ1 ∈ L0(GT , FT ) converg-

ing to U a.s. Applying Lemmas 3.6.4 and 3.6.5, we may assume that each
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component of Xn converges a.s. in VT to a certain process X of bounded vari-
ation. All the processes ζk · Xn are decreasing. It follows from the continuity
of the generators ζk that the processes ζk · X are also decreasing. According
to Lemma 3.6.1, X ∈ X x. It remains to check that Xt + κ1 ∈ L0(Gt, Ft) for
all t ≤ T . Let Z ∈ M(G). In virtue of Lemma 3.6.2, the prelimit processes
Z(Xn + κ1) are supermartingales, positive at the terminal date. It follows
that EIΓ Zt(Xn

t + κ1) ≥ 0 whatever is Γ ∈ Ft. Therefore, Zt(Xn
t + κ1) ≥ 0.

Condition B implies that Xn
t (ω) + κ1 ∈ Gt(ω) for all t a.s. (that is, outside

a P -null set). Thus, (again, outside a P -null set) Xt(ω) + κ1 ∈ Gt(ω) for
the points of continuity of the trajectory X.(ω) and, due to the regularity of
trajectories, for all points t ∈ [0, T ]. ��

Lemma 3.6.7 The set X x
b (T ) ∩ L∞ is Fatou-dense in X x

b (T ).

Proof. Let us consider a random variable U = XT where X ∈ X x
b . Then

there is a constant κ ≥ 0 such that XT + κ1 belongs to L0(GT , FT ). The
bounded random variables Un := UI{ |U |≤n} − κ1I{ |U |>n} belong to X x

b (T )
(since U − Un = (U + κ1)I{ |U |>n} is in L0(GT , FT )) and form a sequence
Fatou-convergent to U . ��

Lemma 3.6.8 Assume that D(G) = ∅ and that G and B hold. Then

X x
b (T ) =

{
ξ ∈ L0

b

(
Rd
)

: Eηξ ≤ f(η) ∀η ∈ L1(G∗
T , FT )

}
, (3.6.8)

where f(η) = supζ∈X x
b (T ) Eηζ.

Proof. This is just a corollary of the bipolar theorem given in the Appen-
dix 5.5: its hypotheses hold in virtue of the preceding lemmas. ��

Proof of Theorem 3.6.3. To verify the remaining inclusion D ⊆ Γ , we take
arbitrary x /∈ Γ . This means that ξ /∈ X x

b (T ). In virtue of (3.6.8), there
exists η ∈ L1(G∗

T , FT ) such that Eηξ > f(η). Automatically, f(η) < ∞, and,
therefore, Eηζ ≤ 0 for every ζ from the cone X 0

b (T ) containing −L∞(Gt, Ft),
t ≤ T . Let us consider the martingale Zt = E(η| Ft). It belongs to M(G∗),
and EZT ξ > EZ0x. Thus, x /∈ D, and we get the result. ��

3.6.5 Rásonyi Counterexample

Let us examine now the question whether one can extend the hedging theorem
replacing the continuity assumption on generators in hypothesis G by their
right-continuity. The reader acquainted with the theory of frictionless market
may expect that it is the case.

Surprisingly, the answer is negative. We provide an example due to Rásonyi
showing that, already in a two-asset financial model with constant transaction
cost coefficients but a discontinuous price process, this theorem fails to be true.
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We start with a result which holds, as it is easily seen from its proof, in
much more general situations including one where the generators of the cone-
valued process G are only càdlàg processes. Let us introduce the following
hypothesis.

H. For every d-dimensional random variable ξ such that ξ+κξ1 ∈ L0(GT ),
the equality Γξ = Dξ holds.

Lemma 3.6.9 If H holds, then the set X 0
b (T ) is Fatou-closed.

Proof. Let Un ∈ X 0
b (T ) be such that Un +κ1 ∈ GT and Un → U a.s. For any

Z ∈ MT
0 (G∗), the sequence ZT Un is bounded from below by an integrable

random variable (namely, by a multiple of |ZT |). For each n, the point zero
belongs to ΓUn , the set coinciding with DUn by virtue of hypothesis H. Thus,
EZT Un ≤ 0 and, by the Fatou lemma, EZT U ≤ 0, that is, 0 ∈ DU . Applying
again hypothesis H, we infer that 0 ∈ ΓU , which means that U ∈ X 0

b (T ). ��

As we already observed, H holds for models with efficient friction when
the transaction costs are constant (i.e., K is constant) and the price process S
a continuous martingale.

In the following example with discontinuous martingale S, the set X 0
b (T )

is not Fatou-closed, and, therefore, the property H, i.e., the assertion of The-
orem 3.6.3 fails to be true.

Let (Ω, F , P ) be a probability space, and let η, ηi, i ≥ 1, be independent
random variables on it such that

P (η = −1) = P (η = 1) = 1/2,

P (ηi = −1) = 1 − pi, P (ηi = ai) = pi,

where pi = exp{−2−i} and ai = 1/pi − 1; clearly, ai ∈ ]0, 1[ and Eηi = 0.
We consider, on the time interval [0, 1], the two-asset model with the price

process S = (S1, S2) where S1 ≡ 1 and

S2 = 1 +
1
2

∞∑
i=1

1
2i

ηiI[ti,1] +
1
4
ηI{1},

ti = 1 − 1/(i + 1). The piecewise constant process S2 with independent
increments is a martingale with respect to its natural filtration. Note that
1/4 ≤ S2 ≤ 7/4.

Let λ12 = λ21 = 1/2. The vectors 3e2 − 2e1 and 3e1 − 2e2 are generators
of the constant solvency cone K.

The random variable

ζ := I{ηi=ai, ∀i≥1}

(
2e1 − 3

S2
1−

e2

)
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is in the Fatou-closure of X 0
b (T ) and is the limit of the bounded sequence

V̂ n
1 = I{ηi=ai, ∀i≤n}

(
2e1 − 3

S2
tn

e2

)
,

where V̂ n
1 are the terminal values of portfolios corresponding to a single trans-

fer of funds at the date tn, namely, with ΔBtn = I{ηi=ai, ∀i≤n}(2e1 − 3e2).
To check that ζ /∈ X 0

b (T ), we observe that the set

A := {ηi = ai, ∀i ≥ 1, η = 1}

is of positive probability. On A the trajectories S2 increase on [0, 1[ from unit
to the value S2

1− = 3/2 but do not attend it jumping downwards to 5/4 at the
terminal point. Inspecting the evolution of the boundary rays of the cones K̂t

for ω ∈ A, we note that, for all t ∈ [0, T ],

K̂t(ω) ⊆ J := cone{e2 − e1, 3e1 − 2e2} \ R,

where the ray R := R+(e2 − e1) = {v : v = λ(e2 − e1), λ > 0}.
It is easily seen that the integral

∫ T

0
dBt for Ḃ evolving in the cone −J

(though not closed) is also an element of −J . It follows that on the set A we
have V̂1 ∈ −J whatsoever is a portfolio process V̂ , i.e., V̂1 cannot take values
on the ray −R, while ζ = 2(e1 − e2) on A.

3.6.6 Campi–Schachermayer Model

We discuss, following the lines suggested by Campi and Schachermayer, a
modification of the abstract setting which permits to extend the hedging the-
orem to the case including models with discontinuous evolution of prices and
transaction costs. The contents of this and the following subsections requires
a bit more knowledge from the general theory of stochastic processes, and we
send the reader to the major textbooks on this subject, [59, 161], or others.
Efficient friction. All cones Gt and Gt− are proper and contain Rd

+.
As we already mentioned, the regularity of trajectories of the generators,

and even their continuity, does not imply the regularity of the cone-valued
processes (so the definition Gt− should not be interpreted as the left limit;
moreover, it depends on the choice of generating process). As we shall see
further, some arguments require certain regularity properties of the latter.
We formulated them as an assumption on G introducing first some notation.

Let Gs,t(ω) denote the closure of cone {Gr(ω) : s ≤ r < t}, and let

Gs,t+(ω) :=
⋂
ε>0

Gs,t+ε(ω), Gs−,t(ω) :=
⋂
ε>0

Gs−ε,t(ω),

with an obvious change for s = 0.
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Regularity hypothesis. We assume that Gt,t+ = Gt, Gt−,t = Gt−, and
Gt−,t+ = cone{Gt−, Gt} for all t.

It is easy to see that these regularity conditions are fulfilled for the case
where the cones Gt and Gt− are proper and generated by a finite number of
generators of unit length. Indeed, let Gt = cone{ξk

t : k ≤ n} with |ξk
t | = 1 for

all t. Since the dependence on ω here is not important, we may argue for the
deterministic case. Let x /∈ Gt. The proper closed convex cones R+x and Gt

intersect each other only at the origin, so the intersections of the interiors of
(−R+x)∗ and G∗

t are nonempty (see Lemma 5.1.2 in the Appendix). It follows
that there is y ∈ Rd such that x belongs to the open half-space {z : yz < 0},
while the balls {z : |z − ξk

t | < δ} for sufficiently small δ > 0 lie in the
complementary half-space. Since ξk are right-continuous, the cones Gs,t+ε

for all sufficiently small ε > 0 also lay in the latter. Thus, x /∈ Gt,t+ and
Gt,t+ ⊆ Gt. The opposite inclusion is obvious. In the same way we get other
two identities.

In the case of financial models,

Gt = K̂t = cone
{
πij

t ei − ej , ei, 1 ≤ i, j ≤ d
}
,

where πij
t = (1 + λij

t )Sj
t /Si

t . The above remark shows that the standing hy-
pothesis is fulfilled in the case of efficient friction with càdlàg processes πij

and the additional assumption that the cones K̂t− are proper. Of course, the
latter property may fail even if S is continuous. For instance, this will be in
the case where all λij

t− = 0 at some date t. Note that, under the efficient fric-
tion hypothesis, the generators ei may be skipped from the set of generators
of K̂t without changing the latter, but the cones K̂t− will be different.

The notion of consistent price system also should be adapted to the con-
sidered setting. We denote now by D = D(G) the subset of MT

0 (int G∗)
formed by martingales Z such that not only Zt ∈ L0(intG∗

t , Ft) but also
Zt− ∈ L0(int (Gt−)∗, Ft) for all t ∈ [0, T ]. The elements of D are called con-
sistent price systems.

The most radical modification is in the definition of the portfolio processes.
Recall that previously the processes X (corresponding to V̂ in the financial
context) were always assumed to be adapted càdlàg processes of bounded
variation. This was not justified by modeling reasons but by a will to work
comfortably in the standard framework of stochastic calculus.

Let Y be a d-dimensional predictable process of bounded variation starting
from zero and having trajectories with left and right limits (French abbrevi-
ation: làdlàg). Put ΔY := Y − Y−, as usual, and Δ+Y := Y+ − Y , where
Y+ = (Yt+). Define the right-continuous processes

Y d
t =
∑
s≤t

ΔYs, Y d,+
t =

∑
s≤t

Δ+Ys

(the first is predictable, while the second is only adapted) and, at last, the
continuous one:

Y c := Y − Y d − Y d,+
− .
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Recall that Ẏ c denotes the optional version of the Radon–Nikodym derivative
dY c/d‖Y c‖.

Let Y be the set of processes Y satisfying the following conditions:

(1) Ẏ c ∈ −G dP d‖Y c‖-a.e.;
(2) Δ+Yτ ∈ −Gτ a.s. for all stopping times τ ≤ T ;
(3) ΔYσ ∈ −Gσ− a.s. for all predictable2 stopping times σ ≤ T .

Let Y x := x + Y , x ∈ Rd. We denote by Y x
b the subset of Y x formed by

the processes Y bounded from below in the sense of partial ordering, i.e., such
that Yt + κY 1 ∈ L0(Gt, Ft), t ≤ T , for some κY ∈ R. In the financial context
(where G = K̂) the elements of Y x

b are admissible portfolio processes.
To use classical stochastic calculus, we shall operate with the right-

continuous adapted process of bounded variation

Y+ := Y c + Y d + Y d,+

and use the relation Y+ = Y +Δ+Y . Since the generators are right-continuous,
the process Y+ inherits the boundedness from below of Y (by the same con-
stant process κY 1). Note that ‖Y+‖t = ‖Y ‖t− + |ΔYt + Δ+Yt|.

In the sequel we shall use a larger set of portfolio processes depending on
Z ∈ MT

0 (G∗), namely,

Y x
b (Z) :=

{
Y ∈ Y x : there is a scalar martingale M such that ZY ≥ M

}
.

The inclusion Y x
b ⊆ Y x

b (Z) is obvious: if Yt + κ1 ∈ L0(Gt, Ft) for all t ≤ T ,
then ZY ≥ M with M = −κZ1.

Lemma 3.6.10 If Z ∈ MT
0 (G∗) and Y ∈ Y x

b (Z), then both processes ZY+

and ZY are supermartingales, and

E

(
− ZẎ c ·

∥∥Y c
∥∥

T
−
∑
s≤T

Zs−ΔYs −
∑
s<T

ZsΔ
+Ys

)
≤ Z0x − EZT YT . (3.6.9)

Proof. With the right-continuous process Y+ (having the same left limits
as Y ), the standard product formula is readily applied:

ZtYt+ = Z0x + Y− · Zt + ZẎ c ·
∥∥Y c
∥∥

t
+
∑
s≤t

ZsΔYs +
∑
s≤t

ZsΔ
+Ys.

Taking into account that Y = Y− + ΔY , we rewrite this identity as

ZtYt+ = Z0x + Y · Zt + ZẎ c ·
∥∥Y c
∥∥

t
+
∑
s≤t

Zs−ΔYs +
∑
s≤t

ZsΔ
+Ys.

2 Since Y is a predictable process, the set {ΔY �= 0} can be represented as a disjoint
union of graphs of predictable stopping times. Hence, (3) implies that ΔYτ ∈ −Gτ −
a.s. for all stopping times τ ≤ T .
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Since Y+ = Y + Δ+Y , we obtain from here the product formula for ZY
(which is “nonstandard” since Y may not be càdlàg):

ZtYt = Z0x + Y · Zt + ZẎ c ·
∥∥Y c
∥∥

t
+
∑
s≤t

Zs−ΔYs +
∑
s<t

ZsΔ
+Ys.

By virtue of requirements on Y , the stochastic integral Y · Z is a local martin-
gale, while the last three terms define decreasing processes (by our standing
assumption Zs− ∈ (Gs−)∗). Recalling that the process ZY is bounded from
below by a martingale, we deduce from here that the local martingale Y · Z
is bounded from below by a martingale and, hence, is a supermartingale and
thus integrable. It follows that the terminal values of the mentioned decreasing
processes are integrable. Therefore, ZY is a supermartingale. By the Fatou
lemma, its right-continuous limit, i.e., the process ZY+ is a supermartingale.
Finally, taking the expectation of the last identity above and using the in-
equality Y · ZT ≤ 0, we get the required bound (3.6.9). ��

Lemma 3.6.11 Suppose that Y n ∈ Y and, for all ω (except of a null set),
limn Y n

t (ω) = Yt(ω) for all t ∈ [0, T ], where Y is a process of bounded varia-
tion. Then the process Y belongs to Y.

This assertion follows immediately from the alternative description of Y
given in the lemma below.

Lemma 3.6.12 Let Y be a predictable process of bounded variation. Then

Y ∈ Y ⇐⇒ Yσ − Yτ ∈ L0(Gσ,τ ) for all stopping times σ, τ, σ ≤ τ ≤ T.

Proof. (⇒) Follows obviously from the representation

Yτ − Yσ =
∫ τ

σ

Ẏ c
r d
∥∥Y c
∥∥

r
+
∑

σ<r≤τ

ΔYr +
∑

σ≤r<τ

Δ+Yr.

(⇐) First, we provide an “explicit” formula for Ẏ c using the classical
approach due to Doob, see [59], V.5.58. For the reader’s convenience, we recall
the idea. Put tk = tnk = k2−nT , fix ω (omitted in the notation), and consider
the sequence of functions

Xn(t) =
∑

k

Ytn
k+1+

− Ytn
k +

‖Y+‖tn
k+1

− ‖Y+‖tn
k

I]tn
k ,tn

k+1]
(t), [0, T ].

This sequence is a bounded martingale with respect to the dyadic filtration on
[0, T ] and the finite measure d‖Y+‖. So, it converges (almost everywhere with
respect to this measure) to a limit X∞, which is the Radon–Nikodym deriva-
tive dY+/d‖Y+‖ and which may serve also as the Radon–Nikodym derivative
dY c/d‖Y c‖.
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Thus,

Ẏ c = lim sup
n

∑
k

Ytn
k+1+

− Ytn
k +

‖Y+‖tn
k+1

− ‖Y+‖tn
k

I]tn
k ,tn

k+1]
dP d‖Y c‖-a.e.

It follows that −Ẏ c
t ∈ Gt−,t+ (a.e.). By assumption, Gt−,t+ = cone{Gt−, Gt}.

Recall that the generators ξk are càdlàg processes. Thus, for each ω, the set
{t : Gt(ω) = Gt−(ω)} is at most countable, and property 1) in the definition
of Y is fulfilled.

For a stopping time τ , we put τn := τ + 1/n. Then τn ↓ τ and

Δ+Yτ = lim
n

(Yτn − Yτ ) ∈ −Gτ,τ+ = −Gτ .

For a predictable stopping time σ, one can find an announcing sequence
of stopping times σn ↑ σ with σn < σ on the set {σ > 0}. Thus, on this set,

ΔYσ = lim
n

(Yσ − Yσn) ∈ −Gσ−,σ = −Gσ−.

The lemma is proven. ��

The following assertion is a variant of Lemma 3.6.4. In its proof we use
the regularity property of G.

Lemma 3.6.13 Let Z ∈ D. Let A be a subset of Y 0
b (Z) for which there is a

constant κ such that YT + κ1 ∈ L0(GT , FT ) for all Y ∈ A. Then there exists
a probability measure Q ∼ P such that supY ∈A EQ‖Y ‖T < ∞.

Proof. Fix Z ∈ D and consider the random variable

α := inf
t≤T

inf
x∈Gt, |x|=1

Ztx = inf
t≤T

Ztxt,

where xt = xt(ω) is the point on the unit sphere at which the interior infi-
mum is attained. If tn ↓ t0 and the sequence xtn tends to some x0, then the
point x0 ∈

⋂
ε>0 Gt0,t0+ε = Gt0,t0+. By our assumption, Gt0,t0+ = Gt0 . If

tn ↑ t0 and the sequence xtn tends to some x0, then x0 ∈ Gt0− by virtue of a
similar argument. On various ω the infimum in t can be obtained either on a
decreasing sequence of tn (in this case, α = Zt0xt0) or on a increasing one (in
this case, α = Zt0−xt0). The assumption on Z guaranties that in both cases
the values of α are strictly positive.

It is easily seen that the left-hand side of (3.6.9) dominates

Eα

(∣∣Ẏ c
∣∣ ·
∥∥Y c
∥∥

T
+
∑
s≤T

|ΔYs| +
∑
s<T

∣∣Δ+Ys

∣∣
)

= Eα‖Y ‖T ,

and, therefore,

Eαe−α‖Y ‖T ≤ Eα‖Y ‖T ≤ Z0x − EZT YT ≤ Z0x + κEZT 1.

It follows that the measure Q with the density dQ/dP = αe−α/(Eαe−α) is
the required one. ��
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The Komlós-type result given by Lemma 3.6.5 also need a modification.

Lemma 3.6.14 Let An be a sequence of predictable increasing processes start-
ing from zero and with supn EAn

T < ∞. Then there is an increasing process
A with AT ∈ L1 and a subsequence An′

which is Césaro convergent to A
pointwise at every point of [0, T ] for all ω except a P -null set.

Proof. Let T := {k2−nT : k = 0, . . . , 2n, n ∈ N}. Using the Komlós theorem
and the diagonal procedure, we find a subsequence such that An′

r is Césaro
convergent a.s. to Ao

r ∈ L1 (with all further subsequences) for all r ∈ T. We
can always choose a common null set Ω0 and assume that Ao

r(ω) is increasing
in r for each ω /∈ Ω0. Let us consider its left-continuous envelope defined on
the whole interval, i.e., the process At := lim infr↑t Ao

t (r ∈ T and r < t).
By the same argument as in the theory of weak convergence of probability
distribution functions, we conclude that if the sequence of functions An′

(ω)
converges at all points of T in Césaro sense to Ao(ω), then it converges,
in the same sense, to the function A(ω) at all points of continuity of the
latter. The crucial observation is that one can sacrifice the left-continuity
of A but “improve” the convergence property. To this aim let us consider a
sequence of stopping times τk exhausting the jumps of the process A (i.e.,
such that {Δ+A > 0} ⊆

⋃
k[τk], where [τk] is the graph of τk). Refining the

subsequence of An′
, we may assume that each sequence of random variables

An′

τk
also converges in Césaro sense. Replacing Aτk

by these limiting values,
we obtain the required process, which is a pointwise Césaro limit of a certain
subsequence of An (thus, predictable). ��

Remark. The above lemma is one of the key elements of the proof. It is wor-
thy to make a look at its deterministic counterpart, which is just a version
of the Helly theorem. The latter is usually formulated for left-continuous (or,
more frequently, for right-continuous) monotone functions. The proof is easy:
combining the Bolzano–Weierstrass theorem and the diagonal procedure, one
defines a monotone function Ao on T and a subsequence An′

convergent to
Ao on T. Let A be the left envelope of Ao. Due to monotonicity, the same
subsequence will converge to A at all points of [0, T ], where A is continuous,
and this gives the standard version of the Helly theorem. Of course, the con-
vergence may fail at the denumerable set where A is discontinuous. Repeating
the arguments, one can find a further subsequence having limits also at each
point of discontinuity of A. Replacing the values of A by these limits, we get
an increasing function approximated by the refined subsequence at all points
of the interval. The proofs in the stochastic setting (respectively, of Lem-
mas 3.6.5 and 3.6.14) follows the same lines, but the classical compactness
argument is replaced by a reference to the Komlós theorem.

Fix ξ ∈ L0(Rd, FT ) with ξ + κ1 ∈ L0(GT , FT ), where κ is constant, and
define the convex set Γ := {x ∈ Rd : ξ ∈ Y x

b (T )} and the closed convex set

D :=
{
x ∈ Rd : Z0x ≥ EZT ξ ∀Z ∈ MT

0 (G∗)
}
.
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Again, it is clear that Γ ⊆ D. Indeed, if x ∈ Γ , then ξ = x + YT , where
Y ∈ Y 0

b . For any Z ∈ MT
0 (G∗), we have Z0x ≥ EZT ξ in virtue of the

supermartingale property of ZY .

Theorem 3.6.15 Assume that D(G) = ∅ and B holds. Then Γ = D.

Lemma 3.6.16 Assume that D(G) = ∅ and B holds. Then the set Y x
b (T ) is

Fatou-closed.

Proof. Let Y n
T ∈ Y x

b (T ) be a sequence with Y n
T + κ1 ∈ L0(GT , FT ) converg-

ing to U a.s. Applying Lemmas 3.6.13 and 3.6.14, we may assume that each
component of Y n converges point-wise to a certain process Y of bounded
variation. In virtue of Lemma 3.6.11, Y ∈ Y x. It remains to check that
Y n

t +κ1 ∈ L0(Gt, Ft) for all t ≤ T . Let Z ∈ M(G∗). In virtue of Lemma 3.6.10,
the processes Z(Y n + κ1) are supermartingales, positive at the terminal
date. It follows that EIΓ Zt(Y n

t + κ1) ≥ 0 whatever is Γ ∈ Ft. Therefore,
Zt(Y n

t + κ1) ≥ 0. Condition B implies that Y n
t + κ1 ∈ Gt, and, therefore,

Yt + κ1 ∈ Gt. ��

With this property, we obtain as in Sect. 3.6.4, without any changes, the
following assertions needed to complete the proof of the hedging theorem.

Lemma 3.6.17 The set Y x
b (T ) ∩ L∞ is Fatou-dense in Y x

b (T ).

Lemma 3.6.18 Assume that D(G) = ∅. Then

Y x
b (T ) =

{
ξ ∈ L0

b

(
Rd
)

: Eηξ ≤ f(η) ∀η ∈ L1(G∗
T , FT )

}
, (3.6.10)

where f(η) = supξ∈Y x
b (T ) Eηξ.

3.6.7 Hedging Theorem for American Options

First, we introduce some notation and concepts which are natural generaliza-
tions of those used for the dual description of the set of hedging endowments
in the discrete-time model.

Coherent price systems. Let ν be a finite measure on the interval [0, T ],
and let N denote the set of all such measures. For an Rd

+-valued process Z,
we denote by Z̄ν the optional projection of the process

∫
[t,T ]

Zsν(ds), i.e., an
optional process such that, for every stopping time τ ≤ T , we have

Z̄ν
τ = E

(∫
[τ,T ]

Zsν(ds)
∣∣Fτ

)
.

The process Z̄ν can be represented as the difference of a martingale and a
left-continuous process with increasing components:

Z̄ν
t = E

(∫
[0,T ]

Zsν(ds)
∣∣Ft

)
−
∫

[0,t[

Zsν(ds).
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We associate with ν the product-measure P ν(dω, dt) = P (dω)ν(dt) on
the space (Ω × [0, T ], F × B[0,T ]); the average with respect to this measure is
denoted by Eν .

Let Z(G∗, P, ν) denote the set of adapted càdlàg processes Z ∈ L1(P ν)
such that Zt, Z̄

ν
t ∈ L0(G∗

t , Ft) for all t ≤ T . We call the elements of this set
coherent price systems. In the case where Z is a martingale, Z̄ν

τ = ν([τ, T ])Zτ ,
and, hence, MT

0 (G∗) ⊆ Z(G∗, P, ν).
Define the convex set

Γ :=
{
x ∈ Rd : ∃ Y ∈ Y x

b such that Y ≥G U
}

=
{
x ∈ Rd : U − x ∈ AT

0 (.)
}

and the closed convex set

D := D(P ) :=
{
x ∈ Rd : Z̄ν

0 x ≥ EνZU ∀Z ∈ Z(G∗, P, ν), ∀ν ∈ N
}
.

It is easy to check that D(P ) = D(P̃ ) if P̃ ∼ P . Indeed, let x ∈ D(P ), ν ∈ N ,
and Z̃ ∈ Z(G∗, P̃ , ν). Define ρt = E(dP̃ /dP | Ft) and consider the process
Zt = ρtZ̃t. It is in Z(G∗, P, ν), and

EρT

∫
[0,T ]

Z̃tUtν(dt) = E

∫
[0,T ]

ρtZ̃tUtν(dt) = E

∫
[0,T ]

ZtUtν(dt) ≤ xEνZ.

Since EνZ = ẼνZ̃, it follows that x ∈ D(P̃ ).

Proposition 3.6.19 Γ ⊆ D.

Proof. Let x ∈ Γ . Then there exists Y in Y 0
b such that the process x + Y

dominates U , i.e., x + Yt − Ut ∈ L0(Gt, Ft) for all t ∈ [0, T ]. It follows that
x + Yt+ − Ut ∈ L0(Gt, Ft). By duality, for any Z ∈ Z(G∗, P, ν) and ν ∈ N ,
we have that

E

∫
[0,T ]

Ztxν(dt) + E

∫
[0,T ]

ZtYt+ν(dt) ≥ E

∫
[0,T ]

ZtUtν(dt).

It remains to verify that EνZY+ ≤ 0. Using the Fubini theorem and the
property of the optional projection given by Theorem VI.2.57 in [59], we have

E

∫
[0,T ]

ZtYt+ν(dt) = E

∫
[0,T ]

Zt

(∫
[0,t]

Ẏ+sd‖Y+‖s

)
ν(dt)

= E

∫
[0,T ]

Ẏ+s

(∫
[s,T ]

Ztν(dt)
)

d‖Y+‖s

= E

∫
[0,T ]

Ẏ+sZ̄
ν
s d‖Y+‖s.

It is easy to see that
∫

[0,T ]

Ẏ+sZ̄
ν
s d‖Y+‖s =

∫
[0,T ]

Ẏ c
s Z̄ν

s d
∥∥Y c
∥∥

s
+
∑
s≤T

Z̄ν
s ΔYs +

∑
s≤T

Z̄ν
s Δ+Ys.
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Since Ẏ c
s and Δ+Ys take values in the cone −Gs and Z̄ν

s takes values in G∗
s, the

first and third terms of the above identity are negative. The increment ΔYs

takes values in −Gs−. If Gs− = Gs for all s, the second term is also negative,
and we conclude. As we do not assume the continuity of the process G, the
proof requires a bit more work.

Let us suppose for a moment that the random variable ‖Y d‖T is bounded.
To get the needed inequality EνZY+ ≤ 0, it is sufficient to check that the
expectation of the second term is negative. We proceed as follows. Recall that
Z̄ν = Mν − R, where Mν is a martingale, and the process

Rt =
∫

[0,t[

Zuν(du)

is left-continuous. The last property implies that ΔZ̄ν = ΔMν . It follows that
∑
s≤T

Z̄ν
s ΔYs =

∑
s≤T

Z̄ν
s−ΔYs +

∑
s≤T

ΔMν
s ΔYs.

The first sum in the right-hand side is obviously negative, while the expecta-
tion of the second one is zero. This follows from the classical property (see,
e.g., [102], Lemma I.3.12): if M is a positive martingale and B is a predictable
increasing process starting from zero, then

EMT BT = E

∫
[0,T ]

Ms dBs = E

∫
[0,T ]

Ms− dBs.

We can easily remove the condition of the boundedness of ‖Y d‖. Indeed, a fi-
nite predictable increasing process is locally bounded, see [59], Chap. VIII.11.
Hence, there is a sequence of stopping times τn increasing stationary to T
(i.e., with P (τn = T ) → 1) such that ‖Y d‖τn ≤ Cn. Let Un be the process
coinciding with U on [0, τn[ and taking the value x+Yτn on [τn, T ]. It follows
from the above arguments that Z̄νx ≥ EνZUn, and the result follows from
the Fatou lemma. ��

Theorem 3.6.20 Suppose that D = ∅. Then Γ = D.

Proof. We fix Z̃ ∈ D and define the set of hedging endowments corresponding
to portfolios with the “relaxed” admissibility property, namely, we put

Γ (Z̃) :=
{
x ∈ Rd : ∃ Y ∈ Y x

b (Z̃) such that Y �G U
}
.

Since Y x
b (Z̃) ⊇ Y x

b , this set is larger than Γ . On the other hand, if a portfolio
Y dominates U , it is bounded from below. Hence, Γ (Z̃) = Γ .

Let Tm := {tk = tmk : tk = k2−mT, k = 0, . . . , 2m}; then T =
⋃

m≥1 Tm.
Define the convex set ATm(.) of American options W which can be hedged
at the dates from Tm by a portfolio belonging to the class Y 0

b (Z̃), i.e., such
that Yt − Wt ∈ Gt, t ∈ Tm, for some Y ∈ Y 0

b (Z̃). Let us consider ATm(.) as a
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subset of the space L0(P ⊗ νm) := L0(Ω × [0, T ], F × B[0,T ], P ⊗ νm), where
the probability measure νm is the uniform distribution on Tm, i.e., it charges
only the points of Tm with weights 1/(2m +1). From the point of view of this
space, W is just the random vector (W0, W1/2m , . . . , WT ) (the components of
the latter are d-dimensional). For such random vectors (with fixed m ≥ 1),
we extend the concept of the Fatou-convergence in the same spirit as it was
developed in the problem of hedging of European options. Note that ATm(.),
in general, depends on Z̃.

We say that a sequence W n is Fatou-convergent in L0(P ⊗ νm) to W if
there is a constant κ such that Wn

r + κ1 ∈ L0(Gr, Fr) (i.e., Wn
r �Gr −κ1)

for all r ∈ Tm, n ≥ 1, and Wn
r → Wr a.s., n → ∞, for all r ∈ Tm. The

subsequent definitions of Fatou-closed and Fatou-dense are obvious.

Lemma 3.6.21 The set ATm(.) is Fatou-closed in L0(P ⊗ νm).

Proof. Let Wn ∈ ATm(.) be a sequence Fatou-converging to W , and let Y n

be a corresponding sequence of dominating elements from Y 0
b (Z̃). Our aim

is to show that W also can be dominated by some element Y 0
b (Z̃) at the

points of Tm. Using the preceding results (see Lemmas 3.6.13 and 3.6.14),
we can replace Wn and Y n by appropriate sequences of arithmetic means
and suppose without loss of generality that Y n converges to some predictable
process Y of bounded variation almost surely at each point t ∈ [0, T ]. Us-
ing Lemma 3.6.11, we conclude that Y ∈ Y 0. It remains to check that Z̃Y
dominates a martingale. By virtue of Lemma 3.6.10, the prelimit processes
Z̃Y n are supermartingales. Since Y n

T dominates WT �GT
−κ1, we have that

Z̃T Y n
T ≥ −κZ̃T . It follows that the supermartingale Z̃Y n dominates the mar-

tingale −κZ̃, and so does the supermartingale Z̃Y . ��

Lemma 3.6.22 The set ATm(.) ∩ L∞(P νm

) is Fatou-dense in ATm(.).

Proof. Let W ∈ ATm(.) be dominated at the points of Tm by a portfolio
Y ∈ Y 0

b (Z̃). Let κ be a constant such that Wt + κ1 ∈ Gt for t ∈ Tm. Put

Wn := WI{ |W |≤n} − κI{ |W |>n}.

Then Wn ∈ L∞(P ⊗ νm) and tends to W as n → ∞. Since

Yt − Wn
t = (Yt − Wt)I{ |Wt |≤n} + (Yt + κ1)I{ |Wt |>n} ∈ Gt, t ∈ Tm,

we have that Wn ∈ ATm(.). ��

Let L0
b(P ⊗ νm) be the cone in L0(P ⊗ νm) formed by the elements W

(interpreted as random vectors) which are adapted and bounded from below
in the sense of partial ordering, i.e., such that Wr + c1 ∈ L0(Gr, Fr) for all
r ∈ Tm. The notation L1(G∗, P ⊗ νm) has an obvious meaning.

The following assertion is nothing but Theorem 5.5.3 formulated in the
notation adjusted to the considered situation (where one takes W0 = 0).
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Lemma 3.6.23 Let A be a convex subset in L0
b(P ⊗νm) which is Fatou-closed

and such that the set A∞ := A∩L∞(Rd, P ⊗νm) is Fatou-dense in A. Suppose
that there is W0 ∈ A∞ such that W0 − L∞(G, P ⊗ νm) ⊆ A∞. Then

A =
{
W ∈ L0

b

(
P ⊗ νm

)
: Eνm

ZW ≤ f(Z) ∀Z ∈ L1
(
G∗, P ⊗ νm

)}
,

where f(Z) = supY ∈A Eνm

ZY .

With the above preliminaries, we can complete the proof of Theorem 3.6.20
by establishing the remaining inclusion D ⊆ Γ = Γ (Z̃). Indeed, take a point
x ∈ D. Suppose that U − x /∈ ATm(.) for some m. By virtue of Lemma 3.6.23,
there exists Z ∈ L1(G∗, P ⊗νm) such that Eνm

Z(U −x) > f(Z). But f(Z) = 0
as ATm(.) is a cone. We can identify Z with a right-continuous adapted process
taking value Ztk

at the points tk. Since Eνm

ZY ≤ 0 for all Y ∈ ATm(.), the
process Z ∈ Z(G∗, P, νm). Thus, x /∈ D, a contradiction. This means that
U − x ∈ ATm(.) for all m, i.e., there exist admissible portfolio processes Y n

dominating U − x at the points of Tn. In particular, the sequence Y n
T is

bounded from below by a constant vector, and, by virtue of Lemma 3.6.13,
the total variations ‖Y n‖T are bounded in a certain L1(Q) with Q ∼ P . Using
Lemma 3.6.14, we may assume without loss of generality that the sequence
Y n converges to some predictable process Y of bounded variation almost
surely at each point t ∈ [0, T ]. Recall that Ut + κ1 ∈ Gt. The limiting process
Y dominates U − x at all points from T. Using the right continuity of the
processes, we obtain that Y+ dominates U − x on the whole interval, and so
does the “larger” process Y . So, x ∈ Γ . ��

Remark. Theorem 3.6.20 implies as a corollary a hedging theorem for càdlàg
portfolio processes under the assumption that the cone-valued process G is
continuous. Indeed, let X 0 be the set of all càdlàg processes X of bounded
variation with X0 = 0 and such that dX/d‖X‖ ∈ −G dP d‖X‖-a.e. The
notation X x and X x

b is obvious. Let

ΓX :=
{
x ∈ Rd : ∃X ∈ X x

b such that X ≥G U
}
.

Arguments similar to (but simpler than) those used in the proof of Proposi-
tion 3.6.19 show that ΓX ⊆ D.

Suppose that all generators ξk of G are continuous processes. It is easy
to check that if the process Y ∈ Y 0, then Y+ ∈ X 0. Thus, Γ ⊆ ΓX , and
Theorem 3.6.20 implies that if D(G) = ∅, then ΓX = D.

3.6.8 When Does a Consistent Price System Exist?

In this section we provide a sufficient condition for the existence of a martin-
gale evolving in the interior of K̂∗. To simplify the notation, we consider the
following setting:
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Let C be a cone in Rd containing the vector 1 = (1, . . . , 1) in its inte-
rior. Let S = (St)t∈[0,1] be an Rd-valued continuous adapted process with
strictly positive components defined on a stochastic basis (Ω, F ,F, P ). The
random diagonal operators Σt : (x1, . . . , xd) �→ (S1

t x1, . . . , Sd
t xd) define the

cone-valued adapted process ΣC = (ΣtC)t∈[0,1]. The question is: when is the

set M1
0(ΣC \ {0}) nonempty? That is, when does there exist an Rd-valued

martingale M with Mt(ω) ∈ Σt(ω)C \ {0} for all ω and t?
In our usual language, C = K∗, the dual to the solvency cone in the model

with constant transaction costs, Σt = φ−1
t and ΣtC = K̂∗.

To formulate the result we introduce two conditions.
Let τ and σ be two stopping times with values in [0, 1] such that σ ≥ τ . We

denote by Aτ,σ the (random) topological support of the regular conditional
distribution P τ,σ(dx, ω) of Sσ − Sτ with respect to Fτ .

(a) 0 ∈ ri conv Aτ,σ a.s. on {τ < 1} for all stopping times τ and σ such that
σ ≥ τ (recall that ri means relative interior).

(b) P (supτ ≤r≤1 |Sr − Sτ | ≤ ε| Fτ ) > 0 a.s. on {τ < 1} for all ε > 0 and all
stopping times τ .

Theorem 3.1. Assume that (a) and (b) hold. Then M1
0(ΣC \ {0}) = ∅.

Proof. Fix θ > 1. Define the sequence of stopping times, τ0 = 0,

τn := inf
{

t ≥ τn−1 : max
i≤d

∣∣lnSi
t − ln Si

τn−1

∣∣ ≥ ln θ
}

∧ 1, n ≥ 1,

and the stopping time τt := min{τn : τn > t} for t ∈ [0, 1[. We put also
σt := max{τn : τn ≤ t} and ν := max{n : τn < 1}. Since the ratios Si

t/Si
σt

and Si
τt

/Si
σt

take values in the interval [θ−1, θ], we have the bounds

θ−2 ≤ Si
τt

/Si
t ≤ θ2, i ≤ d. (3.6.11)

Set Xn := SτnI{τn<1} + Sτν I{τn=1}, Gn := Fτn . We apply, to the discrete-
time process X = (Xn), Proposition 2.2.14 conditions (i) and (iii) of which
hold by virtue of (a) and (b), while (ii) is always fulfilled for continuous
S. In virtue of this proposition, X is a uniformly integrable Q-martingale
with respect to some probability measure Q = Z∞P equivalent to P . Let us
consider the continuous-time martingale S̃t := EQ(X∞ | Ft), t ∈ [0, 1]. Since
S̃τn = Xn, we have the inequalities

θ−1 ≤ S̃i
τn

/Si
τn

≤ θ,

where τn can be replaced by τt. Using this and the bounds (3.6.11), we get
that

θ−3 ≤ S̃i
τt

/Si
t ≤ θ3.

But S̃i
t/Si

t = EQ(S̃i
τt

/Si
t | Ft), and, therefore, the ratios S̃i

t/Si
t take values in

the interval [θ−3, θ3]. Thus, for θ sufficiently close to unit, the Q-martingale
S̃ evolves in ΣC \ {0}, and so does also the P -martingale M := ZS̃. ��
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3.7 Asymptotic Arbitrage Opportunities of the Second
Kind

In this section we shall work in a framework of a very general continuous-time
model, with an arbitrary adapted cone-valued process satisfying the efficient
friction condition and dominating the constant process Rd

+. Regularity hy-
pothesis is not imposed. We present a criterion of the NFL-property together
with some results on the NAA2-property, No Asymptotic Arbitrage of the
2nd Kind, close to the NA2-property considered for the discrete-time model.

Let (Ω,F = F , (Ft)t≤T , P ) be a continuous-time stochastic basis verifying
the usual conditions. We are given a pair of set-valued adapted processes
G = (Gt)t∈[0,T ] and G∗ = (G∗

t )t∈[0,T ] whose values are closed cones in Rd in
duality, i.e., G∗

t (ω) = {y : yx ≥ 0 ∀x ∈ Gt(ω)}. “Adapted” means that the
graphs {

(ω, x) ∈ Ω × Rd : x ∈ Gt(w)
}

are Ft-measurable.
We assume that all cones Gt are proper, i.e., Gt ∩ (−Gt) = {0} or, equiv-

alently, intG∗
t = ∅. We assume also that G∗ \ {0} ⊂ intRd

+.
Recall that in a more specific financial setting, the cones Gt are the sol-

vency cones K̂t, provided that the portfolio positions are expressed in physical
units.

For each s ∈ ]0, T ], we are given a convex cone Y T
s of optional Rd-valued

processes Y = (Yt)t∈[s,T ] with Ys = 0.
It is assumed that Y T

s is stable under multiplication by the bounded Fs-
measurable random variables, i.e., by the elements of L∞

+ (Fs) = L∞(R+, Fs).
Moreover, if sets An ∈ Fs form a countable partition of Ω and Y n ∈ Y T

s , then∑
n Y nIAn ∈ Y T

s .
The following notation will be used in the sequel:

• for d-dimensional processes Y and Y ′, the relation Y ≥G Y ′ means that
the difference Y − Y ′ evolves in G, that is, Yt − Y ′

t ∈ Gt a.s. for every t;
• Y T

s,b denotes the subset of Y T
s formed by the processes Y dominated from

below in the sense of partial ordering generated by G, i.e., such that there
is a constant κ such that the process Y + κ1 evolves in G;

• Y T
s,b(T ) is the set of random variables YT where Y ∈ Y T

s,b;

• AT
s,b(T ) = (Y T

s,b(T ) − L0(GT , FT )) ∩ L∞(Rd, FT ), and AT
s,b(T )

w
is the

closure of this set in σ{L∞, L1};
• MT

s (G∗) is the set of all d-dimensional martingales Z = (Zt)t∈[s,T ] “evolv-
ing” in G∗, i.e., such that Zt ∈ G∗

t almost surely for every t ∈ [s, T ].

Throughout the section we assume the following standing hypotheses on
the sets Y T

s,b:

S1. EξZT ≤ 0 for all ξ ∈ Y T
s,b(T ), Z ∈ MT

s (G∗), and s ∈ [0, T [.
S2.
⋃

t≥s L∞(−Gt, Ft) ⊆ Y T
s,b(T ) for each s ∈ [0, T ].
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Hypotheses S1 and S2 adopted in this section are fulfilled for both
continuous-time models considered above. Hypothesis S2 means that an in-
vestor has the right to take any position less advantageous than zero and keeps
it until the end of the planning horizon.

Now we introduce other properties of interest: No Free Lunch, No Asymp-
totic Arbitrage of the 2nd Kind, and Many Consistent Price Systems.

NFL. AT
s,b(T )

w
∩ L∞(Rd

+, FT ) = {0} for each s ∈ [0, T [.
NAA2. For all s ∈ [0, T [ and ξ ∈ L∞(Rd, Fs),

(
ξ + AT

s,b(T )
w)

∩ L∞(Rd
+, FT

)
= ∅

only if ξ ∈ L∞(Gs, Fs).
MCPS. For any η ∈ L1(int G∗

s , Fs), there is Z ∈ MT
s (G∗ \ {0}) with Zs = η.

Finally, we recall one more condition:

B. If ξ is an Fs-measurable Rd-valued random variable such that
Zsξ ≥ 0 for any Z ∈ MT

s (G∗), then ξ ∈ Gs (a.s.).

The following assertion is a version of FTAP for the considered setting:

Theorem 3.7.1 NFL ⇔ MT
0 (G∗ \ {0}) = ∅.

Proof. (⇐) Let Z ∈ MT
0 (G∗ \ {0}). Then the components of ZT are strictly

positive, and EZT ξ > 0 for all ξ ∈ L∞(Rd
+, FT ) except ξ = 0. On the other

hand, EξZT ≤ 0 for all ξ ∈ Y T
s,b(T ) and thus for all ξ ∈ AT

s,b(T )
w
.

(⇒) The Kreps–Yan theorem on separation of closed cones in L∞(Rd, FT )
implies the existence of η ∈ L1(intRd

+, FT ) such that Eξη ≤ 0 for all
ξ ∈ AT

s,b(T )
w
and, hence, by hypothesis S2, for all ξ ∈ L∞(−Gt, Ft). Let

us consider the martingale Zt = E(η| Ft), t ≥ s, with strictly positive compo-
nents. Since EZtξ = Eξη ≥ 0, t ≥ s, for every ξ ∈ L∞(Gt, Ft), it follows that
Zt ∈ L1(Gt, Ft), and, therefore, Z ∈ MT

s (G∗ \ {0}). ��

Now we formulate the main result of this section, giving, in particular,
a financial meaning of condition B.

Theorem 3.7.2 Assume that NFL holds. Then

MCPS ⇒ B ⇔ NAA2.

If, moreover, the sets Y T
s,b(T ) are Fatou-closed for any s ∈ [0, T [, then all

three conditions are equivalent.

In the above formulation the Fatou-closedness means that the set Y T
s,b(T )

contains the limit on any a.s. convergent sequence of its elements, provided
that the latter is bounded from below in the sense of partial ordering induced
by GT .
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Proof. MCPS ⇒ B Let ξ be Fs-measurable random variable such that
Zsξ ≥ 0 for any martingale Z ∈ MT

s (G∗). Since MCPS holds, we have
that ηξ ≥ 0 for all η ∈ L1(int G∗

s , Fs) and, hence, for all η ∈ L0(G∗
s, Fs). This

implies that ξ ∈ Gs (a.s.).
B ⇒ NAA2 Let ξ ∈ L∞(Rd, Fs) and let V ∈ AT

s,b(T )
w

be such that
ξ + V ∈ L∞(GT , FT ). For any Z ∈ MT

s (G∗) and Γ ∈ Fs the process
ZIΓ ∈ MT

s (G∗) and we have:

0 ≤ EZT (ξ + V )IΓ = EZsξIΓ + EZT IΓ V ≤ EZsξIΓ

because EZT IΓ V ≤ 0 due to the hypothesis S1. Thus, EZsξIΓ ≥ 0 for every
Γ ∈ Fs, i.e. Zsξ ≥ 0. By virtue of B the random variable ξ ∈ L∞(Gs, Fs) and
we conclude.

NAA2 ⇒ B Let ζ ∈ L∞(Rd
+). We define the convex set

Γζ :=
{
x ∈ Rd : ζ − x ∈ AT

s,b(T )
w}

and the closed convex set

Dζ :=
{
x ∈ Rd : EZsx ≥ EZT ζ ∀Z ∈ MT

s (G∗)
}
.

Lemma 3.7.3 Suppose that NFL holds. Then Γζ = Dζ .

Proof. The argument is standard, but we sketch it for the sake of complete-
ness. The inclusion Γζ ⊆ Dζ is obvious. For the converse, let us consider a
point x ∈ Dζ such that ζ −x /∈ AT

s,b(T )
w
. Using the Hahn–Banach theorem, we

separate ζ − x and AT
s,b(T )

w
by a hyperspace given by some η ∈ L1(Rd) and

define the martingale Zζ
t = E(η| Ft) for which EZζ

T ξ ≤ 0 for all ξ from AT
s,b(T ).

By our hypothesis the latter set is rich enough to ensure that Zζ ∈ MT
s (G∗).

The point ζ − x lays in the interior of the complementary subspace, i.e., the
inequality EZζ

T (ζ − x) > 0 holds. This contradicts to the definition of Dζ .
Thus, Γζ = Dζ . ��

Suppose that ξ ∈ L∞(Rd, Fs) is such that Ztξ ≥ 0 for any Z ∈ MT
s (G∗).

It follows that 0 ∈ D−ξ and, by the above lemma, −ξ ∈ AT
s,b(T )

w
. The last

property means that

0 = ξ − ξ ∈
(
ξ + AT

s,b(T )
w)

∩ L∞(Rd
+

)
.

In virtue of the condition NAA2, this may happen only if ξ ∈ Gs a.s. So, the
condition B is fulfilled.

B ⇒ MCPS Now we assume that the sets Y T
s,b(T ) are Fatou-closed.

Lemma 3.7.4 Assume that B and NFL hold. Then, for any
η ∈ L1(int G∗

s , Fs), there exists a sequence Zn ∈ MT
s (G∗ \{0}) such that

Zn
s → η in L1.
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Proof. Suppose that η ∈ L1(int G∗
s , Fs) does not belong to the set M̄s, the

closure in L1 of the convex cone Ms := {Zs : Z ∈ MT
s (G∗ \{0})}. By the

Hahn–Banach theorem, there exists ξ ∈ L∞(Gs, Fs) such that

EZsξ ≤ Eηξ ∀Z ∈ MT
s

(
G∗ \{0}

)
.

Since the set MT
s (G∗ \ {0}) is a cone, the left-hand side of the above inequality

is negative for Z from this set.
We take a martingale Z̃ ∈ MT

s (G∗ \ {0}) existing by virtue of Theo-
rem 3.7.1. For any Z ∈ MT

s (G∗), Γ ∈ Fs, and k > 0, the process ZIΓ +k−1Z̃
belongs to MT

s (G∗ \ {0}) and E(ZsIΓ + k−1Z̃s)ξ ≤ 0. We deduce from here
that Zsξ ≤ 0 for every Z ∈ MT

s (G∗). Condition B implies that ξ ∈ −Gs a.s.,
leading to a contradiction since Eηξ > 0. Hence, η ∈ M̄s, i.e., there exists a
sequence Zn ∈ MT

s (G∗ \ {0}) such that Zn
s → η in L1. ��

Since the components of Zn in the above are positive, the expectations of
components of the vector Zn

T coincide with the expectations of components
of Zn

s . It follows that the sequence Zn
T is bounded in L1 and the Komlós

theorem can be applied. Replacing the original sequence by a sequence of the
Césaro means, from the latter theorem we obtain a sequence in MT

s (G∗ \{0})
the terminal values of which converge a.s. to a random variable ZT ∈ L1(G∗

T ).
The following lemma shows that we could do better.

Lemma 3.7.5 Assume that B and NFL hold. Then, for any
η ∈ L1(int G∗

s, Fs), there exists a sequence Zn ∈ MT
s (G∗ \{0}) such that

Zn
s → η in L1 and Zn

T → ZT a.s. where ZT ∈ L1(G∗
T \ {0}).

Proof. Let η ∈ L1(int G∗
s , Fs). We may assume without loss of generality

that E|η| ≤ 1/2. We start with an arbitrary Z̃1 ∈ MT
s (G∗ \{0}) = ∅. Using

the measurable selection, we find α1
s ∈ L0(]0, 1[, Fs) such that the difference

η − α1
sZ̃

1
s ∈ int G∗

s a.s. The process α1
sZ̃

1 ∈ MT
s (G∗ \{0}); we may assume

that E|η − α1
sZ̃

1
s | ≤ 1.

Now, we proceed by induction. Put Z̄1 := α1
sZ̃

1. Since η − Z
1

s ∈ int G∗
s

a.s., we apply Lemma 3.7.4 and find Z̃2 ∈ MT
s (G∗ \{0}) such that

E
∣∣η − Z

1

s − Z̃2
s

∣∣ ≤ 1/2.

Using measurable selection, we find α2
s ∈ L0(]0, 1[, Fs) such that

η − Z̄1
s − α2

sZ̃
2
t ∈ int G∗

s ,

where
α2

sZ̃
2 ∈ MT

s

(
G∗ \ {0}

)
.

We put Z̄2 := Z̄1 +α2
sZ̃

2. Suppose that we have already defined the processes
Z̄n−1 =

∑n−1
i=1 αi

sZ̃
i, Z̃n−1, where Z̃i ∈ MT

s (G∗ \{0}) and αi
s ∈ L0(]0, 1[, Fs),
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such that

η − Z
n−1

s ∈ int G∗
s a.s., E

∣∣η − Z̄n−2
s − Z̃n−1

s

∣∣ ≤ 2−(n−1).

By Lemma 3.7.4 there is Z̃n ∈ MT
s (G∗ \ {0}) such that

E
∣∣η − Z̄n−1

s − Z̃n
s

∣∣ ≤ 2−n

and, by virtue of measurable selection arguments, there is αn
s ∈ L0(]0, 1[, Fs)

such that

η − Z̄n−1
s − αn

s Z̃n
s ∈ int G∗

s, αn
s Z̃n ∈ MT

s

(
G∗ \{0}

)
.

We put Z̄n := Z̄n−1 + αn
s Z̃n, and the induction step is done.

Due to our standing assumption, G∗
T \ {0} lies in the interior of Rd

+. It fol-
lows that Z̄n−1

T is a componentwise increasing sequence bounded in L1, and,
therefore, this sequence converges a.s. and in L1 to some random variable
Z̄T ∈ L1(G∗

T \{0}, FT ). Automatically, Z̄n−1
t converges (increasingly) to

E(Z̄T | Ft) a.s. and in L1 for each t ≥ s. By construction, Z̄n−1
s + Z̃n

s converges
to η in L1. The sequence of terminal values of martingales Zn := Z̄n−1 + Z̃n

evolving in MT
s (G∗ \ {0}) is bounded L1, and the Komlós theorem can be ap-

plied. That is, passing to a sequence of Césaro, we may assume without loss
of generality that Z̃n

T → Z̃T where Z̃T ∈ L1(GT , FT ). Hence, the properties
claimed in the lemma hold for the sequence of Zn. ��

We need some further auxiliary results.
For η ∈ L1(int G∗

s, Fs), we define the random half-space G̃s by putting
G̃∗

s = R+η. Note that (−G̃s) ∩ Gs = {0}.
Let L0

b(R
d) := {ξ ∈ Rd : ∃ κξ such that ξ + κξ1 ∈ GT }, and let

ÃT
s,b(T ) :=

(
L0(−G̃s, Fs) + Y T

s (T )
)

∩ L0
b

(
Rd
)
.

Lemma 3.7.6 Assume that B and NFL hold. If the set Y T
s,b(T ) is Fatou-

closed, then ÃT
s,b(T ) is also Fatou-closed.

Proof. We consider a sequence Y n
T := ξn

s + γn
T , where

ξn
s ∈ L0(−G̃s, Fs), γn

T ∈ Y T
s (T ),

are such that Y n
T + k1 ∈ GT a.s. for some constant k and Y n

T → YT a.s.
Let Γs = {supn |ξn

s | = ∞}. According to the lemma on subsequences, there
exists a strictly increasing sequence of integer-valued Fs-measurable random
variables θn such that |ξθn

s | → ∞ on Γs.
Put

ξ̃n
s :=

ξθn
s

|ξθn
s | ∨ 1

IΓs , γ̃n
T :=

γθn

T

|ξθn
s | ∨ 1

IΓs , Ỹ n
T :=

Y θn

T

|ξθn
s | ∨ 1

IΓs .
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The sequence Ỹ n
T is bounded from below (in the sense of partial ordering

induced by GT ). Since ξ̃n
s takes values in the unit ball, this implies that the

sequence γ̃n
T is bounded from below and its elements belong to Y T

s,b(T ) (note
that γθn

T =
∑

k γk
T I{θn=k} ∈ Y T

s (T ) due to our assumption). Applying again
the lemma on subsequences (this time to (ξ̃n

s )) and taking into account that
Ỹ n

T → 0, we may assume without loss of generality that

ξ̃n
s → ξ̃s ∈ L∞(−G̃s, Fs), γ̃n

T → γ̃T = −ξ̃s.

Due to the Fatou-closedness of Y T
s,b(T ), we have that γ̃T ∈ Y T

s,b(T ).
Let Z ∈ MT

s (G∗), and let Γ ∈ Fs. It follows from hypothesis S1 that

0 = EZT IΓ (ξ̃s + γ̃T ) ≤ EZT IΓ ξ̃s = EZsIΓ ξ̃s.

Thus, ZsIξ̃s ≥ 0, and, by virtue of condition B, ξ̃s ∈ L∞(Gs, Fs). Hence,
ξ̃s ∈ L∞((−G̃s) ∩ Gs, Fs), i.e., ξ̃s = 0 a.s. But |ξ̃s| = 1 on Γs. Therefore,
P (Γs) = 0.

We may assume, passing to a subsequence, that ξn
s → ξs and γn

T → γT a.s.
In the same spirit as above, we define Ȳ n

T = ξ̄n
s + γ̄n

T , where

ξ
n

s :=
ξn
s

|ξn
s | + 1

∈ L∞(−G̃s, Fs), γn
T :=

γn
T

|ξn
s | + 1

∈ Y s
b (T ).

By virtue of the Fatou-closedness of Y s
b (T ), we obtain that

γn
T → γT =

γT

|ξs| + 1
∈ Y T

b,s(T ).

Thus, YT = ξs + (1 + |ξs|)γT is an element of ÃT
s,b(T ). ��

Lemma 3.7.7 Assume that B and NFL hold. If the set Y T
s,b(T ) is Fatou-

closed, then ÃT
s,b(T ) ∩ L∞ is Fatou-dense in ÃT

s,b(T ).

Proof. Let YT = ξs + γT ∈ ÃT
s,b(T ) and YT + κ1 ≥GT

0. Put

Y n
T := YT I{ |YT |≤n} − κ1I{ |YT |>n}.

From the identity YT − Y n
T = (YT + κ1)I{ |YT |>n} ∈ GT we easily obtain that

Y n
T ∈ ÃT

s,b(T ). Clearly, Y n
T form a sequence Fatou-convergent to YT . ��

By virtue of the above lemmas, we obtain the following dual characteriza-
tion of the Fatou-closed set ÃT

s,b(T ) (see Appendix 5.5):

ÃT
s,b(T ) =

{
ξ ∈ L0

b

(
Rd
)

: Eξη ≤ sup
X∈ÃT

s,b(T )

EXη, ∀η ∈ L1(G∗
T )
}

. (3.7.1)
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Lemma 3.7.8 Assume that B and NFL hold. If the set Y T
s,b(T ) is Fatou-

closed, then
ÃT

s,b(T ) ∩ L∞(Rd
+

)
= {0}.

Proof. Let us consider

YT := ξs + γT ∈ ÃT
s,b(T ) ∩ L∞(Rd

+

)
.

Using the notation introduced above, we rewrite YT in the form

YT :=
(
1 + |ξs|

)
(ξs + γT ),

where γT ∈ Y T
s,b(T ) and ξ ∈ L∞(−G̃s, Fs). For the sequence Zn from Lemma

3.7.5, we have by the Fatou lemma that

0 ≤ E(ξs + γT )ZT ≤ lim inf
n

(
EξsZ

n
T + EγT Zn

T

)
,

where
EξsZ

n
T = EξsZ

n
s → Eξsη ≤ 0,

and EγT Zn
T ≤ 0 under condition S1. This implies that YT = 0 a.s. ��

With the above lemma, we get the implication B ⇒ MCPS by a standard
argument. Indeed, the Kreps–Yan separation theorem ensures the existence
of ZT ∈ L1(intRd

+, FT ) such that EZT ξ ≤ 0 for all ξ ∈ ÃT
s,b(T ). Define the

martingale Zt := E(ZT | Ft), s ≥ t, whose components are strictly positive.
Since ÃT

s,b(T ) contains L∞(−Gt, Ft) for t ≥ s and L∞(−G̃s, Fs), we infer that
Zt ∈ L1(G∗

t , Ft) for t ≥ s and Zs ∈ L1(R+η, Fs). Since ZT is defined up to
a scalar strictly positive multiplier, we choose it to have the equality Zs = η
and get a processes claimed in condition MCPS.

Theorem 3.7.2 is proven. ��
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Consumption–Investment Problems

4.1 Consumption–Investment without Friction

4.1.1 The Merton Problem

The study of consumption–investment problems in continuous time was ini-
tiated by Merton. He considered a model of frictionless market where the
price processes are geometric Brownian motions and the investor’s goal is to
maximize the expected discounted utility of consumption on the infinite time
interval. For the power utility function, he obtained an explicit solution of
the optimal control problem. This solution has a clear financial meaning: the
optimal investment is to keep the proportions of the total wealth held in risky
securities equal to a constant vector. The latter is easily calculated from the
model parameters. This work was extended by many authors in various di-
rections including models with transaction costs, which are the main objects
of our interest. Taking into account that the Merton problem is classical and
exposed in a number of textbooks, we give here a rather sketchy presentation
needed to understand basic ideas and methods as well as their evolution. The
results of this section will be used at the end of this chapter, where we discuss
an asymptotical behavior of the consumption–investment problem for small
transaction cost coefficients.

We are given a stochastic basis with an m-dimensional standard Wiener
process w. The market contains a nonrisky security, which is the numéraire,
i.e., its price is identically equal to unit, and m risky securities with the price
evolution

dSi
t = Si

t

(
μi dt + dM i

t

)
, i = 1, . . . , m, (4.1.1)

where M = Σw is a (deterministic) linear transform of w. Thus, M is a
Gaussian martingale with 〈M 〉t = At; the covariance matrix A = ΣΣ∗ is
assumed to be nondegenerate.

The evolution of the value process corresponding to a self-financing strat-
egy H is given as dVt = Ht dSt. Assuming withdrawal of the funds for the

Yu. Kabanov, M. Safarian, Markets with Transaction Costs,
Springer Finance, DOI 10.1007/978-3-540-68121-2 4,
c© Springer-Verlag Berlin Heidelberg 2009

http://dx.doi.org/10.1007/978-3-540-68121-2_4
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consumption with rate ct ≥ 0, we arrive at the dynamics

dVt = Ht dSt − ct dt. (4.1.2)

Of course, we can substitute dSt by its expression given in (4.1.1). Since Hi
t is

a number of units of the ith asset in the portfolio, the quantity αi
t := Hi

tS
i
t/Vt

can be interpreted as the proportion of the wealth invested in this asset. It is
convenient to choose α together with c as the control parameters. With these
considerations, the problem with infinite time horizon can be formulated in
usual terms of stochastic optimal control theory in the following way.

The system dynamics is given by the controlled stochastic differential equa-
tion

dVt = Vtαt(μdt + dMt) − ct dt, V0 = x, (4.1.3)

with the initial condition x > 0 and the control π = (α, c), which is a pre-
dictable process. We suppose that the consumption intensity process c has
trajectories integrable on every finite interval, while the trajectories of α are
uniformly bounded by a constant which may depend on the strategy.1

More substantially, we require from π to be in the class of admissible
controls A(x) for which the process V = V x,π is positive. We assume also
that after the bankruptcy time (which is the first instant when V hits zero),
the control π is equal to zero, and the process V stops.

The investor’s goal is the following:

EJπ
∞ → max, (4.1.4)

i.e., to maximize the expectation of the limiting expected value of the utility
process Jπ defined as

Jπ
t :=

∫ t

0

e−βsu(cs) ds. (4.1.5)

The standard economically meaningful assumptions on the utility function
are that u is increasing and concave. For the sake of simplicity, we add to this
that u is positive and u(0) = 0. The parameter β > 0 shows to which extent
the agent prefers to consume today rather than in the future.

A typical example is the power utility function u(c) = cγ/γ, γ ∈ ]0, 1[.
Define the Bellman function

W (x) := sup
π∈A(x)

EJπ
∞, x > 0. (4.1.6)

By convention, A(0) := {0} and W (0) := 0.
Notice that the Bellman function W inherits the properties of u. Namely, it

is increasing (as A(x̃) ⊇ A(x) when x̃ ≥ x). With the chosen α-parameteriza-
tion, its concavity appears not to be so obvious, but we get it immediately
1 This assumption is not very wise but allows us to avoid discussions of integrability.
It is done because, in the Merton problem, the optimal strategy in a wider class
possesses this property.
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by turning back to the initial H-parameterization. Indeed, suppose that the
strategies πj = (αj , cj), πj ∈ A(xj), j = 1, 2, generate the value processes Vj .
The convex combination of these processes, V = λV1 + (1 − λ)V2, is of the
form (4.1.2), where H and c are the convex combinations with the same coeffi-
cients of the corresponding controls. The process H admits the representation
via the process α with the components

αi = HiSi/V =
λV1

λV1 + (1 − λ)V2
αi

1 +
(1 − λ)V2

λV1 + (1 − λ)V2
αi

2;

α is bounded because both αj are bounded. Thus, π = (α, λc1 + (1 − λ)c2)
belongs to A(x) with x = λx1 + (1 − λ)x2, and, therefore,

W
(
λx1 + (1 − λ)x2

)
≥ EJπ

∞ ≥ λEJπ1
∞ + (1 − λ)EJπ2

∞

due to the concavity of u. With this, we obtain the concavity of W by taking
supremum over π1 and π2.

Notice that we cannot guarantee without additional assumptions that W
is finite. If the latter property holds, then, due to the concavity, W (x) is
continuous for x > 0, but the question whether it is continuous at zero remains
open.

At last, when the utility u is a power function, the Bellman function W , if
finite, is proportional to u. Indeed, the linear dynamics of the control system
implies that W (νx) = νγW (x) for all ν > 0, i.e., the Bellman function is
positive homogeneous of the same order as the utility function. In a scalar case
this homotheticity property defines, up to a multiplicative constant, a unique
finite function, namely xγ .

Now we formulate the Merton theorem.

Theorem 4.1.1 Let u be the power utility function. Assume that the para-
meters of the model are such that the constant

κM :=
1

1 − γ

(
β − 1

2
γ

1 − γ

∣∣A−1/2μ
∣∣2

)
> 0. (4.1.7)

Then the optimal strategy πo = (αo, co) is given by the formulae

αo = θ :=
1

1 − γ
A−1μ, (4.1.8)

co
t = κMV o

t , (4.1.9)

where V o is the solution of the linear stochastic equation

dV o = V o
t θ(μdt + dMt) − κMV o

t dt, V o
0 = x. (4.1.10)

The process V o is optimal, and the Bellman function is

W (x) = κγ−1
M xγ/γ = mxγ . (4.1.11)

Note that W is proportional to xγ , and, therefore, the last assertion is
about the exact value of the coefficient m, which happens to be finite and
equal to κγ−1

M /γ with κM given by (4.1.7).
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4.1.2 The HJB Equation and a Verification Theorem

The most powerful and efficient method to solve stochastic control problems is
the method of dynamic programming based on the analysis of the Hamilton–
Jacobi–Bellman equation (HJB, in short). For our infinite-horizon problem,
the latter is

sup
(α,c)

[
1
2

∣∣A1/2α
∣∣2x2f ′ ′(x) + αμxf ′(x) − βf(x) − f ′(x)c + u(c)

]
= 0, (4.1.12)

where x > 0, and the supremum is taken over all α ∈ Rd and c ∈ R+.
To solve the consumption–investment problem with the power utility func-

tion, we use a very elementary tool, namely, the so-called verification theorem
for the HJB equation. It is based on the following considerations.

Let f : R+ → R+ and π ∈ A(x). We consider the nonnegative process
Xf = Xf,x,π with

Xf
t := e−βtf(Vt) + Jπ

t , (4.1.13)

where V = V x,π. If f is smooth, the Itô formula for the process V given by
(4.1.3) implies the following important representation, which is the key point
to explain how the HJB equation arises:

Xf
t = f(x) + Dt + Ns, (4.1.14)

where

Dt :=
∫ t

0

e−βsL(Vs, αs, cs) ds (4.1.15)

with L(x, α, c) standing for the expression in square brackets of the formula
(4.1.12), and

Nt :=
∫ t

0

e−βsf ′(Vs)Vsαs dMs. (4.1.16)

The process N is a continuous local martingale up to the bankruptcy time σ.
That is, there exist stopping times σn ↑ σ such that the stopped processes
Nσn are uniformly integrable martingales. In the case where σ = ∞ and N is
a martingale, we shall take σn = n.

Suppose now that a smooth function f is a supersolution of (4.1.12), i.e.,

sup
(α,c)

[
1
2

∣∣A1/2α
∣∣2x2f ′ ′(x) + αμxf ′(x) − βf(x) − f ′(x)c + u(c)

]
≤ 0. (4.1.17)

Then the integrand in the definition of D does not exceed zero, and, therefore,
the process D is decreasing with D0 = 0. This implies, in particular, the
inequality N ≥ −f(x). It follows (as usual, by applying the Fatou lemma)
that N , being bounded from below, is a supermartingale. Due to the inequality
−Dt ≤ f(x) + Nt, the (negative) random variable Dt is integrable: we obtain
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that the process Xf
t is a supermartingale, and, hence,

EJt = EXf
t − Ee−βtf(Vt) ≤ EXf

t ≤ f(x). (4.1.18)

Since EJt → EJ∞ as t → ∞, we infer that W (x) ≤ f(x), i.e., f provides
a “cap” for the Bellman function, implying, in particular, that the latter
is finite. If, moreover, the supersolution f vanishes at zero, the function W
(being positive) is necessarily continuous at zero. Summarizing, we formulate
the outcome of this reasoning in the following statement.

Proposition 4.1.2 If f is a supersolution of (4.1.12), then W ≤ f , and,
hence, W ∈ C(R+ \ {0}). If, moreover, f(0+) = 0, then W ∈ C(R+).

An inspection of the above reasoning shows that if, in addition, it happened
that the process D (depending on the control) vanishes and

lim
n

Ee−βσnf(Vσn) = 0, (4.1.19)

then W = f , and the corresponding control is optimal. With these observa-
tions, we arrive at the promised verification theorem, which can be obtained,
of course, in a much more general context.

Theorem 4.1.3 Let f ∈ C(R+)∩C2(R+ \ {0}) be a positive concave function
solving the HJB equation (4.1.12) and vanishing at zero. Suppose that the
supremum in (4.1.12) is attained on α(x) and c(x) such that α is a bounded
measurable function, c is a positive measurable function, and the equation

dV o
t = V o

t α
(
V o

t

)
(μdt + dMt) − c

(
V o

t

)
dt, V o

0 = x, (4.1.20)

admits a strong solution V o
t . If condition (4.1.19) holds for the process V o,

then W = f , and the optimal control πo = (α(V o), c(V o)).

4.1.3 Proof of the Merton Theorem

With the above provision, we return to the HJB equation (4.1.12) and calcu-
late the supremum.

Put
u∗(p) := sup

c≥0

[
u(c) − cp

]
;

the function u∗ is the Fenchel transform of the function −u(−.). In particular,
for the power utility u(c) = cγ/γ, we have that

u∗(p) =
1 − γ

γ
pγ/(γ−1) (4.1.21)

because the supremum in the definition of u∗ is attained at the point p1/(γ−1).
Expecting that f ′ ′ < 0, we find easily that the maximum of the quadratic form
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over α is attained at the point

αo(x) = −A−1μ
f ′(x)

xf ′ ′(x)
.

Thus, the HJB equation can be transformed to the following one:

− 1
2

∣∣A−1/2μ
∣∣2 (f ′(x))2

f ′ ′(x)
− βf(x) +

1 − γ

γ

(
f ′(x)

) γ
γ−1 = 0.

We find easily that its solution of the form f(x) = mxγ should have the
coefficient m = κγ−1

M /γ with κM > 0 given in (4.1.7).
Now the function αo(x) = A−1μ/(1 − γ) is constant, co(x) = κMx, and

(4.1.20), pretending to describe the optimal dynamics, is linear:

dV o
t

V o
t

=
(

1
1 − γ

∣∣A−1/2μ
∣∣2 − κM

)
dt +

A−1μ

1 − γ
dM, V o

0 = x,

and its solution is the geometric Brownian motion, which never hits zero.
Noticing that 〈A−1μM 〉t = |A−1/2μ|2t, it can be given by the following explicit
formula:

V o
t = x exp

{(
1

1 − γ
− 1

2
1

(1 − γ)2

)∣∣A−1/2μ
∣∣2t − κM t +

A−1μ

1 − γ
Mt

}
.

Since E(V o
t )p = xpeκpt where κp is a constant, the process N for this control is

a true martingale, and we may take the localizing sequence σn deterministic.
In the particular case where p = γ, the corresponding constant

κγ =
1
2

γ

1 − γ
− γκM = β − κM

in virtue of (4.1.7). Thus,

e−βtE
(
V o

t

)γ = xγe−κM t,

and, therefore, (4.1.19) holds. The Merton theorem is proven.

4.1.4 Discussion

1. The optimal strategy in the Merton problem with the power utility functions
prescribes to keep constant proportions of wealth in each position. Let us
consider the special case m = 1, i.e., the model with a single risky asset.
Then the quantities V 2o

t := αoV o
t and V 1o

t = (1 − αo)V o
t are, respectively, the

optimal holdings in the risky and nonrisky assets,

αo = θ =
1

1 − γ

μ

σ2
.
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Thus,

V 2o
t :=

αo

1 − αo
V 1o

t =
θ

1 − θ
V 1o

t .

This means that the two-dimensional process (V 1o
t , V 2o

t ) on the plain (v1, v2)
evolves along the straight line with the slope θ/(1 − θ), called in the litera-
ture the Merton line. The parameter θ is referred to as the Merton propor-
tion.

2. In our presentation we consider the case where the price of the nonrisky
asset is constant over time as it would pay the interest r = 0. The reader may
be accustomed with the tradition to treat the model with an arbitrary r ≥ 0.
However, it is easy to see that, for the power utility function, considering the
model with zero interest rate does not lead to any loss in generality. Indeed,
due to the identity

u
(
erscs

)
= eγrsu(cs),

the maximization problem where the consumption is measured in “money” is
the same as that where the consumption is measured in “bonds” but with the
coefficient β replaced by β̃ := β − γr. Thus, there is no real reason to retain
r in calculations.

3. An analysis of the proof of Theorem 4.1.1 shows that, after minor
changes, it works well also for the power utility function with γ < 0, and,
hence, the same explicit formulae represent the optimal solution also in this
case. The HJB approach can be extended to the model with the logarithmic
utility function u(c) = ln c (corresponding to the value γ = 0). Of course, one
needs to impose an additional constraint to the consumption process ensuring
the integrability of Jπ

∞.
4. Turning back to the multi-asset case, let us define the scalar process M̃

with dM̃ = θ(μdt + dMt). Let us consider the same consumption–investment
problem imposing the restriction that the investments should be shared be-
tween money and the risky asset the price evolution of which follows the
process M̃ . Any value process and consumption process in this two-asset model
are those of the original one. One can imagine a financial institution (a mu-
tual fund) which offers such an artificial asset, called the market portfolio.
This allows the agent to allocate his wealth only in the nonrisky asset and the
market portfolio. Due to this economical interpretation, the Merton theorem
sometimes is referred to as the mutual fund theorem.

5. Formula (4.1.11) shows that, for a positive initial capital, the value
W (x) → ∞ as κM ↓ 0. It follows that, for small values of the discount para-
meter β, namely, when

β ≤ 1
2

γ

1 − γ

∣∣A−1/2μ
∣∣2,

the Bellman function W (x) = ∞, x > 0.
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4.1.5 Robustness of the Merton Solution

There is an interesting question about the sensitivity of the Merton solution
with respect to errors in determining the optimal proportion. It happens that
it is quite robust: a deviation of order ε from the Merton proportion leads
to losses in the expected utility only of order ε2. To see this, suppose that
in the two-asset model the investor’s strategy is to maintain the proportion
αo+ε and consume a constant part (1+δ)κM of the current wealth optimizing
the expected utility with respect to δ. Assume, for simplicity, that the initial
endowment x = 1. For such a strategy, the dynamics is given by the linear
equation

dVt

Vt
=

(
αo + ε

)
(μdt + σ dwt) − (1 + δ)κM dt

the solution of which is the geometric Brownian motion

Vt = exp
{(

αo + ε
)
μt − 1

2
(
αo + ε

)2
σ2t − (1 + δ)κM t +

(
αo + ε

)
σwt

}
.

We have that
EV γ

t = eκγ(ε,δ)t,

where
κγ(ε, δ) = β − κM − 1

2
γ(1 − γ)σ2ε2 − γκMδ,

and, in particular, κγ(0, 0) = κγ = β − κM .
Notice that the coefficient at ε is zero, and this is a crucial fact. It follows

that

EJ∞ =
1
γ

κγ
M (1 + δ)γ

∫ ∞

0

e−βtEV γ
t dt =

1
γ

κγ−1
M

(1 + δ)γ

1 + 1
2κM

γ(1 − γ)σ2ε2 + γδ
.

Maximization over δ gives us the optimal value δo = 1
2κM

γσ2ε2, for which

EJ∞ =
1
γ

κγ−1
M

(
1 + δo

)γ−1 = m − 1
2
(1 − γ)κγ−2

M σ2 ε2 + O
(
ε4

)
,

and we get the claimed asymptotic.
Of course, the robustness of the Merton solution is of great practical im-

portance.

4.2 Consumption–Investment under Transaction Costs

4.2.1 The Model

The setting described in this section is, in some aspects, slightly more gen-
eral than that of the standard model of financial market under constant pro-
portional transaction costs. In particular, the cone K is not supposed to be
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polyhedral. On the other hand, it is more restrictive with respect to the price
processes: they are assumed to be geometric Brownian motions. Our frame-
work appeals to a well-developed theory of viscosity solutions (in fact, only
to basic elements of the latter) and allows us to catch essential properties of
the Bellman function before going to the specific case of the two-asset model
with the power utility function the detailed analysis of which is our ultimate
goal.

Let Y = (Yt) be an Rd-valued semimartingale on a stochastic basis
(Ω, F ,F, P ) with trivial initial σ-algebra. Let K and C be proper cones in Rd

such that C ⊆ int K �= ∅. Define the set A of controls π = (B, C) as the set of
adapted càdlàg processes of bounded variation such that, up to an evanescent
set,

Ḃ ∈ −K, Ċ ∈ C. (4.2.1)

Let Aa be the set of controls with absolutely continuous C and ΔC0 = 0.
For the elements of Aa, we have c := dC/dt ∈ C.

The controlled process V = V x,π is the solution of the linear system

dV i
t = V i

t− dY i
t + dBi

t − dCi
t , V i

0− = xi, i = 1, . . . , d. (4.2.2)

For x ∈ int K, we consider the subsets Ax and Ax
a of “admissible” controls

for which the processes V x,π never leave the set intK ∪ {0} and have the origin
as an absorbing point. Thus, if Vs−(ω) ∈ ∂K, then ΔBs(ω) = −Vs−(ω).

The important hypothesis that the cone K is proper, i.e., K ∩(−K) = {0},
or equivalently, intK∗ �= ∅, corresponds to the model of financial market
with efficient friction. In a financial context, K (usually containing Rd

+) is
interpreted as the solvency region and C = (Ct) as the consumption process;
the process B = (Bt) describes the accumulated fund transfers.

Let G := (−K) ∩ ∂O1(0), where ∂O1(0) = {x ∈ Rd : |x| = 1} in accor-
dance with the notation for the open ball Or(y) := {x ∈ Rd : |x − y| < r}
The set G is a compact, and −K = cone G. We denote by ΣG the support
function of G, given by the relation ΣG(p) = supx∈G px.

We shall work using the following assumption:

H1. The process Y is a continuous process with independent increments with
mean EYt = μt, μ ∈ Rd, and covariance DYt = At.

To facilitate references, we formulate also a more specific hypothesis (fre-
quent in the literature), where the matrix A is diagonal with aii = (σi)2, i.e.,
the components of the driving noise are independent.

H2. The components of Y are of the form dY i
t = μi dt + σi dwi

t, where w is a
standard Wiener process in Rd.

In our proof of the dynamic programming principle (needed to derive the
HJB equation) we shall assume that the stochastic basis is a canonical one,
that is, the space of continuous functions with the Wiener measure.
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The efficient friction assumption, together with the hypothesis H1, ensures
that the L2-norm of the “maximal function” of the portfolio trajectories ad-
mits an exponential bound which is uniform with respect to strategies. This
result will be used in the sequel to claim that certain stochastic integrals
are not just local martingales but true martingales. For future references, we
immediately give a precise formulation and proof.

Proposition 4.2.1 There is a constant κ > 0 such that

E sup
t≤T

|Vt|2 ≤ κ|x|2eκT 2
(4.2.3)

for any value process V = V x,π, x ∈ int K, and T ≥ 0.

Proof. As usual, κ denotes a “generic” positive constant which may be dif-
ferent in different formulae. Let us take an arbitrary vector p ∈ int K∗ with
|p| = 1. Making use that p dB ≤ 0 and p dC ≥ 0 (in the sense of densities),
we obtain from (4.2.2) that

pVs ≤ px +
∫ s

0

p̃Vr dr +
∫ s

0

Vr dM̃r,

where p̃i := piμi, and M̃ i = piM i with M denoting the martingale part of Y .
The crucial observation is that there is κ > 0 such that κ−1|y| ≤ py for any
y ∈ K. Since |py| ≤ |y| for any y ∈ Rd, we easily obtain the estimate

|Vs| ≤ κ|x| + κ

∫ s

0

|Vr | dr + κ

∣∣∣∣
∫ s

0

Vr dM̃r

∣∣∣∣.
Notice that the right-hand side of this inequality is a continuous process,
and, hence, V is locally bounded, i.e., there exists a sequence of stopping
times τn ↑ ∞ such that each stopped process V τn = (Vt∧τn) is bounded.
With this observation, the proof is completed by a fairly standard argument,
which we only sketch on. Squaring the above inequality, we get, by elementary
estimates combined with the Cauchy–Schwarz and Doob inequalities, that the
(bounded) function ϕ

(n)
t := E sups≤t∧τn

|Vs|2 satisfies the inequality

ϕ
(n)
t ≤ κ|x|2 + κ(T + 1)

∫ t

0

ϕ(n)
s ds.

The Gronwall–Bellman lemma implies that

ϕ
(n)
T ≤ κ|x|2eκ(T+1)T .

Taking here the limit in n and enlarging the constant, we arrive at the required
bound. ��
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4.2.2 Goal Functionals

Let U : C → R+ be a concave function such that U(0) = 0 and U(x)/|x| → 0
as |x| → ∞. With every π = (B, C) ∈ Ax

a, we associate the “utility process”

Jπ
t :=

∫ t

0

e−βsU(cs) ds, t ≥ 0,

where β > 0. We consider the infinite-horizon maximization problem with the
goal functional EJπ

∞ and define its Bellman function W by

W (x) := sup
π∈Ax

a

EJπ
∞, x ∈ int K. (4.2.4)

If πi, i = 1, 2, are admissible strategies for the initial points xi, then
the strategy λπ1 + (1 − λ)π2 is an admissible strategy for the initial point
λx1 +(1 − λ)x2 for any λ ∈ [0, 1], and the corresponding absorbing time is the
maximum of the absorbing times for both πi. It follows that the function W
is concave on int K. Since Ax1

a ⊆ Ax2
a when x2 − x1 ∈ K, the function W is

increasing with respect to the partial ordering ≥K generated by the cone K.
It is convenient to put W equal to zero on the boundary of K and extend
it to the whole space Rd as a concave function just by putting W := −∞
outside K.
Remark 1. In financial models, usually, C = R+e1 and σ0 = 0, i.e., the only
first (nonrisky) asset is consumed. Our presentation in this section is oriented
to the scalar power utility function u(c) = cγ/γ, γ ∈ ]0, 1[. As we already
mentioned in the previous section, in this case there is no need to consider
a nonzero interest rate for the nonrisky asset, which can be chosen as the
numéraire. Of course, for other types of utility functions, adding to the model
an interest rate may have sense.
Remark 2. We consider here a model with mixed “regular–singular” controls.
In fact, the assumption that the consumption process has an intensity c = (ct)
and the agent’s utility depends on this intensity is not very satisfactory from
the economical point of view. One can consider models with an intertemporal
substitution and the consumption by “gulps,” i.e., dealing with “singular”
controls of the class Ax and the goal functionals like

Jπ
t :=

∫ t

0

e−βsU(C̄s) ds,

where
C̄s =

∫ s

0

K(s, r) dCr

with a suitable kernel K(s, r) (the exponential kernel e−γ(s−r) is the common
choice).
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4.2.3 The Hamilton–Jacobi–Bellman Equation

Assume that hypothesis H1 on the structure of driving noise holds. In the
sequel we denote by U ∗ the convex function U ∗(p) := supx∈C (U(x) − px). We
introduce a continuous function of four variables by putting

F (X, p, W, x) := max
{
F0(X, p, W, x) + U ∗(p), ΣG(p)

}
,

where X belongs to Sd, the set of d×d symmetric matrices, p, x ∈ Rd, W ∈ R,
and the function F0 is given by

F0(X, p, W, x) :=
1
2
tr A(x)X + μ(x)p − βW,

where Aij(x) := aijxixj , μi(x) := μixi, 1 ≤ i, j ≤ d. In the detailed form we
have that

F0(X, p, W, x) =
1
2

d∑
i,j=1

aijxixjXij +
d∑

i=1

μixipi − βW.

If φ is a smooth function, we put

Lφ(x) := F
(
φ′ ′(x), φ′(x), φ(x), x

)
.

In a similar way, L0 corresponds to the function F0.
We show, under mild hypotheses, that W is the unique viscosity solution

of the Dirichlet problem for the HJB equation

F
(
W ′ ′(x), W ′(x), W (x), x

)
= 0, x ∈ int K, (4.2.5)

W (x) = 0, x ∈ ∂K, (4.2.6)

with the boundary condition understood in the usual classical sense.
We do not suppose that the reader is acquainted with the theory of vis-

cosity solutions. Necessary prerequisites, adapted to our needs, are given in
the next sections.

4.2.4 Viscosity Solutions

Since, in general, W may have no derivatives at some points x ∈ intK (and
this is, indeed, the case for the model considered here), the notation (4.2.5)
needs to be interpreted. The idea of viscosity solutions is to plug into F the
derivatives and Hessians of quadratic functions touching W from above and
below. Formal definitions (adapted to the case we are interested in) are as
follows.

Let f and g be functions defined in a neighborhood of zero. We shall write
f(.) � g(.) if f(h) ≤ g(h) + o(|h|2) as |h| → 0. The notation f(.) � g(.) and
f(.) ≈ g(.) has an obvious meaning.
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For p ∈ Rd and X ∈ Sd, we consider the quadratic function

Qp,X(z) := pz + (1/2)〈Xz, z〉, z ∈ Rd,

and define the superjets and subjets of a function v at the point x:

J+v(x) :=
{
(p, X) : v(x + .) � v(x) + Qp,X(.)

}
,

J −v(x) :=
{
(p, X) : v(x + .) � v(x) + Qp,X(.)

}
.

In other words, J+v(x) (resp. J −v(x)) is the family of coefficients of
quadratic functions v(x) + Qp,X(y − .) dominating the function v(.) (resp.,
dominated by this function) in a neighborhood of the point x with precision
up to the second order included and coinciding with v(.) at this point.

A function v ∈ C(K) is called a viscosity supersolution of (4.2.5) if

F
(
X, p, v(x), x

)
≤ 0 ∀(p, X) ∈ J −v(x), x ∈ int K.

A function v ∈ C(K) is called a viscosity subsolution of (4.2.5) if

F
(
X, p, v(x), x

)
≥ 0 ∀(p, X) ∈ J+v(x), x ∈ int K.

A function v ∈ C(K) is a viscosity solution of (4.2.5) if v is simultaneously
a viscosity supersolution and subsolution of (4.2.5).

At last, a function v ∈ C(K) is called a classical supersolution of (4.2.5) if
v ∈ C2(int K) and Lv ≤ 0 on int K. We add the adjective strict when Lv < 0
on the set intK.

Of course, the above notions2 can be formulated also for open subsets of K.
If v is smooth at a point x, then

J+v(x) :=
{
(p, X) : p = v′(x), X ≥ v′ ′(x)

}
,

J −v(x) :=
{
(p, X) : p = v′(x), X ≤ v′ ′(x)

}
,

where the inequality between matrices is understood in the sense of par-
tial ordering induced by the cone of positive semidefinite matrices. The pair
(v′(x), v′ ′(x)) is the unique element belonging to the intersection of J −v(x)
and J+v(x). Thus, any viscosity solution v which is in C2(int K) is a classical
solution of (4.2.5). It is not difficult to check that a classical solution solves
(4.2.5) in the viscosity sense: the needed property that F is increasing in X
with respect to the partial ordering holds in our case.
Remark on a mnemonic rule. The monotonicity allows us to memorize
easily the signs of the inequalities for F . In the smooth case for the second-
order Taylor approximation, i.e., for the quadratic function (v′(x), v′ ′(x)), we
2 The reader may notice that the introduced concepts are related only with the
operator and, therefore, could be called viscosity super-, sub-, and median functions,
which seems to be a more natural terminology. We have no courage to deviate from
the tradition already established in the theory of viscosity solutions.
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have the equality. Thus, if X ≥ v′ ′(x) for the pair (v′(x), X) which is an
element of J+v(x), we have obviously the inequality ≥ 0. Note that in the
literature, the equation is quite often written with the opposite sign, and so
its left-hand side is decreasing in X. . .

For the sake of simplicity and having in mind the specific case we shall
work on, we incorporated in the definitions the requirement that the viscosity
super- and subsolutions are continuous on K including the boundary. For other
cases, this might be too restrictive, and more general and flexible formulations
can be used.

The next criterion gives a flexibility to manipulate with the above concepts.
It allows us to use smooth local majorants/minorants of a function, which is
the supposed viscosity solution, as test functions (to be inserted with their
derivatives into the operator).

Lemma 4.2.2 Let v ∈ C(K). Then the following conditions are equivalent:

(a) the function v is a viscosity supersolution of (4.2.5);
(b) for any ball Or(x) ⊆ K and any f ∈ C2(Or(x)) such that v(x) = f(x)

and v ≥ f on Or(x), the inequality Lf(x) ≤ 0 holds.

Proof. (a) ⇒ (b). Obvious: the pair (f ′(x), f ′ ′(x)) is in J −v(x) according to
the Taylor formula.

(b) ⇒ (a). Take (p, X) in J −v(x). To conclude, we construct a smooth
function f with f ′(x) = p and f ′ ′(x) = X satisfying the requirements of (b).

By definition,

v(x + h) − v(x) − Qp,X(h) ≥ |h|2ϕ
(

|h|
)
,

where ϕ(u) → 0 as u ↓ 0. We consider on ]0, r[ the function

δ(u) := sup
{h: |h|≤u}

1
|h|2

(
v(x + h) − v(x) − Qp,X(h)

)− ≤ sup
{y: 0≤y≤u}

ϕ−(y).

Obviously, δ is continuous, increasing, and δ(u) → 0 as u ↓ 0. The function

Δ(u) :=
2
3

∫ 2u

u

∫ 2η

η

δ(ξ) dξ dη

vanishes at zero with its two right derivatives, and u2δ(u) ≤ Δ(u) ≤ u2δ(4u).
It follows that the function x �→ Δ(|x|) belongs to C2(Or(0)), its Hessian
vanishes at zero, and

v(x + h) − v(x) − Qp,X(h) ≥ −|h|2δ
(

|h|
)

≥ −Δ
(

|h|
)
.

Thus, f(y) := v(x) + Qp,X(y − x) − Δ(|y − x|) is the needed function. ��

For subsolutions, we have a similar result with the inverse inequalities.
Using the alternative definition, we can easily establish the following:
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Lemma 4.2.3 Suppose that the function v is a viscosity solution of (4.2.5).
If v is twice differentiable at x0, then it satisfies (4.2.5) at this point in the
classical sense.

Proof. One needs to be more precise with definitions since it is not assumed
that v′ is defined at every point of a neighborhood of x0. “Twice differentiable”
means here that the Taylor formula at x0 holds:

v(x) = v(x0) +
〈
v′(x0), x − x0

〉
+

1
2
〈
v′ ′(x0)(x − x0), x − x0

〉
+ o

(
|x − x0|2

)
.

Let us consider the C2-function

fε(x) = v(x0) +
〈
v′(x0), x − x0

〉
+

1
2
〈
v′ ′(x0)(x − x0), x − x0

〉
+ ε|x − x0|2

with fε(x0) = v(x0). If ε < 0, then v ≥ fε in a sufficiently small neighborhood
of x0. Thus, by virtue of the previous lemma Lfε(x0) ≤ 0. Letting ε tend to
zero, we obtain that Lv(x0) ≤ 0. Taking in the above definition ε > 0, we get
the opposite inequality. ��

Obviously, one can give a slightly different formulation saying that v is a
viscosity supersolution of the second-order differential equation if and only if,
for every x ∈ int K, the inequality

F
(
φ′ ′(x), φ′(x), v(x), x

)
≤ 0 (4.2.7)

holds for any C2-function φ such that, at the point x, the difference v − φ
attains its local minimum equal to zero. The reader may ask why we replace
in the inequality φ(x) by v(x), which is the same number. This has sense! We
can skip in the suggested reformulation the words “equal to zero” due to the
following assertion, which happens to be useful in the sequel.

Lemma 4.2.4 A function v ∈ C(K) is a viscosity supersolution of (4.2.5)
if and only if, for every point x ∈ int K, inequality (4.2.7) holds for any
C2-function φ defined in a neighborhood of the point x and such that the
difference v − φ attains its local minimum at x.

Proof. In one direction the claim is trivial, and we need to check only that,
for a supersolution, the mentioned inequality (4.2.7) holds when v − φ has a
local minimum at x, i.e., when, for all y from a certain neighborhood Oε(x),
we have the bound

v(y) − φ(y) > v(x) − φ(x), y �= x.

Let v̄ be a C2-function dominated by v, and let g be a smooth function on
R+ taking values in the interval [0, 1] and such that g(t) = 1 for t ≤ ε/2 and
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g(t) = 0 for t ≥ ε. Let us consider the C2-function φ̃ = φ̃(y) with

φ̃(y) =
[
φ(y) + v(x) − φ(x)

]
g
(

|x − y|
)

+
(
1 − g

(
|x − y|

))
v̄(y).

The difference v − φ̃ attains its minimal value equal to zero at point x, and,
therefore, by the supersolution property, (4.2.7) holds for φ̃ and, hence, for φ
because the two derivatives of both functions coincide at x. ��

Again, a corresponding result holds for subsolutions. Notice also that spe-
cific features of the set K (with nonempty interior) were not used in the above
discussions.

Now we give an application of the last characterization of the viscosity so-
lution to prove an assertion claiming that, for a “regular” ordinary differential
equation, a C1-function known to be the viscosity solution is, in fact, a smooth
one satisfying the equation in the classical sense. In the present context, the
“regular” means, roughly speaking, that the equation can be solved with re-
spect to the second derivative and the resulting right-hand side is continuous
in all variables. More precisely, we have the following:

Lemma 4.2.5 Let ψ ∈ C1(a, b) be a viscosity solution of the equation

ψ′ ′(z) = G
(
ψ′(z), ψ(z), z

)
.

Suppose that the right-hand side here is a continuous function. Then the func-
tion ψ ∈ C2(a, b), and the equation holds in the classical sense.

Proof. Take a subinterval [z1, z2] of ]a, b[ and consider on it the C2-function
ψε(z) such that

ψ′ ′
ε (z) = G

(
ψ′(z), ψ(z), z

)
+ ε, ψε(zi) = ψ(zi), i = 1, 2.

Of course, this function could be expressed by an explicit formula, but we
need not it. The parameter ε here is an arbitrary real number. We first argue
with ε > 0. Suppose that ψ − ψε attains a local minimum at an interior point
z of [z1, z2]. Then, necessarily, ψ′

ε(z) = ψ′(z). According to the above criterion
for the supersolution,

ψ′ ′
ε (z) ≤ G

(
ψ′

ε(z), ψ(z), z
)

= G
(
ψ′(z), ψ(z), z

)
,

in contradiction with the definition of ψε. Thus, the difference ψ − ψε is min-
imal at the extremities of [z1, z2], where it is equal to zero. This means that
ψ(z) ≥ ψε(z) for all z ∈ [z1, z2]. Letting ε ↓ 0 and noting that ψε(z) → ψ0(z)
(even uniformly), we obtain the inequality ψ(z) ≥ ψ0(z). Arguing in the same
way with ε < 0 and using the subsolution property, we obtain the reverse
inequality. So, ψ = ψ0 on [z1, z2]. This means that ψ0 is a classical solution
on this interval, and it coincides with ψ. It is easily seen that such a property
implies the claim of the lemma. ��
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4.2.5 Ishii’s Lemma

The only result we need from the theory of viscosity solutions (or, better to
say, from convex analysis) is the following simplified version of Ishii’s lemma,
see Crandall et al. [42] or Fleming and Soner [72].

Lemma 4.2.6 Let v and ṽ be two continuous functions on an open subset
O ⊆ Rd. Consider the function Δ(x, y) := v(x) − ṽ(y) − 1

2n|x − y|2 with
n > 0. Suppose that Δ attains a local maximum at (x̂, ŷ). Then there are
symmetric matrices X and Y such that

(
n(x̂ − ŷ), X

)
∈ J̄+v(x̂),

(
n(x̂ − ŷ), Y

)
∈ J̄ −ṽ(ŷ),

and (
X 0
0 −Y

)
≤ 3n

(
I −I

−I I

)
. (4.2.8)

In this statement, I is the identity matrix, and J̄+v(x) and J̄ −v(x) are
values of the set-valued mappings whose graphs are closures of graphs of the
set-valued mappings J+v and J −v, respectively.

Of course, if v is smooth, the claim follows directly from the necessary
conditions of a local maximum (with X = v′ ′(x̂), Y = ṽ′ ′(ŷ) and the constant 1
instead of 3 in inequality (4.2.8)).

The following assertion is an easy exercise from linear algebra.

Lemma 4.2.7 The inequality (4.2.8) implies that, for any d × m matrices B
and C,

tr(BB′X − CC ′Y ) ≤ 3n|B − C|2. (4.2.9)

Proof. For a symmetric matrix S ≥ O and any matrix G of appropriate
dimension, tr GG′S = tr G′S1/2S1/2G ≥ 0. Manipulating with block matrices
and using this observation, we have

tr(BB′X − CC ′Y ) = tr
(

BB′ BC ′

CB′ CC ′

)(
X 0
0 −Y

)

≤ 3n tr
(

BB′ BC ′

CB′ CC ′

) (
I −I

−I I

)

= 3n tr(BB′ − BC ′ − CB′ + CC ′)

= 3n tr(B − C)(B − C)′ = 3n|B − C|2,

and the result is proven. ��

Notice that A(x) = diag xAdiag x. We denote by diag x the diagonal ma-
trix whose entries on the diagonal are the coordinates of the vector x. Applying
the above lemma with the matrices B = diag xA1/2 and C = diag yA1/2, we
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obtain the following inequality which we need in the sequel:

tr
(
A(x)X − A(y)Y

)
≤ 3n

∣∣A1/2
∣∣2|x − y|2. (4.2.10)

Remark. We can obtain the similar inequality

tr
(
A(x)X − A(y)Y

)
≤ 3n tr A|x − y|2

by “probabilistic” considerations using the above lemma in its simpler version
with m = 1. Indeed, let ξ be a standard Gaussian vector-column, and let
η = A1/2ξ.

Applying the lemma with B = diagx η and C = diagy η, we get the in-
equality

tr (BB′X − CC ′Y ) ≤ 3n
∣∣diag(x − y)

∣∣2|η|2.

It remains to take the expectation and note that EBB′ = A(x), ECC ′ = A(y),
and E|η|2 = tr A.

4.3 Uniqueness of the Solution and Lyapunov Functions

4.3.1 Uniqueness Theorem

The following concept plays a crucial role in the proof of a purely analytic
result on the uniqueness of the viscosity solution, which we establish by a
classical method of doubling variables using the Ishii lemma.
Definition. We say that a positive function � ∈ C(K) ∩ C2(int K) is the
Lyapunov function if the following properties are satisfied:

(1) �′(x) ∈ int K∗ and L0�(x) ≤ 0 for all x ∈ int K,
(2) �(x) → ∞ as |x| → ∞.

Theorem 4.3.1 Suppose that there exists a Lyapunov function �. Then the
Dirichlet problem (4.2.5)–(4.2.6) has at most one viscosity solution in the
class of continuous functions satisfying the growth condition

W (x)/�(x) → 0, |x| → ∞. (4.3.1)

Proof. Let W and W̃ be two viscosity solutions of (4.2.5) coinciding on the
boundary ∂K. Suppose that W (z) > W̃ (z) for some z ∈ K. Take ε > 0 such
that

W (z) − W̃ (z) − 2ε�(z) > 0.

We introduce the family of continuous functions Δn : K × K → R by putting

Δn(x, y) := W (x) − W̃ (y) − 1
2
n|x − y|2 − ε

[
�(x) + �(y)

]
, n ≥ 0.



4.3 Uniqueness of the Solution and Lyapunov Functions 201

Note that Δn(x, x) = Δ0(x, x) for all x ∈ K and Δ0(x, x) ≤ 0 for x ∈ ∂K.
From the assumption that the function l has a higher growth rate than W we
deduce that Δn(x, y) → −∞ as |x| + |y| → ∞. It follows that the level sets
{Δn ≥ a} are compacts and the function Δn attains its maximum. That is,
there exist (xn, yn) ∈ K × K such that

Δn(xn, yn) = Δ̄n := sup
(x,y)∈K×K

Δn(x, y) ≥ Δ̄ := sup
x∈K

Δ0(x, x) > 0.

All (xn, yn) belong to the compact set {(x, y) : Δ0(x, y) ≥ 0}. It follows
that the sequence n|xn − yn|2 is bounded. We continue to argue (without
introducing new notation) with a subsequence along which (xn, yn) converge
to some limit (x̂, x̂). Necessarily, n|xn − yn|2 → 0 (otherwise we would have
Δ0(x̂, x̂) > Δ̄). It is easily seen that Δ̄n → Δ0(x̂, x̂) = Δ̄. Thus, x̂ is an
interior point of K, and so are xn and yn for sufficiently large n.

By virtue of the Ishii lemma applied to the functions v := W − ε� and
ṽ := W̃ + ε� at the point (xn, yn), there exist matrices Xn = (Xn

ij) and
Y n = (Y n

ij ) satisfying (4.2.8) and such that

(
n(xn − yn), Xn

)
∈ J̄+v(xn),

(
n(xn − yn), Y n

)
∈ J̄ −ṽ(yn).

Using the notation pn := n(xn − yn) + ε�′(xn), qn := n(xn − yn) − ε�′(yn),
Xn := Xn + ε�′ ′(xn), Yn := Y n − ε�′ ′(yn), we may rewrite the last relations
in the following equivalent form:

(pn, Xn) ∈ J̄+W (xn), (qn, Yn) ∈ J̄ −W̃ (yn). (4.3.2)

Since W and W̃ are viscosity sub- and supersolutions,

F
(
Xn, pn, W (xn), xn

)
≥ 0 ≥ F

(
Yn, qn, W̃ (yn), yn

)
.

The second inequality implies that mqn ≤ 0 for each m ∈ G = (−K)∩∂O1(0).
But for the Lyapunov function, �′(x) ∈ int K∗ for x ∈ int K, and, therefore,

mpn = mqn + εm
(
�′(xn) + �′(yn)

)
< 0.

Since G is a compact, ΣG(pn) < 0. It follows that

F0

(
Xn, pn, W (xn), xn

)
+ U ∗(pn) ≥ 0 ≥ F0

(
Yn, qn, W̃ (yn), yn

)
+ U ∗(qn).

Recall that U ∗ is decreasing with respect to the partial ordering generated
by C ∗ and, hence, also by K∗. Thus, U ∗(pn) ≤ U ∗(qn), and we obtain the
inequality

bn := F0

(
Xn, pn, W (xn), xn

)
− F0

(
Yn, qn, W̃ (yn), yn

)
≥ 0.
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Clearly,

bn =
1
2

d∑
i,j=1

(
aijxi

nxj
nXn

ij − aijyi
nyj

nY n
ij

)
+ n

d∑
i=1

μi
(
xi

n − yi
n

)2

− 1
2
βn|xn − yn|2 − βΔn(xn, yn) + ε

(
L0�(xn) + L0�(yn)

)
.

By virtue of (4.2.10), the first sum is dominated by const×n|xn −yn|2; a similar
bound for the second sum is obvious; the last term is negative according to
the definition of a Lyapunov function. It follows that lim sup bn ≤ −βΔ̄ < 0,
and we get a contradiction arising from the assumption W (z) > W̃ (z). ��

An inspection of the arguments shows that they lead to the following
slightly more general and useful comparison result.

Theorem 4.3.2 Assume that there exists a Lyapunov function �. Let W and
W̃ be, respectively, viscosity sub- and supersolution of the equation in an open
set O ⊆ K coinciding on ∂O and such that

W (x) = o
(
�(x)

)
, W̃ (x) = o

(
�(x)

)
, |x| → ∞.

Then W (x) ≤ W̃ (x) for all x ∈ Ō.

Remark. The definition of a Lyapunov function does not depend on U (it
is a property of the operator with U ∗ = 0), and we have the uniqueness for
any utility function U for which U ∗ is decreasing with respect to the partial
ordering induced by K∗. However, to apply the uniqueness theorem, we should
know that W is not growing faster than a certain Lyapunov function.

4.3.2 Existence of Lyapunov Functions and Classical
Supersolutions

Results on the uniqueness of a solution to the HJB equation are all based on
work with specific Lyapunov functions. The following general considerations
explain how the latter can be constructed.

Let u ∈ C(R+) ∩ C2(R+ \ {0}) be an increasing strictly concave function
with u(0) = 0 and u(∞) = ∞. Introduce the function R := −u′2/(u′ ′u).
Assume that R̄ := supz>0 R(z) < ∞.

For p ∈ K∗ \ {0}, we define the function f(x) = fp(x) := u(px) on K. If
y ∈ K and x �= 0, then yf ′(x) = (py)u′(px) ≤ 0. The inequality is strict when
p ∈ int K∗.

Recall that A(x) is the matrix with Aij(x) = Aijxixj and the vector μ(x)
has the components μixi. Suppose that 〈A(x)p, p〉 �= 0. Putting z := px for
brevity, we obtain by obvious transformations intended to isolate full square
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that

L0f(x) =
1
2

[〈
A(x)p, p

〉
u′ ′(z) + 2

〈
μ(x), p

〉
u′(z) +

〈μ(x), p〉2

〈A(x)p, p〉
u′2(z)
u′ ′(z)

]

+
1
2

〈μ(x), p〉2

〈A(x)p, p〉 R(z)u(z) − βu(z). (4.3.3)

Since u′ ′ ≤ 0, the expression in the square brackets is negative, and so is the
whole right-hand side of the above formula if β ≥ η(p)R̄, where

η(p) :=
1
2

sup
x∈K

〈μ(x), p〉2

〈A(x)p, p〉 .

Of course, if 〈A(x)p, p〉 = 0 we cannot argue in this way, but if in such a case
also 〈μ(x), p〉 = 0, then L0f(x) = −βu(z) ≤ 0 for any β ≥ 0.

These simple observations lead us to the following existence result for
Lyapunov functions:

Proposition 4.3.3 Let p ∈ int K∗. Suppose that 〈μ(x), p〉 vanishes on the set
{x ∈ int K : 〈A(x)p, p〉 = 0}. If β ≥ η(p)R̄, then fp is a Lyapunov function.

Let η̄ := supp∈K∗ η(p). Note that η(p) = η(p/|p|). Continuity considera-
tions show that η̄ is finite if 〈A(x)p, p〉 �= 0 for all x ∈ K \ {0} and p ∈ K∗ \ {0}.
Obviously, if β ≥ η̄R̄, then fp is a Lyapunov function for p ∈ int K∗.

The representation (4.3.3) is useful also in the search of classical superso-
lutions for the operator L. Since Lf = L0f +U ∗(f ′), it is natural to choose u
related to U . For a particular case where C = Rd

+ and U(c) = u(e1c), with u
satisfying the postulated properties (except, maybe, unboundedness) and as-
suming, moreover, that the inequality

u∗(
au′(z)

)
≤ g(a)u(z) (4.3.4)

holds, we get, using the homogeneity of L0, the following result.

Proposition 4.3.4 Assume 〈A(x)p, p〉 �= 0 for all x ∈ int K and p ∈ K∗ \ {0}.
Suppose that (4.3.4) holds for all a, z > 0 with g(a) = o(a) as a → ∞. If
β > η̄R̄, then there exists a0 such that, for every a ≥ a0, the function afp is a
classical supersolution of (4.2.5) whatever is p ∈ K∗ with p1 �= 0. Moreover, if
p ∈ int K∗, then afp is a strict supersolution on any compact subset of int K.

For the power utility function u(z) = zγ/γ, γ ∈ ]0, 1[, we have

R(z) = γ/(1 − γ) = R̄

and u∗(au′(z)) = (1 − γ)aγ/(γ−1)u(z). Therefore, inequality (4.3.4) holds with
g(a) = o(a), a → 0.

If Y satisfies H2 with σ1 = 0, μ1 = 0 (i.e., the first asset is the numéraire),
and σi �= 0 for i �= 1, then, by the Cauchy–Schwarz inequality applied to
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〈μ(x), p〉,

η(p) ≤ 1
2

d∑
i=2

(
μi

σi

)2

.

The inequality

β >
γ

1 − γ

1
2

d∑
i=2

(
μi

σi

)2

(4.3.5)

(implying the relation β > η̄R̄) is a standing assumption in many studies
on the consumption–investment problem under transaction costs, see Akian
et al. [3] and Davis and Norman [47].

In particular, for the model with only one risky asset and the power util-
ity function, by virtue of the above computations, we have, for the function
f(x) = au(px) given by p ∈ K∗ with p1 = 1, that

L0f(x) + U ∗(
f ′(x)

)
= [. . .] +

(
1
2

γ

1 − γ

μ2

σ2
− β + (1 − γ)a1/(γ−1)

)
f(x),

where [. . .] ≤ 0. This implies the following conclusion.

Proposition 4.3.5 Suppose that, in the two-asset model with the power util-
ity function, the Merton parameter

κM :=
1

1 − γ

(
β − 1

2
γ

1 − γ

μ2

σ2

)
> 0.

Then the function

f(x) =
1
γ

κγ−1
M (px)γ = m(px)γ (4.3.6)

is a classical supersolution of the HJB equation whatever is p ∈ K∗ with
p1 = 1.

As we shall see in the next section, the existence of supersolutions has
important implications for the Bellman function, ensuring, in particular, the
finiteness of the latter.

4.4 Supersolutions and Properties of the Bellman
Function

4.4.1 When is W Finite on K?

First, we present sufficient conditions ensuring that the Bellman function W
of the considered maximization problem is finite.

Let Φ be the set of continuous functions f : K → R+ increasing with
respect to the partial ordering ≥K and such that, for every x ∈ int K and
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every π ∈ Ax
a the positive process Xf = Xf,x,π given by the formula

Xf
t := e−βtf(Vt) + Jπ

t , (4.4.1)

where V = V x,π, is a supermartingale.
The set Φ of f with this property is convex and stable under the operation

∧ (recall that the minimum of two supermartingales is a supermartingale).
Any continuous function which is a monotone limit (increasing or decreasing)
of functions from Φ also belongs to Φ.

Lemma 4.4.1 (a) If f ∈ Φ, then W ≤ f ;
(b) if for any y ∈ ∂K, there exists f ∈ Φ such that f(y) = 0, then W is

continuous on K.

Proof. (a) Using the positivity of f , the supermartingale property of Xf , and,
finally, the monotonicity of f , we get the following chain of inequalities leading
to the required property:

EJπ
t ≤ EXf

t ≤ f(V0) ≤ f(V0−) = f(x).

(b) Recall that a concave function is locally Lipschitz continuous on the
interior of its domain, i.e., on the interior of the set where it is finite. Hence,
if Φ is not empty, then W is continuous (and even locally Lipschitz continuous)
on int K. The continuity at a point y ∈ ∂K follows from the assumed property
because 0 ≤ W ≤ f . ��

Lemma 4.4.2 Let f : K → R+ be a function in C(K) ∩ C2(int K). If f is a
classical supersolution of (4.2.5), then f ∈ Φ, i.e., Xf is a supermartingale.

Proof. First, notice that a classical supersolution is increasing with respect
to the partial ordering ≥K . Indeed, by the finite increments formula we have
that, for any x, h ∈ int K,

f(x + h) − f(x) = f ′(x + ϑh)h

for some ϑ ∈ [0, 1]. The right-hand side is greater or equal to zero because,
for the supersolution f , we have the inequality ΣG(f ′(y)) ≤ 0 whatever is
y ∈ int K, or, equivalently, f ′(y)h ≥ 0 for every h ∈ K, just by the definition
of the support function ΣG and the choice of G as a generator of the cone
−K. By continuity, f(x + h) − f(x) ≥ 0 for every x, h ∈ K.

In order to be able to apply the Itô formula in a comfortable way, we
introduce the process Ṽ = V σ− = V I[0,σ[ + Vσ−I[σ,∞[, where σ is the first
hitting time of zero by the process V . This process coincides with V on [0, σ[
but, in contrast to the latter, either always remains in intK (due to the
stopping at σ if Vσ− ∈ int K) or exits to the boundary in a continuous way
and stops there. Let X̃f be defined by (4.4.1) with V replaced by Ṽ . Since

Xf = X̃f + e−βσ
(
f(Vσ− + ΔBσ) − f(Vσ−)

)
I[σ,∞[,
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by the monotonicity of f it is sufficient to verify that X̃f is a supermartingale.
Applying Itô’s formula to e−βtf(Ṽt), we obtain on [0, σ[ the representation

X̃f
t = f(x) +

∫ t

0

e−βs
[

L0f(Vs) − csf
′(Vs) + U(cs)

]
ds + Rt + mt, (4.4.2)

where m is a process such that mσn = (mt∧σn) are continuous martingales
for some stopping times σn increasing to σ, and

Rt :=
∫ t

0

e−βsf ′(Ṽs−) dBc
s +

∑
s≤t

e−βs
[
f(Ṽs− + ΔBs) − f(Ṽs−)

]
. (4.4.3)

By the definition of a supersolution, for any x ∈ int K,

L0f(x) ≤ −U ∗(
f ′(x)

)
≤ cf ′(x) − U(c) ∀c ∈ K.

Thus, the integral in (4.4.2) is a decreasing process. The process R is also
decreasing because the terms of the sum in (4.4.3) are less or equal to zero by
monotonicity of f , while the integral is negative since

f ′(Ṽs−) dBc
s = I{ΔBs=0}f ′(Ṽs−)Ḃs d‖B‖s,

where f ′(Ṽs−)Ḃs ≤ 0 since Ḃ takes values in K. Taking into account that
X̃f ≥ 0, we obtain from (4.4.2) that for each n, the negative decreasing process
Rt∧σn dominates an integrable process, and so it is integrable. The same
conclusion holds for the stopped integral. Being a sum of integrable decreasing
process and a martingale, the process X̃f

t∧σn
is a positive supermartingale and,

hence, by the Fatou lemma, X̃f is a supermartingale as well. ��

Lemma 4.4.2 implies that the existence of a smooth positive supersolu-
tion f of (4.2.5) ensures the finiteness of W on K. Sometimes, e.g., in the
case of power utility function, it is possible to find such a function in a rather
explicit form.
Remark. Let Ō be the closure of an open subset O of K, and let f : Ō → R+

be a classical supersolution in Ō. Let x ∈ O, and let τ be the exit time of the
process V x,π from Ō. The above arguments imply that the process Xf

t∧τ is a
supermartingale, and, therefore,

E
[
e−β(t∧τ)f(Vt∧τ ) + Jπ

t∧τ

]
≤ f(x). (4.4.4)

4.4.2 Strict Local Supersolutions

The next, slightly more technical result, the proof of which is also based on
the analysis of (4.4.2), is of great importance. It will play a crucial role in
deducing from the Dynamic Programming Principle that W is a subsolution
of the HJB equation.
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We fix a ball Ōr(x) ⊆ int K and define τπ as the exit time of V π,x from
Or(x), i.e.,

τπ := inf
{
t ≥ 0 :

∣∣V π,x
t − x

∣∣ ≥ r
}
.

For simplicity, we assume that f is smooth in a neighborhood of Ōr(x).

Lemma 4.4.3 Let f ∈ C2(Ōr(x)) be such that Lf ≤ −ε < 0 on Ōr(x). Then
there exist a constant η > 0 and an interval ]0, t0] such that

sup
π∈Ax

a

EXf,x,π
t∧τπ ≤ f(x) − ηt ∀t ∈ ]0, t0].

Proof. We fix a strategy π and omit its symbol in the notation below. In what
follows, only the behavior of the processes on [0, τ ] does matter. Taking into
account the monotonicity of f and modifying, if necessary, the strategy at
the date τ by reducing the size of the jump ΔBτ , we may assume without
loss of generality that |Vτ − x| = r on the set {τ < ∞}. As in the proof of
Lemma 4.4.2, we apply the Itô formula. By assumption, for y from the ball
Ōr(x), we have the bounds L0f(y) ≤ −ε − U ∗(y) and ΣG(f ′(y)) ≤ −ε; the
latter means that kf ′(y) ≤ −ε|k| for k ∈ −K (hence, f ′(Ōr(x)) ⊂ int K∗).
This implies the inequality

EXf,x
t∧τ ≤ f(x) − e−βtENt,

where

Nt := ε(t ∧ τ) +
∫ t∧τ

0

H
(
cs, f

′(Vs)
)
ds + ε

∫ t∧τ

0

|Ḃs| d‖B‖s

with H(c, p) := U ∗(p) + pc − U(c) ≥ 0. It remains to verify that EN t domi-
nates, on a certain interval ]0, t0], a strictly increasing linear function which
is independent of π.

Being the image of a closed ball under continuous mapping, the set
f ′(Ōr(x)) is a compact in int K∗. The lower bound of U ∗ on f ′(Ōr(x)) is
finite. For any p from f ′(Ōr(x)) and c ∈ C ⊆ K, we have the inequality
(c/|c|)p ≥ ε. At last, U(c)/|c| → 0 as c → ∞. Combining these facts, we infer
that there is a constant κ (“large”; for convenience, κ ≥ 1) such that

inf
p∈f̄ ′(Ōr(x))

H(c, p) ≥ κ−1|c|, ∀c ∈ C, |c| ≥ κ.

Thus, for the first integral in the definition of Nt, we have
∫ t∧τ

0

H
(
cs, f

′(Vs)
)
ds ≥ κ−1

∫ t∧τ

0

I{ |cs |≥κ} |cs| ds.

Notice that the second integral dominates κ̃‖B‖t∧τ for some κ̃ > 0. To see
this consider the absolute norm |.|1 in Rd. Then the total variation of B with
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respect to this norm is
∑

i Var Bi, and

|Ḃ|1 =
∑

i

∣∣Ḃi
∣∣ =

∑
i

∣∣∣∣ dBi

d‖B‖

∣∣∣∣ =
∑

i

∣∣∣∣ dBi

d Var Bi

∣∣∣∣d Var Bi

d‖B‖ =
d

∑
i VarBi

d‖B‖ .

But all the norms in Rd are equivalent, i.e., κ̃−1| · | ≤ | · |1 ≤ κ̃| · | for some
strictly positive constant κ̃, and the same inequalities relate the corresponding
total-variation processes.

Summarizing, we conclude that it is sufficient to check the domination
property for EÑt with the simpler processes

Ñt := t ∧ τ +
∫ t∧τ

0

I{ |cs |≥κ} |cs| ds + ‖B‖t∧τ . (4.4.5)

The idea of the concluding reasoning is very simple: on a certain set of
strictly positive probability, where one may neglect the random fluctuations,
either τ is “large,” or the total variation of the control is “large.”

The formal arguments are as follows. Take δ > 1. By the stochastic Cauchy
formula the solution of the linear equation (4.2.2) can be written as

V i
t = Et

(
Y i

)
xi + Et

(
Y i

) ∫ t

0

E −1
s

(
Y i

)
d
(
Bi

s − Ci
s

)
, i = 1, . . . , d,

with the Girsanov exponential

E
(
Y i

)
:= eY i −(1/2)〈Y i 〉.

Using only the fact that E0+(Y i) = E0(Y i) = 1, we get immediately from this
representation that there exist a number t0 > 0 and a measurable set Γ with
P (Γ ) > 0 on which

∣∣V x,π − x
∣∣ ≤ r/2 + δ

(
‖B‖ + ‖C‖

)
on [0, t0]

whatever is the control π = (B, C). Of course, diminishing t0, we may assume
without loss of generality that κt0 ≤ r/(4δ). For any t ≤ t0, we have on the
set Γ ∩ {τ ≤ t} the inequality ‖B‖τ + ‖C‖τ ≥ r/(2δ), and, hence,

Ñt ≥ ‖B‖τ + ‖C‖τ −
∫ τ

0

I{ |cs |<κ} |cs| ds ≥ r

2δ
− κt0 ≥ κt0 ≥ t0 ≥ t.

On the set Γ ∩ {τ > t}, obviously, Ñt ≥ t. Thus, EÑt ≥ tP (Γ ) on [0, t0], and
the result is proven. ��

4.5 Dynamic Programming Principle

The following property of the Bellman function is usually referred to as the
(weak) “dynamic programming principle”:
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Theorem 4.5.1 Assume that W (x) < ∞ for x ∈ int K. Then for any finite
stopping time τ ,

W (x) = sup
π∈Ax

a

E
(
Jπ

τ + e−βτW
(
V x,π

τ −
))

. (4.5.1)

It is corollary of two more precise results given in Lemmas 4.5.2 and 4.5.3,
which will be our tools to derive the HJB equation for the Bellman function
(though nicely looking, the above formulation does not suit this purpose).

We work on the canonical filtered space of continuous functions equipped
with the Wiener measure. The generic point ω = ω. of this space is a con-
tinuous function on R+, zero at the origin. Let F ◦

t := σ{ωs, s ≤ t} and
Ft :=

⋂
ε>0 Ft+ε. We add the superscript P to denote σ-algebras augmented

by all P -null sets from Ω. Recall that F ◦,P
t coincides with F P

t (this assertion
follows easily from the predictable representation theorem).

A particular structure of Ω allows us to consider such operators as the
stopping ω. �→ ωs

. , s ≥ 0, where ωs
. = ωs∧., and the translation ω. �→ ωs+. −ωs.

Taking Doob’s theorem into account, one can describe F ◦
s -measurable random

variables as those of the form g(w.) = g(ws
. ) where g is a measurable function

on Ω.
We define also the “concatenation” operator as the measurable mapping

g : R+ × Ω × Ω → Ω

with gt(s, ω., ω̃.) = ωtI[0,s[(t) + (ω̃t−s + ωs)I[s,∞[(t).
Notice that

gt

(
s, ωs

. , ω.+s − ωs

)
= ωt.

Thus, π(ω) = π(g(s, ωs
. , ω.+s − ωs)).

Let π be a fixed strategy from Ax
a, and let ϑ = ϑx,π be a hitting time of

zero for the process V x,π.
We need the following general fact on conditional distributions.
Let ξ and η be two random variables taking values in Polish spaces X and

Y equipped with their Borel σ-algebras X and Y . Then ξ admits a regular
conditional distribution given η = y, which we shall denote by pξ|η(Γ, y), and

E
(
f(ξ, η)|η

)
=

∫
f(x, y)pξ|η(dx, y)

∣∣∣
y=η

(a.s.)

for any measurable function f(x, y) ≥ 0.
We shall apply the above relation to the random variables ξ = (ω.+τ − ωτ )

and η = (τ, ωτ ). In this case, according to the Dynkin–Hunt theorem, the
conditional distribution pξ|η(Γ, y) admits a version which is independent of y
and coincides with the Wiener measure P .

At last, for fixed s and ws, the shifted control π(g(s, ωs
. , ω̃.), s + dr) is

admissible for the initial condition V x,π
s− (ω). Here we denote by ω̃. a generic

point of the canonical space.
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Lemma 4.5.2 Let Tf and Tb be, respectively, the sets of all finite and bounded
stopping times. Then

W (x) ≤ sup
π∈Ax

a

inf
τ ∈Tf

E
(
Jπ

τ + e−βτW
(
V x,π

τ −
))

. (4.5.2)

If W (x) < ∞ for all x ∈ int K, then

W (x) ≤ sup
π∈Ax

a

inf
τ ∈Tb

E
(
Jπ

τ + e−βτW
(
V x,π

τ

))
. (4.5.3)

Proof. For arbitrary π ∈ Ax
a and Tf , we have that

EJπ
∞ = EJπ

τ + Ee−βτ

∫ ∞

0

e−βru(cr+τ ) dr.

According to the above discussion, we can rewrite the second term of the
right-hand side as

Ee−βτ

∫ (∫ ∞

0

e−βru
(
cr+τ

(
g
(
τ, ωτ , ω̃

)))
dr

)
P (dω̃)

and dominate it by Ee−βτW (V x,π
τ − ). Thus,

EJπ
∞ ≤ EJπ

τ + Ee−βτW
(
V x,π

τ −
)
.

This bound leads directly to the first announced inequality. To obtain the
second, we note that W is dominated by a linear function and consider, for a
bounded stopping time τ , the sequence τn := τ +1/n; for τn, the above bound
holds. Clearly, V x,π

τn − → V x,π
τ . Since W is continuous in int K and zero is an

adsorbing point, W (V x,π
τn −) → W (V x,π

τ ). At last, Proposition 4.2.1 allows us to
apply the dominated convergence theorem and remove the annoying minus in
the bound, which leads, in this modified form, to (4.5.3). ��

The proof of the opposite inequality is based on different ideas.

Lemma 4.5.3 Assume that W (x) < ∞ for all x ∈ int K. Then for any finite
stopping time τ ,

W (x) ≥ sup
π∈Ax

a

E
(
Jπ

τ + e−βτW
(
V x,π

τ −
))

. (4.5.4)

Proof. Fix ε > 0. Being concave, the function W is continuous on intK.
For each x ∈ int K, we can find an open ball Or(x) = x + Or(0) with
r = r(ε, x) < ε contained in the open set {y ∈ int K : |W (y) − W (x)| < ε}.
Moreover, we can find a smaller ball Or̃(x) contained in the set y(x)+K with
y(x) ∈ Or(x). Indeed, take a ball x0 + Oδ(0) ⊆ K. Since K is a cone,

x + Oλδ(0) ⊆ x − λx0 + K
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for every λ > 0. Clearly, the requirement is met for y(x) = x − λx0 and
r̃ = λδ when λ|x0| < ε and λδ < r. The family of sets Or̃(x)(x), x ∈ int K, is
an open covering of int K. But any open covering of a separable metric space
contains a countable subcovering (this is the Lindelöf property; in our case,
where int K is a countable union of compacts, it is obvious). Take a countable
subcovering indexed by points xn. For simplicity, we shall denote its elements
by On and y(xn) by yn. Put A1 := O1 and An = On \

⋂
k<n Ok. The sets An

are disjoint, and their union is int K.
Let πn = (Bn, Cn) ∈ Ayn

a be an ε-optimal strategy for the initial point yn,
i.e., such that

EJπn ≥ W (yn) − ε.

Let π ∈ Ax
a be an arbitrary strategy. We consider the strategy π̃ ∈ Ax

a defined
by the relation

π̃ = πI[0,τ [ +
∞∑

n=1

[(
yn − V x,π

τ − , 0
)

+ π̄n
]
I[τ,∞[IAn

(
V x,π

τ −
)
I{τ<ϑ},

where π̄n is the translation of the strategy πn: namely, for a point ω. with
τ(ω) = s < ∞, we have

π̄n
t (ω.) := πn

t−s(ω.+s − ωs).

In other words, the measure dπ̃ coincides with dπ on [0, τ [ and with the shift
of dπn on ]τ, ∞[ when V x,π

τ − is a subset of An; the correction term guarantees
that in the latter case the trajectory of the control system corresponding to
the control π̃ passes at time τ through the point yn.

Now, using the same considerations as in the previous lemma, we have

W (x) ≥ EJ π̃
∞ = EJπ

τ +
∞∑

n=1

EIAn

(
V x,π

τ −
)
I{τ<ϑ}

∫ ∞

τ

e−βsu
(
c̄n
s

)
ds

≥ EJπ
τ +

∞∑
n=1

EIAn

(
V x,π

τ −
)
I{τ<ϑ}e−βτ

(
W (yn) − ε

)

≥ EJπ
τ + Ee−βτW

(
V x,π

τ −
)

− 2ε.

Since π and ε are arbitrary, the result follows. ��

Remark. The previous lemmas imply the identity

W (x) = sup
π∈Ax

a

inf
τ ∈Tf

E
(
Jπ

τ + e−βτW
(
V x,π

τ −
))

.

It can be considered as another form of the dynamic programming principle.
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4.6 The Bellman Function and the HJB Equation

Theorem 4.6.1 Assume that the Bellman function W is in C(K). Then W
is a viscosity solution of (4.2.5).

Proof. The claim follows from the two lemmas below. ��

Lemma 4.6.2 If (4.5.4) holds, then W is a viscosity supersolution of (4.2.5).

Proof. Let x ∈ O ⊆ int K. We choose a test function φ ∈ C2(O) such that
φ(x) = W (x) and W ≥ φ in O.

At first, we fix m ∈ K and argue with ε > 0 small enough to ensure that
x − εm ∈ O. The function W is increasing with respect to the partial ordering
generated by K. Thus,

φ(x) = W (x) ≥ W (x − εm) ≥ φ(x − εm).

It follows that −mφ′(x) ≤ 0, and, therefore, ΣG(φ′(x)) ≤ 0.
Take now π with Bt = 0 and ct = c ∈ C. Let τr be the exit time of

the continuous process V = V x,π from the ball Ōr(x) ⊆ int K. The identity
(4.5.4) implies that

W (x) ≥ E
(
Jπ

t∧τr
+ e−β(t∧τr)W (Vt∧τr )

)
,

and this inequality holds true if replace W by φ. Writing all terms of the latter
in the right-hand side and applying the Itô formula (4.4.2), we get that

0 ≥ E

(∫ t∧τr

0

e−βsU(cs) ds + e−β(t∧τr)φ(Vt∧τr )
)

− φ(x)

≥ E

∫ t∧τr

0

e−βs
[

L0φ(Vs) − cφ′(Vs) + U(c)
]
ds

≥ min
y∈Ōr(x)

[
L0φ(y) − cφ′(y) + U(c)

]
E

[
1
β

(
1 − e−β(t∧τr)

)]
.

Dividing the resulting inequality by t and taking successively the limits as t
and r converge to zero, we infer that L0φ(x) − cφ′(x)+U(c) ≤ 0. Maximizing
over c ∈ C yields the bound L0φ(x) + U ∗(φ′(x)) ≤ 0, and, therefore, W is a
supersolution of the HJB equation. ��

Lemma 4.6.3 If (4.5.2) holds, then W is a viscosity subsolution of (4.2.5).

Proof. Let x ∈ O ⊆ int K. Let φ ∈ C2(O) be a function such that
φ(x) = W (x) and W ≤ φ on O. Assume that the subsolution inequality
for φ fails at x. Thus, there exists ε > 0 such that Lφ ≤ −ε on some ball
Ōr(x) ⊆ O. By virtue of Lemma 4.4.3 (applied to the function φ), there are
t0 > 0 and η > 0 such that on the interval ]0, t0], for any strategy π ∈ Ax

a,

E
(
Jπ

t∧τπ + e−βτπ

φ
(
V x,π

t∧τπ

))
≤ φ(x) − ηt,
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where τπ is the exit time of the process V x,π from the ball Ōr(x). Fix t ∈ ]0, t0].
By the second claim of Lemma 4.5.2), there exists π ∈ Ax

a such that

W (x) ≤ E
(
Jπ

t∧τ + e−βτW
(
V x,π

t∧τ

))
+

1
2
ηt

for every stopping time τ , in particular, for τπ.
Using the inequality W ≤ φ and applying Lemma 4.4.3, we obtain from the

above relations that W (x) ≤ φ(x) − (1/2)ηt. This is a contradiction because
at the point x the values of W and φ are the same. ��

4.7 Properties of the Bellman Function

4.7.1 The Subdifferential: Generalities

The subdifferential of the function W at a point x ∈ int K is defined as the
set

∂W (x) :=
{
w ∈ Rd : W (y) ≤ W (x) + w(y − x) ∀y ∈ K

}
.

Since W is concave, this set is nonempty; obviously, it is closed and bounded.
If W is unbounded, zero does not belong to ∂W (x).

Recall that, for a concave function f of scalar argument, the subdifferential
∂f(x) = [D+f(x), D−f(x)], the interval between the values of the right and
left derivatives at x.

Lemma 4.7.1 Let x1, x2 be two points in int K. Then
(
∂W (x1) − ∂W (x2)

)
(x1 − x2) ≤ 0. (4.7.1)

Proof. Let wi ∈ ∂W (xi), i = 1, 2. From the definition we have the inequalities

W (x2) ≤ W (x1) + w1(x2 − x1), W (x1) ≤ W (x2) + w2(x1 − x2).

Adding them, we obtain that (w1 − w2)(x1 − x2) ≤ 0, the relation we need.
��

Lemma 4.7.2 The set ∂W (x) is a singleton if and only if W is differentiable
at x; in this case the unique element of ∂W (x) is W ′(x).

Lemma 4.7.3 Let O be an open subset of K. The function W is of class
C1(O) if ∂W (x) is a singleton at any point x ∈ O.

Now we exploit some specific properties of the Bellman function.
The following lemma follows from the monotonicity of W with respect to

the partal ordering induced by the cone K.
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Lemma 4.7.4 For every x ∈ int K, we have the inclusion ∂W (x) ⊆ K∗.

Proof. If w ∈ ∂W (x), the linear function ϕ(.) := W (x) + w(. − x) dominates
W (.) on K. Then, for any y ∈ K,

ϕ(x) = W (x) ≤ W (x + y) ≤ ϕ(x + y) = W (x) + wy.

Thus, wy ≥ 0 for all y ∈ K, and the result follows. ��

The Bellman function in the model with the power utility inherits the
homotheticity property of the latter. Namely,

W (νx) = νγW (x) ∀ν > 0. (4.7.2)

This implies a homotheticity property for the subdifferential.

Lemma 4.7.5 If W satisfies (4.7.2), then

∂W (νx) = νγ−1∂W (x) ∀ν > 0. (4.7.3)

Proof. Taking into account that K is a cone, we have

∂W (νx) =
{
w ∈ Rd : W (νy) ≤ W (νx) + w(νy − νx) ∀y ∈ K

}
=

{
w ∈ Rd : νγW (y) ≤ νγW (x) + w(νy − νx) ∀y ∈ K

}
=

{
w ∈ Rd : W (y) ≤ W (x) + ν1−γw(y − x) ∀y ∈ K

}
.

Since the right-hand side is νγ−1∂W (x), we get the claim. ��

Corollary 4.7.6 If W �= 0 satisfies (4.7.2), then 0 /∈ ∂W (x).

Proof. If 0 ∈ ∂W (x), then 0 ∈ ∂W (νx), ν > 0. Thus, W attains its maximum
at every point νx. In virtue of (4.7.2), this is possible only if W = 0. ��

Lemma 4.7.7 If W satisfies (4.7.2), then the projection of ∂W (x) on Linx
is the singleton γW (x)|x| −2x. In particular, for d = 2, if not a singleton, the
subdifferential ∂W (x) is a closed interval orthogonal to x.

Proof. Let w ∈ ∂W (x), and let w = κx + w⊥ where w⊥x = 0. Then, for any
real t > 0, we have, in virtue of the definition of a subdifferential, that

W (tx) ≤ W (x) + wx(t − 1) = W (x) + κ|x|2(t − 1).

On the other hand, for the smooth scalar function ψ(t) := W (tx) = tγW (x),
the subdifferential ∂ψ(1) is the singleton γW (x). Thus, γW (x) = κ|x|2. ��
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4.7.2 The Bellman Function of the Two-Asset Model

Now we investigate the structure of the Bellman function for the case d = 2
assuming its homotheticity. Let g1, g2 be the generators of K. First, let us
consider the ray

r1 := g2 + R+g1 =
{
x ∈ R2 : x = g2 + tg1, t ≥ 0

}
,

parallel to g1 and starting from the point g2. Relation (4.7.2) allows us to
recover the whole function W from its values on r1, i.e., from the values of the
concave increasing function W1(t) := W (g2 + tg1), t > 0, with W (0+) = 0.
Its subdifferential ∂W1(t) is the interval [D+W1(t), D−W1(t)] ⊆ R+; if t̃ > t,
then the interval ∂W1(t̃) lays leftwards with respect to the interval ∂W1(t).
Put t1 := inf{t ≥ 0 : D+W1(t) = 0}. Necessarily, ∂W1(t) = {0} for t > t1.

Define the cone K1 := cone{g1, g2 + t1g1} contained in K; by convention,
g2 + ∞ g1 = g1, i.e., K1 := cone{g1} when t1 = ∞.

Notice that g1∂W (g2 + tg1) ⊆ ∂W1(t). Indeed, if w ∈ ∂W (g2 + tg1), then,
for all s > 0,

W (g2 + sg1) ≤ W (g2 + tg1) + wg1(t − s),

i.e., wg1 ∈ ∂W1(t).
In particular, g1∂W (g2 + tg1) = {0} for t > t1. On the other hand, by

Lemma 4.7.7 the projection of ∂W (g2 + tg1) on the direction g2 + tg1 is a
singleton. Thus, ∂W (g2 + tg1) i also a singleton. Using Lemma 4.7.3 and
Lemma 4.7.3, we arrive at the following conclusion: W is C1 on int K1, and
g1W

′ = 0 on this set.
Changing the role of indices, we may introduce also the function W2, the

value t2, and the cone K2 := cone{g2, g1 + t2g2} degenerating to the ray
cone{g2} when t2 = ∞. Similarly, W is C1 on K2, and g2W

′ = 0 on this set.
Notice that int K1 ∩ int K2 = ∅. Indeed, at a common point one would

have the identities giW
′(x) = 0, possible only if W ′(x) = 0. This contradicts

to Corollary 4.7.6. Therefore, K0 := cone{g2 + t1g1, g1 + t2g2} is a cone lying
in between K1 and K2; the interiors of these three cones are disjoint.

Lemma 4.7.8 For every x ∈ int K0, we have the inclusion ∂W (x) ⊆ intK∗

or, equivalently, wgi > 0 for all w ∈ ∂W (x), i = 1, 2.

Proof. As we just proved, g1∂W (g2 + tg1) ⊆ ∂W1(t). But for t < t1, the set
∂W1(t) lies in ]0, ∞[. It follows that g1∂W (x) > 0 for x belonging to the
intersection of the ray g2 +R+g1 with int K0 and, hence, by Lemma 4.7.3, for
all x ∈ int K0. The arguments for the generator g2 are similar. ��

To check that intK1 and int K2 are nonempty as well as int K0, we use
more particular properties of the HJB equation. This will be done in the next
section.
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4.7.3 Lower Bounds for the Bellman Function

For the model where the functional depends only on the first asset which is the
numéraire, one can get easily tractable lower bounds for the Bellman function
which will be used later.

Let l(x) be the liquidation function, i.e.,

l(x) := sup{z ∈ R+ : x − ze1 ∈ K}.

We consider the subset of admissible strategies with ΔB0 = e1l(x) − x and
Bt = B0 for t > 0. This means that the agent liquidates his position in the
risky asset entering the market and remains afterwards only with money. For
a strategy π of this type,

Jπ
∞ =

∫ τ

0

e−βtu(ct) dt,

where τ is the instant when the process Xt := l(x) −
∫ t

0
cs ds hits zero. In

particular, if the consumption is proportional to the wealth, i.e., ct = κXt

with some constant κ > 0, we have the dynamics Xt = l(x)e−κt with τ = ∞
and

Jπ
∞ =

∫ ∞

0

e−βtu
(
κl(x)e−κt

)
dt.

Thus,

W (x) ≥ sup
κ>0

∫ ∞

0

e−βtu
(
κl(x)e−κt

)
dt. (4.7.4)

In the specific case of the power utility function,

Jπ
∞ =

κγ

γ(β + κγ)
lγ(x).

The maximum of the right-hand side over κ is attained at κ∗ = β/(1−γ). This
gives us a useful lower bound for the Bellman function, which we formulate
as follows:

Lemma 4.7.9 In the problem with the power utility function,

W (x) ≥ 1
γ

κγ−1
∗ lγ(x) =

1
γ

(
β

1 − γ

)γ−1

lγ(x). (4.7.5)

In particular,

W (e1) ≥ 1
γ

κγ−1
∗ =

1
γ

(
β

1 − γ

)γ−1

. (4.7.6)

This result will be used in the sequel for the two-asset model with the
transaction cost coefficients λ12 = λ21 = λ. For such a case, at any point
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x = (ξ, η) which lies in the intersection of the solvency region K with the
upper half-plane, the value of liquidation function is

l(x) = ξ +
η

1 + λ
=

p2x

1 + λ

(the stock holding η is converted into η/(1 + λ) units of money). Therefore,
we can write more explicitly that

W (x) ≥ 1
γ

κγ−1
∗

(
ξ +

η

1 + λ

)γ

. (4.7.7)

In particular, for x = (1 − z, z) with z ∈ [0, 1+1/λ], we have the lower bound

W (1 − z, z) ≥ 1
γ

(
β

1 − γ

)γ−1 1
(1 + λ)γ

(1 + λ − λz)γ . (4.7.8)

Remark. Another lower bound for the Bellman function can be obtained
by considering the strategy π which prescribes to convert immediately the
portfolio into a single-asset one with holdings in a fixed risky asset and to
consume proportionally to the current portfolio value (this means that shares
permanently should be sold paying the transaction costs, which can be also
interpreted as a consumption tax). Since the wealth in this case evolves ac-
cordingly to a stochastic linear equation, EJπ

∞ can be easily calculated.

4.8 The Davis–Norman Solution

4.8.1 Two-Asset Model: The Result

Let us consider the two-asset model with the price dynamics given by

dS1
t = 0,

dS2
t = S2

t (μdt + σ dwt),

where w is a Wiener process, and σ > 0. That is, the first asset (“bond”,
“money”, or “bank account”) is the numéraire. The price of the risky asset
follows a geometric Brownian motion. The portfolio values evolve as

dV 1
t = dL21

t −
(
1 + λ12

)
dL12

t − ct dt,

dV 2
t = V 2

t (μdt + σ dwt) + dL12
t −

(
1 + λ21

)
dL21

t ,

where L12 and L21 are adapted right-continuous increasing processes.
The optimization problem is of the form

E

∫ ∞

0

e−βsu(cs) ds → max, (4.8.1)
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where u : R+ → R+ is a utility function. The maximum is taken over the
set of strategies for which the value process evolves in the solvency cone K
generated by the vectors g1 := (1 + λ12, −1) and g2 := (−1, 1 + λ21) lying
respectively in the forth and second quadrants. So, K and K∗ are simply
sectors; the generators of the dual cone are the vectors p1 := (1, 1 + λ12) and
p2 := (1 + λ21, 1) lying in R2

+ and orthogonal, respectively, to g1 and g2.
For the power utility function, the structure of the solution was found by

Norman and Davis in 1990, though it was conjectured already in the pioneer-
ing paper of Magill and Constantinides of 1976. It was thoroughly analyzed
using methods of viscosity solutions in the paper by Shreve and Soner of 1994.
In our presentation we follow the latter.

We consider here the model with u(c) = cγ/γ, γ ∈ ]0, 1[, supposing always
that the Bellman function W is finite. As we already know, such a property
is guaranteed if κM > 0, i.e.,

β >
1
2

γ

1 − γ

μ2

σ2
. (4.8.2)

Note that the above inequality ensures the finiteness of W even in the classical
Merton problem without friction. In the model with friction one can find other
sufficient conditions for the finiteness of the Bellman function. We discuss this
issue later.

It follows from the general theory that the Bellman function W is the
viscosity solution of the HJB equation with zero boundary condition. It is
unique in the class of functions with growth rate γ′ ≥ γ such that the above
bound still holds with γ′.

We assume, moreover, that the instantaneous interest rate of the risky
asset μ > 0, and this hypothesis will be used immediately in proving (4.8.5).

The HJB equation can be written as follows:

max
{

1
2
σ2η2Wηη + μηWη − βW + u∗(Wξ), −g1W

′, −g2W
′
}

= 0. (4.8.3)

Of course, at the moment, we have no information about the existence of the
involved derivatives of W , and the above relation has to be understood in the
viscosity sense. Since this section is a case study and our intention is to obtain
an explicit solution, we abandon the standard notation: to improve the per-
ception of the formulae, we use the notation (ξ, η) and (t, z) for generic points
in R2

+. Moreover, for the sake of simplicity, we suppose that the transaction
costs for buying and selling are the same, i.e., λ12 = λ21 = λ > 0.

The principal result is the following:

Theorem 4.8.1 There are vectors g̃1, g̃2 such that the solvency cone K is
the union of K1 = cone{g1, g̃1}, K2 = cone{g2, g̃2}, and K0 = cone{g̃1, g̃2},
three sectors with disjoint nonempty interiors. The Bellman function W is
a concave positive homogeneous function of order γ and belongs to the class
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C1(int K). On Ki, i = 1, 2, it is given by the formulae aiu(pix). On int K0,
it is a classical C2-solution of the equation

1
2
σ2η2Wηη + μηWη − βW + u∗(Wξ) = 0, (4.8.4)

where u∗(p) = (1 − γ)γ−1pγ/(γ−1).

4.8.2 Structure of Bellman Function

First of all, we recall that the functions au(pix) for large a are classical super-
solutions, and, hence, they dominate W (x) “globally,” i.e., on the whole K.
We refine this result by showing that, on certain sectors with nonempty in-
teriors and adjacent to the boundaries of the solvency region, the Bellman
function W coincides with functions of this particular type. Specifically, we
have:

Proposition 4.8.2 (a) There exists a1 > 0 such that

W (x) = a1u(p1x) on cone{g1, e1}. (4.8.5)

(b) There exists a2 > 0 such that

W (x) = a2u(p2x) on cone
{
g2, 2θ(1 + λ)−1g2 + e2

}
. (4.8.6)

Proof. (a) Take a1 := W (e1)/u(p1e1) = γW (e1). Due to the homotheticity
property, this choice implies that the function ϕ(x) := a1u(p1x) coincides with
W (x) on the whole ray R+e1. This immediately implies that W (x) ≥ ϕ(x) on
the sector cone{g1, e1} because, along each ray ξe1+R+g1, ξ > 0, the function
W is increasing while ϕ remains constant. On the other hand, both functions
are zero on the boundary ray R+g1 (which is a part of ∂K). Let us check that
ϕ is a classical supersolution of our HJB equation on the sector cone{g1, e1},
and, hence, we have the reverse inequality W (x) ≤ ϕ(x) on this set due to
Lemmas 4.4.1 and 4.4.2. The only problem is to check, in the interior of the
sector, the inequality L0ϕ + u∗(ϕξ) ≤ 0, which, in the detailed notation, is
simply

1
2
σ2η2ϕηη + μηϕη − βϕ + u∗(ϕξ) ≤ 0.

The first term in the left-hand side is always negative (due to the concavity).
The second one is negative because, for x = (ξ, η) in the considered set, the
coordinate η < 0, the parameter μ > 0 by assumption, and ϕ is increasing
in η. At last, by virtue of the bound (4.7.6),

a1 := γW (e1) ≥ κγ−1
∗ =

(
β

1 − γ

)γ−1

, (4.8.7)
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and we easily get that

u∗(ϕξ) = (1 − γ)a
1

γ−1
1 ϕ ≤ βϕ. (4.8.8)

(b) We put N := 2θ(1 + λ)−1 and note that

1
2
σ2(1 + λ)(γ − 1)N + μ = 0.

Take now a2 := W (Ng2 + e2)/u(p2e2) = γW (Ng2 + e2). By the same general
arguments as above, we obtain that the function ψ(x) := a2u(p2x) coincides
with W (x) on the whole ray generated by the vector Ng2 + e2 and satisfies
the inequality W (x) ≥ ψ(x) on the sector cone{g2, Ng2 + e2}. To obtain the
reverse inequality, it remains to verify that L0ψ + u∗(ψξ) ≤ 0 at any point
x = (ξ, η) from the interior of this sector. Such a point admits a unique
representation

x = ξ̄g2 + η̄(Ng2 + e2)

with some reals ξ̄, η̄ > 0. We have: p2x = η̄p2e2 = η̄ and

η = xe2 = ξ̄g2e2 + η̄(Ng2 + e2)e2 ≥ Nη̄g2e2 = Nη̄(1 + λ).

Thus,

1
2
σ2η2ψηη(x) + μηψη(x) = a2(p2x)γ−1η

(
1
2
σ2(γ − 1)

η

p2x
+ μ

)

≤ a2(p2x)γ−1η

(
1
2
σ2(γ − 1)N(1 + λ) + μ

)
= 0

due to our choice of N .
On the other hand, the value of liquidation function is

l(Ng2 + e2) = 1/(1 + λ) (the intersection of the ray Ng2 + e2 − R+g2 and the
axis of abscises is the point (1/(1 + λ), 0)), and, therefore, due to the bound
(4.7.6), we have that

a2 ≥ κγ−1
∗

1
(1 + λ)γ

=
(

β

1 − γ

)γ−1 1
(1 + λ)γ

. (4.8.9)

It follows that

u∗(
ψξ(x)

)
= (1 − γ)a

1
γ−1
2 (1 + λ)

γ
γ−1 ψ(x) ≤ βψ(x), (4.8.10)

and we get the result. ��

We denote by Ki, i = 1, 2, the largest sectors on which the Bellman func-
tion is given by the formulae W (x) = ai(pix)γ . By the above we have:

Corollary 4.8.3 The sectors Ki, i = 1, 2, are nonempty, and

a1 ≥ κγ−1
∗ , a2 ≥ κγ−1

∗
1

(1 + λ)γ
. (4.8.11)
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Our next aim is to show that intK0 �= ∅ or, in other words, that K1

and K2 have no common boundary points (except zero). Though the crucial
information will be obtained by a reduction to a one-dimensional problem,
we make the first step in this direction immediately by inspecting the above
formulae and establishing the following simple assertion:

Lemma 4.8.4 If

W (e1) =
1
γ

(
β

1 − γ

)γ−1

, (4.8.12)

then the axis of abscises is not the common boundary of K1 and K2.

Proof. Suppose the opposite. Then the function ψ(x) = a2(p2x)γ coincides
with W (x) on the sector cone{g2, e1}, and we can determine the value of a2

using (4.8.12). It corresponds to the equalities in (4.8.9) and (4.8.10). Hence,
in the considered case,

L0ψ(x) + u∗(
ψξ(x)

)
= a2(p2x)γ−1η

(
1
2
σ2(γ − 1)

η

p2x
+ μ

)
.

The right-hand side is strictly positive for points x = (ξ, η) with sufficiently
small coordinate η > 0. This means that, for such points, ψ cannot be the
solution of the HJB equation. ��

Usually, to find the constants ai, one has to solve a free-boundary problem.
However, in the special case where θ = 1, the value a2 can be calculated
easily. The optimal strategy is just to sell a constant proportion of the stock
to generate a flow of money for consumption. The precise result is here.

Proposition 4.8.5 Suppose that the Merton parameter

κM :=
1

1 − γ

(
β − 1

2
γ

1 − γ

μ2

σ2

)
> 0

and θ := (1 − γ)−1
μσ−2 = 1 (i.e., μ = (1 − γ)σ2).

Then

W (x) = m
1

(1 + λ)γ
(p2x)γ on K ∩

{
x = (ξ, η) : ξ ≤ 0

}
. (4.8.13)

Proof. Let us consider the process V = (V 1, V 2) with V 1 = 0 and

dV 2
t = V 2

t (μdt + σ dwt) − κMV 2
t dt, V 2

0 = 1.

It corresponds to the strategy when the agent, having as the initial endowment
a unit of stock, converts instantaneously a constant proportion of his wealth
into cash and uses it immediately for the consumption with intensity given
by the formula ct = (1 + λ)−1κMV 2

t .
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Apparently,

E
(
V 2

t

)γ = eγ(μ−σ2/2−κM )t+(1/2)γ2σ2t = e(β−κM )t,

the second equality holding because of the assumed identity μ = (1 − γ)σ2.
Thus, for the considered strategy,

Jπ
∞ =

∫ ∞

0

e−βtEu(ct) dt =
1
γ

κγ−1
M

1
(1 + λ)γ

= m
1

(1 + λ)γ
= f(e2),

where we denote by f the right-hand side of (4.8.13). It follows that
W (e2) ≥ f(e2). In fact, we have the equality here since we know already
that f is a classical supersolution (see Proposition 4.3.5), and, hence, W ≤ f
in K. By the homotheticity, W = f on R+e2. Since along each ray ηe2 −R+g2,
η > 0, the function f is constant while W is decreasing, we have, on the sector
K ∩ {x = (ξ, η) : ξ ≤ 0}, the inequality W ≤ f and, hence, the equality. ��

4.8.3 Study of the Scalar Problem

The utility function is homogeneous of degree γ, and this property, due to the
linearity of the dynamics, is inherited by the Bellman function, i.e.,

W (x) = νγW (x/ν) ∀ν > 0. (4.8.14)

Thus, knowing W on the intersection of the line {(ξ, η) : ξ + η = 1} with the
interior of K, that is, on the interval with the extremities (−1/λ, 1+1/λ) and
(1 + 1/λ, −1/λ), one can reconstruct this function, using the homotheticity
property, on the whole domain by the formula

W (ξ, y) = (ξ + η)γW

(
ξ

ξ + η
,

η

ξ + η

)
, (ξ, η) ∈ int K. (4.8.15)

Let us consider the bijection mapping T : (ξ, η) �→ (ξ = η, η/(ξ + η)) of int K
onto the rectangular ]0, ∞[ × ] − 1/λ, 1+1/λ[; clearly, T ∈ C∞. It follows that
the function Φ(t, z) = tγψ(z) with ψ(z) := W (1 − z, z) is a viscosity solution
of the equation obtained by the change of variables.

Specifically, let t = t(ξ, η) = ξ + η, z = z(ξ, η) = η/(ξ + η) (and, hence,
ξ = t(1 − z), η = tz). Differentiating the identity

W (ξ, η) =
[
t(ξ, η)

]γ
ψ

(
z(ξ, η)

)
,

we obtain the following formulae for derivatives:

Wξ(ξ, η) = tγ−1
[
γψ(z) − zψ′(z)

]
,

Wη(ξ, η) = tγ−1
[
γψ(z) + (1 − z)ψ′(z)

]
,

Wηη(ξ, η) = tγ−2
[
γ(γ − 1)ψ(z) + 2(γ − 1)(1 − z)ψ′(z) + (1 − z)2ψ′ ′(z)

]
.
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Therefore, we obtain that

g1W
′(ξ, η) = tγ−1

[
λγψ(z) − (1 + λz)ψ′(z)

]
,

g2W
′(ξ, η) = tγ−1

[
λγψ(z) + (1 + λ − λz)ψ′(z)

]
.

The formal substitution into (4.8.3) yields the following equation in the
viscosity sense on the interval [−1/λ, 1 + 1/λ] for the continuous function ψ
vanishing at the extremities:

max
0≤i≤2

�iψ = 0 (4.8.16)

with two first-order operators

�1ψ := −λγψ + (1 + λz)ψ′, �2ψ := −λγψ − (1 + λ − λz)ψ′,

and the second-order operator

�0ψ = f2ψ
′ ′ + f1ψ

′ + f0ψ +
1 − γ

γ
[γψ − zψ′]

γ
γ−1 ,

where

f2(z) :=
1
2
σ2z2(1 − z)2,

f1(z) := −σ2(1 − γ)z(1 − z)(z − θ),

f0(z) :=
1
2
σ2γ(γ − 1)z2 + γμz − β,

and θ := (1 − γ)−1μσ−2 is the Merton proportion.
The function ψ, being concave, has left and right derivatives continuous

from the left and right, respectively, and satisfying the inequality
D+ψ ≤ D−ψ, which can be strict only on a countably set. Outside this set,
the derivative ψ′ exists and is continuous.

Moreover, ψ is twice differentiable (in the sense of the Taylor formula)
almost everywhere, and, therefore, (4.8.16) holds in the classical sense almost
everywhere, see Lemma 4.2.3. This means that, at each point outside an ex-
ceptional null-set, we have three inequalities

�1ψ(z) ≤ 0, �0ψ(z) ≤ 0, �2ψ(z) ≤ 0, (4.8.17)

and at least one of them is “active,” that is, holds with the equality. By
continuity, on the whole interval,

−λγψ + (1 + λz)D±ψ ≤ 0, −λγψ − (1 + λ − λz)D±ψ ≤ 0. (4.8.18)

Lemma 4.8.6 The function ψ is continuously differentiable on the interval
I := ]−1/λ, 1 + 1/λ [ except, maybe, zero. If ψ′ has a discontinuity at zero,
then

ψ(0) =
1
γ

(
1 − γ

β

)1−γ

=
1
γ

κ1−γ
∗ . (4.8.19)
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Proof. Since ψ is concave, it has left and right derivatives satisfying the in-
equality D+ψ ≤ D−ψ. Suppose that at a point z the inequality is strict. Let
p ∈ ]D+ψ(z), D−ψ(z)[. It follows that (p, X) ∈ J+ψ(z) whatever is X ∈ R.
By the definition of viscosity subsolution, we should have at least one of the
following three inequalities: �iQp,X(z) ≥ 0, i = 0, 1, 2. This leads to an im-
mediate contradiction if z �= 0 or z �= 1. Indeed, the coefficient at the second
derivative being strictly positive, �0Qp,X(z) → −∞ as X → −∞. A non-
constant linear function negative at the extremities of an interval is strictly
negative in its interior, and, therefore, (4.8.18) implies that �iQp,X(z) < 0 for
i = 1, 2.

For the point z = 1, we can say only that

�0Qp,n(z) = f0(1)ψ(1) + u∗(
γψ(1) − p

)
≥ 0. (4.8.20)

To obtain a contradiction, we recall the classical fact that, for the monotone
function ψ′, the derivative ψ′ ′ exists almost everywhere. Another fact (less
known) is that ψ′ ′ is locally integrable. On the other hand, the function 1/f2

has a nonintegrable singularity at 1. With this, we can find a sequence zn ↑ 1
(or zn ↓ 1) such that ψ′ ′(zn) does exist, limn f2(zn)ψ′ ′(zn) = 0, and inequali-
ties (4.8.17) hold at zn. The passage to the limit in the central one yields the
inequalities

f0(1)ψ(1) + u∗(
γψ(1) − D±ψ(1)

)
≤ 0.

The function u∗ being strictly monotone,

f0(1)ψ(1) + u∗(
γψ(1) − p

)
< 0,

contradicting to (4.8.20).
The above arguments for z = 0 do not work. An attempt to repeat them

leads to a conclusion that if ψ′ has a discontinuity at zero, then, necessarily,

f0(0)ψ(0) + u∗(
γψ(0)

)
= 0.

Solving this equation, we get the formula (4.8.19). ��

Remark. On int K, the Bellman function W always has a continuous deriv-
ative in the radial direction. Thus, the second claim of the lemma means
that if W has no derivative in transversal directions at the ray R+e1, then,
necessarily,

W (ξ, 0) =
1
γ

(
1 − γ

β

)1−γ

ξγ .

Due to the continuity of the derivative, we may guess that the regions
where inequalities in (4.8.16) are active are intervals. The concavity of ψ makes
plausible a more specific structure of ψ, namely, that this function satisfies the
above three differential inequalities, the first is a differential equation on the
interval ] − 1/λ, z1[, the second on ]z1, z2[, and the third on ]z2, 1 + 1/λ[. The
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first-order differential equations �iψ = 0 with zero boundary conditions can
be readily solved, and we have the following explicit formulae for the external
intervals:

ψ(z) = κ1(1 + λz)γ , z ∈ [−1/λ, z1],
ψ(z) = κ2(1 + λ − λz)γ , z ∈ [z2, 1 + 1/λ],

where the constants κi > 0 are to be specified.

Lemma 4.8.7 The interior of K0 is nonempty.

Proof. Suppose the opposite. This means that there exists a point x different
from the origin which belongs to the common boundary of K1 and K2. If the
function W is differentiable at x, we obtain that W 1/γ has vanishing partial
derivatives in the directions g1 and g2. It follows that W ′(x) = 0, which is
impossible. If W is not differentiable at x, then x is on the axis of abscises,
and we refer simply to Lemmas 4.8.4 and 4.8.6. ��

The most difficult part of the analysis is to show the following result claim-
ing that the axis of abscises is not on the boundary of K0.

Proposition 4.8.8 The point e1 belongs to int K1.

Proof. Suppose that the assertion is note true, that is, the value z1 = 0. If
γW (e1) > κγ−1

∗ , then, as we know, W ∈ C1(int K). In a right neighborhood
of zero, ψ(z) = W (1 − z, z) is the solution of the second-order differential
equation �0ψ = 0. Since f1(0) = 0 and f0(0) = −β, we have that

lim
z↓0

1
2
σ2z2ψ′ ′(z) = βψ(0) − 1 − γ

γ

[
γψ(0)

] γ
γ−1 .

Noticing that the derivative of the function

H(y) := βy − 1 − γ

γ
(γy)

γ
γ−1 , y > 0,

is strictly positive and H(κγ−1
∗ /γ) = 0, we conclude that the limit above is

also strictly positive. But this is impossible because ψ is concave and ψ′ ′ ≤ 0.
Consider the “critical” case where γW (e1) = κγ−1

∗ and the first derivative
of ψ has a jump downwards at point zero.

Now we know the function ψ(z) on the interval [−1/λ, 0] explicitly. On the
other hand, the lower bound for W implies the inequality

ψ(z) ≥ h(z) :=
1
γ

κγ−1
∗

1
(1 + λ)γ

(1 + λ − λz)γ .

In a right neighborhood of zero, ψ(z) is the solution of the second-order dif-
ferential equation. The difference ψ̃(z) = ψ(z) − h(z) ≥ 0, and ψ̃(0) = 0. It is
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clear that

0 ≤ D+ψ̃(0) = D+ψ(0) − h′(0) ≤ D−ψ(0) − h′(0) < ∞.

Substitution of ψ(z) = h(z) + ψ̃(z) into the equation �0ψ(z) = 0 yields the
identity

g1(z) + g2(z) + g3(z) = 0,

where

g1(z) := �0h(z),
g2(z) := �0ψ̃(z) − u∗(

γψ̃(z) − zψ̃′(z)
)
,

g3(z) := u∗(
γh(z) − zh′(z) + γψ̃(z) − zψ̃′(z)

)
− u∗(

γh(z) − zh′(z)
)
.

Note that

g1(z) = f2(z)h′ ′(z) + f1(z)h′(z) +
(
f0(z) + β

)
h(z).

It follows that g1(0) = 0 and

g′
1(0) = f ′

1(0)h′(0) + f ′
0(0)h(0) =

μ

1 + λ
κγ−1

∗ .

Observing that also g3(0+) = 0, we infer that g2(0+) = 0 as well, and, hence,

lim
z↓0

z2ψ̃′ ′(z) = 0. (4.8.21)

The existence of the derivatives of g1 and g3 implies the existence of the
derivatives of g2. We have the identity for the derivatives

g′
1(z) + g′

2(z) + g′
3(z) = 0, (4.8.22)

implying that

lim
z↓0

[
g′
2(z) + g′

3(z)
]

= − lim
z↓0

g′
1(z) = − μ

1 + λ
κγ−1

∗ . (4.8.23)

The differentiability of g2 implies that the derivative ψ̃′ ′ ′(z) does exist and is
continuous for z > 0. Differentiating the expression

g2(z) = f2(z)ψ̃′ ′(z) + f1(z)ψ̃′(z) + f0(z)ψ̃(z),

we obtain that

lim
z↓0

g′
2(z) = (μ − β)D+ψ̃(0) + lim

z↓0

[
(1/2)σ2z2ψ̃′ ′ ′(z) +

(
σ2 + μ

)
zψ̃′ ′(z)

]
.
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Differentiating the formula

g3(z) =
1 − γ

γ

[
κγ−1

∗

(
1 + λ − λz

1 + λ

)γ−1

+ γψ̃(z) − zψ̃′(z)
] γ

γ−1

− 1 − γ

γ
κγ

∗

(
1 + λ − λz

1 + λ

)γ

,

we infer that

lim
z↓0

g′
3(z) = −κ∗(γ − 1)D+ψ̃(0) + κ∗ lim

z↓0
zψ̃′ ′(z).

Adding this identity with that for the limit of g′
2(z), we arrive at the formula

lim
z↓0

[
g′
2(z)+g′

3(z)
]

= μD+ψ̃(0)+lim
z↓0

[
(1/2)σ2z2ψ̃′ ′ ′(z)+

(
σ2 +μ+κ∗

)
zψ̃′ ′(z)

]
.

In virtue of the lemma below, the right-hand side is positive, in contradiction
with identity (4.8.23). ��

Lemma 4.8.9 Let f be a bounded C2-function on the interval ]0, ε[, and let
κ ∈ R. Then

lim sup
z↓0

[
z2f ′ ′(z) + κzf ′(z)

]
≥ 0.

Proof. Put z := e−t and consider the bounded function f̃(t) = f(e−t). The
claimed property means that

lim sup
t→∞

[
f̃ ′ ′(t) + κf̃ ′(t)

]
≥ 0

whatever is the constant κ. Suppose that the assertion fails. Then there exists
κ1 > 0 such that

f̃ ′ ′(t) + κf̃ ′(t) ≤ −κ1

for all sufficiently large t. The integration yields the inequality

f̃ ′(t) + κf̃(t) ≤ κ2 − κ1t,

leading to an obvious contradiction: a function cannot be bounded while its
derivative converges to −∞. ��

Proposition 4.8.8 completes the proof of Theorem 4.8.1. It provides the
information that the suspicious point z = 0 belongs to the interval where the
function ψ, given by the explicit formula, is smooth. Thus, ψ is C1.
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4.8.4 Skorohod Problem

In the classical Merton problem there are no difficulties to construct the opti-
mal pair: the optimal wealth process is a solution of a simple linear stochastic
equation, the optimal control is a linear function of the solution, and the same
linear equation describes the optimal dynamics. In the model with transac-
tion costs the situation is much more complicated. The optimal pair (i.e., the
portfolio process and the control) is a solution of the stochastic Skorokhod
problem (called also a stochastic differential equation with reflection). More-
over, the needed particular case of this problem has rather unpleasant features:
the domain is a sector (so the boundary is not smooth), reflection is oblique,
and the explicit form of the drift coefficient is not available. Since differential
equations with reflections are rarely treated in the monographic literature, we
provide in the Appendix a brief introduction with an elementary result which
well serves our purpose here. In this subsection we use this result to check the
existence and uniqueness of the optimal pair in the considered optimal control
problem.

We have established that the solvency cone K can be decomposed into
the union of three convex cones Ki (sectors, in fact) with disjoint nonempty
interiors. The sectors Ki, i = 1, 2, share their “external” boundaries R+gi

with the solvency cone K, while the “internal” boundaries form the boundaries
of K0. The function W 1/γ is linear in K1 and K2. Moreover, the axis of abscises
is in the interior of K1. The Bellman function W is C1 in int K.

Let g : ∂K0 → R2 be a vector-valued function with g(x) = −gi on the set
(∂K0 ∩ ∂Ki) \ {0} and g(0) = 0. We consider on K0 the Skorokhod problem
formulated as follows: find a pair of adapted continuous processes, V , starting
from x ∈ K0, evolving in K0, and trapped at zero, and k, scalar, starting at
zero, and increasing, such that

dV 1
t = −

(
Wξ(Vt)

)1/(γ−1)
dt + g1(Vt) dkt, (4.8.24)

dV 2
t = V 1

t (μdt + σ dwt) + g2(Vt) dkt, (4.8.25)

and
dkt = I{Vt ∈∂K0} dkt. (4.8.26)

Proposition 4.8.10 The Skorokhod problem has a solution.

Proof. Let W̃ be the Bellman function of our optimal control problem but
with the utility function uγ = uγ/γ. Let us introduce the polygons

Kn
0 := K0 ∩

{
n−2/γ ≤ x1 + x2 ≤ n2/γ

}

and ice-cream-shaped closed regions K̃n
0 having smooth boundaries and such

that Kn
0 ⊆ K̃n

0 ⊆ Kn+1
0 . We define on the boundary ∂K̃n

0 a smooth non-
tangent reflection vector field coinciding on the lateral parts of the boundary
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with g(x). According to Theorem 5.6.3 the Skorokhod problem in each region
K̃n

0 admits a unique solution (V n, kn). Let

τn := inf
{
t :

∣∣V n
t

∣∣
1

= n−2/γ
}
, τ := lim τn,

ρn := inf
{
t :

∣∣V n
t

∣∣
1

= n2/γ
}
, ρ := lim ρn.

The uniqueness of solutions allows us to assert the existence of a pair of
processes (V, k) defined on the time interval [0, τ ∧ ρ[ and such that (V, k)
coincides with (V n, kn) on [0, τn ∧ ρn]. From the homotheticity property it
follows that the Bellman function admits the upper bound of the form

W (x) ≤ κ̄|x|γ1 , x ∈ K,

and the lower bound
W (x) ≥ κ|x|γ1 , x ∈ K0.

Omitting in the dynamic programming inequality (4.5.4) the integral term
and using afterwards the above lower bound, we obtain that

W (x) ≥ Ee−β(τn ∧ρn ∧t)W (Vτn ∧ρn ∧t) ≥ κe−tE|Vτn ∧ρn ∧t|γ1 , x ∈ K0.

Since

E|Vτn ∧ρn ∧t|γ1 ≥ EIρn<τn ∧t|Vτn ∧ρn ∧t|γ1 ≥ n2P (ρn < τn ∧ t),

this implies that
∑

n P (ρn < τn ∧ t) < ∞. By virtue of the Borel–Cantelli
lemma, ρn ≥ τn ∧ t for sufficiently large n on the set of full measure. Thus,
ρ ≥ τ ∧ t, and, because t is arbitrary, ρ ≥ τ .

So, we know that the processes V and k are defined on the stochastic
interval [0, τ [ and limn Vτn = 0.

One can show that limt↑τ Vτn = 0 (a.s.). In other words, the process V is
absorbed at the origin. ��

4.8.5 Optimal Strategy

Now we formulate the Davis–Norman theorem on the structure of the optimal
solution.

Theorem 4.8.11 Suppose that the initial endowment x ∈ K0. Then the
process V participating in the solution of the Skorokhod problem (4.8.24)–
(4.8.26) defines the dynamics of the optimal portfolio, and the optimal strategy
is given by the formulae

Bt =
∫ t

0

g(Vs) dks, (4.8.27)

ct =
(
Wξ(Vt)

)1/(γ−1)
. (4.8.28)
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Proof. We follow the same line of arguments as in the proof of the Merton
theorem. Applying the Itô formula and taking into account that giW

′(x) = 0
for x ∈ ∂K0, we obtain that

e−βtW (Vt) + Jπ
t = W (x) + σ

∫ t

0

V 2
t Wη(Vt) dwt. (4.8.29)

The integrals with respect to dt and dk disappeared. To obtain the result, it
remains to check that the stochastic integral above is a martingale (hence, its
expectation is zero) and verify that, for a certain sequence of real numbers
tn ↑ ∞,

lim
n→∞

e−βtnEW (Vtn) = 0. (4.8.30)

Due to the homotheticity property of the derivative of the Bellman function
following from Lemma 4.7.5, we have the inequality |W ′(y)| ≤ κ|y|γ−1, where
κ is the bound for the derivative of W on the intersection of the set K0 with
the line ξ + η = 1. Thus,

∣∣ηWη(y)
∣∣ ≤ κ|y|γ ≤ κ

(
1 + |y|

)
, y ∈ K0,

and the absolute value of the integrand is dominated by a linear function of
the phase variable. Using the exponential bound of Proposition 4.2.1, we infer
that the stochastic integral in (4.8.29) is a martingale.

To accomplish the proof, we need the inequality

Wξ(y) ≥ κ|y|γ−1, y ∈ K0,

also implied by the homotheticity. Here the constant κ > 0 is the minimum
of the partial derivative Wξ on the intersection of the set K0 with the line
ξ + η = 1. It is strictly positive: the derivative of the Bellman function W
in the direction g1 is positive, the derivative in the radial direction is strictly
positive, and the vector e1 lies between these two directions.

Using these observations, we have the following chain of inequalities with
a varying constant:

E

∫ ∞

0

e−βtW (Vt) dt ≤ κE

∫ ∞

0

e−βt|Vt|γ dt ≤ κE

∫ ∞

0

e−βtu(ct) dt ≤ W (x).

Since W is finite, this obviously implies the existence of a sequence tn ↑ ∞
for which (4.8.30) holds. ��

Remark. The case where x ∈ Ki is easily reduced to the one treated in the
theorem. It is sufficient to modify the process B by adding the initial jump

ΔB0 = inf{s ≥ 0 : x − sgi ∈ K0}, x ∈ Ki, i = 1, 2. (4.8.31)

The function W on the set Ki is constant along the direction gi for i = 1, 2.
Thus, such a modification gives a strategy resulting in the value W (x + Δ0)



4.8 The Davis–Norman Solution 231

coinciding with W (x). Notice that in intK1 (resp., in int K2) the changes of
the initial endowment means the buying of stock (resp. the selling of stock),
while in intK0 there are no transactions. This explains the abbreviations BS,
SS, and NT used in the literature for the corresponding regions.

Using the structure of optimal control, we improve a bit Proposition 4.3.5,
which gives us an upper bound for the Bellman function in the case where the
solution of the classical Merton problem is finite. It happens that, “usually,”
in the model with transaction costs the bound is strict, and this fact plays an
important role to locate more precisely the boundaries of the no-transaction
cone K0 (see the next subsection). The precise statement is as follows.

Proposition 4.8.12 Suppose that κM > 0. Let p = (p1, p2) ∈ K∗ and p1 = 1.
If (1 − γ)σ2 �= μ, then

W (x) < mu(px) =
1
γ

κγ−1
M (px)γ ∀x ∈ int K. (4.8.32)

If (1 − γ)σ2 = μ, then e2 ∈ K0.

Proof. Proposition 4.3.5 says that the function ϕ(x) = mu(px) is a superso-
lution of the HJB equation, and, therefore,

L0ϕ + u∗(ϕξ) = − γ

2(1 − γ)σ2

[
(1 − γ)σ2p2η

ξ + p2η
− μ

]2

φ(x) ≤ 0.

The equality holds if and only if

μξ −
[
(1 − γ)σ2 − μ

]
p2η = 0. (4.8.33)

Let us plug-in the optimal process V = (V 1, V 2) (corresponding to the
strategy given by (4.8.27) and (4.8.28), eventually with an initial transfer)
into the function ϕ. Applying the Itô formula, we get

e−βtϕ(Vt) = ϕ(V0) +
∫

]0,t]

e−βsϕη(Vs)σV 2
s dws +

∫
]0,t]

e−βsϕ′(Vs)g(Vs) dks

+
∫

]0,t]

e−βs
[

L0ϕ(Vs) − csϕξ(Vs) + u(cs)
]
ds −

∫
]0,t]

e−βsu(cs) ds

≤ ϕ(x) +
∫

]0,t]

e−βsϕη(Vs)σV 2
s dws

+
∫

]0,t]

e−βs
[

L0ϕ(Vs) + u∗(
ϕξ(Vs)

)]
ds −

∫
]0,t]

e−βsu(cs) ds.

The above bound holds because ϕ(V0) ≤ ϕ(x) due to losses which occur at
the initial transfer, giϕ

′(x) ≤ 0 for x ∈ ∂K0, and

−csϕξ(Vs) + u(cs) ≤ u∗(
ϕξ(Vs)

)
.
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By the same arguments as in the previous proof, we infer that the expectation
of the stochastic integral is zero and Ee−βtϕ(Vt) → 0 as t → ∞. It follows
that

W (x) ≤ ϕ(x) + E

∫
]0,t]

e−βs
[

L0ϕ(Vs) + u∗(
ϕξ(Vs)

)]
ds ≤ ϕ(x).

In the case (1 − γ)σ2 �= μ, the second inequality is always strict: otherwise the
integrant is a negligible process, i.e., according to (4.8.33), we would have

μV 1 −
[
(1 − γ)σ2 − μ

]
p2V

2 = 0.

This identity is impossible because the left-side is a semimartingale with non-
trivial diffusion component.

If (1 − γ)σ2 = μ, we have, necessarily, that V 1
t = 0 for all t > 0. Thus,

the process V after the initial jump evolves along the axis of ordinates, and
therefore e2 ∈ K0. ��

4.8.6 Precisions on the No-Transaction Region

We established already that the no-transaction region K0 = cone{g̃1, g̃2} has
a nonempty interior and lies strictly above the axis of abscises. Now we give
some bounds on the position of the generator g̃2.

The following simple lemma ensures us that, whatever is λ > 0, the in-
terval [z1, z2] (depending on λ) lies inside the fixed interval, namely, [0, 2θ+1],
θ = β/(1 − γ). We shall need this fact for the asymptotic analysis
as λ → 0.

Lemma 4.8.13 We have

0 < z2 ≤ 1 +
2θ

1 + λ + 2θλ
. (4.8.34)

Proof. The first inequality holds because z2 > z1 > 0. According to Propo-
sition 4.8.2, we have the inclusion K2 ⊆ cone{g2, Ng2 + e2}, where the con-
stant N = 2θ(1 + λ)−1. The ray generated by Ng2 + e2 intersects the line
{(ξ, η) : ξ + η = 1} at the point (1 − z, z), where

z = 1 +
N

1 + Nλ
= 1 +

2θ

1 + λ + 2θλ
.

Since the point (1 − z2, z2) is the intersection of the boundary ray separating
K2 and K0 with the aforementioned line, we have from obvious geometric
considerations that z2 ≤ z, which is exactly the second inequality. ��

With minor efforts, we can get a more precise information about the po-
sitions of z2 and z1.
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Recall that, according to Corollary 4.8.3, on the cones Ki, i = 1, 2, the
Bellman function W has the form W (x) = ai(pix)γ , where

a1 ≥ κγ−1
∗ , a2 ≥ κγ−1

∗
1

(1 + λ)γ
,

with κ∗ = β/(1 − γ). Now we are able to say a bit more: the inequality for a2

is strict! Indeed, suppose that we have the equality for a2. In virtue of (4.7.7),
for such a value of a2, the function W (x) in the upper half-plane dominates
the function a2(p2x)γ . But we know that the latter dominates W (x) on the
whole cone K and coincides with W (x) exactly on the cone K2. Combining
these facts, we get that K2 ⊇ K ∩ {x = (ξ, η) : η ≥ 0}, which is impossible.

Now we give sharper bounds for zi.

Proposition 4.8.14 (a) We always have the inequality

z2 <
μ(1 + λ)

1
2 (1 − γ)σ2 + μλ

. (4.8.35)

(b) If κM > 0 and θ �= 1 (i.e., (1 − γ)σ2 �= μ), then

z2 >
μ(1 + λ)

(1 − γ)σ2 + μλ
. (4.8.36)

(c) If κM > 0 and θ = 1, then z2 = 1.
(d) If κM > 0 and (1 − γ)σ2 > λμ, then

z1 <
μλ

(1 − γ)σ2(1 + λ) − μλ
. (4.8.37)

Proof. (a) Let us consider the function ψ(x) = a2u(p2x), which is the solution
of the HJB equation in K2. Since a2 > κγ−1

∗ (1 + λ)−γ , we have, for every
x ∈ int K, the strict inequality u∗(ψξ(x)) − βψ(x) < 0 and, therefore, the
bound

L0ψ(x) + u∗(
ψξ(x)

)
< a2(p2x)γ−2η

[
1
2
σ2(γ − 1)η + μ(p2x)

]
.

The expression in the square bracket is less or equal to zero when the point x =
(1−z, z) ∈ K and z dominates the right-hand side of (4.8.35). This observation
makes the bound (4.8.35) obvious.

(b) Let us examine the right-hand side of the identity

L0ψ(x) + u∗(
ψξ(x)

)

= − γ

2(1 − γ)σ2

[
(1 − γ)σ2η

(1 + λ)ξ + η
− μ

]2

ψ(x)

+
(

1
2

γ

1 − γ

μ2

σ2
− β + (1 − γ)a1/(γ−1)

2 (1 + λ)
γ

γ−1

)
ψ(x).
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In virtue of Proposition 4.8.12, under the assumed hypotheses, the coefficient
(. . .) is strictly positive. Thus, the function given by the expression [. . .] cannot
vanish at points of the set intK2 where the function ψ is the solution of the
HJB equation. It has the positive sign on this set (its values tend to +∞ as
x = (ξ, η) approaches a point of the outer boundary of K2 other than zero).
Moreover, the continuity considerations imply that [. . .] is strictly positive
also on the inner boundary (of course, except the origin), in particular, at the
point (1 − z2, z2). This last property is equivalent to inequality (4.8.36).

(c) In this case the Proposition 4.8.5 says that the coefficient (. . .) = 0 and
z2 ≤ 1. On the other hand, according to Proposition 4.8.12, z2 ≤ 1.

(d) If (1 − γ)σ2 = μ, inequality (4.8.37) is reduced to z1 < 1. However,
we already know that z1 < z2 always and z2 = 1 in the considered case as we
just proved. Suppose that (1 − γ)σ2 �= μ. For ϕ(x) = a1u(p1(x)), we have the
identity

L0ψ(x) + u∗(
ψξ(x)

)
= − γ

2(1 − γ)σ2

[
(1 − γ)σ2(1 + λ)η

ξ + (1 + λ)η
− μ

]2

ϕ(x)

+
(

1
2

γ

1 − γ

μ2

σ2
− β + (1 − γ)a

1
γ−1
1

)
ϕ(x).

Proposition 4.8.12 provides us the information that the second term is strictly
positive on intK1, and we derive the required inequality (4.8.37) by the same
arguments as in (a). ��

4.9 Liquidity Premium

4.9.1 Non-Robustness with Respect to Transaction Costs

According to Theorem 4.1.1, in the Merton two-asset model of frictionless
financial market, the optimal expected utility of the unit wealth invested in a
portfolio is given by the formula

m = WM (1) = κγ−1
M /γ,

where

κM :=
1

1 − γ

(
β − 1

2
γ

1 − γ

μ2

σ2

)
; (4.9.1)

it is assumed that the model parameters are such that κM > 0. The optimal
strategy prescribes to rebalance continuously the portfolio to keep the pro-
portion of stock to the total value at the constant level θ = (1 − γ)−1μ/σ2,
called in the literature the Merton proportion.

It is natural to expect that in the market with friction, even following
an appropriate optimal strategy, the investor cannot achieve the above per-
formance. It would be interesting to know to which extent the presence of
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transaction costs deteriorate the portfolio performance. Unfortunately, the
solution of the Davis–Norman problem does not admit such an explicit ex-
pression, and the comparison between two results seems to be complicated.
It can be done asymptotically for small transaction costs. Assume that the
initial endowment of the investor is in θ units of stock and 1 − θ units on
money, where θ is the Merton proportion. The next theorem due to Shreve
asserts that the discrepancy between the two optimal values, in general, is of
(exact) order λ2/3 as the transaction cost coefficient λ tends to zero. Thus,
the model is not robust in the sense that the discrepancy increases infinitely
fast when the transaction costs appear. The only exception is the case θ = 1,
where the portfolio has zero position in money, and the stock is sold only
to consume. This case will be considered separately at the end of the sec-
tion.

In our presentation, in order to have simpler formulae, we assume that
both operations, buying stock and selling stock, are charged equally.

Theorem 4.9.1 Suppose that θ �= 1. Then there are constants κ1, κ2 > 0,
independent of λ, such that

m − κ2λ
2/3 ≤ W (1 − θ, θ) ≤ m − κ1λ

2/3 (4.9.2)

for all sufficiently small λ > 0.

Proof. Recall that the function ψ(z) := W (1 − z, z) is concave, continuously
differentiable on the interval ]−1/λ, 1 + 1/λ[, and its second derivative may
have (jump) discontinuities only at two (distinct) points z1, z2. It satisfies,
in the classical sense, everywhere except at these two points, the HJB equa-
tion

max
{
�1ψ(z), �0ψ(z), �2ψ(z)

}
= 0 (4.9.3)

involving the first-order operators

�1ψ(z) = −λγψ(z) + (1 + λz)ψ′(z), �2ψ(z) = −λγψ − (1 + λ − λz)ψ′(z),

and the second-order operator

�0ψ(z) = f2(z)ψ′ ′(z) + f1(z)ψ′(z) + f0(z)ψ(z) +
1 − γ

γ

[
γψ(z) − zψ′(z)

] γ
γ−1

with the coefficients

f2(z) =
1
2
σ2z2(1 − z)2,

f1(z) = −σ2(1 − γ)z(1 − z)(z − θ),

f0(z) = − 1
2
σ2γ(1 − γ)(z − θ)2 − (1 − γ)(γm)

1
γ−1 .

The structure of ψ is as follows. Outside of the interval ]z1, z2[, the function
ψ1/γ coincides with two linear functions: on [−1/λ, z1] with a function pro-
portional to (1+λz), thus, vanishing at −1/λ; on [z2, 1+1/λ] with a function
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proportional to (1+λ − λz), thus, vanishing at 1+1/λ. On the interval ]z1, z2[
the function ψ is the classical solution of the second-order differential equation
�0ψ(z) = 0.

For a fixed λ, the graph of ψ is an arc-shaped curve, flattening and with
the increasing base as λ tends to zero. We may expect that the “interpolation”
interval degenerates into the single point θ and that the maximal value of ψ
converges to m.

Having in mind this behavior, we approximate ψ from above and be-
low by C1-functions ψ̃ having a similar shape. We interpolate their “linear
in the power γ” parts by parabolas and choose, for these functions, the
interpolation intervals ]z̃1, z̃2[ containing θ and being of the length of or-
der λ1/3.

Namely, for r > 0, we put

Q(z) := m − rλ2/3 − (z − θ)2λ2/3,

z̃1 := θ − δ1λ
1/3, and z̃2 := θ + δ2λ

1/3, where the bounded strictly positive
coefficients δi = δi(λ; r) will be chosen to guarantee the continuity of the
first derivatives of the function ψ̃(z) = ψ̃(z, λ; r). The latter is defined (for
sufficiently small λ) by the formula

ψ̃(z) :=
Q(z̃1)

(1 + λz̃1)γ
(1 + λz)γI[−1/λ,z̃1[(z) + Q(z)I[z̃1,z̃2](z)

+
Q(z̃2)

(1 + λ − λz̃2)γ
(1 + λ − λz)γI]z̃2,1+1/λ](z). (4.9.4)

Its first derivative:

ψ̃′(z) =

⎧⎪⎪⎨
⎪⎪⎩

γλ
1+λz ψ̃(z), z ∈ ]−1/λ, z̃1[,

−2λ2/3(z − θ), z ∈ ]z̃1, z̃2[,

− γλ
1+λ−λz ψ̃(z), z ∈ ]z̃2, 1 + 1/λ[.

Its second derivative:

ψ̃′ ′(z) =

⎧⎪⎪⎨
⎪⎪⎩

− γ(1−γ)λ2

(1+λz)2 ψ̃(z), z ∈ ]−1/λ, z̃1[,

−2λ2/3, z ∈ ]z̃1, z̃2[,

− γ(1−γ)λ2

(1+λ−λz)2 ψ̃(z), z ∈ ]z̃2, 1 + 1/λ[.

The second derivative is constant over the central interval. It is continu-
ous on the external intervals, and its limits at the points z̃i coincide with the
corresponding one-sided derivatives.

The result will be established if we find, independently on λ, two val-
ues of the parameter r > 0 such that the corresponding δi(λ) belongs to a
bounded interval, ψ̃(z, λ; r) is a supersolution of the HJB equation for the
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smaller value (say, r1) and a subsolution for the larger value (say, r2) what-
ever are λ ≤ λ0; the threshold λ0 may depend on ri. Indeed, in virtue of the
comparison lemma given after the proof of the theorem, the function ψ will
lie between these two functions, and the corresponding inequalities for the
values calculated at the point θ yield (4.9.2). Note that the supersolution and
the subsolution are understood in an “almost” classical sense: the correspond-
ing inequalities for maxi �ψ̃(z) should hold everywhere except, maybe, at the
points z̃i.

We have

ψ̃(z̃i) = m − rλ2/3 − δ2
i λ4/3, i = 1, 2,

D+ψ̃(z1) = 2δ1λ, D−ψ̃(z2) = −2δ2,

D−ψ̃(z1) =
γλ

1 + λz̃1
Q(z̃1), D+ψ̃(z2) = − γλ

1 + λ − λz̃2
Q(z̃2).

The requirement that ψ̃ is continuously differentiable means that the right
and left derivatives of ψ̃ at each point z̃i coincide. It is met when δi are the
(positive) roots of the corresponding quadratic equations

Ai(λ)δ2 − Bi(λ)δ + Ci(λ) = 0.

Their coefficients are as follows:

A1(λ) = (2 − γ)λ4/3, B1(λ) = 2(1 + λθ), C1(λ) = γ
[
m − rλ2/3

]
;

A2(λ) = (2 + γ)λ4/3, B2(λ) = 2(1 + λ − λθ), C2(λ) = C1(λ).

Note that, for λ close to zero, the left-hand sides of these equations are pos-
itive for δ = Bi(λ)/Ci(λ) and negative for δ = 2Bi(λ)/Ci(λ) . Thus, we can
find roots δi(λ) in this interval. Asymptotically,

δi(λ) ∈
[
2/(γm), 4/(γm) + o(1)

]
, (4.9.5)

and, therefore, δi(λ) ∈ [2/(γm), 5/(γm)] for λ less than a certain λ0 depend-
ing on r.

Let us check that, for “r small” (respectively, “r large”), the function ψ̃ is
a supersolution (respectively, subsolution) of the HJB equation (4.9.3).

In principle, we have to verify 18 inequalities. Luckily, most of them are
trivial or easy. We organize our analysis in three parts.

1. The interval ]−1/λ, z̃1[.

We have here �1ψ̃ = 0, and, hence, the subsolution inequality ≥ 0 is obvi-
ous. Moreover, since ψ̃ and ψ̃′ are both positive, the inequality �2ψ̃ ≤ 0 always
holds. To check the supersolution inequality ≤ 0, it remains to verify, on the
considered interval, that �0ψ̃ ≤ 0.
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Note that the function ψ̃(z) on the considered interval is proportional to
(1 + λz)γ , and, therefore,

γψ̃(z) − zψ̃′(z) = γ
1

1 + λz
ψ̃(z) = const × (1 + λz)γ−1.

Since u∗(p) = (1 − γ)/γpγ/(γ−1), the nonlinear term is proportional to ψ̃,
i.e.,

u∗(
γψ̃(z) − zψ̃′(z)

)
= κλψ̃(z).

Since ψ̃(z̃1) = Q(z̃1), we can determine the constant κλ. Namely,

κλ = (1 + λz̃1)
γ

1−γ (1 − γ)γ
1

γ−1
[
Q(z̃1)

] 1
γ−1 .

Our definitions imply that z̃1 = θ + o(1), Q(z̃1) = m − rλ2/3 + o(λ2/3). The
derivative Q′(1) = 1, and, hence, κλ has the following asymptotic expan-
sion:

κλ = (1 − γ)(γm)
1

γ−1

(
1 +

1
1 − γ

r

m
λ2/3

)
+ o

(
λ2/3

)
.

Inspecting the function �0ψ̃, we see that the term f2(z)ψ̃′ ′(z) is always neg-
ative. If z ≤ 0, the coefficient f1 is negative, and so is f1(z)ψ̃′(z). Omitting
these two terms and taking into account that, for z ∈ ]−1/λ, z̃1[,

f0(z) = − 1
2
σ2γ(1 − γ)(z − θ)2 − (1 − γ)(γm)

1
γ−1

≤ − 1
2
σ2γ(1 − γ)δ2

1λ2/3 − (1 − γ)(γm)
1

γ−1 ,

we arrive, on the interval ]−1/λ, 0], at the bound

�0ψ̃(z)
ψ̃(z)

≤ f0(z) + κλ ≤ 1
2
σ2γ(1 − γ)

(
κr − 1

(γm)2

)
λ2/3 + o

(
λ2/3

)
,

which holds for all λ ≤ λ0 (the threshold is chosen to insure that there ex-
ists a positive root δ1 ≥ 1/(γm)). Here the constant κ > 0, and, hence, for
“small” r, the coefficient of the main term is strictly negative.

On the interval ]0, z̃1[ we cannot omit the term with the first derivative,
but this does not affect the resulting asymptotic expansion: on this interval,
f1(z) is bounded, and

f1(z)
ψ̃′(z)
ψ̃(z)

= f1(z)
γλ

1 + λz
= o(λ)

uniformly in z.

2. The interval ]z̃2, 1 + 1/λ[.

The reasoning is completely analogous to the one given above.
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3. The interval ]z̃1, z̃2[.

Here the function

�1ψ̃(z) = �1Q(z) = −λγQ(z) + (1 + λz)Q′(z)

is quadratic in z, and its coefficients at z2 and z are, respectively, λ5/3(γ − 2)
and 2λ5/3(−γθ + θ − 1/λ). The point

zmax(λ) :=
θ(1 − γ) − 1/λ

2 − γ
,

where �1Q(z) attains its maximum, tends to −∞ as λ → 0 and, hence, lies
leftwards to the interval [z̃1, z2] for sufficiently small λ. But this means that,
on this interval, �1ψ̃ decreases, i.e., �1ψ̃(z) ≤ �1ψ̃(z̃1) = 0.

Exactly by the same arguments we check that �2ψ̃(z) ≤ 0.
Summarizing: in the central interval, the super- or subsolution property

for ψ̃ is equivalent, respectively, to the inequality �0ψ̃ ≤ 0 or �0ψ̃ ≥ 0.
On the considered interval (degenerating in the limit to the point θ) we

have that Q(z) = m − rλ2/3 + o(λ2/3), Q′(z) = o(λ2/3) uniformly in z and
Q′ ′ = −2λ2/3. With this, we get readily that

�0ψ̃(z) = −σ2θ(1 − θ)λ2/3 + r
1
2
σ2γ(1 − γ)(z − θ)2 + rκλ2/3 + o

(
λ2/3

)

with some constant κ > 0. Since (z − θ)2 ≤ 5(γm)λ2/3, this representation
makes clear that in the case θ �= 1 we can choose a small value r such that
�0ψ̃ ≤ 0 for sufficiently small λ. The opposite inequality for large values of r
holds obviously for any θ. ��

Remark. The condition θ �= 1 is needed only at the very end of the proof.
Moreover, the subsolution property of the approximation is not violated even
in the exceptional case, and, therefore, due to the comparison lemma below,
the left inequality in (4.9.2) remains valid. In contrast to this, for θ = 1,
the right inequality fails because, as we show later, in this case the difference
ψ(θ) − m converges to zero with rate λ.

Now we are back to the comparison lemma. It is extremely simple for the
C1-functions which are twice continuously differentiable everywhere except
a finite number of points where the limits of the second derivatives exist
and coincide with the one-sided second derivatives. A subtlety is that one
of the functions to be compared is ψ, which is simultaneously a super- and
subsolution, but for which we cannot guarantee the mentioned behavior of
the second derivatives at the point z = 1 (in the case z2 = 1). However,
(zn − 1)2ψ′ ′(zn) → 0 for certain sequences zn ↑ 0 and zn ↓ 0. But this implies
that the super- and subsolution inequalities hold also at the point z = 1 with
the degenerate operator �0 defined by

�0ψ(1) = f0(1)ψ(1) + u∗(
γψ(1) − λψ′(1)

)
.
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In the formulation below we suppose that ψ1 and ψ2 possess this property of
the second derivative at z = 1.

Lemma 4.9.2 Let ψ1 be a supersolution, and ψ2 be a subsolution with the
same boundary condition. Then ψ1 ≥ ψ2.

Proof. Let us consider a point z0 where the difference ψ2 − ψ1 attains its
maximum. If the claim fails, then ψ2(z0) > ψ1(z0). Since ψ′

2(z0) = ψ′
1(z0) and

ψ1 is a supersolution, liψ2(z0) < liψ1(z0) ≤ 0 for i = 1, 2. Suppose first that
at z0 the second derivatives are continuous. Then ψ′ ′

2 (z0) ≤ ψ′ ′
1 (z0). Taking

into account the signs of the coefficients f2(z0) and f0(z0) and using the fact
that u∗ is decreasing, we infer that l0ψ2(z0) < l0ψ1(z0) ≤ 0. Thus, all liψ2(z0)
are strictly less than zero, in contradiction with the subsolution property. The
general case z0 �= 1 is not much different: the one-sided second derivatives of
ψ2 − ψ1 are negative at z0, and we obtain, as before, that l0ψ2(z0+) < 0. This
means that the subsolution property of ψ2 is violated in a neighborhood of z0.
At last, if z0 = 1, we arrive at a violation of the subsolution property at this
point due to the remark preceding the lemma. ��

4.9.2 First-Order Asymptotic Expansion

A more elaborated analysis based on the same kind of approximation, but
with the interpolating polynomials of the fourth order of the form

Q(z) := m − r2λ
2/3 − r3λ − r4λ

4/3

− ρ1(z − θ)λ − ρ2(z − θ)2λ2/3 + ρ3(z − θ)2λ1/3 − ρ4(z − θ)4,

allows us to establish for the discrepancy the exact asymptotics of order λ2/3

with an explicit expression for the constant.

Theorem 4.9.3 Suppose that θ �= 1. Then

W (1 − θ, θ) − m = r2λ
2/3 + o

(
λ2/3

)
, (4.9.6)

where

r2 =
(

9
32

(1 − γ)θ4(1 − θ)4
)1/3

(γm)1+
1

1−γ σ2. (4.9.7)

Proof. The arguments require a bit patience, but for the reader accustomed
already with the structure of coefficients and notations, it is quite a routine.
The approximating functions are again given by formula (4.9.4) but with the
interpolating polynomial Q(z) of the fourth order with the maximum attained
at θ, namely, with

Q(z) := m − r2λ
2/3 − r3λ − ρ2(z − θ)2λ2/3 − ρ4(z − θ)4. (4.9.8)

Note that the first part is a series expansion in powers of λ1/3 with the coeffi-
cients ri, the second part, more involved, is an expansion in increasing powers
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of z − θ with the coefficients ρi multiplied by decreasing powers of λ1/3. The
coefficients r1, r4, and ρ1, ρ3 are already taken zero. We show that a good
choice for other constants is the following:

ρ2 :=
1

σ2θ2(1 − θ)2
(γm)

1
γ−1 r2, (4.9.9)

ρ4 := − 1
12

γ(1 − γ)
θ2(1 − θ)2

m. (4.9.10)

The parameter r3 is “free”: it serves to produce sub- and supersolutions.
The extremities of the central interval will be

z̃1 = θ − νλ1/3 + O
(
λ2/3

)
, z̃2 = θ + νλ1/3 + O

(
λ2/3

)
, (4.9.11)

with the positive constant ν determined by the relation

1
2
σ2γ(1 − γ)ν2 = (γm)

1
γ−1 m−1r2. (4.9.12)

The parameters should be chosen to ensure that ψ̃ ∈ C1.
Our analysis will go in the inverse direction to that in the proof of the

previous theorem. Though we have already listed the explicit values of the
constants, we shall see in a clear and successive way how they appear to
eliminate terms of lower orders.

The derivatives of ψ̃ are given by the formulae

ψ̃′(z) =

⎧⎪⎪⎨
⎪⎪⎩

γλ
1+λz ψ̃(z), z ∈ ]−1/λ, z̃1[,

−2[ρ2(z − θ)λ2/3 + 2ρ4(z − θ)3], z ∈ ]z̃1, z̃2[,

− γλ
1+λ−λz ψ̃(z), z ∈ ]z̃2, 1 + 1/λ[,

ψ̃′ ′(z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

− γ(1−γ)λ2

(1+λz)2 ψ̃(z), z ∈ ]−1/λ, z̃1[,

−2[ρ2λ
2/3 + 6ρ4(z − θ)2], z ∈ ]z̃1, z̃2[,

− γ(1−γ)λ2

(1+λ−λz)2 ψ̃(z), z ∈ ]z̃2, 1 + 1/λ[.

First, we consider the approximations on the interpolation interval [z̃1, z̃2]
and relate constants in such a way that the sign of the inequality for �0ψ̃ will
be determined by the sign of the coefficient at λ.

Using the symbol ≈ to denote equalities which hold up to O(λ4/3) (uni-
formly in z) and replacing by the symbol . . . the coefficients for which explicit
expressions are of no importance, we represent the asymptotic expansions for
the linear terms of the operator in the following transparent form:

f2(z)ψ̃′ ′(z) ≈ −σ2
[
θ2(1 − θ)2 + . . . (z − θ)

][
ρ2λ

2/3 + 6ρ4(z − θ)2
]
,

f1(z)ψ̃′(z) ≈ 0,

f0(z)ψ̃(z) ≈ − 1
2
σ2γ(1 − γ)(z − θ)2m − (1 − γ)(γm)

1
γ−1

(
m − r2λ

2/3 − r3λ
)
.
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Since
γψ̃(z) − zψ̃′(z) ≈ γ

(
m − r2λ

2/3 − r3λ
)

+ . . . (z − θ)λ2/3,

the nonlinear term admits the expansion

u∗(
γψ̃(z) − zψ̃′(z)

)

≈ 1 − γ

γ
(γm)

γ
γ−1 + (γm)

1
γ−1

(
γr2λ

2/3 + γr3λ + . . . (z − θ)λ2/3
)
.

Summing up, we obtain the approximation

�0ψ̃(z) ≈ . . . (z − θ)λ2/3 + . . . (z − θ)3 + r3γ(γm)
1

γ−1 λ;

the coefficients at λ2/3 and (z − θ)2 are zero because of our choice of ρ2 and ρ4,
see relations (4.9.9) and (4.9.10).

On the considered interval the width of which is controlled by the para-
meter ν, the absolute value of the first two terms of the right-hand side is
dominated by κνλ + o(λ), where κν is a constant. This observation leads to
the following important conclusion: whatever is ν, one can always find r3 suf-
ficiently large in absolute value such that �0ψ̃ ≥ 0 or �0ψ̃ ≤ 0 in dependence
of whether r3 is positive or negative (of course, for λ ≤ λ0). Automatically,
r3 takes the control over the sign of maxi �iψ̃ because the functions �1ψ̃ and
�2ψ̃ on the central interval are negative for small λ. The latter property follows
easily from the asymptotic expansions. Indeed,

�1ψ̃(z̃1) = −λγQ(z̃1) + (1 + λz̃1)Q′(z̃1) = −γm + λ + o(λ),

while, for the derivative, we have
[
�1ψ̃(z)

]′ = λ(1 − γ)Q′(z) + (1 + λz̃)Q′ ′(z) = −2ρ2λ
2/3 + o

(
λ2/3

)
.

Thus, the function �1ψ̃ is negative on [z̃1, z̃2], being negative at the left
extremity and decreasing on the whole interval. The arguments for �2ψ̃ are
exactly the same.

Let us examine now the situation on the interval ]−1/λ, z̃1[. As was ex-
plained in the previous proof, the only nontrivial part is to establish the
supersolution inequality �0ψ̃ ≤ 0, which we expect to hold for large negative
values of r3.

We have

�0ψ̃(z)
ψ̃(z)

= −f2(z)
γ(1 − γ)λ2

(1 + λz)2
+ f1(z)

γλ

1 + λz
+ f0(z) + κλ, (4.9.13)

where the coefficient

κλ = (1 + λz̃1)
γ

1−γ (1 − γ)γ
1

γ−1
[
Q(z̃1)

] 1
γ−1

≈ (1 − γ)(γm)
1

γ−1

[
1 +

1
1 − γ

m−1r2λ
2/3 +

(
1

1 − γ
m−1r3 − γ

1 − γ
ν

)
λ

]
.
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Outside the interpolation interval we have the inequality

f0(z) ≤ − 1
2
σ2γ(1 − γ)

(
ν2λ2/3 − 2νηλ

)
− (1 − γ)(γm)

1
γ−1 + O

(
λ4/3

)
,

where η = |η1| ∨ |η2|.
The first term in the left-hand side of (4.9.13) is negative. On the subin-

terval ]−1/λ, 0] the second term is also negative, and, hence,

�0ψ̃(z)
ψ̃(z)

≤ f0(z) + κλ ≤
(
(γm)

1
γ−1 m−1r3 + κ

)
λ + o(λ)

because (4.9.12) is aimed to eliminate the coefficient at λ2/3 in the right-hand
side. The value of the constant κ is of no importance. On the subinterval
]0, z̃1[, where we can affirm only that

�0ψ̃(z)
ψ̃(z)

≤ f1(z)
γλ

1 + λz
+ f0(z) + κλ;

the structure of the resulting estimate remains the same since here the coef-
ficient f1(z) is bounded. With this, it is clear that �0ψ̃ ≤ 0 for large negative
values of the parameter r3 whatever is λ smaller than some threshold value.

The situation on the other external interval is exactly the same.
Until now we did not need any specific value of r2. It appears from the

conditions of the C1-fit at the points z̃i, which are as follows:

γλ

1 + λz̃1
Q(z̃1) + 2ρ2(z̃1 − θ)λ2/3 + 4ρ4(z̃1 − θ)3 = 0,

γλ

1 + λ − λz̃2
Q(z̃2) − 2ρ2(z̃2 − θ)λ2/3 − 4ρ4(z̃2 − θ)3 = 0.

Take formally z̃i = νλ1/3 + ηλ2/3 and consider the asymptotic expansions of
the left-hand sides of these relations (denoted by Fi(z̃i)) in powers of λ1/3.
Equating the coefficients at λ, we obtain the same relation for both identities:

γm − 2ρ2ν − 4ρ4ν
3 = 0.

In virtue of (4.9.9) and (4.9.12), the coefficient ρ2 is proportional to ν2, and,
therefore, this is a linear equation for ν3. Its solution is

ν3 =
3
2

θ2(1 − θ)2

1 − γ
.

Expressing r2 from (4.9.12), we arrive at formula (4.9.7) for the coefficient r2

in the formulation of the theorem.
Examine, e.g., the case i = 1. Clearly, the coefficient at λ4/3 is a (non-

degenerate) linear function of η1, which vanishes at some value η0
1 . Due to
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our choice of ν, this coefficient determines, for sufficiently small λ, the signs
of F1(νλ1/3 + (η0

1 + 1)λ1/3) and F1(νλ1/3 + (η0
1 − 1)λ1/3). Since they are op-

posite, the continuity implies that there is η1(ε) ∈ [η0
1 − 1, η0

1 + 1] such that
F1(νλ1/3 + η1(ε)λ1/3) = 0. Thus, we established the existence of the points z̃i

satisfying (4.9.11) and ensuring the smooth fit of the interpolation.
The proof is completed. ��

In the above reasoning we have proved a bit more than it was claimed
in the formulation of the theorem. Namely, we have shown that ψ lies be-
tween two arch-shaped functions ψ̃1 and ψ̃2 depending on the parameter λ
and converging to each other uniformly with rate λ. With this, we can easily
get the asymptotics of the extremities zi of the no-transaction interval. The
following theorem asserts that, asymptotically, the length of the latter is pro-
portional to λ1/3. The no-transaction region opens wider very quickly with
the introduction of transaction costs!

Theorem 4.9.4 Suppose that θ �= 1. Then

z1 = θ − νλ1/3 + O
(
λ2/3

)
, z2 = θ − νλ1/3 + O

(
λ2/3

)
. (4.9.14)

Proof. Recall that z1 > 0 and z2 is bounded from above, i.e., [z1, z2] lies
in a certain fixed interval [ζ1, ζ2] containing θ and not depending on λ. The
derivative of the concave function ψ on this fixed interval decreases from
its maximal (positive) value at ζ1 to its minimal (negative) value at ζ2 The
interval [z̃1, z̃2] shrinks to θ. For sufficiently small λ, the functions ψ̃

1/γ
1 and

ψ̃
1/γ
2 on both intervals external to [ζ1, ζ2] are linear, as well as the function

ψ1/γ lying between them. Taking into account that the derivatives of ψ̃
1/γ
i at

ζ1 and ζ2 are of order λ, we conclude that

sup
z∈[ζ1,ζ2]

∣∣ψ′(z)
∣∣ = O(λ).

On the interval [ζ1, ζ2],

u∗(
γψ(z) − zψ′(z)

)
=

1 − γ

γ
(γm)

γ
γ−1 + (γm)

1
γ−1 γr2λ

2/3 + O(λ).

Clearly,

f0(zi)ψ(zi) = − 1
2
σ2γ(1 − γ)m(zi − θ)2 − (1 − γ)(γm)

1
γ−1

(
m − r2λ

2/3
)
+O(λ).

Recall that the equation �0ψ(zi) = 0 is always fulfilled under the conven-
tion that the term with the second derivative (may be not existing) is omitted
at zi = 1. In the case zi �= 1 the second derivative of ψ does exist. Since ψ is
given by explicit formulae to the left of z1 and to the right of z2, we get easily
that ψ′ ′(zi) = O(λ2). Thus, the terms with the second and first derivatives
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are negligible, and

�0ψ(zi) = f0(zi)ψ(zi) + u∗(
γψ(zi) − zψ′(zi)

)
+ O(λ)

= − 1
2
σ2γ(1 − γ)m(zi − θ)2 + (γm)

1
γ−1 r2λ

2/3 + O(λ).

Expressing r2 via ν from (4.9.12) and equating the left-hand side to zero, we
obtain that, necessarily,

(zi − θ)2 = ν2λ2/3 + O(λ) = ν2λ2/3
(
1 + O

(
λ1/3

))

and, therefore,
zi = θ ± νλ1/3 + O

(
λ2/3

)
with minus for z1 and plus for z2. ��

4.9.3 Exceptional Case: θ = 1

We consider now a very particular situation where θ = 1 and the arguments
of the previous subsection cannot be used.

However, according to Proposition 4.8.5, for this case we have in the cone
K ∩ {x = (ξ, η) : ξ ≤ 0} the explicit formula

W (x) = m
1

(1 + λ)γ
(p2x)γ ,

and, therefore,

ψ(θ) = ψ(1) = W (e2) = m
1

(1 + λ)γ
= m − mγλ + o(λ).

Moreover, z2 = 1. For z1, the arguments of the proof of the above theorem
can be repeated with r2 = 0 until the last step. Its appropriate modification
shows that z1 = 1 + O(λ1/2).
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Appendix

5.1 Facts from Convex Analysis

By definition, a subset K in Rn (or in a linear space X) is a cone if it is convex
and stable under multiplication by the nonnegative constants. It defines the
partial ordering

x ≥K y ⇐⇒ x − y ∈ K;

in particular, x ≥K 0 means that x ∈ K.
A closed cone K is proper if the linear space F := K ∩ (−K) = {0}, i.e.,

if the relations x ≥K 0 and x ≤K 0 imply that x = 0.
Let K be a closed cone, and let π : Rn → Rn/F be the canonical mapping

onto the quotient space. Then πK is a proper closed cone.
For a set C, we denote by cone C the set of all conic combinations of

elements of C. If C is convex, then coneC =
⋃

λ≥0 λC.
Let K be a cone. Its dual positive cone

K∗ :=
{
z ∈ Rn : zx ≥ 0 ∀x ∈ K

}

is closed. The polar cone K◦ is defined using the opposite inequality,1 i.e.,
K◦ = −K∗; K is closed if and only if K = K∗ ∗.

We use the notation intK for the interior of K and ri K for the relative
interior (i.e., the interior in K − K, the linear subspace generated by K).

Recall that, in a finite-dimensional Euclidean space, the convex hull of a
compact set is a compact.

A closed cone K in the Euclidean space Rn is proper if and only if there is a
compact convex set C such that 0 /∈ C and K = cone C. One can take as C the
convex hull of the intersection of K with the unit sphere {x ∈ Rn : |x| = 1}.

A closed cone K is proper if and only if int K∗ 
= ∅.
1 In the literature one can find examples where both K◦ and K∗ are called dual
cones.

Yu. Kabanov, M. Safarian, Markets with Transaction Costs,
Springer Finance, DOI 10.1007/978-3-540-68121-2 5,
c© Springer-Verlag Berlin Heidelberg 2009

http://dx.doi.org/10.1007/978-3-540-68121-2_5
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We have
ri K∗ = {w : wx > 0 ∀x ∈ K, x 
= F };

in particular, if K is proper, then

int K∗ = {w : wx > 0 ∀x ∈ K, x 
= 0}.

By definition, the cone K is polyhedral if it is the intersection of a finite
number of half-spaces {x : pix ≥ 0}, pi ∈ Rn, i = 1, . . . , N .

The Farkas–Minkowski–Weyl theorem:
A cone is polyhedral if and only if it is finitely generated.
Intuitively, this theorem, giving an alternative but equivalent definition of

a polyhedral cone, is almost obvious, but its proof is not a just straightforward
exercise (unlike other previously formulated statements) and requires certain
efforts. Easy to remember, it provides a freedom to chose an appropriate
definition to establish needed properties. For example, the closedness of a
polyhedral cone is trivial from the initial definition. On the other hand, the
property that the (arithmetic) sum of polyhedral cones is again a polyhedral
cone is clear from the alternative definition: the union of generating sets for
each cone is a generating set for the sum.

The following result is a direct generalization of the Stiemke lemma.

Lemma 5.1.1 Let K and R be closed cones in Rn. Assume that K is proper.
Then

R ∩ K = {0} ⇐⇒ (−R∗) ∩ int K∗ 
= ∅.

Proof. (⇐) The existence of w such that wx ≤ 0 for all x ∈ R and wy > 0
for all y in K \ {0} obviously implies that R and K \ {0} are disjoint.

(⇒) Let C be a convex compact set such that 0 /∈ C and K = cone C. By
the separation theorem (for the case where one set is closed and another is
compact), there is a nonzero z ∈ Rn such that

sup
x∈R

zx < inf
y∈C

zy.

Since R is a cone, the left-hand side of this inequality is zero, and hence
z ∈ −R∗ and, also, zy > 0 for all y ∈ C. The latter property implies that
zy > 0 for z ∈ K, z 
= 0, and we have z ∈ int K. �

In the classical Stiemke lemma, R = {y ∈ Rn : y = Bx, x ∈ Rd},
where B is a linear mapping, and K = Rn

+. Usually, it is formulated as the
alternative:

Either there is x ∈ Rd such that Bx ≥K 0 and Bx 
= 0 or there is y ∈ Rn

with strictly positive components such that B∗y = 0.
Let A be a convex set with nonempty interior, and let U be an open set.

Then A ∩ U 
= ∅ if and only if intA ∩ U 
= ∅. Combining this fact with the
Stiemke lemma, we get the following assertion:
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Lemma 5.1.2 Let K and R be proper closed cones in Rn. Then

R ∩ K = {0} ⇐⇒ (−int R∗) ∩ int K∗ 
= ∅.

Lemma 5.1.1 can be slightly generalized.
Let π be the natural projection of Rn onto the quotient space Rn/F .

Theorem 5.1.3 Let K and R be closed cones in Rn. Assume that the cone
πR is closed. Then

R ∩ K ⊆ F ⇐⇒ (−R∗) ∩ ri K∗ 
= ∅.

Proof. It is easy to see that π(R ∩ K) = πR ∩ πK and, hence,

R ∩ K ⊆ F ⇐⇒ πR ∩ πK = {0}.

By Lemma 5.1.1,

πR ∩ πK = {0} ⇐⇒ (−πR)∗ ∩ int (πK)∗ 
= ∅.

Since (πR)∗ = π∗ −1R∗ and int (πK)∗ = π∗ −1(ri K∗), the condition in the
right-hand side can be written as

π∗ −1
(
(−R∗) ∩ ri K∗)


= ∅

or, equivalently,
(−R∗) ∩ ri K∗ ∩ Imπ∗ 
= ∅.

But Imπ∗ = (K ∩ (−K))∗ = K∗ − K∗ ⊇ ri K∗, and we get the result. �

Notice that if R is polyhedral, then πR is also polyhedral and, hence,
closed.

Lemma 5.1.4 Let K1 and K2 be closed cones in Rn such that the cone
K∗

1 + K∗
2 is closed. Then (K1 ∩ K2)∗ = K∗

1 + K∗
2 .

Proof. The inclusion ⊇ follows immediately from the definition of the dual
cone. To prove the converse, suppose that y ∈ (K1 ∩ K2)∗ but does not belong
to the convex closed cone K∗

1 + K∗
2 . By the separation theorem there exists x

such that xy < 0 and xyi ≥ 0 for all yi ∈ K∗
i . But the latter property

means that x ∈ K∗ ∗
i = Ki for i = 1, 2, i.e., x ∈ K1 ∩ K2. Thus, xy ≥ 0,

a contradiction. �

Remark. If K1 and K2 are polyhedral cones, then K∗
1 +K∗

2 is polyhedral, and
the identity of the above lemma holds. Since in the left-hand side we always
have a closed set, the identity fails when K∗

1 + K∗
2 is not closed.

Let X be a Hilbert space, and let f : X → R ∪ { ∞}. The effective domain
dom f := {x : f(x) < ∞}. The dual or conjugate to f is the convex function
f ∗(y) := supx[yx − f(x)]. The Fenchel inequality is an immediate corollary of
this definition: f(x) + f ∗(y) ≥ yx.
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5.2 Césaro Convergence

5.2.1 Komlós Theorem

The following Komlós theorem, asserting that a sequence of random variables
bounded in L1 contains a subsequence converging in Césaro sense a.s., is very
useful in various applications, especially, in proofs of the existence of optimal
controls.

Theorem 5.2.1 Let (ξn) be a sequence of random variables on (Ω, F , P )
bounded in L1, i.e., with supn E|ξn| < ∞. Then there exist a random vari-
able ξ ∈ L1 and a subsequence (ξnk

) Césaro convergent to ξ a.s., that is,
k−1

∑k
i=1 ξni → ξ a.s. Moreover, the subsequence (ξn) can be chosen in such

a way that any its further subsequence is also Césaro convergent to ξ a.s.

5.2.2 Application to Convex Minimization in L1

Let J := infξ∈Z Ef(ξ) be the value of the minimization problem

Ef(ξ) → min on Z, (5.2.1)

where Z is a nonempty convex set of probability densities, and f : R+ → R
is a convex (hence, continuous) function such that f ≥ −c and f(x)/x → ∞
as x → ∞.

Proposition 5.2.2 If Z is closed in L1 and J < ∞, then there exists ξ ∈ Z
such that J = Ef(ξ).

Proof. Take a sequence ξj ∈ Z such that Ef(ξj) → J . Since ξj ≥ 0 and
Eξj = 1, in virtue of the Komlós theorem, there is a subsequence jk such that
ξ̃n := n−1

∑n
k=1 ξjk

converge a.s. to a certain ξ ∈ L1. Due to the Fatou lemma
and convexity of f ,

Ef(ξ) = E lim f(ξ̃n) ≤ lim inf Ef(ξ̃n) ≤ lim
1
n

n∑
k=1

Ef(ξjk
) = J.

The de la Vallée-Poussin criterion ensures that the sequence (ξ̃n) is uniformly
integrable and, hence, converges also in L1. Thus, ξ ∈ Z. �

If f is strictly convex, then, obviously, the minimizer is unique.

5.2.3 Von Weizsäcker Theorem

The next result due to von Weizsäcker is a beautiful extension of the Komlós
theorem to sequences of random variables from L0

+. It is less known, and we
give its proof here.
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Theorem 5.2.3 Let (ξn) be a sequence of positive random variables. Then
there exist a random variable ξ taking values in [0, ∞] and a subsequence
(ξnk

) such that all subsequences of the latter are Césaro converging a.s. to ξ.

Proof. It consists of several steps.

Lemma 5.2.4 Let (ξn) be a sequence of positive random variables unbounded
in probability. Then there exist a set B with P (B) > 0 and a subsequence
(ξnk

) such that all its further subsequences are Césaro converging a.s. on B
to infinity.

Proof. Recall that a set G of random variable is bounded in probability if

sup
η∈G

P
(

|η| ≥ N
)

→ 0, N → ∞.

Since in our case this property does not hold, we may assume, passing, if nec-
essary, to a subsequence, that there is ε > 0 such that supn P (Bn) > ε where
Bn := {ξn > n}. Applying the Komlós theorem to the sequence (IBn), we
may assume that there is a random variable η such that, for all subsequences,

1
m

m∑
k=1

IBnk
→ η a.s.

Clearly, 0 ≤ η ≤ 1 and, by dominated convergence, Eη ≥ ε. Thus, P (B) ≥ ε
where B := {η > 0}. Then, for every subsequence (ξnk

) and every N > 0,

lim inf
m

1
m

m∑
k=1

ξnk
≥ lim inf

m

1
m

m∑
k=1

NIBnk
≥ Nη a.s.,

and, therefore, (ξnk
) is Césaro converging a.s. on B to infinity. �

The key step is to find a “maximal” set B satisfying, with a certain sub-
sequence of the original sequence, the property declared above. The formal
framework can be describe as follows. Let us consider the set R of pairs
(B, (ξnk

)), where B ∈ F and all subsequences of (ξnk
) are Césaro converg-

ing a.s. on B to infinity. We introduce on R a partial ordering by letting
(B̃, (ξñk

)) � (B, (ξnk
)) if B̃ ⊇ B and (ξñk

) is a subsequence of (ξnk
).

Lemma 5.2.5 There is a pair (B, (ξnk
)) ∈ R such that P (B̃) = P (B) for

any pair (B̃, (ξñk
)) ∈ R dominating (B, (ξnk

)).

Proof. Let B0 = ∅. Trivially, the pair (B0, (ξn)) is in R. We construct in R
recursively a sequence (Bl, (ξnl,k

)), l = 0, 1, . . . , increasing with respect to the
partial ordering. Suppose that it is already defined up to a number l. Let

Rl :=
{(

B̃, (ξñk
)
)

∈ R :
(
B̃, (ξñk

)
)

�
(
Bl, (ξnl,k

)
)}

,
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and let al := sup {P (B̃) : (B̃, (ξñk
)) ∈ Rl}. We take as (Bl+1, (ξnl+1,k

)) any el-
ement of Rl for which P (Bl+1) ≥ al − 1/l. The pair (B, ξnk,k

),
where B =

⋃
Bl, has the desired property. Indeed, suppose, on the

contrary, that there is a pair (B̃, (ξñk
)) such that (B̃, (ξñk

)) � (B, (ξnk
))

and P (B̃) > P (B) + 1/l for some l ∈ N. Since (B̃, (ξñk
)) ∈ Rl, we have

the inequality al ≥ P (B̃). Thus, P (B) < al − 1/l ≤ P (Bl+1), which is a
contradiction. �

Now we are able to complete the proof. Choose the “maximal” pair
(B, (ξnk

)) as in the above lemma. Without loss of generality we may assume
that all the subsequences of (ξn) are Césaro converging a.s. on B to infinity
and we cannot enlarge B to keep this property even passing to a subsequence.
Let A := Bc. By Lemma 5.2.4 the sequence (ξnIA) is bounded in probability.
Combining the Komlós theorem with a diagonal procedure, we may also as-
sume that, for each N ∈ N, there is a random variables ζN ≤ N such that the
sequence (ξn ∧ N) and all its subsequences are Césaro converging a.s. to ζN .
Obviously, ζN are increasing to a certain limit ζ. Taking into account that

lim inf
m

1
m

m∑
k=1

ξnk
≥ sup

N
ζN = ζ,

we conclude that ζ < ∞ a.s. on A (otherwise we could enlarge B by adding
the set A ∩ {ζ = ∞}).

Put Am := A ∩ {ζ ≤ m}. Using the dominated convergence and obvious
inequalities, we have

lim inf
n

EIAm(ξn ∧ N) ≤ lim
n

EIAm

n∑
k=1

(ξk ∧ N) = EIAmζN ≤ EIAmζ ≤ m.

Passing again to a suitable subsequence, we may assume that

lim inf
n

EIAm(ξn ∧ N) ≤ m

for all integer N and m. Since the sequence (ξnIA) is bounded in probability,
there are integers Nk such that P (ξnIA > Nk) ≤ 2−k for all n. Let nk be such
that EIAm(ξn ∧ Nk) ≤ 2m for all n ≥ nk. Let us consider the decomposition

IAmξnk
= η′

k,m + η′ ′
k,m,

where η′
k,m := IAm(ξnk

∧Nk) and η′ ′
k,m := IAmI{ξnk

>Nk }(ξnk
−Nk). Notice that

P (η′ ′
k,m > 0) ≤ 2−k. By the Borel–Cantelli lemma the sequences (η′ ′

k,m(ω))k∈N

have only a finite number of nonzero terms for almost all ω. By construction,
Eη′

k,m ≤ 2m. The Komlós theorem applied to (η′
k,m)k∈N shows that we may

assume that (ξnk
) and all its subsequences are Césaro converging a.s. on Am

(to a finite limit). Using the diagonal procedure, we can easily construct a
subsequence for which the same property holds on the union of Am, i.e., on
the set A. This proves the theorem. �

Of course, the result remains true if the sequence (ξn) is bounded from
below (by a constant or a finite random variable).
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5.2.4 Application to Convex Minimization in L0

Again let J := infξ∈Z Ef(ξ) be the value of the minimization problem

Ef(ξ) → min on Z, (5.2.2)

where now Z is a nonempty convex set of positive random variables, and
f : R+ → R is a convex function bounded from below with f(∞) = ∞.

Proposition 5.2.6 If Z is closed in L0 and J < ∞, then there exists ξ ∈ Z
such that J = Ef(ξ).

Proof. Take a sequence ξj ∈ Z such that Ef(ξj) → J . In virtue of the von
Weizsäcker theorem, there is a subsequence jk such that ξ̃n := n−1

∑n
k=1 ξjk

converge a.s. to a certain random variable ξ which may take infinite values.
Due to the Fatou lemma and convexity of f , we obtain, as in the proof of
Proposition 5.2.2, that Ef(ξ) ≤ J < ∞. It follows that ξ is finite and hence
an element of Z minimizing the functional. �

5.2.5 Delbaen–Schachermayer Lemma

The above theorems are easy to memorize and apply in various situations.
However, their proofs are rather lengthy. The following assertion due to Del-
baen and Schachermayer can be used for the same purposes as the much more
delicate von Weizsäcker theorem. It has an important advantage that its proof
is elementary and short.

For a sequence (ξn), we define the set Tn := Tn(ξ) := conv {ξk, k ≥ n},
the convex hull of its tail.

Lemma 5.2.7 Let (ξn) be a sequence of positive random variables. Then there
exist a sequence ηn ∈ Tn and a random variable η with values in [0, ∞] such
that ηn → η a.s.

Proof. The sequence Jn := infη∈Tn Ee−η increases to some J ≤ 1. Let us take
ηn ∈ Tn with Ee−ηn ≤ Jn + 1/n. It is easy to see that, for any ε > 0. there is
δ = δ(ε) > 0 such that

e−(x+y)/2 ≤
(
e−x + e−y

)
/2 − δIBε(x, y),

where Bε := {(x, y) ∈ R2
+ : |x − y| ≥ ε, x ∧ y ≤ 1/ε}. Therefore,

Jn∧m ≤ Ee−(ηn+ηm/2 ≤
(
Ee−ηn + Ee−ηm

)
/2 − δP

(
(ηn, ηm) ∈ Bε

)
.

It follows that limm,n→∞ P ((ηn, ηm) ∈ Bε) = 0. We infer from the inequality

E
∣∣e−ηn − e−ηm

∣∣ ≤ ε + 2e−1/ε + P
(
(ηn, ηm) ∈ Bε

)

that e−ηn is a Cauchy sequence in L1. It remains to recall that a sequence
convergent in L1 (hence, in L0) contains a subsequence convergent a.s. �
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Remark. The limit points of a set in L0 bounded in probability are finite
random variables. Thus, if a certain set Tn is bounded in probability, then
η < ∞.

We give a sufficient condition ensuring that the limit η is strictly positive.

Lemma 5.2.8 Let P (ξn ≥ α) ≥ α > 0 for all n ≥ n0. Then P (η > 0) > 0.

Proof. If P (ξ ≥ α) ≥ α, then

Ee−ξ ≤ 1 − α + αe−α.

It follows from the Jensen inequality that the same bound (strictly less than
the unity) holds for any ξ which is a convex combination of ξn, n ≥ n0. By
the dominated convergence it holds also for the limit points of Tn0 . But the
inequality Ee−ξ < 1 implies that P (ξ > 0) > 0. �

5.3 Facts from Probability

5.3.1 Essential Supremum

For any family {ξα}α∈J of scalar random variables (which may take also infi-
nite values), there exists a random variable η with the following properties:

(1) η ≥ ζα for all α;
(2) if η′ ≥ ζα for all α, then η′ ≥ η.

Obviously, this random variable (more precisely, a class of equivalence) is
unique and denoted by ess supα∈Jζα.

The proof of existence is easy. It suffices to consider the case where all ζα

take values in a bounded interval (indeed, if η̃ is the essential supremum for
the family {ζ̃α} with ζ̃α := arctan ζα, then tan η̃ is the essential supremum
for {ζα}). Let a := supI EζI , where I runs through the set of finite subsets
of J , and ζI stands for supα∈I ζα. Take a sequence of In such that EζIn → a.
Replacing, if necessary, In by

⋃
k≤n Ik, we may assume without loss of gen-

erality that In ↑ I∞. Then ζIn ↑ η := ζI∞ . Taking into account that Eη = a
and using the monotone convergence, it is easy to verify that η is the essential
supremum. Notice that η = supα∈I∞ ζα, where I∞ is a countable subset of I.

The above arguments show clearly that if the family {ζα} is directed up-
ward (i.e., for all α1, α2, there is α such that ζα ≥ ζα1 ∨ ζα2), then one can find
an increasing sequence ζαn such that limn ζαn = ess supαζα. An immediate
consequence of this observation is the following:

Proposition 5.3.1 Assume that the family {ζα} is directed upwards and
ζα ≥ ζ, where E(|ζ| | G) < ∞. Then

E
(
ess sup

α
ζα| G

)
= ess sup

α
E(ζα| G).
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5.3.2 Generalized Martingales

The classical definition of a martingale consists of two parts: the integrability
property and the property involving conditional expectations. The former can
be replaced by a weaker one, namely, by the existence of the conditional expec-
tations needed for the latter. This leads to a notion of generalized martingale,
which, in a discrete-time setting, coincides with that of local martingale.

Let (Ω, F , P ) be a probability space equipped with a discrete-time filtra-
tion F = (Ft), t = 0, 1, . . . . An adapted process X = (Xt) is a generalized
martingale if E(|Xt+1| | Ft) < ∞ and E(Xt+1| Ft) = Xt for t = 0, 1, . . . .

Proposition 5.3.2 Let X be an adapted process with X0 ∈ L1. Then X is a
generalized martingale if and only if X is a local martingale.

Proof. Suppose that X is a local martingale, i.e., there is a sequence of stop-
ping times τn ↑ ∞ (a.s.) such that the stopped processes Xτn = (Xτn ∧t) are
martingales. The set {τn ≥ t + 1} is in Ft, and

EI{τn ≥t+1}E
(

|Xt+1| | Ft

)
= EI{τn ≥t+1} |Xt+1| = EI{τn ≥t+1}

∣∣Xτn
t+1

∣∣ < ∞.

Thus, E(|Xt+1| | Ft) is finite (a.s.) on each set τn ≥ t + 1 and, therefore, on
their union, which is of full measure. Moreover, for any Γ ∈ Ft, we have, in
virtue of the martingale property of Xτn ,

EI{τn ≥t+1}IΓ E(Xt+1| Ft) = EI{τn ≥t+1}IΓ Xt+1

= EI{τn ≥t+1}IΓ Xτn
t+1 = EI{τn ≥t+1}IΓ Xτn

t .

This means that E(Xt+1| Ft) = Xt on each set τn ≥ t + 1, i.e., almost every-
where. Hence, X is a generalized martingale.

The proof of the converse is based on the following observation: if M is a
martingale and H is a predictable process, then the process H · M (the incre-
ments of which are HtΔMt) is a local martingale. Indeed, the random variables
τn := inf{t : |Ht+1| ≥ n} are stopping times increasing to infinity, the in-
crement of the stopped process H · Mτn , being of the form I{τn ≤t}HtΔMt,
is bounded by the integrable random variable n|ΔMt|, and its conditional
expectation with respect to Ft−1 is zero.

Represent an arbitrary generalized martingale X as X = X0 +H · M with
Ht = 1+E(|ΔXt| | Ft−1) and M = H−1 · X. The increment ΔMt takes values
in the interval [−1, 1] and its conditional expectation with respect to Ft−1 is
zero. Thus, M is a martingale, H · M is a local martingale and so is X.
Remark. We could conclude because X0 ∈ L1. In general, the class of gen-
eralized martingales is larger than the class of local martingales. The reason
is that the definition of a generalized martingale does not require the inte-
grability of its initial value. Thus, X shifted by any F0-measurable random
variable remains a generalized martingale, while the local martingale may
not. Of course, both classes coincide under the assumption (frequent in the
literature) that F0 is trivial.
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Proposition 5.3.3 Let X be a local martingale with X0 ∈ L1. Suppose that
EX−

T < ∞. Then X is a martingale.

Proof. Adding to X the martingale E(X−
T | Ft), we may assume without loss

of generality that XT ≥ 0. By the above, X is a generalized martingale,
and, therefore, XT −1 = E(XT −1| FT ) ≥ 0. It follows that the whole process
X ≥ 0. The Fatou lemma applied to the equality EXτn ∧t = EX0 implies that
EXt ≤ EX0 < ∞, i.e., Xt ∈ L1. �

5.3.3 Equivalent Probabilities

Let (Ω, F , P ) be a probability space with filtration (Ft)t≤T , and let Q be
a probability measure equivalent to P . Let ρ = (ρt) be the corresponding
density process, i.e., the martingale with ρt = E(dQ/dP | Ft).

Lemma 5.3.4 A process M is a Q-martingale (resp. local Q-martingale) if
and only if ρM is a P -martingale (resp. local P -martingale).

Proof. Using the definition of the density and the martingale property of ρ,
we get that

EQ|Mt| := EρT |Mt| = Eρt|Mt| = E|ρtMt|,
implying the simultaneous finiteness of the first and last terms in this chain
of equalities. If this is the case, then, for any Γ ∈ Fs, s ≤ t,

EQMtIΓ = EρT MtIΓ = EρtMtIΓ .

If M ∈ M(Q), the left-hand side above is EQMsIΓ = EρT MsIΓ = EρsMsIΓ ,
and we obtain the martingale property of ρM . Conversely, if ρM ∈ M, the
left-hand side is equal to EρT MsIΓ = EQMsIΓ , and, hence, M ∈ M(Q). The
extension to the local martingales is obvious. �

Lemma 5.3.5 Let {ξn} be a sequence in L0
+. Then there exists a sequence of

strictly positive reals such that
∑

n anξn < ∞.

Proof. Take bn > 0 such that P (ξn > bn) ≤ 1/n2. Then the assertion holds
with an := 1/(bnn2) because, in virtue of the Borel–Cantelli lemma, for almost
all ω, only a finite number of ξn(ω) are larger than bn. �

Proposition 5.3.6 Let {ξn} be an at most countable set in L0. Then there
exists a probability measure Q ∼ P such that the density ρ = dQ/dP is
bounded and all ξn ∈ L1(Q). Moreover, if ξn converges a.s. to a finite random
variable ξ, then one can choose Q so that EQ|ξn − ξ| → 0.

Proof. The assertion is obvious for a single random variable ξ: one can take
Q = ρP with ρ = c(1 + |ξ|)e−(1+|ξ|), where c is a normalizing constant. So it
holds also for a finite set. The countable case follows from the lemma above.
In the case of convergent sequence, one can take Q such that the finite random
variable supn |ξn − ξ| is also integrable, ensuring the required convergence in
L1(Q). �
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5.3.4 Snell Envelopes of Q-Martingales

In the usual setting of discrete-time model with finite horizon, consider the
set Q of probability measures equivalent to P , denoting by Z the set of cor-
responding density processes. We say that Q is stable under concatenation if,
for all elements ρ1, ρ2 ∈ Z and all Γ ∈ Fs, s ≤ T , it contains also the process
ρ = (ρt)t≤T with

ρt := ρ1
t I{t≤s} + ρ1

t IΓ I{t>s} + ρ2
t

ρ1
s

ρ2
s

IΓ cI{t>s}.

Clearly, ρ, being constructed in this way from strictly positive martingales, is
also a martingale; the concatenation property does not depend on the choice
of the reference measure.

Note that the sets Qe (of equivalent martingale measures for some
process S) and Ze

l possess the concatenation property.

Proposition 5.3.7 Suppose that Q is stable under concatenation. Let ξ ≥ 0
be a random variable such that supQ∈Q EQξ < ∞. Then the process

Xt = ess sup
Q∈Q

EQ(ξ| Ft) (5.3.1)

is a Q-supermartingale whatever is Q ∈ Q.

Proof. Since the assertion does not depend on the choice of the reference
measure, we assume that P is an element of Q and check the supermartingale
property E(Xs| Fs−1) ≤ Xs−1 with respect to this measure.

Let us consider the set Zs of local densities from Z which are equal to
the unity for t ≤ s. The process identically equal to the unity is in Z. By
the concatenation property the process I{t≤s} + (ρt/ρs)I{t>s} belongs to Zt

whatever is ρ ∈ Z. Expressing the conditional expectation in terms of the
reference measure and the corresponding density, using this observation, we
obtain that

Xs = ess sup
ρ∈Zs

E(ρT ξ| Fs).

Put ζρ := E(ρT ξ| Fs). By the concatenation property {ζρ}ρ∈Zs is directed
upward: ζρ = ζρ1 ∨ ζρ2 for

ρt = I{t≤s} +
(
IΓ ρ1

t + IΓ cρ2
t

)
I{t>s}

with Γ := {ζρ1 ≥ ζρ2 }. Using Proposition 5.3.1 and the inclusion Zs ⊆ Zs−1,
we get that

E(Xs| Fs−1) = ess sup
ρ∈Zs

E(ρT ξ| Fs−1) ≤ ess sup
ρ∈Zs−1

E(ρT ξ| Fs−1),

and we conclude. �
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The above result can be easily extended to include the classical formulation
of the Snell envelope, which was introduced in the theory of optimal stopping
(for the case where Q is a singleton {P }).

Let Tt denote the set of stopping times with values in the set
{t, t + 1, . . . , T }.

Proposition 5.3.8 Suppose that Q is stable under concatenation. Let Yt ≥ 0
be an adapted process such that supQ∈Q EQYt < ∞ for t = 0, 1, . . . , T . Then
the process

Xt = ess sup
Q∈Q, τ ∈Tt

EQ(Yτ | Ft) (5.3.2)

is a Q-supermartingale whatever is Q ∈ Q. Moreover, X is the smallest process
which is a Q-supermartingale for all Q and which dominates Y .

Proof. The supermartingale properties is verified by the same argument as in
the previous proposition. One should only check that, for a fixed s, the family
of random variables ζρ := E(ρT Y τ | Fs), ρ ∈ Zs, τ ∈ Ts, is directed upward.
This is an easy exercise. Finally, if Ỹ is a Q-supermartingale for all Q, then
the corresponding process X̃ coincides with Y . The operator defined by the
right-hand side of (5.3.2) is monotone, that is, a larger input process results
in a larger output. Combining these two properties, we obtain the concluding
assertion. �

5.4 Measurable Selection

Measurable spaces (E, E ) and (E′, E ′) are Borel isomorphic if there exists a
bijection f : E → E′ such that f(A) ∈ E ′ and f −1(A′) ∈ E whatever are
A ∈ E and A′ ∈ E ′.

A measurable space (Borel) isomorphic to a Borel subset of a Polish space
(i.e., complete separable metric space) is called Borel (or Lusin, or standard
measurable) space. The basic fact: any infinite Borel space is isomorphic either
to N or R+. Exactly this result allows one to reduce the proof of the existence
of regular conditional distributions to the scalar case where one can work
comfortably with distribution functions and use the linear ordering of the
real line. Similarly, it works in the proof of the following measurable selection
theorem.

Theorem 5.4.1 Let (Ω, F , P ) be a complete probability space, let (E, E ) be
a Borel space, and let Γ ⊂ Ω × E be an element of the σ-algebra F ⊗ E . Then
the projection PrΩΓ of Γ onto Ω is an element of F , and there exists an
E-valued random variable ξ such that ξ(ω) ∈ Γω for all non-empty ω-sections
Γω of Γ .

In applications, the y-axis is usually a Polish space, while the x-axis can
be a σ-finite complete measurable space (this extension is obvious).
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Let (E, E ) be a Polish space. A set-valued mapping ω �→ Γ (ω), Γ (ω) ⊆ E
is measurable if its graph {(ω, x) : x ∈ Γ (ω)} is measurable; a measur-
able selector ξ of the graph is called measurable selector (or simply selector)
of the set-valued mapping; the terminology measurable selection, selection
is frequent in the modern literature. The distance between two measurable
set-valued mappings, as functions of ω, is a random variable. Measurability
properties of a set-valued mapping the values of which are sets in (Rd, Bd) are
preserved by major operations of convex analysis. In particular, if Γ is a mea-
surable set-valued mapping, the mappingω �→ conv Γ (ω) is also measurable;
for the convex-valued Γ , so is the dual mapping ω �→ Γ ◦(ω), the mapping
ω �→ ri Γ (ω), etc.

We denote by Lp(Γ ) or, in the need, Lp(Γ, F ), Lp(Γ, F , P ), the set of all
Lp-selectors of a measurable set-valued mapping Γ . If the values of Γ are
convex sets (respectively, cones) then, Lp(Γ ) is a convex subset (respectively,
a cone) in Lp.

Let Γ be a measurable mapping the values of which are closed non-empty
subsets of Rd. Knowing that such a mapping admits a measurable selector, it
is easy to infer that Γ admits a countable family of measurable selectors {ξn}
such that the values ξn(ω) are dense in the section Γ (ω) for each ω ∈ Ω, i.e.,
Γ (ω) = {ξn(ω)}. This family is called Castaing representation of Γ . Note that
if L0(Γ ) is a closed cone, and {ξn} is a Castaing representation of Γ , then the
set of conic combinations of elements of {ξn} with rational coefficients is also
a Castaing representation of Γ . It follows that L0(Γ ) is a closed cone in L0 if
and only if almost all values of Γ are closed cones. A similar assertion relates
the convexity of values of Γ and of the set of its selectors.

The following useful lemma shows that such a Castaing representation
being fixed, all other selectors can be approximated by members of this family.

Lemma 5.4.2 Let ξn ∈ Lp, p ∈ [0, ∞[, and Γ (ω) = {ξn(ω)}. Then Lp(Γ )
is a closure in Lp of the set of random variables of the form

∑
IAiξi, where

{Ai} is a finite measurable partition of Ω.

Proof. Let p ∈]0, ∞[, let ξ ∈ Lp be a measurable selector of Γ and let ε > 0.
Starting from the sets { |ξ − ξi| < ε/2}, we construct a measurable countable
partition {Bi} of Ω such that |ξ − ξi| < ε/2 on Bi. Choose n such that

∑
i≥n+1

EIBi |ξ − ξ1|p ≤ ε/2

and put A1 := B1 ∪ (
⋃

i≥n+1 Bi), Ai := Bi, i = 2, . . . , n. Then

E

∣∣∣∣∣
n∑

i=1

IAi(ξ − ξi)

∣∣∣∣∣
p

=
n∑

i=1

EIBi |ξ − ξi|p +
∞∑

i=n+1

EIBi |ξ − ξ1|p < ε,

and we get the result.
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The case p = 0 is a corollary of the previous one. Indeed, there is P̃ ∼ P
such that ξ and all ξn a P̃ -integrable. Thus, we can approximate ξ in L1(P̃ )
hence, in L0(P̃ ). But the convergence in P̃ -probability coincides with the
convergence in P -probability. �

The next assertion gives a characterization of closed subsets in Lp which
are formed by the selectors of a measurable set-valued mapping. To formulate
it we use the following definition. A subset Ξ ∈ Lp is called decomposable if
with two its elements ξ1, ξ2 it contains also ξ1IA +ξ2IAc whatever is A ∈ F . It
is easily seen that in this case

∑
ξiIAi belongs to Ξ for every finite measurable

partition of Ω and ξi ∈ Ξ, i = 1, . . . , n.

Proposition 5.4.3 Let Ξ be a closed subset of Lp(Rd), p ∈ [0, ∞[. Then
Ξ = Lp(Γ ) for some Γ the values of which are closed sets if and only if Ξ is
decomposable.

Proof. Only the “if” part needs arguments. Let consider the case p ∈]0, ∞[.
Let {xi} be a countable dense subset of Rd, and let ai := infη∈Ξ E|η − xi|p.
By definition there exists ηij ∈ Ξ such that E|ηij − xi|p ≤ ai + 1/j. We
consider the mapping Γ the values of which are closures of the sets {ηij(ω)}.
The inclusion Lp(Γ ) ⊆ Ξ follows from the lemma above and the fact that
Ξ is decomposable. To prove the reverse inclusion, we suppose that there is
ξ ∈ Ξ which is not an element of Lp(Γ ), and, hence for some δ ∈]0, 1], the set
A := {|ξ − ηij | > δ ∀i, j} is of strictly positive probability. Fix i such that the
set B := A ∩ {|ξ − xi| < δ/3} also is of strictly positive probability and put
η′

j := ξIB + ηijIBc . Then η′
j ∈ Ξ. On the set B we have

|xi − ηij | ≥ |ξ − ηij | − |ξ − xi| ≥ 2δ/3.

Thus,

E|xi − ηij |p − ai ≥ E
(

|xi − ηij |p − |xi − η′
j |p

)
= E

(
|xi − ηij |p − |xi − ξ|p

)
IB

≥
(
(2δ/3)p − (δ/3)p

)
P (B) 
→ 0, j → ∞,

and this is a contradiction with the choice of ηij .
For the case p = 0 we get the claim using the same arguments but replacing

the function |x|p by the function |x| ∧ 1. �

Proposition 5.4.4 Let G be a (complete) sub-σ-algebra of F . Let Γ be a
measurable mapping the values of which are nonempty closed convex subsets
of the unit ball in Rd. Then there exists a G-measurable mapping E(Γ | G)the
values of which are nonempty convex compact subsets of the unit ball in Rd and
the set of its G-measurable a.s. selectors coincides with the set of G-conditional
expectations of a.s. selectors of Γ .
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Proof. For d = 1, the result is almost obvious. In this case Γ (ω) = [α(ω), β(ω)],
where α and β are random variables. Then E(Γ | G) = [E(α| G), E(β| G)] (the
conditional expectations here can be chosen as the integrals with respect to
regular conditional distributions). Indeed, the inequalities α ≤ ξ ≤ β im-
ply the corresponding inequalities for the G-conditional expectations. On the
other hand, a G-measurable selector ξ̃ of the newly defined mapping is of the
form ξ̃ = λ̃E(α| G)+(1−λ̃)E(β| G), where λ is a G-measurable random variable
taking values in the interval [0, 1]. Therefore, ξ̃ = E(λ̃α + (1 − λ̃)β| G).

In the general case we use the previous proposition. Indeed, let Ξ be
the set of random variables E(η| G) where η runs over the set of measurable
selectors of Γ . The boundedness and convexity of Γ ensure that Ξ is closed
in L1. Indeed, let ξn := E(ηn| G) converge in L1 to ξ. Since |ηn| ≤ 1, we
can apply the Komlós theorem and find a measurable selector η of Γ such
that ξ = E(η| G). Note that Ξ is decomposable on the space (Ω, G, P ). Thus,
Ξ = L1(Γ̃ ) = L∞(Γ̃ ) for some G-measurable mapping Γ̃ the values of which
are nonempty convex compact subsets of the unit ball in Rd, and we conclude.
�

5.5 Fatou-Convergence and Bipolar Theorem in L0

Usually, bipolar theorems giving dual descriptions of convex sets are for-
mulated for locally convex spaces. Unfortunately, the infinite-dimensional
space L0 does not belong to the latter class. Nevertheless, for some specific
types of convex sets in L0, one can give a dual description. We need a rel-
atively simple theorem, which can be easily obtained from the usual bipolar
theorem in L∞.

Let K be a measurable multifunction on Ω whose values are convex closed
cones in Rd containing Rd

+. We denote by L0
b the cone in L0(Rd) formed by

random variables ξ such that ξ + κξ1 ∈ L0(K) for some constant κξ, i.e.,
elements of L0

b are bounded from below in the sense of the partial ordering
induced by K. We shall use the terminology “Fatou-convergence” in relation
with this partial ordering.

Let A 
= ∅ be a convex subset in L0
b , and A∞ := A ∩ L∞. For η ∈ L1(K∗)

and ξ ∈ L0
b , the expectation Eξη is well defined (ξη ≥ −κξ |η|). We put

f(η) := sup
ξ∈A

Eηξ.

Now we recall the following fact.

Proposition 5.5.1 Let F ⊆ L∞ be a convex set. Then

F is weak* closed ⇐⇒ F ∩ {ξ : ‖ξ‖ ∞ ≤ κ} is closed in probability for every κ.

Proof. The classical Krein–Šmulian theorem (see, e.g., [166]) says that a con-
vex set in the dual to a Banach space is weak* closed (i.e., closed in σ{L∞, L1})
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if and only if its intersection with every ball around the origin is weak* closed.
Thus, we may assume that F is bounded. Now the dominated convergence
works, and the limit of a sequence convergent in probability is a limit of a
weak* convergent sequence. Thus, the implication ⇒ holds. To prove the re-
verse, we consider F as a subset of L2. Being closed in probability, it is closed
also in L2. But a closed convex set in a Hilbert space is weakly closed. Thus,
F is closed in σ(L∞, L2) and, hence, in σ(L∞, L1). �

As corollary we have:

Lemma 5.5.2 If A is Fatou-closed, then the set A∞ is weak* closed.

Proof. A sequence convergent in probability contains a subsequence conver-
gent almost surely. But {ξ : ‖ξ‖∞ ≤ κ} + κ1 ⊆ L0(Rd

+) ⊆ L0(K). Thus, a
bounded sequence convergent a.s. is Fatou-convergent. Therefore, an intersec-
tion of A∞ with balls is closed in probability, and we conclude by the above
proposition. �
Theorem 5.5.3 Assume that a set A is Fatou-closed, A∞ is dense in A
with respect to the Fatou-convergence, and there exists ξ0 ∈ A∞ such that
ξ0 − L∞(K) ⊆ A∞. Then

A =
{
ξ ∈ L0

b : Eξη ≤ f(η) ∀η ∈ L1(K∗)
}
. (5.5.1)

Proof. It is sufficient to verify that

A∞ =
{
ξ ∈ L∞ : Eξη ≤ f(η) ∀η ∈ L1(K∗)

}
. (5.5.2)

To check the only nontrivial inclusion “⊇”, take ζ ∈ L∞ \ A∞. Since A∞ is
weak* closed, by the Hahn–Banach theorem there is η ∈ L1 such that

sup
ξ∈A∞

Eξη < Eζη. (5.5.3)

Considering the r.v.’s of the form ξ0 − ξ with ξ ∈ L∞(K), we deduce from
here that

inf
ξ∈L∞(K)

Eξη > −∞.

As K is a cone, the infimum is equal to zero. By the usual measurable selection
argument we deduce from this that η ∈ L1(K∗). The set A∞ being Fatou-
dense in A, the supremum in (5.5.3) can be taken over A, and the relation
(5.5.3) means that ζ does not belong to the set given by the right-hand side
of (5.5.2). �

5.6 Skorokhod Problem and SDE with Reflections

We give here a short introduction to the Skorokhod problem, which is needed
to ensure the existence and uniqueness of the optimal process in the Davis–
Norman consumption–investment problem with transaction costs. Having in
mind this application, we restrict ourselves by considering the simplest case
of a convex domain with smooth boundary.
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5.6.1 Deterministic Skorokhod Problem

The deterministic Skorokhod problem for a convex domain G ⊆ Rd can be
formulated as follows.

We are given a closed convex subset G with nonempty interior and a set-
valued mapping x �→ Γ (x) defined on the boundary ∂G. The values of Γ are
subsets of the unit sphere ∂O1(0) := {y ∈ Rd : |y| = 1}. The elements of
Γ (x) are interpreted as directions of reflections at point x of the boundary.
It is convenient to extend Γ to the whole space by putting Γ (x) = {0} for
x /∈ ∂G. The “input” is a d-dimensional continuous function f = (ft) such
that f0 ∈ G.

The solution of the Skorokhod problem is a pair of Rd-valued continuous
functions (ξ, φ) satisfying the following conditions:

(1) ξ = f + φ,
(2) ξ takes values in G, and ξ0 = f0;
(3) φ is of bounded variation, and φ̇t ∈ Γ (ξt) d|φ|t-a.e., where φ̇t = dφt/d|φ|t.

For functions f admitting a unique pair with such properties, one can
define the mapping f �→ (ξ, φ) called the Skorokhod mapping.

Note that if the Skorokhod mapping is defined for the set of continuous
functions on each interval [0, T ], then it is also defined for the continuous
functions on R+. One can consider the Skorokhod problem on the interval
[T, T1]. If the Skorokhod mappings are defined for all continuous functions on
[0, T ] and [T, T1], then the Skorokhod mapping is defined for all continuous
functions on [0, T1].
Example. The simplest but rather instructive case is the Skorokhod problem
in a half-space with normal reflection. Let G = {x ∈ Rd : xe1 ≥ 0}, and let
Γ (x) = e1 when x ∈ ∂G. This problem admits an explicit solution. To write it,
we introduce some notation. Let E be the space of d-dimensional continuous
functions (on [0, T ] or R+) with the uniform norm ‖.‖. Define the mapping
Σ : E → E ×E by associating with f ∈ E the function Σ(f) = (Σ1(f), Σ2(f))
with

Σ1
t (f) :=

(
f1

t +
(

inf
s≤t

f1
t

)−
, f2

t , . . . , fd
t

)
,

Σ2
t (f) :=

((
inf
s≤t

f1
t

)−
, 0, . . . , 0

)
.

Let f be an “input” function of the Skorokhod problem, i.e., a function with
f1
0 ≥ 0. It is easily seen that the pair (Σ1(f), Σ2(f)) is the solution (note that

the first component of Σ2(f) is an increasing function).
To check the uniqueness, let us consider two solutions (ξ, φ) and (ξ̄, φ̄). We

have the identity ξ − ξ̄ = φ − φ̄. If ξ̄1
t = 0, then ξ1

t ≥ ξ̄1
t trivially. If ξ̄1

t > 0,
then φ̄1

t = 0 and ξ1
t − ξ̄1

t = φ1
t ≥ 0 because the function φ1 is increasing

and starts from zero. Thus, ξ1 ≥ ξ̄1. By symmetry we also have the opposite
inequality, i.e., ξ1 = ξ̄1 and, automatically, φ1 = φ̄1. Since other components
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of φ and φ̄ are all equal to zero, the considered Skorokhod problem has a
unique solution.

Thus, for the considered problem, the Skorokhod mapping is defined for
all inputs. Its following properties are obvious:

∥∥Σ2(f) − Σ2(g)
∥∥ ≤ ‖f − g‖,∥∥Σ1(f) − Σ1(g)
∥∥ ≤ 2‖f − g‖.

This means that Σ satisfies the functional Lipschitz condition. Also,

sup
u,v∈[s,t]

∣∣Σ2
u(f) − Σ2

v(f)
∣∣ ≤ sup

u,v∈[s,t]

|fu − fv |,

sup
u,v∈[s,t]

∣∣Σ1
u(f) − Σ1

v(f)
∣∣ ≤ 2 sup

u,v∈[s,t]

|fu − fv |,

i.e., the oscillation of the reflected process can be only twice as large as the os-
cillation of the input. For any input functions f and g and constants a, b ≥ 0,
we have the identity

Σ(af + bg) = aΣ(f) + bΣ(g).

Remark. It is not difficult to prove the existence and uniqueness theorem for
the Skorokhod problem for an arbitrary convex domain with normal reflection
on the boundary. In this case, Γ (x) is the set of the inward normal vectors
to supporting hyperplanes and it is not a singleton in the “corners.” The
result can be extended with appropriately modified formulations to the case
where the “input” f is a càdlàg function (in particular, for the half-space,
the above arguments need no changes). In contrast to this, the Skorokhod
problem with oblique reflection when the domain has “corners” may have no
solution.

5.6.2 Skorokhod Mapping

Using the method of local maps (or local coordinates), we show that the Sko-
rokhod mapping is defined for all continuous functions in the case where G
is a bounded domain with smooth boundary. We denote by n(x) the inward
normal vector at point x ∈ ∂G.

Theorem 5.6.1 Let G be a bounded domain with smooth boundary. Suppose
that, for x ∈ ∂G, the sets Γ (x) are singletons {γ(x)}, the unit vectors γ(x)
depend continuously on x, and γ(x)n(x) ≥ c for some constant c > 0. Then
the Skorokhod mapping Σ is well defined for all continuous inputs and satisfies
the Lipschitz condition.

Proof. The smoothness assumptions on boundary and reflection imply that
there exists a final covering of the boundary by balls Ui = Or(xi),
i = 1, . . . , N , admitting bijections ui : Ui → Rd with the following prop-
erties:
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(i) ui and u−1
i are C2 functions satisfying the Lipschitz condition;

(ii) ui(Ui) ∩ int G = {u : ue1 ≥ 0} and ui(Ui) ∩ ∂G = {u : ue1 = 0};
(iii) ∇u1

i (x)γ(x) = 1, ∇uk
i (x)γ(x) = 0, k = 2, . . . , d, for x ∈ Ui ∩ ∂G.

The set G \ ∩iUi is also compact and, hence, can be covered by a finite
number of open balls contained in G. We denote by U0 the union of these balls
and associate with U0 the identity mapping denoted by u0. Let di(x) be equal
to the distance of x to the boundary of Ui if x ∈ Ui and zero otherwise. Since
the function d(x) := mini di(x) is continuous on G, it attains its minimum
δ > 0. Let k(x) denote the first index i for which Oδ(x) ⊆ Ui.

Now the solution of the Skorokhod problem in G can be constructed by
the following procedure.

On the first step we construct the solution on the interval [0, t1] where t1
is the first instant when ξ leaves Uk(f0). On the second step we repeat the
construction on the interval [t1, t2] with the input function ft − ft1 +ξt1 where
t2 is the first instant after t1 when the solution ξ leaves Uk(ξt1 ), and so on. If
k(f0), then ξ = f and φ = 0. If k(f0) ≥ 1, we use the mapping uk(f0), solve
the Skorokhod problem in the half-space with normal reflection with the input
uk(f0)(f), and define the functions ξ and φ by applying the inverse mapping
u−1

k(f0)
to the constructed solution. Note that the oscillations of ξ are controlled

by the oscillations of inputs. Therefore, tn → ∞, and this procedure allows
us to define the solution of the problem on any interval [0, T ]. The uniqueness
follows from the uniqueness of the solution for the half-space. Since all map-
pings involved in the construction satisfy the Lipschitz condition, so does the
Skorokhod mapping. �

5.6.3 Stochastic Skorokhod Problem

The stochastic setting for the Skorokhod problem (often referred to as a sto-
chastic differential equation with reflection) in the domain G with the reflec-
tion mapping Γ includes also a stochastic basis with a Wiener process w and
the drift and diffusion coefficients a(x) and σ(x), x ∈ G. By definition, the
(strong) solution is a pair (X, Z), where X = (Xt) is an adapted continuous
process evolving in Ḡ, and Z = (Zt) is an adapted Rd-valued continuous
process of bounded variations such that:

(a) the following equality between process holds:

Xt = X0 +
∫

[0,t]

a(Xt) dt +
∫

[0,t]

σ(Xt) dwt + Zt;

(b) Żt ∈ Γ (Xt) d|Zt|-a.s.

First, we investigate the stochastic Skorokhod problem in the half-space
with normal reflection. The corresponding result is simple and gives the idea.
�
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Proposition 5.6.2 Let G = {x ∈ Rd : xe1 ≥ 0}, and let Γ (x) = e1 when
x ∈ ∂G. Suppose that the coefficients a(x) and σ(x) satisfy the Lipschitz
condition. Then the stochastic Skorokhod problem admits a unique solution.

Proof. Let us consider the stochastic differential equation

dYt = ãt(Y ) dt + σ̃t(Y ) dwt, Y0 ∈ G, (5.6.1)

where ãt(Y ) := a(Σ1
t (Y )) and σ̃(Y ) := σ(Σ1

t (Y )). Since a and σ satisfy the
Lipschitz condition and so does the mapping Σ1, the coefficients ã and σ̃
also satisfy the (functional) Lipschitz condition, and, therefore, the stochastic
equation has a unique solution Y = (Yt). Recalling the identity

Y = Σ1(Y ) − Σ2(Y ),

we get that

dΣ1
t (Y ) = a

(
Σ1

t (Y )
)
dt + σ

(
Σ1

t (Y )
)
dwt + dΣ2

t (Y ).

That is, the pair (X, Z) with X = Σ1
t (Y ) and Z = Σ2

t (Y ) is the solution of
the Skorokhod problem in the half-space.

To prove the uniqueness, we consider two solutions (X, Z) and (X ′, Z ′).
Put X̃ = X − Z, X̃ ′ = X ′ − Z ′ and note that Σ1

t (X̃) = X, Σ1
t (X̃ ′) = X ′.

It follows that X̃ and X̃ ′ are solutions of the stochastic differential equation
(5.6.1), for which the uniqueness theorem holds. Thus, X − X ′ = Z − Z ′, and
we derive from here that X = X ′ and Z = Z ′ by the same argument as that
used above for the deterministic problem. �

Theorem 5.6.3 Let G be a bounded domain with smooth boundary. Suppose
that, for x ∈ ∂G, the sets Γ (x) are singletons {γ(x)}, the unit vectors γ(x)
depend continuously on x, and γ(x)n(x) ≥ c for some constant c > 0. Suppose
that the coefficients a(x) and σ(x) satisfy the Lipschitz condition. Then the
stochastic Skorokhod problem admits a unique solution.

Proof. The arguments are the same as in the proposition above and use the
existence of the Skorokhod mapping for the considered case established in
Theorem 5.6.1. The uniqueness follows from the uniqueness of the solution in
the half-space. �
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Chapter 1

The Black–Scholes formulae for pricing call-options were derived in the sem-
inal paper [19] of 1973 using economic considerations combined with PDE
arguments which resemble the derivation of the heat equation from the first
physical principles. We uses a “modern” probabilistic approach, more natural
for probability students having the first course in random processes, where the
predictable representation theorem and the Girsanov theorem are (presum-
ably!) basic facts. It is worth to recall that the needed predictable represen-
tation theorem for the Wiener process (together with others, more profound
results) was formulated by J.M.C. Clark only in 1971, [38], though it can be
easily derived from what is called now the “chaotic representation theorem”
established in the famous paper [99] by K. Itô on multiple Wiener integrals
of 1951 (by the way, this was indicated by Itô himself, who was the reviewer
of [58]; Itô also pointed out his less known paper [100]). By the way, this the-
orem and its version for the Poisson process were the topic of the graduation
project of the first author of this book in 1971, see [113, 114]. Unfortunately,
the needed predictable representation property is very rare, and in the class
of (stochastically continuous) processes with independent increments it holds
only for the Wiener and Poisson processes. This fact was discovered by Del-
lacherie [58], who related it with the uniqueness of a martingale measure. For
further development, see the fundamental book by Jacod [101].

As for the Girsanov theorem, we need only its rudimentary version, corre-
sponding to a deterministic and even constant drift, which was known already
to Cameron and Martin and whose result was generalized by Girsanov for the
case of random drift; now Girsanov’s name is used for all theorems on a
change of characteristics under an absolute continuous change of probability
measure, see, e.g., the paper [124] and monographs [101, 161, 102, 159] with
further references therein.
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We have no need to discuss here numerous economical and mathematical
aspects of Black–Scholes formulae: for this, we send the reader to the books
[18, 57, 144, 212, 173, 181], . . . .

Portfolio dynamics models with proportional transaction cost were dis-
cussed already in the 1970s. Their origin can be traced back to the consump-
tion–investment model suggested by Magill and Constantinides in 1976 as a
natural generalization of the Merton model of 1973, [169]. However, Leland’s
paper [156] of 1985 in Journal of Finance happened to be the most important
for the industry because of its easy practical implementation: there was no
need to change existing codes. Moreover, for typical parameters of the real-
world stock markets, it gives quite a satisfactory precision, see, e.g., [12]. On
the other hand, mathematicians were rather perplexed by Leland’s heuristic
arguments. To be honest, his claims should be considered only as conjectures.
A correct one was the assertion that the terminal value of the value process
approaches the pay-off in the case of “rescaling,” where the transaction costs
decrease as n−1/2, where n is the number of portfolio revisions. Unfortunately,
this was just mentioned in a footnote remark in [156], and no arguments were
provided. K. Lott in his thesis [164] gave a rigorous proof of the convergence
result in this case, which is of particular interest because the adjusted volatil-
ity does not depend on n. But the situation with nonrescaled case remained
confusing. In our note [130] (circulating as a preprint from 1995) we disproved
the main conjecture by Leland. It was shown that there is a discrepancy if
the transaction costs do not depend on the number of revisions. We confirmed
that if the transaction costs decrease as n−α for any α ∈ ]0, 1/2, the terminal
value of the portfolio approximates the pay-off of the call option. Initially, the
note was submitted to Journal of Finance as a correction to [156], but it was
refused with a comment that the journal is flooded by submissions, and the
editor has a right to reject even good papers without explanations!

There is a lot of activity to extend the Leland approach to various sit-
uations: more general contingent claims and more general price processes,
nonuniform grids as well as other schemes of portfolio revisions intended to
improve the performance, see [164, 209, 179, 60–62]. The asymptotic analysis
of these extensions is quite delicate and requires a lot of patience. One should
take care that is some papers, e.g., [86], arguments are not rigorous, and ex-
tra hypotheses might be needed. The size of discrepancy for realistic values
of transaction costs is discussed in [235, 236, 157].

Granditz and Schachinger [85] noted that in [130] the function f describ-
ing the random discrepancy f(S1) contains a removable discontinuity at the
point K. Since S1 takes the value K with zero probability, this does not matter
for the answer but gives a hint that the approximation including the correction
can be rather bad when at the maturity date the price of the stock approaches
the strike. They started a study of the rate of convergence of this approxi-
mation and discovered that it should be n−1/4. Pergamenshchikov in [179]
confirmed this using more elaborate analysis: his limit theorem is a nontrivial
and technically difficult result.
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Lott also calculated the first-order asymptotic term of the quadratic de-
viation of the terminal value of a Leland-type portfolio from the pay-off. For
the case of nonuniform grids, the corresponding expression for the first-order
coefficient (at n−1) was obtained using heuristic arguments in [86]. The main
idea of the latter paper is to improve the portfolio performance by choosing
the grid minimizing this coefficient, but, to our understanding, it remains an
open problem. In Chap. 1 we give a rigorous derivation of the asymptotics
of the mean-square error for convex pay-off functions and nonuniform grids
following the paper [63] (see [81] for the case of call option) and also obtain
a limiting distribution of the error by proving a functional limit theorem as
in [64, 63]. Other ideas on approximate hedging can be found in [27, 153, 93,
95, 2, 143, 202, 168, 48, 229, 154, 26, 98].

We include a result that the super-replication problem with transaction
costs in the classical model, where the price process is a geometric Brownian
motion, has a trivial solution. It happened that the super-replication price
of the options depending on the terminal value of the stock price is so high
that the investor can just buy the stock at time zero and keep it until the
exercise date, without any further trading. This is in a striking difference with
the Black–Scholes frictionless market model, where the super-replication price
coincides with a replication price requiring continuous trading. The proofs of
this curious fact (conjectured by J.M.C. Clark and M. Davis in [46]) were
given almost simultaneously by Soner, Shreve, and Cvitanić in [216] (using
rather involved techniques based on convex analysis) and by Levental and
Skorohod in [158] (using a direct probabilistic approach and covering much
more general models for price processes). We give here a succinct presentation
of the second proof. It is necessary to recall that even in models of frictionless
market, when the price process is Lévy-driven, the super-replication problem
has only the trivial solution. For the precise formulation, see Eberlein and
Jacod [67] and [104, 105] for further development.

Chapter 2

The aim of this chapter is to provide a comprehensive account of what is
sometimes called the Fundamental Theorem of Asset Pricing (FTAP) for fric-
tionless markets and a development around. We collect here the results scat-
tered in numerous publications. Our presentation is designed as to the first,
preliminary, step to markets with friction. Mathematicians usually consider
Harrison, Kreps, and Pliska (see [91, 92, 152]) as the pioneers of the theory,
though people working in the financial economics have their own reason for
saying that the studies on arbitrage theory started much earlier, having in
mind, e.g., the Arbitrage Pricing Theory (APT) of Ross–Huberman [200, 97],
see a short account in [115]. To our opinion, the credit given to the former is
completely fair because, revealing the relation between the economically im-
portant notion of arbitrage and such a basic concept of the theory of stochastic
processes as martingale, Harrison, Kreps, and Pliska placed the theory in the
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mainstream of modern mathematics and gave a huge impulse to subsequent
development.

Essentially, the Harrison–Pliska theorem for the case of finite Ω is the
Stiemke lemma of 1915, [220], on solutions of linear inequalities accompa-
nied by the observation that the strictly positive normalized solution can be
interpreted as the density of a martingale measure.

The theorem of Dalang–Morton–Willinger [45] is a much deeper result
rather than just a previous theorem with a removed hypothesis. This is clear
from the formulation which consists in a number of nontrivially related con-
ditions. The beauty and importance of the DMW-theorem makes challenging
to find a short proof suitable for lecture courses, and this is the reason of a
number of publications where various aspects of this theorem were thoroughly
inspected. The original proof was based on the reduction to a one-period model
and used a measurable selection theorem with a boring verification of mea-
surability. Stricker was the first who noticed the importance of the closedness
of the set AT of hedgeable claims, [217, 6], and this observation was fully
exploited by Schachermayer in [203]. A kind of linear algebra with random
coefficients was used in the proof by Kabanov and Kramkov combined with a
simple argument to avoid a reference to a measurable selection theorem [120].
Jacod and Shiryaev [103] completed the list of equivalent conditions, adding,
in particular, condition (h). The paper [103] should be mentioned together
with the earlier study [223] in relations with the uniqueness of martingale
measure and the market completeness. The corresponding result sometimes is
referred to as the Second FTAP (though it is rather deceptive from the practi-
cal point of view: it happens that the uniqueness is an exceptional property).
Rogers [193] introduced a brilliant idea to find the martingale density as a
solution of a simple optimization problem (interpreted as the maximization
of expected exponential utility in [57]); unfortunately, this idea was somehow
spoiled in his original proof by more complicated measurable selection argu-
ments needed to manipulate with conditional expectations. All these proofs
are based on a reduction to the one-period case and cannot be extended to
the model with friction.

In a search for NA-criteria for the latter, Kabanov and Stricker developed
a method which allows one to avoid the intermediation of one-period NA-
conditions and which works well also in the classical case. This was published
in “Teachers’ note” [131], and we follow here the lines of the latter. The impor-
tant point in these studies was the problem how to avoid measurability issues.
It was done here via Lemma 2.1.2, which should be credited to Engelbert and
von Weizsäcker. In 2000 the first author in his lecture on arbitrage theory at
Winter School on Stochastic Processes in Siegmundsburg complained that in
many cases the arguments arrived at a need to find a measurable selector in
the set of limit points of a random sequence. Since a general theorem is not
considered to be in standard syllabus, one can try to construct the needed
selector using some home-made tools. Engelbert and von Weizsäcker com-
mented immediately that it is much better to construct in a measurable way
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a convergent subsequence using a standard recipe, which is of frequent use in
the theory of random processes. This “magic” lemma on measurable subse-
quences allows us to simplify and standardize several proofs, in particular, to
get a “fast” proof of the DMW-theorem using the idea of Rogers mentioned
above.

Theorem 2.1.4 was established independently and almost simultaneously
by Kreps [152], in financial context and by Yan [230] in a general mathemat-
ical context. Its key idea is using the so-called “exhaustion argument” (to
find “the most positive” separating functional). Its origin can be traced back
to the Halmos–Savage theorem [90] on a countable equivalent subfamily of
dominated measures. The latter theorem, very simple, may serve as a refer-
ence accelerating the proof, but we prefer to give an arrangement based on
the elegant Lemma 2.1.3 borrowed from the paper [87]. On generalizations of
the Kreps–Yan and Halmos–Savage theorems, see [195, 145, 111]. Note the
preferential use in mathematical finance of the spaces L0, which is not locally
convex, and L∞, which is not reflexive. But both are invariant under equiv-
alent change of probability measure. The strong dual of the latter is a space
of rather complicated structure (described by Yosida and Hewitt, [231]). The
advantage of its weak* dual, L1, is that its elements can be interpreted as
prices.

The closedness of the set RT , which is obtained here as a by-product
of our arguments for the DMW-theorem, for the first time, was noted by
Stricker, who also proved the closedness of the space of discrete-time stochastic
integrals (this follows from a much more general and complicated theorem due
to Mémin [167]). The “comment” on absolute continuous martingale measures
seems to be an outcome of discussions with G. Last. Theorem 2.1.10 is taken
from [137]. The paper [41] deals with the Law of One Price for a multiperiod
model with arbitrary Ω.

In this book we do not touch neither generalization of NA-criteria related
with portfolio constrains, see, e.g., [71, 33, 109], nor more “exotic” cases like
analogs for random fields [126].

The idea to use the optional decomposition theorem and (generalized)
Snell envelopes for calculating super-replication price goes back to El Karoui
and Quenez [70]. It was generalized to the case of locally bounded semimartin-
gales by Kramkov [150] and, afterwards, to the case of arbitrary semimartin-
gales by Kabanov and Föllmer [73] using an approach based on Lagrange
multipliers. Optional decomposition is discussed also in [74–76, 219, 57]. It
is worth to note that the Kramkov theorem does not cover the discrete-time
optional decomposition theorem (Theorem 2.1.12), an easy result which we
prove here following [73]. On the other hand, the local boundedness assump-
tion can be removed using the general theorem on martingale measures with
bounded densities from [133]. Unfortunately, the last assertion, so innocently
looking, is far from being trivial, and the only available proof is of the same
difficulty (and based on the same ideas) as the proof of the optional decom-
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position in [73]. We give here only its much simpler discrete-time version
(Theorem 2.1.17) following [186].

Subsection on the duality between maximization of the expected expo-
nential utility and minimization of the entropy over the set of equivalent
martingale measures is based on the paper [134]. One can find necessary pre-
liminaries in the textbooks and monographs on convex analysis, see, e.g.,
[191, 11, 192]. There are many results on “interesting” martingale measures
and duality which we do not discuss here, see, e.g., [190, 84, 82, 78, 205, 218,
52].

The developed apparatus allows us to present in a rather succinct manner
a synthesis of results on no-arbitrage conditions for discrete-time models with
infinite horizon. Though the starting point is the paper by Schachermayer
[204], we use also ideas from works [54, 56, 116, 133], and others. For the
first time, Theorem 2.2.1 was explicitly formulated in [118], but it can be
easily obtained as a byproduct of the no-arbitrage criterion given in [204].
For the study of total variation distance on the filtered space see [125, 102].
Theorem 2.2.2 is taken from [182]. Proposition 2.2.14 came from the note [138]
inspired by the work [88].

We end the chapter by a brief account of the arbitrage theory in continuous
time, which is beyond the scope of this book. We send the interested readers
to the classical papers of Delbaen and Schachermayer [55, 56] and others
collected in a revised form with extended comments in their book [57], cf. also
with a more recent development in [116, 121, 136, 37].

Chapter 3

The first serious work on arbitrage theory in presence of transaction costs was
done in 1995 by Jouini and Kallal [108], who considered a continuous-time
model based on selling and buying prices. Under certain rather restrictive as-
sumptions, their main theorem asserts that there is no-arbitrage if and only if
there are a probability measure Q ∼ P and a process M evolving in the price
spread such that M is a martingale with respect to Q. However, it was far
from being clear how to extend this result to the case of the currency market
where any asset can be exchanged directly to each other. The difficulty was
a psychological one, rather than mathematical. Due to enormous success of
arbitrage pricing, i.e., via calculating the expectation of the contingent claim
with respect to a certain martingale measure (in a “risk-neutral” world), there
was an impression that a corresponding object for models with transaction
costs also should be based on the same concept. A more adequate approach
was found in the study [117] (inspired by the paper [43], where a two-asset
diffusion model was considered): one should think in terms of the martingale
density rather than of the measure, and the natural analog of the latter (later
baptized in [206] the consistent price system) is a martingale related to the
dual of the solvency cone. The geometric approach to the modeling of financial
markets with proportional transaction costs aimed hedging theorems and was
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developed further in [53] (discrete-time case) and [122] and [123] (continuous-
time case); see also [210, 146, 147]. This experience allowed one to get criteria
of absence of arbitrage. First, the model with finite number of states of the na-
ture was analyzed in [132], where two kinds of NA-properties, namely, NAw

and NAs were introduced. In a survey [115] it was indicated that not only
the arguments become more transparent when the assets are accounted in
physical units and not in units of numéraire, as was a custom in the waste
literature, but, moreover, the modeling itself can be done without using the
numéraire. The market with transaction costs can be viewed as a commodity
market. The first NAw-criteria for the general Ω were obtained in [128] under
the assumption of efficient friction. It was understood that the consistent price
system is just a martingale evolving in the duals to solvency cones (in physical
units), and a rather natural condition is that this martingale does not hit the
boundaries. It was shown in [206] that the existence of such a martingale,
a strictly consistent price system, is equivalent to the NAr-property of the
model: there is the NAw-property even for smaller transaction costs. More-
over, Schachermayer constructed a counterexample in which NAs holds, but
a consistent price system does not exist, and, therefore, a seemingly plausible
extension of the DMW-theorem based on NAw, the most natural no-arbitrage
property, fails to be true. Schachermayer’s approach was extended in [129]
to the abstract framework of cone-valued processes developed in [128]; it was
related with an interesting result of Penner [178], implying that in the model
with constant transaction costs the NAs is equivalent to the existence of a
strictly consistent price system.

In all mentioned studies the arguments involve separation theorems, and,
therefore, the closedness of the set of hedgeable claims appears to be impor-
tant and even indispensable to ensure the no-arbitrage property as it is the
case for frictionless markets. Surprisingly, as was shown by Rásonyi in [185,
188], it may happen that the NAs-condition holds, but the mentioned set is
not closed. Nevertheless, in the two-asset models NAs is equivalent to the
existence of a consistent price system. This unexpected result was established
by Grigoriev [87]. New proofs of NA-criteria, in an abstract model, allowing
one to circumvent a study of the closedness of the set of hedgeable claims
were suggested by Rásonyi in [187] (under efficient friction) and, indepen-
dently, by Rokhlin in [199] (in the general case). For ramifications related
with abstract set-valued (not necessarily cone-valued) processes, see [8, 142]
and recent papers by Rokhlin [196–198] and Pennanen and Penner [177]. Cri-
teria for the NA2-property were obtained by [189]. The first paper on hedging
of American-type contingent claims under transaction costs seems to be that
of Chalasani and Jha [35]. These authors considered a two-asset model with
finite probability space and used randomized stopping times. Our presenta-
tion follows the article by Bouchard and Temam [24], where the “standard”
general discrete-time model was investigated, and an alternative description
of the dual variable was suggested.
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The model with transaction costs and incomplete information was con-
sidered by Bouchard in [21]. In our presentation we follow [50], where a bit
different type of order coding was used, and some assumptions were relaxed.

Until now there are no studies on no-arbitrage conditions which are ad-
equate to the situation in classical theory. Contrarily, the problem of super-
replication was investigated by many authors for different models and using
various methods. The first paper in this direction is due to Karatzas and Cvi-
tanić [43] (two-asset diffusion model). The problem of minimal endowment in
money to super-replicate a contingent claim depending on the terminal value
of the diffusion price process was solved in [44] using the theory of viscosity
solutions; see also [224] and [25] for further development in this direction.
The duality approach for a description of the set of hedging endowments
was initiated in the papers [122, 123] in the general framework of continuous
semimartingales. The difference between these two papers is in the defini-
tion of admissibility. By an analogy with the frictionless case, it seems that
the natural definition is the boundedness from below of the portfolio process
measured in the units of the numéraire in the sense of the partial ordering
induced by the solvency cone. It happened that this definition is too restric-
tive, and one can work only assuming the boundedness from below in terms of
physical units. Note that this definition of the admissibility is similar to that
used by Sin in his thesis [215] on frictionless markets. The arguments of the
mentioned paper and those in [135] were based on the assumption that the
price process is continuous. It was shown by Rásonyi [185] that one cannot
preserve the existing formulation of the hedging theorem without modifying
the definition of the portfolio process. Such a modification was suggested by
Campi and Schachermayer [32]. In their setting the portfolio process is no
more càdlàg but làdlàg and so is beyond the scope of the traditional stochas-
tic calculus. Note that a stochastic calculus for processes of this kind was
developed by Galtchouk [79, 80]. It seems that, for the market with transac-
tion costs, the làdlàg-modeling is a correct one. As an indirect confirmation of
this, the hedging theorem for American options (Theorem 3.6.20) may serve.
In our presentation of hedging theorems for American options, we follow the
paper [49]. For another approach, see [22]. The continuous-time requires some
facts from the general theory of stochastic processes which can be found in
the books [59, 101, 102, 183].

A sufficient condition for the existence of a consistent price system is taken
from [138], though the paper [88] should be credited for the main idea. Sec-
tion 3.7 of Chap. 3 is based on the paper [65].

We did not touch many other directions of the theory of transaction costs,
like problems of equilibrium (see, e.g., [110]) or liquidity.

Chapter 4

In 1975, the first author of this book, just having finished his postgraduate
studies and started his first research at CEMI on the stochastic maximum
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principle, noticed in the paper by Bismut [17]1 the reference to Merton [169].
Having read the latter and been rather impressed, he said to his senior col-
league N. Krylov: “Look, this guy solved a nice problem—an explicit solution
is found!” The reaction of Krylov (known for his sharp mind and direct lan-
guage) was immediate: “It is trivial.”

Indeed, from the mathematical point of view the Merton problem for power
utility function is easy: it is clear that the Bellman function inherits the ho-
mogeneity of the same degree. Therefore, if it is finite, then it is the original
utility function multiplied by a constant. Thus, the Bellman equation can
be reduced to an algebraic one to determine this constant if possible (i.e.,
in the case of finite solution). On the other hand, this simple problem had
enormous influence to the whole development of mathematical finance. We
refer the reader to the books [140, 141, 72] for detailed discussions, general-
izations, and further references. However, we find convenient for our purposes
to present the Merton problem in its simplest form.

The extension of the Merton model to portfolio optimization under trans-
action costs is due to Magill and Constantinides [165]. It has appeared soon, in
1976. Rather remarkably, these authors, using heuristic arguments, described
correctly the structure of optimal control for the two-asset model. The prob-
lem was solved, in the mathematical sense, by Davis and Norman [47]. The
further important step was done by Soner and Shreve [214], who used the
theory of viscosity solution. Their approach was developed further and ex-
plained in papers [3, 4, 232–234, 14, 119], and others. The classical reference
on viscosity solutions is “user’s guide” by Crandall, Ishii, and Lyons [42];
see also books [72, 13]. The attractive feature is that a solution of the HJB
equation in viscosity sense always exists, of course, under certain rather mild
conditions. Moreover, one can start working with such solutions having only
a basic knowledge on the whole concept. This is the reason why we prefer to
give a brief “pragmatic” account of the theory. The proof of the uniqueness
of the viscosity solution involving a Lyapunov function is taken from [119]. It
seems that the uniqueness for the power utility function γcγ with γ < 0 and
logarithmic utility remains an open question.

Traditionally, reasoning used to check that the Bellman function is the
viscosity solution of the HJB equation is based on the Dynamic Programming
Principle (DPP) in a suitable form. Our analysis revealed that in the present
setting it is difficult to find a reliable reference for the latter. Some authors, to
circumvent difficulties, replace the initial model of strong solutions by a model
of weak solutions, where the probability space and the driving Wiener process
are also elements of control. As was shown in [127], even for regular control
problems, such a replacement is not innocent and change structural properties
of the model. Fortunately, for the considered model, the DPP can be easily
proven under the assumption that the underlying space is a canonical one
1 The first paper where BSDE (backward stochastic differential equation) was used
in the context of financial modeling.
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admitting translation and concatenation operators. Note also that the passage
from DPP to the HJB equation requires some arguments related with the local
character of differential operators. It is essential that a continuous process,
being stopped when it leaves a closed set, remains in it. This is not the case
with discontinuous processes, and one should be very attentive with extensions
to Lévy-driven models, see, e.g., [15, 16, 77]. Our presentation of the Davis–
Norman solution for the two-asset model is based on the paper [214], as well as
the first part of the asymptotic analysis with vanishing transaction costs. The
results on the exact asymptotic behavior is taken from the paper [106]; see
also [213] and, for related questions, [10, 170, 194, 1, 107]. There exists a vast
literature on various aspects of optimal control of portfolios under transaction
costs: [221, 232–234, 155, 39, 40, 51, 112, 4, 9, 29–31, 174, 175, 149, 162, 163,
172, 139], . . . .

Appendix

One can observe that the development of theory of markets with transaction
costs involve more and more results from convex geometry. Trying to limit
necessary prerequisites, we choose the most relevant facts from the latter. For
proofs, we recommend to consult monographs [191, 192, 184, 207, 11, 68, 176].
The reader may find interesting to look at the original papers on “alternatives”
by Gordan [83] of 1983 and Stiemke [220] of 1915. Theorem 5.1.3 is taken
from [115].

The theorem established by Komlós [148] gave rise to further development
in various directions. Its proofs can be found in [36, 89, 225, 208, 127]; see
also a discussion in [57]. The generalization to the sequences bounded from
below was proven by von Weizsäcker in [226]. The “vulgar version” of the
latter given by Lemma 5.2.7 is due to Delbaen and Schachermayer; it is taken
from [54].

The coincidence of the concepts of local and generalized martingales with
deterministic (or integrable) initial value was established by P.-A. Meyer; see
the textbook by Shiryaev [211].

The usefulness of Proposition 5.3.3 was indicated by Shiryaev. Proposi-
tion 5.3.6 is due to Dellacherie. The extension of the Snell envelopes for fam-
ilies of probability measures stable under concatenation was suggested by El
Karoui. For the use of Snell envelopes for optimal stopping problems we send
the reader to the recent book [180].

The book [34] is the classical treatise on the measurable selection. Many
useful information can be found in [227] and [228]. The construction of condi-
tional expectations of set-valued mappings is taken from the book [171]; see
also the original paper by Hiai and Umegaki [94].

Theorem 5.5.3 was established in [123]. For more delicate duality results
in this direction, see [28, 237, 20], and [23]. Krein-Šmulian theorem is a clas-
sical result, [151], see [96] for a modern version. The books [201, 166] can be
consulted for questions in functional analysis.
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In our presentation of the Skorokhod problem (i.e., stochastic differential
equations) we follow the method of local coordinates used by Anderson and
Orey [5] (we are indebted to P. Dupuis for this reference). For further reading,
see [222, 160, 66, 7, 69].
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61. Denis, E., Leland’s approximations for concave pay-off functions, in Ki-
jima, M., Egami, M., Tanaka, K. and Muromachi, Y. (eds.), Recent Ad-
vances in Financial Engineering, pp. 107–117, World Scientific, Singa-
pore, 2009.

62. Denis, E., Modified Leland’s strategy for constant transaction costs rate,
Preprint, Besançon, 2009/19.
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74. Föllmer, H. and Kabanov, Yu. M., Optional decomposition theorems in
discrete time, in Atti del convegno in onore di Oliviero Lessi, Padova,
25–26 marzo 1996, pp. 47–68.
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criteria, Sémin. Probab. XXXV, Lect. Notes Math. 1755 (2001), 149–
152.

132. Kabanov, Yu. M. and Stricker, Ch., The Harrison–Pliska arbitrage pric-
ing theorem under transaction costs, J. Math. Econ. 35:2 (2001), 185–
196.



References 287

133. Kabanov, Yu. M. and Stricker, Ch., On equivalent martingale measures
with bounded densities, Sém. Probab. XXXV, Lect. Notes Math. 1755
(2001), 139–148.

134. Kabanov, Yu. M. and Stricker, Ch., On the optimal portfolio for the
exponential utility maximization: remarks to the six-author paper, Math.
Finance 11:2 (2002), 99–123.

135. Kabanov, Yu. M. and Stricker, Ch., Hedging of contingent claims under
transaction costs, in Sandmann, K. and Schönbucher, Ph. (eds.), Ad-
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182. Prokaj, V. and Rásonyi, M., Local and true martingales in discrete time,
Teor. Veroyatn. Primen. (2009).

183. Protter, P., Stochastic Integration and Differential Equations, Springer,
Berlin–Heidelberg–New York, 1990.

184. Pshenychnyi, B. N., Convex Analysis and Extremal Problems, Nauka,
Moscow, 1980 (in Russian).
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H1, Sémin. Probab. XIV, Lect. Notes Math. 784 (1980), 220–222.

231. Yosida, K. and Hewitt, E., Finitely additive measures, Trans. Am. Math.
Soc. 72 (1952), 46–66.

232. Zariphopoulou, T., Investment–consumption models with transaction
fees and Markov-chain parameters, SIAM J. Control Optim. 30:3 (1992),
613–636.

233. Zariphopoulou, T., Transaction cost in portfolio management and deriv-
ative pricing, in Introduction to Mathematical Finance, Proc. Sympos.
Appl. Math. 57, pp. 101–163, AMS, Providence, 1999.

234. Zariphopoulou, T., Stochastic control methods in asset pricing, in Kan-
nan, D. and Lakshmikantham, V. (eds.), Handbook of Stochastic Analysis
and Applications, Dekker, New York–Basel, 2002.

235. Zhao, Y. and Ziemba, W. T., Hedging errors with Leland’s option model
in the presence of transaction costs, Finance Res. Lett. 4:1 (2007),
49–58.

236. Zhao, Y. and Ziemba, W. T., Comments on and corrigendum to “Hedging
errors with Leland’s option model in the presence of transaction costs”,
Finance Res. Lett. 4:3 (2007), 196–199.
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Rásonyi counterexample, 162
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